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Abstract. We develop a theory that allows us to code dynamical systems induced by
primitive substitutions continuously as shifts of finite type in many different ways. The
well-known prefix–suffix coding turns out to correspond to one special case. We precisely
analyse the basic properties of these codings (injectivity, coding of the periodic points,
properties of the presentation graph, interaction with the shift map). A lot of examples
illustrate the theory and show that, depending on the particular coding, several amazing
effects may occur. The results give new insights into the theory of substitution dynamical
systems and might serve as a powerful tool for further researches.

1. Introduction
In 2001 Canterini and Siegel [CS01a] and, independently, Holton and Zamboni [HZ01]
showed how a substitution dynamical system can be coded as a shift of finite type. This
representation is frequently used for studying Rauzy fractals (see, for example, [CS01b])
and exposes the strong relation between substitution dynamical systems and numeration
systems (see, for example, [BS05]).

The results in [CS01a] and [HZ01] are more or less equivalent; in particular, the
respective shifts of finite types are isomorphic. The main point is that the coding map
is continuous, surjetive and measure-theoretically injective. Total injectivity depends on
the respective substitution dynamical system. The shift map can be described by an adic
transformation on the set of edges of the presentation graph. Comparable results can
be found in [DHS99, For97, Ver81, VL92] from the point of view of Bratteli–Vershik
systems.

The aim of the actual research is to present a crucial generalization of these results.
In particular, we will see that there are a lot of different ways to code a substitution
dynamical system continuously and measure-theoretically bijective as a shift of finite type.
The codings from Canterini and Siegel and from Holton and Zamboni will turn out to
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correspond to one special case. However, we will be able to transfer and generalize the
majority of the results obtained in [CS01a, HZ01].

For a given substitution the actual coding of the induced dynamical system will depend
on a combinatorial object, a so-called coding prescription. We summarize the main
properties of the coding.

Presentation graph. The set of vertices of the presentation graph (referred to as the coding
graph) always consists of the induced words of length two. The exact positions and
labels of the edges depend on the particular coding prescription. Even the number of
edges may differ.

Surjectivity and injectivity. The coding is always surjective. The injectivity depends on
the actual coding prescription as well as on the structure of the periodic points.
However, measure-theoretically the coding is always injective. We will also define a
stronger form of injectivity, the so-called traceability. It ensures that the elements of
the substitution dynamical system can be recovered by a consistent representation in
terms of their code.
We will give necessary and sufficient conditions for injectivity and traceability.
Contrary to [CS01a, HZ01], we will see that each substitution dynamical system
allows a traceable and, hence, completely injective coding (possibly by considering
higher powers of the substitution).

Interaction with the shift map. Similar to [CS01a, HZ01] we will define a partial ordering
on the edges of the presentation graph that extends to a partial ordering on the
induced shift of finite type. The induced successor map conjugates with the shift
map, provided that the respective coding prescription satisfies a certain smoothness
condition.

As our main innovative method we consequently exploit the inverse shift, which
is uniquely defined since we will exclusively concentrate on bi-infinite substitution
dynamical systems. Furthermore, we depart from the usual ‘letter-centred’ representation
of the elements of substitution dynamical systems. Indeed, by the classical definition,
the words are considered as bi-infinite sequences over an alphabet A where the letter
with the index 0 acts as point of reference. We will elaborate an alternative approach
that considers the elements as a composite of a left-infinite and a right-infinite sequence
that are equally treated. This will be realized by using sequences over the alphabet A2

whose ‘letters’ overlap, that is, the right part of one term equals the left part of the term on
the right. Therefore, the centre is formed by a duple that depends on both the left-infinite
and the right-infinite subword.

The paper is organized as follows. In §2 we state important notation, give the classical
definition of substitution dynamical systems, recall the concept of recognizability given
in [Mos92] and the subsequent idea of desubstitution, and summarize the results from
[CS01a, HZ01]. In §3 we state the definition of substitution dynamical systems in a
slightly modified way, translate several basic properties into our new notation and make
some observations concerning the periodic points. In §4 we introduce coding prescriptions
and develop the main tools in order to finally define our coding. We define the coding graph
in §5. We will see that the coding maps a substitution dynamical system continuously and
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surjectively onto the induced shift of finite type. Furthermore, we will introduce the notion
of traceability and study the behaviour of the periodic points. The problem of injectivity
is solved completely in §6. We describe exactly the coding prescriptions that provide an
injective coding. For coding prescriptions of a special shape we may define an ordering on
the edges of the coding graph that extends to an ordering of the infinite paths. We precisely
elaborate this in §7. It will turn out that the induced successor map is conjugate to the shift
map of the substitution dynamical system. The results of the paper are demonstrated by
several examples in §8.

2. Preliminaries: classical definitions and results
In the present section we first state some formalisms concerning sequences over a finite
set and introduce the notion of substitution. Then we state the classical definition of a
substitution dynamical system, which is the principal mathematical object of the present
paper. This definition is based on the majority of research papers concerning this topic.
Note that in the next section we restate the definition using a slightly different approach.
We also recall the notion of a shift of finite type. Finally, we summarize the results obtained
in [CS01a, HZ01].

2.1. Words and substitutions. The main objects that we will deal with are finite and
infinite words over some finite set (alphabet) A. Note that in the context of substitutions it
has become customary to use alphabets that consist of consecutive integers starting with 1.
For the most part we will follow this convention. But note that we will meet words over
other alphabets, too; in particular, for a given alphabet A we will frequently consider
sequences over A2.

We denote the set of finite words over A by A∗. Observe that A∗, endowed with the
concatenation of words, forms a free monoid. The empty word ε ∈A∗ acts as the neutral
element. For finite words over A we use upper-case letters.

For a finite word A we denote by |A| the length of A, by Ai the i th letter of A and by
A[i, j] the subword formed by the letters from position i to j (provided that 1≤ i ≤ j ≤
|A|). For convenience we also allow negative values as indices. For−1≥ j ≥ i ≥−|A| let
Ai := A|A|+i+1 be the i th letter from the right and A[i, j] = A[|A|+i+1,|A|+ j+1]. However,
we always set A[i, j] := ε for i > j .

Concerning infinite words over A, we have to distinguish between one-sided infinite
words and bi-infinite words. They will always be denoted by lower-case letters.

For a left-infinite word u the rightmost letter will be u−1, the letter to its left will be
u−2, and so on. Therefore, we write AZ− for the set of left-infinite words over A. A
right-infinite word v starts with the letters v1, v2, and so on. Consequently, the set of right-
infinite words is denoted by AZ+ . Bi-infinite words will be indexed by integers and, thus,
identified with AZ.

For addressing subwords of a (bi)-infinite word w we proceed analogously as for finite
words: we denote by w[i, j] the finite word starting at the index i and ending at the index j .
Note that we must have i ≤ j ≤−1 for left-infinite sequences, 1≤ i ≤ j for right-infinite
sequences and i ≤ j for bi-infinite sequences, otherwise the expression yields the empty
word ε.
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For right-infinite and bi-infinite words w we define the left shift S :AZ+
−→AZ+ such

that (Sw)n = wn+1 for all n. Note that the shift is not reversible for right-infinite words.
For bi-infinite words S is a bijective map and the inverse shift S−1 is well defined.

Finally, we define the language L(w)⊂A∗ of an infinite word w to be the set of finite
words (factors) that appear in w.

A substitution is a morphism defined over A∗ that satisfies some additional
requirements.

Definition 2.1. (Substitution) We call a map σ :A→A∗ and its extension to A∗ by
concatenation a substitution over the alphabet A if:
(i) for all a ∈A : σ(a) 6= ε;
(ii) there exists a ∈A : limn→∞|σ

n(a)| =∞.
A substitution is called primitive if there exists an integer n ∈ N such that a appears in
σ n(b) for every pair of letters a, b ∈A.

A substitution σ can also be extended to one-sided infinite words by concatenation. For
applying σ on bi-infinite words we need a point of reference which usually is the letter
indexed with 0. In particular, we have

σ(· · · w−2w−1w0w1w2 · · · )= · · · w
′

−2w
′

−1w
′

0w
′

1w
′

2 · · ·

with w′0w
′

1w
′

2 · · · = σ(w0)σ (w1)σ (w2) · · · and · · · w′
−3w

′

−2w
′

−1 = · · · σ(w−2)σ (w−1).
A substitution σ induces the set L ⊂AZ− of left-periodic words and the set R ⊂AZ+

of right-periodic words that are invariant with respect to a finite number of applications
of σ :

L := {u ∈AZ−
| ∃n ≥ 1 : σ n(u)= u},

R := {v ∈AZ+
| ∃n ≥ 1 : σ n(v)= v}.

By [Que10] the sets L and R are both non-empty. Note that each element of L (R) is
uniquely identified by its rightmost (leftmost) letter. Hence, |L| ≤ |A| and |R| ≤ |A|.

Analogously we may define the set

P ′ := {z ∈AZ+
| ∃n ≥ 1 : σ n(z)= z}

of bi-infinite periodic words. Obviously each element of z ∈ P ′ is a unique composite of
an element of L and an element of R, that is, P ′ ∼= L × R. We will see that in the context
of substitution dynamical systems this set P ′ has to be handled with care.

2.2. Different types of symbolic dynamical systems. Symbolic dynamical systems are
shift-invariant subsets of the infinite words over a finite alphabet A. We differentiate
between one-sided and two-sided ones. Symbolic dynamical systems can be equipped
with the product topology of the discrete topology on each copy of A.

We will deal with two different types of symbolic dynamical systems. The first are
substitution dynamical systems. These consist of bi-infinite sequences over an alphabet A
that are defined via the language induced by a primitive substitution σ . We will summarize
several important facts concerning this topic. For a more detailed survey on substitution
dynamical systems we refer to [Fog02, Que10].
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Definition 2.2. (Substitution dynamical system: classical) Let σ be a primitive substitution
over an alphabet A and

L(σ ) := {A ∈A∗ | ∃a ∈A, k ∈ N such that A is a factor of σ k(a)}.

The symbolic dynamical system (�σ , S), where

�σ = {w ∈AZ
| L(w)⊆ L(σ )},

is the substitution dynamical system induced by σ .

Note that a great deal of research, especially less recent studies, considers one-sided
substitution dynamical systems. This approach is justified by the fact that substitution
dynamical systems have topological entropy zero. However, the use of bi-infinite systems
becomes more and more relevant. The main reason seems to be the important results of
Mossé (see Theorem 2.3) that do not hold for one-sided systems in general. Our theory
will emphasize the importance of bi-infiniteness.

Define the set of periodic points

P := {z ∈�σ | ∃n ≥ 1 : σ n(z)= z} = P ′ ∩�σ

and observe that for a z ∈ P we have

�σ = {w ∈AZ
| L(w)⊆ L(z)} = {Sm z | m ∈ Z}

(the closure with respect to the above mentioned product topology). By the primitivity of
the substitution, the choice of the particular periodic point is irrelevant. Actually, in several
research papers substitution dynamical systems are defined in this way. Observe that we
have to be quite careful here since P = P ′ does not hold in general (see Example 8.2). For
a word z ∈ P ′ \ P (these words are frequently called not admissible), the above equation
obviously does not hold. However, note that for each z ∈ P ′ we have z ∈ P if and only
if z[−1,0] ∈ L(σ ). In particular, a substitution induces not admissible words if and only if
|P|< |L| · |R|.

Different substitutions may induce the same substitution dynamical system. In
particular, for a given substitution σ we have �σ =�σ 2 =�σ 3 = . . . . For certain
primitive substitutions it may happen that the induced substitution dynamical system
is a finite set. Such substitutions are called periodic. Obviously, this case is of no
great interest. Thus, throughout the paper, we will implicitly restrict to non-periodic
substitutions. Note that it can be decided algorithmically whether a substitution is
periodic or not (see [HL86, Pan86]).

As already indicated, symbolic dynamical systems are topological dynamical systems.
In particular, a substitution dynamical system forms a compact space. A basis of the
topology is given by the so-called cylinder sets. These are clopen sets defined for A, B ∈
A∗ by†

[A, B] := {w ∈�σ | w[−|A|,|B|−1] = AB}.

† Observe that usually a point instead of the comma is used to separate A and B. Since the point will play an
important role in our further discourse we use the comma here to avoid confusion.
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The corresponding metric is given by

d :�σ ×�σ → R, (w, w′) 7→

{
0 if w = w′,

exp(−min{| j | | j ∈ Z, w j 6= w
′

j }) otherwise.
(1)

Note that substitution dynamical systems are minimal and uniquely ergodic, hence, there
exists a uniquely defined probability measure that is invariant with respect to the shift map
S (cf. [Que10]).

The second type of symbolic dynamical systems that we deal with are shifts of finite
type. We will state some important facts in order to obtain a consistent notation. For a
detailed discourse on this topic consult [LM95], which is more or less a standard reference.

Consider a finite directed graph G (presentation graph) whose labels are distinct, and
denote by G∞ the set of infinite paths, more precisely the sequences of the particular
labels. Then (G∞, S) is a shift of finite type. Hence, shifts of finite type are one-sided
symbolic dynamical systems.

Analogously to the two-sided case the cylinder sets

[A] := {g ∈ G∞ | g[1,|A|] = A},

with A ∈A∗ and A the set of labels of G, form a basis of the topology on G∞.

2.3. Recognizability, desubstitution and further results. One result, already cited, that
seems to be of extraordinary importance, especially in the present context, is due to Mossé.
For completeness and in order to emphasize their significance we will quickly summarize
the most important facts. Then we explain the codings presented in [CS01a, HZ01] and
outline the major properties.

As already mentioned, for a primitive substitution σ the closure of the shift orbit of an
arbitrary z ∈ P yields the set �σ . Consider a finite subword A = z[i,i+|A|]. Since σ(z)= z
there exist a finite subword B of z and indices 1≤ p ≤ |σ(B1)|, 0≤ q < |σ(B−1)| such
that

A = σ(B)[p,|σ(B)|−q].

The triple (p, B, q) is the so-called 1-cutting at the rank i of A and the subword B is
usually called the ancestor word of A.

The uniqueness of the 1-cutting is a priori not clear and for a long time it had to
be ensured by additional recognizability requirements. The problem was finally solved
in [Mos92] by showing that all primitive substitutions satisfy the so-called bilateral
recognizability.

THEOREM 2.3. (Cf. [Fog02, Mos92, Mos96]) Let σ be a primitive substitution and z ∈ P.
There exists L > 0 such that for all i, j ∈ Z, l ∈ N the words A with A = z[i,i+l] and B
with B = z[ j, j+l] have the same ancestor word and the same 1-cutting at the ranks i and
j whenever z[i−L ,i+l+L] = z[ j−L , j+l+L].

Note that the application of the theorem without restrictions requires consideration
of bi-infinite words. Counterexamples show that a one-sided version (unilateral
recognizability) does not hold in general. For a more detailed summary (in English)
concerning this topic we refer to [Fog02].
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The following theorem is a consequence of Theorem 2.3. It describes the relation
between �σ and σ(�σ ) and forms the basis for various research papers (for example,
[CS01a, DHS99, HZ01]). Our further results will be based on it, too.

THEOREM 2.4. (Cf. [DHS99]) Let σ be a primitive substitution over an alphabet A:
(i) σ :�σ −→�σ is injective and open;
(ii) for each w ∈�σ there is a unique pair (w′, k) ∈�σ × N with 0≤ k < |σ(w0)| such

that
w = Skσ(w′).

We can illustrate the statement of Theorem 2.4 for a word w in the following way:

w = · · · | · · · · · · · · ·︸ ︷︷ ︸
σ(w′

−2)

| · · · w−k−1︸ ︷︷ ︸
σ(w′

−1)

| w−k · · · w−1w0 · · · wk′−1︸ ︷︷ ︸
σ(w′0)

| wk′ · · ·︸ ︷︷ ︸
σ(w′1)

| · · · · · · · · ·︸ ︷︷ ︸
σ(w′2)

| · · · .

It is easy to see that w = Skσ(w′). On the other hand, the illustration immediately
suggests the use of S−1 instead of S. Provided that k 6= 0 we can set w′′ := Sw′ in order
to obtain w = S−k′σ(w′′). This idea will be essential for our coding and we will discuss it
in §4.

The possibility of a unique desubstitution provided by Theorem 2.4 was exploited in
[CS01a, HZ01] in order to represent substitution dynamical systems as shifts of finite
type. As the notation we develop is more in the spirit of [HZ01], we will explain the
results from this point of view (and call the respective coding the HZ coding). However,
we will also quickly outline the connection with the results from [CS01a].

The main idea is to successively apply Theorem 2.4 on the elements of a substitution
dynamical system. In particular, given a w = w(0) ∈�σ , we obtain a unique sequence
(w(n), kn)n≥0 ∈ (�σ × N)N such that w(n−1)

= Sknσ(w(n)) for all n ≥ 1. The HZ code of
w is given by

0HZ(w) := (w
(n)
0 , kn)n≥1 ∈ (A× N)N.

The following statements summarize the main properties of the HZ coding.
Retrieving the pre-image. If 0HZ(w)= (an, kn)n≥1 is the HZ code of some element

w ∈�σ then we can uniquely recover w by

w = lim
n→∞

(Sk1 ◦ σ ◦ Sk2 ◦ σ ◦ · · · ◦ Skn ◦ σ)[ε, an], (2)

provided that kn > 0 as well as kn < |σ(an)| − 1 hold for infinitely many indices n.
The only elements of�σ that do not satisfy this property are those that are contained
in the shift orbits of the periodic points. In particular, we have:
• kn = 0 for all n ≥ 1 if and only if w ∈ P;
• kn = 0 for all n ≥ n0 if and only if Smw ∈ P for some m ≤ 0;
• kn = |σ(an)| − 1 for all n ≥ 1 if and only if Sw ∈ P;
• kn = |σ(an)| − 1 for all n ≥ n0 if and only if Smw ∈ P for some m ≥ 1.

Coding as a shift of finite type. The terms of the sequences obtained by the HZ coding are
elements of the finite set {(a, k) | a ∈A, 0≤ k < |σ(a)|}. Define the finite, directed
graph GHZ with set of vertices A and an edge from b to a labelled by (a, k)whenever
σ(a)k+1 = b. Each infinite walk on GHZ corresponds to the HZ code of an element
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of �σ . On the other hand, for each element w ∈�σ 0HZ(w) is given by an infinite
walk on GHZ starting at w0. Since the edges of GHZ are all distinct, the set of
infinite walks G∞HZ forms a shift of finite type. 0HZ is a continuous and surjective
map from �σ onto G∞HZ.

Injectivity. The HZ coding is possibly not injective for the points that are contained in the
shift orbit of the periodic points. More precisely, for w, w′ ∈�σ with w 6= w′ we
have 0HZ(w)= 0HZ(w

′) if and only if one of following statements holds:
• there exists an integer m ≥ 0 such that S−mw, S−mw′ ∈ P and wn = w

′
n for all

n ≥−m;
• there exists an integer m ≥ 1 such that Smw, Smw′ ∈ P and wn = w

′
n for all

n < m.
Thus, the HZ coding is finite-to-one for the elements contained in the shift orbits
of the periodic points. Since these shift orbits form a set of measure zero, the HZ
coding is measure-theoretically injective. The HZ coding is completely injective if
and only if |L| = |R| = |P|.

Interaction with the shift map. One can equip the edges of the graph GHZ with a partial
ordering ≺ by defining

(a, k)≺ (a′, k′)⇐⇒ a = a′, k < k′.

Edges of the shape (a, 0) are minimal and edges of the form (a, |σ(a)| − 1) are
maximal with respect to the ordering. We call them minimal edges and maximal
edges, respectively. This ordering extends to a partial ordering on G∞HZ:

(an, kn)n≥1 ≺ (a′n, k′n)n≥1

⇐⇒ there exists n0 : (an0 , kn0)≺ (a
′
n0
, k′n0

) ∧ (∀n > n0 : (an, kn)= (a′n, k′n)).

The minimal elements of G∞HZ consist of minimal edges only and are the 0HZ-
images of the periodic points. The maximal elements are the 0HZ-images of the
periodic points under the inverse shift S−1 and consist of maximal edges only. For
the non-maximal elements of G∞HZ one can define the successor map T on G∞HZ with
respect to the partial ordering (adic transformation in the sense of [Ver81]). Now,
0HZ conjugates the shift map with T making (�σ , S) and (G∞HZ, T ) topologically
conjugated dynamical systems.

The coding presented in [CS01a] is frequently called prefix–suffix coding. We will
denote it by 0CS, and it is isomorphic to the HZ coding. In particular, if 0HZ(w)=

(an, kn)n≥1 then

0CS(w)= (σ (an)[1,kn ], σ (an)kn+1, σ (an)[kn+2,|σ(an)|])n≥1 ∈ (A∗ ×A×A∗)N.

Thus, the corresponding graph GCS (frequently called a prefix–suffix graph) can be
obtained by replacing each label (a, k) of GHZ by (σ (a)[1,k], σ (a)k+1, σ (a)[k+2,|σ(a)|]).
Note that the edges of GCS do not necessarily have distinct labels. However, G∞CS is always
a shift of finite type since, for each w ∈�σ with 0CS(w)= (A(n), an, B(n))n≥1, we can
retrieve 0HZ(w) by a two-block code:

0HZ(w)= (an+1, |A(n)|)n≥1.
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Therefore, the results concerning the HZ coding apply straightforwardly to the prefix–
suffix coding. The advantage of the prefix–suffix coding is a symbolic way to realize the
shift map. In particular, suppose that w is not contained in the shift orbit of a periodic
point and 0CS(w)= (A(n), an, B(n))n≥1. Then the analogue to (2) is given by

w = lim
n→∞
[σ n−1(A(n)) · · · σ 2(A(3))σ (A(2))A(1), a1 B(1)σ(B(2)) · · · σ n−1(B(n))].

We will adopt some ideas from prefix–suffix coding to show several results in a more
convenient way.

3. Substitution dynamical systems from an alternative point of view
3.1. Words over A2. As an important aspect of our investigation we will consequently
work with (finite and infinite) words over A2 instead of A whose terms somehow overlap.
As a general rule we will mark these mathematical objects with a tilde. In particular, for
an alphabet A we define the following subsets of (A2)∗ and (A2)Z, respectively:

Ã∗ := { Ã ∈ (A2)∗ | ∀i ∈ {1, . . . , | Ã| − 1} : ( Ãi )−1 = ( Ãi+1)1},

ÃZ := {w̃ ∈ (A2)Z | ∀i ∈ Z : (w̃i )−1 = (w̃i+1)1}

(note that each term is considered as word over A of length 2).
Observe that each element Ã ∈ Ã∗ corresponds exactly to one element A ∈A∗.

We have |A| = | Ã| + 1 and A[i,i+1] = Ãi (A[−i−1,−i] = Ã−i ) for each i ∈ {1, . . . , | Ã|}.
Note that a reverse correspondence also holds except for the words of A∗ whose length
equals 1.

Without additional conventions there is no unique correspondence between ÃZ and AZ.
Indeed, for w̃ ∈ ÃZ we may choose w ∈AZ such that w0w1 = w̃0 as well as w−1w0 =

w̃0. In fact, a bi-infinite word w̃ ∈ ÃZ is the unique composite of a left-infinite sequence
u ∈AZ− and a right-infinite sequence v ∈AZ+ . We define the binary composition map ·
by

· :AZ−
×AZ+

−→ ÃZ, u · v 7−→ w̃ with w̃n =


un−1un for n < 0,

u−1v1 for n = 0,

vnvn+1 for n > 0.

In contrast, for each bi-infinite word w̃ ∈ ÃZ we denote by π (l)(w̃) ∈AZ− (left
projection) and π (r)(w̃) ∈AZ+ (right projection) the unique words such that w̃ = π (l)(w̃) ·
π (r)(w̃).

3.2. Alternative definition of substitution dynamical systems. Our aim is to consider
substitution dynamical systems as a subset of ÃZ. Of course, in this way we will carry a
lot of redundant information and need some additional formalism. However, we will see
that several ambiguities vanish and results become more consistent.

We do not have to change the definition of a primitive substitution but we must describe
how it acts on the elements of Ã∗ and ÃZ. In particular, for Ã ∈ Ã∗ and w̃ ∈ ÃZ set

σ( Ã) := σ̃ (A),

σ (w̃) := σ(π (l)(w̃)) · σ(π (r)(w̃)).
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The actual definition of substitution dynamical systems is quite analogous to
Definition 2.2. One main difference is that the atomic elements are not given by the entire
set A2. In fact, we need the set

L2(σ ) := {ab ∈A2
| ∃a′ ∈A, k ∈ N such that ab appears in σ k(a′)}.

The set L2(σ ) is formed by the words of L(σ ) that have length 2.

Definition 3.1. (Substitution dynamical system: alternative) Let σ be a primitive
substitution over an alphabet A and

L̃(σ ) := { Ã ∈ Ã∗ | ∃ab ∈ L2(σ ), k ∈ N such that Ã is a factor of σ̃ k(ab)}.

The shift space (�̃σ , S), where

�̃σ = {w̃ ∈ ÃZ | L(w̃)⊆ L̃(σ )},

is the substitution dynamical system induced by σ .

Observe that for an element w̃ = u · v ∈ �̃σ (where u = π (l)(w̃) and v = π (r)(w̃)) we
have

Sw̃ = · · · u−3u−2u−1v1 · v2v3v4 · · · ,

S−1w̃ = · · · u−4u−3u−2 · u−1v1v2 · · · .

Furthermore, for all m ∈ N we have

σ(Smw̃)= S|σ(v[1,m])|σ(w̃),

σ (S−mw̃)= S−|σ(u[−m,−1])|σ(w̃).
(3)

Keep these relations in mind since we will need them frequently. We will often represent
elements of �̃σ as ·-composites of a left- and a right-infinite sequence.

The topology of �̃σ is given by the product topology of the discrete topology on each
copy of L2(σ ). Again, the basis of this topology is given by cylinder sets. For A, B ∈A∗
define

[A · B] := {w̃ ∈ �̃σ | π (l)(w̃)[−|A|,−1] = A ∧ π (r)(w̃)[1,|B|] = B}.

The metric is defined analogously as in (1) and we denote it by d, too.
Let us compare the two ways of defining substitution dynamical systems. Consider the

maps

f1 : ÃZ −→AZ, u · v 7−→ w with

{
wi = vi−1 for i ≥ 0,

wi = ui for i < 0,

f2 : ÃZ −→AZ, u · v 7−→ w with

{
wi = u−i−1 for i ≥ 0,

wi = u−i for i < 0.

(4)

For each w̃ ∈ ÃZ the word f1(w̃) is a bi-infinite sequence over A that consists of the
right elements of the terms of w̃. Furthermore, we have σ( f1(w̃))= f1(σ (w̃)). f1 is a
continuous bijection between �̃σ and �σ that conjugates the shift map.

The word f2(w̃) is a bi-infinite sequence over A formed by the left elements of the
terms of w̃ with a subsequent reversion of the order. Observe that S f2(w̃)= f2(S−1(w̃))
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and σ ′( f2(w̃))= f2(σ (w̃)) where σ ′ is the reversed substitution defined by

σ ′(a)= anan−1 · · · a1 for σ(a)= a1 · · · an .

f2 is a continuous bijection between �̃σ and �σ ′ .
By our definition the dualism between the substitution dynamical systems induced by

a substitution σ and the reversed substitution σ ′ becomes obvious. Since our central
element, that is, the term indexed with 0, actually consists of two letters of A, we ensure
that both the left-infinite sequence and the right-infinite sequence, are treated equally. This
cannot be realized by considering letter-centred systems (as in Definition 2.2).

The difference between �̃σ and �σ is also reflected in the metric. In particular, for
w̃, w̃′ ∈ �̃σ we have

d(w̃, w̃′)=max{d( f1(w̃), f1(w̃
′)), d( f2(w̃), f2(w̃

′))}.

Apart from these nice symmetric aspects we will profit from our notation since the
coding strongly depends on the two central letters of the words. Conveniently, these two
letters are united in our representation.

3.3. Periodic points. The periodic points will play an important role in our further
analysis. For a given substitution σ we have already defined the sets L and R. We adapt
the definition of periodic points by setting

P̃ := {w̃ ∈ �̃σ | ∃n ≥ 1 : σ n(w̃)= w̃}

= {w̃ ∈ ÃZ | ∃n ≥ 1 : σ n(w̃)= w̃, w̃0 ∈ L2(σ )}.

Note that

P̃ = {u · v | u ∈ L , v ∈ R, u−1v1 ∈ L2(σ )},

L = {π (l)(z̃) | z̃ ∈ P̃},

R = {π (r)(z̃) | z̃ ∈ P̃}.

We have already mentioned that each element u ∈ L is uniquely determined by the letter
u−1 and each element v ∈ R is uniquely determined by the letter v1. Each element of P̃ is
a unique composition of an element of L and R. Thus, each z̃ ∈ P̃ is uniquely determined
by z̃0 ∈ L2(σ ) and, hence, |P̃| ≤ |L2(σ )|.
σ acts as a permutation on the set P̃ . More precisely, we can represent σ |P̃ , the

restriction of σ to P̃ , as a permutation in cyclic form

σ |P̃ : 〈z̃
(1,0), . . . , z̃(1,p1−1)

〉〈z̃(2,0), . . . , z̃(2,p2−1)
〉 · · · 〈z̃(q,0), . . . , z̃(q,pq−1)

〉,

where for all i, i ′ ∈ {1, . . . , q}, j ∈ {0, . . . , pi − 1}, j ′ ∈ {0, . . . , pi ′ − 1} we have
z̃(i, j)
∈ P̃ , z̃(i, j)

6= z̃(i
′, j ′) for (i, j) 6= (i ′, j ′), and σ(z̃(i, j))= z̃(i, j+1) (where the second

upper index is considered modulo pi ). Furthermore,
∑q

i=1 pi = |P̃|. The angle brackets
underline the cyclic structure, thus we may rotate the entries arbitrarily.

Similarly to the periodic points P̃ , the restrictions of σ to L and R, σ |L and σ |R
respectively, are also permutations. Again, we represent these permutations by cycles.
Note that π (l) and π (r) respect the cyclic structure of σ |P̃ , σ |L and σ |R : cycles are mapped
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onto cycles. Observe that the period of a cycle of P̃ is always the multiple of the period
of its image under π (l) or π (r) but the periods do not necessarily have to coincide; in
particular, π (l) and π (r) are not injective in general.

Higher powers of σ may change the order inside the cycles or a cycle can split into
smaller ones (of equal period). In particular, when we consider σ n , where n is the least
common multiple of the periods of σ |P̃ , all the cycles of σ n

|P̃ , σ n
|L and σ n

|R have
period 1.

We analyse the cyclic structure of σ |P̃ , σ |L and σ |R for concrete substitutions in
Examples 8.1 and 8.2.

4. The coding map
As a first step we will ‘translate’ Theorem 2.4 in order to fit it into our alternative definition
of substitution dynamical systems. In fact, we are able to add a complementary result from
the point of view of the inverse shift S−1 as already indicated.

THEOREM 4.1. Let σ be a primitive substitution over an alphabet A.
(i) σ : �̃σ −→ �̃σ is injective and open.
(ii) For each w̃ ∈ �̃σ there is a unique pair (u · v, k) ∈ �̃σ × N with 0≤ k < |σ(v1)|

such that
w̃ = Skσ(u · v).

(iii) For each w̃ ∈ �̃σ there is a unique pair (u′ · v′, k′) ∈ �̃σ × N with 0≤ k′ < |σ(u′
−1)|

such that
w̃ = S−k′σ(u′ · v′).

Proof. Consider the maps f1 and f2 from (4).
f1 maps �̃σ bijectively and continuously onto �σ and conjugates σ as well as the

shift map. Additionally, for u · v ∈ �̃σ , we have f1(u · v)0 = v1. Thus, (i) and (ii) follow
directly from Theorem 2.4.

On the other hand, consider Theorem 2.4 for the system �σ ′ induced by the reversed
substitution σ ′. f2 maps �̃σ bijectively onto �σ ′ . For u · v ∈ �̃σ we have S f2(u · v)=
f2(S−1(u · v)), σ ′( f2(u · v))= f2(σ (u · v)) and f2(u · v)0 = u−1. This yields (iii). �

Our main goal is to combine (ii) and (iii) of Theorem 4.1. To keep the desubstitution
unique we have to define when we desubstitute according to (ii) (i.e. consider the left shift)
and when we desubstitute with respect to (iii) (i.e. consider the right shift). This can be
realized combinatorially by introducing so-called coding prescriptions.

Definition 4.2. (Coding prescription) Let σ be a primitive substitution over an alphabet
A and c a map with source A that assigns to each letter a ∈A a complete set of integer
representatives modulo |σ(a)| whose absolute values are smaller than |σ(a)|. Extend c to
A2 by

c(ab) := {k ∈ c(a) | k ≤ 0} ∪ {k ∈ c(b) | k ≥ 0}.

We call such a function c a coding prescription (with respect to σ ).
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By definition we have for each a ∈A that 0 ∈ c(a), |c(a)| = |σ(a)| and, for each
k ∈ c(a), 1− |σ(a)| ≤ k ≤ |σ(a)| − 1. c(ab) consists of the non-positive elements of c(a)
and of the non-negative elements of c(b) and, therefore, c(ab) contains 0 for all ab ∈A2.

One can easily calculate that for a given substitution σ there are exactly∏
a∈A

2|σ(a)|−1 > 1

different coding prescriptions. The inequality follows directly from (i) and (ii) of
Definition 2.1. In Example 8.3 we explicitly determine all coding prescriptions for a given
substitution.

With the above notation we state the following theorem which forms the core of our
theory.

THEOREM 4.3. Let σ be a primitive substitution over an alphabet A, c a coding
prescription with respect to σ , and w̃ ∈ �̃σ . There exists a unique pair (2(w̃), ϕ(w̃)) ∈
�̃σ × Z such that ϕ(w̃) ∈ c(2(w̃)0) and

w̃ = Sϕ(w̃)σ(2(w̃)).

Proof. First we prove that there exists a pair (2(w̃), ϕ(w̃)) that has the desired properties.
By (ii) of Theorem 4.1 we can find a unique pair (u · v, k) with 0≤ k < |σ(v1)|

and w̃ = Skσ(u · v). If k ∈ c(v1) we set 2(w̃) := u · v and ϕ(w̃) := k. Trivially,
w̃ = Sϕ(w̃)σ(2(w̃)) and ϕ(w̃) ∈ c(2(w̃)0)= c(u−1v1).

If k 6∈ c(v1) then set ϕ(w̃) := k − |σ(v1)|< 0 and 2(w̃) := S(u · v). Note that c(v1)

necessarily contains ϕ(w̃) by Definition 4.2. Now (3) yields

w̃ = Skσ(u · v)= Sk
◦ S−|σ(v1)|σ(S(u · v))= Sϕ(w̃)σ(2(w̃)).

Furthermore, we have that 2(w̃)0 = v1v2 and, hence, ϕ(w̃) ∈ c(2(w̃)0).
We now show the uniqueness of the pair (2(w̃), ϕ(w̃)). Suppose that there were

another pair (u · v, k) 6= (2(w̃), ϕ(w̃)) with the same properties. ϕ(w̃) and k cannot
be both non-negative or non-positive since this would contradict Theorem 4.1. Without
loss of generality we may assume that ϕ(w̃) < 0 and k > 0. This implies that k ∈ c(v1).
Consider the word w̃′ := S(u · v) and the integer k′ := k − |σ(v1)|. Note that w̃′0 = v1v2,
−|σ(v1)|< k′ < 0 and w̃ = Sk′σ(w̃′). By the uniqueness in (iii) of Theorem 4.1
we deduce that (2(w̃), ϕ(w̃))= (w̃′, k′). Therefore, 2(w̃)0 = w̃′0 = v1v2 and, hence,
k′ = ϕ(w̃) ∈ c(v1). We thus have k, k′ ∈ c(v1) which contradicts Definition 4.2 since
k − k′ = |σ(v1)|. �

Observe that Theorem 4.3 is a direct consequence of Theorem 2.4. We do not need other
results or additional restrictions in the proof. Furthermore, note that if c is chosen such that
c(a) consists of non-negative (non-positive) integers only for all a ∈A, then Theorem 4.3
corresponds exactly to (ii) of Theorem 4.1 ((iii) of Theorem 4.1).

For a coding prescription c with respect to a given primitive substitution σ consider the
finite set

R := {(ab, k) | ab ∈ L2(σ ), k ∈ c(ab)}.
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Analogously to [CS01a, HZ01] we use Theorem 4.3 to define a map 0c that assigns to
every element of a substitution dynamical system �̃σ an infinite word over R by

0c : �̃σ −→RZ+ , w̃ 7−→ (2n(w̃)0, ϕ(2
n−1(w̃)))n≥1.

We summarize several basic properties of 0c in the following lemma.

LEMMA 4.4. Let 0c(w̃)= (anbn, kn)n≥1. Then the following assertions hold:
(i) 2n−1(w̃)= Sknσ(2n(w̃)) for all n ≥ 1;
(ii) 0c(σ (w̃))= (w̃0, 0), (a1b1, k1), (a2b2, k2) . . . ;
(iii) 0c(2(w̃))= (a2b2, k2), (a3b3, k3) . . . .

Proof. (i) follows directly from the definition of kn ;
(ii) follows from the fact that 0 ∈ c(ab) for all ab ∈ L2(σ ) and, hence, 0 ∈ c(w̃0). Thus,

2(σ(w̃))= w̃, ϕ(σ(w̃))= 0 and, by definition, 0c(σ (w̃)) starts with (w̃0, 0);
(iii) is a consequence of the definition of 0c. �

Now suppose that 0c(w̃)= (anbn, kn)n≥1. We obtain the following ways of repre-
senting w̃ by means of 2(w̃), ϕ(w̃) and 0c(w̃). For all n ≥ 1,

w̃ = Sϕ(w̃) ◦ σ ◦ · · · ◦ Sϕ(2
n−2(w̃))

◦ σ ◦ Sϕ(2
n−1(w̃))

◦ σ(2n(w̃))

= Sk1 ◦ σ ◦ · · · ◦ Skn−1 ◦ σ ◦ Skn ◦ σ(2n(w̃))

= Srnσ n(2n(w̃))

with rn =

n∑
j=1

|σ j−1(σ (b j )[1,k j ])| −

n∑
j=1

|σ j−1(σ (a j )[k j ,−1])|, (5)

where the last representation follows from (3). Note that k j ≤ 0 gives no contribution to
the first sum while k j ≥ 0 gives no contribution to the second one for each j ∈ {1, . . . , n}.

We immediately see that

w̃ ∈ Srnσ n
[an · bn] = {Srnσ n(z̃) | z̃ ∈ [an · bn]}

for each n ≥ 1 and Srnσ n
[an · bn] ⊆ Cn with the cylinder set

Cn := Srn [σ n(an) · σ
n(bn)]. (6)

Using the ideas of the prefix–suffix coding, we can state the last considerations in a
slightly different and, perhaps, clearer way. Still supposing that 0c(w̃)= (anbn, kn)n≥1

set a0b0 := w̃0 and define, for each n ≥ 0,

A(n) := σ(an+1bn+1)[1,|σ(an+1)|+kn+1−1],

B(n) := σ(an+1bn+1)[−|σ(bn+1)|+kn+1+1,−1].
(7)

We obviously have σ(an+1bn+1)= A(n)anbn B(n) and, hence,

σ n(anbn)= σ
n−1(A(n−1)) · · · σ(A(1))A(0)a0b0 B(0)σ(B(1)) · · · σ n−1(B(n−1)).

Thus, for all n ≥ 1, we see that

rn =−|σ
n(an)| + 1+

n−1∑
j=0

|σ j (A( j))| = |σ n(bn)| − 1−
n−1∑
j=0

|σ j (B( j))|.

Furthermore, we have

Cn = [σ
n−1(A(n−1)) · · · A(0)a0 · b0 B(0) · · · σ n−1(B(n−1))].
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Remark 4.5. Using the applications f1 and f2, as defined in (4), we see the connection
between 0c and 0HZ. In particular, consider a substitution σ over A and choose the
coding prescription c such that k ≥ 0 for all a ∈A, k ∈ c(a). Let w̃ ∈ �̃σ and suppose
that 0c(w̃)= (anbn, kn)n≥1. Then 0HZ( f1(w̃))= (bn, kn)n≥1.

On the other hand, choose the coding prescription c′ with respect to σ such that
for each a ∈A the set c′(a) consists of non-positive integers only, and suppose
that 0c(w̃)= (a′nb′n, k′n)n≥1. Then (a′n,−k′n)n≥1 is the HZ code of f2(w̃) related to the
reversed substitution σ ′.

5. Basic properties of 0c

In this section we show several basic properties of the coding 0c. We will see that 0c maps
a substitution dynamical system surjectively and continuously onto a shift of finite type.
We will meet a sufficient condition for the coding 0c to be injective which we will call
traceability. Finally, we will study the periodic points and their 0c-images.

Definition 5.1. (Coding graph) Let σ be a primitive substitution over an alphabet A and c
a coding prescription with respect to σ . The coding graph associated with c, denoted by
G(c), is the graph with the following properties. The vertices of G(c) are the elements of
L2(σ ). For every k ∈ c(a′b′) we draw an edge from ab to a′b′ with

ab =


σ(a′)[k−1,k] for k < 0,

σ (a′)−1σ(b′)1 for k = 0,

σ (b′)[k,k+1] for k > 0,

and label it with (a′b′, k) ∈R.

The coding graph G(c) can easily be seen to have distinct labels. Thus, the set of infinite
walks G(c)∞ forms a shift of finite type. By the construction we see that 0c maps �̃σ onto
G(c)∞. Observe that for w̃ ∈ �̃σ the infinite path 0c(w̃) ∈ G(c)∞ starts in w̃0.

In §8 coding graphs for particular examples are depicted. In particular, in Example 8.1
we will outline a practical construction method. Several structural details of the coding
graph depend on the substitution only. Indeed, the set of vertices is independent of
the particular coding prescription. Also the edges of the shape (ab, 0) are completely
determined by the substitution. Each vertex has exactly one incoming edge of this type.
They form more or less the backbone of each coding graph.

The other edges strongly depend on the choice of the coding prescription. Even the
number of edges is in general not constant. For a coding prescription c with respect to a
given substitution σ one can easily verify the formula

|R| =
∑

ab∈L2(σ )

|c(ab)|.

Hence, if there exist letters a ∈A such that

|{ab ∈ L2(σ ) | b ∈A}| 6= |{ba ∈ L2(σ ) | b ∈A}|

then we can minimize or maximize the number of edges by a suitable choice of c (see
Example 8.2). Another interesting detail is that coding graphs are not necessarily strongly
connected. We demonstrate this in Example 8.4.
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The main result of the present section is that 0c : �̃σ −→ G(c)∞ is always a continuous
and surjective map.

THEOREM 5.2. Let σ be a primitive substitution and c a coding prescription. 0c is
continuous and maps �̃σ surjectively onto G(σ )∞. The pre-image of the cylinder

U := [(a1b1, k1), (a2b2, k2), . . . , (an0bn0 , kn0)] ⊂ G(c)∞

is exactly the open set
O := Srn0σ n0 [an0 · bn0 ] ⊂ �̃σ

with rn as in (5).

Proof. We first show that 0c is surjective. Let (anbn, kn)n≥1 ∈ G(c)∞. Note that by the
definition of the edges we have Sknσ [an · bn] ⊂ [an−1 · bn−1] for all n ≥ 2. Therefore, by
(5), we have

Sr1σ [a1 · b1] ⊃ Sr2σ 2
[a2 · b2] ⊃ Sr3σ 3

[a3 · b3] ⊃ · · · .

Furthermore, none of these sets is empty since anbn ∈ L2(σ ) for all n ≥ 1. Hence,⋂
n≥1

Srnσ n
[an · bn] 6= ∅

and for each w̃ contained in this intersection we obviously have 0c(w̃)= (anbn, kn)n≥1.
0−1

c (U )= O follows directly from the considerations after Lemma 4.4.
Continuity follows from the observation that U is an open neighbourhood of 0c(w̃),

which can be made arbitrarily small by choosing n0 sufficiently large, and O is an open
neighbourhood of w̃. �

Note that 0c is not necessarily an injective map. Section 6 is devoted exclusively to
this problem. For now we will introduce a condition that will turn out to be sufficient for
injectivity.

Definition 5.3. (Traceability) Let G(c) be a coding graph. The infinite walk (anbn, kn)n≥1

∈ G(c)∞ is called:
• left-traceable if |σ(an)| + kn > 1 for infinitely many indices n;
• right-traceable if |σ(bn)| − kn > 1 for infinitely many indices n;
• traceable if it is both left-traceable and right-traceable.
A coding prescription is called traceable if all elements of G(c)∞ are traceable.

Observe that there exists no sequence that is neither left-traceable nor right-traceable.
This will follow from the proof of Proposition 5.5. The following lemma shows that the
traceability of a coding prescription is sufficient for the injectivity of 0c.

LEMMA 5.4. Let σ be a primitive substitution over an alphabet A, c a coding prescription
and w̃ ∈ �̃σ . If 0c(w̃) is traceable then 0c(w̃

′)= 0c(w̃) implies w̃′ = w̃.

Proof. Let 0c(w̃)= (anbn, kn)n≥1, a0b0 := w̃0 and define A(n), B(n) for n ≥ 0 as in (7).
We have already noticed that

w̃ ∈ Srnσ n
[an · bn] ⊆ Cn = [σ

n−1(A(n−1)) · · · A(0)a0 · b0 B(0) · · · σ n−1(B(n−1))]

for all n ≥ 1.
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We now show the lemma indirectly. Suppose that there existed a w̃′ ∈ �̃σ different from
w̃ with 0c(w̃

′)= (anbn, kn)n≥1, too. Then there exists a δ > 0 such that d(w̃, w̃′)= δ.
Now observe that traceability implies that |A(n)| ≥ 1 and |B(n)| ≥ 1 for infinitely many
indices. Thus, we can find an index n0 with

exp(−min{|σ n0−1(A(n0−1)) · · · A(0)a0|, |b0 B(0) · · · σ n0−1(B(n0−1))|}) < δ.

This immediately shows that w̃ 6∈ Cn0 and, hence, w̃′ 6∈ Srn0σ n0 [an0 · bn0 ]. This
contradicts Theorem 5.2. �

We see that for 0c(w̃)= (anbn, kn)n≥1 traceable the coding is uniquely reversible and
w̃ can be represented by

w̃ =
⋂
n≥1

Cn = lim
n→∞
[σ n−1(A(n−1)) · · · A(0)a0 · b0 B(0) · · · σ n−1(B(n−1))]

= lim
n→∞

Srn [σ n(an) · σ
n(bn)]. (8)

In particular, 0c is injective on �̃σ if c is a traceable coding prescription.
Note that we can easily code each substitution dynamical system in a traceable and,

hence, injective way. In particular, let σ be a primitive substitution over the alphabet A.
We can find an integer n such that |σ n(a)| ≥ 3 for all a ∈A. Note that �̃σ = �̃σ n . By the
choice of n we can find a coding prescription c with respect to σ n such that for each a ∈A
neither |σ n(a)| − 1 nor 1− |σ n(a)| is contained in c(a). Thus, all elements of G(c)∞

are clearly left- and right-traceable and, hence, c is traceable. The induced coding 0c is
injective and all elements of �̃σ can be recovered consistently by (8).

In §6 we will give sufficient and necessary conditions for a coding prescription to be
traceable. Furthermore, we will see that traceability is not necessary for a coding to be
injective. However, we will precisely analyse for which non-traceable coding prescriptions
the coding 0c is injective.

The rest of the section is devoted to the set of periodic points P̃ of a substitution
dynamical system �̃σ and the corresponding 0c-images. We will need several formalisms
concerning P̃ from §3.3.

PROPOSITION 5.5. Let σ be a primitive substitution over an alphabet A and c a coding
prescription with respect to σ . If 〈z̃(0), . . . , z̃(p−1)

〉 is a cycle of σ |P̃ then, for each
m ∈ {0, . . . , p − 1}, 0c(z̃(m)) is purely periodic with

0c(z̃(m))= (z̃
(m−n)
0 , 0)n≥1

where we consider the upper indices modulo p.
On the other hand, if 0c(w̃)= (anbn, 0)n≥1 then 0c(w̃) is purely periodic and w̃ is a

periodic point.

Proof. Note that 0 ∈ c(ab) for all ab ∈ L2(σ ), independently of the actual coding
prescription c. Thus, for each m ∈ {0, . . . , p − 1}, we have (modulo p)2(z̃(m))= z̃(m−1)

and ϕ(z̃(m))= 0. With this observation the first part of the proposition follows directly
from the definition of 0c.



Coding of substitution dynamical systems 961

Now suppose that 0c(w̃)= (anbn, 0)n≥1. By Theorem 5.2 we know that 0c(w̃) is an
infinite walk on the coding graph G(c). Note that each vertex ab of this graph has exactly
one incoming edge whose second entry equals 0 (namely, the edge (ab, 0) that has its
origin in σ(a)−1σ(b)1). Since G(c) is finite we immediately see that (anbn, 0)n≥1 is
purely periodic with period, say, p (p ≤ |L2(σ )|).

Observe that 0c(w̃) is traceable. Indeed, suppose 0c(w̃) were not left-traceable (for
right-traceability the argumentation is analogous). By the periodicity of 0c(w̃) this implies
that |σ(an)| = 1 for all n ∈ {0, . . . , p − 1}. Moreover, we have σ(an)

n
= an , which

contradicts the definition of a primitive substitution.
Now, by (iii) of Lemma 4.4, we see that 0c(w̃)= 0c(2

p(w̃)), by Lemma 5.4 the
traceability of 0c(w̃) implies that w̃ =2p(w̃) and by the shape of 0c(w̃) we conclude
that ϕ(2n−1(w))= 0 for all n ≥ 1. This immediately yields w̃ = σ p(w̃), showing that
w̃ ∈ P̃ . �

Note that Proposition 5.5 does not depend on the particular coding prescription c. We
see that for a periodic points z̃ the code 0c(z̃) is traceable and, hence, uniquely reversible
in the sense of (8). Furthermore, 0c respects the cyclic structure of σ |P̃ , that is, a cycle of
σ |P̃ uniquely corresponds to a cycle of G(c) of equal length.

6. When is the coding map injective?
In the present section we study the problem of injectivity of the coding 0c. We will see that
the structure of the periodic points plays a major role. In the previous section we presented
the concept of traceability that has already led to preliminary results. In particular, for a
traceable coding prescription c, 0c is completely injective. The first main theorem of this
section is a complete characterization of the traceable coding prescriptions with respect to
a given substitution σ .

THEOREM 6.1. Let σ be a primitive substitution and c a coding prescription. c is traceable
if and only if:
(i) for each cycle 〈u(0), . . . , u(p−1)

〉 of σ |L

there exists i ∈ {0, . . . , p − 1} : |σ(u(i)
−1)| − 1 6∈ c(u(i)

−1) and (9)

(ii) for each cycle 〈v(0), . . . , v(q−1)
〉 of σ |R

there exists j ∈ {0, . . . , q − 1} : 1− |σ(v( j)
1 )| 6∈ c(v( j)

1 ). (10)

But traceability is not necessary for 0c to be injective. The second important theorem
here exactly shows under which conditions a not traceable coding prescription provides an
injective coding.

THEOREM 6.2. Let σ be a primitive substitution and c a non-traceable coding
prescription. 0c is completely injective on �̃σ if and only if:
(i) for each cycle 〈u(0), . . . , u(p−1)

〉 of σ |L that does not satisfy (9) there exists a
uniquely determined cycle 〈z̃(0), . . . , z̃(p−1)

〉 of σ |P̃ with equal period such that
π (l)(z̃(i))= u(i) for all i ∈ {0, . . . , p − 1}; and
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(ii) for each cycle 〈v(0), . . . , v(q−1)
〉 of σ |R that does not satisfy (10) there exists a

uniquely determined cycle 〈z̃(0), . . . , z̃(q−1)
〉 of σ |P̃ with equal period such that

π (r)(z̃( j))= v( j) for all j ∈ {0, . . . , q − 1}.

We see that the injectivity of 0c strongly depends on the injectivity of π (l) and π (r)

on P̃ . One immediately deduces the following corollary.

COROLLARY 6.3. For a primitive substitution σ each coding prescription yields an
injective coding of �̃σ if and only if |P̃| = |L| = |R|, that is, π (l) and π (r) act completely
injectively on P̃.

To prove these results we need several technical lemmas. Furthermore, Proposition 6.9
will provide a complete description of the elements of a substitution dynamical system that
(possibly) yield not traceable codes. The first lemma shows that not traceable sequences
always have a purely periodic tail.

LEMMA 6.4. A not traceable sequence (anbn, kn)n≥1 ∈ G(c)∞ is ultimately periodic.

Proof. Observe that the sequence is either not left-traceable or not right-traceable. Thus,
there exists an index n0 ≥ 1 such that kn = 1− |σ(an)| for all n ≥ n0 or kn = |σ(bn)| − 1
for all n ≥ n0, respectively. By the definition of G(c) a vertex ab has for each k ∈ c(ab)
exactly one incoming edge (ab, k). Thus, each vertex ab has at most one incoming edge
(ab, 1− |σ(a)|) and, analogously, at most one incoming edge (ab, |σ(b)| − 1). Since
G(c) is finite this shows that (anbn, kn)n≥n0 is periodic. �

The next two lemmas show that for particular coding prescriptions the cycles of σ |L
(σ |R) give rise to purely periodic, not right-traceable (not left-traceable) codes.

LEMMA 6.5. Let c be a coding prescription with respect to a primitive substitution
σ , 〈u(0), . . . , u(p−1)

〉 a cycle of σ |L and suppose that |σ(u(i)
−1)| − 1 ∈ c(u(i)

−1) for all
i ∈ {0, . . . , p − 1}. For each z̃ ∈ P̃ with π (l)(z̃)= u(i) for some i ∈ {0, . . . , p − 1},

0c(S−1 z̃)= (u(i−n)
[−2,−1], |σ(u

(i−n)
−1 )| − 1)n≥1

(upper indices are considered modulo p), that is, 0c(S−1 z̃) is purely periodic and not
right-traceable.

Proof. Consider the upper indices modulo p for the rest of the proof.
First we claim that for each z̃ ∈ P̃ with π (l)(z̃)= u(i) for some i ∈ {0, . . . , p − 1} there

exists a z̃′ ∈ P̃ with 2(S−1 z̃)= S−1 z̃′, π (l)(z̃′)= u(i−1) and ϕ(S−1 z̃)= |σ(u(i−1)
−1 )| − 1.

Indeed, since z̃ ∈ P̃ there exists a (uniquely determined) z̃′ ∈ P̃ with

σ(z̃′)= σ(π (l)(z̃′)) · σ(π (r)(z̃′))= π (l)(z̃) · π (r)(z̃)= z̃

and, by assumption, π (l)(z̃′)= u(i−1). We have |σ(u(i−1)
−1 )| − 1 ∈ c((S−1 z̃′)0)=

c(u(i−1)
[−2,−1]) and using (3), we see that

S|σ(u
(i−1)
−1 )|−1σ(S−1 z̃′)= S|σ(u

(i−1)
−1 )|−1

◦ S−|σ(u
(i−1)
−1 )|σ(z̃′)= S−1 z̃,

which shows the claim.
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Now, successive application of this idea and observation of (iii) of Lemma 4.4
immediately completes the proof. �

Similarly, we obtain an analogous result for the cycles of σ |R .

LEMMA 6.6. Let c be a coding prescription with respect to a primitive substitution
σ , 〈v(0), . . . , v(q−1)

〉 a cycle of σ |R and suppose that 1− |σ(v( j)
1 )| ∈ c(v( j)

1 ) for all
j ∈ {0, . . . , q − 1}. For each z̃ ∈ P̃ with π (r)(z̃)= v( j) for some j ∈ {0, . . . , q − 1},

0c(Sz̃)= (v( j−n)
[1,2] , 1− |σ(v( j−n)

1 )|)n≥1

(upper indices are considered modulo q), that is, 0c(Sz̃) is purely periodic and not left-
traceable.

Proof. The proof is analogous to the proof of Lemma 6.5. �

We also have contrary statements.

LEMMA 6.7. Let σ be a primitive substitution, c a coding prescription with respect to σ ,
and w̃ ∈ �̃σ such that0c(w̃)= (anbn, kn)n≥1 is not left-traceable and purely periodic with
period q. Then S−1w̃ ∈ P̃ and there exists a uniquely determined cycle 〈v(0), . . . , v(q−1)

〉

of σ |R such that anbn = v
(q−n)
[1,2] for all n ∈ {1, . . . , q} and π (r)(S−1w̃)= v(0).

Proof. The fact that 0c(w̃) is not left-traceable and purely periodic implies that kn =

1− |σ(an)| for all n ∈ N. Consider the sequence (2n(w̃))n≥0. Define u′(n) := π (l)

(S−12n(w̃)) and v′(n) := π (r)(S2n(w̃)) for n ≥ 0. Therefore, 2n(w̃)= u′(n)an · bnv
′(n)

(where a0b0 := w̃0).
We now claim that2(S−12n(w̃))= S−12n+1(w̃) and ϕ(S−12n(w̃))= 0 for all n ≥ 0.

To show this we first note that S1−|σ(an)|σ(2n+1(w̃))=2n(w̃) and then calculate

σ(S−12n+1(w̃))= σ(u′(n)) · σ(an)σ (bn)σ (v
′(n))

= S−|σ(an)|(σ (u′(n))σ (an) · σ(bn)σ (v
′(n)))

= S−1
◦ S1−|σ(an)|σ(2n+1(w̃))= S−12n(w̃).

0 ∈ c(ab) for all ab ∈ L2(σ ) and, thus, we have established the claim.
By the definition of 0c we immediately obtain that

0c(S−1w̃)= (u′(n)
−1 an, 0)n≥1.

Therefore, by Proposition 5.5, S−1w̃ ∈ P̃ and π (r)(S−12n(w̃))= anbnv
′(n)
∈ R for all

n ≥ 0. As aqbq = a0b0, we have π (r)(S−1w̃)= π (r)(S−12q(w̃)). Thus, setting v(n) :=
π (r)(S−12q−n(w̃)) for n ∈ {0, . . . , q − 1}, we obtain the cycle 〈v(0), . . . , v(q−1)

〉 of σ |R
which is uniquely determined and v(q) = v(0) = π (r)(S−1w̃). �

For not left-traceable sequences an analogous result holds.

LEMMA 6.8. Let σ be a primitive substitution, c a coding prescription with respect to σ ,
and w̃ ∈ �̃σ such that 0c(w̃)= (anbn, kn)n≥1 is not right-traceable and purely periodic
with period p. Then Sw̃ ∈ P̃ and there exists a uniquely determined cycle 〈u(0), . . . ,
u(p−1)

〉 of σ |L such that anbn = u(p−n)
[−2,−1] for all n ∈ {1, . . . , p} and π (l)(S−1w̃)= u(p).

Proof. The lemma can be proved similarly to Lemma 6.7. �
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Summarizing the assertions of the previous lemmas, we see that each not traceable
sequence in G(c) ends up in a not traceable purely periodic tail. Each not left-traceable
tail corresponds to a cycle of σ |R and each not right-traceable tail corresponds to a cycle
of σ |L . Together with the result from Proposition 5.5 we obtain a quite complete picture
of how the cyclic structure of the periodic points is reflected in the code. The number of
ways for a not traceable sequence to end up is bounded by 2|A|, where the exact number
depends on the particular coding prescription. This gives a characterization of the elements
of a substitution dynamical system that yield non-traceable codes.

PROPOSITION 6.9. Let σ be a primitive substitution, c a non-traceable coding
prescription and w̃ ∈ �̃σ .
• If 0c(w̃)= (anbn, kn)n≥1 is not left-traceable then there exists an index n0 ≥ 0 such

that (anbn, kn)n≥n0+1 is purely periodic and S−mw̃ ∈ P̃ for some m ≥ 1.
• If 0c(w̃)= (anbn, kn)n≥1 is not right-traceable then there exists an index n0 ≥ 0

such that (anbn, kn)n≥n0+1 is purely periodic and Smw̃ ∈ P̃ for some m ≥ 1.

Proof. Suppose that 0c(w̃)= (anbn, kn)n≥1 is not left-traceable. Then, by Lemma 6.4,
0c(w̃) is ultimately periodic and, hence, there exists an index n0 ≥ 0 such that
(anbn, kn)n≥n0+1 is purely periodic and, of course, not left-traceable. If n0 = 0 then we
already know that S−1w̃ ∈ P̃ by Lemma 6.7. Otherwise we use (3) and (5) to calculate

w̃ = Srn0σ n0(2n0(w̃))= Srn0 ◦ S|σ
n0 (an0 )|σ n0(S−12n0(w̃))

= Srn0+|σ
n0 (an0 )|σ n0(S−12n0(w̃)).

Set m := rn0 + |σ
n0(an)| and note that m ≥ 1. Furthermore, by (iii) of Lemma 4.4 and

Lemma 6.7, we have S−12n0(w̃) ∈ P̃ . This yields

S−mw̃ = σ n0(S−12n0(w̃)) ∈ P̃.

For 0c(w̃) not right-traceable the proof is analogous. �

We are now in a position to prove the two theorems stated at the beginning of this
section.

Proof of Theorem 6.1. The⇒ part of the proof is done indirectly by means of Lemmas 6.5
and 6.6.

Turning to the ⇒ part, if c is not traceable then G(c)∞ contains either a not left-
traceable or a not right-traceable sequence. Suppose first the existence of a sequence that
is not left-traceable. By Lemma 6.4 this sequence is ultimately periodic. Thus, G(c)∞

also contains a purely periodic sequence (anbn, kn)n≥1, (anbn, kn)= (an+qbn+q , kn+q)

for all n ≥ 1, which is also not left-traceable. Lemma 6.7 shows that there exists a uniquely
determined cycle 〈v(0), . . . , v(q−1)

〉 of σ |R such that anbn = v
(q−n)
[1,2] for all n ∈ {1, . . . , q}.

Since (anbn, kn)n≥1 is not left-traceable we necessarily have 1− |σ(an)| ∈ c(an) for all
n ∈ {1, . . . , q}, contradicting (ii). Similarly, the assumption that G(c)∞ contains a not
right-traceable sequence yields a contradiction to (i). �

Proof of Theorem 6.2. This is a direct consequence of Lemmas 6.5–6.8. �
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We see that the only elements of a substitution dynamical system that possibly yield
not traceable codes lie within the shift orbits of the periodic points. Since P̃ is finite
and the shift orbits are countable, these elements form a set of measure 0. For them, the
coding is finite-to-one, depending on the fibres of π (l) and π (r). However, 0c is measure-
theoretically bijective for every coding prescription c.

7. How does the shift map interact with 0c?
Finally, we will see that coding prescriptions of a special shape induce a partial ordering
on the edges of the coding graph that extends to a partial ordering on the infinite
paths (cf. [Ver81]). This partial ordering interacts with the shift map of the underlying
substitution dynamical system.

Definition 7.1. (Continuous coding prescription) Let σ be a primitive substitution over
the alphabet A. A coding prescription c with respect to σ is called continuous if for each
a ∈A the set c(a) consists of consecutive integers.

Note that this definition immediately implies that for every ab ∈ L2(σ ) the set c(ab) is
also a set of consecutive integers. For a continuous coding prescription the desubstitution
(2(w̃), ϕ(w̃)) has a nice behaviour with respect to the shift map.

LEMMA 7.2. Let c be a continuous coding prescription with respect to a primitive
substitution σ , w̃ ∈ �̃σ and (u · v, k) := (2(w̃), ϕ(w̃)). Then

(2(Sw̃), ϕ(Sw̃))=

{
(u · v, k + 1) if k + 1 ∈ c(u−1v1),

(S(u · v), k + 1− |σ(v1)|) otherwise;
(11)

(2(S−1w̃), ϕ(S−1w̃))=

{
(u · v, k − 1) if k − 1 ∈ c(u−1v1),

(S−1(u · v), k − 1+ |σ(u−1)|) otherwise.
(12)

Proof. We start by showing (11). Since w̃ = Skσ(u · v), we have Sw̃ = Sk+1σ(u · v). If
k + 1 ∈ c(u−1v1) then obviously (2(Sw̃), ϕ(Sw̃))= (u · v, k + 1) by the uniqueness in
Theorem 4.3.

Contrarily, suppose that k + 1 6∈ c(u−1v1). Observe that

Sw̃ = Sk+1σ(u · v)= Sk+1−|σ(v1)|σ(S(u · v)),

where we have used (3). Since c is continuous and 0 ∈ c(ab) for each ab ∈ L2(σ ) we
immediately see that k ≥ 0 and, hence, k ∈ c(v1), |σ(v1)| ≥ k + 1 6∈ c(v1).

By the basic properties of coding prescriptions (Definition 4.2) we conclude that
0≥ k + 1− |σ(v1)| ∈ c(v1) and, therefore, k + 1− |σ(v1)| ∈ c(v1v2). Again, by the
uniqueness in Theorem 4.3, we see that (2(Sw̃), ϕ(Sw̃))= (S(u · v), k − |σ(v1)| + 1).

The proof of (12) is analogous. �

Observe that for non-continuous coding prescriptions the lemma does not hold in
general. Of course, the first part of the assertions (for ϕ(w̃)+ 1 ∈ c(2(w̃)0) and ϕ(w̃)−
1 ∈ c(2(w̃)0), respectively) is still true but problems occur in the contrary case. More
precisely, it may happen that2(Sw̃)= S−12(w̃) (and, analogously,2(S−1w̃)= S2(w̃)).
For the rest of the section we will concentrate on continuous coding prescriptions.
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We define a partial ordering ≺ on R by

(ab, k)≺ (a′b′, k′)⇐⇒ ab = a′b′, k < k′.

We call (ab, k) minimal (maximal) if, for all (ab, k′) ∈R, we have k′ ≥ k (k′ ≤ k). Note
that (depending on σ and the concrete coding prescription) an element (ab, k) of R can
be both minimal and maximal. In this case we necessarily have k = 0.

Analogously, we call an edge of G(c) minimal (maximal) if it is labelled by a minimal
(maximal) element of R. By the definition of G(c) we immediately see that each vertex
ab has exactly one minimal and one maximal incoming edge. For a non-maximal element
(ab, k) define the predecessor T (ab, k) to be the (unique) element (ab, k + 1). Similarly,
for a non-minimal element (ab, k), we set T−1(ab, d) := (ab, k − 1).

We can extend our partial ordering to G(c)∞:

(anbn, kn)n≥1 ≺ (a′nb′n, k′n)n≥1 ⇐⇒ there exists n0 : (anbn, kn)= (a′nb′n, k′n)

for n > n0 and (an0bn0 , kn0)≺ (a
′
n0

b′n0
, k′n0

).

(anbn, kn)n≥1 is said to be minimal (maximal) if (anbn, kn) is minimal (maximal) for all
n ≥ 1.

The successor map T also extends the non-maximal elements of G(c)∞. In particular,
consider an infinite non-maximal path (anbn, kn)n≥1. Then we can find an index n0 ≥ 1
such that (an0bn0 , kn0) is not maximal while (anbn, kn) is maximal for all n < n0. Define

T (anbn, kn)n≥1 := (a′1b′1, k′1), . . . , (a
′

n0−1b′n0−1, k′n0−1),

T (an0bn0 , kn0), (an0+1bn0+1kn0+1), (an0+2bn0+2, kn0+2), . . .

where (a′1b′1, k′1), . . . , (a
′

n0−1b′n0−1, k′n0−1) is the uniquely determined path of length
n0 − 1 that consists of minimal edges only and ends in the initial vertex of the edge
T (an0bn0 , kn0). Note that the uniqueness of the path follows from the observation that
each vertex has exactly one incoming edge that is minimal.

Analogously, for a non-minimal path (anbn, kn)n≥1 with n0 ≥ 1 the least index such
that (an0bn0 , kn0) is not minimal, we have

T−1(anbn, kn)n≥1 := (a′1b′1, k′1), . . . , (a
′

n0−1b′n0−1, k′n0−1),

T−1(an0bn0 , kn0), (an0+1bn0+1, kn0+1), (an0+2bn0+2, kn0+2), . . .

where (a′1b′1, k′1), . . . , (a
′

n0−1b′n0−1, k′n0−1) is the unique path of length n0 − 1 that
consists of maximal edges only and ends in the initial vertex of the edge T−1(an0bn0 , kn0).

THEOREM 7.3. Let c be a continuous coding prescription with respect to a primitive
substitution σ and w̃ ∈ �̃σ . If 0c(w̃) is not maximal then 0c(Sw̃)= T0c(w̃), otherwise
0c(Sw̃) is minimal.

Proof. Let (ab, k) be the first term of 0c(w̃). Note that (ab, k) is maximal if and only if
k + 1 6∈ c(ab). Suppose first that (ab, k) is not maximal. In this case, by (11), we have
2(Sw̃)=2(w̃) and ϕ(Sw̃)= k + 1. Thus, 0c(Sw) starts with (ab, k + 1)= T (ab, k)
and 0c(Sw̃)= T0c(w̃).
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Now suppose that (ab, k) is maximal and let (a′b′, k′) be the first term of 0c(Sw̃).
We claim that (a′b′, k′) is minimal. From (11) we deduce that a′ = b and k′ = k + 1−
|σ(b)| ≤ 0. If (a′b′, k′) were not minimal there would exist an element (a′b′, k′′) ∈R
with −|σ(a′)| = −|σ(b)|< k′′ < k′. By the definition of coding prescriptions this would
imply that 0< k′′ + |σ(b)| 6∈ c(b). But this contradicts the continuity of c since 0< k′′ +
|σ(b)|< k and 0 ∈ c(b) as well as k ∈ c(b).

Now the theorem follows directly from (iii) of Lemma 4.4 and Lemma 7.2. �

Analogously one can prove that 0c(S−1w̃)= T−1(0c(w̃)) for 0c(w̃) not minimal,
otherwise 0c(S−1w̃) is maximal.

We summarize the previous results of this section in a theorem.

THEOREM 7.4. Let σ be a primitive substitution and c a continuous coding prescription.
0c conjugates the shift map S on �̃σ with the successor map T on G(c)∞ (provided
that the latter one is defined). In other words, (�σ , S) and (G(c)∞, T ) are topologically
conjugated dynamical systems.

We want to finish the section by showing some connections between minimality
(maximality) of elements of G(c)∞ and traceability. Indeed, the following lemma shows
that non-traceable and purely periodic element of G(c) are maximal or minimal.

LEMMA 7.5. Let σ be a primitive substitution and c a continuous coding prescription.
A not traceable sequence of G(σ, c)∞ is minimal or maximal if and only if it is purely
periodic.

Proof. Since each vertex of G(σ, c)∞ has exactly one maximal and one minimal incoming
edge we immediately see that a minimal or maximal sequence is purely periodic.

Now suppose that (anbn, kn)n≥1 ∈ G(c)∞ is not traceable and purely periodic. By
Definition 5.3 we either have kn = 1− |σ(an)| for all n ≥ 1 (not left-traceable) or kn =

|σ(bn)| − 1 for all n ≥ 1 (not right-traceable). Obviously (anbn, kn)n≥1 is minimal in the
first case and maximal in the second case. �

As a consequence of this lemma we obtain an equivalence in Proposition 6.9 for a
continuous coding prescription.

COROLLARY 7.6. Let σ be a primitive substitution and c a continuous coding
prescription.
0c(w̃) is not right-traceable if and only if Smw̃ ∈ P̃ for some m ≥ 1 and π (l)(Smw̃) is

contained in a cycle of L that does not satisfy (9).
0c(w̃) is not left-traceable if and only if Smw̃ ∈ P̃ for some m ≤−1 and π (r)(Smw̃) is

contained in a cycle of R that does not satisfy (10).

8. Examples
We demonstrate the major results and techniques of the paper on some examples.

Example 8.1. Let σ : 1 7→ 312, 2 7→ 32, 3 7→ 13. For this substitution we have L2(σ )=

{12, 13, 21, 23, 31, 32, 33}. σ provides four periodic points:

z̃(1) = u(1) · v(1), z̃(2) = u(1) · v(2), z̃(3) = u(2) · v(1), z̃(4) = u(2) · v(2)
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with

u(1) = . . . 1213312131332, v(1) = 1331232312133121313 . . . ,

u(2) = . . . 2133123231213, v(2) = 3121313312321332133 . . . .

We have σ(z̃(1))= z̃(2), σ(z̃(2))= z̃(1), σ(z̃(3))= z̃(4) and σ(z̃(4))= z̃(3). Thus, the cyclic
structure of σ |L , σ |R and σ |P̃ is given by

σ |L = 〈u(1)〉〈u(2)〉, σ |R = 〈v
(1), v(2)〉, σ |P̃ = 〈z̃

(1), z̃(2)〉〈z̃(3), z̃(4)〉.

The following diagram shows the action of π (l) and π (r) on the cycles. In particular, π (l)

as well as π (r) are not injective on P̃ .

We choose the coding prescription

c : 1 7→ {−2, 0, 2}, 2 7→ {−1, 0}, 3 7→ {0, 1}

and want to determine the corresponding coding graph. The set of vertices is given by
L2(σ ) and does not depend on the chosen coding prescription. The easiest way to construct
the graph is to calculate the incoming edges for each vertex. We show this explicitly for the
vertex 13. Note that c(13)= {−2, 0, 1}. From this we conclude that 13 has three incoming
edges. We apply σ on 13 (the vertical bar divides σ(1) and σ(3)).

−2 −1 0 1

σ(13)= 3 1 2 | 1 3

The superscript indices that appear in c(13) indicate the particular origins of the edges.
The first edge, corresponding to −2 ∈ c(13), starts at 31 and is labelled by (13,−2). The
second edge starts at 21 (index 0) and is labelled by (13, 0). The thirdt edge has its origin
in 13 (it is a self-loop) and the label (13, 1). In this way it is not difficult to obtain the
entire coding graph G(c).

31 13 33

12

23 21 32

(12, −2)

(31, 2)

(12, 0)

(21, 2)

(23, 1)

(23, 0)

(13, 0)

(21, 0)
(23, −1)

(21, −1)

(32, 0)(13, 1)

(33, 1)
(31, 0)

(13, −2)

(33, 0)

We now calculate 0c(Sz̃(2)). Observe that

S−2σ(Sz̃(1))= S−2
◦ S|σ(1)|σ(z̃(1))= Sz̃(2).

Since (Sz̃(1))0 = 13 and −2 ∈ c(13) we have 2(Sz̃(2))= Sz̃(1) and ϕ(Sz̃(2))=−2 by
Theorem 4.3. Hence, the first term of 0c(Sz̃(2)) equals (13,−2). One can now easily



Coding of substitution dynamical systems 969

confirm that 22(Sz̃(2))=2(Sz̃(1))= z̃(2) and ϕ(Sz̃(1))= 1. We obtain (23, 1) as second
term of 0c(Sz̃(2)). Therefore, the infinite walk of the coding graph that corresponds to
0c(Sz̃(2)) starts at 31 (since (Sz̃(2))0 = 31) and leads via 13 to 23.

Since 22(Sz̃(2))= z̃(2) ∈ P̃ we can use Proposition 5.5 and Lemma 4.4 to finish
our calculation. By observing the cyclic structure of σ |P̃ we obtain 0c(z̃(2))=
((21, 0), (23, 0))∞ and, finally,

0c(Sz̃(2))= (13,−2), (23, 1), ((21, 0), (23, 0))∞.

The other cycle of G(c) that corresponds to a cycle of σ |P̃ also has period 2 and is
labelled by (33, 0) and (31, 0). In particular, we have

0c(z̃(3))= ((33, 0), (31, 0))∞ and 0c(z̃(4))= ((31, 0), (33, 0))∞.

Each of the latter codes is traceable and, hence, unique. We can use (8) to obtain a
representation for the initial elements. For example, z̃(3) can be represented as limit

z̃(3) =
⋂
n≥1

[A(n) · B(n)] with A(n) = σ n(3), B(n) =

{
σ n(1) n ≡ 0 mod 2,

σ n(3) n ≡ 1 mod 2.

To analyse the traceability of c we use Theorem 6.1 and look at the cyclic structure
of σ |L and σ |R . We see that 〈u(2)〉 is the only cycle that does not satisfy the conditions
of the theorem. Hence, c is not traceable and the only not traceable purely periodic tail
that occurs in G(c)∞ is ((13, 1))∞. Indeed, using (7), we obtain Cn = [A(n) · B(n)] with
B(n) = 3 for all n ≥ 1 (the sequence (A(n))n≥1 has unbounded length). This confirms that
((13, 1))∞ is not right-traceable.

By Theorem 6.2, 0c is not injective since π (l)(z̃(3))= π (l)(z̃(4))= u(2). Hence,

0c(S−1 z̃(3))= 0c(S−1 z̃(4))= ((13, 1))∞.

Due to Proposition 6.9, each not traceable code has the same periodic tail ((13, 1))∞ and
is produced by elements S−m z̃(3) and S−m z̃(4) with m ≥ 1.

c is not continuous. We have already calculated 0c(z(2)) and 0c(Sz(2)). Now consider
0c(S2z(2)). It is not difficult to see that

0c(S2z(2))= (21, 2), ((23, 0), (21, 0))∞.

Thus, 0c(z(2))≺ 0c(S2z(2))≺ 0c(Sz(2)) which shows that the partial ordering ≺ does not
respect the ordering induced by the shift map here.

Example 8.2. Let σ : 1 7→ 32, 2 7→ 1, 3 7→ 13. The substitution possesses the left-
periodic sequences L = {u(1), u(2), u(3)} and the right-periodic sequences R = {v(1), v(2)}
with

u(1) = . . . 313213131, u(2) = . . . 213321332, u(3) = . . . 321313213,

v(1) = 131321313 . . . , v(2) = 321332131 . . . .

We have L2(σ )= {13, 21, 31, 32, 33}. Thus,

P̃ = {u(1) · v(2), u(2) · v(1), u(3) · v(1), u(3) · v(2)}.
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Observe that σ induces two not admissible periodic points. Indeed, σ 2(u(1) · v(1))=
u(1) · v(1) and σ 2(u(2) · v(2))= u(2) · v(2) but neither u(1) · v(1) nor u(2) · v(2) is contained
in P̃ . The following diagram shows the cyclic structure of σ |L , σ |R and σ |P̃ and the action
of π (l) and π (r):

There are four possible coding prescriptions, but we can easily see that none of them
is traceable. In order to code all elements of �̃σ in a traceable way we would have to
consider higher powers of σ (since �̃σ = �̃σ n for all n ≥ 1). In particular, one can easily
verify that there exist traceable coding prescriptions with respect to σ 2.

However, as π (l) acts injectively on the periodic points that form the first cycle of σ |P̃
we conclude (using Theorem 6.2) that the coding prescription c : 1 7→ {0, 1}, 2 7→ {0},
3 7→ {−1, 0} yields an injective coding. The corresponding coding graph G(c) is depicted
in (13). Note that the choice of c maximizes the number of edges here.

21 13 33

32 31
(21, 1)

(21, 0)

(13, 0)

(32, −1)
(31, 1)

(31, −1) (33, 0)

(31, 0)

(33, −1)

(32, 0)

(13)

Our coding prescription c is continuous. We quickly demonstrate the statement of
Theorem 7.3. Consider the periodic point z̃ := u(1) · v(2). Using Proposition 5.5 and the
coding graph (13) we see that 0c(z̃)= ((21, 0), (13, 0))∞. The sequence is minimal since
neither the vertex 21 nor the vertex 13 has an incoming edge that is smaller than (21, 0)
and (13, 0), respectively, with respect to ≺. We easily obtain

T0c(z̃)= 0c(Sz̃)= (21, 1), ((13, 0), (21, 0))∞,

T 20c(z̃)= 0c(S2 z̃)= (13, 0), (32,−1), (21, 1), ((13, 0), (21, 0))∞,

T 30c(z̃)= 0c(S3 z̃)= (31,−1), (32, 0), (21, 1), ((13, 0), (21, 0))∞,

T 40c(z̃)= 0c(S4 z̃)= (31, 0), (32, 0), (21, 1), ((13, 0), (21, 0))∞,

T 50c(z̃)= 0c(S5 z̃)= (13, 0), (21, 0), (13, 0), (32,−1), (21, 1), ((13, 0), (21, 0))∞,

and so on.

Example 8.3. Consider the substitution σ : 1 7→ 121, 2 7→ 3, 3 7→ 1. σ provides four
different coding prescriptions c1, c2, c3, c4 given by

c1(1)= {−2,−1, 0}, c2(1)= {−1, 0, 1}, c3(1)= {0, 1, 2}, c4(1)= {−2, 0, 2},

c1(2)= c1(3)= c2(2)= c2(3)= c3(2)= c3(3)= c4(2)= c4(3)= {0}.

The only periodic point of �̃σ is

z̃ := . . . 2111213121 · 1213121112 . . . .
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Thus, c1, c3 and c4 are not traceable. However, all coding prescription induce a completely
injective coding. The coding prescription c4 is the only one that is not continuous.

We want to concentrate on this last coding prescription c4. For the induced coding we
have

0c(Sz̃)= ((12,−2))∞

not left-traceable by Lemma 6.8. On the other hand,

0c(S2 z̃)= (11, 2), ((11, 0))∞,

which is traceable. This shows that the equivalence in Corollary 7.6 does not hold in
general for not continuous coding prescriptions.

Example 8.4. Consider σ : 1 7→ 112, 2 7→ 3, 3 7→ 13 and the (continuous) coding pre-
scription c : 1 7→ {−2,−1, 0}, 2 7→ {0}, 3 7→ {0, 1}. The coding graph for this example
is given by

11 12 23

21 13 31

(11, −2)

(12, −2)

(11, −1)
(13, −2)

(13, 0)
(11, 0)

(21, 0)
(13, 1)

(23, 1)
(13, −1)

(12, 0)

(12, −1)

(23, 0)

(31, 0)

and we see that it is not strongly connected. In fact, it consists of two strongly connected
components. The vertex 21 is not contained in any of them. The (traceable) infinite walk
((31, 0))∞ is both minimal and maximal.
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