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Abstract

In this paper we study the generalized electrodynamicsribotibn to the electron-positron
scattering process et — e e", i.e., Bhabha scattering. Within the framework of the séadd
model and for energies larger than the electron mass, walatdche cross section for the scat-
tering process. This quantity is usually calculated in taetework of Maxwell electrodynamics
and (for phenomenological reasons) is corrected by a cptotimeter. On the other hand, by
considering generalized electrodynamics instead of Méisyere show that the Podolsky mass
plays the part of a natural cut-off parameter for this sciaeprocess. Furthermore, by using
experimental data on Bhabha scattering we estimate itsrlbaend. Nevertheless, in order to
have a mathematically well-defined description of our stwdyshall present our discussion in the
framework of the Epstein-Glaser causal theory.
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1 Introduction

Perturbative Quantum Electrodynamics (QED) is a gaugeryhdmat represents a remarkable
computational success. For example, one may cite its irapeeaccuracy regarding the measurement
of the anomalous magnetic moments of the electron and the ifiloHowever, it is a well-known
fact that the standard model of particle physics is nothiegenthan an effective theory![2], although
its energy range is still a matter of discussioh [3]. Becaafghis, there is room for different theo-
retical proposals for describing, for instance, the etentignetic field; thus, if we subscribe to the
standard lore of effective field theories, all possible t@atiowed by the symmetries of the theory
ought to be included. An interesting group of such effecthwories are the higher-order derivative
(HD) Lagrangians/[4]. They were initially proposed as ammipt to achieve a better ultraviolet be-
havior and renormalizability properties of physicallyaednt models. Moreover, in electromagnetism
it is known that the Maxwell Lagrangian depends, at most, @t-@irder derivatives. However, one
may add a second-order term in such a way that all originainsgtries are preserved. In fact, it
was proven in Ref[]5] that such a term is unique when one regihe preservation of the theory’s
linearity and AbeliarJ (1) and Lorentz symmetries. As a result, we have the generadilsatrody-
namics Lagrangian introduced by Bopp [6] and Podolsky artdv8d [7]. Moreover, an important
feature of generalized quantum electrodynamics (GQE)as-+ in the same way that the Lorenz
condition is a natural gauge condition for the Maxwell eledynamics — it has a counter-part, the
so-called generalized Lorenz condition [&):[A] = (1+ aZD) oHA,. A recent study via functional
methods has shown that the electron self-energy and vear¢xpGQED are both ultraviolet finite
ata order [9], as well as the theory’s renormalizability [10].



Moreover, despite the radiative functions previously eatdd, there are still some interesting sce-
narios where one may search for deviations from standardighthat are rather important, such as
the scattering of standard model particles [11]. In paliicwe may cite the study of Moeller scat-
tering [12],e" e~ — e e, and Bhabha scattering [13]; e" — e e™, as offering some particularly
interesting possibilities due to their large cross sectihich lead to very good statistics. On the
other hand, the modern linear electron collider allows fqregiments with high-precision measure-
ments. Another important experiment is the annihilatiarcpss™ e~ producing a pair of leptons; in
particular, we have the muon pair product®re™ — pu~—u* and tau pair productioe et — 11
We can cite studies in the literature that analyzed dewatiue to Lorentz-violating effects of the
cross section in the electron-positron annihilation [I4]ere has also been a recurrent discussion on
improving two-loop calculations for Bhabha scatteringwgstontributions from QED [15].

Bhabha scattering is one of the most fundamental reactiro@&iD processes, as well as in phe-
nomenological studies in particle physics. Also, it is garly important mainly because it is the
process employed in determining the luminosityeae™ colliders. At colliders operating at c.m.
energies oD (100 Ge\) the relevant kinematic region is the one in which the angteséen the out-
going particles and the beam line is only about a few degtedblese regions the Bhabha scattering
cross section is comparatively large and the QED contobudominates. Since the luminosity value
is measured with very high accuracy [18], it is necessaryaieela precise theoretical calculation of
the value for the Bhabha scattering cross section in ordegdp the error in the luminosity small.

Despite the incredible match between theoretical and expetal values in QED, there are some
particularly intriguing discrepancies between the QEDuitssand measurements (even when elec-
troweak and strong interaction effects are included). @hdiscrepancies are on the order of one
standard deviation, such as those in the 1S ground-state khift of hydrogenic atoms [16] and in
the magnetic moment of the muon [17]. These facts give ugjmeiple, a window of possibilities for
proposing a modification to the QED vertex and/or the photopagator; thus, we could in principle
calculate a lower limit for the mass of a massive "photon” @Egives both massless and massive
propagating modes). Nevertheless, since generalizedumariectrodynamics is a good alternative
for describing the interaction between fermions and ph&tae shall consider this theory in order to
calculate the first-order correction to the usual QED dé#fferal cross section for Bhabha scattering.
For this purpose we shall consider the framework of the peative causal theory of Epstein and
Glaser[19], specifically its momentum-space form develdpeScharf et al [20].

Therefore, in this paper, we calculate within the framewairkhe Epstein-Glaser causal theory
the contribution of generalized electrodynamics to thelBlaascattering cross section. This paper
is organized as follows. In Sét.2, by means of the theory sifilutions, we introduce the analytic
representation for the positive, negative and causal giatpas; moreover, we introduce an alternative
gauge condition that is different from the generalized htzecondition. In SeCl3 we obtain a well-
defined (Feynman) electromagnetic propagator in the capsad)ach@ Finally, in Se¢.4 we calculate

1This is simply called the electromagnetic propagator; h@resince we introduce several propagators in this paper,
we shall adopt the notation of Ref. [21].



the GQED correction for Bhabha scattering, and by using xipermental data for this process we
determine a lower bound for the Podolsky mass. In Bec. 5 wensuire the results, and present our
final remarks and prospects.

2 Analytic Representation for Propagators

In order to develop the analytic representation for propagave shall consider the Wightman for-
malism [22]. This axiomatic approach guarantees that gépérysical principles are always obeyed.
To formulate the analytic representation, we start by disig the free scalar quantum field in this
formalism.@

The free scalar fieldp, is a general distributional solution of the Klein-GordBaek equation
(D+mz) @ = 0. The whole theory is formulated in terms of this field, andumlerstood as an
operator-valued distribution defined on the Schwartz spddéR?). In this space it is possible define
the Fourier transformation of the scalar fiefg{k). Thus, if f € J (R*) the distributiong is defined
as@[f] Z (o, f), ande(K) is defined as

(6.F) = (0.1) = [ dkd (9 T (0, @)

wheref is the inverse Fourier transformation fwhich also belongs tg7 (R“).

In the Wightman formalism the fiel@ generates the full Hilbert space from the invariant vacuum
|Q). Moreover, we can formally split the field into the positi{€F) and negative-frequency (NF)
components, defined in the distributional form as

o [f]|Q) = /d"’ke (ko) 5 (K2 — ) &(K) f (+K)|Q), 2.2)

where () is the positive andp(~) is the negative part of the field. By thepectral conditionwe
obtain that we do not have component&iaV~ — —k € V*; we then see that the part associated to
f (—k) must be zero, while the part associated t&) must be nonzero. These conditions are satisfied
only if

ak)|Q)=0, &'(k|Q)£0. (2.3)

From these conditions it follows that the operatafk) anda’ (k) are interpreted as the operators of
annihilation and creation, respectively.

In this formalism the central objects are the so-called Wign functions. They are defined as
the vacuum expectation values (VEVS) of a product of fields. iRstance, the two-point Wightman
function for scalar fields is given by

Wa (X1, %2) = (Q| @ (x1) @ (x2) |Q) = (2m) 2 / kA (k) e bae), (2.4)

2Actually, we will briefly review its development, since a di#d discussion can be found in Réf.[23]
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whereWs (k) is the two-point Wightman function in momentum space. Ofrseuthey are not func-
tions in the strict sense, but rather distributions defianﬂ)(R"’). Moreover, we have that the
Wightman function obeys the same equation as that for tkeefiiel. Hence, as a consequence of the
spectral condition, one can find that the two-point Wightrharction in momentum space is given
by

A 1

W (k) = ﬁe(ko)c‘i(kz—mz). (2.5)
With the necessary physical concepts and tools in hand, alersiw introduce the analytic represen-

tation for the propagators. In order to elucidate the cantenshall discuss the case of scalar fields
first.

2.1 Analyticrepresentation of the PF and NF propagators

Since the fundamental propagators are linear combinatbrise PF and NF frequency parts
of the propagator, it is rather natural to consider them Irei@ur development. We define the PF
propagator by the relation of the contraction between séialals:

20y = ¢ (,0%) ()] = —iDf (x-y). (2.6)

Moreover, for a normalized vacuum, we have that the PF andrbisggators can be written as follows

D (x—y) =i{@[[¢ (,9% )] |@). (2.7)

Now, by using the properties of the positive and negativéspatrthe field, EqL(Z2]2), we may find the
relation between the PF and NP propagators, as well as tt@reto the Wightman function

Div (x—y) = —Diy (y—X) = ~Wa(y—x). (2.8)

Hence, with the above results we can make use of Ef.(2.5) tmmothe PF and NF propagators
written in momentum space,

A (=) i 2 i O (koT @)
Dm’(K)=+—06(+ K—mf) = ———— 2.
where wm = VK2 +n® is the frequency. To write down the analytic representatibthe scalar
propagator, we should remark that the second equality iE3).must be understood as distributions
in kg. Thus, after using the definition of the Dirdetranslated distributio (Al1) and Cauchy'’s integral
theorem, we find that the propagatcﬁ}g,t) can be defined by the following analytic representation
[23]:

5 () 2 [ ¢ (ko)
(B .) = @m 2 § 52 dio, (2.10)
& Ko~
wherec, _) is a counterclockwise closed path that contains only théipeg¢negative) poles of the
Green’s functiorg(k) = k(%}a%



Nevertheless, we should emphasize thatlEq.[2.10) may erajered for any free field. Thus, if
D) are the PF and NF propagators associated to an arbitranafigien, its analytic representations
are given by

(69,4) =21 § 6(k) ¢ (ko) . (2.12)

wherec, _) is a counterclockwise closed path that contains only théipegnegative) poles on the
ko-complex plane of the Green’s functi@ k) associated to the free-field equation of the figld
Moreover, since the PF and NF propagators are distributgmhations of the free-field equations,
any linear combination of these is also a solution; for exampe may define theausalpropagator
distributional solution
D (k) =DM (k) + D) (k), (2.12)

and from the spectral condition [22] its support is giventaiellows@:

SuppD (k) = SuppD™) (k) U SuppD ™) (k) =V (k) UV~ (K). (2.13)

2.2 ThePF and NF electromagnetic propagators

The dynamics of the generalized electromagnetic theorgusigned by the Lagrangian density as
follows [6,[7]:

1 a?
EP:—ZFH\/F“V‘FE&“F“O&VFVCD (214)

whereF,, = dyA, — v A is the usual electromagnetic tensor field and the free Podolsky pa-
rameter with the dimension of length. This Lagrangian isaifant undetJ (1) gauge and Lorentz
transformations. Usually the gauge-fixing procedure i$goered by adding a Lagrange multiplier
to the Lagrangian density if we consider the Lorenz condiﬁd“A“)z. However, if we instead
consider the generalized Lorenz conditioh [8, 10], we shdd the term/(1+ a®0) 0“A“}2. This
condition was proven to be the natural choice for generletectrodynamics; however, it increases
the order of the field equation. Nevertheless, in order tagmee the order of the field equation,
we may consider a third choice, namely, we add an alterngauge-fixing term to the Lagrangian
(0.A) (1+2a?0) (9.A) [24], which is called thevonmixing gaugend it is related to a pseudodiffer-
ential operator [25]. So, in this gauge condition, the th&grangian density is given by

1
28

whereé is the gauge-fixing parameter. From this equation we can ffieegtuation of motion,

l uv a2 HO [V
EP:__F[JVF +Edu|: d FVO'_

1 (0.A) (1+a%0) (6.A), (2.15)

Euv (0) A = (1+a20) (Dguv—auav)+%duav A’ =0, (2.16)

3The region®/* are the closed forward and backward cones defined4s= {x| x>0, +x0>0}.




We see that for the choicg = 1, the equation of motion is simply reduced(tb—|— aZD) OA, =0,
which clearly indicates the presence of two sectors in the fase: a Maxwell sector,
DA, =0, (2.17)
and a Proca sector,
(O+md)A, =0, (2.18)

wheremy = a1 is the Podolsky mass. Moreover, in order to determine théyamaepresentation
for the propagator we should first determine the Green'stionof Eq.[2.16). In fact, it reads

éllV (k) == guv - (1—5) kﬁg‘/] (k_lz - ﬁ%) - (:I.—lf)k“kvi (219)

(k2)*

Thus, to find the PF and NF electromagnetic propagators eiatalytic representation (2]11), it is
convenient to calculate each of the above terms separately:

1. First we consider the scalar case with Podolsky mass
B 1 1
K-, (Ko+ o) (Ko — i)’

wherewn, = v/kZ+mé. Hence, from Eq.(2.11) the analytic representation forRReand NF
propagators is written as

(BR).¢) = (2n)—27{<k0+wtg?ﬁi_%)dko. (2.21)

A

Gm (k)

(2.20)

Ct

Using Cauchy’s integral theorem, as well as some distiimati properties of the Dirad dis-
tribution [2€] (see AppendiXJA), we obtain thi&F- and NF scalar propagators with mass in
momentum space:

D) (k) = j:%TB(:tko)é (K —mB). (2.22)

In particular, for the massless case they have the form

DL (k) = i%_[ 6 (+ko) 3 (K?) . (2.23)

2. Now we shall consider the Green’s functiéfj (k) = (k3 — cog)*z, which is associated to the
dipolar massless scalar casel[27]. Moreover, from thé Edf2he analytic representation for
this term is given by

<f>§§i>,¢> - (2n)27{%dko. (2.24)
& (K- u5)
Using Cauchy’s integral theorem again, and after some edgielmanipulations, we have that:

a) N\ e (A4 90D ()
(5% ’¢>_2nj;< V@ doa®T (2.25)




Hence, from the definition of the translated Didistribution EqI(A.2) and using the distri-
butional propertyl(A.B) we obtain tHeF and NF dipolar massless scalar propagators

By ) (K) = -0 (ko) 5 (G — cB). (2.26)

Finally, we obtain that the expression for tAE and NF electromagnetic propagatarsmomen-
tum space is given as

B (9= gy — (1 £) 2] (567 - B )
—(1-&)kyk, D (), (2.27)

where the propagatofiy), DS, andD) ™ are given by Eqd.(Z.22).(Z123), afid (2.26), respectively.

Before introducing the formal causal method itself, it Hhea interesting — by means of comple-
mentarity — to present some remarks discussed previoustiiédesscalar case that are suitable for the
gauge field as well. With the PF and NF scalar propagators wedetrmine theausalpropagator
2.12):

Dm(x) =D& () + Dy (x) . (2.28)

The causal propagator can also be splitinto two importapggators: one that indicates the propaga-
tion to the future, and one that indicates propagation tp#st. These are thretardedandadvanced
propagators, which are related to the causal propagatotles/é

DR\(X) = 8(%0)Dm(x), DR(X) = —6(—X0) Dm(X). (2.29)

From these very definitions, we obtain another importaritidigional solution — the so-calldeeyn-
manpropagator,
DF,(X) = 8 (%) Din” (x) — 8 (=%0) D (¥)., (2.30)

which is related to the vacuum expectation value of timeeged products. Moreover, for the scalar
case this distribution in momentum-space form can be wratefollows:

DF (k) = — (271)—2&|er8+ k2—71+|e (2.31)
which differs from its Green’s function by the imaginaryrters. This addition process is called the
Feynmane-prescription([21, 28] and it is closely related to the Wicitation technique. In general
this prescription is given in order to handle the singuilesiin the propagators.

On the other hand, the causal approach takes into accoynth@ngeneral physical properties of
the propagators when they are obtained. For instance, whensert the scalar Feynman propagator

[using the definition from the retarded or advanced distitlou(2.29)] into Eq[(2.30), we obtain that
D (%) = DR () — Dfn () = DR (%) + Diy” (). (2.32)

This is not a superfluous equivalence to the Wick rotationttfemmore, when we separate it into
positive and negative parts, we may show that the Feynmapagetdor has the following causal
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property:Only the positive-frequency solution can be propagatindpésfuture and only the negative-
frequency solution can be propagating to the pabhis general physical property and the general
definition of the propagator in the distributional form ane starting points for the development of the
Epstein-Glaser causal approach, in which no prescripsiemiployed in dealing with the propagator’s
poles.

In order to determine the electromagnetic propagator imtimenixinggauge, we must first obtain
the expression for theausalelectromagnetic propagator as a sum of the PF and NF prapagat

(2.27) [and using Ed.(2.12)],

B (K) = gw—<1—s>k,’;g“ (o)~ B () — (1— Ok Dy (k). (2:33)

Moreover, using Eqs$.(2.22), (2]23), ahd (2.26), respelstithe (causal) terms of EQ.(2]133) are written
as follows:

A i a i A [
Do = 5 -sgn(ko) 8 (k?), Dp= —5-59n(ko) Y (k?), Dm,= 5-5n(ko) 8 (K —mg). (2.34)
Finally, we can write this propagator in the configuratioasg
o0
D (9= [gy + (1-8) 42| 10000 ~ D (0] + (1~ £)0Dp 9. (239

whereDg (X), Dm, (X) are the massless and massive Pauli-Jordan causal profgagagpectively.
Moreover, their expressions are well known in the literat@7, 28],

_ 1 2
Do = ﬁsgn(xo) 3 (x°), (2.36a)
0 2
Din, = Sg;‘gw 5 (@) — m‘; \/% )3, (ma\/?)] , (2.36b)
Dy = —8insgn(xo> 6 (X%, (2.36¢)

whereJ; is the first-order Bessel function. Since the support of tis&idution o (x2) is contained

in the surface of the backward and forward light cone, andstipport of6 (x2) is contained in the
closed forward light cone, this assertion is valid for thisrivatives as well. Thus, we have shown that
the causal electromagnetic propagdqy, (x), Eq.(2.35), in thevonmixinggauge has causal support,
i.e., Supp(Dpy) EVF UV,

3 TheEpstein-Glaser causal method

In order to discuss scattering processes in the framewdikldftheory we shall make use of the
causal framework proposed by Epstein and Glaser [19, 20ktaad that explicitly uses the causal
structure as a powerful tool. One of the remarkable featoféisis proposal is the introduction of a
test functiong, belonging to the Schwartz space, defined in the spacetiotetbatg (x) € [0,1]. The

9



test function plays the role of switching the interactiorsome region of the spacetime. Then, the
S-matrixis necessarily viewed as an operator-valued functiongl &= S|g]. We shall now briefly
review the main points of the Epstein-Glaser causal method.

We recall that in the Epstein-Glaser approachShmatrixcan be written in the following formal
perturbative series

o) =1+ 5 [ drabe. .22, 90)9 (6. g ) 31)

where we can identify the quantify, as an operator-valued distribution, which is determinellia
tively term by term, ang/®" is its respective test function. Moreover, we have thatéisefunctiong
belongs to the Schwartz spade(R“). It should be emphasized, however, that this formalismidens
ers only free asymptotic fields acting on the Fock space tstooct theS-matrix Sg|. For instance,
for GQED (as well as for QED) we have the free electromagreetétfermionic fieldsA,, ¢, andy.
Then for GQED,T; takes the following form [10]:

To(x) =ie: g (X) Yy (x) - Au(X), (3.2)

where ”: : ” indicates the normal ordering, and (in this agmio) e is the normalized coupling
constant. Moreover, in the Epstein-Glaser method only erattically well-defined distributional
products are introduced, such as the following intermedtigioint distributions

A%(le"vxn) = gfnl (X)Tn—nl (Y7Xn>, (33)
R‘I (X]-? 7Xn> = ZTn—nl (Y7 Xn>-|-n1 (X) ) (34)

whereP, are all partitions of{xy,...,X,—1} into the disjoint set, Y such thatX| =n; > 1 and

IY| < n—2. Moreover, if the sums in EqE.(8.3) and (3.4) are extendedall partitionsP?, including

the empty set, important distributions may be obtained s€élege namely the advanced and retarded
distributions

An (X1, ..., Xn) = anl (X) Tnon (Y, %),

P2
= An (X1, Xn) 4+ Tn (X1, .-, Xn) (3.5)
R (X1, -+ %0) = Y Taony (Y,%) Ty (X),
P2
=R, (X0, ;%) + Tn (X1, -, Xn) - (3.6)

By making use of causal properties, one may concludeRha@ndA, have retarded and advanced
support, respectively,

SUppRy (X1, .., %n) CT1 7 (X)), (3.7a)
SUuppAn (X1, .-, %1) €T 1 (%), (3.7b)

4 A detailed discussion can be found in Refs.|[29, 30].
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wherel' s | (xn) = { (X1, ....Xn) | Xj €V (X1), ¥V j =1,...,n—1}, andV* (x,) is the closed forward
(backward) cone. These two distributions cannot be detexdipy the induction assumption only; in
fact, they are obtained by ttsplitting process [311] of the so-callerhusaldistribution, defined as

Dn (X1,...s%0) = R, (X1, .0, Xn) — A7 (X1, ., %n)

=Ry (X1, .., %Xn) —An (X1, ..., Xn) - (3.8)
In the case of the GQED we can wrig as it follows
Dn (X1, ..., %n) = Zdﬁ(xl,...,xn) , |_| P (X)) |_| Ww(x) |_|A(xm) - (3.9)
j [ m

wheredX (g, ..., %) is the numerical part of theausaldistributionD;,,. Moreover, by the translational
invariance ofdX one may show that it depends only on the relative coordinates

d(x) = d¥(Xg — Xn, ... Xn_1 —Xn) € T (R™), m=4(n—1). (3.10)

As was emphasized above, an important step in this inductimstruction is the splitting process of
the causaldistribution, but its splitting at the origifix,} = ; (xa) N[, ; (Xa) can be translated
equivalently to having its numerical pattsplit into the advanced and retarded distributiarandr,
respectively. Another important point to be analyzed isdbevergence of the sequent@, @)},
whereq, has decreasing support when— 0" and also belongs to the Schwartz spake

From the aforementioned analysis we can find some naturlbdisonal definitions. For in-
stance, we may defirgbas being a distribution afingular orderw if its Fourier transfornd (p) has
a quasiasymptoti(fo(p) # 0 atp = o with regard to a positive continuous functipria), a > 0, if

the limit
im p(a) (d(2),0(p)) = (do(),0(p)) #0 (3.11)

a—0t
exists ing’ (R™M). By the scaling transformation one may derive that ploever-countingunction
p (a) satisfies

mPEY) _ e yasg (3.12)
a—0 p(a)

with
p(a)— a“L(a), whena — 0, (3.13)

whereL (a) is a quasiconstant function et= 0. Of course, there is an equivalent definition of the
above process in coordinate space, but — since the splftingess is more easily accomplished in
momentum space — this one suffices for our purposes. Moreageepecify the splitting problem by
requiring that the splitting procedure must preserve thgudar order of the distributions. From these
very definitions we have two distinct cases depending onahe\vofw [30]:

() Regulardistributions; forw < 0. In this case the solution of the splitting problem is uiqund
the retarded distribution is defined by multiplyiddy step functions. Its form in momentum space
is

A

Lo o d(tp)
r(p)_Engn(po)/_o0 dt(l—t+sgn(p0)i0+)’ (3.14)
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which can be identified as a dispersion relation withoutsugbions.

(i) Singulardistributions; forew > 0. In this case the solution cannot be obtained directlyt as i
was in theregular case. But, after a careful mathematical treatment, it maghevn that the retarded
distribution is given by the so-called central splittindutmn

Sy o [ d(tp)
Fp = 2nsgn(p ) o dtt‘*’+1(l—t+sgn(p0)i0+)’

which can be identified as a dispersion relation with 1 subtractions.

(3.15)

4 Bhabha scattering

Now that we have obtained all the necessary tools and dexglogportant ideas we can concen-
trate our attention on inductively determining the termshafS-matrix(3.1). In particular, we are
interested here in the term corresponding to Bhabha sicejtelence, in order to accomplish this,
the perturbative program is used when constructing thenradiate distributions,

Ry (X1, %) = —T1 (%) Ta(x1), Ap(Xe,%2) = —T1(x1) Ta(X2), (4.1)
and subsequently when constructing the causal distribto
Do (x1,%2) = R (X1,X2) — Ay (X1, %2) = [T1(X1), T (X2)] - (4.2)

For GQED we have Eq.(3.2) as the first perturbative téFnix) = ie: ¢ (x) y*i (x) : Ay (X). Hence,
after applying the Wick theorem for the normally orderedduct, we obtain terms associated with
the Bhabha scattering contributions:

Ry (x1,%2) =€°: (U (x) Y Ay (XZ)LI"<X2;7~E<X1)AV () YW (x) : (4.3a)
Ao (X1, %) =€ 1 I (xa) Y Ay (%) U (1) B (%) Ay (%) Y/ W (%) - (4.3b)
We have that the electromagnetic contraction is
Pu A () = (A (0.A ()] =D (x—y)
(£)

whereD,,, (x) are the PF and NF parts of the electromagnetic propada@i)(2After some calcu-
lation, we arrive at the following expression for tbeusaldistribution [4.2):

D2 (X1,%2) = —ie®: (I (xa) Y* i (X1) Dpv (X1 —%2) ¥ (%) V Y (X2) © (4.4)

whereD,,, is the causalelectromagnetic propagator(2135). Moreover, we have shabove that
this distribution has causal support: Suppy (X1,%2) C '] (x2) UT; (x2). Nevertheless, in order
to determine the singular order of this propagator, we shldiw the criterion in momentum space,
Eq.(3.11). Hence, from EQ.(2.833) we erm,v ( ) in the significant leading contribution as— 0™,

Dy (g) ~ a4{z—sgn [mﬁé (k )] }guv. (4.5)
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It should be emphasized that in order to obtain the corregusar order we must consider the whole
distribution, and that in obtaining the above expansion axelmade use cn‘gn(%) = sgn(ko), the
scale property (Al5), and the Taylor expansion (A.6) of the®d distribution. This means that the
causal propagatd'])w is aregular distribution with singular order

w4 (D) = -4<0. (4.6)

This result is more regular than the one obtained using QE] [2herewMa = —2. Therefore,
as we have determined all the necessary conditions, we arénnposition to evaluate the retarded
distribution [3.6). For this purpose we use the regulattapdj formula [3.14) to write

(Do (tk) — Dim, (tK))
} sgn /d 1—t+sgn(kg)iO*

Ruv (K) = |Gy — (1~ 5)

t2D} (tk)
1—t+sgn(ky)iOt’

i

— (1- &) kuky 5-sgn(ko) / dt 4.7)
T

In order to evaluate the dispersion integrals one can makefute explicit expression for the propa-

gators:Dg (k), Dm, (k), andDj (k), Eq.[Z.38). Finally, we find the expression for the electagmetic

retardedpropagator

- kyky 1 - a R A
Rue 00 = g — (1-8) 5 } [Ro(K) — Ry (K)] — (1— ) Kk R (K) (4.9)
where we have defined the following quantities kKér> 0:
A B P 1
A - P 1
Row () = = (2m) oo (4.9b)
N L 1 2
Ry (k) = — (2m) <k2+sgn(k0) i0+) . (4.9¢)

Although Eq(4.2) provides several terms, we can consider only those asedoiéth the Bhabha
scattering contributionl, (x1, x2). This contribution is obtained from the relation:

To (X1,%2) = Ro (X1, %2) — R, (X1, %2) (4.10)
whereR; is the retarded part d». From the previous results we have that
Ra (X1, %2) = —ie?: ¥ (x0) V¥ (x1) Ruy (X1 —%2) P (%) Y W (X2) : - (4.11)
It then follows that the complete contributidn can be written

To (X1, %) = —i€?: P (x0) Y (x1) Dy, (Xa —X2) ¥ (%2) Y Y (%2) * (4.12)
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whereDIFN is defined, in the momentum space, by the relation:

A

DLy (K) = Ruy (K) — Ry, (K). (4.13)

Therefore, by replacing the expressions Ry, and IQ’W = IIA)L_V), Eqgs.(4.8) and (2.27), respectively,
we obtain the following expression for the propagaﬁ)@(,:

5 kuky1 . .
B (9 = g — (1) 2] (85 00 ~BF, 00) ~ (1~ DlouksOF (. (410
with the quantitieDf, Df, andD{ given by@
. 1 . 1 \? . 1
F_ -2 IF_ -2 F _ -2
Do = =M “foigr: Do =~ (7 <m) + P ==020 oo
(4.15)

This is thegeneralizedbhoton propagator in theonmixinggauge condition. Moreover, it should be
emphasized that all the poles are well-defined in[Eq.(4WHAgre we have used neither the Feynman
ie-prescription nor the Wick rotation [21, 28].

4.1 Bhabha's Cross Section

By definition, a transition probabilitfPs; is given as[[20, 21, 28]

Pri = (|we). 1u)? = [sul?= [ (w870 - (4.16)

But this quantity has no meaning if it is not written as a fumetof wave packets: it must also
consider the states describing Bhabha scattering, witmitiel stated; (pi) bI;i (gi)|Q) and the final
stated{, (pr) by (ar) |Q) written, respectively, as

) = [ rcat (pr, a0l ()b (6)|9), (4.17a)
s ) Z/d3p2d3QZ¢’f (p2,02) A, (p2) bY, (02) Q) (4.17b)

where(q;, 6i) and(qy, ot ) are the momentum and spin of the ingoing and outgoing electespec-
tively, whereagpi,s) and (pf,sf) are the momentum and spin of the ingoing and outgoing positro
respectively. Moreover, to obtain the simplest case wd sbakider a set of orthogonal wave pack-
ets, and we take into account the fact that the initial waek@® are concentrated i, g; and have
fixed spins. Furthermore, if we consider the ingoing elect as a target and defineas the rela-
tive velocity of the ingoing positron, then, for an averagknler of radiusk parallel tov, we arrive

at [11/20]

1 [(2m)?
ZPH(R):W[(WE /d3p2d3QZ5(p2+QZ—IOi—Qi)\Mscfisfm(pi,Qi,pz,OI2)}2 , (4.18)

SThese are obtained from Eqs.(2.20), (2.23), (2.26) and)429¢).
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whereM is a distributional quantity related to tisematrixby Eq.[B.9). The scattering cross section
in the laboratory frame is given by [11,/20]

o= lim nRZZ’Pfi(R), (4.19)

R—o0

which can be written in a Lorentz-invariant form as a funetid the normalized electron massand
the energies of the ingoing fermions [11} 20],

0= (ZH)ZM > /d3p2d3QZ5(p2+QZ— pi — i) | Msaisior (i O, pz,CI2)\2~ (4.20)
(pigi)®— P sior
For simplicity, we shall not consider the polarizations leé ingoing and outgoing fermions; hence,
we shall consider the sum ovsy and o, and the average overandg;. Finally, we can write the
differential cross section in the center-of-mass fram&20],
do et
dQ  32(2m)2E2

with E = E (p;), ands, t, u are the Mandelstam variableés [11], defined as follows

F(st,u), (4.21)

s=(p+a)? = (pr +r)° = 2m* +2(ps.qs) , (4.22a)
t=(pi—pt1)°= (q—ar)* =2 —2(q.qr), (4.22b)
u=(pr—q)° = (p—ar)’ =2m*—2(pi.q¢). (4.22¢)

The functionF (s,t,u) is given by Eq[(B.1I7),
[P+ +8mPt—8nf]  [P+t24+8mPs—8m?] _ [u2—8mPu+ 12

S o)

Furthermore, we see that whem, — o this expression reduces to the QED one [20], a fact that is
in accordance with the relation between the Podolsky to Madixeories. Therefore, the Podolsky
mass is larger than the electron mass- 0,510MeV; for instance, in Ref/[10] it was obtained that
my > 37,59 GeV. Hence, we can conclude that in the nonrelativistic and teemergy regime the
differential cross sections are the same ones as those in[QEDOnN the other hand, this indicates
that GQED effects must be considered in the so-called higigy regime,

F(st,u)= (4.23)

mP < s~ |t] ~|u. (4.24)
Thus, we conclude that the terms associated to the electasa im Eq[(4.23) can be neglected. Thus,
the differential cross sectioh (4]21) in the high-energyme is given b
S+ U2 u? 412 u2
2t g(1s) (=) (1 t)}'
2(1-5)" #(1-3) m) "7 m

6A detailed calculation of this quantity can be found in ApgisiBl
’In this expression we introduced the fine-structure constar- € /41, and,/s = 2E is the center-of-mass energy;

see Eq[(4.29).

do _ o
dQ 2s

(4.25)
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This relation is identical to the phenomenological formafaBhabha scattering. Hence, we can
identify the free parameten, as being related to the phenomenological cutoff paranfetef32].
In Ref. [33] (TASSO collaboration) measurements of theetléhtial cross sections were presented at
95% C.L. and at total central-of-mass energy@2V < /s < 46,8 GeV, which results in the value
my > 370GeV, other experiment measurements [34] led to values of the sader of magnitude for
M.

For practical reasons we also consider the high-energyneebelow the Podolsky mass

m < s~ |t| ~ |u] < mg, (4.26)

thus, in the leading-order term ﬁf Eq.(4.28) can be written as

SL4+ud U+t WP 1 /L4202 2u2+t2
.’F(s,t,u)z( ot g +2§)+2@< — )

Moreover, the differential cross section is conventignallaluated in the center-of-mass frame, where
we have the relations

(4.27)

pi=—0i=p, pr=—0qr, E(p)=E(a)=E, E(pr) =E(ar). (4.28)

Besides, from energy-momentum conservation it follows: tBapi) = E (pr) — |pt| = |pi|, and by
defining6 as the center-of-mass scattering angle the Mandelstaablesi(4.22a):(4.22c) read

6 .50
S=4An? +4p® =4E?, u= —4p2c052§, t= —4p23|n2§. (4.29)
Finally, after some manipulations, we obtain the followmgcome for the differential cross section:

do a? (cos®+7)° a? (45cos +6cosP+3cosP +42)
dQ 256E2 sin4g 32mg sinzg '

(4.30)
This expression adds an additional term to the usual ulataristic limit of the Bhabha formula,
which we shall call th&sQED correction to the ultrarelativistic limit of the Bhahlfiormula

Furthermore, we can identify the first term in £q.(4.30) as@ED contribution and the second
as the GQED correction. Thus, the GQED correction to Bhalbh#esing may be evaluated using

the formula
do\ GQED do\ QEP
5= <d—Q) /(d—Q) —1. (4.31)

Thus, we can obtain the expression

. (4.32)

_— (\/§>2 (sir?§) (45cosd +6cos D + 3cos P +42)
B My (cos B +7)?

On the other hand, as aforementioned, the study of Bhablitesog is relevant mainly be-
cause it is the process employed in determining the lumiyphsate et colliders; in fact, we have
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L = Ngha/Gth, WhereNgy, is the rate of Bhabha events agg is the Bhabha scattering cross section
obtained by theoretical calculation [35]. There are twoekmatical regions of interest for the lumi-
nosity measurements: one is the small-angle Bhabha (SARIteps, which is found at scattering
angles below § and is mainly dominated by thhechannel photon exchange; the other is the large-
angle Bhabha (LABh) process, which is found at scatteringjeanabove & and receives important
contributions from various-channel (annihilation) exchanges. The SABh proeess — e e’ is
employed in determining the luminosity and, hence, the lalbsmormalization of the cross section
expression for all othez e" collisions. Moreover, since the luminosity is dominatedabpton ex-
change its contribution is calculable, in principle, bytpdsative QED with arbitrary precision. Thus,
in the GQED approach we can calculate the lowest effect antiigory to the SABh process. Thus,
by expanding Ed.(4.32) for small angl@s« 1, we have that the correction is

V3\?3 5
o=——| -6~ 4.33
(ma 4 ( )
Besides, we can rewrite EQ.(4130) for the differential sresction at small angles,
do  4a? 1 EN?| .,

Thus, we can see that the GQED deviation for the luminosityabeses at the second-order term the
usual QED contribution.

As an additional remark, note that at the International &meollider (ILC) [36], one can reach
part-per-mil accuracy with regards to the theoretical daltion, || < 0.1%. Also, the ILC operates
at different center-of-mass energies, running, in prilcipp to./s = 500 GeV. In particular, we
can calculate the GQED correction at the energy correspgrtditheZ resonance, ay/s= 91 GeV,
for the SABh process when considering an angle as small;dsehce, using the previous result for
the lower Podolsky mass, = 370 GeV, we can estimate the GQED correction to be on order of
0 = —0.035%, a value that is within the expectations of high-plienifuminosity measurements.

Moreover, for the LABh process, we see from EQq.(#.32) thaGIQED correction increases when
the angle increases, taking its maximum valué at90°. Hence, in this case EQ.(4]32) takes the form

0=— is 2. 4.35
() 49

Although the QED contributions dominate the radiative eotions to the LABh scattering at in-
termediate center-of-mass energids- 10GeV), we may still have the presence of contributions
from GQED corrections in this region. For instance, from(&g5) at,/s = 10 GeV and with a
Podolsky mass, = 370GeV, we can roughly estimate the GQED correction to be on therartle

0 =—0.073%, a value that is within the expectations of high-ptieaigiminosity measurements [37].
For higher center-of-mass energies the electroweak d¢ansg such as the Z-boson exchange, begin
to be relevant, so a more careful analysis must be made.
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5 Concludingremarks

In this paper we have discussed Bhabha scattering in thefvank of generalized quantum elec-
trodynamics. The theory was quantized in the framework @tusal method of Epstein and Glaser,
where this perturbative program gave us consistent resitlisregards to general physical require-
ments, such as causality, as well as mathematically wélhelk quantities, as it is embedded in the
realm of distribution theory.

This approach takes into account asymptotically free dandi, and thus the the Dirac equation is
used for fermionic particles and the Podolsky free field &igunas used for the photon. Moreover, in
the latter we considered the so-called nonmixing gaugeittondWith this gauge condition we were
able to find a suitable expression for the free electromagpebpagator that clarified its physical
content. Also, since the physical result of the transitiophtude of a given scattering process is not
affected by the particular value of the gauge-fixing par@mé&f we have considereél = 1 in our
calculations.

In our analysis of Bhabha scattering we found that our "reglergy” formula has the same form
as the phenomenological formula, which considers the tpafimeter or Feynman regulatér, .
Thus by identifying the Podolsky mass as this cutoff par@amete were able to find a bound for
the free parameten,. Hence, from electron-positron scattering withGaV < /s < 46,8 GeV, it
follows thatm, > 370 GeV. Moreover, from this result we can estimate the GQED coiwastto
the luminosity: for the SABh process ét= 5° and./s = 91 GeV the correction-0.035%, and for
the LABh process at af = 90° and /s = 10 GeV the correction is-0.073%. These results are
in accordance with the expected high-precision measureneéithe future ILC. When we compare
our result with the value of the Podolsky mass obtained in €], my > 37.59 GeV, we see that
even this previous result was obtained by considering éxgertal data of the electron’s anomalous
magnetic moment; this previous result is one order loweris Bapport the idea that an electron-
positron collider is an excellent experiment to study newiipla physics.

In addition, there are many other processes that may receiteibutions from GQED, in partic-
ular, since at high energies, photon and Z-boson contdbstare of the same order of magnitude, we
may argue that GQED could also provide a contribution to ténal-current Drell-Yan process [38]
(being presently measured at the LHC with high precisiowjdéntly, the calculation of the GQED
contribution to the Drell-Yan process is very similar totthaed in the Bhabha case.

We believe that generalized quantum electrodynamics stasié reasonable leptonic-photon in-
teracting theory and, moreover, it can cope with many "higargy” deviations from experimental
results, by introducing the Podolsky mass. Once we haveaje all of the principal ideas of the
causal inductive program, given in the $éc.2[a@nd 3, we arg@os#ion to perform some analyses. (i)
A first step in this direction may be the explicit computatéord discussion of the other second-order
terms, in particular, the GQED one-loop radiative cor@udi such as the vacuum polarization, the
fermion self-energy, and the three-point vertex functiéor this purpose, we will make use of the
full strength of the Epstein-Glaser causal approach, wividhead naturally to well-defined and reg-
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ularized quantities. (ii) On the other hand, we may studyesother physical properties which were
not considered as part of the constructed axioms, like therelie symmetries: parity, time-reversal
and charge conjugation. In particular, we want to examieeGQED (re)normalizability and gauge
invariance within the perturbative causal approach [38], to show that the Ward-Takahashi-Fradkin
identities are satisfied perturbatively order by order.SEissues and others will be further elaborated,
investigated and reported elsewhere.
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A Dirac’'sdeltadistribution properties

In this appendix we summarize some properties of the Ddralistribution [26]. If ¢ is a test
function, the definition for the Dirad-translated distribution

¢ (£om) = (3 (koF wm) , ¢ (ko)) - (A.1)
Moreover, from this definition we may also obtain its defivatn = 0, 1:
™ (£an) = (~1)™ (8" (o F @) . ¢ (ko) ) - (A-2)
Another important relation involves
L (14 [o0 D (axp)
0 5(1) 2_p2) _ (1+!) | A.3
(£a)d™W (a®—p?) ij;(l—l)! 2B | (A.3)
with B > 0. In particular, we have
> 2y _ O(koF wm)
6 (+ko) 6 (k5 — aip) = 2w (A.4)

Two important identities of the Dirad-distribution are its scale property and its Taylor expansi
respectively,

m (X _5/gnsM _
5 (B) |m;35n(x), n=0,1,... (A.5)
5(x— ) = ;(‘nﬁ) 5 () B (A6)
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B Transition amplitude for Podolsky’s photon exchange

To calculate the matrix amplitude for Bhabha scattering sivall consider the following initial
state|() and final stateyy )

i) = dd (pi) bl (ai)]Q), (B.1)
lwe) =dd, (pr)bY, (ar) |Q), (B.2)

where(q;, gi)and (qs, o) are the momentum and spin of the ingoing and outgoing electespec-
tively, and (pj,s) and (pf,sf) are the momentum and spin of the ingoing and outgoing positro
respectively. Thus, the transition amplitude at the se@sddr in the coupling constant, in the causal
approach, is given by the expression:

— (ISl w) = 5 (wr | [ T a0 ). ©3)
By substituting the expression fs from Eq.[4.12) into the above result we have that
i€ [ 4 u
St = —g/d xd X2<llff

We have that the Dirac field free solutions are givenby [21]

B 0xa) YA (50) Dy (50— x2) B x0) Y (2) ‘w> (B.4)

dsp —ipX T i pX
00 =3 [0 (o) ue(p) el (o) vs(p) €% (8.52)
s/ (2m)?
3 _ .

F0=3 | oo [BOE0)E e (B.5b)
where the pair of operatobs,, b} anddsl d{ satisfy the anticommutation relationbs, (p1),b{ (p)} =
05,50 (P1—P) {dSl p1) ,dT(p)},WhHe any other anticommutation relations vanish. Hemmecan
obtain

Wbl (p)|Q) = Q) (2m)~*2us(p) e P, (B.62)
god! (p)]1Q) = 1Q) (2m) 2 Vs (p) e 1P, (B.6Db)
(Q[bs(p) F(x) = (2m)>20s(p) P (Q, (B.6¢)
(Q[ds(p) @ (x) = (2rm)~*2vs(p) €PX(Q , (B.6d)

where|Q) is the vacuum state angk andvs are the positive- and negative-energy Dirac spinors,
respectively. Thus, after some algebraic manipulatios ttAnsition amplitudd (Bl4) can be written
as:

Sti = _iez(zn)_G/d“xld“xzDEV (X1 — Xp) & Patiane
" [V_S (P1) V¥V (Pr) Uoy (dir) ¥* i () P19

Vs (Pi) Y!Ug; (0 Ugy (0t ) y¥Vs; (py) e atiPrxe] (B.7)
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Moreover, by means of the distributional property,
/ d*x1d*xeDf, (¥ —x2) €74 1% = (2m)° 5 (p+q) Df, (p). (B.8)
we finally can write the transition amplitude in the shorinfor
Sti =0 (Pr+09r —pi — i) M, (B.9)

whereM is the matrix amplitude for the Podolsky photon exchangeclwis explicitly defined as
iM=¢ {f),ﬁv (pr — Pi) Vs (Pi) V¥'Vs; (Pf) Uoy (Af) V¥ Ug, (Gi)

— D}y (—pi — i) Vs (Pi) V¥ Ug; (0 Ugy (ar) V¥Vs; (P£) |- (B.10)

As is easily seen, the transition and matrix amplitude ath distributions, and thus they only have
meaning when wave-packets are considered.

In the calculation of the Bhabha scattering cross sectib®eat.[4, we consider the sum over
the final spins and the average over the initial spins; theshad make the substitutic}p\/ﬂ2 —
%1 > > |M|2. Hence, from EqL.(B.10) we can evaluate the quantity:

§701 (01
M =¢* {5235 (Pt — Pi) U, (ai) ¥ Uo, (af) Vs (Pr) VHVs (Pi)
— Dy (—pi—ai) Vs (Pt) YUy (at) Uoy (a) YH'Vs (m)}
. [f)g,g (Pt — 1) V& (1) Y*Ve, (Pr) Ty (1) VPt (1)
B (P ) ()Yl (9 (a1) s )] 1)

Nevertheless, in order to calculgley 3 |M|* we can use the completeness relations for the four-
S, 0i Sf,0¢

spinor [21], 5 us(p) Us(p) = Y5ET andy vs (p) Vs (p) = YB="; thus, after some calculation we obtain
S S

that

1 2 et

4s,zaisgff M ~64E (p)E () E (pr) E (ar)

X {—51‘5 (pr — i) DS g (—pi — ) Z5PH (ar, pr, piai) — (pr = —a)

(B.12)

+DO5, (pr — pi) B g (pr — pi) =P (ai g, m) =47 (pi, ps, —m) + (pr = —q;) }

whereE indicates the energy of the corresponding fermion, and we Hafined the quantities
=PV (p,g,m) =tr [Vﬁ (v.p+m)y" (y.q+ m)} : (B.13a)
=yPH (qr, pr, pi,Gi) =tr [yv (v-ar +m) ¥P (y.pr —m) y¥ (v.pi —m) v (v.qi + m)] . (B.13Db)
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Since the longitudinal part of the photon propagibﬁ(,, Eq.(4.14), does not contribute to the tran-
sition amplitude, we can choose, without loss of generdlity gauge-fixing parameter to fe= 1.
Also, by using the properties of thematrices we can evaluate:
9uv9ap=P" (g, qr,m) =H% (pi, pr, —m) = 8 [s*+ u? + 8t — 8], (B.14a)
9uvdap=s M (ar, pr, pi, G) = 8[—u? + 8mPu—12m"], (B.14b)

wheres, t, u are the Mandelstam variables [11]. Finally, with the abasaitts, we find that

1

123 M e

4 &5 5o 8E(pi)E(Qi)E(pf)E(Qf)

. { (€ 4+ P+ 8Pt — 8] [BF —B%, | (V) [BF —BF.] (Vi) + (s = 1)

(B.15)

| W~ 8Pu+ 12 [BF —B%]" (V) [BE —BF.] (v&) +(s= 1) }

Nevertheless, from the definition of the massless and magsopagators, EQ.(4.115), we obtain the
relations:

- (B.16a)

[B6 ~Bf,]" (k) [B5 ~ D] (a) + (a= k) = (2m)~*

A (1_%> (1_%>~ (B.16b)

Finally, substituting the above relations in (B.15) anéaftome simplifications, we obtain that:

8r's? [1 2]
F(stu=—7p |7 M
st |13 3 m
2 B 2 12 _ 2_
_ [+ +8nt 28m4] N [U?+t2 4 8nPs 28m4} ) u 8:‘2“12:'4} . (B.17)
“(1-%) -z (R0
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