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Resumo

A presente tese tem como objetivo a formulação da supercorda compactificada
em orbifolds no formalismo de spinores puros. Para isso, a prescrição de espinores
puros é adaptada ao cálculo de amplitudes topológicas na teoria de supercordas
de tipo II.

Resulta que uma versão mais simples em quatro dimensões do fantasma
b é suficiente para obter a resposta correta no cálculo dessas amplitudes, cujo
regulador no formalismo não mínimo não precisa ser modificado em genus de
ordem superior. Além disso, para que esta prescrição funcione, o espaço de
espinores puros deve ser restrito para certas regiões correspondentes a espinores
quirais ou antiquirais em quatro dimensões. Os cálculos usando os formalismos
de RNS e híbrido, assim como os tópicos necessários para entender o cálculo de
amplitudes a varios loops, são discutidos com fins de comparação.

Palavras Chave: Supercordas; Formalismo de Espinores Puros; Amplitudes a
vários loops; Amplitudes Topológicas; Compactificações em orbifolds; Formalismo
RNS.

Áreas do conhecimento: Física; Física de Altas Energias; Teoria de Supercordas.
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Abstract

The purpose of this thesis is to study orbifold compactifications of the pure
spinor formalism for the superstring. This is done by adapting the pure spinor
prescription to computations of topological amplitudes in type II superstring
theory.

It is found that a simpler four-dimensional version of the b ghost suffices to
calculate these amplitudes giving the correct answer, where the usual regulator of
the non-minimal pure spinor formalism does not need to be modified at higher
genus. Also, in order for this prescription to work, one has to restrict to certain
patches of pure spinor space of chiral or antichiral spinors in four-dimensions. The
computations in the RNS and hybrid formalisms, as well as the necessary topics
needed to understand amplitude computations at higher loops, are also discussed
for the purpose of comparison.

Keywords: Superstrings; Pure Spinor Formalism; Higher-loop Amplitudes; Topo-
logical Amplitudes; Orbifold Compactifications; RNS Formalism.
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Chapter 1

Introduction

String theory is the most prominent theoretical attempt towards a proper un-
derstanding of quantum gravity. Its original development, having its roots in
the search for an adequate description of the world of hadrons and their inter-
actions under the name of Dual Resonance Models, suddenly became a quest
for unification of all fundamental forces of nature, and thus, for a solution to the
long-standing problem of reconciling general relativity with quantum mechanics.1

In the course of its development, other fascinating areas have emerged from
it or shown to be related with previous concepts not in appearance connected to
the string world. Two-dimensional conformal field theory and its applications
to condensed matter systems and statistical models, the relation between super-
symmetry with the geometry and topology of manifolds, string dualities and
non-perturbative physics, mirror symmetry, among other subjects, have benefited
enormously from and have inspired further advances in string theory.

The basic picture is that of a string moving in spacetime. Many structures
appear when this classical system is quantized; moreover, consistency at the quan-
tum level imposes serious restrictions on the possible string theories constructed.
One of the well known consequences of these constraints on the theory is dimen-
sionality allowed for the spacetime in which the string is moving. The simplest
case of a one-dimensional dynamical object whose embedding in spacetime M is
described just by coordinates in M implies critical dimension 26. The restriction is
put by the vanishing of an anomaly that potentially appears at the quantum level;
an anomaly of a powerful two-dimensional symmetry of the string worldsheet Σ:
conformal invariance.

The original bosonic action is actually reparametrization invariant. The po-
sitions of the string in target space are matter fields for a gravity theory on the
worldsheet. After gauge-fixing, conformal invariance remains as a residual sym-

1For introductions to string theory see [1, 2]. A historical exposition of the first years of
development by some of its creators is given in [3].
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Figure 1.1: Worldsheets for open and closed strings

metry, generated, although, by an infinite set of operators.2 These operators realize
an infinite dimensional Lie algebra known as the Virasoro algebra. Besides, and
as is well known, a proper quantization requires the introduction of ghosts asso-
ciated to the local symmetry of the model. At the end of the day, one is dealing
with two conformal systems, the one consisting of matter fields xm (m = 1, ..., 26)
and the other, of reparametrization ghosts (b, c) which are fermionic fields. The
potential anomalies of these systems cancel each other precisely for the number of
dimensions D = 26. The important thing to notice is that, in principle, one could
replace the matter system xm by any other conformal field theory whose anomaly
is of the same amount, and exactly cancels the conformal anomaly of the ghosts.

This basic framework can then be further explored by putting more structure
into either one of the components Σ or M of bosonic string theory. For example,
in order to describe spacetime fermions, it was found necessary to extend the
Virasoro algebra of conformal generators to a graded-algebra which contains
anticommuting as well as commuting generators. This is precisely one way
supersymmetry was discovered in the early days of string theory. In essence, one
could either supersymmetrize the worldsheet or the target space. Both ways one gets
to a more or less satisfying description of the superstring. The critical dimension
of this theory is 10 instead of 26, and its spectrum is spacetime supersymmetric.
Nevertheless, the two ways of constructing such a superstring are very different

2Closed strings, one-dimensional loops moving through spacetime, have actually two sets of
operators. Their modes are split into right- and left-moving sectors, which more or less decouple, as
will be discussed later. For open strings, line segments moving in spacetime, boundary conditions
reduce these two sectors into one. For brevity in exposition, in the following, only the left-moving
sector of the closed string is discussed explicitly. Analogous considerations hold for the right-
moving sector or for the open string, unless otherwise indicated.



Chapter 1. Introduction 3

from each other in appearance.

Superstring formalisms

Supersymmetrization of the worldsheet leads to a version of the superstring
known as the Ramond-Neveu-Schwarz (RNS) formalism. Spacetime supersym-
metry is not manifest, and it is not even achieved before a specific projection
on the Hilbert space of string states is performed. Nevertheless, conformal field
theory techniques allow for covariant quantization of this RNS superstring. Their
basic ingredients are worldsheet supermatter xm, ψm (m = 1, ..., 10), where ψm are
fermionic worldsheet fields, reparametrization ghosts (b, c), and superconformal
ghosts (β, γ).

Once the spectrum of a quantum string is obtained, interest concentrates on
the study of string interactions. This is, of course, carried out computing scatter-
ing amplitudes. These can be constructed using the path integral formulation;
ultimately, one has to compute two-dimensional correlation functions of vertex
operators inserted on the worldsheet, to describe interactions in a ten-dimensional
target space. The vertex operators carry the information of external string states
of the amplitude, so to each state in the string Hilbert space one can associate an
appropriate operator.

The most notorious complication with respect to the bosonic string is that now,
the superstring spectrum contains spacetime fermions. The spin-statistics relation
in M requires these new states to be spacetime spinors, and it is not obvious at first
sight how to construct vertex operators for these states from the basic ingredients
of RNS. The search for a fermion vertex led to the application of bosonization into
string theory. The (β, γ) system is related to a mixed system consisting of φ and
(ξ, η), where φ is a chiral boson with negative kinetic term. The construction is
made with the use of spin fields for operators constructed out of exp(±φ) and
ψm. These spin fields, however, create branch cuts on the worldsheet; fields like
ψm change boundary conditions around spin field insertions. Fields like ψm and
β, γ can actually have periodic or antiperiodic boundary conditions along the
string, giving rise to two sectors (for left-moving fields, and independently for
right-moving counterparts) denoted by R and NS; spin fields interpolate between
them.

This phenomenon has another crucial effect. When studying string interactions,
one has to take into account all possible geometries of the worldsheet in the path
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integral. Furthermore, on has to include a sum over all topologies allowed by
the string model. For closed (oriented) strings, these correspond to compact
Riemann surfaces, two-dimensional surfaces with handles: the sphere (no handles
at all), the torus (one handle), and higher genus surfaces as well. Starting from the
torus, ψm and β, γ fields can take antiperiodic boundary conditions around non-
contractible loops of these surfaces. A genus g surface contains 2g independent
loops of this kind, so there are 22g classes of possible field configurations. These
are known as spin structures, and the inclusion of all spin structure contributions
to the amplitude, with appropriate relative weights, turns out to be crucial for
the spacetime supersymmetric projection mentioned before. The sum over spin
structures significantly complicates amplitude computations at higher genus, and
this is related to the lack of manifest target space supersymmetry in the RNS
formalism.

Figure 1.2: Genus expansion of oriented closed Riemann surfaces

This is enough motivation for considering alternative formulations which
could maintain target space supersymmetry manifest; the Green-Schwarz (GS)
formalism precisely does the job.

In ten dimensions, N = 1 superspace contains anticommuting spinors θα

(α = 1, ..., 16) which are Majorana-Weyl, besides the commuting coordinates xm.
One way to construct closed superstrings is to extend supersymmetry to N = 2,
having now two Majorana-Weyl spinors and to promote them to worldsheet fields,
associating one spinor to the left- and the other to the right-moving sector. Two
different superstring theories emerge from this construction: type IIA, where left-
and right-moving spinor fields have opposite spacetime chirality3, θα, θ̃α; type IIB,
where both spinors have the same chirality, θα, θ̃α. The classical action in the GS
formalism is then supercovariant. It is desirable to bring this action to a conformal
gauge consisting of free fields, as in the RNS case. The main difficulty comes

3Right-moving worldsheet fields are denoted with tildes, and by the same symbol of the
left-moving counterpart, when it exists.
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from the fact that the GS string possesses a local fermionic invariance, known as
kappa (κ) symmetry, which is important to get the correct number of degrees of
freedom for the superstring. Unfortunately, a simple covariant gauge-fixing does
not exist for κ symmetry. Although it is possible to do a light-cone gauge fixing,
computation of multiloop amplitudes become extremely difficult as the number
of external string states and loops in the worldsheet increase.

To quantize the string action, it is convenient to bring it into first order form.
One defines the conjugate momenta of the coordinates and write the action as
a kinetic term plus constraints imposed by Lagrange multipliers. This is the
approach Siegel took when trying to quantize the GS superstring, introducing
momentum pα conjugate to the fermionic spinor θα. The complicated set of
constraints, necessary to describe the superstring at quantum level, cannot be
covariantly split into first and second class. This prevents, once more, covariant
quantization.

There is, however, one class of systems where this first order approach works
acceptably. All the discussion so far focused on string theories defined in a flat ten-
dimensional background. Of course, the observable universe is four-dimensional,
and the fact that gravity emerges from string theory allows for the possibility
that many non-trivial geometries could arise in principle. One such situation is
that of a superstring compactified on an unobservable six-dimensional manifold
K6, such that the background is expressed as M4 × K6, where M4 can be chosen
as the flat Minkowski four-manifold. If one manages to preserve supersymmetry
in four dimensions, then it is possible to design a Green-Schwarz-Siegel-like
formalism which is D = 4 supercovariant; superspace consists of xµ (µ = 1, .., 4),
corresponding to non-compact four dimensions, and pα, θα, pα̇, θα̇, (α, α̇ = 1, 2),
Weyl and anti-Weyl spinors of D = 4. In effect, this is achieved in Berkovits’
hybrid formalism. Here, worldsheet fields associated to the internal manifold are
described by RNS-like variables. One subtlety of this formulation is the appearance
of a chiral boson whose behavior is analogous to the φ boson coming from the β, γ

system in RNS. This turns out to reduce its effectiveness when computing higher
genus amplitudes. It took several years and many attempts before an ingenious
proposal was successful in quantize the superstring in a super-Poincaré covariant
manner.
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Pure spinors

The left-moving sector of type II superstrings has N = 1 supersymmetry gen-
erated by a supercharge

∫
dzqα, which is a sixteen-component spinor. None of

those sixteen supersymmetries is manifest in RNS. Moreover, to construct spin
fields out of fermionic matter ψm using bosonization, the full SO(9, 1) Lorentz
invariance, must be broken to U(5) after appropriate Wick rotation. On the other
hand four supersymmetries are manifest in the hybrid formalism. Actually, it is
possible to construct a U(5) formalism which preserves six of the sixteen super-
symmetries. Here it was noticed that U(5) preserves up to scale a special type of
spinor, the pure spinor. These pure spinors have interesting geometrical proper-
ties and, in particular, they were found to play a crucial role in the description
of ten-dimensional super-Yang-Mills (SYM) as coming from integrability along
supersymmetric lines.

The Pure Spinor superstring formalism is constructed out of the Siegel de-
scription with worldsheet fields xm, pα, θα by addition of a pure spinor bosonic
worldsheet system wα, λα. A pure spinor has eleven independent components
due to a set of constraints that it obeys in ten dimensions, λαγm

αβλβ = 0.4 These
constraints generate gauge transformations of the conjugate momenta wα which
allows to eliminate five of them; it also has eleven independent components.

The central charge of the combined conformal systems adds up to zero, and
there are no reparametrization or superconformal ghosts; it is the pure spinor
and its conjugate momenta which are interpreted as the bosonic ghosts of the
superstring. This intriguing feature is related to the fact that there is still no
satisfactory gauge invariant action from which the pure spinor superstring can be
derived by some gauge-fixing procedure. Modern BRST covariant quantization of
bosonic and RNS strings allows for a detailed description of the spectrum using a
fermionic charge QBRST. Physical states are defined as those annihilated by QBRST

(closed) modulo states which can be written as QBRST of something (exact). This
cohomological structure is translated in string amplitudes as the requirement of
decoupling of BRST-trivial external states. Instead, in the pure spinor formalism
a BRST charge Qps is postulated from the beginning, and reads Qps =

∫
dzλαdα

where dα is one of the constraints appearing in the Siegel superstring. Using this
charge it is possible to derive integrated U and unintegrated V vertex operators.

4Pure spinors in even dimensions are always Weyl or anti-Weyl. Gamma matrices γm
αβ corre-

spond to one of the off-diagonal blocks of D = 10 Clifford matrices in the Weyl representation.



Chapter 1. Introduction 7

Then, tree amplitudes are computed in analogy with the prescription for bosonic
strings.

On the other hand, higher-loop amplitudes in the bosonic and RNS cases are
known to require insertions of the reparametrization ghost b. At genus g ≥ 1,
infinitesimal diffeomorphisms times Weyl rescalings of the metric do not com-
pletely fix it. Variations orthogonal to these gauge transformations exist, and
they correspond to the moduli of the Riemann surface Σg. The amplitude must
contain an integration over the moduli spaceMg of genus g Riemann surfaces Σg.
In particular, a surface of genus g ≥ 2 has a moduli space of dimension 3g− 3.
The effect of gauge fixing inside the path integral is the appearance of 3g− 3 b
ghost insertions in the correlator. It is evident now that the pure spinor formalism
cannot compute higher-loop amplitudes as it stands. One possible solution is to
allow for a composite field which has the main properties as the reparametrization
b ghost: being fermionic, satisfying {QBRST, b} = T for the total stress energy
tensor T of the conformal model, and so on. The initial formulation does not
allow for the construction of such a composite b ghost unless picture changing, an
important feature of the RNS formalism, is also introduced here. Nevertheless, it
is an extension of the original (minimal) pure spinor formalism which is better
suited for multiloop amplitude computations.

There is another situation in which computation of multiloop amplitudes re-
quires the insertion of 3g− 3 copies of a composite fermionic operator to take into
account the moduli space integration: the topological string. Roughly speaking this
string is generally constructed as the coupling of a twisted two-dimensional N = 2
superconformal field theory (STCFT) with worldsheet gravity. Already in the RNS
superstring, N = 1 SCFT appears as a residual symmetry after gauge-fixing. The
N = 2 case, containing two fermionic generators instead of just one, is not derived
here from such process but set out from the beginning. Furthermore, it is not a
supersymmetric model but a twisted one. Twisting of supersymmetric N = 2 the-
ories is a nice way to construct models whose correlation functions do not depend
on the (full) metric put on the manifold where the theory lives. That is the reason
such theories are called topological. The composite operator playing the role of
the b ghost is one of the fermionic generators G− of the superconformal algebra; it
has spin two and satisfies {QBRST, G−} = T. The amplitude prescription at any
loops in these models just mimics that for the bosonic string.

It is nice that after, adding a BRST trivial quartet of fields, the resulting non-
minimal pure spinor formalism has the structure of a twisted N = 2 topological
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string. The additional fields consist of bosonic w̄α, λ̄α, and fermionic sα, rα systems,
where λ̄α is a pure spinor of opposite chirality with respect to λα. As for rα, it is

a constrained fermionic field obeying λ̄αγ
αβ
m rβ = 0; a constraint which generates

a gauge transformation on sα. Hence, all these variables have, each one, eleven
independent components. They decouple due to the well known quartet mecha-
nism, after suitable modification of the BRST charge. A desired composite b ghost
appear as the G− generator of the twisted N = 2 superconformal algebra so that
computation of higher genus scattering amplitudes are possible to define.

One remaining subtlety has to do with integration over bosonic zero modes of
λα, wα, λ̄α, w̄α. As expected, the naive integral diverges; however, by defining an
appropriate regulator it is possible to render the scattering amplitude well defined.

The non-minimal pure spinor formalism is a powerful framework with which
to compute multiloop amplitudes that are extremely difficult to deal with using
the RNS formalism. It is manifestly super-Poincaré covariant so that the sum over
spin structures is no longer required. Nevertheless, the origin of pure spinors
in the superstring remains an open problem, although interesting explanatory
attempts already exist. Comparison with computations performed in RNS could
be helpful in trying to understand the pure spinor formalism from first principles.

Four dimensions and effective actions

All string theories contain gravity. The first manifestation of this is the appear-
ance of a massless particle of spin two in the closed string spectrum. Of course,
this is not enough to guarantee a generally covariant theory. Nonetheless, by
analyzing string scattering amplitudes involving gravitons, it is possible to show
that this spin two-particle couples to the theory in a gauge invariant way. Another
use of string amplitude computations is related to the fact that, at low energies, it
is expected for the string theory to reduce to ordinary quantum field theory. The
last one will appear as an effective field theory, and its properties could be derived
from the corresponding string by taking some low-energy limit, which turns out
to be pictured as the limit where strings degenerate to points. A natural way to
obtain information about the effective field theory lagrangian, for example, is to
look for terms that reproduce field theory limits of corresponding string scattering
amplitudes.

On the other hand, four-dimensional physics can be obtained from superstring
theory by compactifying on an appropriate internal manifold K6. Since, the precise
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nature of this six-dimensional manifold will strongly depend on the features of
phenomena in Minkowski space M4, one could ask which internal model repro-
duces the observable world. Specifically, the couplings and quantum numbers
of particles in the effective field theory will depend in turn on the topology and
geometry of the internal manifold. In spite of this task being too far from being ful-
filled, string phenomenology was already used as a very rich laboratory where to
study aspects of supergravity theories and stringy corrections to four-dimensional
physics, as well as to get a better understanding of string theory itself.

One beautiful aspect of string theory is that it modifies and generalizes classical
geometry in a consistent (although not well understood) way. Heterotic strings and
orbifold target spaces are two examples of this. In heterotic strings, the left- and
right-moving sectors are of different nature, the first being supersymmetric N = 1,
whereas the second is bosonic. So, the left-movers describe a ten-dimensional
target space, while right-movers, a space of 26 dimensions. The other example
consists of orbifolds. These are spaces which are smooth everywhere except at
some singular points (or other lower-dimensional submanifolds); they are obtained
as the quotient of a smooth manifold by one of its discrete isometries. The nice
behavior of quantum strings moving in this singular spaces has no counterpart in
the particle case. All these ingredients appear when studying four-dimensional
compactifications of superstring theories.

For phenomenological reasons, initial interest historically appeared in the case
of classical background configurations for the heterotic superstring which pre-
serve N = 1 supersymmetry in four-dimensional Minkowski spacetime. This
requirement puts strong restrictions on the type of internal manifold on which
the compactification has to be done; the manifold must be of a very special type:
a Calabi-Yau (CY) threefold, which can be further abstracted (and generalized)
to a class of c = (9, 9), N = (2, 2) superconformal field theories on the world-
sheet. Since heterotic superstrings are closed strings and the vacua gives N = 1
spacetime supersymmetry, one expects the field theory to be consistent with four-
dimensional N = 1 supergravity. For the Calabi-Yau case, the spectrum contains,
besides the gravitational supermultiplet, gauge supermultiplets, a set of matter
chiral superfields in the some representations of the heterotic gauge group, and cor-
responding moduli superfields with flat potential for their scalar components. The
low-energy lagrangian is obtained computing appropriate scattering amplitudes.

Tree level (sphere) scattering amplitudes will give the classical part in spacetime
of the effective field theory. For instance, the metrics on the space of the different



Chapter 1. Introduction 10

types of scalar fields can be computed by the two-point string amplitude, with
appropriate vertex operators for the scalar fields. Then one can use N = (2, 2)
superconformal invariance to relate the kinetic terms of the moduli with those of
the corresponding matter fields. The spacetime loop corrections to this lagrangian
are then obtained by computing g-loop (higher genus) string amplitudes.

Although initially, heterotic strings were most intensively studied, type II
superstrings seemed more natural for compactifications on N = (2, 2) SCFT.

Topological string amplitudes

Topological strings obtained by twisting an N = 2 SCFT and coupling to
worldsheet gravity comes in two flavors. This is because in the case of closed
strings the twisting can be done in the left- and right-moving sectors independently.
Twisting consists of changing the spin of fermionic generators using the U(1)
current J of the N = 2 SCFT, and this can happen in two ways; twisting in one
direction gives spin 1 to G+ and spin 2 to G−, while twisting in the opposite
direction gives the reverse assignment of spins h(G+) = 2 and h(G−) = 1. If the
same twisting is performed in the left- and right-moving sectors of the closed
string then one calls it the topological B model, for opposite relative twisting one
obtains the topological A model.

There is an interesting connection between certain amplitudes in type II super-
string theory compactified on a ĉ = 3 N = (2, 2) SCFT and the partition functions
of A and B models of the ĉ = 3 topological string5. The result can be stated as
follows: the g-loop superstring amplitude of two graviton and 2g− 2 graviphoton
string states reproduces at low energies the effective field theory term FgR2T2g−2

where Fg is the genus g partition function of a ĉ = 3 topological string and R and
T are the self-dual components of the curvature and graviphoton field-strength.

As already stated, manifestly target-space supersymmetric formulations of
superstrings avoid the necessity of summing over spin structures, simplifying
string amplitude computations. Since type II superstrings compactified on a ĉ = 3
N = (2, 2) superconformal field theory have N = 2 spacetime supersymmetry in
four dimensions, both the hybrid and pure spinor formalisms are suitable to study
these type of compactifications.

Although the hybrid formalism has been successfully used to compute these

5For an N = 2 CFT ĉ is related to the conformal central charge c = 3ĉ. In the case of topological
theories, it can be thought simply as the anomaly in the OPE between the two J currents of the
twisted SCFT
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amplitudes, its chiral bosons ρ, ρ̃ lead to subtleties if one tries to compute other
non-topological multiloop amplitudes. These bosons are absent in the pure spinor
formalism so it is worth trying to obtain a compactified version of it, so that it
can be applied to other amplitudes like multiloop four-boson scattering in four
dimensions. The pure spinor formalism includes the 16 θ variables of D = 10 su-
perspace, so for orbifold and Calabi-Yau compactifications, it contains many more
worldsheet variables than those of the hybrid formalism, which only contains 4 θ

variables. Nevertheless, it will be shown in this thesis that a simplified version
of the composite b ghost can be constructed for orbifold compactifications if one
only requires D = 4 super-Poincaré covariance. This four-dimensional version of
the b ghost depends on all 16 θ’s and is equivalent to the usual ten-dimensional b
ghost up to a BRST-exact term, but has a simpler form and only depends on two
components of the non-minimal variables. Using this simplified b ghost on an orb-
ifold compactification, it is straightforward to show that the standard pure spinor
amplitude prescription correctly computes the N = 2 D = 4 supersymmetric
version of the FgR2T2g−2 topological term in the Type II effective action.

Outline

This thesis focus on orbifold compactifications in the pure spinor formalism.
The structure is as follows. Chapter 2 gives brief expositions of the basic topics
necessary for understanding of the remaining chapters. After reviewing the RNS
and Pure Spinor formalisms in sections 2.1 and 2.2, respectively, string scattering
amplitude prescriptions are discussed for arbitrary genus in section 2.3. Also, a
short review of spinors in even dimensions is given. Then, multiloop correlators
are written for different types of conformal systems in section 2.4. This presentation
is given in the context of bosonization on higher genus Riemann surfaces, where
the concepts of divisors, holomorphic factorization, and twisted line bundles are
explained.

Chapter 3 contains material on orbifold compactifications. After discussing
the relevant spectrum from the RNS point of view in section 3.1, orbifold com-
pactification of the pure spinor formalism is presented in section 3.2. Breaking
of ten dimensional spinors as well as the zero mode structure of twisted orbifold
sectors are explained. Also, a change of basis in field space necessary to make
contact with the topological string is performed. The spectrum arising from the
pure spinor BRST physical condition is the subject of section 3.3.
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Topological amplitudes are computed at arbitrary genus in Chapter 4. After a
brief explanation of what a topological string is, the computation is done in three
formalisms: RNS, hybrid, and pure spinor, in sections 4.1, 4.2 and 4.3, respectively.
The amplitude of anti-self-dual gravitons and graviphotons in the RNS formalism
is obtained by an explicit computations after giving a heuristic derivation. In the
pure spinor computation, the type IIB case is discussed in detail after constructing
the four-dimensional version of the b ghost. The modifications necessary for the
type IIA, as well as hypermultiplet scattering are also given. The one-loop case is
discussed separately.

Finally, conclusions and discussion of future directions of research are pre-
sented in Chapter 5. Also, Appendix A contains the proof of BRST equivalence
between the non-minimal pure spinor b ghost and the simpler b ghost used in the
topological amplitude computation.



Chapter 2

Preliminaries

This chapter contains reviews of the basic ingredients needed for the construc-
tion of pure spinor compactifications and topological amplitude computations in
next chapters. RNS and pure spinor formalisms are the main superstring formula-
tions used in this thesis. Others like Green-Schwarz and the hybrid formalism are
mentioned or treated when necessary. Since multiloop amplitude computations
in orbifolds requires correlation functions of twisted conformal (b, c) systems,
a general discussion which comprises these cases is included in the context of
bosonization on higher genus Riemann-surfaces.

2.1 RNS Formalism

In the year of 1971 (three years after Veneziano published his famous for-
mula which marked the beginning of string theory [4]), two dual models (as
the subject was then known) appeared which included fermionic operators in
their formulation. The Ramond dual model for fermions [5], inspired by a cor-
respondence principle which promoted Clifford gamma matrices Γm (which sat-
isfy {Γm, Γn} = 2ηmn) to the aforementioned fermionic field operators, and the
Neveu-Schwarz dual model for pions [6], which contained only bosonic external
states, both had a structure which extended the Virasoro algebra responsible for
decoupling of unphysical states in those models [7]. Further investigation on
four-fermion scattering showed that, by merging these two models, one can get
a theory with no tachyons in the spectrum if one performs a projection in the
Hilbert space which, as was seen to be essential for the new model to work well,
imposes reality of ten-dimensional spinors that described the fermionic states [8].
The effect of this is to project out a whole sector of Neveu-Schwarz (NS) states
and also to project out all spinors of the Ramond (R) sector of given chirality. This
Ramond-Neveu-Schwarz (RNS) formalism [9] turns out to have ten-dimensional
spacetime supersymmetry; thus, describing the ten-dimensional superstring.

13
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By that time, the relevance of the string interpretation of dual models was
already established, due to the clarification of the origin of critical dimensions and
intercept conditions as coming from consistency in the light-cone quantization of
a massless relativistic string moving in spacetime [10]. In the context of the RNS
model, an anticommuting extension of the Virasoro algebra is now a manifestation
of local supersymmetry of the worldsheet swept out by the string [11, 12]. Never-
theless, only after developments such as the path integral quantization of string
actions [13, 14], the machinery of two-dimensional conformal field theory [15],
and BRST quantization of non-abelian gauge theories [16, 17], a fully covariant
quantization of the RNS formalism was possible, and it allowed for a convenient
and systematic computation of superstring scattering amplitudes [18].

These basic ingredients of the RNS formulation of superstring theory will be
briefly reviewed.

The fundamental action for string theory is that of a string covariantly coupled
to two-dimensional gravity. Since the RNS formalism (for type II superstrings)
has N = (1, 1) worldsheet supersymmetry, its dynamics can be described using
N = (1, 1) d = 2 superspace (σm̂, κµ̂) [19] where matter superfields Xm(σ, κ)

(m = 1, ..., 10) couple to a two-dimensional supervielbein E M
A (σ, κ) through the

highly redundant action,1

S =
1
2

∫
d2σd2κE−1E M

α̂ DMXmEα̂NDNXm. (2.1)

The vielbein comprises sixteen superfields, while the supergeometry of the
worldsheet requires a single superfield for its description. This reduction can be
achieved by means of local Lorentz transformations and diffeomorphisms, as well
as the imposition of torsion constraints. Actually, the supergravity multiplet E M

A
reduces to a zweibein e â

m̂, a gravitino field χ α̂
m , and an extra auxiliary field [20].

For a flat background, the RNS action in component form is

S =
∫

d2σ
√

g
[1

2
gm̂n̂∂m̂xm∂n̂xm + ψmγm̂∂m̂ψm (2.2)

− ψmγâγm̂χâ∂m̂xm −
1
4

ψmγâγb̂χâ(χb̂ψm)
]

(2.3)

where gm̂n̂ is the inverse metric on the worldsheet and γâ are two-dimensional
gamma matrices. Besides, xm and ψm are components of the matter superfields,
Xm = xm + κα̂ψ

µ
α̂ + κκ̄Fµ, where the auxiliary fields Fµ decouple from the original

1M is a world-superindex (m̂, µ̂), while tangent indices are represented by A = (â, α̂).
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action.
Local symmetries allows one to achieve a superconformal gauge, gâb̂ = ρδâb̂, χâ =

γâζ, that brings the action to the form

Sg. f . =
1
2

∫
d2z
[
∂xm∂̄xm + ψm∂̄ψm + ψ̃m∂ψ̃m

]
(2.4)

where... Or, written in flat two-dimensional N = (1, 1) superspace,

Sg. f . =
1
2

∫
d2zd2κD̄XmDXm (2.5)

where
D =

∂

∂κ
+ κ∂, D̄ =

∂

∂κ̄
+ κ̄∂̄ (2.6)

The equations of motion derived from this action imply a separation into holo-
morphic and antiholomorphic pieces of the matter superfields, comprising the
left- and right-moving sectors of the closed string. The generators for the residual
N = (1, 1) superconformal invariance read2

T (z, κ) = −1
2

DXmD2Xm, T̄ (z̄, κ̄) = −1
2

D̄XmD̄2Xm (2.7)

The component expansion of T (z, κ), which is left-moving, contains the usual
stress tensor T as its κ component, and the fermionic N = 1 supercurrent G at
lowest order. They are

T = −1
2

∂xm∂xm −
1
2

ψm∂ψm, G =
1
2

ψm∂xm (2.8)

The modes of these fields form the infinite set of operators that extend the
Virasoro algebra to its N = 1 supersymmetric completion. An identical copy is
present in the right-moving sector for type II superstrings.

The BRST covariant quantization of this model [21, 22] requires the introduction
of fermionic reparametrization (b, c), and bosonic superconformal (β, γ) ghosts
associated to the generators T and G, respectively. In superconformal gauge, the
action for these fields is3

Sgh =
∫

d2z
[
b∂̄c + β∂̄γ

]
(2.9)

2All composite operators are assumed to be normal ordered.
3These ghosts can be similarly combined into left- and right-moving superfields in d = 2

N = (1, 1) superspace.
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The corresponding superconformal currents of these combined ghost systems is

T = −b∂c− ∂(bc)− β∂γ− 1
2

∂(βγ), G =
1
2

bγ +
3
2

β∂c +
1
2
(∂β)c (2.10)

Ghost number current is defined as

jgh = −bc− βγ (2.11)

A very important information for amplitude computations is the singular
behavior as local fields approach one another on the worldsheet. This is encoded
in operator product expansions (OPE’s) between fundamental fields of the theory,
as follows

∂xm(y)∂xn(z) −→ −(y− z)−2ηmn, ψm(y)ψn(z) −→ (y− z)−1ηmn (2.12)

γ(y)β(z) −→ (y− z)−1, c(y)b(z) −→ (y− z)−1 (2.13)

where ηmn is the flat metric in target space.
The OPE between the full RNS stress tensor

TRNS = −1
2

∂xm∂xm −
1
2

ψm∂ψm − b∂c− ∂(bc)− β∂γ− 1
2

∂(βγ) (2.14)

and any conformal field O allows one to read its conformal weight as

TRNS(y)O(z) −→
hO

(y− z)2O(z) +
1

y− z
∂O(z), (2.15)

so conformal weights of basic fields are h(∂xm) = 1, h(ψm) = 1
2 , h(b) = 2, h(c) =

−1, h(β) = 3
2 , and h(γ) = −1

2 . Besides, by computing the OPE TRNS(y)TRNS(z)
one shows that the conformal anomaly vanishes precisely for D = 10.

Covariant quantization crucially rests on the BRST charge (which is nilpotent
only in target space dimension D = 10) constructed from ghosts and symmetry
generators of the model. The RNS BRST charge is

QRNS =
∫

dz
[
cTRNS − bc∂c + γψm∂xm + γ2b

]
(2.16)

Physical external string states in scattering amplitudes are emitted by vertex
operators of the two-dimensional superconformal field theory describing the
superstring. These vertex operators are required to belong to the cohomology of
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the BRST operator.
Since fermionic matter fields come from two-dimensional spinors, they are

allowed to be double-valued worldsheet fields. The aforementioned NS and R
sectors of the superstring come precisely from different choices of periodicity
obeyed by these fields. States in the NS sector obey periodic boundary conditions
around the origin of the complex plane, while states in the R sector are antiperiodic.

The superconformal algebra implies that Ramond ground states have h = 5
8

in order to get unbroken worldsheet supersymmetry. Since the lowest state, the
vacuum, has h = 0, it must belong to the NS sector. All NS states can be generated
by acting on the vacuum with conformal superfields of given conformal weight.
However, Ramond states cannot be generated this way because those superfields
do not change periodicity conditions of worldsheet fermions. Conformal fields
responsible to create Ramond states from the NS vacuum are of a new kind; they
are called spin fields. Fermionic fields are double-valued around these spin fields,
so OPE’s between them have an expansion in half integer powers of (y− z).

In the RNS superstring, spin fields which create Ramond ground states from
the NS vacuum, collectively transform as a spinor of SO(10), SA (A = 1, ..., 32).
This 32 component spinor splits into Weyl spinors of opposite chirality Sα and Sα.
Short distance behavior is given by4

ψm(y)Sα(z) −→ (y− z)−
1
2 γm

αβSβ(z) (2.17)

Sα(y)Sβ(z) −→ (y− z)−
5
4 δα

β +
1
2
(y− z)−

1
4 (γmn)α

βψmψn (2.18)

Sα(y)Sβ(z) −→ (y− z)−
3
4 γm

αβψm (2.19)

To the NS vacuum and all states created from it by the action of an even
number of fermionic fields ψm, odd GSO parity is assigned; remaining states in
this sector are even. Also, ground states in the Ramond sector created by chiral
(antichiral) spin field Sα (Sα) have odd (even) parity; higher Ramond states have
GSO assignment consistent to the fact that the action of a single fermionic field
changes parity. This way, the superstring is constructed by projecting out all states
with odd GSO parity. The resulting massless spectrum of the RNS superstring
consists of the gluon and gluino of D = 10 N = 1 SYM, as is well known.

An analogous situation holds for the superconformal ghosts, (β, γ). Notice that
these ghosts are related to variations of the worldsheet gravitino of the original

4Here, a specific representation of the Clifford matrices Γm is chosen.
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action in a similar way as (b, c) ghosts are related to reparametrizations. This
means that they have to obey the same boundary conditions as the gravitino χâ.
But a well defined locally supersymmetric action requires χâ to behave the same
as ψm due to the way they are coupled in the original lagrangian. All this implies
that there are also two sectors, NS and R, for the superconformal ghosts, and that
they mimic the behavior of fermionic matter fields. Therefore, the (β, γ) system
has its own spin field.

Before introducing vertex operators it is convenient to mention some facts
about the (β, γ) system of superconformal ghosts. The Fock space generated by
this bosonic conformal system has an infinite set of inequivalent vacua, parametrized
by an integer in the NS sector and a half-integer in the R sector. It is not possible
to relate these vacua by acting with a finite number of oscillators in the mode
expansion of the fields. A convenient way to interpolate between them is obtained
through bosonization.

Two-dimensional bosonization establishes an equivalence between a fermionic
first order system (b, c) of conformal weights (λ, 1− λ) and the theory consisting
of a compactified boson σ coupled to the two-dimensional curvature through a
background charge Q = 1− 2λ. The corresponding actions are

Sbc =
∫

d2z b∂̄c (2.20)

Sσ =
1
2

∫
d2z
[
∂σ∂̄σ +

i
4

QRσ
]

(2.21)

The correspondence says that fermions in one theory translate to instantons of
the other as c = e−iσ, b = eiσ. Then, one can easily show the equivalence between
stress energy tensors as well as the anomalous U(1) currents on both theories.

jbc = bc = i∂σ = jσ (2.22)

Tbc = −λb∂c + (1− λ)(∂b)c = −1
2

∂σ∂σ +
i
2
(1− 2λ)∂2σ = Tσ (2.23)

In the case of a bosonic system (β, γ) of conformal weights (λ, 1− λ), besides
a chiral boson φ, one needs a fermionic system (η, ξ) of weights (1, 0). Then,
β = ∂ξ exp(−φ), γ = exp(φ)η. The Hilbert space associated to φ, η, ξ is larger
than that of β, γ. On restricts from the large Hilbert space to the small one by
requiring that physical states are independent of the zero mode of ξ, or alternative,
are annihilated by η.
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The stress tensor relation is

Tβγ = −λβ∂γ + (1− λ)(∂β)γ = −η∂ξ − 1
2

∂φ∂φ− 1
2
(2λ− 1)∂2φ = Tφηξ (2.24)

Precisely, operators like exp(±φ) allows to interpolate between inequivalent
vacua of the β, γ Hilbert space. Each vacuum determines a picture in which
physical states of the superstring are represented. The picture number operator
is defined as P =

∫
dz(−∂φ + ξη), so β and γ have zero picture, and exp(qφ)

has picture P = q. Amplitude computations in the RNS formalism will require
insertion of vertex operators at different picture.

Using the stress tensor in bosonized form, it is no difficult to show that the
conformal weight of an exponential operator is h(exp(qφ)) = −1

2 q(q + 2).

Unintegrated vertex operators for the massless sector can be constructed as
follows; focusing first on the open string where only the left-moving sector of the
string is relevant.

For a given momentum km, k2 = 0, a generic vertex operator for open strings
is of ghost number one and written as

V = Φ eik · x(z) (2.25)

where Φ has zero conformal weight. In the NS sector, at picture zero, Φ can take
the general form

Φ = γψm fm + c
(

∂xmgm + ψmψnhmn

)
(2.26)

The vertex operator V belongs to the cohomology of QRNS if

am ≡ gm = − fm, hmn =
i
2

k[m fn], kmam = 0 (2.27)

and the vertex is BRST exact when am = km. So one gets the physical vertex
operator for the gluon at zero picture,

V(0)
a =

[
− γψmam + c

(
∂xmam + iψmψnknam

)]
eik · x (2.28)

Alternatively, one could write the vertex at picture −1. A factor of exp(−φ) of
conformal weight 1

2 should appear, and the vertex operator becomes

V(−1)
a = ce−φψmam, kmam = 0 (2.29)
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The passage from V(−1)
a to V(0)

a is accomplished trough the action of the picture
changing operator define as

V(0)
a =

[
QRNS, ξV(−1)

a

]
(2.30)

This corresponds to changing the vacuum for the β, γ system. Although V(0)
a is

BRST-exact in appearance, it is just not the case because ξ is not allowed to appear
without derivatives in physical operators. It turns out that that at the level of
cohomology, state spaces for different picture are all isomorphic, even for half-
integer pictures corresponding to states in the Ramond sector. The isomorphism
between physical subspaces which differ by integer picture is given by a repeated
application of the picture changing operator Z = {QRNS, ξ}. While for the su-
perstring, where the GSO projection has already been performed, the bijection
between physical subspaces of integer and half-integer picture is provided by
spacetime supersymmetry, which is not manifest in the RNS formalism. Before
giving the expression for the supersymmetry current, it is convenient to write the
vertex operator for the massless state in the Ramond sector at picture −1

2 .
One expects the presence of the field exp(−1

2 φ) which has conformal weight 3
8 .

So, the vertex operator will be of the form

V(− 1
2 )

χ = ce−
1
2 φSαχαeik · x (2.31)

This vertex operator is BRST closed if the polarization χ satisfies χαγm
αβkm = 0.

Using the picture changing operator Z, one readily obtains the gluino vertex
operator at picture 1

2 ,

V(+1/2) = ceφ/2
[
∂xm(Sγmχ) +

1
4

ψnψm(Sγm∂nχ)
]
+ e3φ/2ηSαχα (2.32)

where Sγmχ ≡ Sαγm
αβχβ.

The supersymmetry current can be extracted from the fermion vertex at zero
momentum,

jα = e−
1
2 φSα (2.33)

Vertex operators for closed strings can be written as0 left-right products of
those for open strings. For example, using the gluon vertex operator one gets, at
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zero picture,

cc̃hmn

(
∂xm + iψm(ψ · k)

)(
∂̄xn + iψ̃n(ψ̃ · k)

)
eik · x (2.34)

From this expression one can extract NS-NS the vertex operators for the graviton,
dilation, and axion in the usual way; for example, the graviton is given by a
symmetric traceless hmn satisfying kmhmn = 0. One can similarly get vertex
operators in the other sectors R-NS, NS-R and RR.

2.2 Pure Spinor Formalism

The pure spinor formalism [23] has the advantage over all other formulations
of the ten-dimensional superstring in that it allows for manifestly super-Poincaré
covariant computation of its amplitudes. Basically one adds to the usual Green-
Schwarz-Siegel D = 10 superspace worldsheet variables, bosonic ghosts which,
from the target-space point of view are pure (or simple) spinors. Pure spinors
exist in any dimension, and in the particular case of D = 10 they can be defined as
Weyl spinors satisfying some set of algebraic relations, namely

λαγm
αβλβ = 0 (2.35)

where α = 1, ...16, and m = 1, ..., 10. These constraints reduce the number of
independent components of the pure spinor to eleven. A few words about spinors
in even (and in particular, ten) dimensions are in order

2.2.1 Spinors in even dimensions

Algebraically, spinors are elements of a vector space that carries a representa-
tion of the Clifford algebra Cl(g) [24]. This important algebra is generated by a
complex vector space W of dimension D = 2d provided with a scalar product g.
Elements of the Clifford algebra have a well known realization in terms of complex
matrices Γm of dimension 2d × 2d satisfying {Γm, Γn} = 2gmn1, with 1 being the
identity matrix 12d×2d . The space W can be though of as the complexification of
the target space for superstrings in a flat background; the scalar product is then
reduced to Minkowski (or Euclidean) metric in ten dimensions, after a real slice is
taken in W. The representation space is known as the complex spinor space, S.

Spinors have a nice geometrical interpretation in terms of complex planes in
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W. One can associate to each spinor ζ ∈ S a subspace of W which is totally null.
This means that every vector in W has zero norm, and every pair of such vectors
is orthogonal. This totally null space is defined as

M = {u ∈W|uζ = 0} (2.36)

where u acts on ζ through a representation of the Clifford algebra; one can write
u as u = umΓm where {Γm}, m = 1, ..., D is one basis for the generators of the
representation of Cl(g) acting on S. Then uv + vu = g(u, v)). The maximal
dimension M can have is d, and when this happens M is called a maximal totally
null (MTN) space; pure spinors are such ζ’s which define MTN’s.

Pure spinors exist in every (even) dimension. To see this consider the following
null basis of W constructed from the standard basis {Γm}.

na =
1
2
(Γ2a−1 − Γ2a), a = 1, ..., d (2.37)

pa =
1
2
(Γ2a−1 + Γ2a), a = 1, ..., d (2.38)

These elements satisfy

nanb + nbna = 0, pa pb + pb pa = 0, na pb + pbna = δab (2.39)

The spaces N = span{n1, ..., nd} and P = span{p1, ..., pd} are both maximal totally
null subspaces orthogonal to each other (N ∩ P = {0}, W = N⊕ P). The existence
of pure spinors comes from the faithfulness of Cl(g) in S, since this implies that
there exists a spinor χ ∈ S such that ω ≡ n1n2...ndχ is nonzero. Then, M(ω) = N
and ω is pure [25].

Notice that the commutation relations between na and pa are those satisfied by
the annihilation and creation operators of states with Fermi statistics. Hence, the
pure spinor ω can get the interpretation of a vacuum state ω = |Ω〉 annihilated by
all the na [26]. A basis of S is constructed starting from this vacuum by the action
of ordered products of creation operators pa,

|Ω〉; p1|Ω〉, ..., pd|Ω〉; p1p2|Ω〉, ..., pd−1pd|Ω〉; ...; p1...pd|Ω〉. (2.40)

Indeed, this is a set of 2d linearly independent spinors. Furthermore, it is inmediate
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to see that all spinors in this basis are pure. Generic elements of S are called Dirac
spinors and they can be expanded in the previous basis

ζ =
(

ζ+ + ζa pa +
1
2!

ζab pa pb + ... +
1
d!

ζa1...ad p1...pd
)
|Ω〉 (2.41)

In even dimensions there is a splitting of spinor space into Weyl (or chiral) S+

and anti-Weyl (or anti-chiral) S− subspaces characterized by the eigenvalue of the
operator Γ = ∏2d

m=1 Γm.
Elements of the Clifford algebra can be regarded as endomorphisms of S.5

In dual spinor space S∗, there exists a representation defined by the transposed
endomorphisms (Γm)tr. The fact that Cl(g) has the structure of a simple algebra
implies that there is an isomorphism between S and S∗, B : S→ S∗. Since, S∗ is the
space of linear functionals on S, one can defined the application of an element χ∗ of
S∗ on an element ζ of S as 〈χ∗, ζ〉 ∈ C. Then, the isomorphism B allows a definition
of a natural bilinear product on S, (χ, ζ) = 〈Bχ, ζ〉. Using this bilinear product it
is possible now to define a sequence of multivectors Bk(χ, ζ), k = 0, 1, ..., 2d,

Bm1,...,mk
k (χ, ζ) = (χ, Γmk ...Γm1ζ) (2.42)

with 1 ≤ m1 ≤ mk ≤ 2d. Then it is possible to give an algebraic characterization
of pure spinors; a non-zero Weyl (or anti-Weyl) spinor λ is pure if it satisfies
Bk(λ, λ) = 0 for k 6= d.6

It is worth mentioning that for a pair of Weyl spinors χ and ζ, the multivector
Bk(χ, ζ) vanishes whenever k ≡ d + 1(mod2).

Also, defining

Γm1...mr =
1
r!

Γ[m1 ...Γmr], (2.43)

then (χ, Γm1...mr ζ) is symmetric in {χ, ζ} if 2d− 2r ≡ 0(mod8), and antisymmetric
if 2d− 2r ≡ 4(mod8) [27][28, Appendix of].

With these ingredients it is possible to reduce the conditions for a spinor being
pure. For example, given a chiral spinor λ in eight dimensions (d = 4), then
B1(λ, λ) and B3(λ, λ) are automatically zero. Furthermore, B2(λ, λ) can be written
in terms of B0(λ, λ) = (λ, λ) and (λ, Γm1m2λ). The last expression vanishes due to
antisymmetry, moreover all quantities Bk for k > 4 are related by duality using

5With S an ordinary vector space, an endomorphism is just a linear transformation on S.
6Actually, one can show that for even dimension every pure spinor is Weyl (or anti-Weyl). The

equivalence of the algebraic characterization with the original geometrical definition is given in
[25].



Chapter 2. Preliminaries 24

the Levi-Civita symbol εm1...m2d . Thus, the only pure spinor constraint in eight
dimensions is

(λ, λ) = 0 (2.44)

In ten dimensions (d = 5), B0(λ, λ), B2(λ, λ) and B4(λ, λ) are identically zero;
B3 reduces to B1 and (λ, Γm1m2m3λ), where the last vanishes again because of
antisymmetry. Then, the pure spinor constraints in ten dimensions are

Bm
1 (λ, λ) = (λ, Γmλ) = 0 (2.45)

The matrices Γm can be written in a Weyl representation with only off-diagonal
non-zero blocks

Γ =

(
0 γ

γ′ 0

)
(2.46)

and such that a generic Dirac spinor ζ with 32 components (2.41) splits as a sum
of a Weyl and an anti-Weyl spinor, ζ = ζ(+) and ζ(−) each of which corresponds
to the first and second half with 16 components

ζ =

(
ζ(+)

ζ(−)

)
(2.47)

So, consistently with notation used in previous sections, chiral spinors are denoted
by ζ(+) → ζα, whereas antichiral spinors are written as ζ(−) → ζα. The blocks in Γ
have components denoted by γ → γmαβ, γ′ → γm

αβ. Also, in ten dimensions the
isomorphism B can be chosen such that, for chiral λ the pure spinor conditions
become (λ, Γmλ) = λαγm

αβλβ = 0 as written at the beginning of the section.
Using the Fock space construction of spinor space, one recognizes in the algebra

of pa and na bases for operators in an exterior algebra corresponding to the wedge
product by a one-form, and contraction by a vector. Spinors themselves are sums
of p-forms of different degree; a polyform applied to the vaccum |Ω〉.
Changing notation as

pa → 1√
2

γa, na → 1√
2

γa (2.48)

and appropriately scaling the spinor components, a generic Dirac spinor is written
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as
ζ =

(
ζ(0) + ζ(1) + ζ(2) + ζ(3) + ζ(4) + ζ(5)

)
|Ω〉 (2.49)

where

ζ(0) = ζ+, ζ(1) = ζaγa, ζ(2) =
1
2!

ζabγa ∧ γb, ζ(3) =
1
3!

ζabcγa ∧ γb ∧ γc

(2.50)

ζ(4) =
1
4!

ζabcdγa ∧ γb ∧ γc ∧ γd, ζ(5) =
1
5!

ζabcdeγ
a ∧ γb ∧ γc ∧ γd ∧ γe (2.51)

Chiral spinors, ζα are made of even p-forms,

ζ(+) =
(

ζ(0) + ζ(2) + ζ(4)
)
|Ω〉 (2.52)

while antichiral spinors ζα are made of odd p-forms,

ζ(−) =
(

ζ(1) + ζ(3) + ζ(5)
)
|Ω〉 (2.53)

Then, contractions between two arbitrary spinors are defined with the help of
the measure given by

〈Ω|γa ∧ γb ∧ γc ∧ γd ∧ γe|Ω〉 ≡ 〈γa ∧ γb ∧ γc ∧ γd ∧ γe〉 = εabcde (2.54)

and
〈

χ(p)
〉
= 0 for any p-form with p 6= 5.

From this it is easy to see that spinor contractions will be non-vanishing only
between chiral and antichiral spinors. Contact with previous notation for the
bilinear product (χ, ζ) is obtained by means of the reversion linear operator [29]

R
[
ζ(p)|Ω〉

]
= (−1)p(p−1)/2〈Ω|ζ(p) (2.55)

Then, for chiral χ and antichiral ζ,

(χ, ζ) = χαζα = R[χ]ζ (2.56)

These formulas make it simple to translate between covariant and U(5) notation
using exterior algebra. For example, the previous contraction is expanded as

χαζα =
〈

χ(0) ∧ ζ(5) − χ(2) ∧ ζ(3) + χ(4) ∧ ζ(1)
〉
= χ+ζ− − 1

2
χabζab + χaζa (2.57)

where ζ− = 1
5! ε

abcdeζabcde, ζab = 1
3! ε

abcdeζcde and χa = 1
4! ε

abcdeχbcde.
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To calculate expressions like Bm
1 (χ, ξ) with χ and ξ both chiral, it is better to

contract first with some vector vm; it is easy to see that

vmBm
1 (χ, ξ) = vmχαγm

αβξβ = R[χ] ∧ vaγa ∧ ξ + R[χ] ∧ vaγaξ, (2.58)

so the action of a vector on a spinor through the Clifford algebra is split into the
wedge product with a one-form and the contraction iv with a U(5) vector,

vaγaξ = 2ivξ. (2.59)

Terms in (2.58) give

R[χ] ∧ vaγa ∧ ξ =
〈

χ(0) ∧ vaγa ∧ ξ(4) − χ(2) ∧ vaγa ∧ ξ(2) + χ(4) ∧ vaγa ∧ ξ(0)
〉

(2.60)

= va

(
χ+ξa − 1

4
εabcdeχbcξde + χaξ+

)
(2.61)

R[χ] ∧ vaγaξ =
〈

χ(4) ∧ vaγaξ(2) − χ(2) ∧ vaγaξ(4)
〉

(2.62)

= 2va(χabξb + χbξab) (2.63)

These formulas allow one to write the pure spinor constraints in U(5) notation,

λ+λa =
1
8

εabcdeλbcλde, λabλb = 0 (2.64)

One can always solve this constraints by going to a patch in pure spinor space
where λ+ 6= 0; then, solving the first equation for λa the second one automatically
holds. Here it becomes obvious that the number of independent components of a
pure spinor in ten dimensions is eleven.

One can find analogous formulae for B1(χ, ξ) with antichiral χ and ξ,

χαγaαβξβ = −χaξab − χabξb (2.65)

χαγ
αβ
a ξβ = 2χaξ− − 1

2
εabcdeχ

bcξde + 2χ−ξa (2.66)

2.2.2 The formalism

As mentioned in the introduction, to define a super-Poincaré covariant super-
string, a conformal system consisting of a pure spinor worldsheet field λα and its
conjugate momentum wα needs to be added to the Siegel superstring describing
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superspace xm, pα, θα. The pure spinor has zero conformal weight whereas the
conjugate wα of opposite chirality has conformal weight equal to one.7 This con-
ventionally corresponds to the left-moving sector of the closed superstring. For
type IIB, the corresponding right-moving pure spinor has the same chirality as the
left-moving one, while for type IIA it has opposite chirality.

The pure spinor constraint generates a gauge transformation on wα, which
reads δwα = Λm(γmλ)α. In U(5) notation,

δw− = Λaλa, δwa = Λaλ+ − 2Λbλab, (2.67)

δwab =
1
2

εabcdeΛcλde − 2Λ[aλb] (2.68)

Hence, in the patch where λ+ 6= 0, one can choose the gauge parameters in
such a way as to set wa = 0. This way, it is immediate to see that wα has eleven
independent components.

The pure spinor term of the worldsheet action in the left-moving sector is∫
d2z wα∂̄λα. (2.69)

The computation of OPE’s in this system is subtle due to the gauge invariance
δwα. It is possible to work in the patch where λ+ 6= 0 and write an action that,
altough breaks Lorentz invariance, is free on the worldsheet; then, OPE’s are as
usual. However, notice that expressions are well defined only when wα appears
in gauge invariant combinations of fields. The relevant expressions are precisely
the Lorentz current Nmn = 1

2 wγmnλ, the ghost current Jλ = wαλα, and the stress
tensor Tλ = wα∂λα. Their invariance are implied by pure spinor constraints and
the antisymmetry of γ

mnp
αβ . Going to the U(5) gauge one can compute all OPE’s

in a simple manner to find out, at the end, that all formulas can be rewritten in
Lorentz covariant form. One gets

Tλ(y)Tλ(z) −→
11

(y− z)4 +
2Tλ(z)
(y− z)2 +

∂Tλ(z)
y− z

(2.70)

Nmn(y)λα(z) −→ 1
2
(y− z)−1(γmnλ)α (2.71)

among other relations.

7A classic review of the pure spinor formalism for the superstring is [30]. For a study of the
pure spinor system as a beta-gamma system as well as certain of its mathematical aspects, see [31].
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The first OPE shows that the central charge of the combined xm (c = 10),
pα, θα (c = −32) and wα, λα systems, vanishes so the formalism does not have a
conformal anomaly. OPE’s for fermionic matter is, as usual,

pα(y)θβ(z) −→ (y− z)−1δ
β
α (2.72)

For open superstrings, the physical spectrum is correctly reproduced by the
cohomology of the pure spinor BRST charge

Q =
∫

dzλαdα (2.73)

where
dα = pα −

1
2
(γmθ)α∂xm −

1
8
(γmθ)α(θγm∂θ) (2.74)

is the current which generates supersymmetric derivatives in spacetime. Although
it was initially not known how Q appeared as a result of BRST quantization of
some gauge invariant theory, one solution to this problem was considered in [32].

The massless physical states of the open string are given by ghost number one
(unintegrated) vertex operators with zero conformal weight at zero momentum,

V(k, a, ξ) = λα Aα(θ)eik · x (2.75)

where am and ξα are gluon and gluino polarizations, respectively; they appear
in the θα expansion of A. The BRST condition implies then that Aα satisfies the
linearized ten-dimensional super-Yang-Mills superfield equations of motion with
the correct gauge invariances coming from BRST exactness of trivial states. In a
specific gauge, the first terms in the component expansion of Aα are

Aα(θ) =
1
2

am(γ
mθ)α −

1
3
(ξγmθ)(γmθ)α −

1
32

fmn(γpθ)α(θγmnpθ) + ... (2.76)

where fmn = k[man]. Thus, as a consequence of manifest supersymmetry in
the pure spinor formalism, both R and NS sectors can be grouped into a single
superfield vertex operator.

Similarly, one can define unintegrated vertex operators for type IIA and type
IIB superstrings and define tree level scattering amplitudes. The vertex operators
can be as usual obtained as left-right products of vertex operators for the open
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superstring. In the massless sector,

V = λαλ̃β Aαβ(θ, θ̃)eik · x, type IIB (2.77)

V = λαλ̃β A
β

α (θ, θ̃)eik · x, type IIA (2.78)

The BRST charge for the right-moving sector also depends on which type II
superstring one is dealt with, being Q̃ =

∫
dz̄λ̃αd̃α for type IIB, and Q̃ =

∫
dz̄λ̃αd̃α

for type IIA. BRST physical conditions now hold for both left and right sectors
independently, and it can be shown that massless states describe linearized type
IIB or type IIA supergravity, all contained in a single superfield vertex operator. For
future reference, the supersymmetry current is given here,

jα = pα +
1
2
(γmθ)α∂xm +

1
24

(γmθ)α(θγm∂θ). (2.79)

As mentioned in the introduction, higher loop amplitudes in the RNS for-
malism require 3g− 3 insertions of the reparametrization b-ghost for a genus g
worldsheet. The problem when trying to define a composite b ghost that could
play this role is the requirement for this operator to have ghost number −1. In
the minimal pure spinor formalism, the only ghost number −1 field, wα appears
exclusively, as discussed before, in gauge invariant combinations all of which has
ghost number zero, so no composite b ghost is possible here. One way to overcome
this problem is to introduce picture changing operators analogous to RNS ones,
in the manner of [33]. Nevertheless, this method breaks Lorentz invariance at
intermediate steps. To preserve this symmetry manifest, it is necessary to include
extra worldsheet fields in the formalism. They must not affect the cohomology
given by the original pure spinor formalism, so they can only appear as BRST
trivial pairs which always decouple due to the usual BRST quartet mechanism [16].
The resulting non-minimal pure spinor formalism [34] opened the possibility for
computing arbitrary g-loop superstring amplitudes in a manifest super-Poincaré
invariant manner.

The bosonic non-minimal variables added to the minimal formalism are again
a pure spinor, λ̄α, of opposite ten-dimensional chirality with respect to the minimal
pure spinor λα, and the corresponding conjugate field w̄α. Each of these has also
eleven independent components. To complete the quartet one has to introduce
fermionic variables which match the number of new bosonic degrees of freedom.
This is accomplished by introducing a constrained fermionic spinor rα obeying
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λ̄αγ
αβ
m rβ = 0, which has eleven independent components, and its conjugate field

sα, which also have eleven components due to the gauge invariance generated by
the constraint on rα.

Decoupling of these new degrees of freedom requires the following modifica-
tion to the minimal BRST charge,

Qn.m. =
∫

dz
(

λαdα + w̄αrα

)
(2.80)

and similar considerations work for the right-moving sector of type II theories.
Now, allowing the appearance of inverse powers of λ̄αλα, it is possible to write

a fermionic composite operator bn.m. of ghost number −1 satisfying

{Qn.m., bn.m.} = Tn.m. (2.81)

where Tn.m. = T + w̄α∂λ̄α − sα∂rα is the non-minimal stress-energy tensor of the
formalism; the minimal stress tensor is T = −1

2 ∂xm∂xm − pα∂θα + wα∂λα.
The structure of b is given by a chain of operators starting from T,

(T, Gα, H[αβ], K[αβγ], L[αβγδ]) (2.82)

satisfying the following relations:

{Q, Gα} = λαT, [Q, H[αβ]] = λ[αGβ], {Q, K[αβγ]} = λ[αHβγ], (2.83)

[Q, L[αβγδ]] = λ[αKβγδ], λ[αLβγδκ] = 0 (2.84)

where Q is the minimal pure spinor BRST charge, and the explicit form of operators
in the chain is [33]

Gα =
1
2

Πm(γmd)α − 1
4

Nmn(γ
mn∂θ)α − 1

4
J∂θα, (2.85)

H[αβ] =
1

192
(γmnk)αβ(dγmnkd + 24NmnΠk),

K[αβγ] = − 1
96

(γmd)[α (γmnk) βγ]Nnk,

L[αβγδ] = − 1
128

1
4!
(γmnp)

[αβ (γpqr)γδ]NmnNqr.

with Πm = ∂xm − θαγm
αβ∂θβ the spacetime supersymmetric momentum.
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The composite b field is given by

bn.m. = sα∂λ̄α +
λ̄αGα

λ̄λ
−

λ̄αrβH[αβ]

(λ̄λ)2 −
λ̄αrβrγK[αβγ]

(λ̄λ)3 +
λ̄αrβrγrδL[αβγδ]

(λ̄λ)
(2.86)

where λ̄λ ≡ λ̄αλα.
However, the presence of inverse powers of λ̄λ brings in further subtleties

when computing amplitudes. As the number of loops increases in number, higher
inverse powers of λ̄λ appears in the correlators through b ghosts insertions. In
the path integral picture, integration over pure spinor zero modes has a measure
factor

∫
d11λd11λ̄;thus, divergences can appear when λα → 0. Since the path

integral measure factor converges like (λ̄λ)11, the poles in the b ghost can cause
divergences if the poles accumulate to order (λ̄λ)−11 or worse.

This restriction to poles of lower order than (λ̄λ)−11 can also be understood
from BRST cohomology arguments since it happens that {Qn.m., ξ} = 1 where

ξ =
λ̄αθα

λαλ̄α + rαθα
=

λ̄αθα

λαλ̄α
+ ... +

(λ̄αθα)(rαθα)10

(λαλ̄α)11 .

So allowing states with (λ̄λ)−11 dependence like ξ into the Hilbert space would
trivialize the BRST cohomology since Q(ξV) = V whenever QV = 0.

2.3 Superstring Amplitudes

Superstring scattering amplitudes in the RNS and pure spinor formalism will
be reviewed in this section. It is worth mentioning that there is also an amplitude
prescription for the hybrid formulation of the superstring that will also be used in
topological amplitude computations. This prescription, though, will be described
when needed in Chapter 4.

2.3.1 RNS prescription

String scattering amplitude prescription for both formalisms (RNS and Pure
Spinor) will be reviewed in this section. It is convenient to recall first what does it
mean to compute a scattering amplitude in the bosonic string.

Given a string moving in spacetime, it was already explained that the classical
action for that system is that of a surface (worldsheet) embedded in the target
space (spacetime). A string amplitude à la Polyakov is defined as the functional
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integral over all geometries of the worldsheet, and over all embeddings of this
surface in spacetime. Worldsheet geometry is encoded in a two-dimensional metric
gm̂n̂(σ), while embeddings are given by D worldsheet scalars xm(σ) (m = 1, ..., D),
where D is the target space dimension, which is 26 for the bosonic string to have
vanishing conformal anomaly.

In general, scattering amplitudes involving several external states will have
cylinders associated to them where a particular state in the string Hilbert space is
attached to one end of each cylinder, while the other end merge with the rest of
the worldsheet. For on-shell scattering amplitudes, the cylinders are pulled off to
infinity. Then, by a conformal transformation, the state at infinity can be brought
to an arbitrary small circle surrounding the center of the complex plane. The state-
operator correspondence allows one, thus, to replace this state by an insertion at
the center on the plane. For closed (oriented) strings, all this means that string
scattering amplitudes can be given by path integrals over oriented compact closed
surfaces with punctures, and embeddings on target space. Operator insertions
on the punctures are translated to vertex operator insertions V(k, ζ) in the path
integral language; here km is the momentum carried by the state, and ζ is its
polarization (in case it has a tensor structure). Also, consideration of inequivalent
worldsheet topologies express the scattering amplitude as a genus expansion. For
n external states, all this translates to

An = ∑
genus

∫
DgDxme−Sstring[g,xm]

n

∏
i=1
Vi (2.87)

Diffeomorphism of gauge invariance of the string action Sstring allows simpli-
fication of this expression. Actually, the relevant information is carried by the
conformal class of the worldsheet metric. So, Riemann surfaces, oriented sur-
faces endowed with conformal structures, play a crucial role in string theory. At
genus g ≥ 2, the set of all inequivalent Riemann surfaces Σg is a complex space
parametrized by 3g− 3 moduli ms (s = 1, ..., 3g− 3).

BRST quantization of the string can be used to show that the string path-integral
without vertex operator insertions generates a complex 3g− 3-form on the space
of all metrics modulo Weyl transformations J , which serves as a measure of
integration [35]. This space is infinite dimensional; however, diffeomorphism in-
variance allows for the appearance of a measure in the finite dimensional quotient
Mg = J /D, where D is the group of orientation-preserving diffeomorphisms.
Mg is precisely the moduli space of Riemann surfaces of genus g. This also extend
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to the case when vertex operator insertions are present in the path-integral.
After introducing diffeomorphism ghosts b and c, BRST quantization allows

for a conformal gauge where the genus g (or g-loop) amplitude takes the form [36]

Ag,n =
∫
Mg

〈∣∣∣∣∣3g−3

∏
i=1

(µi, b)

∣∣∣∣∣
2 n

∏
j=1
Vj

〉
g

(2.88)

where µi (i = 1, ..., 3g− 3) is a basis of Beltrami differentials, (µi, b) =
∫

dzµi(z)b(z),
left-right products are denoted by | |2, and the Vj are given by integrated vertex
operators Vj =

∫
d2zUj(z). Also, the correlator stands for path-integration over

worldsheet fields living on Riemann surfaces of genus g:

〈...〉 =
∫

Dxm|DbDc|2e−S[xm,b,c,b̃,c̃]... (2.89)

In the RNS formalism, the situation is analogous, although much more com-
plicated at higher genus. Recall that, for type II superstrings, the worldsheet
has actually N = (1, 1) supergeometry. Then, scattering amplitudes will involve
supersymmetric generalizations of the objects appearing in the bosonic string.

Instead of on the moduli space of Riemann surfacesMg, the RNS path-integral
localizes on the supermoduli space of super-Riemann surfaces, sMg, a space
parametrized by 3g− 3 commuting, and 2g− 2 anticommuting moduli. Then
one has to consider each relevant object as a supermultiplet of N = (1, 1) d = 2
superspace; for example, there will be a superghost system which contains as
components both the reparametrization and superconformal ghosts, (b, c) and
(β, γ), respectively. A rigorous treatment of superstring perturbation theory would
require to work in this framework [35]. Nevertheless, for the present purposes it
suffices to follow the path where everything is reduced to the language of ordinary
moduli space and Riemann surfaces.

Integration over supermoduli and absorption of bosonic ghost zero-modes turn
out to be equivalent to the insertion of 2g− 2 picture-changing operators Z = eφG
at arbitrary points on the Riemann surface [37].8 On the other hand, recall that
worldsheet fields ψm, β, γ are allowed to satisfy antiperiodic boundary conditions
around spin fields. The same situation is encountered along non-contractible loops
of a genus g (g ≥ 1) Riemann surface. At genus g one can define a canonical
basis for non-contractible loops. These are the non-trivial homology cycles ai, bi

8Recall that φ is the negative energy chiral boson coming from bosonization of the (β, γ) system
and G is the total worldsheet supercurrent of the RNS formalism.
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(i = 1, ..., g). So one must specify the boundary conditions, periodic or antiperiodic,
satisfied by field configuration around these cycles. A spin structure on Σg is the
information about this periodicity assignment. There are, hence, 22g spin structure
at genus g. For each of them, there is a possible contribution to the scattering
amplitude, and one must sum over all spin structures. The relative weight of
different contributions is ambiguous in principle. However, it can be shown that
requirements of modular invariance9 and unitarity can fix them [38]. Moreover,
the sum over spin structures is closely related to the GSO projection of RNS
superstrings.

Therefore, the prescription for g-loop n-point scattering amplitudes in the RNS
formalism is

Ag,n =
∫
Mg

∑
α

εα

〈∣∣∣∣∣3g−3

∏
i=1

(µi, b)

∣∣∣∣∣
2 ∣∣∣∣∣2g−2

∏
j

Z(zj)

∣∣∣∣∣
2 n

∏
k=1
Vk

〉
g,α

(2.90)

where, this time, the correlator means path-integration over RNS worldsheet
fields,

〈...〉 =
∫

Dxm|DψmDbDcDβDγ|2e−SRNS ... (2.91)

at given genus and for spin structure α. Here, εα are the spin structure weights
for the supersymmetric string. Also, the sum of the pictures of all vertex operator
insertions must be zero.

Separate expressions should be given for the contributions at genus 0 (the
sphere) and 1 (the torus).

On the sphere, c has three zero modes (which together with the three zero
modes of c̃ correspond to the six conformal Killing vectors of the sphere), while b
has none (since the sphere has no moduli). For bosonic strings, this translates to
the tree amplitude prescription

A0,n =

〈
V1(z1)V2(z2)V3(z3)

n

∏
i=4
Vi

〉
tree

(2.92)

where Vi are unintegrated vertex operators, and their positions z1, z2, z3 are arbi-
trary, and can be set to any three specific values using Möbius transformations; the

9Modular transformations are reparametrizations which preserves the conformal gauge of the
worldsheet metric, known also as large diffeomorphism, since they are not connected to the identity
of the reparametrization group. Modular invariance provides crucial criteria for the construction
of consistent superstring theories; they are also at the heart of the theory of Riemann surfaces
discussed in the next section.
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amplitude is independent of this choice. Also, at tree level there is no moduli so
determinants of differential operators on the worldsheet are just constants which
can be grouped into a proportionality constant.

The torus has one complex moduli, so b has one zero mode, and it has two
(real) Killing vectors corresponding to translations, so c has also one zero-mode.
The one-loop amplitude for bosonic strings is

A1,n =
∫
M1

∑
α

εα

〈
|(µ, b)|2V1(z1)

n

∏
i=2
Vi

〉
1−loop,α

(2.93)

with arbitrary z1 (which can be set to zero by translation).

2.3.2 Pure spinor prescription

To compute N-point open superstring scattering amplitudes at tree level the
minimal pure spinor formalism is good enough. Both integrated

∫
dzU and unin-

tegrated V vertex operators have to be inserted into the correlator, and amplitudes
mimic the bosonic string prescription

A0,n =

〈
V1(z1)V2(z2)V3(z3)

n

∏
i=4

∫
d2ziUi(zi)

〉
tree

(2.94)

To perform computation of amplitudes one has to make the path integration over
all zero- and non-zero modes of every worldsheet field in the formalism. This is
equivalent to three calculations: in the first place, one has to compute determinants
of differential operators ∂̄ appearing in the worldsheet action; secondly, non-
zero modes are integrated out using Wick’s theorem; finally one has to perform
integration over the zero modes.

Notice that, except for bosonic xm, all remaining systems present in the pure
spinor formalism consist of pairs having conformal weights 1 and 0. The number
of zero modes of conjugate fields is a consequence of the Riemann-Roch theorem
that will be discussed in the next section; the result is that on the sphere, conformal
weight one fields have no zero modes, while each field of zero conformal weight
has a single zero mode. Moreover, as mentioned in the previous subsection,
determinants of differential operators give constants. After integrating out non-
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zero modes, amplitudes have the general form

A0,n =
n

∏
i=4

∫
d2zi

〈∣∣∣λαλβλγ
∣∣∣2 fαβγ(θ, θ̃; zi)

〉
(2.95)

The prescription for zero-mode integration was originally postulated as

〈
(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)

〉
= 1 (2.96)

and a similar expression for the right-moving sector. It is convenient to rewrite
this measure as 〈

T((αβγ))[κ1κ2κ3κ4κ5]λ
αλβλγθκ1θκ2θκ3θκ4θκ5

〉
(2.97)

where T is symmetric and γ-traceless in its first three indices, and antisymmetric
in the other five.10

This measure gets justified in the non-minimal pure spinor formalism. Here, to
deal with integration over non-compact bosonic zero modes, some regularization
is needed. A natural regulator would be exp(−ρλ̄λ), for some positive cut-off
ρ. Actually, to maintain BRST invariance it is convenient to choose a regulator
of the form N = exp

(
{Q, χ}

)
for an appropriately chosen fermionic operator χ.

Since N is of the form 1 + QO, decoupling of BRST trivial states guarantee that
the amplitude is independent of the choice of χ.

The simplest choice is χ = −ρλ̄αθα; thus

N = exp
(
− ρ
(
λ̄αλα + rαθα

))
(2.98)

Actually, the limit ρ→ ∞ allows this to make contact with the minimal pure spinor
prescription with picture changing operators mentioned before. From now on, the
limit ρ→ 1 is taken.

The non-minimal prescription for tree amplitudes is therefore

A0,n =

〈
|N (y)|2 V1(z1)V2(z2)V3(z3)

n

∏
i=4

∫
d2ziUi(zi)

〉
tree

(2.99)

with the regulator N (y) inserted anywhere on the worldsheet.
Here, after integrating out non-zero modes the amplitude takes the general

10γ-traceless means zero after contraction with γ
αβ
m , that is, γ

αβ
m T((αβγ))... = 0.
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form

A0,n =
n

∏
i=4

∫
d2zi

∣∣∣∣∫ [dλ][dλ̄][dr]d16θ

∣∣∣∣2 ∣∣∣Nλαλβλγ
∣∣∣2 fαβγ(θ, θ̃; zi) (2.100)

The measure for θα integration has the usual form; however measures for the
remaining variables have a more complicated form due to their constrained nature.

The correct measures are [34, 39]

[dλ]λαλβλγT((αβγ)))[κ1...κ5] = εκ1...κ16dλκ6 ...dλκ16 (2.101)

[dλ̄]λ̄αλ̄βλ̄γ = (εT )κ1...κ11
αβγ dλ̄κ1 ...dλ̄κ11 (2.102)

[dr]T((αβγ)))[κ1...κ5] = λ̄αλ̄βλ̄γεκ1...κ16∂rκ6
...∂rκ16

(2.103)

with T introduced above; when inserted in the tree amplitude (2.100) they give a
result that agrees with the minimal computation (2.95) provided (2.96) holds.

At one-loop, a single insertion of the composite b ghost is needed, so here one
needs to use the non-minimal pure spinor formalism. The prescription is similar
to the RNS case without necessity of summing over spin structures,

A1,n =
∫
M1

〈
|N (y)(µ, b)|2V1(z1)

n

∏
i=2

∫
d2ziUi(zi)

〉
1−loop

(2.104)

Starting from genus one, worldsheet fields of conformal field h = 1 have zero
modes, so to regularize bosonic zero-mode integration it is necessary to write a
regulator which includes them; it is convenient to choose

N = exp
(
− λ̄αλα − rαθα −

[1
2

NmnN̄mn + J J̄ +
1
4

Smndγmnλ + Sλαdα

])
(2.105)

where N̄mn, J̄, Smn and S are gauge invariant objects constructed out of non-
minimal fields,

N̄mn =
1
2
(w̄γmnλ̄− sγmnr), J̄ = w̄αλ̄α, (2.106)

Smn =
1
2

sγmnλ̄, S = sαλ̄α (2.107)
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Here it is necessary to include the correct measures for the new zero modes of
wα, w̄α, dα and sα,

[dw] = λαλβλγ(εT )κ1...κ11
αβγ dwκ1 ...dwκ11 (2.108)

[dw̄]T((αβγ)))[κ1...κ5] = λ̄αλ̄βλ̄γεκ1...κ16dw̄κ6 ...dw̄κ16 (2.109)

[ds] =
λαλβλγ

(λ̄λ)3 (εT )κ1...κ11
αβγ ∂sκ1 ...∂sκ11 (2.110)

The g-loop N-point closed string amplitude prescription in the nonminimal
pure spinor formalism is

A =
∫
M

〈∣∣∣∣∣N (y)
3g−3

∏
i=1

b(µi)

∣∣∣∣∣
2 N

∏
i=1

∫
d2ziUi(zi)

〉
(2.111)

where N is chosen as

N = exp
(
− λ̄αλα− rαθα−

g

∑
Ξ=1

[1
2

NΞ
mnN̄mnΞ + JΞ J̄Ξ +

1
4

SΞ
mndΞγmnλ+ SΞλαdΞ

α

])
(2.112)

In a genus g worldsheet, fields of conformal weight 1 have g zero modes
distinguished by the index Ξ = 1, ..., g. Fields of zero conformal weight have only
one zero mode. The measures have the same form as before, with a copy for each
zero mode of conformal weight one fields. Although the regulator seems to be
appropriate, the potential appearance of poles that accumulate to order (λ̄λ)−11 is
problematic, and would demand a more complicated regularization as in [40].

2.4 Bosonization on higher genus Riemann surfaces

In all formulations of the superstring first order systems are introduced. These
can be either fermionic (like fermionic matter fields or reparametrization ghosts),
or bosonic (like superconformal ghosts or pure spinors). Non-chiral systems that
live on a genus g compact Riemann surface Σg have actions of the form

S =
∫

Σg

[
b∂̄c + b̃∂c̃

]
(2.113)

As seen in the previous section, evaluation of scattering amplitudes requires
computing correlation functions of these fields on Σg. A very convenient way
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to derive these correlators uses bosonization techniques, which can be better
understood after introducing some relevant mathematical concepts. It turns out
that the main characterization of a world-sheet field in string theory is given by
the line bundle of which it is a holomorphic section. A fermionic field b is defined
as a section of a holomorphic line bundle ξ over Σg.

A fiber bundle can be though of as a generalization of a product space M× F
to non-trivial topology. M plays the role of a base manifold while an entire copy
of the space F is attached to each point of M. The bundle is not equivalent to
M×V but looks like a product space in every open neighborhood that belongs to
some covering of M. The global information of the bundle is encoded in gluing
functions that relates different local descriptions of a fiber in the intersection of two
neighborhoods. When the fiber F is the complex line C, one is talking about line
bundles; when gluing functions are holomorphic, about holomorphic line bundles.
In string applications one takes, of course, M = Σg. An important line bundle on
Σg is the cotangent (canonical) bundle K whose fiber at a point P ∈ σg is the space
of holomorphic one-forms at P.

Recall that objects integrated over the Riemann surface must be (1, 1)-forms,
so the field c must be defined as a section of K × ξ−1.11 Since ∂̄ is the Cauchy-
Riemann operator transforming any (q, 0)-form into a (q, 1)-form, the integrand
has the correct nature. In general, the corresponding differential operator acting
on sections of ξ will be denoted by ∂̄ξ ; its adjoint is written as ∂̄†

ξ .
The Riemann-Roch theorem says about the relation between the number of

zero-modes of these differential operators, ∂̄ξ and ∂̄†
ξ . They are the number of zero

modes of b and c, respectively.

n(ξ)− n(K⊗ ξ−1) = deg ξ + 1− g (2.114)

where deg ¸ is the degree of the line bundle ξ, defined as the first Chern class of ξ.
Take, for example, the system of reparametrization ghosts, where b has confor-

mal weight 2 and c has conformal weight −1. The line bundle which describes b is
given by the tensor product Lb = K⊗ K. The degree of K is 2g− 2, hence, that of
Lb is 4g− 4. The Riemann-Roch theorem states that n(b)− n(c) = 3g− 3. More
generally, a fermionic (b, c) system of conformal weights (λ, 1− λ) with integer λ,
has ξ = Lb = K⊗λ, the λ-th tensor product of the canonical line bundle with itself.

11The tensor product bundle ξ1 ⊗ ξ2 over M is defined as the bundle whose fibers at each point
P are tensor products of the fibers of ξ1 and ξ2 at P.



Chapter 2. Preliminaries 40

Thus,
n(b)− n(c) = (2λ− 1)(g− 1) (2.115)

In the case λ = 1, as with fermionic matter systems (pα, θα) of the pure spinor
formalism in a flat background, Lb = K, and c is just a section of the trivial line
bundle over Σg. Thus, c has 1 zero mode (the constant function) and b has g
zero modes, which can be specified by a basis {ωi, i = 1, ..., g} of holomorphic
1-differentials on the Riemann surface. These objects are chosen to satisfy∫

ai

ωj = δij (2.116)

around the g homology a-cycles of Σg. The integrals around b-cycles define the
period matrix

τij ≡
∫

bi

ωj. (2.117)

which is symmetric and has positive definite imaginary part.

a1

b1

a2

b2

ag

bg

Figure 2.1: Basis of homology cycles on a genus g Riemann surface

Bosonization states that a generic (b, c) system of conformal weights (λ, 1− λ)

(together with their right-moving partners) is equivalent to the theory of a real
compact scalar whose action is determined, apart from the kinetic free term, by
symmetry requirements and the fact that it must include information about λ and
the spin structures when λ is half-integer [41].

Assuming first that there are no zero-modes for ∂̄†
ξ (which is the same as the

absence of c zero-modes), the identification of correlation functions in both theories



Chapter 2. Preliminaries 41

is 〈
p

∏
i=1
‖b(Pi)‖2

〉
f ermion

=

〈
p

∏
i=1

eiϕ(Pi)

〉
boson

(2.118)

where p = (2λ − 1)(g − 1) is the number of independent zero-modes of b; p
insertions of b is the minimum necessary in order to have non-vanishing fermionic
integration over zero-modes of b. Pi, (i = 1, ..., p) denote points on Σg. In the left
hand side, the norm is defined as ‖b(P)‖2 = ρ−λ(P)b(P)b̃(P), where ρ(P) is the
conformally flat metric ds2 = ρdzdz̄.

The fermion correlator gives〈
p

∏
i=1
‖b(Pi)‖2

〉
f ermion

=
det′∂̄†

ξ ∂̄ξ

det(ui, uj)
‖det(ui(Pj))‖2 (2.119)

Here ∂̄†
ξ ∂̄ξ is the laplacian acting on sections of the holomorphic line bundle ξ

whose zero modes are excluded from the determinant det′, and (ui, uj) is the inner
product defined on the space of zero modes.

To compute the bosonic correlator it is better to split the scalar field into a topo-
logically nontrivial piece which obeys the equations of motion, and a fluctuation
which is topologically trivial, ϕ = ϕinst + ϕ f luct. Details of the computation can be
found in [41].

The first piece give the instanton contribution to the correlator

Zinst = (det(Imτ))1/2N (z), (2.120)

where the function N will be shortly described; its argument in (2.120) depends
on the line bundle ξ associated to b, and on the positions of exp(iϕ) insertions in
the correlation function.

Digression on divisors

Correlation functions of fields in the (b, c) system turns out to be meromorphic
functions of the positions of its insertions,

A(z1, ..., wM) =

〈
M+p

∏
i=1

b(zi)
M

∏
j=1

c(wj)

〉
(2.121)
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From the conformal behavior of b and c one gets,

A(z′1, ..., w′M) =
M+p

∏
i=1

(
dzi

dz′i

)λ M

∏
j=1

(
dwj

dw′j

)1−λ

A(z1, ..., wM) (2.122)

As a function of, say, z1, A has zeros at zi 6= z1 and poles at wi; this is a
consequence of the OPE’s between b and c. A(z1) is called a meromorphic λ-
differential and it is determined by the position of all its zeroes and poles. These
positions define the divisor as a formal sum

DA =
M+p

∑
i=2

zi −
M

∑
j=1

wj (2.123)

The problem of determining the correlation function is reformulated as the prob-
lem of characterizing all possible divisors of a meromorphic λ-differential [42].

To a given line bundle ξ one can associate a divisor to each of its meromorphic
sections. Since the quotient of two λ-differentials is a meromorphic function,
the difference of their divisors is just the divisor of a meromorphic function.
By defining the group of divisor classes as the set of all divisors modulo the
divisors of meromorphic functions, one gets a one-to-one correspondence between
inequivalent line bundles and divisor classes.

The degree of DA is defined as the number of zeros minus the number of poles,
including multiplicities. It is a known fact that, for a compact Σg, the degree of
DA for A a meromorphic function is zero. This means that all divisors associated
to a line bundle have the same degree, which turns out to be the same line bundle
degree defined earlier. The line bundle of λ-differentials for integer λ, has a divisor
class [Dλ] = λ[D1] where [D1] is the divisor class for the canonical line bundle K
(often denoted by the same letter K).

An important case is that of half-integer λ. Here, as already mentioned, one
has to distinguish between different spin structures on the Riemann surface. For
each spin structure α there is a spin bundle Sα such that Sα ⊗ Sα = K. Then,
the corresponding divisor class satisfies 2[Dα] = K, and it has degree g− 1. For
general half-integer λ, [Dλ,α] = (λ− 1

2)K + [Dα].

Given a divisor of zero degree D = A− B, where both A and B are positive
divisors, one can associate to it a complex g-dimensional vector z using the so



Chapter 2. Preliminaries 43

called Jacobi map

I : D −→ zi =
∫ A

B
ωi (2.124)

Due to (2.116), (2.117) the image is actually an element of the complex torus
J(Σg) = C/(Zg + τZg), which is known as the jacobian variety of Σg. Abel’s
theorem states that two divisors are mapped onto the same point in the jacobian
variety if and only if they are equivalent. This way, one gets a precise correspon-
dence between degree zero line bundles and elements of the jacobian variety J(Σ).

The argument of the function N in (2.120) is precisely a specific element of
J(Σg). The function itself is defined as12

N (z) = e−2πImz·(Imτ)−1·Imz|Θ(z|τ)|2 (2.125)

where the Riemann theta function Θ(z|τ) is

Θ(z|τ) = ∑
n∈Zg

exp(iπniτijnj + 2πinizi). (2.126)

Given a point P0 on Σ, consider the function

f (P) = Θ
(

z +
∫ P

P0

ω
∣∣∣τ) . (2.127)

The Riemann Vanishing Theorem [43] states that f (P) either vanishes identically
for all P on Σ, or it has exactly g zeroes {Pi, i = 1, ..., g} on Σg. In the latter case,
there exists a vector ∆ which depends only on the reference point P0 so that

z +
g

∑
i=1

∫ Pi

P0

ω = ∆ (2.128)

∆ is known as the vector of Riemann constants; the divisor class associated to it,
known as the Riemann class (here denoted also by ∆). This class has degree g− 1,
and it satisfies 2∆ = K, so it corresponds to one of the spin bundles, denoted by
S0.

With all these ingredients, it is possible to write the specific value of the argu-

12Given two vectors x, y, and a g× g matrix A, then x·A·y is understood as xtr Ay.
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ment in N .13 It is
z = I

[
ξ ⊗O(−Dins)⊗ ∆−1

]
(2.129)

where the Jacobi map is actually applied to the divisor associated to the line bundle
written here. O(−Dins) is the line bundle whose divisor class contains −Dins, the
negative of the divisor of insertion points on Σg, Dins = ∑

p
i=1 Pi. The third factor

in the tensor product could actually be any even spin bundle L0, with L0⊗ L0 = K;
L0 = ∆ is a convenient choice, the final results being independent of it.

The contribution to bosonic correlation functions coming from fluctuations
ϕ f luct is obtained just by gaussian integration and gives, after appropriate regular-
ization,

Z f luct =

(
det′∂̄†∂̄

AΣ

)−1/2 p

∏
i,j=1

G(Pi, Pj) (2.130)

where ∂̄†∂̄ is the usual wave operator for a scalar in two dimensions, A is the of
Σg, and G(Pi, Pj) is the Green’s function for ∂̄†∂̄, whose explicit form depends on
the metric chosen on the Riemann surface.

Thus, the bosonization formula gives

det′∂̄†
ξ ∂̄ξ

det(ui, uj)
‖det(ui(Pj))‖2 =

(
det′∂̄†∂̄

det(Imτ)AΣ

)−1/2

N (ξ ⊗O(−Dins)⊗ ∆−1)

×
p

∏
i,j=1

G(Pi, Pj) (2.131)

Holomorphic factorization

It is convenient to get bosonization formulas for just the chiral sector of a
given (b, c, b̃, c̃) system. Nonetheless, a theory of a chiral boson which reproduces
the correlators in the fermionic side is not known. However, if one manages to
eliminate all appearances of the conformal metric on both sides of the bosonization
formula, then one can take the holomorphic square root of the resulting expression.
In order to be able to do that, it is necessary that all anholomorphic factors of the
form exp[kImz·(Imτ)−1·Imz] cancel out in the formula.

A convenient choice of metric is the so called Arakelov metric [44], where the
13The specific form of the bundle is determined from modular invariance and consistency with

the fermionic field theory side.
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factor ρ(P) takes the form

ρ(P) = |σ(P)|4/g exp
[

4π

g(g− 1)
Im∆P·(Imτ)−1·Im∆P

]
. (2.132)

Here, ∆P =
∫ ∆
(g−1)P ω, and σ(P) is a g

2 -differential with no zeroes or poles [42].
With this metric, for points Pi 6= Pj the Arakelov Green’s function is

G(Pi, Pj)
2 = ρ(Pi)

1/2ρ(Pj)
1/2F(Pi, Pj) (2.133)

where F(Pi, Pj) is

F(Pi, Pj) = exp

[
−2πIm

∫ Pi

Pj

ω·(Imτ)−1·Im
∫ Pi

Pj

ω

]
|E(Pi, Pj)|2 (2.134)

In the last formula, E(Pi, Pj) is the prime form: a holomorphic −1
2-differential

in each of its arguments, which, geometrically, functions as a generalization of
zPi − zPj on the Riemann sphere.

For coincident points, the regulated Green’s function for the Arakelov metric
is just equal to one.

With all these formulas one can get holomorphic factorization for the case
λ > 1 with λ ∈ Z. In these cases, ξ = Lb,λ ≡ K⊗λ. Then, the point in the jacobian
variety is14

z = I
[
K⊗λ ⊗O(−Dins)⊗ ∆−1

]
= −

p

∑
i=1

Pi + (2λ− 1)∆ (2.135)

Substituting all necessary definitions into the bosonization formula (2.4) it is easy
to check that all anholomorphic factors cancel giving rise to the nice formula

det′∂̄†
Lb,λ

∂̄Lb,λ

det(ui, uj)
|det(ui(Pj))|2 = |Z1|−1|Θ(z|τ)|2

p

∏
i<j
|E(Pi, Pj)|2

p

∏
i=1
|σ(Pi)|2(2λ−1)

(2.136)
where Z1 can be considered as the partition function of the chiral scalar field,
satisfying

|Z1|−1 =

(
det′∂̄†∂̄

det(Imτ)AΣ

)−1/2

(2.137)

14For brevity, the image of a divisor D under the Jacobi map is denoted by the same symbol D.
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So, given a chiral system (b, c) of conformal weights (λ, 1− λ) the correlation
function

〈
b(P1)...b(Pp)

〉
=
∫

DbDc b(P1)...b(Pp)e−S[b,c] ≡ Zλdet(ui(Pj)) (2.138)

is given by

Zλdet(ui(Pj)) = Z−1/2
1 Θ

(
−

p

∑
i=1

Pi + (2λ− 1)∆
∣∣∣τ) p

∏
i<j

E(Pi, Pj)
p

∏
i=1

σ(Pi)
2λ−1

(2.139)
Bosonization formula for ξ = K (that is, λ = 1) is slightly different because one

has to take into account the constant zero-mode of c (denoted simply by 1) which
requires at least one insertion in the correlator. The analogue to (2.4) is

det′∂̄†
K ∂̄K

det(ωi, ωj)(1, 1)
‖det(ωi(Pj))‖2 = |Z1|−1N (O(−Dins)⊗ ∆) (2.140)

×
∏

g
i,j=1 G(Pi, Pj)G(Q, Q)

∏
g
i=1 G(Pi, Q)2

(2.141)

where Dins = ∑
g
i=1 Pi − Q, and Q is an arbitrary point on the surface. Since

det′∂̄†
K ∂̄K = det′∂̄†∂̄, det(ωi, ωj) = det(Imτ), and (1, 1) = AΣ, the left hand side

also contains a power of |Z1|. This allows one to solve for an explicit expression of
|Z1|. With the Arakelov metric, one has

|Z1|3 =
N (O(−Dins)⊗ ∆)
‖det(ωi(Pj))‖2

∏
g
i<j G(Pi, Pj)

2

∏
g
i=1 G(Pi, Q)2

(2.142)

Making the necessary substitutions to express everything in terms of theta function,
prime form, and holomorphic section σ (apart from one-differentials ωi), one gets
again a consistent holomorphic factorization; thus

Z3/2
1 =

Θ(−∑
g
i=1 Pi + Q + ∆ | τ)
det(ωi(Pj))

∏
g
i<j E(Pi, Pj)

∏
g
i=1 E(Pi, Q)

∏
g
i=1 σ(Pi)

σ(Q)
(2.143)

Twisted bundles

Non-trivial bundles of zero degree will play an important role in the compu-
tation of amplitudes for twisted sectors of an orbifold compactification. A very
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convenient way to characterize them is through holonomy. Given a general line
bundle, if one parallel-transports an element v of the fiber at some point P ∈ Σg

around a closed loop C, then after one turn, one reaches another element v′ of the
same fiber, which is just C, so that these elements are related by

v′ = ve2πiH(C,ξ). (2.144)

The holonomy H(C, ξ) turns out to be real, and its exponential in the previ-
ous equation, well defined under change of trivialization [41]. Moreover, the
holonomy changes under a deformation of C to a nearby curve C ′ by a quantity
proportional to the integral of the curvature R over the surface whose boundary is
C ′ − C. Thus, for a flat bundle ψ,15 H depends only on the homology class of C.
This means that holonomy defines a real cohomology class modulo an integral
class, H(ψ) ∈ H1(Σg; R)/H1(Σg; Z); flat line bundles are characterized by phases
φ = {φi

1, φi
2, i= 1, ..., g} around the non-trivial homology a- and b-cycles of Σg,

respectively. Besides, the vanishing of H(ψφ) is equivalent to the triviality of ψ as
a line bundle.

An important result is that the Jacobi map of a divisor of ψ is given in terms of
these phases,

I[Dψφ ] = φ2 + τ · φ1 (2.145)

It is possible then to consider a more general bosonization formula. As will
be explained in the next chapter, compactification of the superstring on orbifolds
leads to the introduction of novel sectors in the string Hilbert space. This twisted
sectors induce the introduction of field configurations in the path integral which
have non-trivial boundary conditions around homology a- and b-cycles on the
Riemann surface. One such system of fields is a twisted (1, 0) (b, c) chiral theory. In
these cases, although λ = 1, c has no zero modes (in contrast to the usual untwisted
case), since the only holomorphic function possible in a compact Riemann surface
is the constant function, which does not obviously satisfy the required boundary
conditions. Hence, by the Riemann-Roch theorem, b has g− 1 zero modes, which
are given by φ-twisted one-differentials {ωφ,i, i = 1, ..., g− 1}. The line bundle
Lb ≡ ξφ has the form K⊗ ψφ, where the flat line bundle completely specifies the
twisting around homology cycles.

15The Chern number of the bundle can be represented by degξ = − 1
2πi
∫

Σg
R; hence, flat metrics

imply that the bundle have zero degree. Moreover, every degree-zero bundle admits a flat metric,
which is unique up to a constant. These bundles are thus called, flat bundles.
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The general bosonization formula is

det′∂̄†
ξφ

∂̄ξφ

det(ui, uj)
‖det(ui(Pj))‖2 = |Z1|−1N (ξφ ⊗O(−Dins)⊗ ∆−1)

p

∏
i<j

G(Pi, Pj)
2

(2.146)
where G(Pi, Pj) is the Green’s function for any metric, not necessary the Arakelov
metric.

Replacing ξh = K⊗ ψh in the argument of N , and taking into account that p is
set to g− 1, then

z = I
[
ψφ ⊗O(−Dins)⊗ ∆

]
= φ2 + τ · φ1 −

g−1

∑
i=1

Pi + ∆ (2.147)

The better way to show holomorphic factorization here is to divide the equation
(2.146) for K⊗ ψφ by equation (2.142) for K [45].

Since insertion points are arbitrary, those for the twisted case are taken to
be Pi, i = 1, ..., g− 1, while those for the case ξ = K are conveniently taken as
Pi′ , i′ = 1, ..., g, with Pi′ = Pi for i = i′ = 1, ..., g− 1, and Pi′=g ≡ Pg is still left
arbitrary. One gets,

det′∂̄†
ξφ

∂̄ξφ

det(ωφ,i, ωφ,j)
|det(ωφ,i(Pj))|2 = ρ(Pg)

−1|detωi′(Pj′)|2|Z1|2 (2.148)

×
N (φ2 + τ · φ1 −∑

g−1
i=1 Pi + ∆)

N (−∑
g
i′=1 Pi′ + Q + ∆)

∏
g
i′=1 G(Pi′ , Q)2

∏
g−1
i=1 G(Pi, Pg)2

(2.149)

The right hand side is independent of Q so one can take the limit Q→ Pg. The
function N in the denominator contains the holomorphic square of

Θ
(
−

g

∑
i′=1

Pi′ + Q + ∆
∣∣∣ τ
)
= Θ

(
−

g−1

∑
i=1

Pi + ∆
∣∣∣ τ
)

(2.150)

+ (zQ − zPg)
g

∑
i′=1

ωi′(Pg)∂i′Θ
(
−

g−1

∑
i=1

Pi + ∆
∣∣∣ τ
)
+ ... (2.151)

The first term in the right-hand-side is zero due to the Riemann vanishing theorem,
while higher order terms will vanish as Q→ Pg. Then, in the bosonization formula
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there remains the square of the factor

lim
Q→Pg

G(Q, Pg)2

|zQ − zPg |2
(2.152)

This is a regular expression as can be seen by choosing the Arakelov metric. In
fact, with this choice

G(Q, Pg)
2 = ρ(Q)1/2ρ(Pg)

1/2 exp
[
−2πIm

∫ Q

Pg
ω·(Imτ)−1·Im

∫ Q

Pg
ω

]
|E(Q, Pg)|2

(2.153)
and, since

lim
Q→Pg

|E(Q, Pg)|2

|zQ − zPg |2
= 1 (2.154)

the resulting limit is

lim
Q→Pg

G(Q, Pg)2

|zQ − zPg |2
= ρ(Pg) (2.155)

Therefore,

det′∂̄†
ξφ

∂̄ξφ

det(ωφ,i, ωφ,j)
|det(ωφ,i(Pj))|2 = |detωi′(Pj′)|2|Z1|2 exp

[
2πImz·(Imτ)−1·Imz

]

× N (φ2 + τ · φ1 + z)
|∑g

i′=1 ωi′(Pg)∂i′Θ(z|τ)|2
(2.156)

with z = −∑
g−1
i=1 Pi + ∆.

Fortunately, anholomorphic factors cancel out so holomorphic factorization is
possible. One defines the theta function with characteristics φ ≡ (φ1, φ2) as

Θ[φ](z|τ) = exp[iπφ1·(τ · φ1 + 2(z + φ2))]Θ(φ2 + τ · φ1 + z|τ). (2.157)

so that it entirely contains all information of twist structue φ. The chiral partition
function of a twisted (1, 0) fermionic system is

Z1,φdet(ωφ,i(Pj)) = Z1det(ωi′(Pj′))
Θ[φ](z|τ)

∑
g
i′=1 ωi′(Pg)∂i′Θ(z|τ)

(2.158)

Of course, this expression is equivalent to
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Z1,φdet(ωφ,i(Pj)) = Z−1/2Θ[φ]
(
−

g−1

∑
i=1

Pi + ∆
∣∣∣τ) g−1

∏
i<j

E(Pi, Pj)
g−1

∏
i=1

σ(Pi) (2.159)

as can be seen by using the explicit form of Z1 and taking appropriate limit.

Finally, there is an important class of bundles L which have degree g− 1 but
which not necessarily satisfy L⊗ L = K. The latter corresponds to spin bundles
Sα with spin structure α introduced earlier. One of these bundles is the Riemann
class ∆, which depends on the choice of a- and b-cycles, or marking, on Σg. General
twisted spin bundles are thus parametrized with respect to this special spin bundle
as

Lφ = ∆⊗ ψφ (2.160)

Spin bundles are a special case of this where φ = α = (α1, α2), and α ∈ (1
2Z/Z)2g.

The Riemann class corresponds to α = 0, so it can be denoted by ∆ = S0.
Theta functions which were just introduced, when they have characteristics α,

satisfy
Θ[α](−z|τ) = (−1)4α1·α2Θ[α](z|τ) (2.161)

Parity of spin structures is defined as the parity of their associated theta func-
tions. There are 2g−1(2g + 1) even and 2g−1(2g − 1) odd spin structures. The
special bundle ∆ has even spin structure.

For twisted spin bundles generically there are no zero modes for b and c, so in
these cases one can take no insertions in the correlation function. The bosonization
formula is simpler and reads

det ∂̄†
Lφ

∂̄Lφ = |Z1|−1N (Lφ ⊗ ∆−1) = |Z1|−1N (φ2 + τ · φ1) (2.162)

Holomorphic factorization gives

Z1/2,φ = Z−1/2
1 Θ[φ](0|τ) (2.163)

When there are zero modes, which always happens for odd spin structures,
then Z1/2,φ vanishes, and additional insertions are necessary.

All previous formulas can be generalized to the case in which more than the
minimal number of insertions is present, as long as background charge cancellation
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is obeyed, as in (2.121). The modifications are contained entirely in the choice of
bundle Dins in the argument of the function N and the inclusion of extra factors
of Green’s function coming from contractions between additional insertions in the
correlator. Holomorphic factorization implies that, for chiral systems, one needs
to include factors of the prime form E(P, Q) to take account of these contractions.

Take, for example, a complex system with λ = 1
2 , usually denoted by (ψ̄, ψ).

The correlator must have an equal number of ψ̄ and ψ insertions. Hence, in the
absence of zero modes for ψ̄, ψ,〈

M

∏
i=1

ψ̄(Pi)
M

∏
j=1

ψ(Qj)

〉
φ

= Z−1/2
1 Θ[φ]

(
−

M

∑
i=1

Pi +
M

∑
j=1

Qj

∣∣∣ τ
)

(2.164)

×
∏M

i<j E(Pi, Pj)∏M
i<j E(Qi, Qj)

∏M
i,j=1 E(Pi, Qj)

(2.165)

The propagator can be obtained from this formula by specializing to the two-point
correlation function

Pφ(P, Q) =
〈ψ̄(P)ψ(Q)〉φ
〈1〉φ

=
〈ψ̄(P)ψ(Q)〉φ

Z1/2,φ
=

Θ[φ](−P + Q|τ)
Θ[φ](0|τ)

1
E(P, Q)

(2.166)
One can further generalize correlators in order to include spin fields. To relate

these to the basic ψ̄ and ψ, one expresses the latter as solitons of the bosonic
corresponding theory,

ψ̄ = eiϕ, ψ = e−iϕ (2.167)

Spin fields of this system are defined as

S± = e±
i
2 ϕ. (2.168)

So, OPE’s can be easily computed:

S+(y)S−(z) −→ (y− z)−
1
4 (2.169)

while S±(y)S±(z) starts at order (y− z)1/4.
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The general correlator then is given by16.〈
M1

∏
i=1

ψ̄(Pi)
M2

∏
j=1

ψ(Qj)
M3

∏
k=1

S+(P′k)
M4

∏
l=1

S−(Q′l)

〉
φ

= Z−1/2
1 Θ[φ](−Dins|τ) (2.170)

×
∏i<j E(Pi, Pj)∏i<j E(Qi, Qj)

∏i,j=1 E(Pi, Qj)

∏i<j E(P′i , P′j )
1/4 ∏i<j E(Q′i, Q′j)

1/4

∏i,j=1 E(P′i , Q′j)
1/4 (2.171)

×
∏i,j=1 E(Pi, P′j )

1/2 ∏i,j=1 E(Qi, Q′j)
1/2

∏i,j=1 E(Pi, Q′j)
1/2 ∏i,j=1 E(Qi, P′j )

1/2 (2.172)

where

Dins =
M1

∑
i=1

Pi −
M2

∑
j=1

Qj +
1
2

M3

∑
k=1

P′k −
1
2

M1

∑
l=1

Q′l, (2.173)

and Mi (i = 1, .., 4) must satisfy the relation M1 −M2 +
1
2 M3 − 1

2 M4 = 0 in order
to respect background charge cancellation (which in this system is just zero).

βγ systems

Finally, one needs to get expressions for correlators of bosonic (β, γ) systems
like the superconformal ghosts of RNS formalism or bosonic ghosts of the pure
spinor formalism. Since this is a bosonic first order system, the presence of zero
modes will give infinities unless one inserts appropriate operators to absorb them.
The correlation functions involving exclusively β and γ are of the form〈

p

∏
i=1

δ(β(P′i ))
M

∏
j=1

β(Pj)
M

∏
k=1

γ(Qk)

〉
(2.174)

where p = (2λ− 1)(g− 1).
As discussed in [47], bosonization of this type of systems at higher genus

requires dealing with some subtleties concerning divergences coming from the φ

instanton sum, and the presence of η zero modes. Although it is possible to show
bosonization by taking care of these issues carefully, some bosonic correlation
functions which are relevant in this work can be directly obtained from the results
in last subsections on (b, c) systems.

Since (b, c) and (β, γ) systems with the same λ have identical eigenmode

16This spin field correlator was computed without bosonization in [46]
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expansions, differing only by statistics, the following relation holds (with obvious
modification when c, respectively γ, zero modes exist):17

〈
p

∏
i=1

δ(β(Pi))

〉
(β,γ)

=

〈
p

∏
i=1

b(Pi)

〉−1

(b,c)

(2.175)

=
Z1/2

1

Θ
(

∑
p
i=1 Pi − (2λ− 1)∆

∣∣∣τ) 1

∏
p
i<j E(Pi, Pj)

1

∏
p
i=1 σ(Pi)2λ−1

(2.176)

After bosonization one can check using OPE’s that δ(β) = eφ. Then making use of
the OPE’s

eaφ(y)ebφ(z) −→ (y− z)−abe(a+b)φ (2.177)

one can write an expression for the correlator involving spin fields exp(−1
2 φ) in

number such that background charge −(2λ− 1)(g− 1) is always canceled:〈
p+M

∏
i=1

eφ(Pi)
2M

∏
j=1

e−
1
2 φ(Qj)

〉
=

Z1/2
1

Θ(Dins − (2λ− 1)∆|τ) (2.178)

×
∏i,j=1 E(Pi, Qj)

1/2

∏i<j E(Pi, Pj)∏i<j E(Qi, Qj)1/4
∏i=1 σ(Qi)

λ− 1
2

∏i=1 σ(Pi)2λ−1 (2.179)

where Dins = ∑
p+M
i=1 Pi − 1

2 ∑2M
j=1 Qj. Factors os σ can be trace back from the non-

chiral relation between bosonic and fermionic correlators; recall that they appear
both in the norm ‖b()‖2 as well as in the Green’s function. For half-integer λ, the
theta function in the denominator appears with characteristics α.

17The relative minus sign in the argument of the theta function compared to fermionic formula
is due to the negative kinetic energy of φ, and the change of sign in the background charge.
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Superstrings on N=1 Orbifolds

Compactification on orbifolds is a good setting to start studying aspects of
four-dimensional low-energy effective field theory for the superstring. This is so
due to the fact that orbifolds are much easy to deal with than general Calabi-Yau
manifolds. The common property of these internal models is that they reduce
supersymmetry in four-dimensions compared to, for example, toroidal compactifi-
cations.

Recall that the closed superstring in a flat background has two D = 10 space-
time supersymmetries coming from left- and right-moving sectors of the world-
sheet model. Each supersymmetry current is a Weyl (or anti-Weyl) spinor in ten
dimensions, so there are 32 supersymmetries for closed superstrings. Toroidal
compactifications preserve all of them; thus when compactifying to four dimen-
sions, the resulting field theory has to be N = 8 D = 4 supergravity. The low
energy limit was studied first in [48], where four-point amplitudes were computed
both for Type I and type II superstrings.

Phenomenological motivations led to the search for manifolds which are less
trivial than the six-torus, and which could reduce the large amount of supersym-
metry in four dimensions. For the heterotic string [49, 50], with target space of the
form M4 × K6, the condition on the internal K6 is that it must be a complex mani-
fold with SU(3) holonomy [51]; this is precisely one way of characterize Calabi-Yau
manifolds. In these non-trivial backgrounds, the ten dimensional supersymmetry
charge is no longer conserved, except for some components, those corresponding
to the four-dimensional sector [52].

Some orbifolds can be interpreted as coming from CY manifolds on singular
limits. In any case, they can also reduce the initial 32 supersymmetries to a subset
of them. Toroidal orbifolds, which will be the relevant ones in this thesis, are
constructed from the six-torus T6 after a quotient by some discrete isometry. In the
case of SU(3) holonomy, it is convenient to use U(3) ≡ SU(3)×U(1)int indices for
internal directions of the worldsheet fields which come from vectors of target space.
The six coordinates of the parent torus combine to give complex coordinates xI

54
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and xI (I = 1, 2, 3), transforming in the (anti-)fundamental of SU(3), and carrying
internal U(1)int charge +1 (−1). In other words, xI=1 = 1√

2
(x5 + ix6), xI=1 =

1√
2
(x5 − ix6), etc. Equivalent notation is (xI , x Ī) where the upper index Ī can be

lowered by use of a hermitian metric gI J̄ , which in the case of orbifolds is just the
flat metric, gI J̄ = δI J̄ .

Orbifolds in string theory were originally introduced in [53, 54]. The internal
manifold of the model is a quotient of the six-torus T6 by a discrete subgroup of its
isometry group, G. That is, different points of T6, {xI , xI} and {x′I , x′I}, are identi-
fied if they are related by the action of g ∈ G, x ∼ x′ = gx. Fixed points under G
become singularities in the quotient, but as mentioned in the introduction, string
theory is still well-defined. For simplicity only abelian orbifolds are considered, in
which the action of the group on the complex coordinates xI , xI is given by

xI −→ e2πiφI xI , xI −→ e−2πiφI xI (3.1)

Boundary conditions for other worldsheet fields which have tangent indices I
are similarly defined by requiring that all conserved currents of the theory are well-
defined. For instance, internal fermions for RNS can be paired up into complex
ψI , ψ and required to transform as

ψI −→ e2πiφI ψI , ψI −→ e−2πiφI ψI (3.2)

in order for the N = 1 superconformal generator to be invariant under the orbifold
action. Remaining worldsheet fields (spacetime fields and superconformal ghosts)
in the RNS formalism have trivial behavior.

Physical states of this theory are grouped into two types of sectors. Those
inherited from the parent toroidal compactification are said to belong to the
untwisted sector of the Hilbert space. Then there are twisted sectors where strings
are not closed in the parent T6, but are closed after orbifold identification. In both
of these sectors, only G-invariant states are allowed and all non-invariant states
with respect to G are projected out.

Vertex operators are constructed out of fields which obey periodic or twisted
boundary conditions. Insertions of twisted vertex operators satisfy twisted correla-
tion functions which obey the appropriate monodromies around their insertions;
this is similar to the case of spin field insertions on the worldsheet. For amplitudes
computed in this thesis, all vertex operators belong to the untwisted sector, so it is
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not necessary to discuss twisted correlation functions.
Nevertheless, for higher genus amplitudes one should consider, even for scat-

tering of untwisted states, nontrivial boundary conditions around each homology
cycle of the corresponding genus g Riemann surface Σg. Each possible choice of
boundary conditions is called a twist structure, and the amplitude computations
have to include a sum over all twist structures, including the trivial one: the
structure where boundary conditions of the worldsheet fields are periodic around
all aj and bj cycles. Untwisted worldsheet fields have the usual integer mode
expansions and twisted ones are generally expanded in non-integer modes.

Bosonic orbifold coordinates xI and xI are defined such that

xI(z + ai) = e2πiφi
I,1 xI(z), xI(z + bi) = e2πiφi

I,2 xI(z), (3.3)

xI(z + ai) = e−2πiφi
I,1 xI(z), xI(z + bi) = e−2πiφi

I,2 xI(z), (3.4)

where
{

φi
I,1, φi

I,2, i = 1, ..., g
}
≡ φI specify the orbifold group elements that twist

the boundary conditions along the homology cycles of Σg. Similarly internal
fermions with twist structure φI satisfy

ψI(z + ai) = e2πiφi
I,1ψI(z), ψI(z + bi) = e2πiφi

I,2ψI(z), (3.5)

ψI(z + ai) = e−2πiφi
I,1ψI(z), ψI(z + bi) = e−2πiφi

I,2ψI(z). (3.6)

For closed strings (type II) similar twisted boundary conditions hold for the
right-moving sector. Type II spectrum on orbifold compactifications depends,
of course, on the details of the group G; however it is possible to study the
general structure of the spectrum by noticing that they are realizations of the
compactification on superconformal structures to four dimensions. This also
allows to get basic information about the more complicated cases of Calabi-Yau
manifolds. The focus will be on type II superstring compactifications; as mentioned
before the original formulation was made in the framework of heterotic strings,
while type I orbifold compactifications are also possible [55].

3.1 Type II spectrum in 4D Compactifications

The general setting to describe the four-dimensional compactifications relevant
to this work is the type II superstring compactified on N = (2, 2) superconformal
field theory (SCFT) with central charge c = 9 [56]. They abstract non-linear sigma
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models on Calabi-Yau three-manifolds as well as theories on six-dimensional
orbifolds.

Effective field theories arising from these compactifications have D = 4 N = 2
spacetime supersymmetry. The charges of these extended supersymmetric theories
come from both right and left-moving worldsheet sectors of the closed type II
superstring. To analyze the massless spectrum of the superstring one can start
with the bosonic NS-NS states and obtain the others making use of the spectral
flow characteristic to two-dimensional N = 2 SCFT’s [57].

The simplest operator, which always exists in superconformal theories, is the
identity operator 1 with conformal weights (h, h̄) = (0, 0) and charges (q, q̄) =

(0, 0). This operator leads to the graviton, dilaton, and antisymmetric tensor, all
of which belongs to the compactification independent, or universal, sector of the
theory. Operators of positive conformal weight can lead to massless states only
when h = 1

2 or h̄ = 1
2 , but those with (h, h̄) = (0, 1

2) or (h, h̄) = (1
2 , 0) give rise to

free fermions in the CFT, thus increasing the amount of supersymmetry beyond
N = 2. So, the restriction is over SCFT’s where these operators cannot appear. The
remaining possibility is (h, h̄) = (1

2 , 1
2). It is possible to show that GSO projection

requires N = 2 chiral and antichiral operators to be primaries, so the relation with
superconformal charge is q = ±2h as well as q̄ = ±2h̄. These operators belong to
the compactification dependent, or non-universal, sector of the theory.

It is convenient to recall here the spectrum of D = 4 N = 2 supergravity. There
are basically three types of multiplets. The gravitational multiplet G contains
the graviton, a vector called graviphoton, and two gravitini. A scalar multiplet,
or hypermultiplet Φ, contains four scalars and a Dirac fermion. Finally, a vector
multiplet V contains a vector, a complex scalar, and a Dirac fermion.

Vertex operators corresponding to theses states are constructed now in the RNS
formalism.

In the universal sector, the gravitational multiplet starts with the graviton,
whose vertex operator is easily obtained by dimensional reduction of the ten-
dimensional version. At zero picture, it is

V(0)
g (k, h) = hµν(∂xµ + ik · ψψµ)(∂̄xν + ik · ψ̃ψ̃ν)1eik · x (3.7)

where hµν, µ, ν = 0, ..., 3 is the polarization, a symmetric traceless tensor obeying
kµhµν = 0, k is the four-dimensional momentum and xµ denotes the spacetime
components of xm, m = 0, ..., 9.
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At picture −1 the graviton vertex operator is

V(−1)
g (k, h) = hµνe−(φ+φ̃)ψµψ̃νeik · x (3.8)

As mentioned before, the vertex operator for the graviphoton is obtained by
means of spectral flow. The explicit form of the operator depends of which type II
superstring is dealing with, since the flows are in the opposite directions for type
IIA and in the same direction for type IIB. This means that, for type IIA,

1 −→ Σ0(z, z̄) (3.9)

where Σ0 is the unique operator in the internal SCFT with conformal weights
(h, h̄) = (3

8 , 3
8) and charges (q, q̄) = (3

2 ,−3
2). On the other hand, for type IIB,

1 −→ Ξ0(z, z̄) (3.10)

where Ξ0 is the unique operator with conformal weights (h, h̄) = (3
8 , 3

8) and
charges (q, q̄) = (3

2 , 3
2). Consistency requires that spectral flow acts also on space-

time fermionic vectors and superconformal ghosts, schematically as

e−(φ+φ̃)ψµψ̃ν −→ e−
1
2 (φ+φ̃)SαS̃β (3.11)

where Sα (and Sα̇) are spin fields constructed from ψµ through bosonization.
Therefore, type IIA graviphoton vertex operator at picture −1

2 is given by

V(− 1
2 )

T (k, a) = e−
1
2 (φ+φ̃)kνaµ

[
Sα(σµν)

β
α S̃βΣ0 + Sα̇(σ̄

µν)α̇
β̇
S̃β̇Σ̄0

]
eik · x (3.12)

The type IIB vertex operators is obtained after replacement Σ0 −→ Ξ0.
The other multiplet in the universal sector, the hypermultiplet, is constructed

starting from the dilaton and axion vertices,

V(−1)
φ (k) = e−(φ+φ̃)ψµψ̃µeik · x (3.13)

V(−1)
B (k, b) = bµνe−(φ+φ̃)ψµψ̃νeik · x (3.14)

where bµν is an antisymmetric tensor.
Spectral flow gives rise to a couple of real scalars (or one complex scalar),
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which for type IIA read

V(− 1
2 )

Z (k) = e−
1
2 (φ+φ̃)kµSασ

µ

αβ̇
S̃β̇Ξ0eik · x (3.15)

V(− 1
2 )

Z̄ (k) = e−
1
2 (φ+φ̃)kµSα̇σ̄

α̇β
µ S̃βΞ̄0eik · x (3.16)

Corresponding vertex operators for type IIB are obtained by making the replace-
ment Ξ0 −→ Σ0.

As already seen, the other type of states that could appear in the massless
spectrum of this kind of compactifications are related to operators in the SCFT
with quantum numbers h = h̄ = 1

2 , q = ±q̄ = 1. In a generic N = (2, 2) SCFT
there will be n1 operators ∆A, A = 1, ..., n1 with (h, h̄) = (1

2 , 1
2), (q, q̄) = (1, 1), and

n2 operators ΛB, B = 1, ..., n2 with (h, h̄) = (1
2 , 1

2), (q, q̄) = (1,−1). The nature of
multiplets in the D = 4 N = 2 field effective field theory depends on whether
the superstring is of type IIA or of type IIB. In fact, for type IIA, GSO projection
requires that operators ∆A gives rise to hypermultiplets, whereas operators ΛB

give rise to vector multiplets. The situation for type IIB is reversed so there are n1

vector multiplets and n2 hypermultiplets instead.
Vertex operators for type IIA are now constructed. NS-NS scalars in vector

multiplets VB have vertex operators:

VB(−1)(k) = e−(φ+φ̃)ΛBeik · x (3.17)

V B̄(−1)(k) = e−(φ+φ̃)Λ̄Beik · x (3.18)

Spectral flow maps
ΛB −→ ΣB (3.19)

where ΣB are operators with (h, h̄) = (3
8 , 3

8), (q, q̄) = (−1
2 , 1

2). Thus, R-R vectors
in these multiplets are given by

VB(− 1
2 )(k, ζ) = e−

1
2 (φ+φ̃)kνζµ

[
Sα(σµν)

β
α S̃βΣB + Sα̇(σ̄

µν)α̇
β̇
S̃β̇Σ̄B

]
eik · x (3.20)

NS-NS scalars in hypermultiplets ΦA have vertex operators

VA(−1)(k) = e−(φ+φ̃)∆Aeik · x (3.21)

V Ā(−1)(k) = e−(φ+φ̃)∆̄Aeik · x (3.22)
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Spectral flow
∆A −→ ΞA (3.23)

where ΞA are operators with (h, h̄) = (3
8 , 3

8), (q, q̄) = (−1
2 ,−1

2), allows one to
write vertex operators for R-R scalars,

VA(− 1
2 )(k) = e−

1
2 (φ+φ̃)kµSασ

µ

αβ̇
S̃β̇ΞAeik · x (3.24)

V Ā(− 1
2 )(k) = e−

1
2 (φ+φ̃)kµSα̇σ̄

α̇β
µ S̃βΞ̄Aeik · x (3.25)

Type IIB vertex operators are obtained from all these ones by making substitutions

ΛB ←→ ∆A, ΣB ←→ ΞA. (3.26)

3.2 Pure Spinor Formalism on an Orbifold

In the pure spinor formalism, four-dimensional compactifications will be ob-
tained starting from an appropriate splitting of the ten-dimensional objects in such
a way as to reflect the nature of target space. Obviously, bosonic coordinates xm

are written again in the form xµ, xI , xI . And the orbifold action is just as in the
RNS formalism.

Instead of fermionic vectors, the pure spinor formalism contains both fermionic
and bosonic ten-dimensional spinors, so it is also necessary to decompose each
sixteen component object using four-dimensional and internal indices.

Recall that a chiral spinor in D = 10 can be written using U(5) components
as ζα → (ζ+, ζab, ζabcd), and that this construction can be interpreted in terms
of elements in a Fock space through the action of creation operators γa. Besides,
operators γ1, γ1 and γ2, γ2 can be thought of as generating the four-dimensional
part of the spinors, as they are related to the first four diagonal components of the
metric defining the Clifford algebra gmn. Therefore, if the index a is split as (i, I),
the components of ζα are

ζ+, ζab = (ζij, ζiI , ζ I J), ζabcd = (ζijI J , ζiI JK) (3.27)

The four-dimensional chiral and antichiral spinors can be identified, thus, as
singlets of the internal U(3); they are ζ+, ζij and ζiI JK. To see the relation with
more common notation ζα, ζα̇, it is useful to recall that the same construction of
ten-dimensional spinors can be performed in D = 4.
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The Clifford algebra in four dimensions is {γµ, γν} = 2ηµν1. The γµ are
grouped into creation (γi, i = 1, 2) and annihilation (γi, i = 1, 2) operators as
before. The spinor space is spanned by the vacuum |Ω〉 and all states generated
by application of the creation operators on it.

|Ω〉, γi|Ω〉 γiγj|Ω〉 (3.28)

Thus, a Dirac spinor ζ can be written as

ζ = ζ+|Ω〉+ ζiγ
i|Ω〉+ 1

2
ζijγ

iγj|Ω〉 = (ζ(0) + ζ(1) + ζ(2))|Ω〉 (3.29)

Since indices take only two values, and the γi’s anticommute, there is only one
independent component for ζij which can be denoted as ζ12 = ζ−. Then a chiral
spinor is ζα → (ζ+, ζ−) and an antichiral one is ζ α̇ → ζi. Furthermore, one
can compute the usual covariant objects constructed from these spinors in the
same way as in D = 10. In four dimensions, contractions are non-vanishing
between spinors of the same chirality. Defining the measure as in subsection 2.2.1,
〈γi ∧ γj〉 = εij, one gets the contraction between two chiral spinors χα, ζα,

(χ, ζ) = χαζα = R[χ]ζ = 〈χ(0) ∧ ζ(2) − χ(2) ∧ ζ(0)〉, (3.30)

from where one can obtain

χαζα = χ+ζ− − χ−ζ+, (3.31)

whereas for antichiral spinors antichiral χα̇, ζ α̇, their contraction is

χα̇ζ α̇ = εijχiζ j (3.32)

Moreover, it is easy to show that the following expressions hold

χασi
αα̇ζ α̇ = χ+εijζ j, χασiαα̇ζ α̇ = −2χ−ζi (3.33)

Going back to ten dimensions, and changing notation as follows: ζ I J = ε I JKζ+K,
ζijI J = εijε I JKζ−K, ζiI JK = ε I JKζi, a chiral spinor ζα can be written in components
as

(ζα, ζα̇, ζ I
α, ζα̇I). (3.34)
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Similarly, an antichiral spinor ζ̄α has components

ζ̄a = (ζ̄i, ζ̄ I), ζ̄abc = (ζ̄ijI , ζ̄iI J , ζ̄ I JK), ζ̄abcde = ζ̄ijI JK (3.35)

and, redefining ζ̄ I = ζ̄+I , ζ̄ijI = εijζ̄
−
I , ζ̄iI J = ε I JK ζ̄K

i , it becomes

(ζ̄α, ζ̄α̇, ζ̄αI , ζ̄ I
α̇). (3.36)

It is convenient to have expressions for different contractions between spinors
and gamma matrices in terms of these split components. From the formulas in
subsection 2.2.1 it is straightforward to deduce

ζαζ̄α = ζαζ̄α − ζα̇ζ̄ α̇ − ζαI ζ̄αI + ζα̇I ζ̄
α̇I , (3.37)

ζαγ
µ
αβξβ = ζασ

µ

αβ̇
ξ β̇ + ξασ

µ

αβ̇
ζ β̇ − ζαIσ

µ

αβ̇
ξ

β̇
I − ξαIσ

µ

αβ̇
ζ

β̇
I , (3.38)

ζαγI
αβξβ = ζαξ I

α − ζαIξα + εI JKζα̇Jξ
α̇
K, (3.39)

ζαγIαβξβ = −2ζα̇Iξ
α̇ + 2ζα̇ξ α̇

I − 2ε I JKζαJξ K
α , (3.40)

ζ̄αγµαβξ̄β = −ζ̄ασ
µ

αβ̇
ξ̄ β̇ − ξ̄ασ

µ

αβ̇
ζ̄ β̇ + ζ̄α

Iσ
µ

αβ̇
ξ̄ β̇I + ξ̄α

Iσ
µ

αβ̇
ζ̄ β̇I , (3.41)

ζ̄αγIαβξ̄β = −ζ̄α̇ξ̄ α̇I + ζ̄ I
α̇ ξ̄ α̇ − εI JK ζ̄α

J ξ̄αK, (3.42)

ζ̄αγ
αβ

I ξ̄β = 2ζ̄α
I ξ̄α − 2ζ̄αξ̄αI + 2ε I JK ζ̄ J

α̇ ξ̄ α̇K, (3.43)

where σ
µ
αα̇ are four-dimensional Pauli matrices.

To get the correct action of the orbifold group on θ I
α and θα̇I (together with the

corresponding right-moving worldsheet fields) it is necessary to require the correct
amount of supersymmetry to be preserved in D = 4. This means that components
jα and jα̇ are invariant under the orbifold action. These currents, together with
their right moving analogs, define the D = 4 N = 2 supersymmetry of the model
and their explicit expressions are

jα = pα +
1
2

σ
µ

αβ̇
θ β̇∂xµ +

1
2

θ I
α∂xI +

1
24

σ
µ

αβ̇
θ β̇(θαγµαβ∂θβ) +

1
24

θ I
α(θ

αγIαβ∂θβ), (3.44)

jα̇ = pα̇ +
1
2

θβσ
µ
βα̇∂xµ − θα̇I∂xI +

1
24

θβσ
µ
βα̇(θ

αγµαβ∂θβ)− 1
12

θα̇I(θ
αγI

αβ∂θβ). (3.45)
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These currents must be well-defined also when worldsheet fields have non-
trivial twist structures on Σg. It is immediate to see that for these currents jα, jα̇ to
be single-valued on Σg, one needs to impose

θ I
α(z + ai) = e2πiφi

I,1θ I
α(z), θα̇I(z + ai) = e−2πiφi

I,1θα̇I(z), (3.46)

θ I
α(z + bi) = e2πiφi

I,2θ I
α(z), θα̇I(z + bi) = e−2πiφi

I,2θα̇I(z), (3.47)

Here, U(1)int charge conservation is almost enough to imply single-valuedness.
The only additional requirement comes from the following terms in the supersym-
metry currents:

jα = ...− 1
12

ε I JKθ I
αθβJ∂θK

β , jα̇ = ...− 1
12

εI JKθα̇Iθβ̇J∂θ
β̇
K. (3.48)

These terms are not single-valued unless exp(2πi(φi
(I=1) + φi

(I=2) + φi
(I=3))) = 1,

which is a well-known constraint, together with the right-moving analog, to obtain
N = 2 D = 4 spacetime supersymmetry from orbifold compactifications of type II
superstrings. In particular, one can choose

φ1 + φ2 + φ3 = 0. (3.49)

Notice that the other components of the initial ten-dimensional supersymmetry
current, jαI and jI

α̇, are not single-valued when all φI 6= 0, so the amount of
supersymmetry is reduced to N = 2 D = 4, as required. On the other hand, the
trivial twist structure where φ1 = φ2 = φ3 = 0 preserves all 32 supersymmetry
currents, giving rise to a subsector with N = 8 spacetime supersymmetry. Another
possible situation is where one of the φ′s is trivial, say, φ1 = 0, and the other two
φ’s satisfying φ3 = −φ2, are non-zero. In this case, besides jα and jα̇, the currents
jα1 and j1α̇ are also single-valued, so the amount of supersymmetry is only reduced
to N = 4 D = 4. It will be shown in the next chapter that sectors preserving N = 4
or N = 8 supersymmetry do not contribute to topological amplitudes since there
are too many fermionic zero modes to be absorbed.

Concerning the remaining worldsheet fields, boundary conditions for the
conjugate momentum should be chosen so as to imply single-valuedness of the
worldsheet action. Thus,

pI
α̇(z + ai) = e2πiφi

I,1 pI
α̇(z), pαI(z + ai) = e−2πiφi

I,1 pαI(z). (3.50)
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with similar expressions to hold along b-cycles.
Furthermore, the requirement that the minimal pure spinor BRST current λαdα

is single-valued implies that

λI
α(z + ai) = e2πiφi

I,1λI
α(z), λα̇I(z + ai) = e−2πiφi

I,1λα̇I(z), (3.51)

and that its conjugate variables satisfy the boundary conditions

wI
α̇(z + ai) = e2πiφi

I,1wI
α̇(z), wαI(z + ai) = e−2πiφi

I,1wαI(z). (3.52)

Notice that condition (3.49) is crucial for the pure spinor constraint to be well
defined, independently of the requirement of supersymmetry in four-dimensional
spacetime. Using (3.38), (3.39), and (3.40), the pure spinor conditions λαγm

αβλβ = 0
decompose into three equations

λαλβ̇ − λαIλ
β̇
I = 0, (3.53)

λαλI
α +

1
2

εI JKλα̇Jλ
α̇
K = 0, (3.54)

λα̇Iλ
α̇ +

1
2

ε I JKλαJλK
α = 0, (3.55)

and the last two equations only make sense if (3.49) is satisfied.

3.2.1 Zero modes of twisted fields

Twisted boundary conditions on a genus g Riemann surface change the zero
mode structure of the worldsheet fields. Notice that the zero mode of a field
having conformal weight zero cannot satisfy twisted boundary conditions because
it should be a constant. For the case of compactified spacetime coordinates, (xI , xI),
their zero modes are constrained to be the fixed points at the orbifold singularities.

Recall that worldsheet systems are fermionic or bosonic field theories with an
action of the form,

S =
∫

Σg
(b∂̄c + b̃∂c̃). (3.56)

For untwisted fields, it is well known that the number of zero modes of b and c
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are related by the Riemann-Roch theorem [41]

n(b)− n(c) = (2λ− 1)(g− 1) (3.57)

where (b, c) have conformal weights (λ, 1− λ). As reviewed in section 2.4, the
same formula can be applied for twisted systems (they correspond to twisted line
bundles on Σg). So for the twisted case when (b, c) have conformal weights (1, 0),
c has no zero modes and b has g− 1 zero modes which are given by a basis of the
so-called h-twisted one-differentials ωh,i for i = 1, ..., g− 1 [58].

In the twisted sector of the orbifold compactified model, fermionic variables
θα will split into superspace coordinates (θα, θα̇) that are always untwisted, and
internal coordinates (θ I

α, θα̇I). So there are four untwisted (1, 0) systems, (pα, θα)

and (pα̇, θα̇), six φI-twisted (1, 0) systems (pα
I , θ I

α), and six −φI-twisted (1, 0)
systems (pα̇I , θα̇I), where the distinction between φI-twisted or −φI-twisted can
be read from the position of the I index. Concerning the zero modes, untwisted
systems contribute four constant zero modes contained in (θα, θα̇) and 4g zero
modes contained in (dα, dα̇), −φI-twisted systems contribute 6g− 6 zero modes
contained in dα̇I and no zero modes for θα̇I , and φI-twisted systems contribute
6g− 6 zero modes contained in dα

I and no zero modes for θ I
α.

In the case of constrained variables, the situation is more involved. As in the
previous case, the pure spinor field λα has four untwisted, six φI-twisted, and
six −φI-twisted components; however, as it must be the case for a pure spinor,
only 11 of these 16 components are independent. To figure out the actual number
of untwisted and twisted components, it is necessary to solve the pure spinor
constraint in such a way that Lorentz symmetry in four dimensions is preserved.

Recall that if one breaks SO(10) to U(5), the pure spinor decomposes as
(λ+, λab, λa) where a = 1, ..., 5. The pure spinor space can be described using
sixteen patches where each patch corresponds to the subset where a specific com-
ponent is required to be nonzero. For example, in the patch where λ+ 6= 0, one
can solve the constraints by expressing the five components λa in terms of λ+ and
λab as

λa =
1

8λ+
εabcdeλbcλde. (3.58)

To preserve D = 10 Lorentz covariance, all 16 patches of pure spinor space
must be considered. However, if one requires no more than D = 4 Lorentz
invariance, it is sufficient to only consider the two patches where λα̇ 6= 0, that is,
the patch λ1̇ 6= 0 and the patch λ2̇ 6= 0. If ξα̇λα̇ 6= 0 for some ξα̇, one can use the
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pure spinor constraints (3.53) and (3.55) to solve for the two components of λα and
for the three components of (λα̇λα̇

I ) in terms of the other 11 components as

λα =
λI

α

(
ξ β̇λ

β̇
I

)
ξγ̇λγ̇

, λα̇λα̇
I =

1
2

ε I JKλαJλK
α . (3.59)

So the 11 independent components of the pure spinor can be chosen as λα̇, λαI and
ξ β̇λ

β̇
I . To recover D = 4 Lorentz covariance, the spinor ξα̇ will be later replaced

by the components λ̄α̇ of the non-minimal pure spinor λ̄α. Since λα̇ is always
untwisted, the zero modes in their two components are the only independent zero
modes in the twisted sectors.

Due to constraints (3.53), (3.54), (3.55), the model has a gauge invariance that
allows to set five components of wα equal to zero. In the patch where ξα̇λα̇ 6= 0, it is
possible to gauge away wα and ξα̇wα̇I . Therefore, the pure spinor sector consists of
11 pairs of (1, 0) chiral bosons: two untwisted, (wα̇, λα̇), six φI-twisted, (wαI , λαI),
and three−φI-twisted, (λα̇wα̇I , (ξ β̇λβ̇)−1ξα̇λα̇

I ). So there are 2g wα̇, 6g− 6 wαI and
3g− 3 λα̇wα̇I zero modes.

Alternatively, one could have preserved D = 4 Lorentz covariance by only
considering patches where ξαλα 6= 0 for some ξα (and then replacing this ξα

by the non-minimal spinor λ̄α). In this case, the 11 pairs of (1, 0) chiral bosons
are: two untwisted, (wα, λα), six −φI-twisted, (wα̇I , λα̇I), and three φI-twisted,
(λαwαI , (ξβλβ)

−1ξαλI
α). And one gets two zero modes from λα, 2g zero modes

from wα, 6g− 6 zero modes from wα̇I , and 3g− 3 zero modes from λα̇wα̇I .
In general backgrounds the composite b ghost of the pure spinor formalism

has a very complicated expression; fortunately, since orbifold backgrounds are
constructed from free worldsheet theories, the b ghost takes just the same form as
in flat space, equation (2.86). One only needs to split vectors and spinors as has
been done so far.

Then, boundary conditions for non-minimal variables in twisted sectors are
implied by single-valuedness of this composite b ghost and the pure spinor BRST
charge (2.80),

λ̄I
α̇(z + ai) = e2πiφi

I,1 λ̄I
α̇(z), λ̄αI(z + ai) = e−2πiφi

I,1 λ̄αI(z), (3.60)

w̄I
α(z + ai) = e2πiφi

I,1w̄I
α(z), w̄α̇I(z + ai) = e−2πiφi

I,1w̄α̇I(z), (3.61)

rI
α̇(z + ai) = e2πiφi

I,1rI
α̇(z), rαI(z + ai) = e−2πiφi

I,1rαI(z), (3.62)
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sI
α(z + ai) = e2πiφi

I,1sI
α(z), sα̇I(z + ai) = e−2πiφi

I,1sα̇I(z). (3.63)

and similarly along homology b-cycles. When λ̄α̇λα̇ 6= 0, one can use the same
arguments as for the pure spinor λα and solve all components of λ̄α in terms of λ̄α̇,
λ̄αI and λα̇λ̄α̇I , and the independent bosonic and fermionic systems are (w̄α̇, λ̄α̇),
(w̄αI , λ̄αI), ((λ̄β̇λβ̇)−1λ̄α̇w̄α̇

I , λα̇λ̄α̇I) and (sα̇, rα̇), (sαI , rαI), ((λ̄β̇λβ̇)−1λ̄α̇sα̇
I , λα̇rα̇I).

Also, when λ̄α̇λα̇ 6= 0 in a twisted sector, the bosonic zero modes include two
from λ̄α̇, 2g from w̄α̇, 6g− 6 from w̄αI , and 3g− 3 from (λ̄β̇λβ̇)−1λ̄α̇w̄α̇

I . And the
fermionic zero modes include two from rα̇, 2g from sα̇, 6g− 6 from sαI , and 3g− 3
from (λ̄β̇λβ̇)−1λ̄α̇sα̇

I .

3.2.2 A four-dimensional b ghost

Restricting to patches where λα̇ 6= 0, or equivalently, λ̄α̇λα̇ 6= 0, allows for
interesting possibilities concerning the composite pure spinor b ghost. Recall
that in flat ten-dimensional background, the b ghost (2.86) is constructed out of
operators (T, Gα,...), obeying a chain of relations like {Q, Gα} = λαT, {Q, Hαβ} =
λ[αGβ], and so on. The reasoning is that, since {Q, b} = T must hold, one could
write the b ghost as

b =
λ̄αGα

λ̄αλα
+ ... (3.64)

which satisfies {Q, b} = T + ...; extra terms are then canceled by further terms in b
with higher order poles λ̄αλα.

Suppose now that one restricts to a patch in pure spinor space where either
λ̄αλα 6= 0 or λ̄α̇λα̇ 6= 0. Since {Q0, Gα} = λαT0 and {Q0, Gα̇} = λα̇T0 where
Q0 =

∫
λαdα and T0 = −1

2 ∂xm∂xm − pα∂θα + wα∂λα are the minimal BRST charge
and stress-tensor, one can choose on these patches the first term of the four-
dimensional b ghost as either

b(c) =
λ̄αGα

λ̄βλβ
+ ..., or b(a) =

λ̄α̇Gα̇

λ̄β̇λβ̇
+ .... (3.65)

Applying the non-minimal BRST charge to the first term in b(a), one gets

{
Q0 +

∫
w̄αrα,

λ̄α̇Gα̇

λ̄γ̇λγ̇

}
= T0 −

rα̇Gα̇

λ̄γ̇λγ̇
+

λ̄α̇Gα̇rβ̇λβ̇

(λ̄γ̇λγ̇)2 . (3.66)

To cancel the second and third term in the right hand side of the last equation
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one proceeds as in the ten dimensional case, picking other operators in the chain.
Notice that there is no need for components other than H[α̇β̇], which has actually
only one independent component since dotted indices take just two values. Using[

Q, H[α̇β̇]
]
= λ[α̇Gβ̇],

Q0 +
∫

w̄αrα,−
λ̄α̇rβ̇H[α̇β̇]

(λ̄δ̇λδ̇)2

 =
rα̇Gα̇

λ̄δ̇λδ̇
−

λ̄α̇Gα̇rβ̇λβ̇

(λ̄δ̇λδ̇)2
+

rα̇rβ̇H[α̇β̇]

(λ̄δ̇λδ̇)2
−

2rγ̇λγ̇λ̄α̇rβ̇H[α̇β̇]

(λ̄δ̇λδ̇)3
.

(3.67)
The last two terms in (3.67) cancel each other because of the identity rα̇rβ̇ =
1
2 ε α̇β̇rγ̇rγ̇, and the first two cancel those appearing in (3.66), so we can define the
b-ghost to be

b(a) =
λ̄α̇Gα̇

λ̄α̇λα̇
−

λ̄α̇rβ̇H[α̇β̇]

(λ̄α̇λα̇)2 + sα∂λ̄α (3.68)

where the last term is necessary to get the non-minimal terms in T = T0 + w̄α∂λ̄α−
sα∂rα.

Explicitly,

b(a) = sα∂λ̄α −
λ̄α̇

λ̄α̇λα̇

(1
2

ΠIdα̇I +
1
2

Πµσ̃
α̇β
µ dβ

)
− wα̇∂θα̇ − wα

I ∂θ I
α

− 1
λ̄α̇λα̇

(
λα̇wα̇I λ̄β̇∂θ

β̇
I − λ̄β̇λ

β̇
I wI

α̇∂θα̇ − wα̇λα̇λ̄β̇∂θ β̇
)
+

λ̄α̇rα̇dαdα

4(λ̄α̇λα̇)2 −
λ̄α̇rα̇λβ̇wβ̇IΠI

(λ̄α̇λα̇)2 .

(3.69)
This four-dimensional version satisifes b(a) = b + QΛ where Λ is well-defined

when λ̄α̇λα̇ 6= 0, so they are BRST equivalent. In fact, it is shown in the Appendix
that this simpler b(a) is related to the original one by

b =
λ̄α̇Gα̇

λ̄α̇λα̇
−

λ̄α̇rβ̇H[α̇β̇]

(λ̄α̇λα̇)2 + sα∂λ̄α (3.70)

+ Q

(
λ̄α̇λ̄β′H[α̇,β′]

(λ̄α̇λα̇)(λ̄αλα)
+

λ̄α̇λ̄β′rγK[α̇β′γ]

λ̄α̇λα̇(λ̄αλα)2 +
λ̄α̇λ̄β′rγ̇K[α̇β′γ̇]

(λ̄α̇λα̇)2λ̄αλα
(3.71)

−
λ̄α̇λ̄β′rγrδ′L

[α̇β′γδ′] + λ̄α̇λ̄β′rγ′rδ̇L[α̇β′γ′ δ̇]

λ̄α̇λα̇(λ̄αλα)3 −
λ̄α̇λ̄β′rγ′rδ̇L[α̇β′γ′ δ̇]

(λ̄α̇λα̇)2(λ̄αλα)2

)
(3.72)

where the convention used for spinor indices is the following: α̇ denotes antichiral
spinors in four dimensions, and α′ denotes any of the other components in the
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ten-dimensional quantity, that is, α′ = (α, αI, α̇I).
One can similarly define a four-dimensional version b(c) satisfying {Q, b(c)} =

T if one restricts to the patches where λα 6= 0 as

b(c) = sα∂λ̄α +
λ̄αGα

λ̄αλα
−

λ̄αrβH[αβ]

(λ̄αλα)2 (3.73)

= sα∂λ̄α +
λ̄α

λ̄αλα

(1
2

ΠIdα
I +

1
2

Πµσ̃α̇α
µ dα̇

)
+ wα∂θα + wI

α̇∂θα̇
I

− 1
λ̄αλα

(
λαwαI λ̄

β∂θ I
β − λ̄βλI

βwα
I ∂θα − wαλαλ̄β∂θβ

)
+

λ̄αrαdα̇dα̇

4(λ̄αλα)2 −
λ̄αrαλβwβIΠI

(λ̄αλα)2 .

(3.74)

Although b(a) is simpler than the original b ghost, the restriction to patches
λα̇ 6= 0 allows one to define

ξ(a) =
λ̄α̇θα̇

λα̇λ̄α̇ + rα̇θα̇
=

λ̄α̇θα̇

λα̇λ̄α̇
− (λ̄α̇θα̇)(rα̇θα̇)

(λα̇λ̄α̇)2 ,

which satisfies {Q, ξ(a)} = 1 and only diverges like (λα̇λ̄α̇)−2. Furthermore, in
the twisted sector, λα has only two independent zero modes so the path integral∫

d2λd2λ̄ converges only like (λα̇λ̄α̇)2. So unlike the original non-minimal formal-
ism where the Hilbert space allows states with poles less divergent than (λαλ̄α)−11,
the non-minimal formalism restricted to patches λα̇ 6= 0 only allows states with
poles less divergent than (λα̇λ̄α̇)−2.

A simple way to obtain b(a) is to start with the ten-dimensional b ghost of (2.86)
and rescale the non-minimal variables as

λ̄αI → cλ̄αI , λα̇λ̄I
α̇ → cλα̇λ̄I

α̇, (3.75)

rαI → crαI , λα̇rI
α̇ → cλα̇rI

α̇, (3.76)

whereas λ̄α̇ and rα̇ are kept invariant. From the pure spinor constraints, this
implies that

λ̄α → c2λ̄α, λ̄α̇λ̄I
α̇ → c2λ̄α̇λ̄I

α̇, (3.77)

rα → c2rα, λ̄α̇rI
α̇ → c2λ̄α̇rI

α̇. (3.78)

To leave the worldsheet action and BRST operator invariant, the conjugate non-
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minimal variables must be rescaled as

w̄αI → c−1w̄αI , λ̄α̇w̄α̇
I → c−1λ̄α̇w̄α̇

I (3.79)

sαI → c−1sαI , λ̄α̇sα̇
I → c−1λ̄α̇sα̇

I (3.80)

whereas w̄α̇ and sα̇ are kept invariant.
Under this rescaling of the non-minimal variables, one can easily verify that

in the limit where c→ 0, the b ghost of (2.86) goes to b(a) of (3.69). Since the non-
minimal variables do not appear in the BRST-invariant vertex operators, the only
other effect of this rescaling is to change the definition of Λ = λ̄αθα + ... which
appears in the regulator N = exp(QΛ). But since N = 1 + Q(Λ + 1

2 ΛQΛ +

...), changing the definition of Λ is a BRST-trivial operation and does not affect
scattering amplitudes. For this reason, one is free to take the limit c → 0 when
computing scattering amplitudes, and thus, to replace the b ghost of (2.86) with
b(a). Of course, there is a different rescaling of the non-minimal variables which
instead replaces b with b(c).

3.2.3 A convenient change of variables

In the patch where λ̄α̇λα̇ 6= 0, it is possible to make the following field transfor-
mation,

ψI = (λ̄β̇λβ̇)−1λ̄α̇ pα̇I , χI = λα̇ pα̇I , (3.81)

ψI = −λα̇θα̇
I , χI = (λ̄β̇λβ̇)−1λ̄α̇θα̇

I , (3.82)

which is invertible when λ̄α̇λα̇ 6= 0 and whose jacobian in the path integral is 1.
Recall that the fermionic part of the action in the pure spinor formalism is∫

d2z
[

pα∂̄θα
]

(3.83)

and
pα∂̄θα = −pα∂̄θα + pα̇∂̄θα̇ + pα

I ∂̄θ I
α − pI

α̇∂̄θα̇
I (3.84)

Under the previous field transformation the term −pI
α̇∂̄θα̇

I takes the form

ψI ∂̄ψI + χI ∂̄χI −
(

λα̇ψIχI +
λ̄α̇

λ̄γ̇λγ̇
(ψIψI − χIχI)

)
∂̄λα̇ +

λ̄α̇

(λ̄γ̇λγ̇)2 χIψI ∂̄λ̄α̇ (3.85)
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The pure spinor action is

−
∫

d2z
[
wα∂̄λα

]
(3.86)

where
− wα∂̄λα = wα∂̄λα − wα̇∂̄λα̇ − wα

I ∂̄λI
α + wI

α̇∂̄λα̇
I (3.87)

Since it is possible to use the gauge invariance under δwα to gauge away wα

and λ̄α̇wα̇I , the term wα∂̄λα will be absent in the action and

wI
α̇∂̄λα̇

I = −φI ∂̄φI −
λ̄α̇

λ̄γ̇λγ̇
φIφI ∂̄λα̇ +

λ̄α̇

(λ̄γ̇λγ̇)2 φIλβ̇λ
β̇
I ∂̄λ̄α̇ (3.88)

where
φI = λα̇wα̇I , φI = (λ̄γ̇λγ̇)−1λ̄α̇λα̇

I (3.89)

Terms of higher order in the fields can be absorbed by a redefinition of wα̇ and
w̄α̇ as

wα̇ −→ wα̇ + λα̇ψIχI +
λ̄α̇

λ̄γ̇λγ̇
(ψIψI − χIχI) +

λ̄α̇

λ̄γ̇λγ̇
φIφI (3.90)

w̄α̇ −→ w̄α̇ −
λ̄α̇

(λ̄γ̇λγ̇)2 χIψI −
λ̄α̇

(λ̄γ̇λγ̇)2 φIλβ̇λ
β̇
I (3.91)

The resulting (minimal) action is still free and given by∫
d2z
[
− pα∂̄θα + pα̇∂̄θα̇ + pα

I ∂̄θ I
α + ψI ∂̄ψI + χI ∂̄χI − wα̇∂̄λα̇ − wα

I ∂̄λI
α − φI ∂̄φI

]
(3.92)

It turns out that this action allows one to make contact with topological strings
when computing the relevant amplitudes in the next chapter. However, the precise
meaning of this field redefinition deserves further investigation.

3.3 Spectrum in the Pure Spinor Formalism

In section 3.1, a description of the spectrum in the RNS formalism was dis-
cussed. Actually, the discussion there was general enough to include abstract
compactifications on an N = (2, 2) SCFT. These generic backgrounds and in par-
ticular, Calabi-Yau compactifications, need a formulation in the language of pure
spinors that is still lacking. For orbifolds, however, once again it is possible to take
advantage of the fact that the corresponding worldsheet theory is free. Then, the
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BRST charge takes the same form as in flat space and physical state conditions
arise in an analogous way.

Equations of motion for compactification independent states come precisely
from the pure spinor BRST condition generalized to the orbifold background, if
one initially assumes that vertex operators are independent of the internal x, θ

coordinates.
For simplicity, the following discussion is given first in the context of open

strings. In flat background, the pure spinor BRST condition gives linearized
equations of motion for N = 1 D = 10 super-Yang-Mills (SYM), and it is well
known that, upon toroidal compactification, these equations reduce to N = 4
SYM in D = 4. Furthermore, both N = 1 D = 10 and N = 4 D = 4 SYM can be
written in terms of N = 1 superfields [59]. Precisely, it will now be shown that,
assuming independence of the internal coordinates, the BRST condition QV = 0
implies the linearized superfield equations of motion for a four-dimensional N = 1
super-Maxwell multiplet plus three N = 1 chiral multiplets.

The pure spinor BRST supercharge written in four dimensional plus internal
coordinates notation reads

Qps =
∫

dz(λαdα − λα̇dα̇ − λαIdαI + λα̇Idα̇I), (3.93)

and a general vertex operator of ghost number one is

V = λα Aα − λα̇ Aα̇ − λαI AαI + λα̇I Aα̇I (3.94)

The independent conditions for physical states are easily shown to be

λαλβ(Dα Aβ + Dβ Aα) = 0, λα̇λβ̇(Dα̇ Aβ̇ + Dβ̇ Aα̇) = 0 (3.95)

λαλ
β̇
I (Dα AI

β̇
+ DI

β̇
Aα) = 0, λα̇λβI(Dα̇ AβI + DβI Aα̇) = 0 (3.96)

λαλβ̇(Dα Aβ̇ + Dβ̇ Aα) + λαIλ
β̇
J (DαI AJ

β̇
+ D J

β̇
AαI) = 0 (3.97)

λαλβI(Dα AβI + DβI Aα)−
1
2

λα̇
I λ

β̇
J (DI

α̇ AJ
β̇
+ D J

β̇
AI

α̇) = 0 (3.98)

λα̇λ
β̇
I (Dα̇ AI

β̇
+ DI

β̇
Aα̇)−

1
2

λαIλβJ(DαI AβJ + DβJ AαI) = 0 (3.99)

where Dα is the spacetime supersymmetric derivative.
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The first four equations immediately imply

Dα Aβ + Dβ Aα = 0, Dα̇ Aβ̇ + Dβ̇ Aα̇ = 0 (3.100)

Dα AI
β̇
+ DI

β̇
Aα = 0, Dα̇ AβI + DβI Aα̇ = 0 (3.101)

To obtain solutions of the remaining equations one must use the pure spinor
constraints λαγm

αβλβ = 0, which are written here again in split components for
convenience,

λαλβ̇ − λαIλ
β̇
I = 0 (3.102)

λαλI
α +

1
2

εI JKλα̇Jλ
α̇
K = 0 (3.103)

λα̇Iλ
α̇ +

1
2

ε I JKλαJλK
α = 0 (3.104)

This constrains the symmetric parts (with respect to indices α, β or α̇, β̇) of the
expressions inside parenthesis in (3.98) and (3.99) to be zero, while the antisym-
metric parts allow for the appearance of arbitrary fields Aαβ̇, AI , AI .

Dα Aβ̇ + Dβ̇ Aα = Aαβ̇, DαI AJ
β̇
+ D J

β̇
AαI = −δJ

I Aαβ̇ (3.105)

εαβ(Dα AβI + DβI Aα) = 2AI , εα̇β̇(DI
α̇ AJ

β̇
+ D J

β̇
AI

α̇) = −2εI JK AK (3.106)

εα̇β̇(Dα̇ AI
β̇
+ DI

β̇
Aα̇) = 2AI , εαβ(DαI AβJ + DβJ AαI) = 2ε I JK AK (3.107)

These equations could also be obtained from the D = 10 BRST conditions
together with the obvious splitting of ten-dimensional superfields, and using the
known definition of the superfield Am. Accordingly, linearized D = 10 super-
Yang-Mills equations of motion [30] can be written using D = 4 superfields as

Dα Aµ − σ
µ

αβ̇
W β̇ = ∂µ Aα, Dα̇ Aµ −Wβσ

µ
βα̇ = ∂µ Aα̇ (3.108)

DαI Aµ − σ
µ

αβ̇
W β̇

I = ∂µ AαI , DI
α̇ Aµ −WβIσ

µ
βα̇ = ∂µ AI

α̇ (3.109)

Dα AI −W I
α = ∂I Aα, Dα̇ AI = ∂I Aα̇ (3.110)

DαI AJ − δJ
I Wα = ∂J AαI , ε JKLDI

α̇ AJ − δI
KWα̇L + δI

LWα̇K = ε JKL∂J AI
α̇ (3.111)

Dα AI = ∂I Aα, Dα̇ AI + 2Wα̇I = ∂I Aα̇ (3.112)

εJKLDαI AJ − 2δK
I WL

α + 2δL
I WK

α = εJKL∂J AαI , DI
α̇ AJ + 2δI

JWα̇ = ∂J AI
α̇ (3.113)
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where (Aα, Am) are the spinor and vector superpotentials of SYM, and Wα is the
spinor superfield whose lowest component is the gaugino field strength.

As mentioned before, in order to describe the four-dimensional gauge sector of
an N=1 orbifold compactification, independence of internal coordinates should
be assumed, so all partial derivatives ∂I , ∂I are set to zero. Hence, the previous
equations reduce to

Dα Aµ − σ
µ

αβ̇
W β̇ = ∂µ Aα, Dα̇ Aµ −Wβσ

µ
βα̇ = ∂µ Aα̇ (3.114)

DαI Aµ − σ
µ

αβ̇
W β̇

I = ∂µ AαI , DI
α̇ Aµ −WβIσ

µ
βα̇ = ∂µ AI

α̇ (3.115)

Dα AI = W I
α, Dα̇ AI = 0 (3.116)

DαI AJ = δJ
I Wα, DI

α̇ AJ = −εI JKWα̇K, (3.117)

Dα AI = 0, Dα̇ AI = −2Wα̇I (3.118)

DαI AJ = −2ε I JKWK
α , DI

α̇ AJ = −2δI
JWα̇ (3.119)

The content of these equations is actually N = 4 D = 4 SYM, containing the
gauge superfields Aµ, AI , AI . To describe the N = 1 supersymmetric field theory,
a truncation, which will be the effect of the orbifold nature of the internal sector,
must be imposed. This sets to zero the physical D = 4 superfields which do not
belong to the N = 1 gauge supermultiplet. The lowest components of AI , AI ,
which depend only on four-dimensional superspace coordinates are set to zero:

AI | = 0, AI | = 0, (3.120)

where the notation Φ|means

Φ| = Φ|θ I
α=0, θα̇I=0 (3.121)

Similarly, those D = 4 spinor superfield strengths containing extra gauginos as
first components are set to zero:

W I
α| = 0, Wα̇I | = 0 (3.122)

Therefore one can write

Wα| = −1
4

Dβ̇ Aβ̇α|+ 1
4

∂β̇α Aβ̇|, W α̇| = −1
4

Dβ Aα̇β|+ 1
4

∂α̇β Aβ| (3.123)
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DαI Aµ| = ∂µ AαI |, DI
α̇ Aµ| = ∂µ AI

α̇| (3.124)

DαI AJ | = δJ
I Wα|, DI

α̇ AJ | = 0, DαI AJ | = 0, DI
α̇ AJ | = −2δI

JWα̇| (3.125)

Some important identities, which do not depend on the restriction ...| but hold
when independence on internal coordinates is assumed, are in order,

DI
α̇Wβ̇J = −δI

J Dβ̇Wα̇, DαIWβ̇J = −ε I JKDβ̇WK
α , (3.126)

DI
α̇W J

β = εI JKDβWα̇K, DαIW
J
β = −δJ

I DβWα. (3.127)

They are easily shown by means of the algebra of covariant derivatives,

{Dα, Dβ} = 0, {Dα̇, Dβ̇} = 0, {Dα, Dβ̇} = −∂αβ̇, (3.128)

{Dα, DβI} = −εαβ∂I , {Dα̇, DI
β̇
} = −ε α̇β̇∂I , {Dα, DI

β̇
} = 0, {Dα̇, DβI} = 0,

(3.129)
{DαI , DβJ} = −2εαβε I JK∂K, {DI

α̇, D J
β̇
} = −2ε α̇β̇εI JK∂K, {DαI , D J

β̇
} = −δJ

I ∂αβ̇,
(3.130)

with the restriction ∂I = 0, ∂I = 0.
For the uncompactified open superstring, the on-shell integrated vertex opera-

tor is

V =
∫

dz(∂θα Aα(x, θ) + Πm Am(x, θ) + dαWα(x, θ) + NmnFmn(x, θ)) (3.131)

where, Fmn is the superfield whose lowest component is the gauge vector field
strength.

To obtain the integrated vertex operator for the on-shell D = 4 SYM multiplet
from (3.131), one simply requires all superfields to satisfy the N=1 orbifold con-
straints deduced for the unintegrated one. Although the resulting vertex operator
will depend on all 16 θ’s, it will be independent of the zero modes of the internal
coordinates (xI , xI) for I = 1 to 3.

As seen in section 3.1, the spectrum of type II superstrings compactified on
an orbifold to four dimensions consists of a gravitational supermultiplet which
contains the graviton and the graviphoton, a universal hypermultiplet which
contains the dilaton, the axion and two Ramond-Ramond scalars, and sets of
hypermultiplets and vector supermultiplets which, in the case of Calabi-Yau
compactifications, are related to the cohomology of the internal manifold [60].
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The closed string vertex operator for these multiplets is obtained from the
left-right product of two open superstring vertex operators and has the form

V =
∫

d2z(∂θα∂̄θ̃β Aαβ(x, θ, θ̃) + ...) (3.132)

where Aαβ is the left-right product of Aα and Aβ and ... involves similar left-right
products of the other superfields.

As will be shown in the next chapter, the only terms in the closed superstring
vertex operator (3.132) which will contribute to topological amplitudes are the
terms ∫

d2z
[
dαd̃βPαβ + dα̇d̃β̇Pα̇β̇ + dαd̃β̇Qαβ̇ + dα̇d̃βQα̇β

]
(3.133)

where (Pαβ, Pα̇β̇) are superfields whose lowest components are the graviphoton
anti-self-dual and self-dual field strengths, and (Qαβ̇, Qα̇β) are superfields whose
lowest components are derivatives of the complex Ramond-Ramond scalar. These
N = 2 D = 4 superfields can be understood as the left-right product of chiral
and anti-chiral photino N = 1 D = 4 superfields, i.e. Pαβ is obtained from the
left-right product of Wα with Wβ, Pα̇β̇ is obtained from the left-right product of
Wα̇ with Wβ̇, Qαβ̇ is obtained from the left-right product of Wα with Wβ̇, and Qα̇β

is obtained from the left-right product of Wα̇ with Wβ. Of course, the complete
integrated vertex operator will contain additional terms to those of (3.133), but
it will be argued that only the terms in (3.133) will contribute to the topological
amplitudes.1 Moreover, vertex operators for compactification-dependent states
will not be needed in the next chapter, so they will not be discussed here.

1This is similar to the situation in the hybrid formalism [60, 71, 72], but the difference here is
that the vertex operators in the pure spinor formalism depend on all 16 θ and 16 θ̃ variables.
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Superstring topological amplitudes

The type of orbifold compactifications of type II superstrings described in the
previous chapter preserves N = 2 supersymmetry in D = 4. A crucial role is
played by the superconformal field theory induced by the internal model [61].
With focus in the left-moving sector of the string, this SCFT is generated by the
following currents

T, G+, G−, J (4.1)

satisfying the OPE’s

T(y)T(z) −→ 3ĉ
2(y− z)4 +

2T(z)
(y− z)2 +

∂T(z)
y− z

(4.2)

T(y)G±(z) −→ 3G±(z)
2(y− z)2 +

∂G±(z)
y− z

, T(y)J(z) −→ J(z)
(y− z)2 +

∂J(z)
y− z

(4.3)

G+(y)G−(z) −→ 2ĉ
(y− z)3 +

2J(z)
(y− z)2 +

2T(z) + ∂J(z)
z− w

(4.4)

J(y)G±(z) −→ ±G±(z)
y− z

, J(y)J(z) −→ ĉ
(y− z)2 (4.5)

where ĉ = 3, and from which one can see that G± and J are conformal primaries
of weights h = 3/2 for G± and h = 1 for J. Also, the central charge is c = 3ĉ = 9,
and there is a U(1) current anomaly with value ĉ.

Topological quantum field theories were first developed as a way to un-
derstand, from a physical point of view, some topological properties of four-
dimensional manifolds. Topological Yang-Mills (TYM) theory [62] is a generally
covariant quantum field theory in which general covariance is unbroken. This
means, in particular, that it contains no graviton and correlation functions of
this theory is independent of geometrical details of the four-manifold in which
the theory lives. TYM was found to be related to N = 2 D = 4 SYM through
a redefinition of the spins of supersymmetric currents. One of these becomes a
BRST-like current which then allows to define observables of the theory. The shift

77
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on spins is, of course, equivalent to a redefinition of the stress tensor. Similarly,
one could twist the N = 2 supersymmetric structure in two-dimensions. Starting
from N = 2 supersymmetric nonlinear sigma models one gets a topological theory
in two dimensions [63]. The change in the stress tensor is made using the U(1)
current of the N = 2 superconformal algebra, and it can be made in two directions

T −→ T ± 1
2

∂J (4.6)

The effect of the (+) twisting is to set the conformal weight of G+ equal to one,
while that of G− becomes h = 2. The (−) twist gives the reverse assignment of
conformal weights. Furthermore, with either one of the new stress tensor, the new
central charge of the algebra vanishes, while the U(1) anomaly stays the same.

Twisted N = 2 SCFT can then be coupled to two-dimensional gravity to
construct the topological string theory. There are two possibilities for closed
strings. If the left- and right-moving sectors are twisted in the same direction,
the theory is called the B model, while if the twistings are performed in opposite
directions, one is talking about the A model; both models are topological strings
[64]. In particular, the partition function at genus g ≥ 2 for the B model is given by

FB
g =

∫
Mg

〈∣∣∣∣∣3g−3

∏
i=1

(G−, µi)

∣∣∣∣∣
2〉

(4.7)

while the partition function for the A model is

FA
g =

∫
Mg

〈
3g−3

∏
i=1

(G−, µi)
3g−3

∏
j=1

(G̃+, µ̄j)

〉
(4.8)

In type II superstrings compactified to D = 4 while preserving N = 2 space-
time supersymmetry, some amplitudes are related to terms in the low-energy
effective field theory whose couplings are precisely these partition functions of
topological strings.1

This chapter presents a computation of topological amplitudes using a com-
pactification of the pure spinor formalism as presented in [66]. Before discussing
it, RNS and hybrid calculations are reviewed in some detail.

1For a brief review of the relation between topological strings and physical couplings in the
superstring, see [65].
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4.1 RNS computation

That certain type II genus g superstring amplitudes are given by the topological
string partition function at the same genus, Fg, was first demonstrated in [67].
There the authors used the RNS formalism to compute g-loop amplitudes for the
scattering of 2g− 2 graviphotons and two gravitons coming from the superstring
compactified on an internal c = 9, N = (2, 2) superconformal theory. As shown in
the previous chapter, these compactifications have N = 2 supergravity coupled
to matter and vector multiplets as its four-dimensional low energy effective field
theory. Although the amplitudes were calculated both in orbifold and Calabi-Yau
compactifications, only the orbifold case will be considered here.

Recall that the spectrum of these theories consist of a gravitational supermulti-
plet which contains the graviton and the graviphoton, a universal hypermultiplet
which contains the dilaton and the axion, and sets of hypermultiplets and vector
multiplets which, in the case of Calabi-Yau compactifications, are related to the
cohomology of the internal manifold. Actually, to see which type of amplitudes
lead to the topological partition functions a heuristic argument contained in [68]
will be presented first. Then, an explicit calculation will be given in detail.

4.1.1 Heuristic derivation

For convenience, the argument will focus on the left-moving sector of the
superstring. The goal is to find a relation between untwisted and twisted N = 2
SCFT’s.

In the untwisted (superstring) side there are more worldsheet fields than in
the twisted one, and there must be some cancellations to get only the twisted
field content contributing to the path integral. For example, in addition to the
untwisted ĉ = 3, N = 2 superconformal field theory for the internal sector, the
RNS superstring contains fermionic reparametrization ghosts (b, c) of conformal
weights (2,−1) and bosonic superconformal ghosts (β, γ) with conformal weights
(3/2,−1/2). There is also the spacetime sector, with bosonic fields (written in
complex notation) xi, xī with h = 0 and fermionic ones ψi, ψī (i = 1, 2) with
h = 1/2.

The important thing to observe is that all these extra fields come in boson-
fermion pairs, and their nonzero modes would tend to cancel in the path integral
if each field in a pair had equal conformal weight. One thus needs to change
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conformal weights of β, γ, ψi, ψī appropriately as well as the fermions in the
internal N = 2 SCFT. Moreover, this last shift would be just the twisting of the
internal N = 2 SCFT by the U(1) current.

One should recall that the conformal weight of a field can be changed by
adding to the worldsheet action of the theory a background charge, that is, the
coupling of the bosonized field (call it ϕ) to the scalar curvature, R. The term to be
added is

± 1
2

∫
Rϕ (4.9)

which changes conformal weight by 1/2, and the sign depends on how the shift is
done between a field and its conjugate momenta; that is, which one has its spin
increased and which one, decreased. In a genus g surface one can choose the scalar
curvature to have delta function support at 2g− 2 points. Each such point would
give rise to a factor in the path integral

e
1
2 ∑a(−1)na ϕa (4.10)

where a runs over all pairs of conjugate fields, one needs to twist, and na = 0, 1,
giving the direction in which the shift is done. Now, some details of the argument
will depend on the specific type of superstring theory.

The graviphoton vertex operator at picture −1/2 reads

V(−1/2)
T = e−

1
2 (φ+φ̃)

[
kαγ̇a γ̇

β S(αS̃β)Σ + kγα̇aγ

β̇
S(α̇S̃β̇)Σ̄

]
eik · x, type IIA (4.11)

and the same expression with Σ (Σ̄) replaced by Ξ (Ξ̄) for type IIB. The two terms
correspond to the anti-self-dual and self-dual parts of the graviphoton operator,
respectively.

It is clear now that the 2g − 2 insertions required to change the conformal
weight of appropriate worldsheet fields can be taken as self-dual (or anti-self-
dual) graviphoton insertions in particular kinematic configurations (choices of
components in the spacetime spin fields). But there is another possibility; what
if one takes Ξ as the operator for the internal sector in type IIA and similarly,
take Σ as the corresponding operator in type IIB superstring? Then one needs to
take four dimensional spinors of opposite chirality for the left- and right-moving
sectors. The vertex operators arising this way precisely describe the RR bosons in
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the universal hypermultiplet.

V(−1/2)
Z = e−

1
2 (φ+φ̃)kαβ̇SαS̃β̇Ξeik · x, type IIA (4.12)

V(−1/2)
Z̄ = e−

1
2 (φ+φ̃)kα̇βSα̇S̃βΞ̄eik · x, type IIA (4.13)

and similar expressions with Ξ (Ξ̄) replaced by Σ (Σ̄) for type IIB.
So the amplitudes of interest must involve 2g − 2 graviphotons or 2g − 2

universal RR scalars. Besides, to have conformal invariance each of these insertions
have to be integrated over the worldsheet. This can be seen as integration over the
new moduli arising from punctures on the Riemann surface. These insertions thus
play an important role in the cancellation of non-zero modes, and it is known that
this feature is crucial in order to reduce (or localize) the theory to its topological
sector.

The effect of Σ insertions is to twist spins in opposite directions for the left-
and right-moving sectors, so it is expected to give as a result the partition function
for the topological A-model, FA

g . Similarly, Ξ insertions would be related to the
partition function of the topological B model, FB

g . Therefore, we expect ampli-
tudes involving graviphotons in type IIA (IIB) superstring theory to reduce to the
topological A (B) model partition function, and amplitudes involving universal
RR scalars in type IIA (IIB) superstring theory to reduce to the topological B (A)
model partition function.

However, to show this we still need to take care of the zero modes present in
the superstring side computation. After the twisting produced by the insertions,
there are 3g− 3 b, 3g− 3 β, g ψi (for each i), and 1 ψī (for each i) zero modes. These
zero modes need to be absorbed in order for the partition function not to vanish.

It is well-known that one must insert in the superstring measure a factor of

∣∣∣∣∣3g−3

∏
i=1

(µi, b)

∣∣∣∣∣
2

(4.14)

Besides, to absorb the β zero modes in an amplitude with 2g − 2 insertions of
picture −1/2 graviphoton (or RR scalar) vertex operators, one should insert a total
of 3g− 3 factors of δ(β)G, where G is the supersymmetry current of the full theory.
One can choose the same basis of Beltrami differentials as before to fold with those
factors.

One uses now charge conservation of the internal N = 2 theory to see that not
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every term in G contributes to the amplitude since there is some internal U(1)
charge present in the vertex operator insertions. For example, in type IIB theory
amplitudes, involving anti-self-dual graviphotons, the relevant contribution from
the δ(β)G factors is just2 ∣∣∣∣∣3g−3

∏
i=1

δ(β)G−int(µi)

∣∣∣∣∣
2

(4.15)

since each graviphoton vertex carry +3/2 U(1) charge for both left- and right-
moving sectors, due to the presence of the Ξ operator. The zero modes of b and
δ(β) give opposite contributions to the path integral and, therefore, the b, c, β

and γ ghosts completely decouple. Besides, we would nicely get the amplitude
prescription for the topological B model after integrating over the moduli space of
genus-g Riemann surfaces.

For type IIA, the relevant expression is

3g−3

∏
j=1

δ(β)G−int(µj)
3g−3

∏
k=1

δ(β̃)G+
int(µ̄k) (4.16)

giving rise to the prescription for the topological A model.
It is also necessary to absorb the spacetime fermion zero modes. It can be shown

that the two zero modes ψī and two of the zero modes ψi (and the corresponding
zero modes for the right moving sector) can be absorbed by inserting two anti-
self-dual graviton vertex operators when one has graviphoton insertions or two
dilaton-axion vertex operators when one has universal RR scalar insertions.

It remains to absorb 2g− 2 zero modes of ψi. The way this happens can be better
seen by going to a particular kinematic configuration for the graviphoton vertex
operators. Take, for instance the 2g− 2 anti-self-dual graviphoton insertions in the
kinematic configuration where all spacetime spin fields appear as S++S̃++. Then
one absorbs the remaining 2g− 2 zero modes of ψi by inserting g− 1 operators
ψ1ψ2ψ̃1ψ̃2 at g− 1 of the points given by the delta-function curvature singularity.
This has the effect of transforming g− 1 graviphoton vertex operators into those
with kinematics S−−S̃−−, without changing self-duality property of the vertex.

Thus, the amplitude involving two anti-self-dual graviton and 2g − 2 anti-
self-dual graviphoton vertex operators reproduces the topological string partition
function of the ĉ = 3 twisted N = 2 internal theory, and the type of topological
model depends on the type II superstring theory.

2Either (µi,O) or O(µi) is used as abbreviation for
∫

dzµi(z)O(z), interchangeably.
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In fact, the authors in [67] started computing the amplitude for a specific kine-
matic configuration and then argued, using four-dimensional Lorentz invariance
and N = 2 supersymmetry, that the generic string computation gives two different
expressions corresponding to spacetime terms in the low energy effective action
of the superstring compactification. The result they found is that the field theory
limit of those amplitudes can be obtained from the effective action

Seff =
∫

d4x gFg

[
R2(T2)g−1 + 2(g− 1)(RT)2(T2)g−2

]
(4.17)

where R is short for the anti-self dual Riemann curvature and T for the anti-self-
dual field strength of the graviphoton, and

R2 = RµνρσRµνρσ, T2 = TµνTµν, (4.18)

(RT)2 = RµνρσRµνλωTρσTλω (4.19)

The amplitude involving two dilaton-axions (∂∂S) and 2g− 2 universal RR
scalars (Z) was also shown to reproduce the topological string amplitude (in sort
of a complementary way compared to the graviton-graviphoton amplitude), the
corresponding low-energy effective action being

Seff =
∫

d4x gF̃g

[
(∂∂S)2((∂Z)2)g−1 + 2(g− 1)(∂∂S∂Z)2((∂Z)2)g−2

]
(4.20)

where
(∂∂S)2 = (∂µ∂νS)(∂µ∂νS), (∂Z)2 = ∂µZ∂µZ (4.21)

(∂∂S∂Z)2 = (∂µ∂νS∂νZ)(∂µ∂ρS∂ρZ) (4.22)

Here F̃g denotes the topological string partition function for the B (A) model if
Fg obtained from the graviton-graviphoton amplitude corresponds to the A (B)
model.

4.1.2 Explicit computation

At g loops, the 2g-point scattering amplitude between two gravitons and 2g− 2
graviphoton external states in type IIB superstring is now explicitly calculated.

If all graviphotons insertions have picture −1/2, and both gravitons are at
picture zero, then 3g− 3 insertions of picture changing operators are needed to
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cancel the background charge of φ. Therefore, the amplitude reads3

∫
Mg

∑
α

εα

〈∣∣∣∣∣3g−3

∏
i=1

b(µi)

∣∣∣∣∣
2 ∫

d2zV1
g (z)

∫
d2z′V2

g (z
′)

2g−2

∏
i=1

∫
d2ziVi

T(zi)

∣∣∣∣∣3g−3

∏
i=1

Z(yi)

∣∣∣∣∣
2〉

g,α
(4.23)

To evaluate the anti-self-dual amplitude it is necessary to extract the corre-
sponding anti-self-dual parts of the graviphoton and graviton in their vertex
operators.

The field strength fµν of a vector field aµ can be decomposed as

fµν = (σµν)
β

α εαγ fβγ + (σµν)
α̇
β̇
εγ̇β̇ f β̇γ̇ (4.24)

where fαβ = k(α|γ̇a γ̇
|β) = kµaν(σµν) γ

α εγβ, and similarly fα̇β̇ = kγ(α̇aγ

β̇)
. Anti-self-

dual graviphotons are described using the usual vertex operator by setting fα̇β̇ to
zero. That is

V(−1/2)
T = e−

1
2 (φ+φ̃) fαβSαS̃βΞ0 eik · x (4.25)

with the usual constraint for BRST invariance, kµaµ = 0.
A similar restriction is made to describe anti-self-dual graviton states.
The linearized Riemann tensor Rµµ′νν′ is given by

Rµνµ′ν′ =
1
2
(kνkµ′hµν′ − kµkµ′hνν′ − kνkν′hµµ′ + kµkν′hνµ′) (4.26)

The anti-self-dual part of this tensor is described by a multispinor Rαβγδ as4

RantiSD
µνµ′ν′ = εαρεγω(σµν)

β
ρ (σµ′ν′)

δ
ω Rαβγδ (4.27)

and setting all other components to zero. The part of the vertex which is quartic
on fermions reduces to

1
2

Rα γ
β δ(σµν)

β
α (σµ′ν′)

δ
γ ψµψνψ̃µ′ ψ̃ν′ (4.28)

To compute the scattering amplitudes, correlators for different fields are taken
from the formulas of section 2.4.

3Sum over orbifold sectors are implicit in this expression.
4ρ and ω are four-dimensional chiral spinor indices.
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The correlators

There are essentially six correlators to compute in this amplitude; those for

• D = 4 spacetime coordinate fields xµ, which gives the usual Koba-Nielsen
factors;

• D = 4 spcatime fermions ψµ and their chiral spin fields Sα;

• reparametrization ghosts b, c,

• superconformal ghosts, which involve the field φ;

• fermions in the internal sector ψI , ψI which can be twisted or untwisted; and

• bosonic internal coordinates xI , xI which can also be twisted or untwisted.

The basic contribution from spacetime coordinate xµ, which are non-compact
bosonic fields, is known to be〈

eik · x(z)eik′ · x(z′)
2g−2

∏
i=1

eiki · x(zi)

〉
= (4.29)

= (det(Imτ))−2|Z1|−4δ
(

k + k′+
2g−2

∑
i=1

ki

)
Π2g(zj; k j) (4.30)

where Π2g(zi, ki) is the Koba-Nielsen factor whose low energy limit is just one.
This is the relevant limit to study the lowest order couplings of the effective
supergravity field theory. Higher order terms won’t be considered in this thesis.
Also, the delta function imposing momentum conservation will be understood
when writing the final form of the amplitude.

There are in principle contributions of the form 〈∂xµ ∏ exp(iki · x)〉, and so on;
these correlators don’t appear in non-vanishing terms of the amplitudes, as will
be shown later.

The b, c correlator is immediate from equation (2.139) with λ = 2:〈
3g−3

∏
i=1

b(wi)

〉
= Z−1/2

1 Θ
(
−

3g−3

∑
i=1

wi + 3∆
∣∣∣τ) 3g−3

∏
i<j

E(wi, wj)
3g−3

∏
i=1

σ(wi)
3 (4.31)
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The φ correlator is obtained from (2.179) with λ = 3
2 , and M = g− 1:〈

3g−3

∏
i=1

eφ(yi)
2g−2

∏
j=1

e−
1
2 φ(zj)

〉
α

=
Z1/2

1

Θ[α](∑
3g−3
i=1 yi − 1

2 ∑
2g−2
j=1 zj − 2∆|τ)

(4.32)

×
∏i,j=1 E(yi, zj)

1/2

∏i<j E(yi, yj)∏i<j E(zi, zj)1/4
∏i=1 σ(zi)

∏i=1 σ(yi)2 (4.33)

Sectors with spin 1/2

To compute the remaining factors, one should notice that not all terms in the
picture changing operators contribute. Recall that the RNS supercurrent, for an
orbifold compactification is simply written as

G = ψµ∂xµ + ψI∂xI + ψI∂xI + Gghost (4.34)

On the other hand each graviphoton contains a copy of the internal operator
Ξ0, whose left-moving part reads (for an orbifold CFT)

exp(
i
2

3

∑
I=1

ϕI) (4.35)

where ϕI appear in the bosonization of the internal fermions as

ψI = eiϕI , ψI = e−iϕI (4.36)

Since each of these fields has λ = 1
2 , hence, vanishing background charge,

there must be a total cancellation from the insertions in the correlators for each
I = 1, 2, 3. Graviphotons give a total charge of g− 1 for each ϕI ; it is easy to see
that, in order to cancel this charge, each picture changing operator must contribute
exclusively with the term ψI∂xI . So amplitudes with ψµ insertions at positions yi

vanish.
Then the relevant correlators for ψµ and Sα are〈

(σµν)
β

α ψµψν(z)(σµ′ν′)
δ

γ ψµ′ψν′(z′)
2g−2

∏
i=1

Sαi(zi)

〉
α

, (4.37)
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〈
(σµν)

β
α ψµψν(w)

2g−2

∏
i=1

Sαi(zi)

〉
α

,

〈
2g−2

∏
i=1

Sαi(zi)

〉
α

(4.38)

while those for the internal fermions in the sector with twist structure φ have
the form〈

g−1

∏
j=1

e−iϕ(uj)
2g−2

∏
i=1

e
i
2 ϕ(zi)

〉
α

= Z−1/2
1 Θ[φ + α]

( g−1

∑
j=1

uj −
1
2

2g−2

∑
i=1

zi

∣∣∣τ) (4.39)

×
∏i<j E(ui, uj)∏i<j E(zi, zj)

1/4

∏i,j=1 E(ui, zj)1/2 (4.40)

where this applies for each of the orbifold planes I = 1, 2, 3. Take, for example,
a partition of the positions yi of picture changing operators into three sets as
UI = {uiI , i = 1, ..., g− 1}, then the total contribution from internal fermions is

Z−3/2
1

3

∏
I=1

Θ[φI + α]
( g−1

∑
j=1

ujI −
1
2

2g−2

∑
i=1

zi

∣∣∣τ)∏i<j E(zi, zj)
3/4 ∏3

I=1 ∏i<j E(uiI , ujI)

∏i,j=1 E(yi, zj)1/2

(4.41)
Finally, with this partition of the positions yi, the correlators for the bosonic

internal coordinates is
3

∏
I=1

〈
g−1

∏
i=1

∂xI(uiI)

〉
(4.42)

Notice that non-zero modes of ∂xI only can contract with xI ; hence, only their
zero-modes contribute in the correlator.

The correlator involving ψµ,Sα fields will give sums of terms, each one contain-
ing two factors of theta functions as Θ[α](−D1|τ)Θ[α](−D2|τ). This is due to the
fact that two complex fermion systems are involved here. Recall that to bosonize
the fermions, one has to define the complex combinations ψ1± iψ2, ψ3± iψ4. Then,
one defines for a = 1, 2

ψa = eiσa , ψa = e−iσa (4.43)

Sum over spin structures

Before attempting to compute the correlator, it is convenient to analyze the
sum over spin structures in the total amplitude. Notice that all information about
spin structure is contained in the theta functions with characteristics arising from
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(ψµ, Sα), φ, and ϕI correlators. That is, it is entirely contained in expressions like

Θ[α](−D1|τ)Θ[α](−D2|τ)∏3
I=1 Θ[φI + α]

(
∑

g−1
j=1 ujI − 1

2 ∑
2g−2
i=1 zi

∣∣∣τ)
Θ[α](∑

3g−3
i=1 yi − 1

2 ∑
2g−2
j=1 zj − 2∆|τ)

(4.44)

To perform the sum over spin structures it will be convenient to take the last
expression into a form suitable for applying the Riemann theta identity [69]

∑
α

3

∏
i=0

Θ[φi + α](ei|τ) = 2g
3

∏
i=0

Θ[φ′i ](e
′
i|τ) (4.45)

where

e′0 =
1
2
(e0 + e1 + e2 + e3) (4.46)

e′1 =
1
2
(e0 + e1 − e2 − e3) (4.47)

e′2 =
1
2
(e0 − e1 + e2 − e3) (4.48)

e′3 =
1
2
(e0 − e1 − e2 + e3) (4.49)

and φi → φ′i is the same change of basis, component-wise. The expression (4.44),
points at the specific case where φ0 = 0 and φi = φI , for i = 1, 2, 3. Also, using
the relation valid for supersymmetric orbifolds, ∑3

I=1 φI = 0, one can see that the
previous change of basis does nothing to the twist structures {0, φI}.

Then, the sum over spin structures adapted to the case of interest is

∑
α

Θ[α](e0|τ)
3

∏
I=1

Θ[φI + α](eI |τ) = 2gΘ(e′0|τ)
3

∏
I=1

Θ[φI ](e′I |τ) (4.50)

To apply this formula, one can set the argument of the theta function in the
denominator equal to one of the divisors arising in the ψµ, Sα sector, by choosing
conveniently the positions of the picture changing operator insertions, say

3g−3

∑
i=1

yi =
1
2

2g−2

∑
j=1

zj + 2∆− D1 (4.51)

This is always possible by means of the Jacobi inversion theorem [42].5

5The theorem says that, given a divisor D on Σg, there is generically a unique set of points
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Then, the sum over spin structures is written as

∑
α

εαΘ[α](−D2|τ)
3

∏
I=1

Θ[φI + α]
( g−1

∑
j=1

ujI −
1
2

2g−2

∑
i=1

zi

∣∣∣τ) (4.52)

where the constants εα, which are just phases, are still undetermined. To get their
correct value on needs to check the monodromy of this expression around different
homology cycles of Σg. This way it is possible to see that, once one of the εα is
fixed to, say, one, all the other are also one.

By setting

e0 = −D2, eI =
g−1

∑
i=1

uiI −
1
2

2g−2

∑
i=1

zi (4.53)

then, using ∑3
I=1 ∑

g−1
i=1 uiI = ∑

3g−3
i=1 yi, one gets

e′0 =
1
2

(
− D1 − D2 −

2g−2

∑
i=1

zi

)
+ ∆ (4.54)

e′I =
1
2
(D1 − D2) +

g−1

∑
i=1

uiI − ∆ (4.55)

Divisors D1 and D2 will depend on specific correlators in (4.37) and (4.38). In any
case, after summing over spin structures the result is

2gΘ
(1

2

(
− D1 − D2 −

2g−2

∑
i=1

zi

)
+ ∆

∣∣∣τ) 3

∏
I=1

Θ[φI ]
(1

2
(D1 − D2) +

g−1

∑
i=1

uiI − ∆
∣∣∣τ)
(4.56)

Chiral spin fields of ψµ are given by Sα = (S++, S−−), where

S++ = e
i
2 (σ1+σ2), S−− = e−

i
2 (σ1+σ2) (4.57)

Taking first, 〈
2g−2

∏
i=1

Sαi(zi)

〉
α

(4.58)

it is immediate to see that background charge cancellation implies that only corre-
lators with an equal number of S++ and S−− insertions could give non-vanishing
results. Denoting the g− 1 positions of S++ as vi and those g− 1 of S−− as v′i, this

P1, ..., Pg such that [D] = ∑
g
i=1 Pi. Thus, by choosing conveniently 2g− 3 yi points in (4.51), the

remaining g yi points are completely determined.
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means that divisors D1 and D2 are

D1 = D2 =
1
2

g−1

∑
i=1

(vi − v′i) (4.59)

Substitution into (4.56) gives

2gΘ
(
−

g−1

∑
i=1

vi + ∆
∣∣∣τ) 3

∏
I=1

Θ[φI ]
( g−1

∑
i=1

uiI − ∆
∣∣∣τ) = 0 (4.60)

where the first theta function gives a factor zero as a consequence of the Riemann
Vanishing Theorem.

As for the remaining correlators it is convenient to express the fermion bilinear
insertion in terms of complex ψa, ψa. Taking two arbitrary chiral spinors χα, λα,
one can express

χα(σµν)
β

α εβγλγψµψν = −χ++λ++ψ1ψ2 − 4χ−−λ−−ψ1ψ2 (4.61)

+ 2(χ++λ−− + χ−−λ++)(ψ1ψ1 + ψ2ψ2) (4.62)

Thus, the only three combinations of fermion which appear in the anti-self-dual
graviton vertex operators are ψ1ψ2, ψ1ψ2, and ψ1ψ1 + ψ2ψ2. Each one of these
picks different components of the anti-self-dual Riemann tensor to be contracted
with remaining factors in the amplitude.

Concerning only one bilinear insertion, it is easy to see that the correlator〈
ψ1ψ1(w)

2g−2

∏
i=1

Sαi(zi)

〉
α

(4.63)

vanishes. One needs to replace the insertion ψ1ψ1(w) by its point-splitting defini-
tion limw′→w

[
ψ1(w′)ψ1(w)− (w′−w)−1], and compute the respective correlators.

The same result holds for ψ2ψ2(w).
The next correlator 〈

ψ1ψ2(w)
2g−2

∏
i=1

Sαi(zi)

〉
α

(4.64)

is non-vanishing only if the number of S++ and S−− insertions is g − 2 and g,
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respectively. The corresponding divisors are

D1 = D2 = w +
1
2

g−2

∑
i=1

vi −
1
2

g

∑
i=1

v′i (4.65)

Then, after summing over spin structures the result contains the theta function

Θ
(
− w−

g−2

∑
i=1

vi + ∆
∣∣∣τ) = 0 (4.66)

which again is zero due to the Riemann Vanishing Theorem. The last correlator of
this type containing ψ1ψ2(w) also vanishes. This can be shown by noticing that
Θ[α](−D1|τ)Θ[α](−D2|τ) = Θ[α](D1|τ)Θ[α](D2|τ), and taking an appropriate
definition of ∑

3g−3
i=1 yi (with D1 instead of −D1) in the original choice.

From all this discussion, the conclusion is that terms in the graviton vertex op-
erators proportional to ∂xµ (or ∂̄xµ) do not contribute to the scattering amplitude.

Thus, the contribution could only come from〈
(σµν)

β
α ψµψν(z)(σµ′ν′)

δ
γ ψµ′ψν′(z′)

2g−2

∏
i=1

Sαi(zi)

〉
α

(4.67)

When expanding in terms of ψa, ψa, many terms give zero contribution due to the
Riemann Vanishing Theorem. Take for example〈

ψ1ψ2(z)ψ1ψ2(z′)
2g−2

∏
i=1

Sαi(zi)

〉
(4.68)

Background charge cancellation implies that there must be g− 3 vi and g + 1 v′i
(which automatically excludes a possible contribution for g = 2). It is easy to see
that the divisors are such that, after summing over spin structures there is a factor
of

Θ
(
− z− z′ −

g−3

∑
i=1

vi + ∆
∣∣∣τ) = 0 (4.69)

The first non-vanishing correlator is〈
ψ1ψ2(z)ψ1ψ2(z′)

2g−2

∏
i=1

Sαi(zi)

〉
(4.70)
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This time, there must be an equal number of S++ and S−− insertions. The result is〈
ψ1ψ2(z)ψ1ψ2(z′)

g−1

∏
i=1

S++(vi)
g−1

∏
j=1

S−−(v′j)

〉
α

= (4.71)

= Z−1
1

[
Θ[α]

(
− z + z′ − 1

2

g−1

∑
i=1

vi +
1
2

g−1

∑
i=1

v′i
∣∣∣τ)]2 1

E(z, z′)2 (4.72)

×
∏i<j E(vi, vj)

1/2 ∏i<j E(v′i, v′j)
1/2

∏i,j=1 E(vi, v′j)
1/2

∏i=1 E(z, vi)∏i=1 E(z′, v′i)
∏i=1 E(z, v′i)∏i=1 E(z′, vi)

(4.73)

After summing over spin structures, the resulting product of theta functions is

2Θ
(
− z + z′ −

g−1

∑
i=1

vi + ∆
∣∣∣τ) 3

∏
I=1

Θ[φI ]
( g−1

∑
i=1

uiI − ∆
∣∣∣τ) (4.74)

Putting it all together

Assembling all previous results, one gets a kinematic factor involving compo-
nents of fαβ and Rαβγδ, times

2gZ−5/2
1 Θ

(
−

3g−3

∑
i=1

wi + 3∆
∣∣∣τ)Θ

(
− z+ z′−

g−1

∑
i=1

vi +∆
∣∣∣τ) 3

∏
I=1

Θ[φI ]
( g−1

∑
i=1

uiI−∆
∣∣∣τ)

(4.75)
×∏

i<j
E(wi, wj)∏

i
σ(wi)

3 ∏
i<j

E(vi, vj)∏
i<j

E(v′i, v′j) (4.76)

× ∏i E(z, vi)∏i E(z′, v′i)
E(z, z′)2 ∏i E(z, v′i)∏i E(z′, vi)

∏I ∏i<j E(uiI , ujI)

∏i<j E(yi, yj)
∏i σ(zi)

∏j σ(yi)2 (4.77)

In order to further simplify this expression, it is convenient to trade the po-
sitions of the b ghost insertions wi for the positions of the picture changing op-
erators yi. This is easily done by dividing the bosonization formula (4.31) for〈

∏
3g−3
i=1 b(wi)

〉
by the same formula for b insertions at yi. Denoting by hi a basis

for zero modes of Lb, that is, for the space of holomorphic quadratic differentials,
one obtains the following equation

Θ
(
−

3g−3

∑
i=1

wi + 3∆
∣∣∣τ)∏i<j E(wi, wj)∏i σ(wi)

3

∏i<j E(yi, yj)∏i σ(yi)2 = (4.78)
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=
det(hi(wj))

det(hi(yj))
Θ
(
−

3g−3

∑
i=1

yi + 3∆
∣∣∣τ) 3g−3

∏
i=1

σ(yi) (4.79)

substituting this into (4.75), making use of the choice (4.51) which was already
made for D1 = z− z′+ 1

2 ∑
g−1
i=1 vi− 1

2 ∑
g−1
i=1 v′i, and using the relation Θ[φ](−z|τ) =

Θ[−φ](z|τ), gives

−2gZ−1/2
1 Θ

(
− z−

g−1

∑
i=1

vi + z′ + ∆
∣∣∣τ)∏i E(z, vi)∏i<j E(vi, vj)

E(z, z′)∏i E(vi, z′)
∏i σ(vi)∏i σ(z)

∏i σ(z′)

×Z−1/2
1 Θ

(
− z′ −

g−1

∑
i=1

v′i + z + ∆
∣∣∣τ)∏i E(z′, v′i)∏i<j E(v′i, v′j)

E(z′, z)∏i E(v′i, z)
∏i σ(v′i)∏i σ(z′)

∏i σ(z)

×
3

∏
I=1

[
Z−1/2

1 Θ[−φI ]
(
−

g−1

∑
i=1

uiI + ∆
∣∣∣τ)∏

i<j
E(uiI , ujI)∏

i=1
σ(uiI)

]
det(hi(wj))

det(hi(yj))

(4.80)
Here one can recognize the presence of partition functions Z1, and Z1,−φ. The

amplitude now corresponds effectively to two fermionic untwisted (1, 0), and
three fermionic φI-twisted (1, 0) systems.

Using (2.143) and (2.159), including the contribution from xµ and xI , xI corre-
lators, an the right-sector, (which have a completely analogous form for type IIB
superstrings) the result is proportional to

∫
Mg

∣∣∣∣∫ dwµ(w)

∣∣∣∣2 ∫ d2z d2z′
2g−2

∏
i

d2zi
|det(ωi(vj, z))det(ωi(v′j, z′))|2

(det(Imτ))2 (4.81)

×
∣∣∣∣∣det(hi(wj))

det(hi(yj))

∣∣∣∣∣
2 ∣∣∣∣∣ 3

∏
I=1

[
Z1,−φI det(ω−φI ,i(ujI))

〈
g−1

∏
i=1

∂xI(uiI)

〉]∣∣∣∣∣
2

(4.82)

The zero mode part of the insertion ∂xI can be expanded in terms of a basis
of g− 1 φ-twisted holomorphic one-differentials ωφI ,i. This means that objects
like ω−φI ,i∂xI appearing in the last form of the amplitude have trivial monodromy
around the homology cycles of Σg; hence they are ordinary holomorphic quadratic
differentials. On the other hand, the expression obtained corresponds to a fixed
partition ui,I of the insertion points yj (i = 1, ..., 3g− 3). The total contribution is
given by summing over all possible partitions with appropriate antisymmetriza-
tion. The effect of this is the appearance of a factor |det(hi(yj))|2 which will cancel
all yi dependence of the amplitude. Then, it is allowed to perform integration over
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all the positions of the vertex operators using Imτij =
∫

d2zωi(z)ω̄j(z̄), to get

∫
Mg

∣∣∣∣∫ dwµ(w)

∣∣∣∣2 ∣∣det(hi(wj))
∣∣2 ∣∣∣∣∣ 3

∏
I=1

[
Z1,−φI

〈
g−1

∏
i=1

piI

〉]∣∣∣∣∣
2

(4.83)

where piI denotes the coefficients in the zero mode expansion of ∂xI .
Now it is possible to undo a path integral which would give rise to the deter-

minant Z1,−φI , by introducing twisted fermions ψI , ψI of spins (1, 0); this way, the
integrand in the amplitude can be rewritten as products of ψI∂xI contributing
with zero modes, as ∫

Mg

〈
3g−3

∏
i=1

G−int(µi)

〉
(4.84)

where G−int = ψI∂xI , and the correlator means path integration over xI , xI , ψI , ψI .
Therefore, the result is the topological string partition function for the B model,
as expected from the heuristic derivation, times the kinematic factor which can
now be covariantize to reproduce (4.17). Amplitudes for type IIA, as well as those
involving RR scalar are computed in an entirely analogous way.

4.2 Derivation using the hybrid formalism

Of course the previous results could have been obtained in a more direct way
had one used a formalism which manifestly preserve the symmetries (D = 4
super-Poincaré) of the model. Although the covariant Green-Schwarz formal-
ism which has these symmetries manifest in ten dimensions does not allow for
straightforward quantization, in orbifold compactifications only four-dimensional
Lorentz and N = 2 spacetime supersymmetry need to be manifest. Then, going to
a first order lagrangian description it is possible to write four-dimensional Green-
Schwarz-Siegel-like variables to describe type II superstrings. As mentioned in the
introduction, this was successfully done in the hybrid formalism [70] by adding
chiral bosons of negative energy ρ, ρ̃, to the set of usual superspace variables
xµ, θα, pα, θ̄α̇, p̄α̇, θ̃α, p̃α, ¯̃θα̇, ¯̃pα̇. The internal variables can be treated in the same
way as in the RNS formalism. The formalism has N = 2 superconformal symme-
try generated by T, G+, G−, J (and similarly for the right-moving sector), that can
be used to show equivalence with the light-cone Green-Schwarz formalism.

Because of manifest spacetime supersymmetry, vertex operators can be writ-
ten as N = 2 D = 4 superfields, and they will not have square roots with the
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supersymmetry generators; therefore, GSO projection is automatic, and there is no
need to sum over spin structures. Indeed, in the original RNS computation of the
previous section, the effective twisting of the fields is only achieved after summing
products of theta functions over all spin structures of the Riemann surface; in the
hybrid formalism, twisting is immediate once one consider the graviphoton or
hypermultiplet insertions.

The N = 2 superconformal algebra for the hybrid left-moving sector reads

T = −1
2

∂xµ∂xµ − pα∂θα − p̄α̇∂θ̄α̇ − 1
2

∂ρ∂ρ + Tint (4.85)

G+ = − 1
4
√

2
e−ρd̄α̇d̄α̇ + G+

int, G− =
1

4
√

2
eρdαdα + G−int, J = ∂ρ + Jint

(4.86)
and it has ĉ = 2.6

A nice feature of the hybrid formalism is that all vertex operators of the uni-
versal sector can be written exclusively in terms of four-dimensional spacetime
variables. Actually, a single scalar superfield V(x, θ, θ̄, θ̃, ˜̄θ) can be used to describe
the massless universal sector of compactified type II superstrings. In supergrav-
ity language this is just the prepotential for the N = 2 gravitational and tensor
multiplets [60]. Furthermore, in order for this V to be physical it must be a con-
formal primary of the N = 2 superconformal algebra for both the right and left
moving sector, and must have zero conformal weight and zero U(1) charge. All
this implies

D2V = D̄2V = D̃2V = ¯̃D2V = ∂µ∂µV = 0 (4.87)

The integrated vertex operator is obtained by computing

U =
∫

d2z{G̃−, [G̃+, {G−, [G+, V]}]}, (4.88)

and this operator is invariant under gauge transformations

δV = D2Λ + D̄2Λ + D̃Λ + ˜̄D2Λ (4.89)

which allows reducing the component fields to the physical ones. More explicitly,

6This in contrast to the non-minimal pure spinor formalism, which has ĉ = 3. The spacetime
sector of the hybrid formalism contribute with ĉ = −1, which then adds to the ĉ = 3 of the internal
sector.
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in the Wess-Zumino gauge one can derive the expression [60, 71]

VWZ = hµν(θσµθ̄)(θ̃σν ˜̄θ) +
[

Tαβθαθ̃βθ̄γ̇θ̄γ̇ ˜̄θδ̇
˜̄θ δ̇ + h.c.

]
(4.90)

+
[
(∂αβ̇Z + ...)θαθγ̇θγ̇ ˜̄θ β̇θ̃δθ̃δ + h.c.

]
+ ... (4.91)

where hµν contains the graviton, the dilaton and the antisymmetric tensor, Tαβ

(Tα̇β̇) is the antiself-dual (self-dual) graviphoton field strength, and Z, Z̄ are the
two RR scalars of the universal hypermultiplet.

On the other hand one can construct chiral, Pαβ, and twisted-chiral, Qαβ̇, N = 2
superfields describing the gravitational multiplet and the universal hypermultiplet,
respectively. These read

Pαβ = D̄2Dα
˜̄D2D̃βV, Qαβ̇ = D̄2DαD̃2 ˜̄Dβ̇V (4.92)

Both of these superfield already appear in the integrated vertex operator as

U =
∫

d2z
[
dαd̃βPαβ + dα ˜̄dβ̇Qαβ̇

]
+ h.c. + ... (4.93)

where the dots include all other terms obtained after the computation of (4.88).
Now, one is interested in reproducing the results of the previous section using

this formalism. In order to do that, it is necessary to review the appropriate
amplitude prescription for the hybrid formalism. By construction the computation
can be performed in a manifestly supersymmetric way, and the amplitudes involve
in general the entire integrated vertex operator U.

Hybrid amplitude prescription

Since the theory has a ĉ = 2 N = 2 superconformal symmetry, one can extend
it to an N = 4 superconformal symmetry, and it is possible to use the N = 4
topological string prescription of [72] to compute the amplitude.7

The extra generators which provide a completion to the N = 4 algebra are
given by

J±± = e±(ρ+
∫

Jint) (4.94)

Ğ+ = − 1
4
√

2
e2ρ+

∫
Jintdαdα − eρG++

int (4.95)

7It happens that the hybrid formalism also allows for computation of non-topological super-
string amplitudes, as in [73].
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Ğ− = − 1
4
√

2
e−2ρ−

∫
Jint d̄α̇d̄α̇ − e−ρG−−int (4.96)

where G±±int =
∮

e±Jint(G∓int). The structure of the set {J, J++, J−−} is that of an
SU(2) current algebra. The rising (J++) and lowering (J−−) operators have been
used to construct the two new fermionic generators through

Ğ+ =
∫

J++(G−), Ğ− =
∫

J−−(G+) (4.97)

The amplitude prescription is the following. First twist the superconformal al-
gebra in such a way that the generators G+, Ğ+ both have conformal weight h = 1
and the generators G−, Ğ− both have conformal weight h = 2 (The corresponding
right moving generators must be twisted in the same way for type IIB superstrings,
and in the opposite way for type IIA). Then, physical fields Φ in this twisted N = 4
are defined by G+Φ = Ğ+Φ = 0, Φ ∼ Φ + G+Ğ+χ, where the identification is
made for any field χ. In order to take advantage of the usual N = 2 topological
prescription, which requires insertion of 3g− 3 G− operators folded with a basis
of Beltrami differentials, one can insert

∮
Ğ+ around each a-cycle of the genus g

Riemann surface (and the corresponding right-moving insertion). This restrict
states flowing through the cycles to those belonging to the reduced Hilbert space
of states annihilated by Ğ+. Then one is left to take care of the other condition
G+Φ = 0, which can be thought of as a twisted N = 2 physical condition in
the reduced Hilbert space. Finally, to decouple only trivial states of the N = 4
theory, that is, those of the form G+Ğ+χ, one should insert

∫
J J̃ in the correlation

function.
The prescription for type IIB scattering amplitude of 2g integrated vertices at

genus g is thus

Ag =
∫
Mg

1
det(Imτ)

g

∏
i=1

∫
d2vi

〈∣∣∣∣∣g−1

∏
j=1

Ğ+(vj)J(vg)
3g−3

∏
k=1

G−(µk)

∣∣∣∣∣
2 2g

∏
l=1

Ul

〉
(4.98)

where τ is the period matrix of Σg, and one has used the relation

∣∣∣∣∣ g

∏
i=1

∮
ai

Ğ+

∣∣∣∣∣
2

∝
1

det(Imτ)

g

∏
i=1

∫
d2vi

∣∣∣∣∣ g

∏
j=1

Ğ+(vj)

∣∣∣∣∣
2

(4.99)

(an extra factor of
∫

Ğ can be obtained by writing one of the G− present there as∮
Ğ+ J−− and pulling the contour off the surface until it hits the J insertion).
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It is also convenient to use the relation [71]

g

∏
i=1

∫
d2vi

∣∣Ğ+(vi)
∣∣2 =

det(Imτ)

|det(ωj(v̂k))|2

∣∣∣∣∣ g

∏
k=1

Ğ+(v̂k)

∣∣∣∣∣
2

(4.100)

where v̂k are g arbitrary points on the Riemann surface, to recast the amplitude to
the form

Ag =
∫
Mg

1
|det(ωi(v̂j))|2

〈∣∣∣∣∣g−1

∏
j=1

Ğ+(v̂j)J(v̂g)
3g−3

∏
k=1

G−(µk)

∣∣∣∣∣
2 2g

∏
l=1

Ul

〉
(4.101)

One feature of the N = 4 topological nature of the hybrid formalism is that
one actually has a family of N = 4 models parametrized by harmonic variables
u1, u2, u∗1 , u∗2 related by complex conjugation as ū1 = u∗2 , ū2 = −u∗1 , and satisfying
|u1|2 + |u2|2 = 1. The general expression for the generators is

̂̆G+ = u1Ğ+ + u2G+ (4.102)

Ĝ− = u1G− − u2Ğ− (4.103)̂̆G− = u∗2Ğ− − u∗1G− (4.104)

Ĝ+ = u∗2G+ + u∗1Ğ+ (4.105)

These are SU(2) rotations of the superconformal generators which are not realized
as a symmetry of the algebra. Then, they should give different partition functions
and amplitudes which can be thought of as realizing vector representations of
SU(2). In particular, making a similar construction for the right-moving sector,
instead of a partition function this topological N = 4 model provides one with a
partition tensor Fn,m

g where n, m = 2− 2g, 3− 2g..., 2g− 2.

By making the replacements G− → Ĝ−, Ğ+ → ̂̆G+ in the expression for
the genus g amplitude (4.98), one gets a homogenoeus polynomial in the ui, ũi

variables,

Ag =
2g−2

∑
n,m=2−2g

(
4g− 4

2g− 2− n

)(
4g− 4

2g− 2−m

)
An,m

g u2g−2+n
1 u2g−2−n

2 ũ2g−2+m
1 ũ2g−2−m

2

(4.106)
It turns out that the amplitudes involving the anti-self-dual graviphoton, as well
as the amplitude with self-dual graviphotons, and both possible amplitudes with
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universal RR scalars, appear as different components of this amplitude tensor
An,m

g . In order to show this one has to consider the R-transformations of the model.
This transformation is generated by

R =
∫

dz
[
∂ρ +

1
2

θαdα −
1
2

θ̄α̇dα̇
]

(4.107)

There is a field redefinition between hybrid and RNS variables which shows that
this is the RNS picture number operator expressed in terms of hybrid fields. The
background charge for this operator is 1− g and must be canceled for an amplitude
to be non-vanishing. Since insertions G± carry no R-charge, and insertions Ğ±

carry R-charge ∓1, it is easy to show that in the generic component An,m
g , these

insertions always contribute a charge of (g − 1 − n, g − 1 − m). Thus, vertex
operators must contribute a total charge (n, m) in non-vanishing amplitudes.

Hybrid computation

For graviphoton or universal RR scalars, the relevant amplitudes can be im-
mediately determined. For example, since the 2g anti-self-dual graviphoton su-
perfields carry (1/2, 1/2) R-charge and the expected result involves integration
over half the superspace,

∫
d2θd2θ̃, vertex operators will violate R-charge by

(g− 1, g− 1); thus, the relevant amplitude is Ag−1,g−1
g . Similarly, anti-self-dual

scattering is computed by A1−g,1−g
g . Finally, universal hypermultiplets carry R-

charge (1/2,−1/2) or (−1/2, 1/2) and its scattering is computed by the amplitude
Ag−1,1−g

g or A1−g,g−1
g , respectively.

It turns out that for each of these amplitudes, only specific terms in the in-
sertions contribute so that each time a simpler amplitude expression must be
computed. In order to see this one should look for ρ and

∫
Jint background charge

cancellation separately.8

First, ρ background charge cancellation requires Ag−1,g−1
g to be

8 J background charge cancellation give no further restriction. Also, Jint must be conserved
because of symmetry of the internal Calabi-Yau model.
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Ag−1,g−1
g =

∫
Mg

1
|det(ωi(v̂j))|2

〈∣∣∣∣∣ m

∏
j=1

eρG++
int (v̂j)

g−1

∏
j=m+1

e−ρd̄α̇d̄α̇(v̂j)J(v̂g)

×
m

∏
k=1

(e−2ρ−
∫

Jint d̄α̇d̄α̇)(µk)
3g−3

∏
k=m+1

G−int(µk)

∣∣∣∣∣
2 2g

∏
l=1

Ul

〉
(4.108)

where Ul are vertex operators for graviphoton superfields.
In order to obtain the non-vanishing contribution to this amplitude one must

have enough zero modes coming from the correlation to be absorbed by the
corresponding fermionic integrations. On a Riemann surface of genus g, fields of
conformal weight h = 1 have g zero modes, and its conjugate fields of conformal
weight h = 0 have only one zero mode corresponding to the constant function. It
is easy to see that the 2g zero modes in dα must come from the vertex operators,
from the specific terms of the form

∫
d2zdαd̃βPαβ. Besides, the dα̇ zero modes are

not saturated in the last expression, and the functional integration of the field ρ is
not well-defined as it stands. One way to overcome this problems is to express
one of the vertex operators as U = |

∫
dze−ρd̄α̇d̄α̇(z)|2

∫
d2w|eρdαDα|2V, where V

is the prepotential. Then, pulling the first factor off the vertex it only hits J(v̂g).
One last thing to do before actually computing the amplitude is to appropriately

fix the g arbitrary points (v̂j) to be at the same position as g of the arguments in
Beltrami differentials. This is possible only because when fusing the correspondent
operators one does not encounter poles nor zeros in the OPE’s.

The amplitude becomes

Ag−1,g−1
g =

∫
Mg

∫ g

∏
j=1

d2zj
1

|det(ωi(zj))|2

〈
(µje−ρG−intd̄α̇d̄α̇)(zj)

2g−3

∏
l=1

G−int(µl)

×
2r−1

∏
r=1

∫
d2yrdαd̃βPαβ

∫
d2y2g|eρdαDα|2V

〉
(4.109)

All zero modes of dα̇ are now saturated and, besides the usual functional
integration over the xµ fields, one only needs to explicitly compute the correlator
involving ρ. The regulated correlation function turns out to be〈

g

∏
j=1

e−ρ(zj)eρ(y2g)

〉
=

1
Z2

1det(ωi(zj))
(4.110)
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which is independe of the position y2g. Thus, the contribution of the ρ, ρ̃ functional
integration is |Z1|−4|det(ωi(zj))|−2.

To obtain the low-energy effective field theory at the lowest order, it is enough
to consider only the xµ zero-mode dependence of the vertex operators. Functional
integration over xµ then gives a factor of |Z1|−4(det(Imτ))−2.

Now it is time to evaluate the functional integral over dα, θα. Since all of them
contribute only with its zero modes, they give, besides integration over zero modes
of θ,

∫
d2θd2θ̃, a factor |Z1|4|det(ωl(yr))|4, which can be safely integrated over

all the positions of vertex operators, producing |Z1|4(det(Imτ))2. One also gets
contractions between the various spinor indices in the vertex operators. Similarly,
integration over fields θ̄α̇, d̄α̇ gives |Z1|4|det(ωi(zj))|4 and there remains an integral∫

d2θ̄d2 ˜̄θ.
Putting all this together one arrives, after many cancellations, at

Ag−1,g−1
g =

∫
d2θd2θ̃d2θ̄d2 ˜̄θ(PαβPαβ)g−1PγδDδD̃γV

∫
Mg

〈
3g−3

∏
i=1
|G−int(µi)|2

〉
(4.111)

Performing the integration over θ̄ and ˜̄θ, and recognizing the partition function of
the topological B model, FB

g , the result is

Ag−1,g−1
g = FB

g

∫
d2θd2θ̃(PαβPαβ)g (4.112)

Notice that if one expands the superfield Pαβ in components and performs the θ, θ̃

integrations the RNS result is correctly reproduced. For type IIA superstrings the
twisting in the right-moving sector must be done in the opposite direction, and
the coupling is FA

g as expected. The other amplitudes can be evaluated in a similar
way; for example the scattering of universal hypermultiplets (Z) in type IIB gives

Ag−1,1−g = FA
g

∫
d2θd2 ˜̄θ(Qαβ̇Qαβ̇)g (4.113)

In this section, a super-Poincaré covariant computation of topological ampli-
tudes was performed using the hybrid formalism. It is worth noting that the
explicit form of the internal G−int was never used, so this result automatically
extends to Calabi-Yau compactifications. This is in contrast with RNS, where
the explicit calculation works in an straightforward manner only for orbifolds.
For generic Calabi-Yau manifolds in the internal sector, the underlying N = 2
superconformal theory is used, noticing that the spin structure information resides
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entirely in the U(1) current Jint. It is very suggestive that this is the only object that
mixes the spacetime and internal sectors in the field redefinition that relates the
RNS and hybrid formalisms.

4.3 Pure spinor computation

As in a flat D = 10 background, for g ≥ 2, the g-loop n-point amplitude
prescription on an orbifold compactification is taken to be

Ag,n =
∫
Mg

〈∣∣∣∣∣N (y)
3g−3

∏
i=1

b(µi)

∣∣∣∣∣
2 n

∏
j=1

Uj

〉
g

, (4.114)

while for g = 1,

A1,n =
∫
M1

〈
|N (y)b(µ)|2

n

∏
j=1

Uj

〉
1−loop

(4.115)

N is an appropriately chosen BRST-invariant regulator of the form N =

exp(QΛ) which is inserted anywhere on the Riemann surface and resolves the
divergences coming from integration over the non-compact bosonic zero modes.
For example, one can define for amplitudes at any loop

N = exp
(
− λ̄αλα − rαθα −

[1
2

NmnN̄mn + J J̄ +
1
4

Smndγmnλ + Sλαdα

])
(4.116)

where

Nmn =
1
2

wγmnλ, N̄mn =
1
2
(w̄γmnλ̄− sγmnr), J = wαλα, (4.117)

J̄ = w̄αλ̄α − sαrα, Smn =
1
2

sγmnλ̄, S = sαλ̄α. (4.118)

Since the simpler four-dimensional b ghosts defined in chapter 3 are BRST
equivalent to the original b ghost in the restricted patches λ̄α̇λα̇ 6= 0, λ̄αλα 6= 0, they
can be used in the amplitude prescriptions if there are no subtleties concerning
regularization. In fact, for special choices of the external states in the vertex
operators Uj, this will actually work well. For external states corresponding to
anti-self-dual topological amplitudes, one can use the b(a) version since the poles
from these b(a) ghosts will not accumulate to poles of order (λ̄α̇λα̇)−2. And for
external states corresponding to self-dual topological amplitudes, one can use the
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b(c) version since the poles from these b(c) ghosts will not accumulate to poles
of order (λ̄αλα)−2. The dangerous terms using these four-dimensional b ghosts
appear when the b(a) ghosts contribute rα̇rα̇ or when the b(c) ghosts contribute
rαrα to the amplitude, and it will be shown from zero-mode counting that these
dangerous terms cannot contribute to the topological amplitudes.

4.3.1 Type IIB multiloop scattering of anti-self-dual gravipho-

tons

The first amplitude which will be computed is the g-loop type IIB superstring
scattering of 2g − 2 anti-self-dual graviphotons and 2 anti-self-dual gravitons
which contributes to the R2T2g−2 term in the low-energy effective action. This
comes from the g-loop 2g-point pure spinor amplitude. The computation of the
case g = 1 is slightly different and will be considered later.

The multiloop amplitude will be computed in the patch λ̄α̇λα̇, and using the
b(a) ghost of (3.69). Because of the integral over the dα fermionic zero modes,
the only term in the closed string vertex operators Ui which contributes to this
amplitude is the term

∫
d2zdαd̃βPαβ(xµ, θα, θ̃α), and the only term in the b(a) ghosts

which contributes is

b(a) = − λ̄α̇ΠIdα̇I

λ̄α̇λα̇
.

To see this, focus on the zero modes of the left-moving fermionic variables
and note that the vertex operators Ui can only contribute the zero modes of the
2 components dα whereas the ghosts b(a) can only contribute the zero modes of
the 3 components λ̄α̇dα̇I and the 2 components dα. The zero modes of the other 11
components of dα (i.e. dα̇, dαI and λα̇dα̇I) must all come from the regulatorN . Since
there are 3g− 3 b(a) ghosts, the 3g− 3 zero modes of λ̄α̇dα̇I must all come from the
b(a) ghosts and the 2g zero modes of dα must all come from the Ui vertex operators.
Furthermore, only the twisted sectors of the worldsheet variables contribute to this
amplitude since, in the untwisted sector, λ̄α̇dα̇I would have 3g zero modes which
cannot be obtained from the 3g − 3 b(a) ghosts. For the same reason, orbifold
sectors which preserve N = 4 D = 4 supersymmetry cannot contribute to this
amplitude since, in this case, one of the three xI’s in (3.3) would be untwisted and
λ̄α̇dα̇I would have 3g− 2 zero modes.

In the twisted sector assuming that λ̄α̇λα̇ 6= 0, the only fermionic zero modes
of rα are the two components rα̇ and the only fermionic zero modes of θα are the 4
components θα and θα̇. In addition to providing the fermionic zero modes of 11
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components of dα, the regulator N also provides the fermionic zero modes of the
11 components of sα, and the fermionic zero modes of the 2 components of rα̇ and
θα̇. The remaining zero modes of the two components of θα must come from the
vertex operators Ui.

Integration over dα and d̃α zero modes produces index contractions between
the Pαβ superfields, giving the expression

(PαβPαβ)g[det(ωi(zj))]
2[det(ω̄i(z̄j))]

2,

where [det(ωi(zj))]
2 denotes the sum of terms of the form det(ωi(zj))det(ωi(zj′))

with zj denoting g of the 2g positions of vertex operators and zj′ denoting the other
g positions. Using the relation

g

∏
i=1

∫
d2zi |det(ωj(zk))|2 = det(Imτ), (4.119)

and integrating over the zero modes of (xµ, θα, θ̃α, pα, p̃α), the vertex operators
therefore contribute in the low energy limit

(det(Imτ))2
∫

d4x
∫

d2θ
∫

d2θ̃(Pαβ(x, θ, θ̃)Pαβ(x, θ, θ̃))g.

To separate the λ̄α̇dα̇I zero modes appearing in the b(a) ghosts from the dα̇I zero
modes appearing in the regulator N , it is convenient to make the change of basis
in field space introduced in subsection 3.2.3:

ψI = (λ̄β̇λβ̇)−1λ̄α̇ pα̇I , χI = λα̇ pα̇I , (4.120)

ψI = λα̇θα̇
I , χI = (λ̄β̇λβ̇)−1λ̄α̇θα̇

I , (4.121)

which is invertible when λ̄α̇λα̇ 6= 0 and whose jacobian in the path integral is 1.
So after integration over the zero modes of the worldsheet variables, the multi-

loop amplitude reduces to

Ag =
∫
Mg

(det(Imτ))2
∫

dψI
0

∫
dψ̃I

0

〈∣∣∣∣∣3g−3

∏
i=1

G−int(µi)

∣∣∣∣∣
2〉′ ∫

d4x
∫

d2θ
∫

d2θ̃(PαβPαβ)g

(4.122)
where

∫
d4x

∫
d2θ
∫

d2θ̃(PαβPαβ)g is the N = 2 D = 4 supersymmetric expression
containing the term

∫
d4xR2T2g−2,

∫
dψI

0
∫

dψ̃I
0 denotes integration over the zero
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modes of ψI and ψ̃I , 〈...〉′ means path integration over non-zero modes of all
remaining worldsheet fields as well as the lattice sum coming from the (xI , xI)

path integral, and the only term contributing from b(a) is

G−int ≡ −ψI∂xI .

Note that the explicit expression for ΠI in the b(a) ghost is

ΠI = ∂xI − θα̇I∂θα̇ − θα̇∂θα̇
I − ε I JKθαJ∂θK

α , (4.123)

but since all dα’s must contribute with zero modes, the only term in ΠI which can
contribute is ∂xI . For the same reason, the θ and θ̃ dependence of the anti-self-dual
graviphoton superfield in the amplitude reduces to Pαβ(xµ, θα, θ̃α). Note also that
(4.122) holds up to a proportionality factor that comes from integration over pure
spinor zero modes. This proportionality factor will not be considered in this thesis
but can be computed using the methods of [74].

Non-zero mode integration

Recall that for a fermionic (1, 0) chiral system (b, c) on a Riemann surface of
genus g, the result for the path integral is∫

DbDc b(z1)...b(zg)c(y)e−S[b,c] = Z1det(ωi(zj)) (4.124)

where {ωi, i = 1, ..., g} is a basis for holomorphic 1-differentials on the genus
g Riemann surface Σg. For bosonic (1, 0) chiral systems, the result of the path
integral is the inverse [Z1det(ωi(zj))]

−1.
For the case of worldsheet fields defined within a given non-trivial twist

structure φI , the path integral is instead∫
DbDc b(z1)...b(zg−1)e−S[b,c] = Z1,φI det(ωhI ,i(zj)) (4.125)

where {ωφI ,i, i = 1, ..., g− 1} is a basis of hI-twisted holomorphic 1-differentials
and Z1,φI is the partition function coming from non-zero mode integration for
twisted fields. Analogously, the path integral of the bosonic φI-twisted (1, 0)
system is [Z1,φI det(ωφI ,i(zj))]

−1.
The fermionic variables (dα, θα) involve four untwisted (1, 0) systems (dα, θα)

and (dα̇, θα̇), two copies of the three φI-twisted (I = 1, 2, 3) (1, 0) systems, (dI
α̇, θα̇

I ),
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and two copies of the three −φI-twisted (1, 0) systems, (dαI , θαI). Integration over
the non-zero modes of (dα, θα) therefore gives

(Z1)
4

3

∏
I=1

[
(Z1,φI )

2(Z1,−φI )
2
]
. (4.126)

So after including the contribution from the right moving sector (d̃α, θ̃α), one gets

|Z1|8
3

∏
I=1

[
|Z1,φI |

4|Z1,−φI |
4
]
. (4.127)

Since the bosonic pure spinor variables (wα, λα) are equivalent to eleven
bosonic (1, 0) chiral systems, nine of them twisted by φI or −φI depending on
the position of the index I in the corresponding conformal weight one field, their
contribution to the amplitude after including the left and right-moving sectors is

|Z1|−4
3

∏
I=1

[
|Z1,φI |

−2|Z1,−φI |
−4
]
. (4.128)

Finally, the contribution from the non-zero modes of xµ is |Z1|−4(det(Imτ))−2,
and the contribution from the bosonic non-minimal variables (w̄α, λ̄α) cancels the
contribution from the fermionic non-minimal variables (sα, rα).

Including these contributions from the non-zero modes in (4.122), one therefore
obtains

Ag =
∫
Mg

3

∏
I=1
|Z1,φI |

2
∫

dψI
0

∫
dψ̃I

0

〈∣∣∣∣∣3g−3

∏
i=1

G−int(µi)

∣∣∣∣∣
2〉 ∫

d4x
∫

d2θ
∫

d2θ̃(PαβPαβ)g.

(4.129)
Finally, one can replace ∏3

I=1 |Z1,φI |2
∫

dψI
0
∫

dψ̃I
0 with the path integral over ψI

and ψ̃I , and sum over all non-trivial twist structures to get the formula

Ag =
∫
Mg

〈∣∣∣∣∣3g−3

∏
i=1

G−int(µi)

∣∣∣∣∣
2〉

top

∫
d4x

∫
d2θ

∫
d2θ̃(PαβPαβ)g. (4.130)

where 〈...〉top denotes the path integral over all modes of xI , xI , ψI , ψI . Thus, the
coupling to the supersymmetric term containing

∫
d4xR2T2g−2 is precisely the

partition function FB
g =

∫
Mg

〈∣∣∣∏3g−3
i=1 G−int(µi)

∣∣∣2〉
top

of the B-model topological

string theory at genus g when g > 1. This same result will now be shown to also
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occur when g = 1.

4.3.2 One-loop amplitude

The non-minimal pure spinor prescription for one-loop amplitudes involving
two external states is

A1 =
∫
M1

〈
|N b(µ)|2 U V(z)

〉
, (4.131)

where U is the integrated vertex operator for one of the states,

V(z) = λα̇λ̃β̇ Aα̇β̇(x, θ, θ̃)

is the BRST-invariant unintegrated vertex operator for the other state which is
inserted anywhere on the surface, and Aα̇β̇(x, θ, θ̃) is the bispinor prepotential
superfield appearing in (3.132). As before, the four-dimensional version of b(a)

can be substituted for the b ghost when computing the one-loop scattering of two
anti-self-dual gravitons.

Because of the integration over fermionic zero modes, only the twisted sector
will contribute to this one-loop amplitude and the fermionic zero modes of the
left-moving variables are (θα, θ̄α̇, rα̇) and (pα, p̄α̇, sα̇). The two zero modes of pα

must come from U and b(a) where b(a) of (3.69) contributes − λ̄α̇

2λ̄γ̇λγ̇

(
∂xµσ

α̇β
µ pβ

)
,

the θα zero modes come from V and U, and the remaining zero modes come from
the regulator N .

To relate this one-loop amplitude with the one-loop topological partition func-
tion, use the OPE b(y)Jg(z) → (y − z)−1b(z), where Jg = wαλα + rαsα is the
ghost-number current, to write the b(a) ghost as the contour integral of b(a) around
Jg, that is,

b(a)(µ) = [
∮

b(a), Jg(µ)]. (4.132)

The contour integral can be pulled off of Jg and since the commutator of
∮

b(a)

with U and N does not contain enough zero modes of pα, the only contribution
comes from the commutator with V. Performing the same operation with the
right-moving b̃(a) ghost, one can write the one-loop amplitude as

A1 =
∫
M1

〈∣∣N Jg(µ)
∣∣2 U

∮
b(a)

∮
b̃(a)V(z)

〉
. (4.133)
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In the gauge where b(a) and b̃(a) have no double poles with V = λα̇λ̃β̇ Aα̇β̇, the
superfields Pαβ and Aα̇β̇ are related by

Pαβ = (σµ)αα̇(σν)ββ̇∂µ∂ν Aα̇β̇. (4.134)

So after integrating over the fermionic zero modes of (θα, θ̃α) and (dα, d̃α), and
using (4.134), (4.133) reduces to

A1 =
∫
M1

〈∣∣N Jg(µ)
∣∣2〉 ∫ d4x

∫
d2θ

∫
d2θ̃(PαβPαβ) (4.135)

where 〈 〉 denotes the functional integral over all worldsheet variables except for
the four-dimensional variables (xµ, θα, θ̃α, pα, p̃α).

Finally, one can relate
∫
M1

〈∣∣N Jg(µ)
∣∣2〉 to the one-loop topological partition

function by using the field redefinition of (4.120) and shifting wα̇ and w̄α̇ as in
(3.90), (3.91). Since ψI and ψI carry ghost-number charge +1 and −1,

Jg = K + ψIψI (4.136)

where K = Jg − ψIψI is independent of (ψI , ψI) and is constructed from the
pure spinor variables and (χI , χI). Note that Jg satisfies the OPE Jg(y)Jg(z) →
3(y− z)−2 , so the OPE of K with K has no double pole. One can therefore define
K = ∂σ where σ is a null boson and construct new fermionic variables

ζ I = ψIe+
1
3 σ, ζ I = ψIe−

1
3 σ, (4.137)

which satisfy the same OPE’s and twistings as ψI and ψI , and satisfy

Jg = ζ Iζ I . (4.138)

The integration over all fermionic and bosonic variables in (4.135) except for the
internal (xI , xI , ζ I , ζ I , ζ̃ I , ζ̃ I) variables cancels out, so the one-loop amplitude can
be expressed as

A1 = FB
1

∫
d4x

∫
d2θ

∫
d2θ̃(PαβPαβ) (4.139)

where FB
1 is the one-loop partition function of the topological B-model [75]

FB
1 =

∫
M1

〈∣∣∣ζ Iζ I(µ)
∣∣∣2〉

top
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and 〈 〉top denotes integration over the internal variables (xI , xI , ζ I , ζ I , ζ̃ I , ζ̃ I).

4.3.3 Other topological amplitudes

In the previous subsection, the Type IIB scattering of 2g − 2 anti-self-dual
graviphotons and 2 anti-self-dual gravitons was computed using the non-minimal
pure spinor prescription of (4.114) with b(a) and b̃(a) ghosts to obtain the amplitude

FB
g

∫
d4x d2θd2θ̃ (PαβPαβ)g. (4.140)

where FB
g =

∫
Mg

〈∣∣∣∏3g−3
i=1 G−int(µi)

∣∣∣2〉
top

is the topological B-model partition func-

tion. Using identical reasoning, one can compute the Type IIB scattering of 2g− 2
self-dual graviphotons and 2 self-dual gravitons using the prescription of (4.114)
with b(c) and b̃(c) ghosts. In this case, one restricts to patches where λ̄αλα 6= 0, and
the resulting amplitude is

F̄B
g

∫
d4x d2θ̄d2 ˜̄θ (Pα̇β̇Pα̇β̇)g (4.141)

where F̄B
g is the complex conjugate of FB

g defined by

F̄B
g =

∫
Mg

〈∣∣∣∣∣3g−3

∏
i=1

G+
int(µi)

∣∣∣∣∣
2〉

top

, (4.142)

G+
int ≡ ψI∂xI is the contribution from the b(c) ghost, and ψI = (λ̄βλβ)

−1λ̄α pαI .
One can also compute the Type IIB scattering of 2g − 2 Ramond-Ramond

hypermultiplet scalars and 2 NS-NS hypermultiplet scalars with the prescription
of (4.114) if one uses either b(a) ghosts in the left-moving sector and b̃(c) ghosts in
the right-moving sector or b(c) ghosts in the left-moving sector and b̃(a) ghosts in
the right-moving sector. In the first case, the amplitude is

FA
g

∫
d4x

∫
d2θ

∫
d2 ˜̄θ (Qαβ̇Qαβ̇)g. (4.143)

where FA
g is the partition function at genus g for the A model topological string

defined as

FA
g =

∫
Mg

〈
3g−3

∏
i=1

G−int(µi)
3g−3

∏
j=1

G̃+
int(µ̄j)

〉
top

. (4.144)
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In the second case, one obtains the complex conjugate of (4.143) which is

F̄A
g

∫
d4x

∫
d2θ̄

∫
d2θ̃ (Qα̇βQα̇β)g, (4.145)

where

F̄A
g =

∫
Mg

〈
3g−3

∏
i=1

G+
int(µi)

3g−3

∏
j=1

G̃−int(µ̄j)

〉
top

. (4.146)

For type IIA topological amplitudes, the results are complementary and the
only difference comes from the opposite chirality of the right-moving sector as
compared with type IIB. For the anti-self-dual graviphoton amplitude, the right-
moving b-ghost now contributes with ( ˜̄λα̇λ̃α̇)−1∂̄xI p̃α̇

I and the appropriate change
of variables that has to be performed to make contact with the topological string
description of the internal model is

ψ̃I = ( ˜̄λβ̇λ̃β̇)−1 ˜̄λα̇ p̃α̇
I , χ̃I = λ̃α̇ p̃α̇

I , (4.147)

ψ̃I = λ̃α̇θ̃α̇I , χ̃I = ( ˜̄λβ̇λ̃β̇)−1 ˜̄λα̇θ̃α̇I , (4.148)

The effect of this is to change the relative topological twisting in the right-moving
sector of the internal model, and the corresponding terms in the Type IIA effective
action are

S = FA
g

∫
d4x

∫
d2θ

∫
d2θ̃ (PαβPαβ)g + F̄A

g

∫
d4x

∫
d2θ̄

∫
d2 ˜̄θ (Pα̇β̇Pα̇β̇)g

+FB
g

∫
d4x

∫
d2θ

∫
d2 ˜̄θ (Qαβ̇Qαβ̇)g + F̄B

g

∫
d4x

∫
d2θ̄

∫
d2θ̃ (Qα̇βQα̇β)g.

(4.149)
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Conclusions and future directions

This thesis contains a first step towards a pure spinor formulation of super-
strings compactified on six-dimensional manifolds by studying topological ampli-
tude computations of type II superstring theory with an orbifold as the internal
sector. It was shown that, as in topological amplitude computations using the
hybrid formalism, the pure spinor computation preserves manifest N = 2 D = 4
supersymmetry and do not require summing over spin structures. Although the
pure spinor vertex operators depend on all 16 θα and 16 θ̃α worldsheet variables,
the restriction to patches where λ̄α̇ 6= 0 and the construction of a four-dimensional
version of the b ghost simplify the computations. Moreover, the multiloop cal-
culations using the non-minimal pure spinor formalism do not suffer from the
subtleties of the hybrid formalism coming from negative-energy chiral bosons.

Topological strings contain fermionic worldsheet variables with spins 1 and 0.
They can be though of as twisted RNS fermionic matter which, before twisting, has
spin 1

2 . Regarding the topological amplitude calculation in the RNS formalism, two
phenomena can be identified. First of all, as seen in the heuristic derivation, the
twisting of fermionic matter is nothing else that a redefinition of the background
charge for different fields; this change is induced by the presence of insertions of
suitable external states on the worldsheet. Nevertheless, in the actual computation,
the effective twisting is a consequence of a sum over spin structures which traded
sums of products of Θ-functions with half-characteristics, for Θ-functions without
them. The conformal systems which provided the first ones where the conformal
ghosts (β, γ), fermionic spacetime matter ψµ, and fermionic internal matter ψI , ψI .

In fact, the relation between hybrid and RNS formalisms is known to be given
by a field redefinition which, in the internal sector reads

Thybr = TRNS +
3
2
(∂φ + ηξ)2 − (∂φ + ηξ)JRNS (5.1)

G+
hybr = eφηG+

RNS, G−hybr = ξe−φG−RNS, Jhybr = JRNS + 3(∂φ + ηξ) (5.2)

111
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For an orbifold compactification characterized by fermions ψI , ψI , this relation
comes from the field redefinition

ΓI = γψI , ΓI =
1
γ

ψI (5.3)

which effectively twists the N = 2 superconformal algebra of the orbifold SCFT.
The field redefinition is more complicated for supermatter variables in the D = 4
sector, while, obviously, the internal sector of the hybrid formalism allows from
the beginning a treatment of the more general Calabi-Yau compactification. Notice
that fermionic spacetime spinors of the hybrid formalism are given as

θα = cξe−
1
2 (3φ+

∫ z JRNS)Sα, θα̇ = e
1
2 (φ+

∫ z JRNS)Sα̇ (5.4)

The only information from the internal sector that appears in this field redefinition
is the U(1) current, and this fact must have something to do with the extension of
the RNS computation to generic Calabi-Yau compactifications given in [67]. It will
be interesting to see how this feature translates to the pure spinor formalism, in
order to deal with these more generic Calabi-Yau manifolds.

On the other hand, twisted fermions for the internal sector are already con-
tained in higher components of pα, θα. In this thesis, the relation was given only
for free fermions. It would be obviously interesting to extend the pure spinor
computation to include Calabi-Yau backgrounds based on the field redefinition
(4.120)-(4.121). Notice that this field redefinition, which resembles the twisting
considered in [76], would give untwisted fermions if the conformal weight of λα̇

were shifted by 1/2; the extra untwisted fields χI , χI would call for an appropriate
interpretation. Besides, a simplified b ghost for flat background was given in
[77] in terms of fermionic vectors. This was done at the level of the worldsheet
action by introducing the conjugate pair (Γ̄m, Γm), and adding a constraint which
trivializes their kinetic term as Γ̄m = 0. Then, a suitable similarity transformation
transforms this constraint into the more complicated

Γ̄m − λ̄γmd
2λ̄αλα

+
(λ̄γmnpr)Nnp

8(λ̄αλα)2 = 0 (5.5)

which, nevertheless, allow to write a much simpler ten-dimensional b ghost

b = ΠmΓ̄m −
λγmnr
4λ̄αλα

Γ̄mΓ̄n + sα∂λ̄α + wα∂θα − (wγmλ̄)(λγm∂θ)

2λ̄αλα
(5.6)
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The natural thing to do is to introduce fermionic vector variables ΓI , ΓI exclusively
for internal SU(3) indices in the compactified pure spinor formalism, and see the
consequences on the form of the b ghost and the relevant amplitude computations.
This is work in progress.

In any case, there is a clear simplification of the pure spinor computation
of topological amplitudes with respect to other formalisms; this resides in the
substitution of the b ghost by the 4d version which is BRST equivalent to the
original composite operator. This is allowed only if a subset of the 16 patches of
pure spinor space are taken to be permitted in the orbifold compactification; of
course, this situation deserves further study. Moreover, this restriction has effects
in the maximum number of inverse powers of λ̄λ which won’t give divergences at
λ→ 0. In fact, for topological amplitudes the contributions from b ghost insertions
are such that these inverse powers do not accumulate. Nevertheless, accumulation
of singularities become relevant when computing non-topological amplitudes.

To test the pure spinor prescription for amplitudes in orbifold compactifica-
tions, it is simpler to start at one-loop. A relevant case to study is type I super-
strings which preserve N = 1 supersymmetry in four dimensions. One-loop,
four-gluon scattering was computed in [78, 79]. Gluon external states belong to
the untwisted sector of the orbifold compactification. As in type II superstrings, de-
pending on boundary conditions (or twistings) along homology cycles, amplitudes
get contributions from sectors preserving different amounts of supersymmetry.
Since twistings must obey φ1 + φ2 + φ3 = 0, type I amplitudes have three sectors:
N = 4, N = 2, and N = 1, determined by (i) φI = 0 (I = 1, 2, 3), (ii) φ3 = 0,
φ1 = −φ2 (or the other possibilities), and (iii) φI 6= 0 (I = 1, 2, 3).

The simplest sector is N = 4, where each component coming from dα has
one zero-mode. For amplitudes up to three-point it is easy to see that, since the
four-dimensional b ghost can contribute at most with two d zero-modes there are
not enough insertions to absorb all sixteen of them; then, these amplitudes vanish.
The first non-trivial process is the four-point scattering whose amplitude reads

∫ ∞

0

dT
T

〈
N (y)b(c)(µ)λα A1

α(z1)
4

∏
i=2

∫
dziUi(zi)

〉
(5.7)

where T is the modulus for the corresponding surface contributing at one-loop
(annulus and Möbius strip).

However, when trying to compute this amplitude with the usual one-loop
regulator N , the result for the N = 4 sector of N = 1 orbifold compactification
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vanishes. The problem appears to be related with the fact that the prescription
as it stands cannot give a gauge invariant answer. To see this, notice that the
term in b(c) which contributes is proportional to (λ̄λ)−2. Under gauge invariance,
δV = QΩ, and when trying to pull off the contour integral of Q of the surface,
there appears a pole (λ̄λ)−2 which, as already discussed, is not allowed in well-
defined computations. A way out of this unfortunate circumstance resides in
using the more complicated regularization developed in [40, 80].

Extending to more general situations, it would also be desirable to consider
scattering of compactification dependent states. For orbifolds, this requires the
knowledge of twist field correlators, those involving string state in the twisted
sectors of the Hilbert space; those were studied in [81, 82].

In any case, the results established in this thesis seems to open a path towards
generic pure spinor prescriptions for four-dimensional compactifications.



Appendix A

BRST equivalence of b ghosts

In this section of the appendix, the b ghost of (2.86) will be shown to satisfy
b = b(a) + QΛ(a) for some Λ(a). Note that terms in b have denominators which are
powers of λ̄αλα, while those in b(a) have powers of λ̄α̇λα̇. The strategy will be to
manipulate terms in b order by order in (λ̄αλα)−1 in such a way as to trade them
for terms with (λ̄α̇λα̇)−1. This will produce some BRST trivial terms and extra non-
trivial terms which will be canceled by expressions coming from manipulations at
next order in the analysis. In the end, all non-trivial terms will cancel each other.

The convention used for spinor indices is the following: α̇ denotes antichiral
spinors in four dimensions, and α′ denotes any of the other components in the
ten-dimensional quantity, α′ = (α, αI, α̇I) where the position of I depends on the
chirality of the ten-dimensional spinor.

First term

To analyze the first term in the b ghost of (2.86), use the relation

Q(λ̄α̇λ̄α′H[α̇,α′]) = λ̄α̇λα̇λ̄α′Gα′ − λ̄α′λ
α′ λ̄α̇Gα̇ − λ̄α′rα̇H[α̇,α′] − λ̄α̇rα′H[α̇,α′] (A.1)

to express

λ̄α′Gα′ =
1

λ̄α̇λα̇

[
Q(λ̄α̇λ̄α′H[α̇,α′])+ λ̄α′λ

α′ λ̄α̇Gα̇ + λ̄α′rα̇H[α̇,α′]+ λ̄α̇rα′H[α̇,α′]
]
, (A.2)

where the patch in pure spinor space is λ̄α̇λα̇ 6= 0. Then the first term in the b-ghost
can be written as

b1 =
λ̄αGα

λ̄αλα
=

1
λ̄αλα

(λ̄α̇Gα̇ + λ̄α′Gα′) =

=
λ̄α̇Gα̇

λ̄α̇λα̇
+ Q

(
λ̄α̇λ̄α′H[α̇,α′]

(λ̄α̇λα̇)(λ̄αλα)

)
− λ̄α̇λ̄α′H[α̇,α′]Q

(
1

(λ̄α̇λα̇)(λ̄αλα)

)
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+
λ̄α̇rα′H[α̇,α′] − λ̄α′rα̇H[α′,α̇]

(λ̄α̇λα̇)(λ̄αλα)
. (A.3)

Second term

Similarly, from the relation

Q(λ̄α̇λ̄β′rγ̇K[α̇,β′,γ̇]) = −λ̄α̇λα̇λ̄β′rγ̇H[β′,γ̇] − λ̄β′λ
β′ λ̄α̇rγ̇H[γ̇,α̇] − rγ̇λγ̇λ̄α̇λ̄β′H[α̇,β′]

− λ̄β′rα̇rγ̇K[α̇,β′,γ̇] − λ̄α̇rβ′rγ̇K[α̇,β′,γ̇] (A.4)

it follows that

λ̄β′rγ̇H[β′,γ̇] =
1

λ̄α̇λα̇

[
λ̄β′λ

β′ λ̄α̇rγ̇H[α̇,γ̇] − rγ̇λγ̇λ̄α̇λ̄β′H[α̇,β′]

−λ̄β′rα̇rγ̇K[α̇,β′,γ̇] − λ̄α̇rβ′rγ̇K[α̇,β′,γ̇] −Q(λ̄α̇λ̄β′rγ̇K[α̇,β′,γ̇])
]

. (A.5)

Again, from

Q(λ̄α̇λ̄β′rγ′K[α̇,β′,γ′]) = −λ̄α̇λα̇λ̄β′rγ′H[β′,γ′]− λ̄β′λ
β′ λ̄α̇rγ′H[γ′,α̇]− rγ′λ

γ′ λ̄α̇λ̄β′H[α̇,β′]

− λ̄β′rα̇rγ′K[α̇,β′,γ′] − λ̄α̇rβ′rγ′K[α̇,β′,γ′], (A.6)

one can express

λ̄β′rγ′H[β′,γ′] =
1

λ̄α̇λα̇

[
λ̄β′λ

β′ λ̄α̇rγ′H[α̇,γ′] − rγ′λ
γ′ λ̄α̇λ̄β′H[α̇,β′]

−λ̄β′rα̇rγ′K[α̇,β′,γ′] − λ̄α̇rβ′rγ′K[α̇,β′,γ′] −Q(λ̄α̇λ̄β′rγ′K[α̇,β′,γ′])
]

. (A.7)

Expanding

− λ̄αrβH[α,β] = −λ̄α̇rβ̇H[α̇,β̇] − λ̄α̇rβ′H[α̇,β′] − λ̄α′rβ̇H[α′,β̇] − λ̄α′rβ′H[α′,β′] (A.8)

and denoting
A = −λ̄α̇rβ̇H[α̇,β̇] − λ̄α′rβ̇H[α′,β̇], (A.9)

B = −λ̄α̇rβ′H[α̇,β′] − λ̄α′rβ′H[α′,β′], (A.10)
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the second term in the b-ghost can be written as

b2 =
A + B
(λ̄αλα)2 . (A.11)

Plugging in equations (A.5) and (A.7) in A and B, respectively, one gets

A =
1

λ̄α̇λα̇

[
−λ̄αλαλ̄α̇rβ̇H[α̇,β̇] + rγ̇λγ̇λ̄α̇λ̄β′H[α̇,β′]

+λ̄β′rα̇rγ̇K[α̇,β′,γ̇] + λ̄α̇rβ′rγ̇K[α̇,β′,γ̇] + Q
(

λ̄α̇λ̄β′rγ̇K[α̇,β′,γ̇]
)]

, (A.12)

B =
1

λ̄α̇λα̇

[
−λ̄αλαλ̄α̇rβ′H[α̇,β′] + rγ′λ

γ′ λ̄α̇λ̄β′H[α̇,β′]

+λ̄β′rα̇rγ′K[α̇,β′,γ′] + λ̄α̇rβ′rγ′K[α̇,β′,γ′] + Q
(

λ̄α̇λ̄β′rγ′K[α̇,β′,γ′]
)]

. (A.13)

The first term in B after being multiplied by (λ̄αλα)−2 cancels one of the last
terms in (A.3). The first term in A times (λ̄αλα)−2 combines with the last term in
(A.3) to produce A(λ̄α̇λα̇)−1(λ̄αλα)−1, and this is

−
λ̄α̇rβ̇H[α̇,β̇]

(λ̄α̇λα̇)2 +
1

(λ̄α̇λα̇)2λ̄αλα

[
rγ̇λγ̇λ̄α̇λ̄β′H[α̇,β′]

+λ̄β′rα̇rγ̇K[α̇,β′,γ̇] + λ̄α̇rβ′rγ̇K[α̇,β′,γ̇] + Q
(

λ̄α̇λ̄β′rγ̇K[α̇,β′,γ̇]
)]

. (A.14)

The second term in A combines with the second term in B to produce

rαλαλ̄α̇λ̄β′H[α̇,β′]

λ̄α̇λα̇(λ̄αλα)2 . (A.15)

This term and the one in A(λ̄α̇λα̇)−1(λ̄αλα)−1, that is,

rγ̇λγ̇λ̄α̇λ̄β′H[α̇,β′]

(λ̄α̇λα̇)2λ̄αλα
, (A.16)

will cancel the entire term containing Q
(

1
(λ̄α̇λα̇)(λ̄αλα)

)
, as can be seen from

Q
(

1
(λ̄α̇λα̇)(λ̄αλα)

)
=

rα̇λα̇

(λ̄α̇λα̇)2λ̄αλα
+

rαλα

λ̄α̇λα̇(λ̄αλα)2 . (A.17)
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Summarizing all this,

b1 + b2 =
λ̄α̇Gα̇

λ̄α̇λα̇
−

λ̄α̇rβ̇H[α̇,β̇]

(λ̄α̇λα̇)2

+Q
(

λ̄α̇λ̄β′H[α̇,β′]

(λ̄α̇λα̇)(λ̄αλα)
+

λ̄α̇λ̄β′rγK[α̇,β′,γ]

λ̄α̇λα̇(λ̄αλα)2 +
λ̄α̇λ̄β′rγ̇K[α̇,β′,γ̇]

(λ̄α̇λα̇)2λ̄αλα

)

+
λ̄β′rα̇rγK[α̇,β′,γ] + λ̄α̇rβ′rγK[α̇,β′.γ]

λ̄α̇λα̇(λ̄αλα)2 +
λ̄β′rα̇rγ̇K[α̇,β′,γ̇] + λ̄α̇rβ′rγ̇K[α̇,β′,γ̇]

(λ̄α̇λα̇)2λ̄αλα

− λ̄α̇λ̄β′rγK[α̇,β′,γ]Q
(

1
λ̄α̇λα̇(λ̄αλα)2

)
− λ̄α̇λ̄β′rγ̇K[α̇,β′,γ̇]Q

(
1

(λ̄α̇λα̇)2λ̄αλα

)
. (A.18)

Third term

From the expression

Q(λ̄α̇λ̄β′rγ̂rδ̂L[α̇,β′,γ̂,δ̂]) = λ̄α̇λα̇λ̄β′rγ̂rδ̂K[β′,γ̂,δ̂] − λ̄β′λ
β′ λ̄α̇rγ̂rδ̂K[α̇,γ̂,δ̂]

+rγ̂λγ̂λ̄α̇λ̄β′rδ̂K[α̇,β′,δ̂] + rδ̂λδ̂λ̄α̇λ̄β′rγ̂K[α̇,β′,γ̂]

− λ̄β′rα̇rγ̂rδ̂L[α̇,β′,γ̂,δ̂] − λ̄α̇rβ′rγ̂rδ̂L[α̇,β′,γ̂,δ̂], (A.19)

where the equation holds for every formula obtained by replacing indices like γ̂

by γ̇ or γ′, one can write

λ̄β′rγ̂rδ̂K[β′,γ̂,δ̂] =
1

λ̄α̇λα̇

[
λ̄β′λ

β′ λ̄α̇rγ̂rδ̂K[α̇,γ̂,δ̂] − rγ̂λγ̂λ̄α̇λ̄β′rδ̂K[α̇,β′,δ̂] − rδ̂λδ̂λ̄α̇λ̄β′rγ̂K[α̇,β′,γ̂]

+λ̄β′rα̇rγ̂rδ̂L[α̇,β′,γ̂,δ̂] + λ̄α̇rβ′rγ̂rδ̂L[α̇,β′,γ̂,δ̂] + Q(λ̄α̇λ̄β′rγ̂rδ̂L[α̇,β′,γ̂,δ̂])
]

. (A.20)

For the particular case where (γ̂, δ̂) = (γ̇, δ̇) the previous formula reduces to

λ̄β′rγ̇rδ̇K[β′,γ̇,δ̇] = − 2
λ̄α̇λα̇

rγ̇λγ̇λ̄α̇λ̄β′rδ̇K[α̇,β′,δ̇]. (A.21)
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The third term in the b-ghost is

b3 = −
λ̄αrβrγK[α,β,γ]

(λ̄αλα)3 (A.22)

which can be written as b3 = (C + D + E)(λ̄αλα)−3, where

C = −λ̄α̇rβrγ′K
[α̇,β,γ′] − λ̄α′rβrγ′K

[α′,β,γ′], (A.23)

D = −λ̄α̇rβ′rγ̇K[α̇,β′,γ̇] − λ̄α′rβ′rγ̇K[α′,β′,γ̇], (A.24)

E = −λ̄α′rβ̇rγ̇K[α′,β̇,γ̇]. (A.25)

Focusing first on terms containing expressions of the form λ̄α̂rβ̂rγ̂K[α̂,β̂,γ̂] after
making the substitutions (A.20) and (A.21), one gets several such terms. The terms
in (C + D)(λ̄αλα)−3 of this form are

−
λ̄α̇rβrγ′K

[α̇,β,γ′]

λ̄α̇λα̇(λ̄αλα)2 −
λ̄α̇rβ′rγ̇K[α̇,β′,γ̇]

λ̄α̇λα̇(λ̄αλα)2 (A.26)

which, together with terms having same denominator in (A.18), give

D
λ̄α̇λα̇(λ̄αλα)2 −

λ̄β′rα̇rγ̇K[β′,α̇,γ̇]

λ̄α̇λα̇(λ̄αλα)2 . (A.27)

The first term in the last formula contains

−
λ̄α̇rβ′rγ̇K[α̇,β′,γ̇]

(λ̄α̇λα̇)2λ̄αλα
(A.28)

which kills one term in (A.18) with the same denominator. At the end one has in
b1 + b2 + b3,

− λ̄α′rβ̇rγ̇K[α′,β̇,γ̇]
(

1
(λ̄αλα)3 +

1
λ̄α̇λα̇(λ̄αλα)2 +

1
(λ̄α̇λα̇)2λ̄αλα

)
. (A.29)

Using relation (A.21) one eliminates all appearance of terms containing λ̄α̂rβ̂rγ̂K[α̂,β̂,γ̂].
It is not difficult to check that all terms containing expressions like (rλ)λ̄λ̄rK
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cancel and the remaining terms contain only the operator L[α,β,γ,δ]. One gets

b1 + b2 + b3 =
λ̄α̇Gα̇

λ̄α̇λα̇
−

λ̄α̇rβ̇H[α̇,β̇]

(λ̄α̇λα̇)2

+Q

(
λ̄α̇λ̄β′H[α̇,β′]

(λ̄α̇λα̇)(λ̄αλα)
+

λ̄α̇λ̄β′rγK[α̇,β′,γ]

λ̄α̇λα̇(λ̄αλα)2 +
λ̄α̇λ̄β′rγ̇K[α̇,β′,γ̇]

(λ̄α̇λα̇)2λ̄αλα

−
λ̄α̇λ̄β′rγrδ′L

[α̇,β′,γ,δ′] + λ̄α̇λ̄β′rγ′rδ̇L[α̇,β′,γ′,δ̇]

λ̄α̇λα̇(λ̄αλα)3 −
λ̄α̇λ̄β′rγ′rδ̇L[α̇,β′,γ′,δ̇]

(λ̄α̇λα̇)2(λ̄αλα)2

)

−
(λ̄α̇rβ′ + λ̄β′rα̇)rγ′rδ′L[α̇,β′,γ′,δ′] + 2(λ̄α̇rβ′ + λ̄β′rα̇)rγ′rδ̇L[α̇,β′,γ′,δ̇]

λ̄α̇λα̇(λ̄αλα)3

−
(λ̄α̇rβ′ + λ̄β′rα̇)rγ′rδ̇L[α̇,β′,γ′,δ̇]

(λ̄α̇λα̇)2(λ̄αλα)2

+
(

λ̄α̇λ̄β′rγrδ′L
[α̇,β′γ,δ′] + λ̄α̇λ̄β′rγ′rδ̇L[α̇,β′,γ′,δ̇]

)
Q
(

1
λ̄α̇λα̇(λ̄αλα)3

)
+ λ̄α̇λ̄β′rγ′rδ̇L[α̇,β′,γ′,δ̇]Q

(
1

(λ̄α̇λα̇)2(λ̄αλα)2

)
. (A.30)

Fourth term

The next term of the b-ghost is

b4 =
λ̄αrβrγrδL[α,β,γ,δ]

(λ̄αλα)4 (A.31)

where the operator L[α,β,γ,δ] obeys λ[αLβ,γ,δ,ρ] = 0. These relations can be written
as

λ[α′Lβ′,γ′,δ′,ρ′] = 0, (A.32)

λα̇L[β′,γ′,δ′,ρ′] − λβ′L[α̇,γ′,δ′,ρ′] + λγ′L[α̇,β′,δ′,ρ′] − λδ′L[α̇,β′,γ′,ρ′] + λρ′L[α̇,β′,γ′,δ′] = 0,
(A.33)

λα̇L[β̇,γ′,δ′,ρ′] − λβ̇L[α̇,γ′,δ′,ρ′] + λγ′L[α̇,β̇,δ′,ρ′] − λδ′L[α̇,β̇,γ′,ρ′] + λρ′L[α̇,β̇,γ′,δ′] = 0,
(A.34)

λα̇L[β̇,γ̇,δ′,ρ′] − λβ̇L[α̇,γ̇,δ′,ρ′] + λγ̇L[α̇,β̇,δ′,ρ′] = 0, (A.35)
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which implies

λ̄β′rγ′rδ′rρ′L[β′,γ′,δ′,ρ′] =
1

λ̄α̇λα̇

(
λ̄β′λ

β′ λ̄α̇rγ′rδ′rρ′L[α̇,γ′,δ′,ρ′]− 3rγ′λ
γ′ λ̄α̇λ̄β′rδ′rρ′L[α̇,β′,δ′,ρ′]

)
,

(A.36)

λ̄γ′rβ̇rδ′rρ′L[β̇,γ′,δ′,ρ′] =
1

λ̄α̇λα̇

(
− λ̄γ′λ

γ′ λ̄α̇rβ̇rδ′rρ′L[α̇,β̇,δ′,ρ′]

+ rβ̇λβ̇λ̄α̇λ̄γ′rδ′rρ′L[α̇,γ′,δ′,ρ′] − 2rρ′λ
ρ′ λ̄α̇λ̄γ′rβ̇rδ′L[α̇,β̇,γ′,δ′]

)
, (A.37)

λ̄δ′rβ̇rγ̇rρ′L[δ′,β̇,γ̇,ρ′] =
2

λ̄α̇λα̇
rβ̇λβ̇λ̄α̇λ̄δ′rγ̇rρ′L[α̇,γ̇,δ′,ρ′]. (A.38)

The fourth term of the b-ghost can be written also keeping track of the four
dimensional chiral spinor index α̇, as follows:

b4 =
X + Y + Z
(λ̄αλα)4 (A.39)

where
X = λ̄α′rβ′rγ′rδ′L[α′,β′,γ′,δ′] + λ̄α̇rβ′rγ′rδ′L[α̇,β′,γ′,δ′], (A.40)

Y = 3λ̄α′rβ̇rγ′rδ′L[α′,β̇,γ′,δ′] + 3λ̄α̇rβ̇rγ′rδ′L[α̇,β̇,γ′,δ′], (A.41)

Z = 3λ̄α′rβ̇rγ̇rδ′L[α′,β̇,γ̇,δ′]. (A.42)

Using relations (A.36), (A.37) and (A.38), one can simplify b1 + b2 + b3 + b4.
Let’s focus again on terms containing λ̄α̂rβ̂rγ̂rδ̂L[α̂,β̂,γ̂,δ̂]. From X, one gets

λ̄α̇rβ′rγ′rδ′L[α̇,β′,γ′,δ′]

λ̄α̇λα̇(λ̄αλα)3 (A.43)

which just cancels one of the terms in b1 + b2 + b3. From Y, one gets

3λ̄α̇rβ̇rγ′rδ′L[α̇,β̇,γ′,δ′]

λ̄α̇λα̇(λ̄αλα)3 . (A.44)

This adds to two terms in b1 + b2 + b3 to produce

Y
3λ̄α̇λα̇(λ̄αλα)3 . (A.45)
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Using (A.37), it is seen that this expression contains

λ̄α̇rβ̇rγ′rδ′L[α̇,β̇,γ′,δ′]

(λ̄α̇λα̇)2(λ̄αλα)2 (A.46)

which cancels another term in b1 + b2 + b3. What is left is just

λ̄α′rβ̇rγ̇rδ′L[α′,β̇,γ̇,δ′]
(

3
(λ̄αλα)4 +

2
(λ̄α̇λα̇)(λ̄αλα)3 +

1
(λ̄α̇λα̇)2(λ̄αλα)2

)
. (A.47)

Using equation (A.38) one eliminates all appearances of terms containing λ̄α̂rβ̂rγ̂rδ̂L[α̂,β̂,γ̂,δ̂].
One ends up with terms having in the numerator expressions like (rλ)λ̄λ̄rrL. Col-
lecting all these terms, it is easy to see that they all cancel out.

Result

So the final result for b = b1 + b2 + b3 + b4 + sα∂λ̄α is

b =
λ̄α̇Gα̇

λ̄α̇λα̇
−

λ̄α̇rβ̇H[α̇,β̇]

(λ̄α̇λα̇)2 + sα∂λ̄α (A.48)

+Q

(
λ̄α̇λ̄β′H[α̇,β′]

(λ̄α̇λα̇)(λ̄αλα)
+

λ̄α̇λ̄β′rγK[α̇,β′,γ]

λ̄α̇λα̇(λ̄αλα)2 +
λ̄α̇λ̄β′rγ̇K[α̇,β′,γ̇]

(λ̄α̇λα̇)2λ̄αλα

−
λ̄α̇λ̄β′rγrδ′L

[α̇,β′,γ,δ′] + λ̄α̇λ̄β′rγ′rδ̇L[α̇,β′,γ′,δ̇]

λ̄α̇λα̇(λ̄αλα)3 −
λ̄α̇λ̄β′rγ′rδ̇L[α̇,β′,γ′,δ̇]

(λ̄α̇λα̇)2(λ̄αλα)2

)
.

So b = b(a) + QΛ(a) in the patch where λ̄α̇λα̇ 6= 0. The derivation of b = b(c) +
QΛ(c) in the patch where λ̄αλα 6= 0 is completely analogous.



Bibliography

[1] M. B. Green, J. H. Schwarz, and E. Witten, Superstring Theory, Cambridge
University Press, Cambridge (1987).

[2] J. Polchinski, String Theory. Vol. 1: An Introduction to the Bosonic String. Vol.
2: Superstring Theory and Beyond, Cambridge University Press, Cambridge
(1998).

[3] A. Cappelli, E. Castellani, F. Colomo, and P. DiVecchia, eds., The Birth of String
Theory, Cambridge University Press, Cambridge (2012).

[4] G. Veneziano, Construction of a crossing-symmetric, Reggeon behaved amplitude
for linearly rising trajectories, Nuovo Cimento A 57 (1968) 190-197.

[5] P. Ramond, Dual theory for free fermions, Phys. Rev. D 3 (1971) 2415-2418.

[6] A. Neveu, and J. Schwarz, Factorizable dual model of pions, Nucl. Phys. B 31
(1971) 86-112.

[7] M. Virasoro, Subsidiary conditions and ghosts in dual-resonance models, Phys. Rev.
D 1 (1970) 2933-2936.

[8] F. Gliozzi, J. Scherk, and D. Olive, Supergravity and the spinor dual model, Phys.
Lett. B 65 (1976) 282-286.

[9] F. Gliozzi, J. Scherk, and D. Olive, Supersymmetry, supergravity theories and the
dual spinor model, Nucl. Phys. B 122 (1977) 253-290.

[10] P. Goddard, J. Goldstone, C. Rebbi, and C. B. Thorn, Quantum dynamics of a
massless relativistic string, Nucl. Phys. B 56 (1973) 109-135.

[11] L. Brink, P. Di Vecchia, and P. Howe, A locally supersymmetric and reparametriza-
tion invariant action for the spinning string, Phys. Lett. B 65 (1976) 471-474.

[12] S. Deser, and B. Zumino, A complete action for the spinning string, Phys. Lett. B
65 (1976) 369-373.

[13] A. M. Polyakov, Quantum geometry of bosonic strings, Phys. Lett. B 103 (1981)
207-210.

123



BIBLIOGRAPHY 124

[14] A. M. Polyakov, Quantum geometry of fermionic strings, Phys. Lett. B 103 (1981)
211-213.

[15] A. A. Belavin, A. M. Polyakov, and A. B. Zamolodchikov, Infinite conformal
symmetry in two-dimensional quantum field theory, Nucl. Phys. B 241, 333.

[16] T. Kugo, and I. Ojima, Local covariant operator formalism of non-abelian gauge
theories and quark confinement problem, Prog. Theor. Phys. Suppl. 66 (1979)
1-130.

[17] M. Kato, K. Ogawa, Covariant quantization of string based on BRS invariance,
Nucl. Phys. B 212 (1983) 443-460.

[18] D. Friedan, E. Martinec, and S. Shenker, Conformal invariance, supersymmetry
and string theory, Nucl. Phys. B 271 (1986) 93-165.

[19] P. S. Howe, Superspace and the spinning string, Phys. Lett. B 70 (1977) 453-456.

[20] P. S. Howe, Super Weyl transformations in two dimensions, J. Phys. A 12 (1979)
393-402.

[21] N. Ohta, Covariant quantization of superstrings based on Becchi-Rouet-Stora in-
variance, Phys. Rev. D 33 (1986) 1681.

[22] D. Friedan, S. Shenker, E. Martinec, Covariant quantization of superstrings, Phys.
Lett. B 160 (1985) 55-61.

[23] N. Berkovits, Super-Poincaré covariant quantization of the superstring, JHEP 0004
(2000) 018 [hep-th/0001035].

[24] P. Budinich, and A. Trautman, An introduction to the spinorial chessboard, J.
Geom. Phys. 4 (1987) 361-390.

[25] P. Budinich, and A. Trautman, Fock space description of simple spinors, J. Math.
Phys. 30 (1989) 2125.

[26] R. Brauer, and H. Weyl, Spinors in n dimensions, Am. J. Math. 57 2 (1935)
425-449

[27] C. Chevalley, The Algebraic Theory of Spinors and Clifford Algebras: Collected
Works, Vol. 2 Springer Science & Business Media (1996).



BIBLIOGRAPHY 125

[28] R. Penrose, and W. Rindler, Spinors and space-time: Volume 2, Spinor and twistor
methods in space-time geometry, Cambridge university press (1988).

[29] M. Rosenbaum, C. P. Luehr, and H. Harleston, Spinors from a differential
geometric point of view, Clifford Algebras and Spinor Structures, Springer,
Dordrecht (1995) 205-240.

[30] N. Berkovits, ICTP lectures on covariant quantization of the superstring, (2002)
[hep-th/0209059].

[31] N. A. Nekrasov, Lectures on curved beta-gamma systems, pure spinors, and anoma-
lies, [hep-th/0511008].

[32] N. Berkovits, Origin of the pure spinor and Green-Schwarz formalisms, JHEP 1507
(2015) 091 [hep-th/1503.03080].

[33] N. Berkovits, Multiloop amplitudes and vanishing theorems using the pure spinor
formalism for the superstring, JHEP 0409 (2004) 047 [hep-th/0406055].

[34] N. Berkovits, Pure spinor formalism as an N=2 topological string, JHEP 0510
(2005) 089 [hep-th/0509120].

[35] E. Witten, Superstring perturbation theory revisited, (2012) [hep-th/1209.5461].

[36] E. Verlinde, and H. Verlinde, Lectures on string perturbation theory, in Trieste
Spring School and Workshop on Superstrings (SUPERSTRINGS ’88), IASSNS-
HEP-88-52, PUPT-88-1111 (1988).

[37] E. Verlinde, and H. Verlinde, Multiloop calculations in covariant superstring
theory, Phys. Lett. B 192 (1987) 95-102.

[38] N. Seiberg, and E. Witten, Spin structures in string theory, Nucl. Phys. B 276
(1986) 272.

[39] N. Berkovits, and S. A. Cherkis, Higher-dimensional twistor transforms using
pure spinors, JHEP 12 (2004) 049 [hep-th/0409243].

[40] N. Berkovits, and N. Nekrasov, Multiloop superstring amplitudes from non-
minimal pure spinor formalism, JHEP 0612 (2006) 029 [hep-th/0609012].

[41] L. Alvarez-Gaumé, J. B. Bost, G. Moore, P. Nelson, and C. Vafa, Bosonization
on higher genus Riemann surfaces, Commun. Math. Phys. 112 (1987) 503-552.



BIBLIOGRAPHY 126

[42] E. Verlinde, and H. Verlinde, Chiral bosonization, determinants and the string
partition function, Nucl. Phys. B 288 (1987) 357.

[43] L. Alvarez-Gaumé, G. Moore, and C. Vafa, Theta functions, modular invariance
and strings, Commun. Math. Phys. 106 (1986) 1-40.

[44] J. D. Fay, Kernel functions, analytic torsion, and moduli spaces, American Mathe-
matical Soc., 1992.

[45] K. S. Narain, M. H. Sarmadi, and C. Vafa, Asymmetric orbifolds: path integral
and operator formulations, Nucl. Phys. B 356 (1991) 163-207.

[46] J. J. Atick, and A. Sen, Spin field correlators on an arbitrary genus Riemann surface
and nonrenormalization theorems in string theories, Phys. Lett. B 186 (1987) 339-
346.

[47] U. Carow-Watamura, Z. F. Ezawa, K. Harada, A. Tezuka, and S. Watamura,
Chiral bosonization of superconformal ghosts on the Riemann surface and path-
integral measure, Phys. Lett. B 227 (1989) 73.

[48] M. B. Green, J. H. Schwarz, and L. Brink, N=4 Yang-Mills and N=8 supergrav-
ity as limits of string theories, Nucl. Phys. B 198 (1982) 474-492.

[49] D. J. Gross, J. A. Harvey, E. J. Martinec, and R. Rohm, Heterotic string theory. 1.
The free heterotic string, Nucl. Phys. B 256 (1985) 253-284.

[50] D. J. Gross, J. A. Harvey, E. J. Martinec, and R. Rohm, Heterotic string theory. 2.
The interacting heterotic string, Nucl. Phys. B 267 (1986) 75-124.

[51] P. Candelas, G. T. Horowitz, A. Strominger, and E. Witten, Vacuum configura-
tions for superstrings, Nucl. Phys. B 258 (1985) 46-74.

[52] A. Sen, (2,0) supersymmetry and space-time supersymmetry in the heterotic string
theory, Nucl. Phys. B 278 (1986) 289-308.

[53] L. J. Dixon, J. A. Harvey, C. Vafa, and E. Witten, Strings on orbifolds, Nucl.
Phys. B 261 (1985) 678-686.

[54] L. J. Dixon, J. A. Harvey, C. Vafa, and E. Witten, Strings on orbifolds. 2, Nucl.
Phys. B 274 (1986) 285-314.

[55] C. Angelantonj, and A. Sagnotti, Open strings, Phys. Rept. 371 (2002) 1-150.



BIBLIOGRAPHY 127

[56] W. Lerche, C. Vafa, and N. Warner, Chiral rings in N=2 superconformal theories,
Nucl. Phys. B 324 (1989) 427-474.

[57] N. Seiberg, Observations on the moduli space of superconformal field theories, Nucl.
Phys. B 303 (1988) 286-304.

[58] D. Bernard, Z(2) twisted fields and bosonization on Riemann surfaces, Nucl. Phys.
B 302 (1988) 251-279.

[59] N. Marcus, A. Sagnotti, and W. Siegel, Ten-dimensional supersymmetric Yang-
Mills theory in terms of four-dimensional superfields, Nucl. Phys. B 224 (1983)
159-179.

[60] N. Berkovits, and W. Siegel, Superspace effective actions for 4D compactifications
of heterotic and type II superstrings, Nucl. Phys. B 462 (1996) 213-248 [hep-
th/9510106].

[61] T. Banks, and L. J. Dixon, Constraints on string vacua with space-time supersym-
metry, Nucl. Phys. B 307 (1988) 93-108.

[62] E. Witten, Topological quantum field theory, Commun. Math. Phys. 117 (1988)
353.

[63] E. Witten, Topological sigma models, Commun. Math. Phys. 118 (1988) 411.

[64] E. Witten, Mirror manifolds and topological field theory, [hep-th/9112056].

[65] I. Antoniadis, and S. Hohenegger, Topological amplitudes and physical couplings
in string theory, Nucl. Phys. B Proc. Suppl. 171 (2007) 176-195.

[66] N. Berkovits, L. A. Ypanaqué, Topological amplitude computations using the pure
spinor formalism, JHEP 12 (2019) 103 [hep-th/1910.10511].

[67] I. Antoniadis, E. Gava, K. S. Narain, and T. R. Taylor, Topological amplitudes in
string theory, Nucl. Phys. B 413 (1994) 162-184 [hep-th/9307158].

[68] M. Bershadsky, S. Cecotti, H. Ooguri, and C. Vafa, Kodaira-Spencer theory of
gravity and exact results for quantum string amplitudes, Commun. Math. Phys.
165 (1994) 311-428 [hep-th/9309140].

[69] C. H. Clemens, A scrapbook of complex curve theory, American Mathematical
Soc. (2002).



BIBLIOGRAPHY 128

[70] N. Berkovits, Covariant quantization of the Green-Schwarz superstring in a Calabi-
Yau background, Nucl. Phys. B 431 (1994) 258-272 [hep-th/9404162].

[71] J. Käppeli, S. Theisen, and P. Vanhove, Hybrid formalism and topological ampli-
tudes, [hep-th/0607021].

[72] N. Berkovits, and C. Vafa, N = 4 topological strings, Nucl. Phys. B 433 (1995)
123-180 [hep-th/9407190].

[73] N. Berkovits, and B. C. Vallilo, One loop N point superstring amplitudes with
manifest d=4 supersymmetry, Nucl. Phys. B 624 (2002) 45-62 [hep-th/0110168].

[74] H. Gomez, One-loop superstring amplitude from integrals on pure spinor space,
JHEP 0912 (2009) 034 [hep-th/0910.3405].

[75] S. Cecotti and C. Vafa, Ising model and N=2 supersymmetric theories, Commun.
Math. Phys. 157, 139 (1993). [hep-th/9209085].

[76] N. Berkovits, Untwisting the pure spinor formalism to the RNS and twistor string
in a flat and AdS5 × S5 background, JHEP 1606 (2016) 127 [hep-th/1604.04617].

[77] N. Berkovits, Dynamical twisting and the b ghost in the pure spinor formalism,
JHEP 06 (2013) 091 [hep-th/1305.0693].

[78] M. Bianchi, and A. V. Santini, String predictions for near future colliders from
one-loop scattering amplitudes around D-brane worlds, JHEP 12 (2006) 010 [hep-
th/0607224].

[79] M. Bianchi, and D. Consoli, Simplifying one-loop amplitudes in superstring theory,
JHEP 01 (2016) 043 [hep-th/1508.00421].

[80] Y. Aisaka, and N. Berkovits, Pure spinor vertex operators in Siegel gauge and loop
amplitude regularization, JHEP 07 (2009) 062 [hep-th/0903.3443].

[81] L. J. Dixon, D. Friedan, E. J. Martinec, and S. H. Shenker, The conformal field
theory of orbifolds, Nucl. Phys. B 282 (1987) 13-73.

[82] J. J. Atick, L. J. Dixon, P. A. Griffin, and D. Nemeschansky, Multiloop twist field
correlation functions for Z(N) orbifolds, Nucl. Phys. B 298 (1988) 1-35.


