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A prescription for computing the propagator forD-dimensional higher-derivative
gravity theories, based on the Barnes–Rivers operators, is presented. A systematic
study of the tree-level unitarity of these theories is developed and the agreement of
their linearized versions with Newton’s law is investigated by computing the cor-
responding effective nonrelativistic potential. Three-dimensional quadratic gravity
with a gravitational Chern–Simons term is also analyzed. A discussion on the issue
of light bending within the framework of bothD-dimensional quadratic gravity and
three-dimensional quadratic gravity with a Chern–Simons term is provided as
well. © 2002 American Institute of Physics.@DOI: 10.1063/1.1415743#

I. INTRODUCTION

Undoubtedly, Einstein’s field theory accounts very well for all known macroscopic gra
tional phenomena. However, as a quantum theory it is less satisfactory: it has anS matrix which,
despite being finite at the one-loop level,1 diverges at the two-loop order.2 This is not surprising,
since one of the most difficult field theories when it comes to quantization is certainly the th
of the space–time structure itself. It is not known what the correct quantum theory of gravi
is.

Now, as is well known, the four-dimensional space–time is the most problematic place
quantum field theory to live. Indeed, quantum field theories are notorious for being ill defin
four-dimensional space–time but can often be handled in space–times of a different dime
ality. Dimensional regularization is a common example of such a procedure: results th
divergent in four dimensions are convergent forD.4. The divergences of the four-dimension
theory are removed by considering our space–time as a limitD→4 of higher-dimensional
space–times.3 On the other side of the dimensionality spectrum, there are field theories in sp
times with 2<D,4. In some cases, such quantum models are exactly soluble and prov
valuable insight into the clockwork of quantum field theory.

In this vein, here we study—at the tree level—various higher-derivative gravity theories.
we shall consider gravitational theories which will be called, for short,D-dimensional higher-
derivative gravity theories. These theories share some basic points with general relativity:

~i! General covariance and
~ii ! the action is extremized under variation of the metric.

On the other hand, they differ from general relativity in the following respects:

~i! The field equations for the metric are of fourth order.

a!Electronic mail: accioly@ift.unesp.br
4730022-2488/2002/43(1)/473/19/$19.00 © 2002 American Institute of Physics
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~ii ! Space–time is allowed to have any number of dimensions, which is a condition abso
necessary in the context of string theory.

Quadratic gravity in four dimensions is the most typical example of such a theory.4–6At this point
it is reasonable to pose the question: What is the use of probing into these theories?
answering this question, let us comment, in passing, on some results recently obtained con
quadratic gravity in four dimensions. In a series of papers on the photon propagation aro
massive body in quadratic theories of gravitation it was shown that, unlike Einstein’s gr
quadratic gravity produces dispersive photon propagation.7–9 To be more specific, quadratic grav
ity produces energy-dependent photon scattering. An interesting consequence of this fact
gravity’s rainbows and higher-derivative gravity can coexist without conflict.9 In this sense qua-
dratic gravity is closer to quantum electrodynamics than any currently known gravitational th
In fact, dispersive photon propagation is a trivial phenomenon in the context of QED. Based
fact that the rainbow effect which is present in quadratic gravity is undetectable, nowaday
possible to find a new constraint on the value of the contribution of the quadratic part. Thi
very important result given the scarcity of observational constraints on gravitational theori
addition, it was also found that the gravitational deflection predicted by quadratic gravity is a
smaller than that predicted by Einstein’s theory.7–9 It is worth mentioning that theR2 sector of the
theory of gravitation with higher derivatives does not contribute anything to the gravitat
deflection.10,11After this little digression we return to the question raised previously. Our mot
tion for studyingD-dimensional higher-derivative gravity theories is to try to answer, among o
things, the following questions:

~i! Which is the lowest dimension in which these theories make sense?
~ii ! Are theseD-dimensional theories unitary at the tree level?
~iii ! Is the massless excitation a dynamical degree of freedom in any dimension?
~iv! DoesD-dimensional linearized quadratic gravity agree with Newton’s theory in the lim

ing case of motion at low velocity in a weak gravitational field?
~v! Is the gravitational deflection within the context of the theories mentioned above grea

smaller than that related to the corresponding Einstein’s theory?

Second, we shall analyze three-dimensional quadratic gravity with a gravitational Chern–S
term. Now the action is extremizedà la Palatini ~independently varied connection!. In other
words, the propagation of the metric and affine structures of space–time are independent. O
here is, first of all, to find out how the nature of the field excitations is affected by the additio
a gravitational Chern–Simons term to the Lagrangian concerning three-dimensional qua
gravity. Second, we shall study the tree-level unitarity of the above theory, the nonrelativistic
of its linearized version and light bending within the framework of the same.

The plan of this work is as follows. In Sec. II we find the appropriate Lagrangian for c
puting the propagator concerningD-dimensional quadratic gravity. In Sec. III we present
algorithm for computing the propagator forD-dimensional higher-derivative gravity theorie
based on the Barnes–Rivers operators.12–16 Using this prescription we get the propagator f
D-dimensional quadratic gravity in an unconventional gauge. From this result we obtain
straightforward way the propagator in a series of interesting gauges which forD54 reduce to well
known results which are broadly used in the literature.17 In Sec. IV we study in a systematic wa
the tree-level unitarity ofD-dimensional higher-derivative gravity theories. It is shown that
D.2 quadratic gravity is nonunitary at the tree level. On the other hand, we get
D-dimensionalR1R2 gravity is unitary at the tree level forD.2. Section V is devoted to the
study of the effective nonrelativistic potential forD-dimensional quadratic gravity. An expressio
for computing this potential is obtained forD.2 and from that we get, in particular, the potent
for three-dimensional linearized quadratic gravity. Unlike the Newtonian potential, this poten
well behaved: it is finite at the origin and zero at infinity. In Sec. VI we analyze the gravitati
deflection in the framework ofD-dimensional quadratic gravity. Section VII deals with thre
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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dimensional quadratic gravity with a gravitational Chern–Simons term. Finally, a summary o
main results is presented in Sec. VIII.

In our notation the signature is (12¯2). The curvature tensor is defined byRbgd
a

52]dGbg
a 1¯ , the Ricci tensor byRmn5Rmna

a , and the curvature scalar byR5gmnRmn , where
gmn is the metric tensor. Natural units are used throughout.

II. FINDING THE APPROPRIATE LAGRANGIAN FOR COMPUTING THE PROPAGATOR
CONCERNING D-DIMENSIONAL QUADRATIC GRAVITY

The action for quadratic gravity inD.1 dimensions is given by

I 5E dDxA~21!D21g F2R

k2 1
a

2
R21

b

2
Rmn

2 1
g

2
Rmnrs

2 1
d

2
hRG , ~1!

wherek2 is a suitable constant with dimensionLD22 which in four dimensions is equal to 32pG,
with G being Newton’s constant, anda, b, g andd are constants with dimensionL42D. ThehR
term in this action is manifestly a total covariant divergence and can be ignored. ForD51 the
space is flat and all the tensorsRmnab , Rmn , R identically vanish. Of course, there can be
dynamics in a space which does not possess both a spacelike and a timelike dimension. The
dimension in which the quadratic theory makes sense is thusD52.

Proposition 1: We can drop out the Rmnrs
2 term of the linearized Lagrangian related to gravi

with higher derivatives in dimensions higher than second.
Proof: Let L 1(L 2) be the Lagrangian corresponding to the gravity theory without~with! the

Rmnrs
2 term, namely,

L 1[A~21!D21g F2R

k2 1
a

2
R21

b

2
Rmn

2 G , ~2!

L 2[A~21!D21g F2R

k2 1
a

2
R21

b

2
Rmn

2 1
g

2
Rmnrs

2 G . ~3!

Decomposing the metric,gmn , as

gmn5hmn1khmn , ~4!

wherehmn is the Minkowski metric, and inserting~4! into ~2! and ~3! yields

L l in .
1 5

b

4
@hhmnhhmn2~A,m

m !22Fmn
2 1~114c!~Aa

,a2hf!2#2
1

2
@hmnhhmn1An

21~An2f ,n!2#,

~5!

Ll in .
2 5S b

4
1dD Fhhmnhhmn2~A,m

m !22Fmn
2 1

~b/4! ~114c!

b/41d
~Aa

,a2hf!2G2
1

2
@hmnhhmn1An

2

1~An2f ,n!2#,

whereAm[h,n
mn , f[h, Fmn5Am,n2An,m , b[ bk2/2 , c[ a/b , andd[ gk2/2. Indices are low-

ered~raised! usinghmn(hmn). h

It is worth mentioning that we could have arrived at the conclusion that theRmnrs
2 term need

never be considered in calculating the propagator by simply noting that the linearized G
Bonet invariant is a total derivative in any space–time dimension, the restriction toD54 coming
in only when we take the full nonlinear structure into account.

Thus, we come to the conclusion that the appropriate Lagrangian for computing the pro
tor concerning quadratic gravity inD.2 dimensions is
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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L̄5A~21!D21g F2R

k2 1
a

2
R21

b

2
Rmn

2 G . ~6!

Proposition 2: In two dimensions

a

2
R21

b

2
Rmn

2 1
g

2
Rmnrs

2 5S a

2
1

b

4
1

g

2DR2.

Proof: In two dimensions both the Riemann tensor and the Ricci tensor can be expres
terms of the curvature scalar. Indeed,18

Rmnrs5 1
2 R~gmsgnr2gmrgns!,

and

Rmn5 1
2 Rgmn .

Therefore,

a

2
R21

b

2
Rmn

2 1
g

2
Rmnrs

2 5
a

2
R21

b

2

R2

2
1

g

2
R25S a

2
1

b

4
1

g

2DR2.

h

Obviously, for D52 the suitable Lagrangian for calculating the propagator related to
dratic gravity isL̄5A2g@2R/k2 1 (a/2) R2#. Nonetheless, we will not discuss this theory he
From now on we shall assume thatD.2.

III. FINDING THE PROPAGATOR FOR D-DIMENSIONAL HIGHER-DERIVATIVE GRAVITY
THEORIES

We begin by describing a prescription for computing the propagator for gravity theories
higher derivatives inD.2 dimensions. The algorithm is used afterward to get the propagato
D-dimensional quadratic gravity in an unconventional gauge. From this result we obtai
propagator in a series of gauges which in theD54 case reduce to well known gauges that a
widely used in the literature.17

A. The prescription

Let L̄ be the Lagrangian for any metric theory of gravity with higher derivatives. To com
the graviton propagator we need the bilinear part of this Lagrangian. The latter is obtain
decomposing the metric,gmn , as in~4!, and inserting~4! into L̄. Let Lg be the resulting Lagrang
ian. In the specific case of gauge-invariant theories, we add toLg a gauge-fixing LagrangianLg f .
Accordingly,L5Lg1Lg f can be written as

L5 1
2 hmnOmn,rshrs. ~7!

In performing these calculations it is extremely convenient to work in terms of the Barnes–R
operators12–16 in the space of symmetric rank-two tensors. The complete set ofD-dimensional
operators is given by

Pmn,rs
1 5 1

2 ~umrvns1umsvnr1unrvms1unsvmr!,

Pmn,rs
2 5

1

2
~umruns1umsunr!2

1

D21
umnurs ,
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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Pmn,rs
0 5

1

D21
umnurs ,

P̄mn,rs
0 5vmnvrs ,

P% mn,rs
0 5umnvrs1vmnurs ,

whereumn andvmn are the usual transverse and longitudinal vector projection operators

umn5hmn2
kmkn

k2 , vmn5
kmkn

k2 ,

which satisfy the relations

umrun
r5umn , vmrvn

r5vmn , umrvn
r50.

Herekm is the momentum of the graviton exchanged andk2[kmkm.
The set of operators$P1,P2,P0,P̄0% is a complete set of projection operators for symme

rank-two tensors, i.e., they are idempotent, mutually orthogonal and satisfy the completnes
tion

@P11P21P01 P̄0#mn,rs5 1
2 ~hmrhns1hmshnr![I mn,rs .

In the rest frame of a massive tensor field, the family of operators$P1,P2,P0,P̄0% project out the
spin-1, spin-2, and two spin-0 parts of the field. The operatorP% 0, in turn, is nothing but the sum
of two spin-0 transfer operators, namely,

P% mn,rs
0 [@Puv1Pvu#mn,rs ,

wherePmn,rs
uv [umnvrs andPmn,rs

vu [vmnurs . Its multiplicative table is given by

P% 0P15P1P% 05P% 0P25P2P% 05O,

~P% 0!25~D21!~P01 P̄0!,

P0P% 05P% 0P̄05Puv,

P̄0P% 05P% 0P05Pvu,

whereO is the null operator.
The expansion of the operatorO in the basis$P1,P2,P0,P̄0,P% 0% is trivially obtained using the

following tensorial identities:

1
2 ~hmrhns1hmshnr!5@P11P21P01 P̄0#mn,rs ,

hmnhrs5@~D21!P01 P̄01P% 0#mn,rs ,

1

k2 ~hmrknks1hmsknkr1hnrkmks1hnskmkr!5@2P114P̄0#mn,rs , ~8!

1

k2 ~hmnkrks1hrskmkn!5@P% 012P̄0#mn,rs ,

1

k4 ~kmknkrks!5 P̄mn,rs
0 .
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The identities,

Pmn,rs
2 5

1

2
~hmrhns1hmshnr!2

1

D21
hmnhrs2FP11

D22

D21
P̄02

1

D21
P% 0G

mn,rs

,

~9!

Pmn,rs
0 5

1

D21
hmnhrs2

1

D21
@ P̄01P% 0#mn,rs ,

in turn, greatly facilitate the task of casting the propagator in a form wherein the terms pr
tional to the graviton momentum are omitted, which in practice widely simplifies computa
involving conserved currents.

We will not display the demonstrations of~8! and~9! since they follow straightforwardly from
the very definition of the operatorsP1, . . . ,P% 0.

We are now ready to find the propagator,O 21. To accomplish this we have to invert th
operatorO. Expanding the latter in the basis$P1,P2,P0,P̄0,P% 0% with the help of the identities~8!,
we get

O5x1P11x2P21x0P01 x̄0P̄01x% 0P% 0.

Assume then thatO 215y1P11y2P21y0P01 ȳ0P̄01y% 0P% 0, wherey1 ,y2 , . . . .,y% 0 are parameters
to be determined. SinceOO 215I , we promptly obtain the following set of simultaneous equ
tions:

x1y151,

x2y251,

x0y01~D21!x% 0y% 051,
~10!

x̄0ȳ01~D21!x% 0y% 051,

x% 0y01 x̄0y% 050,

x% 0ȳ01x0y% 050.

Before going on we need a lemma.
Lemma: If x1Þ0, x2Þ0, and @x0x̄02(D21)x% 0#Þ0, then (10) has one and only one solutio.
Proof: Row reducing the argumented matrix of the system~10! to echelon form yields

3
x1 0 0 0 0 1

0 x2 0 0 0 1

0 0 x0 0 ~D21!x% 0 1

0 0 x% 0 0 x̄0 0

0 0 0 x̄0 ~D21!x% 0 1

0 0 0 x% 0 x0 0

4 ;3
x1 0 0 0 0 1

0 x2 0 0 0 1

0 0 x0 0 ~D21!x% 0 1

0 0 0 x̄0 ~D21!x% 0 1

0 0 0 0 @x0x̄02~D21!x% 0
2# 2x% 0

0 0 0 0 0 0

4 .

h

Therefore, the propagator is given by

O 215
1

x1
P11

1

x2
P21

1

x0x̄02~D21!x% 0
2 @ x̄0P01x0P̄02x% 0P% 0#. ~11!
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In summary, the prescription for computing the propagator consists of the following p
dures.

~1! Linearize the original Lagrangian using~4!.
~2! Add to the previous result a suitable gauge-fixing Lagrangian. Obviously, we only do th

the case of gauge-invariant theories.
~3! Cast the resulting Lagrangian into the bilinear formL5 1

2h
mnOmn,rshrs.

~4! Find the coefficients x1 ,x2 , . . . ,x% 0 by expanding the operatorO in the basis

$P1,P2,P0,P̄0,P% 0% with the help of the identities~8!.
~5! Insert these coefficients in~11!.

B. Propagator for D-dimensional quadratic gravity in an unconventional gauge

Let us then find the propagator by means of the prescription developed in Sec. III A
course, the linearization of~6! leads to~5!. So,Lg[L l in .

1 . Lagrangian~5! is invariant under the
infinitesimal coordinate transformationxm→xm1kjm(x), wherejm(x) is an infinitesimal vector
field. It must be infinitesimal to avoid inconsistency with~4!. Under this transformation we hav
from ~4!

hmn~x!→hmn~x!2jm,n2jn,m . ~12!

The presence of the local gauge symmetry~12! requires the addition of a gauge-fixing term,Lg f ,
to Lagrangian~5!. It is common practice to choose a linear combination ofAm andf ,m as gauge
functions. However, looking at~5! we clearly see the presence not only of this linear combina
but also of its curl (Fmn) and its divergence (A,m

m 2hf). Hence, we choose the following uncon
ventional gauge-fixing Lagrangian,

Lg f5l1~An2lf ,n!21
b

4
@l2~A,m

m 2lhf!21l3Fmn
2 #,

wherel, l1 , l2 , andl3 are suitable gauge parameters. Casting the Lagrangian,L5Lg1Lg f ,
into the bilinear form L5 1

2h
mnOmn,rshrs, and expanding the operatorO in the basis

$P1,P2, . . . ,P% 0% with the help of~8!, we obtain

O5x1P11x2P21x0P01 x̄0P̄01x% 0P% 0,

whereupon

x1[
b

2 S l3k41
2l1k2

b D ,

x2[
b

2 S k41
2k2

b D ,

x0[
b

2 FDk42
2~D22!k2

b
14~D21!k4c1~D21!k4l2l21

4~D21!k2l1l2

b G ,
x̄0[

b

2 S k4l222k4ll21
4k2l1

b
2

8k2ll1

b
1k4l2l21

4k2l1l2

b D ,

x% 0[
b

2 S 4k2l1l2

b
1k4l2l22k4ll22

4k2ll1

b D .
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The propagator in momentum space is given by~11!. From this result we can find the propa
gator in a series of interesting gauges, by judiciously choosing the parametersl, l1 , l2 , andl3 .
We list below the most important covariant gauges that result from such choices.

~1! Julve–Tonin gauge(l50):19

Lg f5l1An
21

b

4
@l2~A,m

m !21l3Fmn
2 #.

Propagator:

O 215
m1

2

k2~m1
2l12l3k2!

P11
m1

2

k2~m1
22k2!

P21
m0

2

2k2@k22 @~D22!/2# m0
2#

P0

1
m1

2

~2m1
2l12l2k2!k2 P̄0, ~13!

where

m0
2[

2

Dbk2/41~D21!k2a
, m1

2[2
4

bk2 .

Absence of tachyons requiresb,0 and (D21)a1 bD/4.0. Note that the choicel50 gives a
propagator that only contains the spin-projection operators, i.e.,P1, P2, P0, P̄0, and it gives also
a propagator all parts of which behave likek24.

~2! de Donder gauge(l25l350,l5 1
2):

Lg f5l1~An2 1
2 ]nf!2.

Propagator:

O 215
1

l1k2 P11
m1

2

k2~m1
22k2!

P21
m0

2

2k2@k22 @~D22!/2# m0
2#

P0

1F 2

l1k2 1
~D21!m0

2

2k2@k22 @~D22!/2# m0
2#

G P̄01
m0

2

2k2@k22 @~D22!/2# m0
2#

P% 0.

~3! Feynman gauge(l25l350,l151,l5 1
2):

Lg f5~An2 1
2 ]nf!2.

Propagator:

O 215
1

k2 P11
m1

2

k2~m1
22k2!

P21
m0

2

2k2@k22@~D22!/2# m0
2#

P0

1F 2

k2 1
~D21!m0

2

2k2@k22@~D22!/2# m0
2#

G P̄01
m0

2

2k2@k22 @~D22!/2# m0
2#

P% 0.

IV. A SYSTEMATIC STUDY OF TREE-LEVEL UNITARITY

Now we present a method for analyzing the unitarity at the tree level ofD-dimensional
higher-derivative gravity theories.

In order to verify whether ghosts and tachyons are absent in a given theory of gravity
higher derivatives we require that the corresponding propagator has only first poles atk22M2
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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50 with real massesM ~no tachyons! and with positive residues~no ghosts!.20–22 Therefore, to
probe the tree-level unitarity ofD-dimensional higher-derivative gravity theories we couple
propagator to external conserved currents,Tmn, compatible with the symmetries of the theory, a
afterward we examine the current-current amplitude at the poles. The transition amplitu
momentum space, in turn, can be cast in the form

A5g2TmnO mn,rs
21 Trs, ~14!

whereg is the effective coupling constant of the theory. Note that only the spin-projectorsP2 and
P0 will give a non-null contribution to the current-current amplitude sincekmTmn50.

Let us then expand the sources in a suitable basis. The set of independent vectors in m
tum space,

km[~k0,k!, k̃m[~k0,2k!, « i
m[~0,eW i !, i 51, . . . ,D22,

whereeW1 , . . . ,eWD22 are mutually orthogonal unit vectors which are also orthogonal tok, serves
our purpose. Accordingly, the symmetric current tensorTmn(k) can be written as

Tmn5akmkn1bk̃mk̃n1ci j « i
(m« j

n)1dk(mk̃n)1eik(m« i
n)1 f i k̃(m« i

n) . ~15!

The current conservation,kmTmn50, gives the following constraints for the coefficientsa, b,
d, ei and f i

ak21~k0
21k2!

d

2
50, ~16!

b~k0
21k2!1d

k2

2
50, ~17!

eik21 f i~k0
21k2!50. ~18!

If we saturate the indices ofTmn with momentakm , we obtain the equationkmknTmn50, which
yields a consistency relation for the coefficientsa, b, andd:

ak41b~k0
21k2!21dk2~k0

21k2!50. ~19!

Now, all we have to do is to compute the residue ofA at each first pole of the propagator an
verify whether its sign is positive.

Proposition 3: Higher-derivative gravity is nonunitary at the tree level in D.2 dimensions. If
m0

2.0 @Db/41(D21)a.0# and m1
2.0(2b.0), the theory is nontachyonic and has one no

mal massless spin-2 particle, one massive spin-2 ghost and one normal massive spin-0 p
The massless excitation is not a dynamical degree of freedom in D53.

Proof: From ~14! and ~13! we promptly obtain

A5g2TmnH m1
2

k2~m1
22k2!

P21
m0

2

2k2@k22~D22!m0
2/2#

P0J Trs

5g2H TmnTmn2T2/~D22!

k2 2
TmnTmn2T2/~D21!

k22m1
2

1
T2

~D21!~D22!@k22~D22!m0
2/2# J , ~20!
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whereT5hmnTmn. Thus, we have two poles for the spin-2 sector, i.e.,k250, k25m1
2 , and one

pole for the spin-0 sector, namely,k25(D22)m0
2/2. Let us then find the sign of the residue

these poles. We assume thatD-dimensional quadratic gravity has no tachyons, which imp
m0

2.0 andm1
2.0.

• Pole k250. From~16!–~18! and ~20!, we get that the residue ofA at the polek250 is

ResAuk2505g2F ~ci j !22
~cii !2

D22G
k250

.

Therefore, the massless excitation is not a dynamical degree of freedom in three dimensio
D.3 the result above tells us that ResAuk250.0.

• Pole k25(D22)m0
2/2. In this case

ResAuk25~D22!m0
2/25F g2T2

~D21!~D22!G
k25~D22!m0

2/2

,

which implies that the residue of the current-current amplitude at the polek25(D22)m0
2/2 is

always positive forD.2. Thence, the scalar massive particle is a physical one.
• Pole k25m1

2. The residue of the transition amplitude at the polek25m1
2 is given by

ResAuk25m
1
252g2H ab~k0

21k2!21b2k41bdk2~k0
21k2!1~ci j !22

1

2
~k0

21k2!ei f i2
k2

2
~ f i !2

2
1

D21
@ak21bk22cii 1d~k0

21k2!#2J
k25m

1
2
,

52g2H @~a2b!k2#21~ci j !21
k2

2
@~ei !22~ f i !2#2

1

D21
@~b2a!k22cii #2J

k25m
1
2
,

where use has been made of~16!–~19!. This expression can also be written as

ResAuk25m
1
252g2H D22

D21
@~a2b!k2#21F ~ci j !22

~cii !2

D21G1
k2

2
@~ei !22~ f i !2#

2
2

D21
~a2b!k2cii J

k25m
1
2
.

Now, assuming as usual thatT>0, we get thatcii <0, which implies that ResAuk25m
1
2,0 for

D.2. So, we have a nontachyonic massive spin-2 ghost in the propagator of higher-der
gravity. In conclusion we way say thatD-dimensional higher-derivative gravity is nonunitary
the tree level. h

Corollary 1: D-dimensional R1R2 gravity is unitary at the tree level for D.2. In three
dimensions the massless excitation is not a dynamical degree of freedom.

Proof: Clear. h

V. EFFECTIVE NONRELATIVISTIC POTENTIAL

In principle any relativistic theory of gravitation ought to agree with Newton’s theory in
limiting case of motion at low velocity in a weak gravitational field. Accordingly it is worthwh
to probe whetherD-dimensional linearized quadratic gravity leads to the right nonrelativistic
for gravitational interactions. To do this we compute the effective nonrelativistic potential fo
interaction of two identical massive bosons of zero spin via a graviton exchange. The expr
for the potential is
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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U~r !5
1

4m2

1

~2p!D21 E dD21kMN.R.e
2 ik"r, ~21!

whereuponMN.R. is the nonrelativistic limit of the Feynman amplitude for the processS1S
→S1S, whereS stands for a spinless boson of massm. The corresponding Feynman diagram
shown in Fig. 1.

The Lagrangian for the interaction of gravity with a free, massive scalar fieldf̃ is

Lint52
khmn

2 F]mf̃]nf̃2
1

2
hmn~]af̃]af̃2m2f̃2!G .

From the previous expression the Feynman rule for the elementary vertex may read
deduced. It is shown in Fig. 2. The invariant amplitude for the process shown in Fig. 1 is

M5
m1

2

k2~m1
22k2!

k2

2 H ~p.q!~p8.q8!1~p.q8!~p8.q!1~p.p8!~m22q.q8!1~q.q8!~m22p.p8!

1
D

2
~m22p.p8!~m22q.q8!2

1

2~D21!
@Dm22~D22!p.p8#@Dm22~D22!q.q8#J

1
m0

2

k2~k22 @~D22!/2# m0
2!

k2

8~D21!
@Dm22~D22!p.p8#@Dm22~D22!q.q8#.

In the nonrelativistic limit this expression reduces to

FIG. 1. One-graviton-exchange contribution to the scattering of two identical spinless massive bosons.S denotes a scalar
particle with massm.

FIG. 2. The relevant Feynman rule for boson-boson interaction.
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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MN.R.52
D22

D21

k2m4m1
2

k2~k21m1
2!

1
k2m4m0

2

2~D21!k2~k21@~D22!/2# m0
2!

. ~22!

Substituting~22! into ~21! we obtain23

U~r !5I 11I 2 ,

where

I 1[2
k2m2m1

2

4~2p!D21

D22

D21 E0

`E
0

p

¯E
0

pE
0

pE
0

2pF e2 ik.r

k2~k21m1
2!

ukuD22dukusinD23

3uD22duD22 ¯ sin2 u3du3 sinu2 du2du1G , ~23!

I 2[
k2m2m0

2

8~2p!D21

1

D21 E0

`E
0

p

. . . E
0

pE
0

pE
0

2pF e2 ik.r

k2~k21 @~D22!/2# m0
2!

ukuD22dukusinD23

3uD22duD22 ¯ sin2 u3du3 sinu2du2du1G . ~24!

Hence, the problem of computing the effective nonrelativistic potential was reduce
quadratures. We give in the following two examples to illustrate the efficacy of the me
linearized quadratic gravity in three and four dimensions, respectively.

• Three-dimensional linearized quadratic gravity. For D53 the expressions~23! and~24! tell
us that

U~r !5
k2m2

8~2p!2 E
0

`S E
0

2p

e2 i ukur cosudu D S 1

k21m1
2 2

1

k21 m0
2/2D ukuduku

5
k2m2

16p E
0

`S 1

k21m1
2 2

1

k21 m0
2/2D J0~ ukur !ukuduku,

whereJ0 is the Bessel function of the first kind of order zero. Now, from a mathematical poin
view, *0

` @xJ0(ax)/(x21b2)# dx only makes sense if24 a.0, Reb.0. Accordingly, we assume

that m0
2.0( 3

4b12a.0) andm1
2.0(2b.0), which is nothing but the condition for absence

tachyons~both positive and negative energy! in the dynamical field. Performing the integratio
yields

U~r !52Ḡm2@K0~m1r !2K0~m0r /& !#,

whereK0 is the modified Bessel function of the order of zero andḠ[k2/32p.
Therefore, the potential is given by

V~r !52Ḡm@K0~m1r !2K0~m0r /& !#.

Note that V(r ) behaves as 2Ḡm ln(m0 /m1&) at the origin and as 2Ḡm@Ap/2m1re2m1r

2Ap/m0r&e2m0r /&# asymptotically.25

Three comments are in order here:
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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~i! Unlike the Newtonian potential,VN52Gm ln r0 /r, which has a logarithmic singularity a
the origin and is unbounded at infinity, the potential concerning three-dimensional li
ized quadratic gravity is extremely well behaved: it is finite at the origin and zero a
infinity.

~ii ! V(r )→0 asm0 andm1→`, confirming in this way the well known fact that the standa
correspondence of three-dimensional linearized Einstein’s theory with Newton’s th
breaks down.26

~iii ! Recently it was shown that the solution of the linearized field equations concerning t
dimensional linearized quadratic gravity, having as source a static point like massm, is
given by27

h005
km

8p
@K0~m1r !2K0~m0r /& !#,

h115h225
km

8p
@2 ln r1K0~m1r!1K0~m0r/&!#.

SinceV5kh00/2, we see that this independent computation of the potential leads t
same result as that obtained via the effective nonrelativistic potential. The former is
sense, a major test of our semiclassical computation.

• Four-dimensional linearized quadratic gravity. The effective nonrelativistic potential i
computed in this case as follows:

U~r !5
k2m2

6~2p!2 E
0

`S E
0

p

e2 i ukur cosu sinudu D F2
3

4

1

k2 1
1

k21m1
2 2

1

4~k21m0
2!Gk2duku

5
k2m2

6~2p!2

1

r
ImF E

2`

1`

eixS 2
3

4x
1

x

x21m1
2r 2 2

1

4

x

x21m0
2r 2DdxG . ~25!

Now, the condition for the existence of integrals like*2`
1` @(x sinx)/(x21a2)# dx (aÞ0) is thata

.0. In this case they can be easily evaluated by the method of contour integration. The
assuming that 3a1b.0 and 2b.0, which corresponds to the absence of tachyons in
dynamical field, we promptly obtain from~25!

U~r !5Gm2F2
1

r
1

4

3
e2m1r2

1

3
e2m0r G .

So, the potential for linearized higher-derivative gravity is given by the expression4,7

V~r !5GmF2
1

r
1

4

3

e2m1r

r
2

1

3

e2m0r

r G ,
which agrees asymptotically with Newton’s law. At the origin it tends to the finite va
Gm((m024m1)/3).

From the computation ofV(r ) for linearized quadratic gravity in three and four dimensio
we learned that the existence of the potential is related to the absence of tachyons in the dyn
field. Consequently, we may conjecture that this is so in any dimensionD.2. This issue will be
treated elsewhere.

VI. GRAVITATIONAL DEFLECTION

Using the mathematical apparatus developed in the last sections we consider now the i
light bending within the framework ofD-dimensional quadratic gravity. Accordingly, let us co
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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sider the interaction between a fixed source and a light ray. The associated energy-mom
tensors will be designated respectively asTmn and Fmn. The current-current amplitude for thi
process is given by

A5g2TmnO mn,rs
21 Frs.

But, on mass shell,kmTmn50 andkmFmn50, implying that onlyP2 andP0 will give a non-null
contribution to the current-current amplitude. Therefore,

A5g2TmnFrsF m1
2

k2~m1
22k2!

P21
m0

2

2k2@k22 @~D22!/2# m0
2#

P0G
mn,rs

.

Now, taking ~9! into account and recalling that the energy-momentum tensor for light~electro-
magnetic radiation! is traceless, whileTmn5hm0hn0T00 for a static source, we promptly obtain

A5g2T00F00F 1

k2 2
1

k22m1
2G .

Sinceg2T00F00/k2 is precisely the current-current amplitude for the interaction between a fi
source and a light ray in the context ofD-dimensional linearized general relativity, we come to t
conclusion that the gravitational deflection predicted byD-dimensional linearized quadratic grav
ity is always smaller than that predicted byD-dimensional linearized Einstein’s theory.

Let us then discuss in more detail the result above in the particular caseD53. Proposition 3
tell us that the massless excitation is not a dynamical degree of freedom in three dimen
Consequently, only2 g2T00F00/(k22m1

2) will contribute to light deflection. Thus, we come to th
surprising result that in the framework of three-dimensional linearized quadratic gravity a ligh
is deflected upward instead of downward as its four-dimensional counterpart. This is, perh
property peculiar to quadratic gravity inD53. It is worth mentioning that a classical computatio
of the gravitational deflection27 assures us of the correctness of our result which is based
semiclassical approach.

VII. THREE-DIMENSIONAL QUADRATIC GRAVITY WITH A GRAVITATIONAL
CHERN–SIMONS TERM

To conclude we consider quadratic gravity with a gravitational Chern–Simons term.
topological Chern–Simons Lagrangian is given by

LC.S.5
1

2m
«mnlS Rbmn

a Gal
b 2

2

3
Gbm

a Ggn
b Gal

g D5
«lmn

m
Gsl

r S ]mGrn
s 1

2

3
Gvm

s Gnr
v D , ~26!

wherem is a dimensionless parameter. Linearizing~26!, we obtain

LC.S.l in .5
1

2

1

M
hmnPmn,rshrs, ~27!

where28

Pmn,rs[
h]l

4
@«mlruns1«mlsunr1«nlrums1«nlsumr#, ~28!

and M[ m/k2. In order to have a complete basis for the operator space of the field equa
concerning higher-derivative gravity theories in three dimensions with a Chern–Simons ter
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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include in the collection of three-dimensional operators$P1,P2,P0,P̄0,P% 0% ~see Sec. III A! the
operatorP ~28!. The multiplication table for these operators is displayed in Table I.

We are now ready to compute the propagator. Expanding both operatorsO andO 21 in the
basis$P1,P2,P0,P̄0,P% 0%, we obtain

O5x1P11x2P21x0P01 x̄0P̄01x% 0P% 01pP,

O 215y1P11y2P21y0P01 ȳ0P̄01y% 0P% 01qP.

With the help of Table I and taking into account thatOO 215I , we find thaty151/x1 , y2

5x2 /(x2
22p2k6), y05 x̄0 /(x0x̄022x% 0

2), ȳ05x0 /(x0x̄022x% 0
2), y% 052x% 0(x0x̄022x% 0

2), and q
52p/(x2

22p2k6), while the propagator is given by

O 215
1

x1
P11

x2

x2
22p2k6 P21

x̄0

x0x̄022x% 0
2 P01

x0

x0x̄022x% 0
2 P̄02

x% 0

x0x̄022x% 0
2 P% 02

p

x2
22p2k6 P.

~29!

Accordingly, let us then find the propagator for quadratic gravity with a Chern–Simons term
theory is defined by the Lagrangian

L̄52
2RAg

k2 1
«mnl

m
Gsl

r S ]mGrn
s 1

2

3
Gvm

s Gnr
v D1S a

2
R21

b

2
Rmn

2 DAg.

In the Julve–Tonin gauge the operatorO has the form

O52k2S l11l3

b

2
k2D P11k2S k2

b

2
21D P21Fk21bk4S 3

2
14cD GP0

2k2S b

2
l2k212l1D P̄01

P

M
,

and the propagator is given by

O 215
22

k2@2l11bl3k2#
P11F2

1

k2 1
1

11~bM2
2/2!

1

k22M2
2 1

1

11~bM1
2/2!

1

k22M1
2GP2

1F 1

k2 2
1

k22m2GP02
1

k2@2l11l2 ~b/2! k2#
P̄0

2F 4

b2M ~M1
22M2

2! S 1

k22M1
2 2

1

k22M2
2D 1

k4GP, ~30!

where

TABLE I. Multiplication table for the three-dimensional operatorsP1, P2, P0, P̄0, P% 0, andP.

P1 P2 P0
P̄0 P% 0 P

P1 P1 O O O O O
P2 O P2 O O O P
P0 O O P0 O Puv O

P̄0 O O O P̄0 Pvu O

P% 0 O O Pvu Puv
2(P01 P̄0) O

P O P O O O 2k6P2
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M1
2[S 2

b2M2D @11bM21A112bM2#,

M2
2[S 2

b2M2D @11bM22A112bM2#,

m2[
21

bS 3

2
14cD .

If we do not want tachyons in the dynamical field, we may choose, for instance,b.0 and (32
14c),0. In this case the theory is causal at the tree level. In this vein we assume from no
m2, M1

2, M2
2, andM2.0.

We discuss in the following tree-level unitarity, nonrelativistic limit and gravitational defl
tion for quadratic-Chern-Simons gravity inD53.

A. Tree-level unitarity

From ~14! and ~30! we obtain at once

A5g2F 2

b2

bM2
222

~M2
22M1

2!M2
2

TmnTmn2
1

2
T2

k22M2
2 1

2

b2

22bM1
2

~M2
22M1

2!M1
2

TmnTmn2
1

2
T2

k22M1
2 2

1

2
T2

k22m2

1
4

b2M1
2M2

2

T22TmnTmn

k2
G . ~31!

Therefore, if b.0 and (3214c),0, ~20! tells us that ResAuk25M
1
2.0, ResAuk25M

2
2.0,

ResAuk25m2,0, and ResAuk25050.
Proposition 4: Quadratic gravity with a gravitational Chern–Simons term is nonunitary at th

tree level. If b.0 and ( 3
214c),0, the theory in nontachyonic and has one normal mass

spin-2 particle, one normal spin-2 particle of mass M2 , one normal spin-2 particle of mass M1
and one spin-0 ghost of mass m. The massless excitation is not a dynamical degree of freed.

Corollary 2: R1R2 gravity with a Chern–Simons term is nonunitary at the tree level. Ifa
,0, the theory is nontachyonic and has one physical massless spin-2 particle, one ph

particle of spin-2 and mass M and one spin-0 ghost of mass m[A2 1/2ak2. The massless
excitation is not a dynamical degree of freedom.

Proof: Clear. h

Therefore, we come to the conclusion that neither quadratic gravity with a Chern–Si
term norR1R2 gravity with a Chern–Simons term is unitary at the tree level.

A detailed comparison between three-dimensional quadratic gravity with quadratic g
with a Chern–Simons term clearly shows that the harmless massive scalar mode of the
becomes a troublesome massive spin-0 ghost within the context of the latter, while the m
spin-2 ghost related to three-dimensional quadratic gravity is now replaced by two massive
cal particles both of spin-2. On the other hand, if we make a comparison between
dimensionalR1R2 gravity with R1R2 gravity with a Chern–Simons term, we come to t
conclusion that the gravitational Chern–Simons term is responsible for breaking down the
ity of the former.
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B. Nonrelativistic limit

In this case the invariant amplitude for the processS1S→S1S, whereS denotes a spinles
boson of massm̃, as well as for its nonrelativistic limit, are given respectively by

M5k2F2
1

2k2 1
1

bM2
212

1

k22M2
2 1

1

b2M1
212

1

k22M1
2G3F ~p•q!~p8•q8!1~p•q8!~p8•q!

1p•p8~m̃22q•q8!1~m̃22p•p8!q•q81
3

2
~m̃22q•q8!~m̃22p•p8!2

1

4
~3m̃22p•p8!

3~3m̃22q•q8!G1
k2

8 H ~3m̃22p•p8!~3m̃22q•q8!F 1

k2 2
1

k22m2G J
and

MN.R.5k2m̃4F1

2

1

k21m2 2
1

21bM2
2

1

k21M2
2 2

1

21bM1
2

1

k21M1
2G . ~32!

Inserting~32! into ~21! and performing the integration yields

U~r !52m̃2ḠFK0~rm!2
1

11 ~bM1
2/2!

K0~rM 1!2
1

11~bM2
2/2!

K0~rM 2!G .
As a result, the potential is given by the expression

V~r !52m̃ḠFK0~rm!2
1

11 ~bM1
2/2!

K0~rM 1!2
1

11~bM2
2/2!

K0~rM 2!G .
Note thatV(r ) behaves as 2m̃Ḡ ln M

1
11 (bM1

2/2)
M

2
11 (bM2

2/2)
/m at the origin and as

2m̃ḠFA p

2mr
e2rm2

1

11~bM1
2/2!

A p

2M1r
e2M1r2

1

11 ~bM2
2/2!

A p

2M2r
e2M2r G

asymptotically. Two comments are in order here:

~i! Unlike the Newtonian potentialVN52Ḡm̃ ln r0 /r1 which has a logarithmic singularity a
the origin and is unbounded at infinity, the potential concerning linearized quad
Chern–Simons gravity in (211)D is extremely well behaved: it is finite at the origin an
zero at infinity.

~ii ! V(r )→0 asa andb→0, confirming in this way the fact that the standard corresponde
of three-dimensional linearized Einstein–Chern–Simons gravity with Newton’s th
breaks down.29,30

C. Light deflection

The current-current amplitude for the interaction of a light ray with a fixed source is give

A5g2TmnFrsF S 2
1

k2 1
1

11 ~bM2
2/2!

1

k22M2
2 1

1

11 ~bM1
2/2!

1

k22M1
2D P2

1S 1

k2 2
1

k22m2D P0G
mn,rs

.

Taking ~9! into account we can rewrite the expression above as
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A5A01A1 ,

where

A0[2
g2T00F00

k2 ,

A1[g2T00F00S 1

11~bM2
2/2!

1

k22M2
2 1

1

11 ~bM1
2/2!

1

k22M1
2D .

Of course, onlyA1 will contribute to light deflection since the massless excitation is not a de
of freedom. Hence, the light ray will be deflected downward as usual.

VIII. SUMMARY AND DISCUSSION

We proposed a prescription for finding the propagator concerning higher-derivative g
theory inD dimensions based on the Barnes–Rivers operators. Using this algorithm, we com
the propagator for the latter in an unconventional gauge and, by a suitable choice of the
parameters, we reobtained the propagator in a series of gauges which are used in day
physics.

A systematic study of the tree-level unitarity ofD-dimensional higher-derivative gravit
theory was presented afterward. It was shown that it is nonunitary at the tree level: the
quadratic in the Ricci tensor is the Achille’s heel of the theory. This term is responsible fo
presence of a massive spin-2 particle of negative residue, i.e., a ghost, in the bare prop
Nevertheless, this may be a hasty conclusion. Indeed, as pointed out by Antoniadi
Tomboulis,15 this excitation is unstable in four dimensions. Perhaps it would be unstable as w
any dimension. Therefore,D-dimensional quadratic gravity cannot yet be rejected as a vi
possibility.

On the other hand,D-dimensionalR1R2 gravity is unitary at the tree level. We call attentio
to the fact that our discussion was confined to a particular style of variational principle. Pe
there are richer unitary combinations in higher dimensions with the connection varied ind
dently. If this is the case, that would be worth knowing. This matter will be the object of a fu
investigation.

The problem of computing the effective nonrelativistic potential forD-dimensional quadratic
gravity was then reduced to quadratures. It seems that the existence of this potential
dimension is related to the absence of tachyons~both positive and negative energy! in the dynami-
cal field. It was also shown that, unlike three-dimensional linearized gravity which has no
tonian limit, three-dimensional linearized quadratic gravity has a potential that, despite
rather different from the corresponding Newtonian one, is extremely well behaved.

It was shown afterward that the gravitational deflection is always smaller than that pred
by the corresponding Einstein’s theory. This conclusion is totally independent of the valueD.
For D53 we arrive at the astonishing result that a light ray would be deflected upward inste
downward as its four-dimensional counterpart. It can be shown, in addition, that inD53 a
gravitational force is exerted on a slowly moving test particle.31 This force greatly resembles tha
of a straightU(1)-gauge cosmic string in the framework of linearized quadratic gravity in f
dimensions32 and it is absent in three-dimensional general relativity.

Finally, we discussed three-dimensional quadratic gravity augmented by a Chern–S
term. It was shown that neither the latter nor three-dimensionalR1R2 gravity with a Chern–
Simons term are unitary at the tree level. On the other hand, as it was shown previously
deflection has the ‘‘wrong sign’’ within the context of three-dimensional quadratic gravity.
addition of a topological massive term to the latter ‘‘repairs’’ the aforementioned sign. Is w
mentioning that ‘‘antigravity’’ is possible in the context of three-dimensional quadratic Che
Simons gravity.33

To conclude we raise two interesting questions:
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~i! Is it possible that gravity’s rainbows and quadratic gravity theories can coexist wit
conflict in any dimension?

~ii ! Is the photon propagation dispersive in the framework of three-dimensional quadratic
ity with a Chern–Simons term such as in four-dimensional quadratic gravity? These i
will be discussed elsewhere.
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