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A prescription for computing the propagator fbr-dimensional higher-derivative
gravity theories, based on the Barnes—Rivers operators, is presented. A systematic
study of the tree-level unitarity of these theories is developed and the agreement of
their linearized versions with Newton’s law is investigated by computing the cor-
responding effective nonrelativistic potential. Three-dimensional quadratic gravity
with a gravitational Chern—Simons term is also analyzed. A discussion on the issue
of light bending within the framework of both-dimensional quadratic gravity and
three-dimensional quadratic gravity with a Chern—Simons term is provided as
well. © 2002 American Institute of Physic§DOI: 10.1063/1.1415743

I. INTRODUCTION

Undoubtedly, Einstein’s field theory accounts very well for all known macroscopic gravita-
tional phenomena. However, as a quantum theory it is less satisfactory: it [@asatrix which,
despite being finite at the one-loop levaljverges at the two-loop ord@iThis is not surprising,
since one of the most difficult field theories when it comes to quantization is certainly the theory
of the space—time structure itself. It is not known what the correct quantum theory of gravitation
is.

Now, as is well known, the four-dimensional space—time is the most problematic place for a
quantum field theory to live. Indeed, quantum field theories are notorious for being ill defined in
four-dimensional space—time but can often be handled in space—times of a different dimension-
ality. Dimensional regularization is a common example of such a procedure: results that are
divergent in four dimensions are convergent fbr-4. The divergences of the four-dimensional
theory are removed by considering our space—time as a Dwmit4 of higher-dimensional
space—time3.0n the other side of the dimensionality spectrum, there are field theories in space—
times with 2<D<4. In some cases, such quantum models are exactly soluble and provide a
valuable insight into the clockwork of quantum field theory.

In this vein, here we study—at the tree level—various higher-derivative gravity theories. First,
we shall consider gravitational theories which will be called, for shbrglimensional higher-
derivative gravity theories. These theories share some basic points with general relativity:

(i) General covariance and
(i)  the action is extremized under variation of the metric.

On the other hand, they differ from general relativity in the following respects:

(i) The field equations for the metric are of fourth order.
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(i)  Space—time is allowed to have any number of dimensions, which is a condition absolutely
necessary in the context of string theory.

Quadratic gravity in four dimensions is the most typical example of such a theby.this point

it is reasonable to pose the question: What is the use of probing into these theories? Before
answering this question, let us comment, in passing, on some results recently obtained concerning
guadratic gravity in four dimensions. In a series of papers on the photon propagation around a
massive body in quadratic theories of gravitation it was shown that, unlike Einstein’s gravity,
quadratic gravity produces dispersive photon propagdfidfio be more specific, quadratic grav-

ity produces energy-dependent photon scattering. An interesting consequence of this fact is that
gravity’s rainbows and higher-derivative gravity can coexist without corfflintthis sense qua-

dratic gravity is closer to quantum electrodynamics than any currently known gravitational theory.
In fact, dispersive photon propagation is a trivial phenomenon in the context of QED. Based on the
fact that the rainbow effect which is present in quadratic gravity is undetectable, nowadays it is
possible to find a new constraint on the value of the contribution of the quadratic part. This is a
very important result given the scarcity of observational constraints on gravitational theories. In
addition, it was also found that the gravitational deflection predicted by quadratic gravity is always
smaller than that predicted by Einstein’s thebi¥lt is worth mentioning that th&? sector of the

theory of gravitation with higher derivatives does not contribute anything to the gravitational
deflection®*! After this little digression we return to the question raised previously. Our motiva-
tion for studyingD-dimensional higher-derivative gravity theories is to try to answer, among other
things, the following questions:

(i) Which is the lowest dimension in which these theories make sense?

(i)  Are theseD-dimensional theories unitary at the tree level?

(iii) Is the massless excitation a dynamical degree of freedom in any dimension?

(iv) DoesD-dimensional linearized quadratic gravity agree with Newton’s theory in the limit-
ing case of motion at low velocity in a weak gravitational field?

(v) Is the gravitational deflection within the context of the theories mentioned above greater or
smaller than that related to the corresponding Einstein’s theory?

Second, we shall analyze three-dimensional quadratic gravity with a gravitational Chern—Simons
term. Now the action is extremized la Palatini (independently varied connectipnin other
words, the propagation of the metric and affine structures of space—time are independent. Our goal
here is, first of all, to find out how the nature of the field excitations is affected by the addition of
a gravitational Chern—Simons term to the Lagrangian concerning three-dimensional quadratic
gravity. Second, we shall study the tree-level unitarity of the above theory, the nonrelativistic limit
of its linearized version and light bending within the framework of the same.

The plan of this work is as follows. In Sec. Il we find the appropriate Lagrangian for com-
puting the propagator concernirig-dimensional quadratic gravity. In Sec. lll we present an
algorithm for computing the propagator f@-dimensional higher-derivative gravity theories
based on the Barnes—Rivers operatdrs® Using this prescription we get the propagator for
D-dimensional quadratic gravity in an unconventional gauge. From this result we obtain in a
straightforward way the propagator in a series of interesting gauges whibh=fdrreduce to well
known results which are broadly used in the literatrn Sec. IV we study in a systematic way
the tree-level unitarity oD-dimensional higher-derivative gravity theories. It is shown that for
D>2 quadratic gravity is nonunitary at the tree level. On the other hand, we get that
D-dimensionalR+ R? gravity is unitary at the tree level fdd>2. Section V is devoted to the
study of the effective nonrelativistic potential fBr-dimensional quadratic gravity. An expression
for computing this potential is obtained fBr>2 and from that we get, in particular, the potential
for three-dimensional linearized quadratic gravity. Unlike the Newtonian potential, this potential is
well behaved: it is finite at the origin and zero at infinity. In Sec. VI we analyze the gravitational
deflection in the framework ob-dimensional quadratic gravity. Section VIl deals with three-
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dimensional quadratic gravity with a gravitational Chern—Simons term. Finally, a summary of the
main results is presented in Sec. VIII.

In our notation the signature is+{—---—). The curvature tensor is defined W¥; s
=—d4l"p,+---, the Ricci tensor bR, ,=RY, ., and the curvature scalar ®~=g*'R,,, , where

g, is the metric tensor. Natural units are used throughout.

Hv

Il. FINDING THE APPROPRIATE LAGRANGIAN FOR COMPUTING THE PROPAGATOR
CONCERNING D-DIMENSIONAL QUADRATIC GRAVITY

The action for quadratic gravity iD>1 dimensions is given by

1= [ @oxi=nrTg 2

2R a , B, v, &
F+§R +§RMV+§RMVPU+§DR’ (1)

where? is a suitable constant with dimensia® ~2 which in four dimensions is equal to 3%,
with G being Newton’s constant, angl 3, y and é are constants with dimensidrf ~°. TheOR
term in this action is manifestly a total covariant divergence and can be ignored +arthe
space is flat and all the tensd®s,, .z, R,,, R identically vanish. Of course, there can be no
dynamics in a space which does not possess both a spacelike and a timelike dimension. The lowest
dimension in which the quadratic theory makes sense isEhag.
Proposition 1: We can drop out theilgw term of the linearized Lagrangian related to gravity
with higher derivatives in dimensions higher than second
Proof: Let £1(£?) be the Lagrangian corresponding to the gravity theory witlwith) the
R2 term, namely,

uvpo
2R« B

1_ _ D-1 _p2, " Rp2
L7=4(—1) 9[K2+2R+2va (2

2R« B b%

2— _1\b-1 P2y " R2 T p2
L=(-1)" g s +2R+2Ruv+2wa- (3
Decomposing the metrig,,,, as

g,lLV: 77/.L1/+Kh/.w1 (4)

where 7, is the Minkowski metric, and insertin@) into (2) and(3) yields

b =210, O — (A%~ F2, 4+ (14 40) (A~ O )]~ [N Th,, + A2+ (A~ 6,,)°
|in._Z[ v ( ,p,) ,u,y+( + C)( a ¢) ] E[ ,uv+ V+( v ¢,V) ]1
(5)

(b/4) (1+4c)
b/4 +d

L5 =(E+d Oh,, Oh*"—(A*)2—F2 + (A'“—D¢)2—1[hf”’Dh +A?
lin. 4 nv L nv o 2 y3% v

+(AV_ ¢,v)2]a

whereA#*=h"", ¢=h, F,,=A, ,—A, ,, b= Bk*2,c= alp, andd= y«?/2. Indices are low-
ered(raised using 7,,,(7""). O

It is worth mentioning that we could have arrived at the conclusion thalang,, term need
never be considered in calculating the propagator by simply noting that the linearized Gauss—
Bonet invariant is a total derivative in any space—time dimension, the restrictids-t coming
in only when we take the full nonlinear structure into account.

Thus, we come to the conclusion that the appropriate Lagrangian for computing the propaga-
tor concerning quadratic gravity iD>2 dimensions is
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_ 2R«
£=\(-1)°1g 7+§R2+§wa. (6)
Proposition 2: In two dimensions
Yo Pre Yo (2B Y
2R+2RW+2RWW 2+4+2R.

Proof: In two dimensions both the Riemann tensor and the Ricci tensor can be expressed in
terms of the curvature scalar. Inde€d,

R,uvpa: %R(g;w'gvp_ g/.Lpgva-)v

and
R}LV:%Rg,uV'
Therefore,
2
@2, B Yo @ BR v, (@ B Y|
2R+2RW+2RWM 2R+22+2R 2+4+2R.

O

Obviously, forD=2 the suitable Lagrangian for calculating the propagator related to qua-

dratic gravity isC= JV—0[2R/k? + (a/2) R?]. Nonetheless, we will not discuss this theory here.
From now on we shall assume tHat>2.

[ll. FINDING THE PROPAGATOR FOR D-DIMENSIONAL HIGHER-DERIVATIVE GRAVITY
THEORIES

We begin by describing a prescription for computing the propagator for gravity theories with
higher derivatives iD>2 dimensions. The algorithm is used afterward to get the propagator for
D-dimensional quadratic gravity in an unconventional gauge. From this result we obtain the
propagator in a series of gauges which in e 4 case reduce to well known gauges that are
widely used in the literatur¥.

A. The prescription

Let £ be the Lagrangian for any metric theory of gravity with higher derivatives. To compute
the graviton propagator we need the bilinear part of this Lagrangian. The latter is obtained by
decomposing the metrig,,,, as in(4), and inserting4) into L. Let £, be the resulting Lagrang-
ian. In the specific case of gauge-invariant theories, we adt} @ gauge-fixing Lagrangiagy .
Accordingly, L= Ly+ Ly can be written as

L= %h’“’(’)wwhp". (7)
In performing these calculations it is extremely convenient to work in terms of the Barnes—Rivers
operator¥~1¢in the space of symmetric rank-two tensors. The complete s&-dimensional
operators is given by

1 _1
P,uv,po_ 5( 6;/,p(‘)1/0'+ a,u,(rva+ aupw,u,0'+ 0vowlup)a
5 1
P,uv,po-zi( 0,up6vrr+ e/urevp) - D—1 elul/ep(r )
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1

0 _
P,uv,po_m a,uvapo ’

po —
P,uV,p(T_ WyyWpos

50 _
Puvpo=0uv@pet @405,

whered,,, andw,,, are the usual transverse and longitudinal vector projection operators

k,.k, K.k,
6;1,1/: Nuv™— k? y W= k? )

which satisfy the relations

p_ p—
0upt0y =041, @up0, =0y,

0,,0,=0.
Herek,, is the momentum of the graviton exchanged ane K, K.

The set of operator§P®, P2,P% PP is a complete set of projection operators for symmetric
rank-two tensors, i.e., they are idempotent, mutually orthogonal and satisfy the completness rela-
tion

[Pl+ P2+ PO+ PO]MV,p(T: %( 77,up77va'+ 77,4;0'771/;1)5 I mv,po*

In the rest frame of a massive tensor field, the family of opergt@tsP?, P°, P°} project out the
spin-1, spin-2, and two spin-0 parts of the field. The operBfyrin turn, is nothing but the sum
of two spin-0 transfer operators, namely,

50 — b w6
P,uv,po-=[P +P ],LLV,pa'!

whereP’®  =0,,0,, andPy) =w,,0,,. Its multiplicative table is given by

POpl=pIp0=pOp2=p2p°=0,
(P°)?=(D—1)(P%+PY),

0

v/l
e/l

PO OEOZPBLU’
EOF__)O: F:)OPOZ Pwt9

whereO is the null operator.
The expansion of the operatérin the basigP*,P2,P° P° P%} is trivially obtained using the
following tensorial identities:

5(Nup Moot Nuomuy) =[PHHPZ+PO+PO]

NuvNpe= [(D - 1) PO+EO+ F__)O]/,Lv,p(r '
1 1 po
F( n;z,pkvka'—i_ nu(rkvkp+ nvpk,uko'_'— 7]V(rk,ukp) = [2P +4P ]Mv,po" (8)
1 50, 5pO0
F(”ﬂvkpko’_l— npak#kv):[P +2P ],uv,po—:

1
(kK k,)=P°

whrlp Kv,po”
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The identities,

1
2 _ _ —
Pp,y,po-_i(nupnva—{_ 77#0'77Vp) D—1 NuvMpo D—1 D—1

po _ 1 —L[E% =
HV,po D_lnuvnpo D-1 MV, pO

in turn, greatly facilitate the task of casting the propagator in a form wherein the terms propor-
tional to the graviton momentum are omitted, which in practice widely simplifies computations

involving conserved currents.
We will not display the demonstrations (&) and(9) since they follow straightforwardly from

the very definition of the operatoi, . . . ,P°.
We are now ready to find the propagat@l, . To accomplish this we have to invert the

operator©. Expanding the latter in the bagiB®, P2,P°, PP, P° with the help of the identitie&d),
we get

O:X1P1+X2P2+ XOPO—FYOEO-F)?OPO_

Assume then tha® ~1=y, P +y,P2+y,P°+y,P%+y,P° wherey,,y,,. ...y, are parameters
to be determined. Sinc®@® ~1=1, we promptly obtain the following set of simultaneous equa-
tions:

X1y1=1,
XpYo=1,

XoYo+ (D—1)Xo¥o=1,
(10

YOVO"'(D_]-))?O?O l!

Xii

Yot Xo¥o=0,
io%"‘)(oy:o:o.
Before going on we need a lemma.

Lemma: If x#0, X,# 0, and[XoXo— (D —1)X,]# 0, then (10) has one and only one solution
Proof: Row reducing the argumented matrix of the systdff) to echelon form yields

x;, 0 0 O 0 17 [x, 0 0 0 0 1

0 x, 0 O 0 1] |0 x, 0 0 0 1

0 0 X 0 (D-1)%, 1 0 0 x O (D—1)%, 1

0 0 % O X% 0| |0 0 0 X% (D—1)%, 1

0 0 0 %X (D-1)% 1 0 0 0 0 [xXo—(D—1)X3] —%Xo

(0 0 0 X Xo 0] [0 0 0 O 0 0 |
O

Therefore, the propagator is given by
1 1 1 - .

O l1=—Pl+ —P2+ ——————[XoP%+x,P°— X,P°]. (11)

X1 X XoXo— (D —1)X§
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In summary, the prescription for computing the propagator consists of the following proce-
dures.

(1) Linearize the original Lagrangian usirig).

(2) Add to the previous result a suitable gauge-fixing Lagrangian. Obviously, we only do this in
the case of gauge-invariant theories.

(3) Cast the resulting Lagrangian into the bilinear foftw 3h**0,,, ,,h*°.

(4) Find the coefficients x;,X,,...Xo by expanding the operator® in the basis

{P,P2, P% P° PO with the help of the identities).
(5) Insert these coefficients ifi1).

B. Propagator for D-dimensional quadratic gravity in an unconventional gauge

Let us then find the propagator by means of the prescription developed in Sec. Ill A. Of
course, the linearization @b) leads to(5). So,EgELﬁn_. Lagrangian(5) is invariant under the
infinitesimal coordinate transformatioft*— x*+ k&#(x), whereé&*(x) is an infinitesimal vector
field. It must be infinitesimal to avoid inconsistency wi#). Under this transformation we have
from (4)

hyv(x)_)h,u,v(x)_g,u,v_gv,,u' (12)

The presence of the local gauge symmetr®) requires the addition of a gauge-fixing tergy;,

to Lagrangian(5). It is common practice to choose a linear combinatioMgfand ¢ , as gauge
functions. However, looking d6) we clearly see the presence not only of this linear combination
but also of its curl £,,) and its divergenceA’, —[J¢). Hence, we choose the following uncon-
ventional gauge-fixing Lagrangian,

b
Lor=N1(A,=Nb,) >+ Z[No(A% —NO$)*+ NgF 7],
where\, N1, \,, and\3 are suitable gauge parameters. Casting the Lagrang@m,+ Lq¢,
into the bilinear form z::%hf”(’)va,,hp", and expanding the operata® in the basis

{P1,P2 ... P% with the help of(8), we obtain

O:X1P1+X2P2+ X0PO+YOEO+)?0F=)O,

whereupon
b 2\ k2
Xlzz()\3k4+ b )
b 4 2k?
T2\ e )
b 2(D—-2)k? 4(D—1)k®\ \?
Xo=75 Dk*— T+4(D—1)k4c+(D—1)k4)\2>\2+ —
b 4k?N;  8K2AN 4K\ N2

7055("4)‘2_2"4“‘2+T1_ . LKA+ Tl)

+KMNON2—KINN,—

X

b [ 4k®\ N2
0 E T h

4Ak2\\,
5 .

b
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The propagator in momentum space is given(hl). From this result we can find the propa-
gator in a series of interesting gauges, by judiciously choosing the parameigrsi,, and\ ;.
We list below the most important covariant gauges that result from such choices.

(1) Julve-Tonin gauge(A =0):*°

2 b N2 2
Lgf:)\lAv+ Z[)\Z(A”u,) +)\3F,u,v]'

Propagator:
2 2 2
m m
—1_ 1 1 1 2 0 0
= P4 P2+ P
© K2(m2X 1 —\3k?) k2(m2—k?) 2k[k?>— [(D—2)/2] m3]
2
m3 —
+ 0
(2m§>\1—>\2k2)kzp ’ (13
where

2 5 4

T DBKA+(D-1)Kla’ T Bk

2
Mg

Absence of tachyons requirgs<0 and © —1)a+ BD/4>0. Note that the choick =0 gives a

propagator that only contains the spin-projection operatorsPi’e.P2, P, P°, and it gives also
a propagator all parts of which behave like*.
(2) de Donder gaugéh,=\3=0,\=13):

ng: )\l(AV_ %avd))z

Propagator:

2 2
Mg

1y 1 24 0
Alkzp kZ(mi—kZ)P 2k2[k2—[(D—2)/2]mg]P

0~ t=

2 (D—1)m3 _ m3
+ 2t 52 7= |PO+ —s 7
K 2Kk [(D-2)2]m2]| " | 2K [KZ— [(D-2)/2] 2]

PO,
(3) Feynman gaugéh,=\3=0\;=1\=12):
Lgf:(Av_ %avd))z

Propagator:

2 2

P2+ Mo
2k[k?>—[(D—2)/2] m3]

o-1=5 PO

1y 1
" iem—10)
2 (D—1)m3

2
Mg
t 2T 52 7

K2 2KTK—[(D—2)/2] m2]

DO
T oKTK—[(D-2)/2]m2]

po.

IV. A SYSTEMATIC STUDY OF TREE-LEVEL UNITARITY

Now we present a method for analyzing the unitarity at the tree levdD-ofimensional
higher-derivative gravity theories.

In order to verify whether ghosts and tachyons are absent in a given theory of gravity with
higher derivatives we require that the corresponding propagator has only first pdies fsit?
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=0 with real masses (no tachyonsand with positive residuegio ghosts?°-?2 Therefore, to
probe the tree-level unitarity dD-dimensional higher-derivative gravity theories we couple the
propagator to external conserved currefiits;, compatible with the symmetries of the theory, and
afterward we examine the current-current amplitude at the poles. The transition amplitude in
momentum space, in turn, can be cast in the form
A=g*THO 0 TP, (14)

whereg is the effective coupling constant of the theory. Note that only the spin-projeefoasd
P? will give a non-null contribution to the current-current amplitude Sikg&*"=0.

Let us then expand the sources in a suitable basis. The set of independent vectors in momen-
tum space,

kt=(k%k), k#=(k°—k), e#=(0&), i=1,...D-2,

wheree,, . .. ,p_, are mutually orthogonal unit vectors which are also orthogondl, teerves
our purpose. Accordingly, the symmetric current tenB6¥(k) can be written as

Trr=akik?+ bkk”+ clle (e + dkk") + e'k(te ) + k(e ). (15)

The current conservatiok, T#"=0, gives the following constraints for the coefficieatsb,
d, e andf'

d

ak®+ (k3+ k2)§=0, (16)
2

b(k§+k2)+d7:o, 17

e'k?+ fi(k3+k?)=0. (19

If we saturate the indices af*” with momentak,, , we obtain the equatiok, k,T#"=0, which
yields a consistency relation for the coefficieatsb, andd:

ak*+b(k3+k?)2+dk?(k3+k?)=0. (19

Now, all we have to do is to compute the residuetht each first pole of the propagator and
verify whether its sign is positive.

Proposition 3: Higher-derivative gravity is nonunitary at the tree level irr B dimensions. If
m§>0 [DB/4+(D—1)a>0] and m}>0(—,8>0), the theory is nontachyonic and has one nor-
mal massless spin-2 particle, one massive spin-2 ghost and one normal massive spin-0 particle.
The massless excitation is not a dynamical degree of freedom=i.D

Proof: From (14) and(13) we promptly obtain

2 2

A=grTir ot p2y o
k2(mf—k?) 2k?[k?>— (D —2)m3/2]

g T,T*-T%(D-2) T,T*-T%(D-1)
k? k?—mj

Po] L

T2
! (D—l)(D—Z)[kZ—(D—z)mg/z]}’ (20)



482 J. Math. Phys., Vol. 43, No. 1, January 2002 Accioly, Azeredo, and Mukai

whereT=7,,T#". Thus, we have two poles for the spin-2 sector, k850, k?*=m?, and one
pole for the spin-0 sector, namek?= (D — 2)m0/2 Let us then find the sign of the residue at
these poles. We assume tHatdimensional quadratic gravity has no tachyons, which implies
m3>0 andm?>0.

« Pole ¥=0. From(16)—(18) and(20), we get that the residue of at the polek?=0 is

(Cii)Z

ResAle-o=07 (¢))2~ 5

k2=0

Therefore, the massless excitation is not a dynamical degree of freedom in three dimensions. For
D>3 the result above tells us that Réf2_,>0.
« Pole k= (D—2)mZ/2. In this case

gZTZ
ResAlkZ:(sz)mS/Zz [m

LZ(D—zmg/z
which implies that the residue of the current-current amplitude at the koD — 2)m /2 is

always positive folD>2. Thence, the scalar massive particle is a physical one.
e Pole k2=m§. The residue of the transition amplitude at the pkie mi is given by

N 1 ok
ResA|kz_m§=—gz[ab(kfﬁ—k2)2+b2k4+bdk2(k(2)+k2)+(c”)2—E(k%%—kz)e'f'—?(f')z

Tlak?+bk*—c+d(k§+ kz)]z] :

kzzmi
2 212 ij\2 k2 i 2 1 2 i
=—g% [(a—b)k“]"+(c") +§[(e () I-p—gl(b-a)k’—c 12 ,
kZ2=m
where use has been made(d6)—(19). This expression can also be written as

( ”)

k2

[(e)2 (f)%]

ij)2

ResA|2-m2=—g? D_z[(a—b)k2]2+ (c
k :ml D_l

2 (a—b)kzc”]
D—1 o

Now, assuming as usual th@t=0, we get thatc' <0, which implies that Resl|yz-2<0 for

D>2. So, we have a nontachyonic massive spin-2 ghost in the propagator of higher-derivative
gravity. In conclusion we way say th&t-dimensional higher-derivative gravity is nonunitary at
the tree level. O
Corollary 1: D-dimensional R-R? gravity is unitary at the tree level for B2. In three
dimensions the massless excitation is not a dynamical degree of freedom
Proof: Clear. O

V. EFFECTIVE NONRELATIVISTIC POTENTIAL

In principle any relativistic theory of gravitation ought to agree with Newton’s theory in the
limiting case of motion at low velocity in a weak gravitational field. Accordingly it is worthwhile
to probe whetheb-dimensional linearized quadratic gravity leads to the right nonrelativistic law
for gravitational interactions. To do this we compute the effective nonrelativistic potential for the
interaction of two identical massive bosons of zero spin via a graviton exchange. The expression
for the potential is
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g S
P q
> A
/4/, >
Sp q
s s

FIG. 1. One-graviton-exchange contribution to the scattering of two identical spinless massive Bodemstes a scalar
particle with massn.

1 1

O dme @

f d® kM e kT, (21)
whereuponMy g is the nonrelativistic limit of the Feynman amplitude for the proc8ssS
— S+ S, whereS stands for a spinless boson of massThe corresponding Feynman diagram is
shown in Fig. 1.

The Lagrangian for the interaction of gravity with a free, massive scalar fiekl

he

97 1 ~ ~ 272
‘Cint:_T ﬁﬂ¢&v¢_§nuv(&a¢&a¢_m ¢ ) .

From the previous expression the Feynman rule for the elementary vertex may readily be
deduced. It is shown in Fig. 2. The invariant amplitude for the process shown in Fig. 1 is

2
ml K2

M= K2(m2—k?) 2

[(p-q)(p’-q’)+(p-q’>(p’-q)+(p-p’)(mz—q-q’)+(q-q’)(m2—p-p’)
b o (WP p.p’ ) (M= 0.0") ~ 5 [DMP— (D~ 2)p.p' DM’ (D—2)q.q']
> p.p -9~ 551 p.p a.q
m3 2
T K= [(D—2)/2]m}) 8(D—1

)[sz—(D—2)p-p’][Dm2—(D—2)q-q’]-

In the nonrelativistic limit this expression reduces to

Var (p.0) = 31 [pup’y + Pl — N (00 + mz)]

SR
NU\

FIG. 2. The relevant Feynman rule for boson-boson interaction.
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D-2 «*m*m? K’m*m3

D-1 k2(k2+mf)+ 2(D—1)k?(k>+[(D—2)/2]m3) 22

Mg =~

Substituting(22) into (21) we obtairf®
Ur)=I;+l1,,
where

—ik.r

k2(k2+ |k|D 2d|k|S|nD 3

=" szr)g]lB iff JJF

><0D_2d0D_2“'Sin2 03d03 Sin02 d02d01:|, (23)

K m m 2 ik.r
= D-2 D-3
B PELETE 1Jf JJJ [kz(k2+[(D 2yizymgy < dlklsin

X Op_,d0p_5 -+ Sir? 03065 sin6,d0,d 6, |. (24)

Hence, the problem of computing the effective nonrelativistic potential was reduced to
quadratures. We give in the following two examples to illustrate the efficacy of the method:
linearized quadratic gravity in three and four dimensions, respectively.

e Three-dimensional linearized quadratic gravifor D =3 the expression&3) and(24) tell
us that

57 KK

B K2m?
167

U(r)= — m’ w(JZWe““‘“COSHdG
0

kZ+m?  kZ+ mZ2

1
kZ+m?  k2+ mg/z)

Jo([K[r)[Kldlk],

whereJ, is the Bessel function of the first kind of order zero. Now, from a mathematical point of
view, [ [xJo(ax)/(x>+b?)]dx only makes sense?ft a>0, Reb>0. Accordingly, we assume
that m§>0(%ﬂ+ 2a>0) andmf>0(—,8>0), which is nothing but the condition for absence of
tachyons(both positive and negative enejgy the dynamical field. Performing the integration
yields

U(r)=2GmyKo(myr)—Ko(mer/v2)],

whereK, is the modified Bessel function of the order of zero @ %321
Therefore, the potential is given by

V(r)=2Gm[Kq(myr)— Ko(mor/v2)].
Note that V(r) behaves as @min(my/mp2) at the origin and as @Gm[\/m/2m;re ™'

wlmgrv2e~mo"V2] asymptotically?®
Three comments are in order here:
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(i) Unlike the Newtonian potentialy=2GmInry/r, which has a logarithmic singularity at
the origin and is unbounded at infinity, the potential concerning three-dimensional linear-
ized quadratic gravity is extremely well behaved: it is finite at the origin and zero at the
infinity.

(i)  V(r)—0 asmy andm;—«, confirming in this way the well known fact that the standard
correspondence of three-dimensional linearized Einstein's theory with Newton’s theory
breaks dowrf®

(i) Recently it was shown that the solution of the linearized field equations concerning three-
dimensional linearized quadratic gravity, having as source a static point like rmaiss
given by’

Km
hoozg[Ko(mlr) —Ko(mgr/v2)],

m
hyy= h22=g—w[2 Inr +Ko(myr)+Ko(mrv2)].

SinceV=«khgy/2, we see that this independent computation of the potential leads to the
same result as that obtained via the effective nonrelativistic potential. The former is, in a
sense, a major test of our semiclassical computation.
» Four-dimensional linearized quadratic gravityfhe effective nonrelativistic potential is
computed in this case as follows:

202 ol rn
U(r)zﬂf f g~ ilkIr cost gin gd g
6(2m)° Jo \ Jo

B K2m? 1I
Te(2m)ir

11
k* " k*+mi  4(k*+mp)

3
— 2
2 }k d|K|

m (25

fﬂ i 3 X 1 X 4
e — —+ - X|.
e 4x  x2+mir? 4 x2+mjr?

Now, the condition for the existence of integrals liké: [ (x sinx)/(x?+a?)]dx (a#0) is thata

>0. In this case they can be easily evaluated by the method of contour integration. Therefore,
assuming that @+ B>0 and — B3>0, which corresponds to the absence of tachyons in the
dynamical field, we promptly obtain frorf25)

U(r)=Gm?

_ E‘i‘ fefmlr_ }e*mof
r 3 3

So, the potential for linearized higher-derivative gravity is given by the expréssion

1 4e ™ 1e M
__+_—__
r 3 r 3 r

V(ry=Gm

which agrees asymptotically with Newton’s law. At the origin it tends to the finite value
Gm((mg—4m,)/3).

From the computation o¥(r) for linearized quadratic gravity in three and four dimensions
we learned that the existence of the potential is related to the absence of tachyons in the dynamical
field. Consequently, we may conjecture that this is so in any dimerzio2. This issue will be
treated elsewhere.

VI. GRAVITATIONAL DEFLECTION

Using the mathematical apparatus developed in the last sections we consider now the issue of
light bending within the framework dD-dimensional quadratic gravity. Accordingly, let us con-
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sider the interaction between a fixed source and a light ray. The associated energy-momentum
tensors will be designated respectively B8 and F#”. The current-current amplitude for this
process is given by
2 1 o

A=9°T,,0 . ,.F".
But, on mass shelk, T**=0 andk,,F**=0, implying that onlyP? and P° will give a non-null
contribution to the current-current amplitude. Therefore,
m; m

2
M1 " 2 [(D-2)2] 2]

A= ngMVFpU-{

pnv,po

Now, taking (9) into account and recalling that the energy-momentum tensor for (gattro-
magnetic radiationis traceless, whild*”= »*°%"°T% for a static source, we promptly obtain

1 1
_ ~2700-0 _
A=g°T FO[kz e

Sinceg?T%F%k? is precisely the current-current amplitude for the interaction between a fixed
source and a light ray in the contextDfdimensional linearized general relativity, we come to the
conclusion that the gravitational deflection predictedCbgimensional linearized quadratic grav-
ity is always smaller than that predicted Bydimensional linearized Einstein’s theory.

Let us then discuss in more detail the result above in the particulaizas®e Proposition 3
tell us that the massless excitation is not a dynamical degree of freedom in three dimensions.
Consequently, only- g>T%F%% (k?—m2) will contribute to light deflection. Thus, we come to the
surprising result that in the framework of three-dimensional linearized quadratic gravity a light ray
is deflected upward instead of downward as its four-dimensional counterpart. This is, perhaps, a
property peculiar to quadratic gravity = 3. It is worth mentioning that a classical computation
of the gravitational deflectidi assures us of the correctness of our result which is based on a
semiclassical approach.

VII. THREE-DIMENSIONAL QUADRATIC GRAVITY WITH A GRAVITATIONAL
CHERN-SIMONS TERM

To conclude we consider quadratic gravity with a gravitational Chern—Simons term. The
topological Chern—Simons Lagrangian is given by

2
9,T7 + =T T (26)

wtpr T 3% opt vp)?

yr- ak

1 722N 2 BT7 st
‘CCSZES R'BMVFM 3FBILF I = “ T
where u is a dimensionless parameter. Linearizi2), we obtain

1
EC.S.Iin. hMVP;LV po’ ' (27)

where?

Ot
,P/J.I/,p(TE T[S/.L)\pava'—i_ S,u)\(ravp—’_ Eunp 0/.LU'+ € V)\O'G,U.p]l (28)

and M= u/«2. In order to have a complete basis for the operator space of the field equations
concerning higher-derivative gravity theories in three dimensions with a Chern—Simons term, we
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TABLE I. Multiplication table for the three-dimensional operat®$ P2, P°, PP, PP andP.

pt p? pO PO po P
pt Pt ) 0 0 0 0
P2 0 p? 0 0 0 P
PO o) 0 Po 0 poe o)
po 0 0 o PO pe? 0
= o o pe’ poe 2(P%+PY) o
P ) P 0 0 0 —kép2

include in the collection of three-dimensional operatfis, P?,P° P, P% (see Sec. Il A the
operatorP (28). The multiplication table for these operators is displayed in Table I.
We are now ready to compute the propagator. Expanding both opeatarsl © ~* in the

basis{P,P2,P° P° P%, we obtain
O=x1 P+ %,P?+ XqP%+ X, P+ %P+ pP,

O 1=y P +y,P2+yoPO+yoPC+y,P0+qP.

With the help of Table | and taking into account th@® ~*=1, we find thaty, =1/, Yy,
=X, /(5= P?k®), Yo=Xo/(XoXo—2%5), Yo=Xo/(XeXo—2%5), Yo=—Ro(XoXo—2%;), and q
= —pl/(x5—p?k®), while the propagator is given by

1 X2 2 Xo 0 Yo 5o Xo

p
O t=—pP+ P24+ ———— ———— P~ ——— PO
X1 x5— p°k® XoXo— 255 XoXo— 255 XoXo— 2%

-2
Xo— P

o

2P
(29)

Accordingly, let us then find the propagator for quadratic gravity with a Chern—Simons term. This
theory is defined by the Lagrangian

— 2RJg e 2 a . B
_ o T w 2 2
L=——m Lo\l 0.5+ 3100, | +| 5 R+ 5 RE, Vo.
In the Julve—Tonin gauge the operatdrhas the form
2 b 2 1 2 2b 2 2 3 0
O=—K*| Ny hg5 k2 [ PHHK? K25 =1 | P2+ K +Dbk* 5+4c||P

b — P
—kz(i)\zkz‘f' 2)\1) PO+ M'

and the propagator is given by

1 1 1 1

) 1
Tk T oMZ2) k-M2 T 1T (oM7) K- M2

“ K[ 2X,+ brakF]
1 1 } . 1 —

ot P+ }Pz

M v S STy R

4 1 11 20
bM(Mi—M3) |\ k2—M3  Kk>—M3/Kk*| "’ (30

where
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M3

(—22—2)[1+bM2+\/1+2bM2],

o
<

2
Mgz(szz)[HbMZ— 1+2bM?],
-1
2=
i T
§+ c

If we do not want tachyons in the dynamical field, we may choose, for instame®, and ¢
+4c¢)<0. In this case the theory is causal at the tree level. In this vein we assume from now on
m?, M2, M3, andM?>0.

We discuss in the following tree-level unitarity, nonrelativistic limit and gravitational deflec-
tion for quadratic-Chern-Simons gravity ih=3.

A. Tree-level unitarity

From (14) and (30) we obtain at once

nv 1 2 % 1 2 1 2
et 2 bmz—2  Tw ST L2 2—pmz  TwTToT 5T
92 MI=MAMZ T K=MZ D2 (MZ—MAMZ K—-MZ  KE—n?

2 v
4 T2-T,TH

TpMIMZ T K 39

Therefore, ifb>0 and €+4c)<0, (20) tells us that Reﬂlkz:M?O, ResAIkz:M§>0,

ResAl2-m2<0, and Resd|,2_,=0.
Proposition 4: Quadratic gravity with a gravitational Cher$imons term is nonunitary at the
tree level. If b>0 and (3+4c)<0, the theory in nontachyonic and has one normal massless
spin-2 particle, one normal spin-2 particle of mass Mone normal spin-2 particle of mass M
and one spin-0 ghost of mass Mhe massless excitation is not a dynamical degree of freedom
Corollary 2: R+ R? gravity with a Chera-Simons term is nonunitary at the tree levelaf
<0, the theory is nontachyonic and has one physical massless spin-2 particle, one physical

particle of spin-2 and mass M and one spin-0 ghost of mass\m 1/2a«?. The massless
excitation is not a dynamical degree of freedom

Proof: Clear. O

Therefore, we come to the conclusion that neither quadratic gravity with a Chern—Simons
term norR+ R? gravity with a Chern—Simons term is unitary at the tree level.

A detailed comparison between three-dimensional quadratic gravity with quadratic gravity
with a Chern—Simons term clearly shows that the harmless massive scalar mode of the former
becomes a troublesome massive spin-0 ghost within the context of the latter, while the massive
spin-2 ghost related to three-dimensional quadratic gravity is now replaced by two massive physi-
cal particles both of spin-2. On the other hand, if we make a comparison between three-
dimensionalR+ R? gravity with R+R? gravity with a Chern—Simons term, we come to the
conclusion that the gravitational Chern—Simons term is responsible for breaking down the unitar-
ity of the former.
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B. Nonrelativistic limit
In this case the invariant amplitude for the proc8ssS— S+ S, whereS denotes a spinless
boson of mas#n, as well as for its nonrelativistic limit, are given respectively by

1,1 1o, 1 1
2k2 " bM3+2 K2—M2 " b2MZ+2 k2~ M?

M= k? X[ (p-aq)(p"-q")+(p-a")(p"-q)

3 1
+p-p'(MP—q-q’)+(M*=p-p")q-q'+ 5 (M*~q-q')(fM*~p-p’) — 2(3M*—p-p’)

K2 3~2 ’ 3~2 ’ 1 1
+tg (83M°—p-p')( m—Q'Q)p—m

X(3M?—q-q’)

and

1 1 1 1 1 1
2kK2+m? 2+bMZkZ+M2Z  2+bM? K2+ M?

My g.= kM . (32

Inserting(32) into (21) and performing the integration yields

Ko(er)}-

1
(M)~ T omzi2)

1
U(r)=2'r“nza[Ko(rm)— mKo
1

As a result, the potential is given by the expression

B 1 1
V(r)=2m#|<o<rm)— T w2 KoM D ~ Tz Ko™M2)

— 2
Note thatV/(r) behaves as@G InM; 2 p * O

2MG \/—W e Mm— ! \/ T e Mir_ ! \/ T g Mo
2mr 1+(bM7/2) N 2Myr 1+ (bM5/2) N 2Mr

asymptotically. Two comments are in order here:

2
??Im at the origin and as

(i) Unlike the Newtonian potentid¥/y=2GmInry/r; which has a logarithmic singularity at
the origin and is unbounded at infinity, the potential concerning linearized quadratic
Chern—Simons gravity in (21)D is extremely well behaved: it is finite at the origin and
zero at infinity.

(i)  V(r)—0 asa and 8—0, confirming in this way the fact that the standard correspondence
of three-dimensional linearized Einstein—Chern—Simons gravity with Newton’s theory
breaks dowrf>*°

C. Light deflection

The current-current amplitude for the interaction of a light ray with a fixed source is given by

1 1 1 1

S+ + p?
k? " 14 (bM%/2) kK*—=M3 1+ (bMZ/2) k*—M?

A=g?THEPT

+

1 1 o
@ ie-me)P

mv,po

Taking (9) into account we can rewrite the expression above as
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A=Ag+ Ay,

where

_ 9°TooF oo

0= e

1 1, 1 1
1+(bM3/2) k>—M3 1+ (bM%/2) k>—M2)"

A= ngooF 00

Of course, only4; will contribute to light deflection since the massless excitation is not a degree
of freedom. Hence, the light ray will be deflected downward as usual.

VIIl. SUMMARY AND DISCUSSION

We proposed a prescription for finding the propagator concerning higher-derivative gravity
theory inD dimensions based on the Barnes—Rivers operators. Using this algorithm, we computed
the propagator for the latter in an unconventional gauge and, by a suitable choice of the gauge
parameters, we reobtained the propagator in a series of gauges which are used in day-to-day
physics.

A systematic study of the tree-level unitarity &f-dimensional higher-derivative gravity
theory was presented afterward. It was shown that it is nonunitary at the tree level: the term
quadratic in the Ricci tensor is the Achille’s heel of the theory. This term is responsible for the
presence of a massive spin-2 particle of negative residue, i.e., a ghost, in the bare propagator.
Nevertheless, this may be a hasty conclusion. Indeed, as pointed out by Antoniadis and
Tomboulis?® this excitation is unstable in four dimensions. Perhaps it would be unstable as well in
any dimension. Thereford)-dimensional quadratic gravity cannot yet be rejected as a viable
possibility.

On the other hand)-dimensionaR+ R? gravity is unitary at the tree level. We call attention
to the fact that our discussion was confined to a particular style of variational principle. Perhaps
there are richer unitary combinations in higher dimensions with the connection varied indepen-
dently. If this is the case, that would be worth knowing. This matter will be the object of a future
investigation.

The problem of computing the effective nonrelativistic potentialdedimensional quadratic
gravity was then reduced to quadratures. It seems that the existence of this potential in any
dimension is related to the absence of tachyash positive and negative enejgg the dynami-
cal field. It was also shown that, unlike three-dimensional linearized gravity which has no New-
tonian limit, three-dimensional linearized quadratic gravity has a potential that, despite being
rather different from the corresponding Newtonian one, is extremely well behaved.

It was shown afterward that the gravitational deflection is always smaller than that predicted
by the corresponding Einstein’s theory. This conclusion is totally independent of the valie of
For D=3 we arrive at the astonishing result that a light ray would be deflected upward instead of
downward as its four-dimensional counterpart. It can be shown, in addition, that=8 a
gravitational force is exerted on a slowly moving test parti¢[€his force greatly resembles that
of a straightU(1)-gauge cosmic string in the framework of linearized quadratic gravity in four
dimension# and it is absent in three-dimensional general relativity.

Finally, we discussed three-dimensional quadratic gravity augmented by a Chern—Simons
term. It was shown that neither the latter nor three-dimensi®@aR? gravity with a Chern—
Simons term are unitary at the tree level. On the other hand, as it was shown previously, light
deflection has the “wrong sign” within the context of three-dimensional quadratic gravity. The
addition of a topological massive term to the latter “repairs” the aforementioned sign. Is worth
mentioning that “antigravity” is possible in the context of three-dimensional quadratic Chern—
Simons gravity*®

To conclude we raise two interesting questions:
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(i) Is it possible that gravity’s rainbows and quadratic gravity theories can coexist without
conflict in any dimension?

(i) Is the photon propagation dispersive in the framework of three-dimensional quadratic grav-
ity with a Chern—Simons term such as in four-dimensional quadratic gravity? These issues
will be discussed elsewhere.
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