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Resumo

A presente tese tem como objetivo a formulacdo da supercorda compactificada
em orbifolds no formalismo de spinores puros. Para isso, a prescri¢do de espinores
puros é adaptada ao célculo de amplitudes topoldgicas na teoria de supercordas
de tipo II.

Resulta que uma versao mais simples em quatro dimensdes do fantasma
b é suficiente para obter a resposta correta no célculo dessas amplitudes, cujo
regulador no formalismo ndo minimo nao precisa ser modificado em genus de
ordem superior. Além disso, para que esta prescricdo funcione, o espago de
espinores puros deve ser restrito para certas regides correspondentes a espinores
quirais ou antiquirais em quatro dimensdées. Os calculos usando os formalismos
de RNS e hibrido, assim como os tépicos necessarios para entender o calculo de

amplitudes a varios loops, sdo discutidos com fins de comparacao.

Palavras Chave: Supercordas; Formalismo de Espinores Puros; Amplitudes a
varios loops; Amplitudes Topolégicas; Compactificacdes em orbifolds; Formalismo
RNS.

Areas do conhecimento: Fisica; Fisica de Altas Energias; Teoria de Supercordas.
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Abstract

The purpose of this thesis is to study orbifold compactifications of the pure
spinor formalism for the superstring. This is done by adapting the pure spinor
prescription to computations of topological amplitudes in type II superstring
theory.

It is found that a simpler four-dimensional version of the b ghost suffices to
calculate these amplitudes giving the correct answer, where the usual regulator of
the non-minimal pure spinor formalism does not need to be modified at higher
genus. Also, in order for this prescription to work, one has to restrict to certain
patches of pure spinor space of chiral or antichiral spinors in four-dimensions. The
computations in the RNS and hybrid formalisms, as well as the necessary topics
needed to understand amplitude computations at higher loops, are also discussed
for the purpose of comparison.

Keywords: Superstrings; Pure Spinor Formalism; Higher-loop Amplitudes; Topo-
logical Amplitudes; Orbifold Compactifications; RNS Formalism.
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Chapter 1

Introduction

String theory is the most prominent theoretical attempt towards a proper un-
derstanding of quantum gravity. Its original development, having its roots in
the search for an adequate description of the world of hadrons and their inter-
actions under the name of Dual Resonance Models, suddenly became a quest
for unification of all fundamental forces of nature, and thus, for a solution to the
long-standing problem of reconciling general relativity with quantum mechanics.!

In the course of its development, other fascinating areas have emerged from
it or shown to be related with previous concepts not in appearance connected to
the string world. Two-dimensional conformal field theory and its applications
to condensed matter systems and statistical models, the relation between super-
symmetry with the geometry and topology of manifolds, string dualities and
non-perturbative physics, mirror symmetry, among other subjects, have benefited
enormously from and have inspired further advances in string theory.

The basic picture is that of a string moving in spacetime. Many structures
appear when this classical system is quantized; moreover, consistency at the quan-
tum level imposes serious restrictions on the possible string theories constructed.
One of the well known consequences of these constraints on the theory is dimen-
sionality allowed for the spacetime in which the string is moving. The simplest
case of a one-dimensional dynamical object whose embedding in spacetime M is
described just by coordinates in M implies critical dimension 26. The restriction is
put by the vanishing of an anomaly that potentially appears at the quantum level;
an anomaly of a powerful two-dimensional symmetry of the string worldsheet X:
conformal invariance.

The original bosonic action is actually reparametrization invariant. The po-
sitions of the string in target space are matter fields for a gravity theory on the

worldsheet. After gauge-fixing, conformal invariance remains as a residual sym-

IFor introductions to string theory see [1, 2]. A historical exposition of the first years of
development by some of its creators is given in [3].
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Figure 1.1: Worldsheets for open and closed strings

metry, generated, although, by an infinite set of operators.? These operators realize
an infinite dimensional Lie algebra known as the Virasoro algebra. Besides, and
as is well known, a proper quantization requires the introduction of ghosts asso-
ciated to the local symmetry of the model. At the end of the day, one is dealing
with two conformal systems, the one consisting of matter fields x™ (m =1, ..., 26)
and the other, of reparametrization ghosts (b, ¢) which are fermionic fields. The
potential anomalies of these systems cancel each other precisely for the number of
dimensions D = 26. The important thing to notice is that, in principle, one could
replace the matter system x by any other conformal field theory whose anomaly
is of the same amount, and exactly cancels the conformal anomaly of the ghosts.
This basic framework can then be further explored by putting more structure
into either one of the components X or M of bosonic string theory. For example,
in order to describe spacetime fermions, it was found necessary to extend the
Virasoro algebra of conformal generators to a graded-algebra which contains
anticommuting as well as commuting generators. This is precisely one way
supersymmetry was discovered in the early days of string theory. In essence, one
could either supersymmetrize the worldsheet or the target space. Both ways one gets
to a more or less satisfying description of the superstring. The critical dimension
of this theory is 10 instead of 26, and its spectrum is spacetime supersymmetric.
Nevertheless, the two ways of constructing such a superstring are very different

2Closed strings, one-dimensional loops moving through spacetime, have actually two sets of
operators. Their modes are split into right- and left-moving sectors, which more or less decouple, as
will be discussed later. For open strings, line segments moving in spacetime, boundary conditions
reduce these two sectors into one. For brevity in exposition, in the following, only the left-moving
sector of the closed string is discussed explicitly. Analogous considerations hold for the right-
moving sector or for the open string, unless otherwise indicated.
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from each other in appearance.

Superstring formalisms

Supersymmetrization of the worldsheet leads to a version of the superstring
known as the Ramond-Neveu-Schwarz (RNS) formalism. Spacetime supersym-
metry is not manifest, and it is not even achieved before a specific projection
on the Hilbert space of string states is performed. Nevertheless, conformal field
theory techniques allow for covariant quantization of this RNS superstring. Their
basic ingredients are worldsheet supermatter x”, ™ (m = 1, ...,10), where ¢™ are
fermionic worldsheet fields, reparametrization ghosts (b, ¢), and superconformal
ghosts (B, 7).

Once the spectrum of a quantum string is obtained, interest concentrates on
the study of string interactions. This is, of course, carried out computing scatter-
ing amplitudes. These can be constructed using the path integral formulation;
ultimately, one has to compute two-dimensional correlation functions of vertex
operators inserted on the worldsheet, to describe interactions in a ten-dimensional
target space. The vertex operators carry the information of external string states
of the amplitude, so to each state in the string Hilbert space one can associate an
appropriate operator.

The most notorious complication with respect to the bosonic string is that now,
the superstring spectrum contains spacetime fermions. The spin-statistics relation
in M requires these new states to be spacetime spinors, and it is not obvious at first
sight how to construct vertex operators for these states from the basic ingredients
of RNS. The search for a fermion vertex led to the application of bosonization into
string theory. The (B, ) system is related to a mixed system consisting of ¢ and
(¢, 1), where ¢ is a chiral boson with negative kinetic term. The construction is
made with the use of spin fields for operators constructed out of exp(+¢) and
y™. These spin fields, however, create branch cuts on the worldsheet; fields like
Y change boundary conditions around spin field insertions. Fields like ™ and
B,y can actually have periodic or antiperiodic boundary conditions along the
string, giving rise to two sectors (for left-moving fields, and independently for
right-moving counterparts) denoted by R and NS; spin fields interpolate between
them.

This phenomenon has another crucial effect. When studying string interactions,
one has to take into account all possible geometries of the worldsheet in the path
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integral. Furthermore, on has to include a sum over all topologies allowed by
the string model. For closed (oriented) strings, these correspond to compact
Riemann surfaces, two-dimensional surfaces with handles: the sphere (no handles
at all), the torus (one handle), and higher genus surfaces as well. Starting from the
torus, ¢" and B, -y fields can take antiperiodic boundary conditions around non-
contractible loops of these surfaces. A genus g surface contains 2¢ independent
loops of this kind, so there are 2%¢ classes of possible field configurations. These
are known as spin structures, and the inclusion of all spin structure contributions
to the amplitude, with appropriate relative weights, turns out to be crucial for
the spacetime supersymmetric projection mentioned before. The sum over spin
structures significantly complicates amplitude computations at higher genus, and
this is related to the lack of manifest target space supersymmetry in the RNS

formalism.

Figure 1.2: Genus expansion of oriented closed Riemann surfaces

This is enough motivation for considering alternative formulations which
could maintain target space supersymmetry manifest; the Green-Schwarz (GS)
formalism precisely does the job.

In ten dimensions, N = 1 superspace contains anticommuting spinors 6%
(o =1,...,16) which are Majorana-Weyl, besides the commuting coordinates x™.
One way to construct closed superstrings is to extend supersymmetry to N = 2,
having now two Majorana-Weyl spinors and to promote them to worldsheet fields,
associating one spinor to the left- and the other to the right-moving sector. Two
different superstring theories emerge from this construction: type IIA, where left-
and right-moving spinor fields have opposite spacetime chirality>, 6%, §,; type 1IB,
where both spinors have the same chirality, 6, 6%. The classical action in the GS
formalism is then supercovariant. It is desirable to bring this action to a conformal
gauge consisting of free fields, as in the RNS case. The main difficulty comes

3Right-moving worldsheet fields are denoted with tildes, and by the same symbol of the
left-moving counterpart, when it exists.
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from the fact that the GS string possesses a local fermionic invariance, known as
kappa (x) symmetry, which is important to get the correct number of degrees of
freedom for the superstring. Unfortunately, a simple covariant gauge-fixing does
not exist for x symmetry. Although it is possible to do a light-cone gauge fixing,
computation of multiloop amplitudes become extremely difficult as the number
of external string states and loops in the worldsheet increase.

To quantize the string action, it is convenient to bring it into first order form.
One defines the conjugate momenta of the coordinates and write the action as
a kinetic term plus constraints imposed by Lagrange multipliers. This is the
approach Siegel took when trying to quantize the GS superstring, introducing
momentum p, conjugate to the fermionic spinor 6*. The complicated set of
constraints, necessary to describe the superstring at quantum level, cannot be
covariantly split into first and second class. This prevents, once more, covariant
quantization.

There is, however, one class of systems where this first order approach works
acceptably. All the discussion so far focused on string theories defined in a flat ten-
dimensional background. Of course, the observable universe is four-dimensional,
and the fact that gravity emerges from string theory allows for the possibility
that many non-trivial geometries could arise in principle. One such situation is
that of a superstring compactified on an unobservable six-dimensional manifold
Kg, such that the background is expressed as My x K¢, where My can be chosen
as the flat Minkowski four-manifold. If one manages to preserve supersymmetry
in four dimensions, then it is possible to design a Green-Schwarz-Siegel-like
formalism which is D = 4 supercovariant; superspace consists of x* (y =1, .., 4),
corresponding to non-compact four dimensions, and py, s, pa, Oi, (&, & = 1,2),
Weyl and anti-Weyl spinors of D = 4. In effect, this is achieved in Berkovits’
hybrid formalism. Here, worldsheet fields associated to the internal manifold are
described by RNS-like variables. One subtlety of this formulation is the appearance
of a chiral boson whose behavior is analogous to the ¢ boson coming from the g, ¢
system in RNS. This turns out to reduce its effectiveness when computing higher
genus amplitudes. It took several years and many attempts before an ingenious
proposal was successful in quantize the superstring in a super-Poincaré covariant

manner.



Chapter 1. Introduction 6

Pure spinors

The left-moving sector of type II superstrings has N = 1 supersymmetry gen-
erated by a supercharge [ dzg,, which is a sixteen-component spinor. None of
those sixteen supersymmetries is manifest in RNS. Moreover, to construct spin
fields out of fermionic matter " using bosonization, the full SO(9,1) Lorentz
invariance, must be broken to U(5) after appropriate Wick rotation. On the other
hand four supersymmetries are manifest in the hybrid formalism. Actually, it is
possible to construct a U(5) formalism which preserves six of the sixteen super-
symmetries. Here it was noticed that U(5) preserves up to scale a special type of
spinor, the pure spinor. These pure spinors have interesting geometrical proper-
ties and, in particular, they were found to play a crucial role in the description
of ten-dimensional super-Yang-Mills (SYM) as coming from integrability along
supersymmetric lines.

The Pure Spinor superstring formalism is constructed out of the Siegel de-
scription with worldsheet fields x™, p,, 0% by addition of a pure spinor bosonic
worldsheet system w,, A*. A pure spinor has eleven independent components
due to a set of constraints that it obeys in ten dimensions, /\Q"yzfﬁ/\é = 0. These
constraints generate gauge transformations of the conjugate momenta w, which
allows to eliminate five of them; it also has eleven independent components.

The central charge of the combined conformal systems adds up to zero, and
there are no reparametrization or superconformal ghosts; it is the pure spinor
and its conjugate momenta which are interpreted as the bosonic ghosts of the
superstring. This intriguing feature is related to the fact that there is still no
satisfactory gauge invariant action from which the pure spinor superstring can be
derived by some gauge-fixing procedure. Modern BRST covariant quantization of
bosonic and RNS strings allows for a detailed description of the spectrum using a
fermionic charge Qprst. Physical states are defined as those annihilated by Qgrst
(closed) modulo states which can be written as Qprst of something (exact). This
cohomological structure is translated in string amplitudes as the requirement of
decoupling of BRST-trivial external states. Instead, in the pure spinor formalism
a BRST charge Qs is postulated from the beginning, and reads Qs = [ dzA%d,
where d, is one of the constraints appearing in the Siegel superstring. Using this

charge it is possible to derive integrated ¢/ and unintegrated V vertex operators.

4Pure spinors in even dimensions are always Weyl or anti-Weyl. Gamma matrices ’y,Tﬁ corre-

spond to one of the off-diagonal blocks of D = 10 Clifford matrices in the Weyl representation.
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Then, tree amplitudes are computed in analogy with the prescription for bosonic
strings.

On the other hand, higher-loop amplitudes in the bosonic and RNS cases are
known to require insertions of the reparametrization ghost b. At genus ¢ > 1,
infinitesimal diffeomorphisms times Weyl rescalings of the metric do not com-
pletely fix it. Variations orthogonal to these gauge transformations exist, and
they correspond to the moduli of the Riemann surface ;. The amplitude must
contain an integration over the moduli space M, of genus ¢ Riemann surfaces .
In particular, a surface of genus ¢ > 2 has a moduli space of dimension 3g — 3.
The effect of gauge fixing inside the path integral is the appearance of 3¢ —3 b
ghost insertions in the correlator. It is evident now that the pure spinor formalism
cannot compute higher-loop amplitudes as it stands. One possible solution is to
allow for a composite field which has the main properties as the reparametrization
b ghost: being fermionic, satisfying {Qprsr,b} = T for the total stress energy
tensor T of the conformal model, and so on. The initial formulation does not
allow for the construction of such a composite b ghost unless picture changing, an
important feature of the RNS formalism, is also introduced here. Nevertheless, it
is an extension of the original (minimal) pure spinor formalism which is better
suited for multiloop amplitude computations.

There is another situation in which computation of multiloop amplitudes re-
quires the insertion of 3¢ — 3 copies of a composite fermionic operator to take into
account the moduli space integration: the topological string. Roughly speaking this
string is generally constructed as the coupling of a twisted two-dimensional N = 2
superconformal field theory (STCFT) with worldsheet gravity. Already in the RNS
superstring, N = 1 SCFT appears as a residual symmetry after gauge-fixing. The
N = 2 case, containing two fermionic generators instead of just one, is not derived
here from such process but set out from the beginning. Furthermore, it is not a
supersymmetric model but a twisted one. Twisting of supersymmetric N = 2 the-
ories is a nice way to construct models whose correlation functions do not depend
on the (full) metric put on the manifold where the theory lives. That is the reason
such theories are called topological. The composite operator playing the role of
the b ghost is one of the fermionic generators G~ of the superconformal algebra; it
has spin two and satisfies {Qprst, G~ } = T. The amplitude prescription at any
loops in these models just mimics that for the bosonic string.

It is nice that after, adding a BRST trivial quartet of fields, the resulting non-
minimal pure spinor formalism has the structure of a twisted N = 2 topological
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string. The additional fields consist of bosonic @*, )_tg, and fermionic s*, r, systems,
where A, is a pure spinor of opposite chirality with respect to A*. As for r,, it is
a constrained fermionic field obeying /_\g'yfg rg = 0; a constraint which generates
a gauge transformation on s*. Hence, all these variables have, each one, eleven
independent components. They decouple due to the well known quartet mecha-
nism, after suitable modification of the BRST charge. A desired composite b ghost
appear as the G~ generator of the twisted N = 2 superconformal algebra so that
computation of higher genus scattering amplitudes are possible to define.

One remaining subtlety has to do with integration over bosonic zero modes of
A%, Wy, Ay, W*. As expected, the naive integral diverges; however, by defining an
appropriate regulator it is possible to render the scattering amplitude well defined.

The non-minimal pure spinor formalism is a powerful framework with which
to compute multiloop amplitudes that are extremely difficult to deal with using
the RNS formalism. It is manifestly super-Poincaré covariant so that the sum over
spin structures is no longer required. Nevertheless, the origin of pure spinors
in the superstring remains an open problem, although interesting explanatory
attempts already exist. Comparison with computations performed in RNS could

be helpful in trying to understand the pure spinor formalism from first principles.

Four dimensions and effective actions

All string theories contain gravity. The first manifestation of this is the appear-
ance of a massless particle of spin two in the closed string spectrum. Of course,
this is not enough to guarantee a generally covariant theory. Nonetheless, by
analyzing string scattering amplitudes involving gravitons, it is possible to show
that this spin two-particle couples to the theory in a gauge invariant way. Another
use of string amplitude computations is related to the fact that, at low energies, it
is expected for the string theory to reduce to ordinary quantum field theory. The
last one will appear as an effective field theory, and its properties could be derived
from the corresponding string by taking some low-energy limit, which turns out
to be pictured as the limit where strings degenerate to points. A natural way to
obtain information about the effective field theory lagrangian, for example, is to
look for terms that reproduce field theory limits of corresponding string scattering
amplitudes.

On the other hand, four-dimensional physics can be obtained from superstring

theory by compactifying on an appropriate internal manifold K¢. Since, the precise
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nature of this six-dimensional manifold will strongly depend on the features of
phenomena in Minkowski space My, one could ask which internal model repro-
duces the observable world. Specifically, the couplings and quantum numbers
of particles in the effective field theory will depend in turn on the topology and
geometry of the internal manifold. In spite of this task being too far from being ful-
filled, string phenomenology was already used as a very rich laboratory where to
study aspects of supergravity theories and stringy corrections to four-dimensional
physics, as well as to get a better understanding of string theory itself.

One beautiful aspect of string theory is that it modifies and generalizes classical
geometry in a consistent (although not well understood) way. Heterotic strings and
orbifold target spaces are two examples of this. In heterotic strings, the left- and
right-moving sectors are of different nature, the first being supersymmetric N = 1,
whereas the second is bosonic. So, the left-movers describe a ten-dimensional
target space, while right-movers, a space of 26 dimensions. The other example
consists of orbifolds. These are spaces which are smooth everywhere except at
some singular points (or other lower-dimensional submanifolds); they are obtained
as the quotient of a smooth manifold by one of its discrete isometries. The nice
behavior of quantum strings moving in this singular spaces has no counterpart in
the particle case. All these ingredients appear when studying four-dimensional
compactifications of superstring theories.

For phenomenological reasons, initial interest historically appeared in the case
of classical background configurations for the heterotic superstring which pre-
serve N = 1 supersymmetry in four-dimensional Minkowski spacetime. This
requirement puts strong restrictions on the type of internal manifold on which
the compactification has to be done; the manifold must be of a very special type:
a Calabi-Yau (CY) threefold, which can be further abstracted (and generalized)
to a class of ¢ = (9,9), N = (2,2) superconformal field theories on the world-
sheet. Since heterotic superstrings are closed strings and the vacua gives N = 1
spacetime supersymmetry, one expects the field theory to be consistent with four-
dimensional N = 1 supergravity. For the Calabi-Yau case, the spectrum contains,
besides the gravitational supermultiplet, gauge supermultiplets, a set of matter
chiral superfields in the some representations of the heterotic gauge group, and cor-
responding moduli superfields with flat potential for their scalar components. The
low-energy lagrangian is obtained computing appropriate scattering amplitudes.

Tree level (sphere) scattering amplitudes will give the classical part in spacetime
of the effective field theory. For instance, the metrics on the space of the different
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types of scalar fields can be computed by the two-point string amplitude, with
appropriate vertex operators for the scalar fields. Then one can use N = (2,2)
superconformal invariance to relate the kinetic terms of the moduli with those of
the corresponding matter fields. The spacetime loop corrections to this lagrangian
are then obtained by computing g-loop (higher genus) string amplitudes.
Although initially, heterotic strings were most intensively studied, type II

superstrings seemed more natural for compactifications on N = (2,2) SCFT.

Topological string amplitudes

Topological strings obtained by twisting an N = 2 SCFT and coupling to
worldsheet gravity comes in two flavors. This is because in the case of closed
strings the twisting can be done in the left- and right-moving sectors independently.
Twisting consists of changing the spin of fermionic generators using the U(1)
current | of the N = 2 SCFT, and this can happen in two ways; twisting in one
direction gives spin 1 to G* and spin 2 to G~, while twisting in the opposite
direction gives the reverse assignment of spins h(G") =2 and h(G~) = 1. If the
same twisting is performed in the left- and right-moving sectors of the closed
string then one calls it the topological B model, for opposite relative twisting one
obtains the topological A model.

There is an interesting connection between certain amplitudes in type II super-
string theory compactified ona ¢ =3 N = (2,2) SCFT and the partition functions
of A and B models of the ¢ = 3 topological string®. The result can be stated as
follows: the g-loop superstring amplitude of two graviton and 2g — 2 graviphoton
string states reproduces at low energies the effective field theory term F,R*T?¢ 2
where F; is the genus ¢ partition function of a ¢ = 3 topological string and R and
T are the self-dual components of the curvature and graviphoton field-strength.

As already stated, manifestly target-space supersymmetric formulations of
superstrings avoid the necessity of summing over spin structures, simplifying
string amplitude computations. Since type II superstrings compactified ona ¢ = 3
N = (2,2) superconformal field theory have N = 2 spacetime supersymmetry in
four dimensions, both the hybrid and pure spinor formalisms are suitable to study
these type of compactifications.

Although the hybrid formalism has been successfully used to compute these

5For an N = 2 CFT ¢ s related to the conformal central charge ¢ = 3¢. In the case of topological
theories, it can be thought simply as the anomaly in the OPE between the two | currents of the
twisted SCFT
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amplitudes, its chiral bosons p, g lead to subtleties if one tries to compute other
non-topological multiloop amplitudes. These bosons are absent in the pure spinor
formalism so it is worth trying to obtain a compactified version of it, so that it
can be applied to other amplitudes like multiloop four-boson scattering in four
dimensions. The pure spinor formalism includes the 16 0 variables of D = 10 su-
perspace, so for orbifold and Calabi-Yau compactifications, it contains many more
worldsheet variables than those of the hybrid formalism, which only contains 4
variables. Nevertheless, it will be shown in this thesis that a simplified version
of the composite b ghost can be constructed for orbifold compactifications if one
only requires D = 4 super-Poincaré covariance. This four-dimensional version of
the b ghost depends on all 16 6’s and is equivalent to the usual ten-dimensional b
ghost up to a BRST-exact term, but has a simpler form and only depends on two
components of the non-minimal variables. Using this simplified b ghost on an orb-
ifold compactification, it is straightforward to show that the standard pure spinor
amplitude prescription correctly computes the N = 2 D = 4 supersymmetric
version of the F;R*T*~2 topological term in the Type II effective action.

Outline

This thesis focus on orbifold compactifications in the pure spinor formalism.
The structure is as follows. Chapter 2 gives brief expositions of the basic topics
necessary for understanding of the remaining chapters. After reviewing the RNS
and Pure Spinor formalisms in sections 2.1 and 2.2, respectively, string scattering
amplitude prescriptions are discussed for arbitrary genus in section 2.3. Also, a
short review of spinors in even dimensions is given. Then, multiloop correlators
are written for different types of conformal systems in section 2.4. This presentation
is given in the context of bosonization on higher genus Riemann surfaces, where
the concepts of divisors, holomorphic factorization, and twisted line bundles are
explained.

Chapter 3 contains material on orbifold compactifications. After discussing
the relevant spectrum from the RNS point of view in section 3.1, orbifold com-
pactification of the pure spinor formalism is presented in section 3.2. Breaking
of ten dimensional spinors as well as the zero mode structure of twisted orbifold
sectors are explained. Also, a change of basis in field space necessary to make
contact with the topological string is performed. The spectrum arising from the
pure spinor BRST physical condition is the subject of section 3.3.
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Topological amplitudes are computed at arbitrary genus in Chapter 4. After a
brief explanation of what a topological string is, the computation is done in three
formalisms: RNS, hybrid, and pure spinor, in sections 4.1, 4.2 and 4.3, respectively.
The amplitude of anti-self-dual gravitons and graviphotons in the RNS formalism
is obtained by an explicit computations after giving a heuristic derivation. In the
pure spinor computation, the type IIB case is discussed in detail after constructing
the four-dimensional version of the b ghost. The modifications necessary for the
type IIA, as well as hypermultiplet scattering are also given. The one-loop case is
discussed separately.

Finally, conclusions and discussion of future directions of research are pre-
sented in Chapter 5. Also, Appendix A contains the proof of BRST equivalence
between the non-minimal pure spinor b ghost and the simpler b ghost used in the

topological amplitude computation.



Chapter 2

Preliminaries

This chapter contains reviews of the basic ingredients needed for the construc-
tion of pure spinor compactifications and topological amplitude computations in
next chapters. RNS and pure spinor formalisms are the main superstring formula-
tions used in this thesis. Others like Green-Schwarz and the hybrid formalism are
mentioned or treated when necessary. Since multiloop amplitude computations
in orbifolds requires correlation functions of twisted conformal (b, ¢) systems,
a general discussion which comprises these cases is included in the context of

bosonization on higher genus Riemann-surfaces.

2.1 RNS Formalism

In the year of 1971 (three years after Veneziano published his famous for-
mula which marked the beginning of string theory [4]), two dual models (as
the subject was then known) appeared which included fermionic operators in
their formulation. The Ramond dual model for fermions [5], inspired by a cor-
respondence principle which promoted Clifford gamma matrices I (which sat-
isfy {I'",T"} = 2y™") to the aforementioned fermionic field operators, and the
Neveu-Schwarz dual model for pions [6], which contained only bosonic external
states, both had a structure which extended the Virasoro algebra responsible for
decoupling of unphysical states in those models [7]. Further investigation on
four-fermion scattering showed that, by merging these two models, one can get
a theory with no tachyons in the spectrum if one performs a projection in the
Hilbert space which, as was seen to be essential for the new model to work well,
imposes reality of ten-dimensional spinors that described the fermionic states [8].
The effect of this is to project out a whole sector of Neveu-Schwarz (NS) states
and also to project out all spinors of the Ramond (R) sector of given chirality. This
Ramond-Neveu-Schwarz (RNS) formalism [9] turns out to have ten-dimensional

spacetime supersymmetry; thus, describing the ten-dimensional superstring.

13
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By that time, the relevance of the string interpretation of dual models was
already established, due to the clarification of the origin of critical dimensions and
intercept conditions as coming from consistency in the light-cone quantization of
a massless relativistic string moving in spacetime [10]. In the context of the RNS
model, an anticommuting extension of the Virasoro algebra is now a manifestation
of local supersymmetry of the worldsheet swept out by the string [11, 12]. Never-
theless, only after developments such as the path integral quantization of string
actions [13, 14], the machinery of two-dimensional conformal field theory [15],
and BRST quantization of non-abelian gauge theories [16, 17], a fully covariant
quantization of the RNS formalism was possible, and it allowed for a convenient
and systematic computation of superstring scattering amplitudes [18].

These basic ingredients of the RNS formulation of superstring theory will be
briefly reviewed.

The fundamental action for string theory is that of a string covariantly coupled
to two-dimensional gravity. Since the RNS formalism (for type II superstrings)
has N = (1,1) worldsheet supersymmetry, its dynamics can be described using
N = (1,1) d = 2 superspace (¢, «") [19] where matter superfields X" (o, x)
(m = 1,...,10) couple to a two-dimensional supervielbein E M (¢, k) through the
highly redundant action,

1 ~
5= / Lod*ETEMDy X" EN Dy X, 2.1)

The vielbein comprises sixteen superfields, while the supergeometry of the
worldsheet requires a single superfield for its description. This reduction can be
achieved by means of local Lorentz transformations and diffeomorphisms, as well
as the imposition of torsion constraints. Actually, the supergravity multiplet E M
reduces to a zweibein ¢, a gravitino field x,}, and an extra auxiliary field [20].

For a flat background, the RNS action in component form is

1 .. )

S = / P03 (58" 0x" 0nxm + 4"y "D (2.2)
P 1 P

— "y Y Xa0mxm — ;Llpm"r“’YbXa (Xgl/fm)} (2.3)

where ¢ is the inverse metric on the worldsheet and 7? are two-dimensional
gamma matrices. Besides, x™ and """ are components of the matter superfields,
X™ = x™ + x*pl + kRF*, where the auxiliary fields F* decouple from the original

1 M is a world-superindex (7, i), while tangent indices are represented by A = (4, &).
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action.
Local symmetries allows one to achieve a superconformal gauge, ¢.; = 09,5, Xa =
7aC, that brings the action to the form

Sef = % / i’z [axméxm + " oYy + gb’”al/?m] (2.4)

where... Or, written in flat two-dimensional N = (1, 1) superspace,
S.; =+ [ @zPDX"DX (2.5)
e.f. = E zZa"K m .

where

d I
D—a—l-Ka, D—ﬁ—f—Ka (26)

The equations of motion derived from this action imply a separation into holo-
morphic and antiholomorphic pieces of the matter superfields, comprising the
left- and right-moving sectors of the closed string. The generators for the residual
N = (1,1) superconformal invariance read?

T (z,x) = —%DX’”DZXm, T(z,%) = —%Dxm[‘)zxm 2.7)

The component expansion of 7 (z, x), which is left-moving, contains the usual
stress tensor T as its k component, and the fermionic N = 1 supercurrent G at

lowest order. They are

T = —laxmaxm - 11,0’”81/),71, G= 11pmé)xm (2.8)
2 2 2

The modes of these fields form the infinite set of operators that extend the
Virasoro algebra to its N = 1 supersymmetric completion. An identical copy is
present in the right-moving sector for type II superstrings.

The BRST covariant quantization of this model [21, 22] requires the introduction
of fermionic reparametrization (b, ¢), and bosonic superconformal (5, ) ghosts
associated to the generators T and G, respectively. In superconformal gauge, the
action for these fields is>

Sen = / &2z [bdc + B3| 2.9)

2All composite operators are assumed to be normal ordered.
3These ghosts can be similarly combined into left- and right-moving superfields in d = 2
N = (1,1) superspace.
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The corresponding superconformal currents of these combined ghost systems is

T = —bdc — d(bc) — oy — %a(ﬁ’Y)r G= %b’y + gﬁac + %(8,B)c (2.10)
Ghost number current is defined as

jon = —bc — Py (2.11)

A very important information for amplitude computations is the singular
behavior as local fields approach one another on the worldsheet. This is encoded
in operator product expansions (OPE’s) between fundamental fields of the theory,
as follows

9™ (y)ox"(z) — —(y —z) ™", P (y)Y"(z) — (y—2) "™ (212)

YWB(iz) — (y—2)"",  cybz) — (y—2z)" (2.13)

where 7" is the flat metric in target space.
The OPE between the full RNS stress tensor

Trns = —%axmaxm - %tpmatpm — bac — d(bc) — Boy — %a(m) (2.14)

and any conformal field O allows one to read its conformal weight as

h
Tens(1)0(z) — 2500 + ﬁaO(z), (2.15)

so conformal weights of basic fields are h(9x™) = 1, h(yp™) = %, h(b) = 2, h(c) =
—1, h(B) = 3,and h(y) = —3. Besides, by computing the OPE Trys(y) Trns(2)
one shows that the conformal anomaly vanishes precisely for D = 10.

Covariant quantization crucially rests on the BRST charge (which is nilpotent
only in target space dimension D = 10) constructed from ghosts and symmetry

generators of the model. The RNS BRST charge is

ORrNs = /dZ [CTRNS — bcdc + ’)/lllmaxm + ’)’2b (2.16)

Physical external string states in scattering amplitudes are emitted by vertex
operators of the two-dimensional superconformal field theory describing the

superstring. These vertex operators are required to belong to the cohomology of
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the BRST operator.

Since fermionic matter fields come from two-dimensional spinors, they are
allowed to be double-valued worldsheet fields. The aforementioned NS and R
sectors of the superstring come precisely from different choices of periodicity
obeyed by these fields. States in the NS sector obey periodic boundary conditions
around the origin of the complex plane, while states in the R sector are antiperiodic.

The superconformal algebra implies that Ramond ground states have h = %
in order to get unbroken worldsheet supersymmetry. Since the lowest state, the
vacuum, has h = 0, it must belong to the NS sector. All NS states can be generated
by acting on the vacuum with conformal superfields of given conformal weight.
However, Ramond states cannot be generated this way because those superfields
do not change periodicity conditions of worldsheet fermions. Conformal fields
responsible to create Ramond states from the NS vacuum are of a new kind; they
are called spin fields. Fermionic fields are double-valued around these spin fields,
so OPE’s between them have an expansion in half integer powers of (y — z).

In the RNS superstring, spin fields which create Ramond ground states from
the NS vacuum, collectively transform as a spinor of SO(10), $4 (A =1, ...,32).
This 32 component spinor splits into Weyl spinors of opposite chirality 5% and S,.

Short distance behavior is given by*

Y ()Sa(2) — (y—2) 298P (2) (217)

5. 40 1 1, e
S W)Sp(z) — (y—2) 15+ 5y =) O e (218)
Sa(¥)Sp(z) — (¥ —2)F7pm (2.19)

To the NS vacuum and all states created from it by the action of an even
number of fermionic fields ¢, odd GSO parity is assigned; remaining states in
this sector are even. Also, ground states in the Ramond sector created by chiral
(antichiral) spin field S* (S,) have odd (even) parity; higher Ramond states have
GSO assignment consistent to the fact that the action of a single fermionic field
changes parity. This way, the superstring is constructed by projecting out all states
with odd GSO parity. The resulting massless spectrum of the RNS superstring
consists of the gluon and gluino of D = 10 N = 1 SYM, as is well known.

An analogous situation holds for the superconformal ghosts, (B, 7). Notice that

these ghosts are related to variations of the worldsheet gravitino of the original

*Here, a specific representation of the Clifford matrices I'" is chosen.
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action in a similar way as (b, c) ghosts are related to reparametrizations. This
means that they have to obey the same boundary conditions as the gravitino x;.
But a well defined locally supersymmetric action requires x; to behave the same
as Y™ due to the way they are coupled in the original lagrangian. All this implies
that there are also two sectors, NS and R, for the superconformal ghosts, and that
they mimic the behavior of fermionic matter fields. Therefore, the (B, ) system
has its own spin field.

Before introducing vertex operators it is convenient to mention some facts
about the (8, y) system of superconformal ghosts. The Fock space generated by
this bosonic conformal system has an infinite set of inequivalent vacua, parametrized
by an integer in the NS sector and a half-integer in the R sector. It is not possible
to relate these vacua by acting with a finite number of oscillators in the mode
expansion of the fields. A convenient way to interpolate between them is obtained
through bosonization.

Two-dimensional bosonization establishes an equivalence between a fermionic
first order system (b, ¢) of conformal weights (A,1 — A) and the theory consisting
of a compactified boson ¢ coupled to the two-dimensional curvature through a
background charge Q = 1 — 2A. The corresponding actions are

Spe = / £z bac (2.20)

_ 1 2 3 i
Se =5 / &z 0030 + ZQRU] (2.21)

The correspondence says that fermions in one theory translate to instantons of
the other as c = ¢~"?, b = ¢'. Then, one can easily show the equivalence between

stress energy tensors as well as the anomalous U(1) currents on both theories.

Joe = bc =ido = j, (2.22)

Tpe = —Abdc + (1 — A)(db)c = —%aU'aU'-I- %(1 —20)0%0c =T, (2.23)

In the case of a bosonic system (f, ) of conformal weights (A,1 — A), besides

a chiral boson ¢, one needs a fermionic system (7, ) of weights (1,0). Then,
B = olexp(—¢), v = exp(¢)n. The Hilbert space associated to ¢, 7, ¢ is larger
than that of ,y. On restricts from the large Hilbert space to the small one by
requiring that physical states are independent of the zero mode of ¢, or alternative,

are annihilated by 7.
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The stress tensor relation is

Tg, = —ABIY + (1 —A)(3B)y = —1d¢ — %aq)a(p - %(22\ — 1) = Tyyz (2.24)

Precisely, operators like exp(£¢) allows to interpolate between inequivalent
vacua of the B, Hilbert space. Each vacuum determines a picture in which
physical states of the superstring are represented. The picture number operator
is defined as P = [ dz(—d¢ + &1), so p and < have zero picture, and exp(q¢)
has picture P = g. Amplitude computations in the RNS formalism will require
insertion of vertex operators at different picture.

Using the stress tensor in bosonized form, it is no difficult to show that the
conformal weight of an exponential operator is i(exp(q¢)) = —q(q +2).

Unintegrated vertex operators for the massless sector can be constructed as
follows; focusing first on the open string where only the left-moving sector of the
string is relevant.

For a given momentum k™, k? = 0, a generic vertex operator for open strings

is of ghost number one and written as
V =@k ¥(z) (2.25)

where ® has zero conformal weight. In the NS sector, at picture zero, ® can take
the general form

® = Y fon + ¢ (35" g + 49 o) (2.26)

The vertex operator V belongs to the cohomology of Qrys if

i
am =8m = ~fm,  Non = Ky fu, K" =0 (2.27)
and the vertex is BRST exact when a,, = k;;. So one gets the physical vertex

operator for the gluon at zero picture,

Va(o) = | —yyp"a, + c(axmam + itpmgb”knam)]eik'x (2.28)

Alternatively, one could write the vertex at picture —1. A factor of exp(—¢) of
conformal weight % should appear, and the vertex operator becomes

vl = ce Py"ay, K"a, =0 (2.29)
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The passage from Va(fl) to Va(o) is accomplished trough the action of the picture
changing operator define as

Vv = | Qrws, eV (2.30)

This corresponds to changing the vacuum for the B, ¢ system. Although Va(o) is
BRST-exact in appearance, it is just not the case because ¢ is not allowed to appear
without derivatives in physical operators. It turns out that that at the level of
cohomology, state spaces for different picture are all isomorphic, even for half-
integer pictures corresponding to states in the Ramond sector. The isomorphism
between physical subspaces which differ by integer picture is given by a repeated
application of the picture changing operator Z = {Qgrns, ¢}. While for the su-
perstring, where the GSO projection has already been performed, the bijection
between physical subspaces of integer and half-integer picture is provided by
spacetime supersymmetry, which is not manifest in the RNS formalism. Before
giving the expression for the supersymmetry current, it is convenient to write the
vertex operator for the massless state in the Ramond sector at picture — %

One expects the presence of the field exp(—4¢) which has conformal weight %.
So, the vertex operator will be of the form

1 .
V)E 2) ce 295, x%elk * (2.31)

This vertex operator is BRST closed if the polarization ) satisfies XQ"Ygfﬁkm =0.
Using the picture changing operator Z, one readily obtains the gluino vertex

operator at picture %,

1
V2 = ce/2[ax" (Syux) + 0" (S1ndux)| + St 232)

where Sy x = Si’"yamﬁxﬁ .
The supersymmetry current can be extracted from the fermion vertex at zero

momentum,
ju = 07295, (2.33)

Vertex operators for closed strings can be written as0 left-right products of

those for open strings. For example, using the gluon vertex operator one gets, at
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zero picture,
chyun (35 + i (k) ) (3x" + " (- k) )~ (2.34)

From this expression one can extract NS-NS the vertex operators for the graviton,
dilation, and axion in the usual way; for example, the graviton is given by a
symmetric traceless hy,, satisfying k"h,,, = 0. One can similarly get vertex
operators in the other sectors R-NS, NS-R and RR.

2.2 Pure Spinor Formalism

The pure spinor formalism [23] has the advantage over all other formulations
of the ten-dimensional superstring in that it allows for manifestly super-Poincaré
covariant computation of its amplitudes. Basically one adds to the usual Green-
Schwarz-Siegel D = 10 superspace worldsheet variables, bosonic ghosts which,
from the target-space point of view are pure (or simple) spinors. Pure spinors
exist in any dimension, and in the particular case of D = 10 they can be defined as
Weyl spinors satisfying some set of algebraic relations, namely

)L‘—’W;”@)\E =0 (2.35)

where ¢« = 1,..16, and m = 1,...,10. These constraints reduce the number of
independent components of the pure spinor to eleven. A few words about spinors

in even (and in particular, ten) dimensions are in order

2.2.1 Spinors in even dimensions

Algebraically, spinors are elements of a vector space that carries a representa-
tion of the Clifford algebra CI(g) [24]. This important algebra is generated by a
complex vector space W of dimension D = 2d provided with a scalar product g.
Elements of the Clifford algebra have a well known realization in terms of complex
matrices I of dimension 27 x 27 satisfying {T", "} = 2¢""1, with 1 being the
identity matrix 1,4, ,s. The space W can be though of as the complexification of
the target space for superstrings in a flat background; the scalar product is then
reduced to Minkowski (or Euclidean) metric in ten dimensions, after a real slice is
taken in W. The representation space is known as the complex spinor space, S.

Spinors have a nice geometrical interpretation in terms of complex planes in
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W. One can associate to each spinor { € S a subspace of W which is totally null.
This means that every vector in W has zero norm, and every pair of such vectors

is orthogonal. This totally null space is defined as
M = {u € W|u¢ =0} (2.36)

where u acts on ¢ through a representation of the Clifford algebra; one can write
uasu = uy,™ where {T™}, m = 1,...,D is one basis for the generators of the
representation of CI(g) acting on S. Then uv + vu = g(u,v)). The maximal
dimension M can have is d, and when this happens M is called a maximal totally
null (MTN) space; pure spinors are such ¢’s which define MTN’s.

Pure spinors exist in every (even) dimension. To see this consider the following
null basis of W constructed from the standard basis {I"}.

1
nt = E(rzﬂ—1 — T2, a=1,..,d (2.37)
1
p" = E(rzﬂ—l + 124, a=1,..,d (2.38)
These elements satisfy
nanb + nbna =0, papb + pbpa =0, napb + ana _ 5ab (2.39)

The spaces N = span{n!,..,n?} and P = span{p', ..., p?} are both maximal totally
null subspaces orthogonal to each other (NN P = {0}, W = N & P). The existence
of pure spinors comes from the faithfulness of CI(g) in S, since this implies that
there exists a spinor y € S such that w = n'n?...ny is nonzero. Then, M(w) = N
and w is pure [25].

Notice that the commutation relations between n* and p” are those satisfied by
the annihilation and creation operators of states with Fermi statistics. Hence, the
pure spinor w can get the interpretation of a vacuum state w = |()) annihilated by
all the n” [26]. A basis of S is constructed starting from this vacuum by the action

of ordered products of creation operators p*,

1Q); PHQ), .., pYQ); PP, ..., pITIpQ); L plpt Q). (2.40)

Indeed, this is a set of 27 linearly independent spinors. Furthermore, it is inmediate
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to see that all spinors in this basis are pure. Generic elements of S are called Dirac
spinors and they can be expanded in the previous basis

1 1
g = (6* + Zap" + 5 Lanp ot Eéal..ﬂdpl...pd) Q) (2.41)

In even dimensions there is a splitting of spinor space into Weyl (or chiral) S*
and anti-Weyl (or anti-chiral) S~ subspaces characterized by the eigenvalue of the
operator I' = [, T

Elements of the Clifford algebra can be regarded as endomorphisms of S.°
In dual spinor space S*, there exists a representation defined by the transposed
endomorphisms (I'")"". The fact that CI(g) has the structure of a simple algebra
implies that there is an isomorphism between S and S*, B : S — S*. Since, S* is the
space of linear functionals on S, one can defined the application of an element x* of
S*onanelement { of Sas (x*,{) € C. Then, the isomorphism B allows a definition
of a natural bilinear producton S, (x, ) = (Bx, (). Using this bilinear product it
is possible now to define a sequence of multivectors Bi(x,(), k = 0,1, ...,2d,

B (x,0) = (x, T™..T™() (2.42)

with 1 < m; < my < 2d. Then it is possible to give an algebraic characterization
of pure spinors; a non-zero Weyl (or anti-Weyl) spinor A is pure if it satisfies
Bi(A,A) =0 fork #d.

It is worth mentioning that for a pair of Weyl spinors x and (, the multivector
Bi(x, ¢) vanishes whenever k = d + 1(mod2).

Also, defining

1
rml...mr — Fr[ml]__'mr}’ (243)

then (x, I+ () is symmetric in {x, {} if 2d — 2r = 0(mod8), and antisymmetric
if 2d — 2r = 4(mod8) [27][28, Appendix of].

With these ingredients it is possible to reduce the conditions for a spinor being
pure. For example, given a chiral spinor A in eight dimensions (d = 4), then
B1(A, A) and B3 (A, A) are automatically zero. Furthermore, By(A, A) can be written
in terms of By(A, A) = (A, A) and (A, T™™21). The last expression vanishes due to

antisymmetry, moreover all quantities By for k > 4 are related by duality using

SWith S an ordinary vector space, an endomorphism is just a linear transformation on S.
6 Actually, one can show that for even dimension every pure spinor is Weyl (or anti-Weyl). The

equivalence of the algebraic characterization with the original geometrical definition is given in
[25].
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the Levi-Civita symbol ¢"1-"24¢. Thus, the only pure spinor constraint in eight
dimensions is
(A,A) =0 (2.44)

In ten dimensions (d = 5), By(A, A), Bo(A, A) and B4 (A, A) are identically zero;
Bs reduces to By and (A, I3 )) where the last vanishes again because of

antisymmetry. Then, the pure spinor constraints in ten dimensions are
B'(AA) = (A T™MA) =0 (2.45)

The matrices I can be written in a Weyl representation with only off-diagonal

I
(2 7) »

and such that a generic Dirac spinor ¢ with 32 components (2.41) splits as a sum

non-zero blocks

of a Weyl and an anti-Weyl spinor, { = {(*) and {(~) each of which corresponds
to the first and second half with 16 components

g(+)
[ = ( 2) ) (2.47)

So, consistently with notation used in previous sections, chiral spinors are denoted
by (+) — 7%, whereas antichiral spinors are written as { =) >¢ «. The blocks in I’
have components denoted by v — ’ymg@ , Y — ’)’Zﬁ' Also, in ten dimensions the
isomorphism B can be chosen such that, for chiral A the pure spinor conditions
become (A, I™A) = /\Q"ygfﬁ)\ﬁ = 0 as written at the beginning of the section.

Using the Fock space construction of spinor space, one recognizes in the algebra
of p” and n“ bases for operators in an exterior algebra corresponding to the wedge
product by a one-form, and contraction by a vector. Spinors themselves are sums
of p-forms of different degree; a polyform applied to the vaccum |Q)).

Changing notation as

1 ., a 1
—", n — — 2.48

and appropriately scaling the spinor components, a generic Dirac spinor is written

Pt —
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as
[ = (§<o> 470 7@ 7B L@ 4 g(S)) Q) (2.49)

1 1
(V=" =g, (P =S At 1P = glacr" A A
' ' (2.50)

1 1
(W = labeay N AN, LD = Sl A A AT AN (25D)

Chiral spinors, * are made of even p-forms,
(= (¢ 4@+ 90 (252)
while antichiral spinors {, are made of odd p-forms,
7o) = (g(l) 1@ 4 g(S)) Q) (2.53)

Then, contractions between two arbitrary spinors are defined with the help of

the measure given by
a b c d e — /Af b c d e\ __ qabcde
QY AY AV AYAYND) = (P AY A AYAY) =¢ (2.54)

and <X(7")> = 0 for any p-form with p # 5.
From this it is easy to see that spinor contractions will be non-vanishing only
between chiral and antichiral spinors. Contact with previous notation for the

bilinear product (), {) is obtained by means of the reversion linear operator [29]
R [C(p) |Q>} — (—1)Pr=D72(q)P) (2.55)
Then, for chiral x and antichiral {,

(x,¢) = x"Cu = R[] (2.56)

These formulas make it simple to translate between covariant and U(5) notation

using exterior algebra. For example, the previous contraction is expanded as

- 1 a a
K2 = (O AL NGO DALV = T — Zxl® + X (257)

— _ 1 .abcd b _ 1 .abcd _ 1 .abcd
where {~ = ﬁsa L abeder OV = ﬁsa e and X" = ﬂsa “% Xbede-
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To calculate expressions like BY*(x, ¢) with x and ¢ both chiral, it is better to

contract first with some vector v,,; it is easy to see that

0uB{ (X, &) = vmx*14pef = RIx] A vy NG+ R[x] A 0" 7k, (2.58)

so the action of a vector on a spinor through the Clifford algebra is split into the
wedge product with a one-form and the contraction i, with a U(5) vector,

v Y4l = 2iyC. (2.59)
Terms in (2.58) give

R[X] NUg Y NG = <X(0) AU y" A 6(4) - X(z) AUy A 6(2) +X(4) AUy A 6(0)>

(2.60)
1
= 00 (X8 = 3™ Nuclae + 2°C") 261)
R A0 7ag = (X A 0" yag® — x® Aoty (2.62)
= 20" (Xar’ + X"Zab) (2:63)

These formulas allow one to write the pure spinor constraints in U(5) notation,

1
ATAT = gs“bc"le)\bc)\de, AgpAl =0 (2.64)

One can always solve this constraints by going to a patch in pure spinor space
where AT # 0; then, solving the first equation for A* the second one automatically
holds. Here it becomes obvious that the number of independent components of a
pure spinor in ten dimensions is eleven.

One can find analogous formulae for B; (), ¢) with antichiral x and ¢,

XY B8 = —xal™ — XE (2.65)
ap _ 1 be xde —
XaYa g@ = 27(615 - Esabcdex ‘: + 2?( C:,(a (2-66)

2.2.2 The formalism

As mentioned in the introduction, to define a super-Poincaré covariant super-
string, a conformal system consisting of a pure spinor worldsheet field A* and its
conjugate momentum w, needs to be added to the Siegel superstring describing
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superspace x", py, 0*. The pure spinor has zero conformal weight whereas the
conjugate w, of opposite chirality has conformal weight equal to one.” This con-
ventionally corresponds to the left-moving sector of the closed superstring. For
type IIB, the corresponding right-moving pure spinor has the same chirality as the
left-moving one, while for type IIA it has opposite chirality.

The pure spinor constraint generates a gauge transformation on w,, which
reads dwy, = Ay (7" A)g. In U(5) notation,

Sw™ = AgA",  bw, = AT —2A0,, (2.67)

1
S — Eﬁ'adeCAc/\de YN (2.68)

Hence, in the patch where AT # 0, one can choose the gauge parameters in
such a way as to set w, = 0. This way, it is immediate to see that w, has eleven
independent components.

The pure spinor term of the worldsheet action in the left-moving sector is
/ P2 W, INL, (2.69)

The computation of OPE’s in this system is subtle due to the gauge invariance
dw,. It is possible to work in the patch where AT # 0 and write an action that,
altough breaks Lorentz invariance, is free on the worldsheet; then, OPE’s are as
usual. However, notice that expressions are well defined only when w, appears
in gauge invariant combinations of fields. The relevant expressions are precisely
the Lorentz current N,;;, = %wymn/\, the ghost current J, = wyA?, and the stress
tensor T) = w,dA*. Their invariance are implied by pure spinor constraints and
the antisymmetry of 'YZ? P. Going to the U(5) gauge one can compute all OPE’s
in a simple manner to find out, at the end, that all formulas can be rewritten in

Lorentz covariant form. One gets

11 4 ZT/\(Z) +8TA(Z)

T)(y)Tr(z) 7 (y—z)4 (y—z)2 y—z

(2.70)

Non(1)A%(2) —> 2 (y — )~ (ym)? @71)

among other relations.

7 A classic review of the pure spinor formalism for the superstring is [30]. For a study of the
pure spinor system as a beta-gamma system as well as certain of its mathematical aspects, see [31].
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The first OPE shows that the central charge of the combined x™ (¢ = 10),
Pa, 0% (c = —32) and w,, A* systems, vanishes so the formalism does not have a

conformal anomaly. OPE'’s for fermionic matter is, as usual,

Pe(y)0F (z) —> (y —2) 1ok (272)

For open superstrings, the physical spectrum is correctly reproduced by the

cohomology of the pure spinor BRST charge

Q= / dzA"d, (2.73)

where . .
dy = pu — 5(7’”9)g8xm - g(v’”@)g(%ma@) (2.74)

is the current which generates supersymmetric derivatives in spacetime. Although
it was initially not known how Q appeared as a result of BRST quantization of
some gauge invariant theory, one solution to this problem was considered in [32].

The massless physical states of the open string are given by ghost number one

(unintegrated) vertex operators with zero conformal weight at zero momentum,
V(k,a,&) = A*Ay (9™~ (2.75)

where a,, and ¢* are gluon and gluino polarizations, respectively; they appear
in the 0% expansion of A. The BRST condition implies then that A, satisfies the
linearized ten-dimensional super-Yang-Mills superfield equations of motion with
the correct gauge invariances coming from BRST exactness of trivial states. In a

specific gauge, the first terms in the component expansion of A, are

Aa(0) = 3an(1"0)a = 3(E7u0) (1"0)e — 55 Fon (1p0)a(6776) .. 270

where fy, = kp,a,. Thus, as a consequence of manifest supersymmetry in
the pure spinor formalism, both R and NS sectors can be grouped into a single
superfield vertex operator.

Similarly, one can define unintegrated vertex operators for type IIA and type
IIB superstrings and define tree level scattering amplitudes. The vertex operators

can be as usual obtained as left-right products of vertex operators for the open
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superstring. In the massless sector,

V = AAPA,5(0,8)e™ %, type IIB (2.77)
V=AAL0,0)6%F,  typellA (2.78)

The BRST charge for the right-moving sector also depends on which type II
superstring one is dealt with, being Q = [ dzA%d, for type IIB,and Q = [ dzA,d"
for type IIA. BRST physical conditions now hold for both left and right sectors
independently, and it can be shown that massless states describe linearized type
IIB or type IIA supergravity, all contained in a single superfield vertex operator. For
future reference, the supersymmetry current is given here,

) 1, ., 1, .,
Ja = Pa+ E(’Y 0)a0xm + ﬂ(’)’ 0)a(07ma0). (2.79)

As mentioned in the introduction, higher loop amplitudes in the RNS for-
malism require 3¢ — 3 insertions of the reparametrization b-ghost for a genus g
worldsheet. The problem when trying to define a composite b ghost that could
play this role is the requirement for this operator to have ghost number —1. In
the minimal pure spinor formalism, the only ghost number —1 field, w, appears
exclusively, as discussed before, in gauge invariant combinations all of which has
ghost number zero, so no composite b ghost is possible here. One way to overcome
this problem is to introduce picture changing operators analogous to RNS ones,
in the manner of [33]. Nevertheless, this method breaks Lorentz invariance at
intermediate steps. To preserve this symmetry manifest, it is necessary to include
extra worldsheet fields in the formalism. They must not affect the cohomology
given by the original pure spinor formalism, so they can only appear as BRST
trivial pairs which always decouple due to the usual BRST quartet mechanism [16].
The resulting non-minimal pure spinor formalism [34] opened the possibility for
computing arbitrary g-loop superstring amplitudes in a manifest super-Poincaré
invariant manner.

The bosonic non-minimal variables added to the minimal formalism are again
a pure spinor, A,, of opposite ten-dimensional chirality with respect to the minimal
pure spinor A%, and the corresponding conjugate field @w*. Each of these has also
eleven independent components. To complete the quartet one has to introduce
fermionic variables which match the number of new bosonic degrees of freedom.

This is accomplished by introducing a constrained fermionic spinor r, obeying
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Ay ’)/,%7/*8 rg = 0, which has eleven independent components, and its conjugate field
5%, which also have eleven components due to the gauge invariance generated by
the constraint on r,.

Decoupling of these new degrees of freedom requires the following modifica-
tion to the minimal BRST charge,

Qnm = / dz (Aﬁ‘dg + w%) (2.80)

and similar considerations work for the right-moving sector of type II theories.
Now, allowing the appearance of inverse powers of A,A%, it is possible to write
a fermionic composite operator bn.m. of ghost number —1 satisfying

{Qn.m./ bn.m.} - Tn.m. (2.81)

where Ty ;m, = T + @*dA, — s%9r, is the non-minimal stress-energy tensor of the
formalism; the minimal stress tensor is T = —%meaxm — pa00* + wyoAL.

The structure of b is given by a chain of operators starting from T,
(T, G, H[ecﬁ}l K[a@j}/ L[ﬂﬁjé]) (2.82)
satisfying the following relations:
{Q,G*} = A°T, [Q HI*) = AlegPl [ Kkl = \lepPY]) (2.83)

[0, L[a§y§]] — Aleghrel AlapBroe] _ (2.84)

where Q is the minimal pure spinor BRST charge, and the explicit form of operators
in the chain is [33]

1 1 1
G" = EHm (Ymd)* — ZNmn(’)’mnae)g - 1]899‘, (2.85)

1
Hlepl — @(rym”k)f‘ﬁ(dfymnkd + 24Ny ITy),

1
K[[’Xﬁﬂ = —%(')’md)[g (’)’mnk)ﬁj]Nnk/
11

ayd] _ _ _* *
L 128 4!

(')’mnp) [gﬁ (,qur) 2’5] Nmanr.

with IT" = Jx™ — 99‘72”’[389@ the spacetime supersymmetric momentum.
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The composite b field is given by

Ay GY ?»argH[Q‘@] }\grﬁrvK[Q‘@Y] )lgrﬁrw(sL[ecﬁyﬁ]

WO (AP )

bom, = s¥0A, +

where AL = A A%

However, the presence of inverse powers of A\ brings in further subtleties
when computing amplitudes. As the number of loops increases in number, higher
inverse powers of A\ appears in the correlators through b ghosts insertions. In
the path integral picture, integration over pure spinor zero modes has a measure
factor [ d"AdM A;thus, divergences can appear when A* — 0. Since the path
integral measure factor converges like (AA)!, the poles in the b ghost can cause
divergences if the poles accumulate to order (AA) ! or worse.

This restriction to poles of lower order than (A1) ~!! can also be understood
from BRST cohomology arguments since it happens that {Qnm., ¢} = 1 where

O e+l A

ic(_;g ot (Aa0*) (raeg)w.
Ay 2] )1

So allowing states with (A1)~ dependence like & into the Hilbert space would
trivialize the BRST cohomology since Q(¢V) = V whenever QV = 0.

2.3 Superstring Amplitudes

Superstring scattering amplitudes in the RNS and pure spinor formalism will
be reviewed in this section. It is worth mentioning that there is also an amplitude
prescription for the hybrid formulation of the superstring that will also be used in
topological amplitude computations. This prescription, though, will be described

when needed in Chapter 4.

2.3.1 RNS prescription

String scattering amplitude prescription for both formalisms (RNS and Pure
Spinor) will be reviewed in this section. It is convenient to recall first what does it
mean to compute a scattering amplitude in the bosonic string.

Given a string moving in spacetime, it was already explained that the classical
action for that system is that of a surface (worldsheet) embedded in the target
space (spacetime). A string amplitude a la Polyakov is defined as the functional
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integral over all geometries of the worldsheet, and over all embeddings of this
surface in spacetime. Worldsheet geometry is encoded in a two-dimensional metric
Qi (0), while embeddings are given by D worldsheet scalars x™(c) (m = 1,..., D),
where D is the target space dimension, which is 26 for the bosonic string to have
vanishing conformal anomaly.

In general, scattering amplitudes involving several external states will have
cylinders associated to them where a particular state in the string Hilbert space is
attached to one end of each cylinder, while the other end merge with the rest of
the worldsheet. For on-shell scattering amplitudes, the cylinders are pulled off to
infinity. Then, by a conformal transformation, the state at infinity can be brought
to an arbitrary small circle surrounding the center of the complex plane. The state-
operator correspondence allows one, thus, to replace this state by an insertion at
the center on the plane. For closed (oriented) strings, all this means that string
scattering amplitudes can be given by path integrals over oriented compact closed
surfaces with punctures, and embeddings on target space. Operator insertions
on the punctures are translated to vertex operator insertions V(k, () in the path
integral language; here k™ is the momentum carried by the state, and ¢ is its
polarization (in case it has a tensor structure). Also, consideration of inequivalent
worldsheet topologies express the scattering amplitude as a genus expansion. For

n external states, all this translates to

A=Y / DgDx"e Swrinsls I TV, (2.87)

genus i=1

Diffeomorphism of gauge invariance of the string action Sy, allows simpli-
fication of this expression. Actually, the relevant information is carried by the
conformal class of the worldsheet metric. So, Riemann surfaces, oriented sur-
faces endowed with conformal structures, play a crucial role in string theory. At
genus ¢ > 2, the set of all inequivalent Riemann surfaces ¥, is a complex space
parametrized by 3¢ — 3 moduli m; (s = 1,...,3g — 3).

BRST quantization of the string can be used to show that the string path-integral
without vertex operator insertions generates a complex 3¢ — 3-form on the space
of all metrics modulo Weyl transformations 7, which serves as a measure of
integration [35]. This space is infinite dimensional; however, diffeomorphism in-
variance allows for the appearance of a measure in the finite dimensional quotient
Mg = J /DD, where D is the group of orientation-preserving diffeomorphisms.
M is precisely the moduli space of Riemann surfaces of genus g. This also extend
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to the case when vertex operator insertions are present in the path-integral.
After introducing diffeomorphism ghosts b and ¢, BRST quantization allows

for a conformal gauge where the genus g (or g-loop) amplitude takes the form [36]

Agin = /Mg <

where y; (i = 1,...,3g — 3) is a basis of Beltrami differentials, (y;, b) = [ dzp;(z)b(z),
left-right products are denoted by | |?, and the V; are given by integrated vertex

3g—3

[T (i)

i=1

2
I1 vj> (2.88)
j=1

8

operators V; = [ d*zU;(z). Also, the correlator stands for path-integration over
worldsheet fields living on Riemann surfaces of genus g:

() = / x| DbDc[2e S b (2.89)

In the RNS formalism, the situation is analogous, although much more com-
plicated at higher genus. Recall that, for type II superstrings, the worldsheet
has actually N = (1,1) supergeometry. Then, scattering amplitudes will involve
supersymmetric generalizations of the objects appearing in the bosonic string.

Instead of on the moduli space of Riemann surfaces My, the RNS path-integral
localizes on the supermoduli space of super-Riemann surfaces, sMg, a space
parametrized by 3¢ — 3 commuting, and 2g — 2 anticommuting moduli. Then
one has to consider each relevant object as a supermultiplet of N = (1,1) d =2
superspace; for example, there will be a superghost system which contains as
components both the reparametrization and superconformal ghosts, (b,c) and
(B, v), respectively. A rigorous treatment of superstring perturbation theory would
require to work in this framework [35]. Nevertheless, for the present purposes it
suffices to follow the path where everything is reduced to the language of ordinary
moduli space and Riemann surfaces.

Integration over supermoduli and absorption of bosonic ghost zero-modes turn
out to be equivalent to the insertion of 2¢ — 2 picture-changing operators Z = ¢?G
at arbitrary points on the Riemann surface [37].8 On the other hand, recall that
worldsheet fields ¢™, B, -y are allowed to satisfy antiperiodic boundary conditions
around spin fields. The same situation is encountered along non-contractible loops
of a genus ¢ (¢ > 1) Riemann surface. At genus g one can define a canonical

basis for non-contractible loops. These are the non-trivial homology cycles a;, b;

8Recall that ¢ is the negative energy chiral boson coming from bosonization of the (,y) system
and G is the total worldsheet supercurrent of the RNS formalism.
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(i=1,..,g). So one must specify the boundary conditions, periodic or antiperiodic,
satisfied by field configuration around these cycles. A spin structure on X, is the
information about this periodicity assignment. There are, hence, 28 spin structure
at genus g. For each of them, there is a possible contribution to the scattering
amplitude, and one must sum over all spin structures. The relative weight of
different contributions is ambiguous in principle. However, it can be shown that
requirements of modular invariance’ and unitarity can fix them [38]. Moreover,
the sum over spin structures is closely related to the GSO projection of RNS
superstrings.

Therefore, the prescription for g-loop n-point scattering amplitudes in the RNS
formalism is

Agn = /M Z€a<

3g-3 2

I_I (}lh b)

i=1

2g-2

IiI ZZ(Zj)

8§ & Ji

2
I vk> (2.90)

where, this time, the correlator means path-integration over RNS worldsheet
fields,
() = / D" | DY DHDCD Dy |2e SRS .. (2.91)

at given genus and for spin structure «. Here, €, are the spin structure weights
for the supersymmetric string. Also, the sum of the pictures of all vertex operator
insertions must be zero.

Separate expressions should be given for the contributions at genus 0 (the
sphere) and 1 (the torus).

On the sphere, ¢ has three zero modes (which together with the three zero
modes of ¢ correspond to the six conformal Killing vectors of the sphere), while b
has none (since the sphere has no moduli). For bosonic strings, this translates to
the tree amplitude prescription

i=4

Aon = <V1(21)V2(22)V3(Z3) Vz'> (2.92)
tree

where V; are unintegrated vertex operators, and their positions z1, z, z3 are arbi-

trary, and can be set to any three specific values using Mobius transformations; the

“Modular transformations are reparametrizations which preserves the conformal gauge of the
worldsheet metric, known also as large diffeomorphism, since they are not connected to the identity
of the reparametrization group. Modular invariance provides crucial criteria for the construction
of consistent superstring theories; they are also at the heart of the theory of Riemann surfaces
discussed in the next section.
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amplitude is independent of this choice. Also, at tree level there is no moduli so
determinants of differential operators on the worldsheet are just constants which
can be grouped into a proportionality constant.

The torus has one complex moduli, so b has one zero mode, and it has two
(real) Killing vectors corresponding to translations, so c¢ has also one zero-mode.

The one-loop amplitude for bosonic strings is

Ay = / Y ew {1, 0)PVi(z0) [T Vi (2.93)
M a 1—loop,x

i=2

with arbitrary z; (which can be set to zero by translation).

2.3.2 Pure spinor prescription

To compute N-point open superstring scattering amplitudes at tree level the
minimal pure spinor formalism is good enough. Both integrated [ dzU and unin-
tegrated V vertex operators have to be inserted into the correlator, and amplitudes

mimic the bosonic string prescription

Aoy = <V1 (Zl)VZ(ZZ)VB‘(Z?))ﬁ/dzziui(zi)> (2.94)
i=4

tree

To perform computation of amplitudes one has to make the path integration over
all zero- and non-zero modes of every worldsheet field in the formalism. This is
equivalent to three calculations: in the first place, one has to compute determinants
of differential operators 0 appearing in the worldsheet action; secondly, non-
zero modes are integrated out using Wick’s theorem; finally one has to perform
integration over the zero modes.

Notice that, except for bosonic x™, all remaining systems present in the pure
spinor formalism consist of pairs having conformal weights 1 and 0. The number
of zero modes of conjugate fields is a consequence of the Riemann-Roch theorem
that will be discussed in the next section; the result is that on the sphere, conformal
weight one fields have no zero modes, while each field of zero conformal weight
has a single zero mode. Moreover, as mentioned in the previous subsection,

determinants of differential operators give constants. After integrating out non-
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zero modes, amplitudes have the general form

Aon = ﬁ/dzzi <
i=4

2 ~
M)\?M‘ Fap (6,6 zl-)> (2.95)

The prescription for zero-mode integration was originally postulated as

((A7"0)(A7"0) (AvP0) (0ymnpf)) = 1 (2.96)

and a similar expression for the right-moving sector. It is convenient to rewrite

this measure as
<T((M37)) (161 K2K3 K45 AP ATR1 gr20%3 053 95 > (2.97)

where 7 is symmetric and -y-traceless in its first three indices, and antisymmetric
in the other five.!”

This measure gets justified in the non-minimal pure spinor formalism. Here, to
deal with integration over non-compact bosonic zero modes, some regularization
is needed. A natural regulator would be exp(—pAA), for some positive cut-off
p. Actually, to maintain BRST invariance it is convenient to choose a regulator
of the form V' = exp({Q, x}) for an appropriately chosen fermionic operator .
Since V is of the form 1+ QO, decoupling of BRST trivial states guarantee that
the amplitude is independent of the choice of x.

The simplest choice is y = —pA,0%; thus

N =exp ( — o(AaA + rgeé‘)) (2.98)

Actually, the limit p — oo allows this to make contact with the minimal pure spinor
prescription with picture changing operators mentioned before. From now on, the
limit p — 1 is taken.

The non-minimal prescription for tree amplitudes is therefore

Aon = <W(y)\2 Vl(zl)v2(22)v3(z3>ﬁ/dzziui(zi)> (2.99)
i=4

tree

with the regulator NV (y) inserted anywhere on the worldsheet.

Here, after integrating out non-zero modes the amplitude takes the general

104 -traceless means zero after contraction with 'yl’:n*ﬁ, that is, fygg T((@py))... = O
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form

n 2
Ao =T] / P2z, / [dA][dA][dr]d%0 \/\mmﬁmf fupr(0,6:2)  (2.100)
i=4 -

The measure for 6* integration has the usual form; however measures for the
remaining variables have a more complicated form due to their constrained nature.

The correct measures are [34, 39]
[AAMARAPATT () iy its] = Expoag AN AT (2.101)
[dAIAcApA, = (sT)f;lﬁ';‘“dZKl...d}\m (2.102)

[dr]ﬁ(ggj)))[gl,__m = Kgﬂﬁijegl,__gléa%.. 0 (2.103)

e
with 7 introduced above; when inserted in the tree amplitude (2.100) they give a
result that agrees with the minimal computation (2.95) provided (2.96) holds.

At one-loop, a single insertion of the composite b ghost is needed, so here one
needs to use the non-minimal pure spinor formalism. The prescription is similar

to the RNS case without necessity of summing over spin structures,

Ain = /M1 <|N(y)(%b)\2V1(21)lli/dZZiUi(Zi)> (2.104)

1—Ioop

Starting from genus one, worldsheet fields of conformal field # = 1 have zero
modes, so to regularize bosonic zero-mode integration it is necessary to write a

regulator which includes them; it is convenient to choose

N = exp < — A" — g0 — [%NWN’”” +IT+ %Smndfym”)t + SA%LXD (2.105)

where Ny, |, Smn and S are gauge invariant objects constructed out of non-
minimal fields,

(@YmnA — $Ymnr), J = Ay, (2.106)
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Here it is necessary to include the correct measures for the new zero modes of
Wy, W*, dy and s*,

[dw] = )\"‘)\ﬁ/\V(ET)Kl K“dwK1 Awy,, (2.108)

[dw]’r((ééﬁl)))[l(l---lcﬂ - )_\Qé)_{ /_\’7 Exy.ity AW .. AT (2.109)
AP )Y

[dS] = (/_\—)\)3(87')2351(“8551...85511 (2110)

The g-loop N-point closed string amplitude prescription in the nonminimal

pure spinor formalism is

o

where N is chosen as

2 N
I1 / dzziu,-(zi)> 2.111)
=1

. S
N =exp <—)L,X)La —ry0% — 2 [EN;H;”NmM‘—i-]“H‘

=—1
E=

= %S;nd“ "+ §EARE )

(2.112)

In a genus g worldsheet, fields of conformal weight 1 have ¢ zero modes

distinguished by the index & = 1, ..., g. Fields of zero conformal weight have only

one zero mode. The measures have the same form as before, with a copy for each

zero mode of conformal weight one fields. Although the regulator seems to be
appropriate, the potential appearance of poles that accumulate to order (A1)~

problematic, and would demand a more complicated regularization as in [40].

2.4 Bosonization on higher genus Riemann surfaces

In all formulations of the superstring first order systems are introduced. These
can be either fermionic (like fermionic matter fields or reparametrization ghosts),
or bosonic (like superconformal ghosts or pure spinors). Non-chiral systems that
live on a genus ¢ compact Riemann surface X¢ have actions of the form

5= /Z [bdc + boc] (2.113)

As seen in the previous section, evaluation of scattering amplitudes requires

computing correlation functions of these fields on X,. A very convenient way
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to derive these correlators uses bosonization techniques, which can be better
understood after introducing some relevant mathematical concepts. It turns out
that the main characterization of a world-sheet field in string theory is given by
the line bundle of which it is a holomorphic section. A fermionic field b is defined
as a section of a holomorphic line bundle ¢ over Z,.

A fiber bundle can be though of as a generalization of a product space M x F
to non-trivial topology. M plays the role of a base manifold while an entire copy
of the space F is attached to each point of M. The bundle is not equivalent to
M x V but looks like a product space in every open neighborhood that belongs to
some covering of M. The global information of the bundle is encoded in gluing
functions that relates different local descriptions of a fiber in the intersection of two
neighborhoods. When the fiber F is the complex line C, one is talking about line
bundles; when gluing functions are holomorphic, about holomorphic line bundles.
In string applications one takes, of course, M = ¥,. An important line bundle on
2., is the cotangent (canonical) bundle K whose fiber at a point P € oy is the space
of holomorphic one-forms at P.

Recall that objects integrated over the Riemann surface must be (1,1)-forms,
so the field ¢ must be defined as a section of K x ¢~1.!1! Since 9 is the Cauchy-
Riemann operator transforming any (g, 0)-form into a (g, 1)-form, the integrand
has the correct nature. In general, the corresponding differential operator acting
on sections of ¢ will be denoted by d¢; its adjoint is written as J}.

The Riemann-Roch theorem says about the relation between the number of
zero-modes of these differential operators, oz and 5}. They are the number of zero

modes of b and c, respectively.

n(@ -—nKef')=deg¢+1—g (2.114)

where deg | is the degree of the line bundle ¢, defined as the first Chern class of ¢.

Take, for example, the system of reparametrization ghosts, where b has confor-
mal weight 2 and ¢ has conformal weight —1. The line bundle which describes b is
given by the tensor product £, = K ® K. The degree of K is 2¢ — 2, hence, that of
Ly is 4g — 4. The Riemann-Roch theorem states that n(b) — n(c) = 3g — 3. More
generally, a fermionic (b, c) system of conformal weights (A, 1 — A) with integer A,
has¢ = L, = K®* the A-th tensor product of the canonical line bundle with itself.

The tensor product bundle ¢; ® & over M is defined as the bundle whose fibers at each point
P are tensor products of the fibers of §; and &, at P.
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Thus,
n(b) —n(c) =21 -1)(g—1) (2.115)

In the case A = 1, as with fermionic matter systems (pn, %) of the pure spinor
formalism in a flat background, £, = K, and c is just a section of the trivial line
bundle over X,. Thus, ¢ has 1 zero mode (the constant function) and b has ¢
zero modes, which can be specified by a basis {w;, i = 1,...,¢} of holomorphic
1-differentials on the Riemann surface. These objects are chosen to satisfy

i = 0jj 2.116
/ai Wi ij ( )

around the ¢ homology a-cycles of ¥,. The integrals around b-cycles define the
period matrix

T = /b w;. (2.117)

which is symmetric and has positive definite imaginary part.

Figure 2.1: Basis of homology cycles on a genus ¢ Riemann surface

Bosonization states that a generic (b, ¢) system of conformal weights (1,1 —A)
(together with their right-moving partners) is equivalent to the theory of a real
compact scalar whose action is determined, apart from the kinetic free term, by
symmetry requirements and the fact that it must include information about A and
the spin structures when A is half-integer [41].

Assuming first that there are no zero-modes for 5} (which is the same as the

absence of ¢ zero-modes), the identification of correlation functions in both theories
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is

P 2 e (P:)
[TleR) = (I]e @11
i=1 fermion i=1 boson

where p = (2A — 1)(g — 1) is the number of independent zero-modes of b; p
insertions of b is the minimum necessary in order to have non-vanishing fermionic
integration over zero-modes of b. P;, (i = 1, ..., p) denote points on 2. In the left
hand side, the norm is defined as ||b(P)||?> = p~*(P)b(P)b(P), where p(P) is the
conformally flat metric ds?> = pdzdz.
The fermion correlator gives
<]£I Hb(P')||2> = %Hdet(u'(P'DHZ (2.119)
i=1 1 fermion -~ det(u;, uj) o .

Here 3}35 is the laplacian acting on sections of the holomorphic line bundle &
whose zero modes are excluded from the determinant det’, and (u;, u j) is the inner
product defined on the space of zero modes.

To compute the bosonic correlator it is better to split the scalar field into a topo-
logically nontrivial piece which obeys the equations of motion, and a fluctuation
which is topologically trivial, ¢ = @iust + @ f1uct- Details of the computation can be
found in [41].

The first piece give the instanton contribution to the correlator

Zinst = (det(Im7))2N (2), (2.120)

where the function A will be shortly described; its argument in (2.120) depends
on the line bundle ¢ associated to b, and on the positions of exp(i¢) insertions in

the correlation function.

Digression on divisors

Correlation functions of fields in the (b, c) system turns out to be meromorphic

functions of the positions of its insertions,

M+p M
A(zq, ..., wpy) = < H b(zi)Hc(wj)> (2.121)
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From the conformal behavior of b and c one gets,

/ / MEp /g N M, 1-A
Az, wy) = ] 7o Il A(z1, ..., wp) (2.122)
1

/
=1 =1 dwj

As a function of, say, z1, A has zeros at z; # z; and poles at w;; this is a
consequence of the OPE’s between b and c. A(z7) is called a meromorphic A-
differential and it is determined by the position of all its zeroes and poles. These
positions define the divisor as a formal sum

M+p M
DA = Z Zj — w] (2123)
i=2 j=1

The problem of determining the correlation function is reformulated as the prob-
lem of characterizing all possible divisors of a meromorphic A-differential [42].

To a given line bundle ¢ one can associate a divisor to each of its meromorphic
sections. Since the quotient of two A-differentials is a meromorphic function,
the difference of their divisors is just the divisor of a meromorphic function.
By defining the group of divisor classes as the set of all divisors modulo the
divisors of meromorphic functions, one gets a one-to-one correspondence between
inequivalent line bundles and divisor classes.

The degree of D 4 is defined as the number of zeros minus the number of poles,
including multiplicities. It is a known fact that, for a compact X, the degree of
D4 for A a meromorphic function is zero. This means that all divisors associated
to a line bundle have the same degree, which turns out to be the same line bundle
degree defined earlier. The line bundle of A-differentials for integer A, has a divisor
class [D,] = A[D;] where [D1] is the divisor class for the canonical line bundle K
(often denoted by the same letter K).

An important case is that of half-integer A. Here, as already mentioned, one
has to distinguish between different spin structures on the Riemann surface. For
each spin structure « there is a spin bundle S, such that S, ® S, = K. Then,
the corresponding divisor class satisfies 2[D,| = K, and it has degree ¢ — 1. For
general half-integer A, [D) ] = (A — 3)K + [Dal.

Given a divisor of zero degree D = A — B, where both A and B are positive

divisors, one can associate to it a complex g-dimensional vector z using the so
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called Jacobi map

A
1:D—sz = / w; (2.124)
B

Due to (2.116), (2.117) the image is actually an element of the complex torus
J(Xg) = C/(Z3 + 1Z3), which is known as the jacobian variety of ;. Abel’s
theorem states that two divisors are mapped onto the same point in the jacobian
variety if and only if they are equivalent. This way, one gets a precise correspon-

dence between degree zero line bundles and elements of the jacobian variety J(X).

The argument of the function N in (2.120) is precisely a specific element of
J(Zg). The function itself is defined as'?

N(Z) _ e—27rImz~(ImT)_1-Imz ’@(ZlT) |2 (2.125)
where the Riemann theta function ©O(z|7) is

O(z|t) = ) exp(imn;Tijn; + 2min;z;). (2.126)
neZs

Given a point Py on %, consider the function

f(P)=© (z + /Ppw’T) . (2.127)

The Riemann Vanishing Theorem [43] states that f(P) either vanishes identically
for all P on X, or it has exactly g zeroes {P;,i = 1,..,,g} on X,. In the latter case,
there exists a vector A which depends only on the reference point Py so that

& [P
= g w=A (2.128)
=~ Jp,

A is known as the vector of Riemann constants; the divisor class associated to it,
known as the Riemann class (here denoted also by A). This class has degree ¢ — 1,
and it satisfies 2A = K, so it corresponds to one of the spin bundles, denoted by
So-

With all these ingredients, it is possible to write the specific value of the argu-

12Given two vectors x, y, and a ¢ X ¢ matrix A, then x-A-y is understood as x'" Ay.
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ment in A.13 Ttis
z2=1|¢® O(—Dins) @A™} (2.129)

where the Jacobi map is actually applied to the divisor associated to the line bundle
written here. O(—Diys) is the line bundle whose divisor class contains — Dy, the
negative of the divisor of insertion points on X, Dins = Zle P;. The third factor
in the tensor product could actually be any even spin bundle Ly, with Lo ® Ly = K;

Lo = A is a convenient choice, the final results being independent of it.

The contribution to bosonic correlation functions coming from fluctuations
@ fluct 1S obtained just by gaussian integration and gives, after appropriate regular-

ization,

det'dta\ V/? 2
Zf1uct = ( " ) [1G@,P) (2.130)
z ij=1

where 09 is the usual wave operator for a scalar in two dimensions, A is the of
Y, and G(p, P]) is the Green’s function for 0t9, whose explicit form depends on
the metric chosen on the Riemann surface.

Thus, the bosonization formula gives

det’o0to r545 ~1/2
gv¢ D2 det'0'0 S 1
det(ui, u]-) Hdet(ul(P]))H - (det(Imr)Az N(€® O(—Dins) ® A7)
p
x ] G(P;, P;) (2.131)
ij=1

Holomorphic factorization

It is convenient to get bosonization formulas for just the chiral sector of a
given (b, c, b, ¢) system. Nonetheless, a theory of a chiral boson which reproduces
the correlators in the fermionic side is not known. However, if one manages to
eliminate all appearances of the conformal metric on both sides of the bosonization
formula, then one can take the holomorphic square root of the resulting expression.
In order to be able to do that, it is necessary that all anholomorphic factors of the
form exp [kImz-(Im7) ~!-Imz] cancel out in the formula.

A convenient choice of metric is the so called Arakelov metric [44], where the

3The specific form of the bundle is determined from modular invariance and consistency with
the fermionic field theory side.
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factor p(P) takes the form
o(P) = |o(P)|*/$ exp g(;—fl)ImAP-(Imr)l.ImAP . (2.132)

Here, A” = f (2—1) pw,and oc(P)isa %—differential with no zeroes or poles [42].

With this metric, for points P; # P; the Arakelov Green’s function is

G(P, P))? = p(P)"?p(P,)"/*F(P,, P;) (2.133)

where F(P;, P]-) is
F(P, Pj) = exp [ 27'(Im/ (Im7) 1Im/ ] E(P,P)P  (2134)

In the last formula, E(P;, P;) is the prime form: a holomorphic —3-differential
in each of its arguments, which, geometrically, functions as a generalization of
zp, — zZp, on the Riemann sphere.

For coincident points, the regulated Green’s function for the Arakelov metric
is just equal to one.

With all these formulas one can get holomorphic factorization for the case
A > 1 with A € Z. In these cases, ¢ = £, ) = K®. Then, the point in the jacobian

variety is'4
p
z=1 [K@”\ ® O(—Dins) ® A—l] =Y P+ (2A-1)A (2.135)
i=1

Substituting all necessary definitions into the bosonization formula (2.4) it is easy

to check that all anholomorphic factors cancel giving rise to the nice formula

%\d t(ui(P)I* = |22 7' |0(2|7) IZH\EP P IZH\U )P
det(u;, uj) ! i v

(2.136)

where Z; can be considered as the partition function of the chiral scalar field,
satisfying

detdtd 7'
Zi| V= 2.137
21 (det(ImT)Az) (2137)

For brevity, the image of a divisor D under the Jacobi map is denoted by the same symbol D.
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So, given a chiral system (b, c) of conformal weights (A,1 — A) the correlation
function

(b(Py)..b(P,)) = / DbDCb(Py)..b(P,)e S0 = Z,det(u;(P))  (2138)

is given by

P P
Z)det(u;(P})) :z;l/z@(—z + (24 — 1) A‘T)HE , P) [ Jo (P!
i=1 1<j i=1
(2.139)

Bosonization formula for ¢ = K (thatis, A = 1) is slightly different because one
has to take into account the constant zero-mode of ¢ (denoted simply by 1) which
requires at least one insertion in the correlator. The analogue to (2.4) is

detlé}-(é[(
det(w,-, w]) (1, 1)

[det(w;(P}))[|> = | Z1| "N (O(—Dins) ® A) (2.140)

T, 6(R,P)G(Q.Q)

[T, G(P, Q)2
where D;,s = E?Zl P; — Q, and Q is an arbitrary point on the surface. Since
det'0f,0x = det'0™d, det(w;, w;) = det(Im7), and (1,1) = Ay, the left hand side
also contains a power of |Z;|. This allows one to solve for an explicit expression of
|Z1|. With the Arakelov metric, one has

(2.141)

N(O( Dms)®A) Hl<]G( ir ])

3 _
|z = [det(wi(P))[* TTE, G(P;, Q)2

(2.142)

Making the necessary substitutions to express everything in terms of theta function,
prime form, and holomorphic section ¢ (apart from one-differentials w;), one gets

again a consistent holomorphic factorization; thus

san_ OCLL P+Q+A[T) I E(P, P) IS, o(P)
det(w;(P})) [, E(P,Q) ¢(Q)

(2.143)

Twisted bundles

Non-trivial bundles of zero degree will play an important role in the compu-

tation of amplitudes for twisted sectors of an orbifold compactification. A very
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convenient way to characterize them is through holonomy. Given a general line
bundle, if one parallel-transports an element v of the fiber at some point P € ¥,
around a closed loop C, then after one turn, one reaches another element v’ of the
same fiber, which is just C, so that these elements are related by

o' = pe?™H(CE), (2.144)

The holonomy H(C, ) turns out to be real, and its exponential in the previ-
ous equation, well defined under change of trivialization [41]. Moreover, the
holonomy changes under a deformation of C to a nearby curve C’ by a quantity
proportional to the integral of the curvature R over the surface whose boundary is
C’ — C. Thus, for a flat bundle ¥,'> H depends only on the homology class of C.
This means that holonomy defines a real cohomology class modulo an integral
class, H(y) € H'(Zg;R)/H'(Zg; Z); flat line bundles are characterized by phases
¢ = {¢}, ¢, i=1,.., g} around the non-trivial homology a- and b-cycles of Z,,
respectively. Besides, the vanishing of H( ) is equivalent to the triviality of ¢ as
a line bundle.

An important result is that the Jacobi map of a divisor of ¥ is given in terms of
these phases,

I[Dy,] = ¢2 + T+ ¢1 (2.145)

It is possible then to consider a more general bosonization formula. As will
be explained in the next chapter, compactification of the superstring on orbifolds
leads to the introduction of novel sectors in the string Hilbert space. This twisted
sectors induce the introduction of field configurations in the path integral which
have non-trivial boundary conditions around homology a- and b-cycles on the
Riemann surface. One such system of fields is a twisted (1,0) (b, ¢) chiral theory. In
these cases, although A = 1, c has no zero modes (in contrast to the usual untwisted
case), since the only holomorphic function possible in a compact Riemann surface
is the constant function, which does not obviously satisfy the required boundary
conditions. Hence, by the Riemann-Roch theorem, b has ¢ — 1 zero modes, which
are given by ¢-twisted one-differentials {w¢,i, i=1,..,¢ — 1}. The line bundle
Ly, = {p has the form K ® ¢p, where the flat line bundle completely specifies the
twisting around homology cycles.

15The Chern number of the bundle can be represented by deg& = — ﬁ fzg R; hence, flat metrics

imply that the bundle have zero degree. Moreover, every degree-zero bundle admits a flat metric,
which is unique up to a constant. These bundles are thus called, flat bundles.
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The general bosonization formula is

det'ég(pagrp ) 1 1 p )
————||det(u;(P})) || = | Z1] 7' N(Ep ® O(—Dins) @ A~ [ [ G(P;, P))
det(ul,u]) i

(2.146)
where G(P;, P;) is the Green’s function for any metric, not necessary the Arakelov
metric.

Replacing ¢, = K ® i, in the argument of NV, and taking into account that p is
setto g — 1, then

g1
z:u[¢¢®(9(—Dim)®A] — T — Y Pi+A (2.147)
i=1

The better way to show holomorphic factorization here is to divide the equation
(2.146) for K ® 1 by equation (2.142) for K [45].

Since insertion points are arbitrary, those for the twisted case are taken to
be P;, i = 1,...,g — 1, while those for the case { = K are conveniently taken as
Py, i'"=1,..,¢ withPy =P fori =i =1,.,9—1, and Py_, = Py is still left
arbitrary. One gets,

det'of o
Cpbo D2 4 PARIZ P2
det(wg i, wg i) | det(wy,i(F})) | = p(Pg) " |detwy (Py)[*| Zy| (2.148)

N2t - S P ) TT, G(Pr, Q)
-1
N(_Z§:1 Pi’ +Q+A) ngzl G(Pl',Pg)Z
The right hand side is independent of Q so one can take the limit Q — Pg. The

(2.149)
function N in the denominator contains the holomorphic square of
g g1
@(—Zpi/—i-Q—l—A‘T):@<—2Pi+A’T> (2.150)
i'=1 i=1
g g1
-+ (ZQ — Zpg) Z wi/(Pg)ai/®< — 2 Pi + A ‘ T> 4+ ... (2151)
i'=1 i=1

The first term in the right-hand-side is zero due to the Riemann vanishing theorem,

while higher order terms will vanish as Q — Pg. Then, in the bosonization formula
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there remains the square of the factor

2
lim G(Q, Fg)

—_— 2.152
Q—P, |ZQ — Zpg|2 ( )

This is a regular expression as can be seen by choosing the Arakelov metric. In

fact, with this choice

G(Q, Py = pl(Q)!2p(Py) 2 exp | 2t / (Tmt) L1 / o] 1E(Q. PP

(2.153)
and, since ,
E(Q,P
lim M =1 (2.154)
Q—Pg |ZQ — Zpg|
the resulting limit is
G(Q, P, )?
fim C(Q P o(Pg) (2.155)
Q—P, |ZQ — Zpg|2
Therefore,
Ay e
det 8§¢8§¢

\det(w¢,i(Pj))|2 = \detwi/(Pj/)|2|Z1|2exp [27tImz-(ImT) ! Imz]

det(a)¢’1‘, CL)¢,])

N(p2+7 ¢1+2)

X8, wi(Py)3;0(z|7) 2 (2.156)

withz = — %7;11 P + A.
Fortunately, anholomorphic factors cancel out so holomorphic factorization is

possible. One defines the theta function with characteristics ¢ = (¢, ¢») as

O[p](z|T) = explirmg1-(T- 1+ 2(z + ¢2))|O(P2 + T - P1 + z|7T). (2.157)

so that it entirely contains all information of twist structue ¢. The chiral partition
function of a twisted (1,0) fermionic system is

o) — oy @lglED)
2y pdet(wy i(P;)) = Zydet(wy (P, ))Z%_1 o (P 0r BT (2.158)

Of course, this expression is equivalent to
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g—1 g1 g1
2 pdet(wy(P)) = Z7/%0[¢)] < ~- Y. P+ A‘T) [TE®P,P)[]o(P) (2159
i=1 1

i<j i=

as can be seen by using the explicit form of Z; and taking appropriate limit.

Finally, there is an important class of bundles L which have degree ¢ — 1 but
which not necessarily satisfy L ® L = K. The latter corresponds to spin bundles
Sy with spin structure « introduced earlier. One of these bundles is the Riemann
class A, which depends on the choice of a- and b-cycles, or marking, on Z¢. General
twisted spin bundles are thus parametrized with respect to this special spin bundle
as

Ly =A@y (2.160)

Spin bundles are a special case of this where ¢ = & = (a1,a2), and & € (3Z/Z).
The Riemann class corresponds to « = 0, so it can be denoted by A = S.
Theta functions which were just introduced, when they have characteristics «,

satisfy
Ola](~z|7) = (-1)*"20O|a](z]7) (2.161)

Parity of spin structures is defined as the parity of their associated theta func-
tions. There are 2871(2¢ + 1) even and 281(2¢ — 1) odd spin structures. The
special bundle A has even spin structure.

For twisted spin bundles generically there are no zero modes for b and ¢, so in
these cases one can take no insertions in the correlation function. The bosonization

formula is simpler and reads
det e‘){¢éL¢ =|Z1| W (L @ A1) = |Z1| W (g2 + T 1) (2.162)
Holomorphic factorization gives
Z129 = Z; ?0O[9)(0]7) (2.163)

When there are zero modes, which always happens for odd spin structures,
then Zy 4 vanishes, and additional insertions are necessary.
All previous formulas can be generalized to the case in which more than the

minimal number of insertions is present, as long as background charge cancellation
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is obeyed, as in (2.121). The modifications are contained entirely in the choice of
bundle D;,;; in the argument of the function A and the inclusion of extra factors
of Green’s function coming from contractions between additional insertions in the
correlator. Holomorphic factorization implies that, for chiral systems, one needs
to include factors of the prime form E(P, Q) to take account of these contractions.

Take, for example, a complex system with A = %, usually denoted by (¢, ¢).
The correlator must have an equal number of ¢ and ¢ insertions. Hence, in the

absence of zero modes for ¢, i,

M M M M
<H $(P) H¢(Qj)> = 2;'?0l¢)( - LR+ L O ) @l
i=1 j=1 ¢ = =

« Hf\g]‘ E(Pir Pj) Hf\ij E(Qi/ Qj)
I1}j-1 E(P;, Q)

The propagator can be obtained from this formula by specializing to the two-point

(2.165)

correlation function

po(p,Q) — PPIHQNs _ (FPIHQ)s _ Olgl(—P+Qlr) 1
e P Z1/2g elpl0[r)  E(P, %166)

One can further generalize correlators in order to include spin fields. To relate

these to the basic ¢ and i, one expresses the latter as solitons of the bosonic

corresponding theory,
P =e?, p=e'? (2.167)

Spin fields of this system are defined as
St = ot20, (2.168)
So, OPE’s can be easily computed:
St(Y)S (z) — (y—2)73 (2.169)

while ST (y)S*(z) starts at order (y — z)1/4.
Y y
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The general correlator then is given by°.

My M, M M,
<H¢<P»H¢(Qj> HS*(P;Q)HS‘(Q§>> = 7;"?0[p](~DjuslT)  (2.170)
i=1 =1 k=1 1=1 P
y TTi<; E(P;, P) TTic; E(Qi, Q) Ticy E(PY, P *TTic; E(QL Q)14 2.171)
[Tij—1 E(P;, Q)) [Tij—1 E(P/, Q})l/4 .
i=1 E(P, PDY2TT; =1 E(Qy, Q)12
y Hz,]—l ( ]/) H,] 1 (Q QJ/) (2172)
ITij=1 E(P;, Q)12 11 j=1 E(Q;, P)1/2
where
M, M, 1 M 1 M
Dj,s = Zpi—EQj+§ZP,§—§ZQ;, (2.173)
i1 =1 k=1 =1

and M; (i = 1,..,4) must satisfy the relation M; — M, + %M}; — %M4 = 0 in order
to respect background charge cancellation (which in this system is just zero).

By systems

Finally, one needs to get expressions for correlators of bosonic (B, ) systems
like the superconformal ghosts of RNS formalism or bosonic ghosts of the pure
spinor formalism. Since this is a bosonic first order system, the presence of zero
modes will give infinities unless one inserts appropriate operators to absorb them.

The correlation functions involving exclusively B and -y are of the form

p M M

< s(B(P)) T TB(P) “Y(Qk)> (2.174)
i=1 j=1 k=1

where p = 2A —1)(g —1).

As discussed in [47], bosonization of this type of systems at higher genus
requires dealing with some subtleties concerning divergences coming from the ¢
instanton sum, and the presence of 77 zero modes. Although it is possible to show
bosonization by taking care of these issues carefully, some bosonic correlation
functions which are relevant in this work can be directly obtained from the results
in last subsections on (b, ¢) systems.

Since (b,c) and (B, y) systems with the same A have identical eigenmode

16This spin field correlator was computed without bosonization in [46]



Chapter 2. Preliminaries 53

expansions, differing only by statistics, the following relation holds (with obvious

modification when ¢, respectively -, zero modes exist):'”

-1
<1£[(5(,3(Pi))> = <ﬁ b(Pi)> (2.175)
i=1 ) \i=l (byc)

_ zi/? 1 1
@(zle Pi— (2A — 1)A‘T> [T} E(P;, Py) T}, o(P) !

(2.176)

After bosonization one can check using OPE'’s that () = e?. Then making use of
the OPE’s
e (y)e!?(z) — (y — z) " elatb)¢ (2.177)

one can write an expression for the correlator involving spin fields exp(—% ) in
number such that background charge —(2A — 1)(g — 1) is always canceled:

p+M ’ 2M 714) Z%/Z
<E e (Pi)]ge 2 (Qj)> = @D~ 2A—1)A[0) (2.178)

1/2 1

y [T;j—1 E(P, Q)" [Tie10(Qi) 2

[Ticj E(Py, P) ITic; E(Qi, Q)Y 4T Tj=1 o(P1)?* 1

where D;,,s = Zf:lM P; — % 2]2241 Q. Factors os ¢ can be trace back from the non-
chiral relation between bosonic and fermionic correlators; recall that they appear

(2.179)

both in the norm ||b()]|? as well as in the Green’s function. For half-integer A, the
theta function in the denominator appears with characteristics w.

7The relative minus sign in the argument of the theta function compared to fermionic formula
is due to the negative kinetic energy of ¢, and the change of sign in the background charge.
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Superstrings on N=1 Orbifolds

Compactification on orbifolds is a good setting to start studying aspects of
four-dimensional low-energy effective field theory for the superstring. This is so
due to the fact that orbifolds are much easy to deal with than general Calabi-Yau
manifolds. The common property of these internal models is that they reduce
supersymmetry in four-dimensions compared to, for example, toroidal compactifi-
cations.

Recall that the closed superstring in a flat background has two D = 10 space-
time supersymmetries coming from left- and right-moving sectors of the world-
sheet model. Each supersymmetry current is a Weyl (or anti-Weyl) spinor in ten
dimensions, so there are 32 supersymmetries for closed superstrings. Toroidal
compactifications preserve all of them; thus when compactifying to four dimen-
sions, the resulting field theory has to be N = 8 D = 4 supergravity. The low
energy limit was studied first in [48], where four-point amplitudes were computed
both for Type I and type II superstrings.

Phenomenological motivations led to the search for manifolds which are less
trivial than the six-torus, and which could reduce the large amount of supersym-
metry in four dimensions. For the heterotic string [49, 50], with target space of the
form My x Kg, the condition on the internal Ky is that it must be a complex mani-
fold with SU(3) holonomy [51]; this is precisely one way of characterize Calabi-Yau
manifolds. In these non-trivial backgrounds, the ten dimensional supersymmetry
charge is no longer conserved, except for some components, those corresponding
to the four-dimensional sector [52].

Some orbifolds can be interpreted as coming from CY manifolds on singular
limits. In any case, they can also reduce the initial 32 supersymmetries to a subset
of them. Toroidal orbifolds, which will be the relevant ones in this thesis, are
constructed from the six-torus T® after a quotient by some discrete isometry. In the
case of SU(3) holonomy, it is convenient to use U (3) = SU(3) x U(1)int indices for
internal directions of the worldsheet fields which come from vectors of target space.

The six coordinates of the parent torus combine to give complex coordinates x’

54
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and x7 (I = 1,2, 3), transforming in the (anti-)fundamental of SU(3), and carrying
internal U(1)i; charge +1 (—1). In other words, x'=! = %(x5 +ix®), xj—1 =
2 (x% — ix%), etc. Equivalent notation is (x!, x') where the upper index I can be

V2
lowered by use of a hermitian metric g;7, which in the case of orbifolds is just the

flat metric, ;7 = J;7.

Orbifolds in string theory were originally introduced in [53, 54]. The internal
manifold of the model is a quotient of the six-torus T by a discrete subgroup of its
isometry group, G. That is, different points of T6, {x!,x;} and {x'I, x7}, are identi-
fied if they are related by the action of ¢ € G, x ~ x’ = gx. Fixed points under G
become singularities in the quotient, but as mentioned in the introduction, string
theory is still well-defined. For simplicity only abelian orbifolds are considered, in

which the action of the group on the complex coordinates x!, x; is given by
pa— L xp — eIy (3.1)

Boundary conditions for other worldsheet fields which have tangent indices I
are similarly defined by requiring that all conserved currents of the theory are well-
defined. For instance, internal fermions for RNS can be paired up into complex

!,y and required to transform as
ll)I — ezni('blll)l, l/JI N 6—27'[1'(]7[1/)1 (32)

in order for the N = 1 superconformal generator to be invariant under the orbifold
action. Remaining worldsheet fields (spacetime fields and superconformal ghosts)

in the RNS formalism have trivial behavior.

Physical states of this theory are grouped into two types of sectors. Those
inherited from the parent toroidal compactification are said to belong to the
untwisted sector of the Hilbert space. Then there are twisted sectors where strings
are not closed in the parent T®, but are closed after orbifold identification. In both
of these sectors, only G-invariant states are allowed and all non-invariant states
with respect to G are projected out.

Vertex operators are constructed out of fields which obey periodic or twisted
boundary conditions. Insertions of twisted vertex operators satisfy twisted correla-
tion functions which obey the appropriate monodromies around their insertions;
this is similar to the case of spin field insertions on the worldsheet. For amplitudes
computed in this thesis, all vertex operators belong to the untwisted sector, so it is
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not necessary to discuss twisted correlation functions.

Nevertheless, for higher genus amplitudes one should consider, even for scat-
tering of untwisted states, nontrivial boundary conditions around each homology
cycle of the corresponding genus ¢ Riemann surface ¥,. Each possible choice of
boundary conditions is called a twist structure, and the amplitude computations
have to include a sum over all twist structures, including the trivial one: the
structure where boundary conditions of the worldsheet fields are periodic around
all a; and b; cycles. Untwisted worldsheet fields have the usual integer mode
expansions and twisted ones are generally expanded in non-integer modes.

Bosonic orbifold coordinates x! and x; are defined such that
x(z+a) = ezm"’?lxl(z), (z41;) = ezm‘/’?le(z), (3.3)

xi(z+a;) = efzmlq’?lxl(z), xi(z+b;) = e_zm"’bxl(z), (3.4)

where {¢§,1, <p§,2, i=1,..,8} = ¢ specify the orbifold group elements that twist
the boundary conditions along the homology cycles of X,. Similarly internal
fermions with twist structure ¢; satisfy

pl(z+a;) = ezm"’?lgbl(z), Wl (z4b;) = 62”1'4’5,21/;1(2), (3.5)

Y1(z+a;) = e‘zni‘i’iupl(z), Y1(z+b;) = 3*2”1'4’?21’0[(2). (3.6)

For closed strings (type II) similar twisted boundary conditions hold for the
right-moving sector. Type II spectrum on orbifold compactifications depends,
of course, on the details of the group G; however it is possible to study the
general structure of the spectrum by noticing that they are realizations of the
compactification on superconformal structures to four dimensions. This also
allows to get basic information about the more complicated cases of Calabi-Yau
manifolds. The focus will be on type II superstring compactifications; as mentioned
before the original formulation was made in the framework of heterotic strings,

while type I orbifold compactifications are also possible [55].

3.1 Type Il spectrum in 4D Compactifications

The general setting to describe the four-dimensional compactifications relevant
to this work is the type II superstring compactified on N = (2,2) superconformal
field theory (SCFT) with central charge ¢ = 9 [56]. They abstract non-linear sigma
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models on Calabi-Yau three-manifolds as well as theories on six-dimensional
orbifolds.

Effective field theories arising from these compactifications have D =4 N = 2
spacetime supersymmetry. The charges of these extended supersymmetric theories
come from both right and left-moving worldsheet sectors of the closed type II
superstring. To analyze the massless spectrum of the superstring one can start
with the bosonic NS-NS states and obtain the others making use of the spectral
flow characteristic to two-dimensional N = 2 SCFT’s [57].

The simplest operator, which always exists in superconformal theories, is the
identity operator 1 with conformal weights (h, /) = (0,0) and charges (g,q) =
(0,0). This operator leads to the graviton, dilaton, and antisymmetric tensor, all
of which belongs to the compactification independent, or universal, sector of the
theory. Operators of positive conformal weight can lead to massless states only
when it = 1 or i = 1, but those with (h,h) = (0,3) or (h,h) = (3,0) give rise to
free fermions in the CFT, thus increasing the amount of supersymmetry beyond
N = 2. So, the restriction is over SCFI’s where these operators cannot appear. The
remaining possibility is (h, ) = (3, 1). It is possible to show that GSO projection
requires N = 2 chiral and antichiral operators to be primaries, so the relation with
superconformal charge is ¢ = +2h as well as § = +2h. These operators belong to
the compactification dependent, or non-universal, sector of the theory.

It is convenient to recall here the spectrum of D = 4 N = 2 supergravity. There
are basically three types of multiplets. The gravitational multiplet G contains
the graviton, a vector called graviphoton, and two gravitini. A scalar multiplet,
or hypermultiplet ®, contains four scalars and a Dirac fermion. Finally, a vector

multiplet V contains a vector, a complex scalar, and a Dirac fermion.

Vertex operators corresponding to theses states are constructed now in the RNS
formalism.

In the universal sector, the gravitational multiplet starts with the graviton,
whose vertex operator is easily obtained by dimensional reduction of the ten-

dimensional version. At zero picture, it is

VO (i, h) = hy (0 + ik - pypt) (3 + ik - Pt ek (3.7)

where h,,, i, v =0, ..., 3 is the polarization, a symmetric traceless tensor obeying
kFhy, = 0, k is the four-dimensional momentum and x* denotes the spacetime

components of x”, m =0, ..., 9.
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At picture —1 the graviton vertex operator is
VeV ) = e @4 et (38)

As mentioned before, the vertex operator for the graviphoton is obtained by
means of spectral flow. The explicit form of the operator depends of which type II
superstring is dealing with, since the flows are in the opposite directions for type

ITA and in the same direction for type IIB. This means that, for type IIA,
1— X%z2) (3.9)

where XY is the unique operator in the internal SCFT with conformal weights
(h,h) = (%, %) and charges (q,7) = (3, —3). On the other hand, for type IIB,

1— 2%z,2) (3.10)

where E0 is the unique operator with conformal weights (h,h) = (3,3) and

charges (q,4) = (3, 3). Consistency requires that spectral flow acts also on space-

time fermionic vectors and superconformal ghosts, schematically as
e—(¢+<ﬁ)¢ﬂ¢v e 3(9tP)gagh (3.11)

where S* (and S%) are spin fields constructed from ¢* through bosonization.
Therefore, type IIA graviphoton vertex operator at picture —% is given by

_1 = ~ o h .
Vi (ka) = e 1900k a, S* (o) £SpE0 + Su(@) i, SPE0 e r (312)

The type IIB vertex operators is obtained after replacement -° =9,

The other multiplet in the universal sector, the hypermultiplet, is constructed

starting from the dilaton and axion vertices,

ngfl) (k) = e—(¢+4~’)¢ﬂ¢yeik'9‘ (3.13)
0 8) = e PPt 519

where by, is an antisymmetric tensor.

Spectral flow gives rise to a couple of real scalars (or one complex scalar),
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which for type IIA read
_1 = .y :
vy P (k) = e 20, sl St x (3.15)
_1 z VB~ =0 :
VL2 (k) = e 304 Pks ot § 00k (3.16)

Corresponding vertex operators for type IIB are obtained by making the replace-
ment 20 — 0.

As already seen, the other type of states that could appear in the massless
spectrum of this kind of compactifications are related to operators in the SCFT
with quantum numbers h = i = 1, g = £7 = 1. In a generic N = (2,2) SCFT
there will be n; operators A, A = 1,...,ny with (b, h) = (3,1), (9,9) = (1,1), and
1y operators AB,B=1,..,ny with (h,h) = (%, %), (9,3) = (1, —1). The nature of
multiplets in the D = 4 N = 2 field effective field theory depends on whether
the superstring is of type IIA or of type IIB. In fact, for type IIA, GSO projection
requires that operators A4 gives rise to hypermultiplets, whereas operators A8
give rise to vector multiplets. The situation for type IIB is reversed so there are 1,
vector multiplets and n; hypermultiplets instead.

Vertex operators for type IIA are now constructed. NS-NS scalars in vector
multiplets V? have vertex operators:

VB(_l) (k) = e_(¢+4~>)ABeik'x (317)
VB (k) = e~ (#9) Ak (318)

Spectral flow maps
AP — %8 (3.19)

where X8 are operators with (i, ) = (%, %), (9,9) = (—%,3). Thus, R-R vectors
in these multiplets are given by

VB(i%)(k,C) = e*%(‘l’*‘ﬁ)kvgy [S“(ayv)aﬁgﬁ;ZB + Sa((-ny)dﬁgﬁ'zB]eik-x (3.20)

NS-NS scalars in hypermultiplets ®# have vertex operators

VACD (k) = e~ @+ A4 ik (3.21)

VACD (k) = e~ (@9 HP) AA K x (3.22)
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Spectral flow
A — B4 (3.23)

A 7) —

where B4 are operators with (h,11) = (3,2), (g,9) = (—3,—3), allows one to

write vertex operators for R-R scalars,

VACD (k) = e*%(ﬁl’ﬂf’)kyS“UgﬁSNBEAeik'x (3.24)

VACD (k) = e 309 krs, 4P S pmA Lk (3.25)

Type IIB vertex operators are obtained from all these ones by making substitutions

AB —— A4, ¥B s A (3.26)

3.2 Pure Spinor Formalism on an Orbifold

In the pure spinor formalism, four-dimensional compactifications will be ob-
tained starting from an appropriate splitting of the ten-dimensional objects in such
a way as to reflect the nature of target space. Obviously, bosonic coordinates x™
are written again in the form x¥*, x!, x;. And the orbifold action is just as in the
RNS formalism.

Instead of fermionic vectors, the pure spinor formalism contains both fermionic
and bosonic ten-dimensional spinors, so it is also necessary to decompose each
sixteen component object using four-dimensional and internal indices.

Recall that a chiral spinor in D = 10 can be written using U(5) components
as % — (", Zavs Cavea), and that this construction can be interpreted in terms
of elements in a Fock space through the action of creation operators “. Besides,
operators !, 1 and 92, 7, can be thought of as generating the four-dimensional
part of the spinors, as they are related to the first four diagonal components of the
metric defining the Clifford algebra ¢"". Therefore, if the index a is split as (i, ),

the components of {* are

", Cav = (Gijs Cit, C1j), Cabed = (ij1ys Cingx) (3.27)

The four-dimensional chiral and antichiral spinors can be identified, thus, as
singlets of the internal U(3); they are T, Cij and {jjjk. To see the relation with
more common notation {,, {,, it is useful to recall that the same construction of

ten-dimensional spinors can be performed in D = 4.
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The Clifford algebra in four dimensions is {7*,7y"'} = 2y#*'1. The ¢* are
grouped into creation (7%, i = 1,2) and annihilation (7;, i = 1,2) operators as
before. The spinor space is spanned by the vacuum |(Q)) and all states generated

by application of the creation operators on it.
Q) Y1) YY) (3.28)
Thus, a Dirac spinor { can be written as
, 1. . .
=MD +4'10) + 587"V 10) = €O + ¢V + (P)q) (3.29)

Since indices take only two values, and the 'yi’s anticommute, there is only one
independent component for {;; which can be denoted as {1 = ™. Then a chiral
spinor is {* — ({",{") and an antichiral one is {* — {;. Furthermore, one
can compute the usual covariant objects constructed from these spinors in the
same way as in D = 10. In four dimensions, contractions are non-vanishing
between spinors of the same chirality. Defining the measure as in subsection 2.2.1,
(7' A7) = €/, one gets the contraction between two chiral spinors x*, ¥,

(X0 = X"Ca = RIXJT = XV AT = 1P A7), (3.30)
from where one can obtain
X'Ca=X"C —x7C", (3.31)
whereas for antichiral spinors antichiral x*, {%, their contraction is
xat" =€y (332)
Moreover, it is easy to show that the following expressions hold
ol =X, xoml® =207 (333)

Going back to ten dimensions, and changing notation as follows: {;; = ejx( K
Cijiy = eijs,UKC_K, Citjx = €15k, a chiral spinor {* can be written in components
as

(Zor Cir Car i )- (3.34)
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Similarly, an antichiral spinor {, has components
Ca = (Gir C1), Cave = (Cij1s Cirys Cuyx), Cabede = CijIk (3.35)
and, redeﬁning gl = g_?_, g_ijl = 81']'5[_, 51'1] = SUK;K, it becomes

(Zor Cios Cut, T)- (3.36)

It is convenient to have expressions for different contractions between spinors
and gamma matrices in terms of these split components. From the formulas in

subsection 2.2.1 it is straightforward to deduce

0800 = ("0 — Cal" — T 001 + Car M, (3.37)
ol = CholydP - groliylf - oalieh — elol i, (3.38)
0*7apl = G0 — 08 + Ryt (3:39)
Cy1apl® = —20a8* + 20aF — 26 kM2, (3.40)
"B = — 0P — 8ol TP Lol PP B0l P, (340
Cay"*PEp = =Tl + 58 — €} Euk, (3.42)
Ly &g = 20880 — 20 Ear + 2613 8, (3.43)
where Uf ; are four-dimensional Pauli matrices.

To get the correct action of the orbifold group on 6. and 6 (together with the
corresponding right-moving worldsheet fields) it is necessary to require the correct
amount of supersymmetry to be preserved in D = 4. This means that components
ja and j; are invariant under the orbifold action. These currents, together with
their right moving analogs, define the D = 4 N = 2 supersymmetry of the model

and their explicit expressions are

1 1
jo=pats ﬁeﬂaxﬂ + Lot 1ox; + ﬂa“ﬁeﬁ(eamﬁae )+ —ef(eayla,;ae ), (3.44)

, 1 1
Jio = P+ 50P 0,00y — 310x" + —eﬁaﬁ (6*71090) — 25641 (6°7,506F). (3.45)
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These currents must be well-defined also when worldsheet fields have non-
trivial twist structures on Y. Ttis immediate to see that for these currents j,, js to

be single-valued on X, one needs to impose
6l(z+a;) = ™igl(z),  Our(z+a) =e T gy(z),  (3.46)

0L (z+b;) = ™20l (z),  Bur(z+b) = e T 6(2), (347

Here, U(1)int charge conservation is almost enough to imply single-valuedness.
The only additional requirement comes from the following terms in the supersym-

metry currents:

L 1 18T 30K - L p
M_m.mﬁamgﬁa%, Jio = o — 1€ Oui0,90k . (3.48)
These terms are not single-valued unless exp(27‘[i(4>é =1y T 4)2 =) T 4)2 1—3) ) =1,
which is a well-known constraint, together with the right-moving analog, to obtain
N = 2 D = 4 spacetime supersymmetry from orbifold compactifications of type II

superstrings. In particular, one can choose

$1+ P2+ ¢3=0. (3.49)

Notice that the other components of the initial ten-dimensional supersymmetry
current, j,; and jl, are not single-valued when all ¢; # 0, so the amount of
supersymmetry is reduced to N = 2 D = 4, as required. On the other hand, the
trivial twist structure where ¢p; = ¢ = ¢3 = 0 preserves all 32 supersymmetry
currents, giving rise to a subsector with N = 8 spacetime supersymmetry. Another
possible situation is where one of the ¢'s is trivial, say, ¢; = 0, and the other two
¢’s satisfying ¢p3 = —¢p», are non-zero. In this case, besides j, and j;, the currents
ju1 and j} are also single-valued, so the amount of supersymmetry is only reduced
to N = 4 D = 4. It will be shown in the next chapter that sectors preserving N = 4
or N = 8 supersymmetry do not contribute to topological amplitudes since there
are too many fermionic zero modes to be absorbed.

Concerning the remaining worldsheet fields, boundary conditions for the
conjugate momentum should be chosen so as to imply single-valuedness of the

worldsheet action. Thus,

plz+a) =e&™upl(z),  pulz+a) =e T py(z).  (3.50)
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with similar expressions to hold along b-cycles.
Furthermore, the requirement that the minimal pure spinor BRST current A%d,,

is single-valued implies that
MGz +a) = Peh M), Mgz +a;) = e_zm‘P?l/\M(z), (3.51)
and that its conjugate variables satisfy the boundary conditions
wh(z+a;) = ezm"’hwé (z), war(z4a;) = e_zm‘f’ilw“[(z). (3.52)

Notice that condition (3.49) is crucial for the pure spinor constraint to be well
defined, independently of the requirement of supersymmetry in four-dimensional
spacetime. Using (3.38), (3.39), and (3.40), the pure spinor conditions Ae"ygﬁ)tﬁ =0

decompose into three equations

PLY L) L) (3.53)
1 )
AAL + isffKAMAﬁ =0, (3.54)
o1
A A® + 58 1kAAK =0, (3.55)

and the last two equations only make sense if (3.49) is satisfied.

3.2.1 Zero modes of twisted fields

Twisted boundary conditions on a genus g Riemann surface change the zero
mode structure of the worldsheet fields. Notice that the zero mode of a field
having conformal weight zero cannot satisfy twisted boundary conditions because
it should be a constant. For the case of compactified spacetime coordinates, (xl ,X1),
their zero modes are constrained to be the fixed points at the orbifold singularities.

Recall that worldsheet systems are fermionic or bosonic field theories with an

action of the form,
5= / (bdc + bac). (3.56)
by

4

For untwisted fields, it is well known that the number of zero modes of b and ¢
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are related by the Riemann-Roch theorem [41]
nb)—n(c)=2A—-1)(g—1) (3.57)

where (b, ¢) have conformal weights (A,1 — A). As reviewed in section 2.4, the
same formula can be applied for twisted systems (they correspond to twisted line
bundles on ). So for the twisted case when (b, ¢) have conformal weights (1,0),
c¢ has no zero modes and b has g — 1 zero modes which are given by a basis of the
so-called h-twisted one-differentials wy,; fori =1,...,¢ — 1 [58].

In the twisted sector of the orbifold compactified model, fermionic variables
0 will split into superspace coordinates (6%, 6%) that are always untwisted, and
internal coordinates (6.,0;;). So there are four untwisted (1,0) systems, (p,, 6%)
and (pg, 0%), six ¢ -twisted (1,0) systems (p%,6L), and six —¢;-twisted (1,0)
systems (p*!,0;1), where the distinction between ¢-twisted or —¢-twisted can
be read from the position of the I index. Concerning the zero modes, untwisted
systems contribute four constant zero modes contained in (6%,6%) and 4¢ zero
modes contained in (d,, d;), —¢-twisted systems contribute 6¢ — 6 zero modes
contained in 4%/ and no zero modes for 6,;, and ¢-twisted systems contribute
6¢ — 6 zero modes contained in d% and no zero modes for 6.

In the case of constrained variables, the situation is more involved. As in the
previous case, the pure spinor field A* has four untwisted, six ¢;-twisted, and
six —¢-twisted components; however, as it must be the case for a pure spinor,
only 11 of these 16 components are independent. To figure out the actual number
of untwisted and twisted components, it is necessary to solve the pure spinor
constraint in such a way that Lorentz symmetry in four dimensions is preserved.

Recall that if one breaks SO(10) to U(5), the pure spinor decomposes as
(AT, Ay, A") where a = 1,...,5. The pure spinor space can be described using
sixteen patches where each patch corresponds to the subset where a specific com-
ponent is required to be nonzero. For example, in the patch where AT £ 0, one
can solve the constraints by expressing the five components A? in terms of A" and
Agp @S
= M%e”bc‘ie)xbc)\de. (3.58)
To preserve D = 10 Lorentz covariance, all 16 patches of pure spinor space

a

must be considered. However, if one requires no more than D = 4 Lorentz
invariance, it is sufficient to only consider the two patches where A& # 0, that is,
the patch A! # 0 and the patch A? # 0. If &A% # 0 for some &, one can use the
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pure spinor constraints (3.53) and (3.55) to solve for the two components of A* and
for the three components of (A4A) in terms of the other 11 components as

A (e)

o1
A = TEAT AaAd = EeI,KA“fAf. (3.59)
Y

So the 11 independent components of the pure spinor can be chosen as A4, A*! and
¢ BA/IS . To recover D = 4 Lorentz covariance, the spinor ¢; will be later replaced
by the components A4 of the non-minimal pure spinor A,. Since A4 is always
untwisted, the zero modes in their two components are the only independent zero
modes in the twisted sectors.

Due to constraints (3.53), (3.54), (3.55), the model has a gauge invariance that
allows to set five components of w, equal to zero. In the patch where &A% # 0, itis
possible to gauge away w, and & w*!. Therefore, the pure spinor sector consists of
11 pairs of (1,0) chiral bosons: two untwisted, (w*, A4 ), six ¢ -twisted, (wy], AsDy,
and three — ¢ -twisted, (Azw*!, (CBAB)_léaA‘}). So there are 2 w;, 6¢ — 6 w, and
3¢ — 3 A,w*! zero modes.

Alternatively, one could have preserved D = 4 Lorentz covariance by only
considering patches where {,A* # 0 for some ¢, (and then replacing this ¢,
by the non-minimal spinor A,). In this case, the 11 pairs of (1,0) chiral bosons
are: two untwisted, (w?, A, ), six —¢-twisted, (w*!, A41), and three ¢;-twisted,
(A%wyr, (EPAE)1E%AL). And one gets two zero modes from A, 2¢ zero modes
from w,, 6 — 6 zero modes from w* and 3 g — 3 zero modes from Ay,

In general backgrounds the composite b ghost of the pure spinor formalism
has a very complicated expression; fortunately, since orbifold backgrounds are
constructed from free worldsheet theories, the b ghost takes just the same form as
in flat space, equation (2.86). One only needs to split vectors and spinors as has
been done so far.

Then, boundary conditions for non-minimal variables in twisted sectors are
implied by single-valuedness of this composite b ghost and the pure spinor BRST
charge (2.80),

M(z+a;) = ezm"”?l)_xé (z), Aw(z+a) = efzm"’?l/_\a[(z), (3.60)

DLz +a;) = Fdl(z), ez +a;) = e T Wwy(2), (3.61)

riz+a) = ezm"’;ﬂri (z), ralz+a) = e~ 2t ra1(z), (3.62)
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sh(z+a) = ™sl(z),  sulz+a) = e T ¥hisy(2). (3.63)

and similarly along homology b-cycles. When A4A* # 0, one can use the same
arguments as for the pure spinor A* and solve all components of A, in terms of A4,
Ay and A3A%, and the independent bosonic and fermionic systems are (0%, A;),
(@, Aar), (ApAP)1Aad, AaAT) and (sa,7%), (s, 7ar), (ApAP) "1 Aast, Agrtl).
Also, when A;A% £ 0 in a twisted sector, the bosonic zero modes include two
from A4, 2¢ from @;, 6¢ — 6 from @*/, and 3¢ — 3 from (XBAB)_U\,X?IJ‘}‘. And the
fermionic zero modes include two from 4, 2¢ from s;, 6g — 6 from s* and 3¢—3
from (}LB)L'B)_l)_\aS?.

3.2.2 A four-dimensional b ghost

Restricting to patches where A* # 0, or equivalently, A4;A* # 0, allows for
interesting possibilities concerning the composite pure spinor b ghost. Recall
that in flat ten-dimensional background, the b ghost (2.86) is constructed out of
operators (T, G%,...), obeying a chain of relations like {Q, G*} = A*T, {Q, HeP } =
Alegh }, and so on. The reasoning is that, since {Q,b} = T must hold, one could

write the b ghost as

b="
A AL

+ .. (3.64)

which satisfies {Q,b} = T + ...; extra terms are then canceled by further terms in b
with higher order poles A4A%.

Suppose now that one restricts to a patch in pure spinor space where either
AgA® # 0 or AgA® # 0. Since {Qp, G*} = A*Ty and {Qp, G*} = A*Ty where
Qo= [ A%y and T = —%meaxm — Pad0® + w,dA* are the minimal BRST charge
and stress-tensor, one can choose on these patches the first term of the four-
dimensional b ghost as either
—Mm+w or b MG (3.65)

= ApAP Y

()

Applying the non-minimal BRST charge to the first term in b(?), one gets

1.Gh raGi AaGlrzhP
4 (14 — . 4
{%+/w“ﬂﬁ} T $ar t A (3.66)

To cancel the second and third term in the right hand side of the last equation
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one proceeds as in the ten dimensional case, picking other operators in the chain.
Notice that there is no need for components other than H 6], which has actually
only one independent component since dotted indices take just two values. Using
[Q, HMB]} — Aleghl

VR [ TR MR T A2 (AaMp
(3.67)
The last two terms in (3.67) cancel each other because of the identity Tl =
1€, Bmﬂ, and the first two cancel those appearing in (3.66), so we can define the
b-ghost to be .
3 i Aar, HP
b = i‘;ia — Agfﬁ)z + 5%0A, (3.68)

where the last term is necessary to get the non-minimal termsin T = Ty + @*9A, —

s*ory.
Explicitly,
A VVS S B .
) = st — £ 5 (5T + ST o3P dg ) — wide* — wide)
. . ) 3 . /SIH
1 &3 b _ 5 AB. Tapi &3 apf) L Aartdida Aar® A g I
- (Aew 2,007 — AgAfw}a0® — wiAtAz00P) + U W e

(3.69)
This four-dimensional version satisifes b(*) = b + QA where A is well-defined
when A A% # 0, so they are BRST equivalent. In fact, it is shown in the Appendix
that this simpler b(?) is related to the original one by
/_\&GD'C /_\arBH[’j‘.B]

b=%— — —— *9A 7
TAE  (ReAn)z % (3.70)

N i—\ﬂ")_‘ﬁ’I_I_M'ﬁ ] . Z_&)}ﬁ,r:z[([“ﬁ 7] ;éi;\ﬁ/m[(_[dﬁ 7] 67)

(AGA%) (AgA%) — AgA& (A A%)2 (AgA%)ZA AR '
7\&}\[;/1’11’5/L[a’81j5l] + 7\&}\‘[;/1’7/1’5[4[&'[%/7/5] }La)_tﬁ/r,yli’(sl,[‘j‘ﬁ/')’/fs] 3.7
AgAE (A AL)3  (RaA®)2(AgA0)2 472

where the convention used for spinor indices is the following: & denotes antichiral

spinors in four dimensions, and &’ denotes any of the other components in the
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ten-dimensional quantity, thatis, &’ = (a, al, &I).
One can similarly define a four-dimensional version b(¢) satisfying {Q,b()} =
T if one restricts to the patches where A* # 0 as

bl = s% 9N, + 2 — 5 (3.73)

- A 1 1 . .
= %Ay + ;‘;‘UX (EHld‘}‘ - EH"&ﬁ“d&) + w90, + w007
o
1 . . : Aradad®  A*raAPwg I
_ Bagl — APAL _ p alad B
e (V00011790 — APxjwia6, — wAa2P08p) + 32T -

(3.74)
Although b® is simpler than the original b ghost, the restriction to patches

A% =£ 0 allows one to define

. }\&9’5‘ . /_\&9'5‘ _ ()_tagd)(i’a()&)
N A‘j‘/_\a —|—7‘,5¢9‘5‘ N )L‘j‘)_\d (/\’5‘}\,5()2 ’

g(a)

which satisfies {Q, (@} = 1 and only diverges like (A%1;)~2. Furthermore, in
the twisted sector, A* has only two independent zero modes so the path integral
[ d?>Ad?) converges only like (A*A4)2. So unlike the original non-minimal formal-
ism where the Hilbert space allows states with poles less divergent than (A%A,) 11,
the non-minimal formalism restricted to patches A* = 0 only allows states with
poles less divergent than (A%A;) 2.

A simple way to obtain b(?) is to start with the ten-dimensional b ghost of (2.86)

and rescale the non-minimal variables as
Al = CAal, AAL = cA AL (3.75)

Ful = Clal, Arl — cA%rl, (3.76)

whereas A; and r; are kept invariant. From the pure spinor constraints, this
implies that
Au = Ay, AAL — 2A%AL, (3.77)

o — C*Ta, Abrl — A% (3.78)

To leave the worldsheet action and BRST operator invariant, the conjugate non-
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minimal variables must be rescaled as

@l — oo, Ayt — 1A af (3.79)

st et Ryst — 1A st (3.80)

whereas @* and s* are kept invariant.

Under this rescaling of the non-minimal variables, one can easily verify that
in the limit where ¢ — 0, the b ghost of (2.86) goes to b(@) of (3.69). Since the non-
minimal variables do not appear in the BRST-invariant vertex operators, the only
other effect of this rescaling is to change the definition of A = A,6% + ... which
appears in the regulator ' = exp(QA). But since N' = 1+ Q(A + SAQA +
...), changing the definition of A is a BRST-trivial operation and does not affect
scattering amplitudes. For this reason, one is free to take the limit c — 0 when
computing scattering amplitudes, and thus, to replace the b ghost of (2.86) with
b(@. Of course, there is a different rescaling of the non-minimal variables which

instead replaces b with b(©).

3.2.3 A convenient change of variables

In the patch where A;A* # 0, it is possible to make the following field transfor-
mation,

ph= AP, X =, (3.81)

pr=—Abl,  xr=(ApAP) 1A, (3.82

which is invertible when A4A* # 0 and whose jacobian in the path integral is 1.

Recall that the fermionic part of the action in the pure spinor formalism is

/ &2 pades] (3.83)

and
Pa00% = —p“00, + pu00* + p}6L — ploe} (3.84)

Under the previous field transformation the term —p.d6% takes the form

. As s
(¢'y; —x%))ax" + (/-\7)\7)2)([1#18)\ (3.85)

Ai
X AT

oy + x'ox: — (AWIXI +
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The pure spinor action is
_ / 2 [wedre] (3.86)
where
— weoAL = WA, — woAY — wiIAL + wlond (3.87)

Since it is possible to use the gauge invariance under dw, to gauge away w,
and A;w, the term w*d\, will be absent in the action and

- A
Iyya oI5 oc I B33
Wi 0N} = —¢ dP; — /\74) ProA (/_\ )24> A oA (3.88)
where
(PI = )Lawbd, ¢ = (}\r'y/\r.Y)_l}\&)\{} (3.89)
Terms of higher order in the fields can be absorbed by a redefinition of w; and
Wy as _
As
Wi — Wi + Ag (1,0 Yr = XX+ 559 ¢ (3.90)
v

Ao'( I Aa ] :B
a2 ¥ @

W > Wiy —

(3.91)

The resulting (minimal) action is still free and given by

/d2 p 06, + padd* + ptodl + p'oyr + x'ox; — wioAt — whAL — ([)Iécpl]
(3.92)
It turns out that this action allows one to make contact with topological strings
when computing the relevant amplitudes in the next chapter. However, the precise

meaning of this field redefinition deserves further investigation.

3.3 Spectrum in the Pure Spinor Formalism

In section 3.1, a description of the spectrum in the RNS formalism was dis-
cussed. Actually, the discussion there was general enough to include abstract
compactifications on an N = (2,2) SCFT. These generic backgrounds and in par-
ticular, Calabi-Yau compactifications, need a formulation in the language of pure
spinors that is still lacking. For orbifolds, however, once again it is possible to take
advantage of the fact that the corresponding worldsheet theory is free. Then, the
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BRST charge takes the same form as in flat space and physical state conditions
arise in an analogous way.

Equations of motion for compactification independent states come precisely
from the pure spinor BRST condition generalized to the orbifold background, if
one initially assumes that vertex operators are independent of the internal x, 0
coordinates.

For simplicity, the following discussion is given first in the context of open
strings. In flat background, the pure spinor BRST condition gives linearized
equations of motion for N = 1 D = 10 super-Yang-Mills (SYM), and it is well
known that, upon toroidal compactification, these equations reduce to N = 4
SYM in D = 4. Furthermore, both N =1 D =10and N =4 D = 4 SYM can be
written in terms of N = 1 superfields [59]. Precisely, it will now be shown that,
assuming independence of the internal coordinates, the BRST condition QV =0
implies the linearized superfield equations of motion for a four-dimensional N = 1
super-Maxwell multiplet plus three N = 1 chiral multiplets.

The pure spinor BRST supercharge written in four dimensional plus internal

coordinates notation reads
Qps = / dz(A%dy — Agd® — A%dy; + Agd®), (3.93)
and a general vertex operator of ghost number one is
V= AAy — A AY =AM A+ A AY (3.94)
The independent conditions for physical states are easily shown to be

A AP(DyAg+ DpAy) =0, AAP(DyAy+ DyAs) =0 (3.95)

g

A“A?(DwAé +DIA) =0, AAPH(DiAp + DgrAs) =0 (3.96)
AAP(DyA g+ DyAy) + A“IA?(DMAé + D} Au) = 0 (3.97)
A*APL(D, Ag; + Dy Ay) — %A‘}‘A?(DD{A{% +DjAL) =0 (3.98)

A (DeAl + DEA) — %WW (DatAg) + DgjAgr) = 0 (3.99)

where D, is the spacetime supersymmetric derivative.
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The first four equations immediately imply

DaAﬁ + DﬁAa =0, DQA’B + D'BAa =0 (3.100)
D,XA;; + DéAa =0, DiApr + DpiAx =0 (3.101)

To obtain solutions of the remaining equations one must use the pure spinor

constraints /\‘—’"yfﬁ/\ﬁ = 0, which are written here again in split components for

convenience, '
MNP — QMNP — g (3.102)
1 .
A*AL EEUKAMA% =0 (3.103)
o1
A A + 5 1kAIAK =0 (3.104)

This constrains the symmetric parts (with respect to indices &, B or &, ) of the
expressions inside parenthesis in (3.98) and (3.99) to be zero, while the antisym-
metric parts allow for the appearance of arbitrary fields A 4, A, Al

DoAp+ DpAu = Ay, D,ﬂAlf3 + DéA,,d - —(5{Aaﬁ- (3.105)

e (DyAgr + DpAs) = 241, e&ﬁ(D,ﬁAg + DéAi) = —2¢KAg  (3.106)

Ag) =241, e P(DyAg + DgjAag) = 2ex AKX (3.107)

e*P(DyAL + D!

p p
These equations could also be obtained from the D = 10 BRST conditions
together with the obvious splitting of ten-dimensional superfields, and using the
known definition of the superfield A;,;,. Accordingly, linearized D = 10 super-
Yang-Mills equations of motion [30] can be written using D = 4 superfields as

D AF — ai‘ﬁwﬁ' = A, Dy A — Whal, = 9" A, (3.108)
Dy AV — afBWf = " Ay, DiA" — Whlgh = o Af (3.109)
D A — Wl =014, D A =0T A, (3.110)

DA — 8IWy = Ayt e DLA) — 6k Wip + 61 Wik = €500/ AL (3.111)
DyA = 0[A,, Dy Ap +2Wy = 01 A4 (3.112)

/Kl Dy Ay — 25F Wy + 267 W = e/X19) Ay, DA +26i Wi = 0jA)  (3.113)
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where (A, Ay ) are the spinor and vector superpotentials of SYM, and W* is the
spinor superfield whose lowest component is the gaugino field strength.

As mentioned before, in order to describe the four-dimensional gauge sector of
an N=1 orbifold compactification, independence of internal coordinates should
be assumed, so all partial derivatives d, 9! are set to zero. Hence, the previous

equations reduce to

Dy A — ai’BWB = M Ay, Dy AM — Whal = 9" Ay (3.114)

D, Al — ajjﬁ.wf =9"Au,  DLA —WPlgK = 9rAl (3.115)
DAl = W}, DA =0 (3.116)

Dy Al = 6w, Dl AT = —elTKw,y, (3.117)

DeA; =0,  DiA;= —2Wy (3.118)

DyAj = =21k WK, DiAj = —26[W; (3.119)

The content of these equations is actually N = 4 D = 4 SYM, containing the
gauge superfields A¥#, Al, A;. To describe the N = 1 supersymmetric field theory,
a truncation, which will be the effect of the orbifold nature of the internal sector,
must be imposed. This sets to zero the physical D = 4 superfields which do not
belong to the N = 1 gauge supermultiplet. The lowest components of Aj, Af,
which depend only on four-dimensional superspace coordinates are set to zero:

All=0, Afl=0, (3.120)
where the notation ®| means
®f = Plgi_g, g,,-0 (3.121)

Similarly, those D = 4 spinor superfield strengths containing extra gauginos as

first components are set to zero:
Wl =0, Wyl=0 (3.122)

Therefore one can write

1 ; 1.5 . 1
W4 = —ZDBAﬁ“| + Zaﬁ“ABL W4 = —

. 1_.
(DpAY |+ 0% Agl (3129)
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Dy AF| = 3" Ay|,  DLAF| =0t AL (3.124)
DyAl| = 6]W,|, DIAl|=0, DyAj|=0, DLAj|=-26lW; (3.125)

Some important identities, which do not depend on the restriction ...| but hold

when independence on internal coordinates is assumed, are in order,

DiWgy = —6;Ds Wi, DoiWyp = —erxDgWy,, (3.126)
DiW} = "DgWak,  DatWj = —0]DgWe. (3.127)

They are easily shown by means of the algebra of covariant derivatives,
{Ds, Dg} =0, {Ds, Dy} =0, {Du, Dy} = =0, (3.128)

{Da, Dpr} = —€4p01,  {Da, Dé} = —¢,;0), {Ds D/g} =0, {DiDgi} =0,
(3.129)
{Da1, Dpr} = —2eqperxd", {Di,leg} = —2¢,56" 9k, {Dur, Dl]3} = 019,
(3.130)
with the restriction 9; = 0,9 = 0.
For the uncompactified open superstring, the on-shell integrated vertex opera-

tor is
V= / dz(96% Ay (x,0) + 1" Ay (x, 0) + dg W (x,8) + Ny "™ (x,8))  (3.131)

where, F"" is the superfield whose lowest component is the gauge vector field
strength.

To obtain the integrated vertex operator for the on-shell D = 4 SYM multiplet
from (3.131), one simply requires all superfields to satisfy the N=1 orbifold con-
straints deduced for the unintegrated one. Although the resulting vertex operator
will depend on all 16 8s, it will be independent of the zero modes of the internal

coordinates (x!, xj) for I = 1to 3.

As seen in section 3.1, the spectrum of type II superstrings compactified on
an orbifold to four dimensions consists of a gravitational supermultiplet which
contains the graviton and the graviphoton, a universal hypermultiplet which
contains the dilaton, the axion and two Ramond-Ramond scalars, and sets of
hypermultiplets and vector supermultiplets which, in the case of Calabi-Yau
compactifications, are related to the cohomology of the internal manifold [60].
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The closed string vertex operator for these multiplets is obtained from the
left-right product of two open superstring vertex operators and has the form

V= / d22(20°36P A g (x,0,0) + ... (3.132)

where A, is the left-right product of A, and Ag and ... involves similar left-right
products of the other supertields.

As will be shown in the next chapter, the only terms in the closed superstring
vertex operator (3.132) which will contribute to topological amplitudes are the

terms

/ @2z [d"dP Py + AP Py + ddPQ, ; + d'dP Q| (3.133)

where (Pyg, P, 5) are superfields whose lowest components are the graviphoton
anti-self-dual and self-dual field strengths, and (Q, pr Q&ﬁ) are superfields whose
lowest components are derivatives of the complex Ramond-Ramond scalar. These
N = 2 D = 4 superfields can be understood as the left-right product of chiral
and anti-chiral photino N = 1 D = 4 superfields, i.e. P, is obtained from the
left-right product of W, with Wpg, P, 4 is obtained from the left-right product of
Wi with Wy, Q5 is obtained from the left-right product of W, with Wy, and Qs
is obtained from the left-right product of W; with Wp. Of course, the complete
integrated vertex operator will contain additional terms to those of (3.133), but
it will be argued that only the terms in (3.133) will contribute to the topological
amplitudes.! Moreover, vertex operators for compactification-dependent states

will not be needed in the next chapter, so they will not be discussed here.

IThis is similar to the situation in the hybrid formalism [60, 71, 72], but the difference here is
that the vertex operators in the pure spinor formalism depend on all 16 6 and 16 0 variables.
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Superstring topological amplitudes

The type of orbifold compactifications of type II superstrings described in the
previous chapter preserves N = 2 supersymmetry in D = 4. A crucial role is
played by the superconformal field theory induced by the internal model [61].
With focus in the left-moving sector of the string, this SCFT is generated by the

following currents
T, G, G, ] (4.1)

satisfying the OPE'’s
3¢ 2T(z)  9T(z)
: - +

2 —2)t  (y—2? y-z

J(2) 9] (z)
=22 gz oty @

(4.2)

" (s .2 2](z) 2T(z) 4+ 9] (z)
G (y)G (2) Y=o (y_@2+ o (4.4)
G*(z) ¢
WG @ — 7= W@ — = (45)

where ¢ = 3, and from which one can see that G* and J are conformal primaries
of weights h = 3/2 for G* and h = 1 for J. Also, the central chargeisc =3¢ =9,
and there is a U(1) current anomaly with value ¢.

Topological quantum field theories were first developed as a way to un-
derstand, from a physical point of view, some topological properties of four-
dimensional manifolds. Topological Yang-Mills (TYM) theory [62] is a generally
covariant quantum field theory in which general covariance is unbroken. This
means, in particular, that it contains no graviton and correlation functions of
this theory is independent of geometrical details of the four-manifold in which
the theory lives. TYM was found to be related to N = 2 D = 4 SYM through
a redefinition of the spins of supersymmetric currents. One of these becomes a
BRST-like current which then allows to define observables of the theory. The shift

77
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on spins is, of course, equivalent to a redefinition of the stress tensor. Similarly,
one could twist the N = 2 supersymmetric structure in two-dimensions. Starting
from N = 2 supersymmetric nonlinear sigma models one gets a topological theory
in two dimensions [63]. The change in the stress tensor is made using the U(1)

current of the N = 2 superconformal algebra, and it can be made in two directions
1
T —T=x 58] (4.6)

The effect of the (+) twisting is to set the conformal weight of G* equal to one,
while that of G~ becomes I = 2. The (—) twist gives the reverse assignment of
conformal weights. Furthermore, with either one of the new stress tensor, the new
central charge of the algebra vanishes, while the U(1) anomaly stays the same.
Twisted N = 2 SCFT can then be coupled to two-dimensional gravity to
construct the topological string theory. There are two possibilities for closed
strings. If the left- and right-moving sectors are twisted in the same direction,
the theory is called the B model, while if the twistings are performed in opposite
directions, one is talking about the A model; both models are topological strings
[64]. In particular, the partition function at genus ¢ > 2 for the B model is given by

2
> (4.7)

3¢—3 3¢—3 B
F = /Mg < [T16Gu) 1 (G+,ﬁj)> (4.8)

i=1 j=1

3g-3

[1(G )

i=1

while the partition function for the A model is

In type II superstrings compactified to D = 4 while preserving N = 2 space-
time supersymmetry, some amplitudes are related to terms in the low-energy
effective field theory whose couplings are precisely these partition functions of
topological strings.!

This chapter presents a computation of topological amplitudes using a com-
pactification of the pure spinor formalism as presented in [66]. Before discussing
it, RNS and hybrid calculations are reviewed in some detail.

For a brief review of the relation between topological strings and physical couplings in the
superstring, see [65].
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4.1 RNS computation

That certain type II genus g superstring amplitudes are given by the topological
string partition function at the same genus, F;, was first demonstrated in [67].
There the authors used the RNS formalism to compute g-loop amplitudes for the
scattering of 2¢ — 2 graviphotons and two gravitons coming from the superstring
compactified on an internal ¢ = 9, N = (2,2) superconformal theory. As shown in
the previous chapter, these compactifications have N = 2 supergravity coupled
to matter and vector multiplets as its four-dimensional low energy effective field
theory. Although the amplitudes were calculated both in orbifold and Calabi-Yau
compactifications, only the orbifold case will be considered here.

Recall that the spectrum of these theories consist of a gravitational supermulti-
plet which contains the graviton and the graviphoton, a universal hypermultiplet
which contains the dilaton and the axion, and sets of hypermultiplets and vector
multiplets which, in the case of Calabi-Yau compactifications, are related to the
cohomology of the internal manifold. Actually, to see which type of amplitudes
lead to the topological partition functions a heuristic argument contained in [68]
will be presented first. Then, an explicit calculation will be given in detail.

41.1 Heuristic derivation

For convenience, the argument will focus on the left-moving sector of the
superstring. The goal is to find a relation between untwisted and twisted N = 2
SCFT’s.

In the untwisted (superstring) side there are more worldsheet fields than in
the twisted one, and there must be some cancellations to get only the twisted
field content contributing to the path integral. For example, in addition to the
untwisted ¢ = 3, N = 2 superconformal field theory for the internal sector, the
RNS superstring contains fermionic reparametrization ghosts (b, c) of conformal
weights (2, —1) and bosonic superconformal ghosts (B, v) with conformal weights
(3/2,—1/2). There is also the spacetime sector, with bosonic fields (written in
complex notation) x’, x' with # = 0 and fermionic ones ¢, ¢* (i = 1,2) with
h=1/2.

The important thing to observe is that all these extra fields come in boson-
fermion pairs, and their nonzero modes would tend to cancel in the path integral
if each field in a pair had equal conformal weight. One thus needs to change
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conformal weights of 8,7, ', ¥l appropriately as well as the fermions in the
internal N = 2 SCFT. Moreover, this last shift would be just the twisting of the
internal N = 2 SCFT by the U(1) current.

One should recall that the conformal weight of a field can be changed by
adding to the worldsheet action of the theory a background charge, that is, the
coupling of the bosonized field (call it ¢) to the scalar curvature, R. The term to be
added is

1
> / R 4.9)

which changes conformal weight by 1/2, and the sign depends on how the shift is
done between a field and its conjugate momenta; that is, which one has its spin
increased and which one, decreased. In a genus g surface one can choose the scalar
curvature to have delta function support at 2¢g — 2 points. Each such point would
give rise to a factor in the path integral

03 Za(=1)" g, (4.10)

where a runs over all pairs of conjugate fields, one needs to twist, and n, = 0,1,
giving the direction in which the shift is done. Now, some details of the argument
will depend on the specific type of superstring theory.

The graviphoton vertex operator at picture —1/2 reads

Vi) = e h 0P [k 0 TS(SP)E + kwavﬁs@s”ﬁ')i] ek’ x typellA (4.11)
and the same expression with ¥. (£) replaced by E (Z) for type IIB. The two terms
correspond to the anti-self-dual and self-dual parts of the graviphoton operator,
respectively.

It is clear now that the 2¢ — 2 insertions required to change the conformal
weight of appropriate worldsheet fields can be taken as self-dual (or anti-self-
dual) graviphoton insertions in particular kinematic configurations (choices of
components in the spacetime spin fields). But there is another possibility; what
if one takes E as the operator for the internal sector in type IIA and similarly,
take X as the corresponding operator in type IIB superstring? Then one needs to
take four dimensional spinors of opposite chirality for the left- and right-moving

sectors. The vertex operators arising this way precisely describe the RR bosons in
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the universal hypermultiplet.

_ _1 s 5B ik -
Vz( 1/2) _, 2<4>+4>>kaﬁ.5a5ﬁaelk x type IIA (4.12)
VZ<—1/2> — o2 (¢ +P)iBs, § pEeikx, type TIA (4.13)

and similar expressions with Z (Z) replaced by X (£) for type IIB.

So the amplitudes of interest must involve 2¢g — 2 graviphotons or 2g — 2
universal RR scalars. Besides, to have conformal invariance each of these insertions
have to be integrated over the worldsheet. This can be seen as integration over the
new moduli arising from punctures on the Riemann surface. These insertions thus
play an important role in the cancellation of non-zero modes, and it is known that
this feature is crucial in order to reduce (or localize) the theory to its topological
sector.

The effect of X insertions is to twist spins in opposite directions for the left-
and right-moving sectors, so it is expected to give as a result the partition function
for the topological A-model, Fé{‘. Similarly, = insertions would be related to the
partition function of the topological B model, F;. Therefore, we expect ampli-
tudes involving graviphotons in type IIA (IIB) superstring theory to reduce to the
topological A (B) model partition function, and amplitudes involving universal
RR scalars in type IIA (IIB) superstring theory to reduce to the topological B (A)
model partition function.

However, to show this we still need to take care of the zero modes present in
the superstring side computation. After the twisting produced by the insertions,
there are 3¢ —3b,3¢ — 3 B, ¢ ¢ (for each i), and 1 1/)17 (for each i) zero modes. These
zero modes need to be absorbed in order for the partition function not to vanish.

It is well-known that one must insert in the superstring measure a factor of

3g—3 2

H (;ui/ b)

i=1

(4.14)

Besides, to absorb the B zero modes in an amplitude with 2¢ — 2 insertions of
picture —1/2 graviphoton (or RR scalar) vertex operators, one should insert a total
of 3g — 3 factors of §(B)G, where G is the supersymmetry current of the full theory.
One can choose the same basis of Beltrami differentials as before to fold with those
factors.

One uses now charge conservation of the internal N = 2 theory to see that not
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every term in G contributes to the amplitude since there is some internal U(1)
charge present in the vertex operator insertions. For example, in type IIB theory
amplitudes, involving anti-self-dual graviphotons, the relevant contribution from

the 6(B)G factors is just?

3g-3 2

[ 9(B)Gine (i)

i=1

(4.15)

since each graviphoton vertex carry +3/2 U(1) charge for both left- and right-
moving sectors, due to the presence of the & operator. The zero modes of b and
d(B) give opposite contributions to the path integral and, therefore, the b, ¢, B
and 7y ghosts completely decouple. Besides, we would nicely get the amplitude
prescription for the topological B model after integrating over the moduli space of
genus-g Riemann surfaces.

For type IIA, the relevant expression is

3g—3 3g-3
11 5(B) G (1) :H 5(B)Gihy (ix) (4.16)
= =1

giving rise to the prescription for the topological A model.

It is also necessary to absorb the spacetime fermion zero modes. It can be shown
that the two zero modes ¢’ and two of the zero modes ¢’ (and the corresponding
zero modes for the right moving sector) can be absorbed by inserting two anti-
self-dual graviton vertex operators when one has graviphoton insertions or two
dilaton-axion vertex operators when one has universal RR scalar insertions.

It remains to absorb 2¢ — 2 zero modes of ¢'. The way this happens can be better
seen by going to a particular kinematic configuration for the graviphoton vertex
operators. Take, for instance the 2¢ — 2 anti-self-dual graviphoton insertions in the
kinematic configuration where all spacetime spin fields appear as ST+S**. Then
one absorbs the remaining 2¢ — 2 zero modes of ¢’ by inserting ¢ — 1 operators
plY?PlP? at ¢ — 1 of the points given by the delta-function curvature singularity.
This has the effect of transforming ¢ — 1 graviphoton vertex operators into those
with kinematics S~ 5™, without changing self-duality property of the vertex.

Thus, the amplitude involving two anti-self-dual graviton and 2¢ — 2 anti-
self-dual graviphoton vertex operators reproduces the topological string partition
function of the ¢ = 3 twisted N = 2 internal theory, and the type of topological
model depends on the type II superstring theory.

ZEither (p;, ©) or O(y;) is used as abbreviation for [ dzy;(z)O(z), interchangeably.
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In fact, the authors in [67] started computing the amplitude for a specific kine-
matic configuration and then argued, using four-dimensional Lorentz invariance
and N = 2 supersymmetry, that the generic string computation gives two different
expressions corresponding to spacetime terms in the low energy effective action
of the superstring compactification. The result they found is that the field theory
limit of those amplitudes can be obtained from the effective action

Seft = /d4x 8Fe[RA(T2) 1 +2(g — 1)(RT)A(T2)82] (4.17)

where R is short for the anti-self dual Riemann curvature and T for the anti-self-
dual field strength of the graviphoton, and

R* = Ryype R, T? = T, TV, (4.18)

(RT)Z = RyvpaRVW\w TP Thrw (4.19)

The amplitude involving two dilaton-axions (d9S) and 2¢ — 2 universal RR
scalars (Z) was also shown to reproduce the topological string amplitude (in sort
of a complementary way compared to the graviton-graviphoton amplitude), the

corresponding low-energy effective action being
Seff = / d*x gF, [(aaS)Z((aZ)Z)g—1 +2(g —1)(99S9Z)?((9Z)?)872|  (4.20)
where
(30S)? = (9,49,S)(9"3"S), (9Z)* = 9,Z0"Z (4.21)
(90S9Z)? = (9,,0,59"Z)(9"#3°S9,Z) (4.22)

Here F, denotes the topological string partition function for the B (A) model if
F; obtained from the graviton-graviphoton amplitude corresponds to the A (B)
model.

4.1.2 Explicit computation

At g loops, the 2¢-point scattering amplitude between two gravitons and 2g — 2
graviphoton external states in type IIB superstring is now explicitly calculated.

If all graviphotons insertions have picture —1/2, and both gravitons are at
picture zero, then 3¢ — 3 insertions of picture changing operators are needed to
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cancel the background charge of ¢. Therefore, the amplitude reads®
2
(]/1) >
8

/ Z€“< /dzzvl /dzz’ng(z s 2/0122 Vi(z
(4.23)

To evaluate the anti-self-dual amplitude it is necessary to extract the corre-

sponding anti-self-dual parts of the graviphoton and graviton in their vertex
operators.
The field strength £}, of a vector field a, can be decomposed as

fuv = (‘TW) “Tfpy + (‘7;41/)&[35’?/3](/37 (4.24)

where f,5 = (a7 |[3) = kyay (ot ),szﬁ, and similarly f&’g = k,y(dzﬂ[g). Anti-self-
dual grav1photons are described using the usual vertex operator by setting f, g to

zero. That is
Véfl/z) _ e—%(¢+¢)faﬁsa5”ﬁ30 ok x (4.25)

with the usual constraint for BRST invariance, k*a, = 0.
A similar restriction is made to describe anti-self-dual graviton states.
The linearized Riemann tensor Ry, is given by

1
R = (kok iy — Kk by — Kokyhy + Kkl ) (4.26)

pupv’ = 5
The anti-self-dual part of this tensor is described by a multispinor Ryg,s as*

RIMISD — 2067 (0) o (0u1) o Rapos (4.27)

and setting all other components to zero. The part of the vertex which is quartic
on fermions reduces to

]. ~agl o~
SR 5(0)a (@) 91y 9 P (4.28)

To compute the scattering amplitudes, correlators for different fields are taken

from the formulas of section 2.4.

3Sum over orbifold sectors are implicit in this expression.
4p and w are four-dimensional chiral spinor indices.
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The correlators

There are essentially six correlators to compute in this amplitude; those for

* D = 4 spacetime coordinate fields x#, which gives the usual Koba-Nielsen

factors;

D = 4 spcatime fermions y* and their chiral spin fields S%;

* reparametrization ghosts b, c,

superconformal ghosts, which involve the field ¢;

fermions in the internal sector 1/)1 , 1 which can be twisted or untwisted; and
e bosonic internal coordinates x!, x; which can also be twisted or untwisted.

The basic contribution from spacetime coordinate x*, which are non-compact

bosonic fields, is known to be

‘ . 2g 2
<elk x lk H elk x z; > — (429)

292
= (det(Im7)) 2|2, 45 <k + k' + 32 kl-)Hzg(z]-; ki) (4.30)
i=1
where Il (z;, k;) is the Koba-Nielsen factor whose low energy limit is just one.
This is the relevant limit to study the lowest order couplings of the effective
supergravity field theory. Higher order terms won’t be considered in this thesis.
Also, the delta function imposing momentum conservation will be understood
when writing the final form of the amplitude.
There are in principle contributions of the form (dx* [Texp(ik; - x)), and so on;
these correlators don’t appear in non-vanishing terms of the amplitudes, as will
be shown later.

The b, c correlator is immediate from equation (2.139) with A = 2:

3g—3 3g-3 3g—3 3g—3
<H b(wi)> - z;W@( Z wl+3A‘ ) [T E(w;,w;) ]‘[ o(w,)?  (431)
=1

1<]
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The ¢ correlator is obtained from (2.179) with A = %, and M =g —1:

<3g 3 2g-2 Zl/Z
[ ¢ (i) ||e (z)) > = (4.32)
] 3¢—3 29—2
Ofa] (X 1g1 Yi—3 Z]gl Zj — 2A|T)

IT—1 E(yi,zj)'/? [Ti10(zi)

4.33
- ITic; E(vi,yj) Ticj E(zi, 2)V4 Tliz1 0 (yi)? (439

Sectors with spin 1/2

To compute the remaining factors, one should notice that not all terms in the
picture changing operators contribute. Recall that the RNS supercurrent, for an

orbifold compactification is simply written as
G = 9"ox, + 'ox; + P19x’ + Gpost (4.34)

On the other hand each graviphoton contains a copy of the internal operator
50, whose left-moving part reads (for an orbifold CFT)

. 3
i
exp(5 ) 1) (4.35)
I=1
where @] appear in the bosonization of the internal fermions as
pr=e9,  pl=e" (4.36)

Since each of these fields has A = %, hence, vanishing background charge,
there must be a total cancellation from the insertions in the correlators for each
I =1,2,3. Graviphotons give a total charge of ¢ — 1 for each ¢;; it is easy to see
that, in order to cancel this charge, each picture changing operator must contribute
exclusively with the term 1!9x;. So amplitudes with i/ insertions at positions y;
vanish.

Then the relevant correlators for ¥# and S* are

2g 2
<(qu)aﬁ P (2) (0 ), 9 9 ( H 5%(z > , (4.37)
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2g 2 2¢—2
<(aw Py (w H Stz > , <H St (zi)> (4.38)
® i=1 «

while those for the internal fermions in the sector with twist structure ¢ have

the form
g—1 2g—2 ; g—1 2g—2
<H e—l({)(u].) H €2¢(Zi)> _ Z1_1/2®[¢ + a]( Z uj— > Z Zi‘T> (4.39)
j=1 i=1 . j=1 i=1

Hz<] (ui,uj) TTici E (zi, ;)4
sz 1E(u112]) /2

where this applies for each of the orbifold planes I = 1,2, 3. Take, for example,

(4.40)

a partition of the positions y; of picture changing operators into three sets as

Ur = {u;;,i=1,..,¢ — 1}, then the total contribution from internal fermions is

Z_3/2 Olgpr+« Uiy — = z T <J =g I=111li<j il Uj
1 E ¢ ](]; ) Z; i ) [T E(yi,2)) 12

(4.41)

Finally, with this partition of the positions y;, the correlators for the bosonic
internal coordinates is

3 /81

I <H 3x1(”i1)> (4.42)
I=1 \i=1

Notice that non-zero modes of dx; only can contract with x!; hence, only their
zero-modes contribute in the correlator.

The correlator involving #,S* fields will give sums of terms, each one contain-
ing two factors of theta functions as ®@[«|(—D1|7)®a|(—D;|T). This is due to the
fact that two complex fermion systems are involved here. Recall that to bosonize
the fermions, one has to define the complex combinations ! + i?, ¢ - ig*. Then,
one defines fora = 1,2

P? = ', Py = e 10 (4.43)

Sum over spin structures

Before attempting to compute the correlator, it is convenient to analyze the
sum over spin structures in the total amplitude. Notice that all information about

spin structure is contained in the theta functions with characteristics arising from
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(p*,5%), ¢, and ¢ correlators. That is, it is entirely contained in expressions like

1 292

©1a](~ D1 [7)Ola] (~Dal) [T, Ol + ol (5 — 1%,
®[“](Z§£13i 222g122] 2A|T)

T> (4.44)

To perform the sum over spin structures it will be convenient to take the last
expression into a form suitable for applying the Riemann theta identity [69]

ZH@ ¢; +«l(e;|T) _28]’[®[¢ ](ef]T) (4.45)
where
1
e = E(eo +e1+ex+e3) (4.46)
1
e = 5(30 +e1 —ex—e3) (4.47)
1
e = 5(60 —e1+ey—e3) (4.48)
1
eé = E(eo —ep —ex+e3) (4.49)

and ¢; — ¢! is the same change of basis, component-wise. The expression (4.44),
points at the specific case where ¢9 = 0 and ¢; = ¢, fori = 1,2,3. Also, using
the relation valid for supersymmetric orbifolds, Y'3_; ¢; = 0, one can see that the
previous change of basis does nothing to the twist structures {0, ¢;}.

Then, the sum over spin structures adapted to the case of interest is

3 3
Y _O[a](eo|T) [ [Olp1 + & (er]T) =250 (eh|7) [ [ Olpi] (ef|7) (4.50)
14 I=1 I=1

To apply this formula, one can set the argument of the theta function in the
denominator equal to one of the divisors arising in the ¢*, S* sector, by choosing

conveniently the positions of the picture changing operator insertions, say

3¢—3 1 2¢—2
,Z% vi=5 Z% zj+2A — Dy (4.51)
i= j=

This is always possible by means of the Jacobi inversion theorem [42].°

>The theorem says that, given a divisor D on %, there is generically a unique set of points
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Then, the sum over spin structures is written as

3 g1 1 2g—2

Zea D2|T H@[¢1+D€]< ZM]'I—E Z Zj

I=1 j=1 i=1

r) (4.52)

where the constants €,, which are just phases, are still undetermined. To get their
correct value on needs to check the monodromy of this expression around different
homology cycles of X,. This way it is possible to see that, once one of the ¢, is

fixed to, say, one, all the other are also one.

By setting
Zg 2
eo = —Do, Z Uit — 5 Z Zi (4.53)
then, using Y5_; 21 1 ujp = ZZ 1 yi, one gets

1 2g—2
e(’):—(—Dl—D2— Zzi>—|—A (4.54)

2 i=1

, 1 =

ey = 5(Dl—Dz)jL Y uip—A (4.55)

i=1
Divisors D; and D, will depend on specific correlators in (4.37) and (4.38). In any

case, after summing over spin structures the result is

(- r 0= T =) sl TToin 5000+ L))
2g®— —Dl—Dz— Z; —|—A @ D1 D2+ u[—A
2 57 =1 l
(4.56)
Chiral spin fields of " are given by S* = (ST%,5™ ), where
St =ezlnt) g7 = pmi(arten) (4.57)

Taking first,
2g—2
< [T s" (zi)> (4.58)
i=1 N

it is immediate to see that background charge cancellation implies that only corre-
lators with an equal number of ST and S~ insertions could give non-vanishing

results. Denoting the ¢ — 1 positions of ST as v; and those g — 1 of S~ as v/, this

Py, .., P such that [D] = ¥3_, P;. Thus, by choosing conveniently 2¢ — 3 y; points in (4.51), the
remaining g y; points are completely determined.
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means that divisors D; and D, are

18] )
Dy =D, = 5 Y (vi — 1)) (4.59)
i=1
Substitution into (4.56) gives
g1 3 g—1
20— Zvi—l—A‘T>H®[¢1]( ui[—A’T) ~0 (4.60)
i=1 I=1 i=1

where the first theta function gives a factor zero as a consequence of the Riemann
Vanishing Theorem.

As for the remaining correlators it is convenient to express the fermion bilinear
insertion in terms of complex 9%, 1,. Taking two arbitrary chiral spinors x*, A%,

one can express
Xﬂ("uﬁaﬁgﬁv)ﬂlpywv = —xTTAT TPy, —4x AT Ty (4.61)

L2 AT AT TAT (@l 9PYn) (462)

Thus, the only three combinations of fermion which appear in the anti-self-dual
graviton vertex operators are Y'¢?, P11, and Ply + p?yh,. Each one of these
picks different components of the anti-self-dual Riemann tensor to be contracted
with remaining factors in the amplitude.

Concerning only one bilinear insertion, it is easy to see that the correlator

2g—-2
<lpllp1(W) H Sai (Zi)> (463)
i=1 N
vanishes. One needs to replace the insertion ¢!y, (w) by its point-splitting defini-
tion limyy_, [ (w') 1 (w) — (w’' — w) 7], and compute the respective correlators.
The same result holds for 2y, (w).

The next correlator

2g—-2
<¢1¢2(W) [T s (Zi)> (4.64)
i=1 .

is non-vanishing only if the number of ST and S~ insertions is ¢ — 2 and g,
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respectively. The corresponding divisors are

152 18,
D1:D2:w—i—§20i—520i (4.65)
i=1 i=1

Then, after summing over spin structures the result contains the theta function

—2
@(—w—ngi—I—A’T) ~0 (4.66)

i=1
which again is zero due to the Riemann Vanishing Theorem. The last correlator of
this type containing ¢y (w) also vanishes. This can be shown by noticing that
Ola](—D1|7)O[a](—D2|7t) = O[a](D1|7)O[a](D2|T), and taking an appropriate

definition of 2135 13 y; (with Dy instead of —D;) in the original choice.

From all this discussion, the conclusion is that terms in the graviton vertex op-

erators proportional to dx* (or dx*) do not contribute to the scattering amplitude.

Thus, the contribution could only come from

. 2g—-2
<(‘Tuv)aﬁ#’”ll’v(z)(Uy/u/)y(SW v (2) ] S“i(zi)> (4.67)

i=1

When expanding in terms of ?, {;, many terms give zero contribution due to the
Riemann Vanishing Theorem. Take for example

2g-2
<¢1¢2(z)¢1¢2<z’> I S“z‘<zi>> (4.68)
=1

Background charge cancellation implies that there mustbe ¢ — 3 v; and g + 1 v/
(which automatically excludes a possible contribution for g = 2). It is easy to see

that the divisors are such that, after summing over spin structures there is a factor
of

@(—z—z’—gﬁvi—i—A‘T) =0 (4.69)
i=1

The first non-vanishing correlator is

2¢—-2
<1P11P2(Z)1P11P2(Z') ITs" (Zi)> (4.70)

i=1
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This time, there must be an equal number of ST and S~ insertions. The result is

g1
<¢1¢ 2) 1 (z H St (v; HS——(U;.)> = (4.71)
j=1 "
18 18, N2 1
= 1—1[®[a]<—z+z’_§§vi+§;vi T)} Bz, 7)) 4.72)

[i<j E(0i,0))" 2 TTi; E(v}, 0) 2 1Ty E(z,01) TTizy E(2, )
4.73
. Hz; 1E(Z)1, )1/2 Hz 1E( z, I)Hz ( ) ( )

After summing over spin structures, the resulting product of theta functions is

2@(—Z+z'—é§vi—l—A‘T>ﬁ@[gb;](giuﬂ—A’T) (4.74)
i=1 i=1

I=1

Putting it all together

Assembling all previous results, one gets a kinematic factor involving compo-

nents of f,5 and R,g,s, times

3¢—3 g1 3 g—1
2821_5/26)(— ) wi+3A‘T>®<—z+z’ -y Z)i—l-A‘T) H@[gbﬂ( Y uip —A‘T)

i=1 i=1 I=1 i=1

(4.75)
x [ E(w;, w; Ha w;)* T E(vi, o) [ ] E(v} (4.76)
i<j i<j i<j
[LE(z o) ILEE, )  TIiTlicj E(uin ujr) T;0(z:) @77)
E(z,2')* [T E(z, o) I E(z',vi) Tli<jE(yi,y;) Ilio(yi)? '

In order to further simplify this expression, it is convenient to trade the po-
sitions of the b ghost insertions w; for the positions of the picture changing op-
erators y;. This is easily done by dividing the bosonization formula (4.31) for
<H3g - b(wi)> by the same formula for b insertions at y;. Denoting by h; a basis

i=1
for zero modes of L, that is, for the space of holomorphic quadratic differentials,

one obtains the following equation

333 [Ticj E(w;, wj) TT; o (w;)?
1 3A j j _ 4.78
( Y wit ‘ ) [Tici E(vi, yj) TTi o (yi)? 79

i=1
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det(hi(w) , %2 %0
:Wi(y;)) < Zyﬁ—BA’ )H‘T% 4.79)

substituting this into (4.75), making use of the choice (4.51) which was already
made for Dy =z—2z'+1 2;?:’11 v;i— 1+ 2;?:’11 v}, and using the relation ®[¢](—z|T) =
O[] (zI7), gives

[T E(z, Uz)Hz<] (Uirvj) [Lo(v)Iio(z)
E(z,2)1L E(0;,2) [Tio(2)

—28Zf1/2®< zZ— Zvl—l—z —i—A) >

[T E(Z', ) [Ti< E(v}, V) [T 0(¢}) [T 0 (2')

g1
fol/ZG)(—z’— Zv§+z+A‘r>

i=1 E(Z,z)TT; E(v,z) [T, (z)
X H[ 1/2® ( Zuzz—FA‘T)HE uir, Ujg H‘T ir) (ciie’i((}}zl ((y]))))
i<j
(4.80)

Here one can recognize the presence of partition functions Z, and Z;,_4. The
amplitude now corresponds effectively to two fermionic untwisted (1,0), and
three fermionic ¢;-twisted (1,0) systems.

Using (2.143) and (2.159), including the contribution from x* and x!, x; corre-
lators, an the right-sector, (which have a completely analogous form for type IIB
superstrings) the result is proportional to

2 2g-2 ]det(wi(v]-,z))det(wi(v’.,z’))|2
2. 321 2. ]
/Mg /dwy(w) /d z d*z H d°z; (det(imr) 2 (4.81)
2 2
det 3
X (iZéh—(% II—{ [Zl _¢Idet w_ 4)11 u]I <Hax1 1/[11 >] (482)

The zero mode part of the insertion dx; can be expanded in terms of a basis
of g — 1 ¢-twisted holomorphic one-differentials wgy, ;. This means that objects
like w_ 4, ;0x| appearing in the last form of the amplitude have trivial monodromy
around the homology cycles of Z¢; hence they are ordinary holomorphic quadratic
differentials. On the other hand, the expression obtained corresponds to a fixed
partition u; 1 of the insertion points y; (i = 1, .., 3¢ — 3). The total contribution is
given by summing over all possible partitions with appropriate antisymmetriza-
2

tion. The effect of this is the appearance of a factor |det(/;(y;))|” which will cancel

all y; dependence of the amplitude. Then, it is allowed to perform integration over
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all the positions of the vertex operators using Imt;; = [ dzzwi(z)cvj(z), to get

L. o)

where p;; denotes the coefficients in the zero mode expansion of dx;.

2

2
|det(hi(w))) |’ (4.83)

[ dwn(w)

3
I1
I=1

Now it is possible to undo a path integral which would give rise to the deter-
minant Z;,_ 4, by introducing twisted fermions 1!, ; of spins (1,0); this way, the
integrand in the amplitude can be rewritten as products of ¢/dx; contributing

3¢—3 B
Ju < [T Gmf<m>> (489

where G; . = 9!9x, and the correlator means path integration over x/, x;, ¢!, y;.

with zero modes, as

Therefore, the result is the topological string partition function for the B model,
as expected from the heuristic derivation, times the kinematic factor which can
now be covariantize to reproduce (4.17). Amplitudes for type IIA, as well as those

involving RR scalar are computed in an entirely analogous way.

4.2 Derivation using the hybrid formalism

Of course the previous results could have been obtained in a more direct way
had one used a formalism which manifestly preserve the symmetries (D = 4
super-Poincaré) of the model. Although the covariant Green-Schwarz formal-
ism which has these symmetries manifest in ten dimensions does not allow for
straightforward quantization, in orbifold compactifications only four-dimensional
Lorentz and N = 2 spacetime supersymmetry need to be manifest. Then, going to
a first order lagrangian description it is possible to write four-dimensional Green-
Schwarz-Siegel-like variables to describe type Il superstrings. As mentioned in the
introduction, this was successfully done in the hybrid formalism [70] by adding
chiral bosons of negative energy p, g, to the set of usual superspace variables
xt, 0%, p*, 0%, p*, 0%, p*, L3 p*. The internal variables can be treated in the same
way as in the RNS formalism. The formalism has N = 2 superconformal symme-
try generated by T, G™, G, ] (and similarly for the right-moving sector), that can
be used to show equivalence with the light-cone Green-Schwarz formalism.

Because of manifest spacetime supersymmetry, vertex operators can be writ-
ten as N = 2 D = 4 superfields, and they will not have square roots with the



Chapter 4. Superstring topological amplitudes 95

supersymmetry generators; therefore, GSO projection is automatic, and there is no
need to sum over spin structures. Indeed, in the original RNS computation of the
previous section, the effective twisting of the fields is only achieved after summing
products of theta functions over all spin structures of the Riemann surface; in the
hybrid formalism, twisting is immediate once one consider the graviphoton or
hypermultiplet insertions.

The N = 2 superconformal algebra for the hybrid left-moving sector reads

T = —%axﬂaxy — p*00, — Padf* — %apap + Tint (4.85)
1 oo 1
G+ = —me_pdad“ + Gi—;t’ G_ - mepd“dlx + Gi;lt’ ] = ap + ]int

(4.86)

and it has ¢ = 2.°
A nice feature of the hybrid formalism is that all vertex operators of the uni-
versal sector can be written exclusively in terms of four-dimensional spacetime
variables. Actually, a single scalar superfield V(x, 6, 0,0, 6:) can be used to describe
the massless universal sector of compactified type II superstrings. In supergrav-
ity language this is just the prepotential for the N = 2 gravitational and tensor
multiplets [60]. Furthermore, in order for this V to be physical it must be a con-
formal primary of the N = 2 superconformal algebra for both the right and left
moving sector, and must have zero conformal weight and zero U(1) charge. All

this implies

D*V = D?V = D?V = D*V = 9,0"V =0 (4.87)

The integrated vertex operator is obtained by computing
U= [#2{C,[6" {67, I6" VI, (4.88)
and this operator is invariant under gauge transformations
SV = D*A + D?A + DA + DA (4.89)

which allows reducing the component fields to the physical ones. More explicitly,

®This in contrast to the non-minimal pure spinor formalism, which has ¢ = 3. The spacetime
sector of the hybrid formalism contribute with ¢ = —1, which then adds to the ¢ = 3 of the internal
sector.
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in the Wess-Zumino gauge one can derive the expression [60, 71]

Vivz = hy (0070) (806) + [Taﬁeaéﬁ979755é5 + h.c.} (4.90)

+ [(aaﬂz +..)0%0,070P0°8; + h.c.] g (4.91)

where h,, contains the graviton, the dilaton and the antisymmetric tensor, T, B
(T, B) is the antiself-dual (self-dual) graviphoton field strength, and Z, Z are the
two RR scalars of the universal hypermultiplet.

On the other hand one can construct chiral, P,g, and twisted-chiral, Q, pr N=2
superfields describing the gravitational multiplet and the universal hypermultiplet,
respectively. These read

Pyp = D*DyD?DgV, Q.3 = D*D.D*DyV (4.92)
Both of these superfield already appear in the integrated vertex operator as
U= / &2 [d*dP Py + d*dPQ,5 ] + e + . (4.93)

where the dots include all other terms obtained after the computation of (4.88).

Now, one is interested in reproducing the results of the previous section using
this formalism. In order to do that, it is necessary to review the appropriate
amplitude prescription for the hybrid formalism. By construction the computation
can be performed in a manifestly supersymmetric way, and the amplitudes involve
in general the entire integrated vertex operator U.

Hybrid amplitude prescription

Since the theory has a ¢ = 2 N = 2 superconformal symmetry, one can extend
it to an N = 4 superconformal symmetry, and it is possible to use the N = 4
topological string prescription of [72] to compute the amplitude.”
The extra generators which provide a completion to the N = 4 algebra are
given by
JEE = o0t [Jin) (4.94)

. 1 g
G+ — _4\/§62P+j]intd“d“ _ ePGI_;j_ (495)

7Tt happens that the hybrid formalism also allows for computation of non-topological super-
string amplitudes, as in [73].
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. 1
G = ———e 2 Jlngydt — oG- 4.96
4\/5 (4.96)

where GEF = §et/int(GF)). The structure of the set {J,J*+,]~~} is that of an
SU(2) current algebra. The rising (J*) and lowering (J~ ) operators have been

used to construct the two new fermionic generators through

¢t=[rre), ¢ =[reh (4.97)

The amplitude prescription is the following. First twist the superconformal al-
gebra in such a way that the generators G, Gt both have conformal weight & = 1
and the generators G~, G~ both have conformal weight & = 2 (The corresponding
right moving generators must be twisted in the same way for type IIB superstrings,
and in the opposite way for type IIA). Then, physical fields ® in this twisted N = 4
are defined by GT® = G*® = 0, & ~ ® + GTG 'y, where the identification is
made for any field x. In order to take advantage of the usual N = 2 topological
prescription, which requires insertion of 3¢ — 3 G~ operators folded with a basis
of Beltrami differentials, one can insert § G* around each a-cycle of the genus g
Riemann surface (and the corresponding right-moving insertion). This restrict
states flowing through the cycles to those belonging to the reduced Hilbert space
of states annihilated by G*. Then one is left to take care of the other condition
G*t® = 0, which can be thought of as a twisted N = 2 physical condition in
the reduced Hilbert space. Finally, to decouple only trivial states of the N = 4
theory, that is, those of the form GtGTyx, one should insert [T J in the correlation
function.

The prescription for type IIB scattering amplitude of 2¢ integrated vertices at

genus g is thus
-1 3g-3
[167()I(eg) [T G ()

B 1 8 ) g
Ag = //\/lg det(Im7) E/d v <

=1 k=1

2 5
HU1> (4.98)

where 7 is the period matrix of ¥, and one has used the relation

2
(4.99)

2
det ImT / d v, p (v7)

(an extra factor of [ G can be obtained by writing one of the G~ present there as

174

$ GtJ~~ and pulling the contour off the surface until it hits the | insertion).
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It is also convenient to use the relation [71]

ﬁ/dzv E* (o det(Imt) |
P Z  |det(w;(k))

:1

(4.100)

k=1

where 0 are g arbitrary points on the Riemann surface, to recast the amplitude to

the form
1 g1 3g—3 2 2
A — / _ g b G~ u (4.101
g M, \det(wi(vj))\z < 1 ) ]£11 (‘uk) lljl l> )

One feature of the N = 4 topological nature of the hybrid formalism is that
one actually has a family of N = 4 models parametrized by harmonic variables
uq, up, uj, u; related by complex conjugation as i1y = u3, il, = —uj, and satisfying
|u1|? + |uz|? = 1. The general expression for the generators is

Gt =u Gt +uyG* (4.102)
G =G —uG™ (4.103)
G- =uiG —ulG™ (4.104)
Gt =uGH +uiGt (4.105)

These are SU(2) rotations of the superconformal generators which are not realized
as a symmetry of the algebra. Then, they should give different partition functions
and amplitudes which can be thought of as realizing vector representations of
SU(2). In particular, making a similar construction for the right-moving sector,
instead of a partition function this topological N = 4 model provides one with a
partition tensor F;"" where n,m = 2 —2g,3 — 2g..,,2¢ — 2.

By making the replacements G~ — G-, Gt — G+ in the expression for
the genus ¢ amplitude (4.98), one gets a homogenoeus polynomial in the u;, ii;

variables,

282 49 —4 49 —4 20241 2¢-2—1n 2g—24m 2g—2
Ag — Z < 4 ) < 24 )An,mulg +nu2gf fnalgf +mﬂzg7 —m
2 \28 —=2— 1) \28 —2—m g

(4.106)
It turns out that the amplitudes involving the anti-self-dual graviphoton, as well
as the amplitude with self-dual graviphotons, and both possible amplitudes with
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universal RR scalars, appear as different components of this amplitude tensor
Ag™. In order to show this one has to consider the R-transformations of the model.
This transformation is generated by

R= / dz [ap + %G“da - %édd‘j‘ (4.107)

There is a field redefinition between hybrid and RNS variables which shows that
this is the RNS picture number operator expressed in terms of hybrid fields. The
background charge for this operator is 1 — g and must be canceled for an amplitude
to be non-vanishing. Since insertions G* carry no R-charge, and insertions G*
carry R-charge F1, it is easy to show that in the generic component A", these
insertions always contribute a charge of (¢ —1 —n,¢ —1 — m). Thus, vertex

operators must contribute a total charge (1, m) in non-vanishing amplitudes.

Hybrid computation

For graviphoton or universal RR scalars, the relevant amplitudes can be im-
mediately determined. For example, since the 2¢ anti-self-dual graviphoton su-
perfields carry (1/2,1/2) R-charge and the expected result involves integration
over half the superspace, [ d?0d%0, vertex operators will violate R-charge by
(¢ — 1,9 — 1); thus, the relevant amplitude is Ag_l’g -1 Similarly, anti-self-dual
scattering is computed by .A;_g’l_g . Finally, universal hypermultiplets carry R-
charge (1/2,—1/2) or (—1/2,1/2) and its scattering is computed by the amplitude
Agfl’lfg or A;fg’g - respectively.

It turns out that for each of these amplitudes, only specific terms in the in-
sertions contribute so that each time a simpler amplitude expression must be
computed. In order to see this one should look for p and [ Jint background charge
cancellation separately.®

First, p background charge cancellation requires Ag_l’g " tobe

8] background charge cancellation give no further restriction. Also, Jin; must be conserved
because of symmetry of the internal Calabi-Yau model.
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g1 o
Hemet ]) ].—[ e_pd‘j‘da(ﬁj)](ﬁg)

j=m+1

{o— 1
A8T1e1 /
g M, |det(w;(9;))]
3¢—3

XH (e 2~ hmdyd) () TT Gimelta)

k=m+1

I=1

(4.108)
where U] are vertex operators for graviphoton superfields.

In order to obtain the non-vanishing contribution to this amplitude one must
have enough zero modes coming from the correlation to be absorbed by the
corresponding fermionic integrations. On a Riemann surface of genus g, fields of
conformal weight & = 1 have ¢ zero modes, and its conjugate fields of conformal
weight h = 0 have only one zero mode corresponding to the constant function. It
is easy to see that the 2¢ zero modes in d, must come from the vertex operators,
from the specific terms of the form f d?zd,d, ,;P"‘/S. Besides, the d; zero modes are
not saturated in the last expression, and the functional integration of the field p is
not well-defined as it stands. One way to overcome this problems is to express
one of the vertex operators as U = | [ dze Pdd*(z)|? [ d*w|e’d*D,|*V, where V
is the prepotential. Then, pulling the first factor off the vertex it only hits J(d, ).

One last thing to do before actually computing the amplitude is to appropriately
fix the g arbitrary points (9;) to be at the same position as g of the arguments in
Beltrami differentials. This is possible only because when fusing the correspondent
operators one does not encounter poles nor zeros in the OPE’s.

The amplitude becomes

2¢-3
2r—1
x H / Pyrd, dﬁpaﬁ / d2y5g]e?d* D, |2
(4.109)
All zero modes of d; are now saturated and, besides the usual functional
integration over the x* fields, one only needs to explicitly compute the correlator
involving p. The regulated correlation function turns out to be

8 1
e P(Z) P (y2g) \ — (4.110)
<]11 Z%det(w,-(zj))
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which is independe of the position y,. Thus, the contribution of the p, ¢ functional
integration is |Z;|~*|det(w;(z;))| 2.

To obtain the low-energy effective field theory at the lowest order, it is enough
to consider only the x* zero-mode dependence of the vertex operators. Functional
integration over x* then gives a factor of | Z;| ~*(det(Imt)) 2.

Now it is time to evaluate the functional integral over d,, 8. Since all of them
contribute only with its zero modes, they give, besides integration over zero modes
of 0, [d*0d%0, a factor |Z1|*|det(w;(y,))|*, which can be safely integrated over
all the positions of vertex operators, producing |Z|*(det(Imt))2. One also gets
contractions between the various spinor indices in the vertex operators. Similarly,
integration over fields 0, d; gives | Z; [*|det(w;(z;))|*
[ d?0d?6.

Putting all this together one arrives, after many cancellations, at

and there remains an integral

3g-3
ASTET = / 2042820020 (P, P*F)8 1P, D’ DTV /M < jg_[ G () 2
A (4.111)
Performing the integration over  and 9, and recognizing the partition function of
the topological B model, FgB , the result is
ATV = B / 420470 P, P*P)8 (4.112)

Notice that if one expands the superfield P, in components and performs the 6, 0
integrations the RNS result is correctly reproduced. For type IIA superstrings the
twisting in the right-moving sector must be done in the opposite direction, and
the coupling is P;‘ as expected. The other amplitudes can be evaluated in a similar

way; for example the scattering of universal hypermultiplets (Z) in type IIB gives

AS=VI=8 = A / 204%0(Q, Q)3 (4.113)

In this section, a super-Poincaré covariant computation of topological ampli-
tudes was performed using the hybrid formalism. It is worth noting that the
explicit form of the internal G, , was never used, so this result automatically
extends to Calabi-Yau compactifications. This is in contrast with RNS, where
the explicit calculation works in an straightforward manner only for orbifolds.
For generic Calabi-Yau manifolds in the internal sector, the underlying N = 2

superconformal theory is used, noticing that the spin structure information resides
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entirely in the U(1) current J;,;. It is very suggestive that this is the only object that
mixes the spacetime and internal sectors in the field redefinition that relates the
RNS and hybrid formalisms.

4.3 Pure spinor computation

As in a flat D = 10 background, for ¢ > 2, the g-loop n-point amplitude
prescription on an orbifold compactification is taken to be

3g-3 2,
1T bGu) ]’[u]-> , (4.114)
i=1 j=1

8

Agn = /Mg <‘N(y)

while for g =1,

n
Ary = / <]/\/(y)b(y) 2T uj> 4.115)
M1 ]':1
1—loop
N is an appropriately chosen BRST-invariant regulator of the form N =
exp(QA) which is inserted anywhere on the Riemann surface and resolves the
divergences coming from integration over the non-compact bosonic zero modes.

For example, one can define for amplitudes at any loop
- 1 . -1
N =exp ( — Ag A" — 0% — [ENm”NW +J]+ ZSmnd'ym”A + S/\”‘d4> (4.116)
where

1 _ 1 -
Nyn = Ew’}’mn)\, Nyn = E(w’)’mn/\ — $Ymn'), ] = wyA®, (4.117)

_ _ 1 _
J = @%Ay — %1, Sun = ES')’mn)\/ S =s%A,. (4.118)

Since the simpler four-dimensional b ghosts defined in chapter 3 are BRST
equivalent to the original b ghost in the restricted patches A;A* # 0, A,A* # 0, they
can be used in the amplitude prescriptions if there are no subtleties concerning
regularization. In fact, for special choices of the external states in the vertex
operators Uj, this will actually work well. For external states corresponding to
anti-self-dual topological amplitudes, one can use the b(*) version since the poles
from these b(®) ghosts will not accumulate to poles of order (7\15()\‘5‘)_2. And for

external states corresponding to self-dual topological amplitudes, one can use the
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b) version since the poles from these b(¢) ghosts will not accumulate to poles
of order (A,A%)~2. The dangerous terms using these four-dimensional b ghosts
appear when the b(®) ghosts contribute ;7% or when the b(¢) ghosts contribute
41" to the amplitude, and it will be shown from zero-mode counting that these

dangerous terms cannot contribute to the topological amplitudes.

4.3.1 Type IIB multiloop scattering of anti-self-dual gravipho-

tons

The first amplitude which will be computed is the g-loop type IIB superstring
scattering of 2¢ — 2 anti-self-dual graviphotons and 2 anti-self-dual gravitons
which contributes to the R?T?6~2 term in the low-energy effective action. This
comes from the g-loop 2g-point pure spinor amplitude. The computation of the
case g = 1 is slightly different and will be considered later.

The multiloop amplitude will be computed in the patch A;A%, and using the
b(@) ghost of (3.69). Because of the integral over the d, fermionic zero modes,
the only term in the closed string vertex operators U; which contributes to this
amplitude is the term [ d%zd,d ﬁP"‘ﬁ' (x#,6%,0%), and the only term in the b(a) ghosts

which contributes is _ _
gl
AgAd

To see this, focus on the zero modes of the left-moving fermionic variables

p@) —

and note that the vertex operators U; can only contribute the zero modes of the
2 components d, whereas the ghosts b(*) can only contribute the zero modes of
the 3 components A;d* and the 2 components d,. The zero modes of the other 11
components of d, (i.e. dy, d,y and Ad*) must all come from the regulator V. Since
there are 3¢ — 3 b(*) ghosts, the 3¢ — 3 zero modes of A;,d*! must all come from the
b(®) ghosts and the 2g zero modes of d, must all come from the U; vertex operators.
Furthermore, only the twisted sectors of the worldsheet variables contribute to this
amplitude since, in the untwisted sector, A4d* would have 3¢ zero modes which
cannot be obtained from the 3¢ — 3 b(@) ghosts. For the same reason, orbifold
sectors which preserve N = 4 D = 4 supersymmetry cannot contribute to this
amplitude since, in this case, one of the three x!"s in (3.3) would be untwisted and
A4d*! would have 3¢ — 2 zero modes.

In the twisted sector assuming that ;A% # 0, the only fermionic zero modes
of ry are the two components r; and the only fermionic zero modes of 6* are the 4
components 6% and 6. In addition to providing the fermionic zero modes of 11
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components of d,, the regulator N also provides the fermionic zero modes of the
11 components of s?, and the fermionic zero modes of the 2 components of r; and
0. The remaining zero modes of the two components of 6* must come from the
vertex operators Uj.

Integration over d, and d, zero modes produces index contractions between

the P*f superfields, giving the expression
(PupP*P)8 [det(wi(z)))*[det(@i(2)))?,

where [det(w;(zj))]* denotes the sum of terms of the form det(w;(z;))det(w;(z;))
with z; denoting ¢ of the 2¢ positions of vertex operators and z; denoting the other
g positions. Using the relation

ﬁ / d’z; |det(wj(z))|* = det(Im7), (4.119)
i=1

and integrating over the zero modes of (x*,6%, 6%, Pa, Pa), the vertex operators
therefore contribute in the low energy limit

(det(Im7))? [ dx [ 420 | d2(Pus(x,0,0)P™F(x,0,8))S.
g

To separate the A;d*! zero modes appearing in the b() ghosts from the d*/ zero
modes appearing in the regulator V, it is convenient to make the change of basis
in field space introduced in subsection 3.2.3:

gl = (A0 ap®, AT = Aap®, (4.120)

pr=2Aa0l, = (AP0, (4.121)

which is invertible when 1A% # 0 and whose jacobian in the path integral is 1.

So after integration over the zero modes of the worldsheet variables, the multi-

3

loop amplitude reduces to
4 2 2
Gt (1) >/d /dQ/dG 5P“ﬁ

Ag —/ (det(ImT)) /d%/dtp0<
(4.122)

where [ d*x [ d?0 [ d*6(P,P*)$ is the N = 2 D = 4 supersymmetric expression
containing the term [ d*xR*T?2, [ dy] [ dip} denotes integration over the zero
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modes of ! and ¢!, (...)' means path integration over non-zero modes of all
remaining worldsheet fields as well as the lattice sum coming from the (x!, x)
path integral, and the only term contributing from b(® is

G, =- Iax[.

int —
Note that the explicit expression for I in the b(?) ghost is
T} = dx; — 0,700 — 0,00% — e1;x0 96X, (4.123)

but since all d,’s must contribute with zero modes, the only term in I1; which can
contribute is dx;. For the same reason, the 6 and § dependence of the anti-self-dual
graviphoton superfield in the amplitude reduces to P*#(x#,6%,0%). Note also that
(4.122) holds up to a proportionality factor that comes from integration over pure
spinor zero modes. This proportionality factor will not be considered in this thesis
but can be computed using the methods of [74].

Non-zero mode integration

Recall that for a fermionic (1,0) chiral system (b, ¢) on a Riemann surface of
genus g, the result for the path integral is

/Dch b(21)...b(zg)c(y)e_s[b’c] = Zydet(w;(z;)) (4.124)

where {w;,i = 1,...,¢} is a basis for holomorphic 1-differentials on the genus
g Riemann surface Y. For bosonic (1,0) chiral systems, the result of the path
integral is the inverse [Z;det(wj(z;))] .

For the case of worldsheet fields defined within a given non-trivial twist

structure ¢, the path integral is instead
/Dch b(zl)...b(zg,l)e_s[b'c] = Z1,¢,det(wy, i(z;)) (4.125)

where {wg, ;,i = 1,...,¢ — 1} is a basis of hj-twisted holomorphic 1-differentials
and Z 4, is the partition function coming from non-zero mode integration for
twisted fields. Analogously, the path integral of the bosonic ¢;-twisted (1,0)
system is [Z1 4, det(wy, i(zj))] .

The fermionic variables (d,, %) involve four untwisted (1,0) systems (d,, 0%)
and (d,, 0%), two copies of the three ¢-twisted (I = 1,2,3) (1,0) systems, (d.,6%),
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and two copies of the three —¢-twisted (1,0) systems, (d,;,6*!). Integration over
the non-zero modes of (d,, 6*) therefore gives

(Z1)4 ﬁ [(Z11¢1)2(Z1/—¢1)Z] . (4.126)
I=1

So after including the contribution from the right moving sector (d,, 6%), one gets

3
! [!Zwl 121, Iﬂ : (4.127)
I=1

Since the bosonic pure spinor variables (w,, A*) are equivalent to eleven
bosonic (1,0) chiral systems, nine of them twisted by ¢; or —¢; depending on

the position of the index I in the corresponding conformal weight one field, their
contribution to the amplitude after including the left and right-moving sectors is

3
1z 1 [\Zl,%l*z\zl,_(pl !*4} : (4.128)
I=1

Finally, the contribution from the non-zero modes of x* is | Z;|~*(det(Imt))~2,

and the contribution from the bosonic non-minimal variables (%, A,) cancels the
contribution from the fermionic non-minimal variables (s%, 7).

Including these contributions from the non-zero modes in (4.122), one therefore

mt

obtains
>/d4 [ @0 [ da(pphy.

3 3¢—3
— 2 I 71
A= [, TT1Zp /d%/d%< [Tc "
4.129

Finally, one can replace [T}_, | Z1,4, 2 [ dyf [ dp} with the path integral over !

and ¢!, and sum over all non-trivial twist structures to get the formula

Ay = /Mg< > / dx / 26 / 20 (P, PP)S. (4.130)

where (...)o, denotes the path integral over all modes of x!, x;, !, ;. Thus, the

3¢g—3

H mt

i=1

coupling to the supersymmetric term containing [ d*xR2T?872 is precisely the

i mt(‘ul)

string theory at genus ¢ when g > 1. This same result will now be shown to also

partition function F B — f My <‘]_[

> of the B-model topological
to
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occur when g = 1.

4.3.2 One-loop amplitude

The non-minimal pure spinor prescription for one-loop amplitudes involving

two external states is
A= [ (Ve uvE), (4131)
My
where U is the integrated vertex operator for one of the states,

V(z) = AP A4(x,0,0)

is the BRST-invariant unintegrated vertex operator for the other state which is
inserted anywhere on the surface, and A ﬁ(x, 0,0) is the bispinor prepotential
superfield appearing in (3.132). As before, the four-dimensional version of b(%)
can be substituted for the b ghost when computing the one-loop scattering of two
anti-self-dual gravitons.

Because of the integration over fermionic zero modes, only the twisted sector
will contribute to this one-loop amplitude and the fermionic zero modes of the
left-moving variables are (0%,0%,r;) and (pa, Pa,s*). The two zero modes of p,

must come from U and b(® where b(?) of (3.69) contributes —2/-\);% (E)x?*affﬁ pl;),
the 0% zero modes come from V and U, and the remaining zero modes come from
the regulator V.

To relate this one-loop amplitude with the one-loop topological partition func-
tion, use the OPE b(y)J,(z) — (y —z) 'b(z), where J; = wyA® + rys? is the
ghost-number current, to write the b(?) ghost as the contour integral of b(*) around

Jg, that is,

o) (1) = [ ), Jg (). (4.132)

The contour integral can be pulled off of J, and since the commutator of § b(@
with U and N does not contain enough zero modes of p,, the only contribution
comes from the commutator with V. Performing the same operation with the

right-moving b(®) ghost, one can write the one-loop amplitude as

A = /Ml <|/\/]g(y)y2 u ]{W) 7{E<“>V(z)>. (4.133)
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In the gauge where b(®) and 5(*) have no double poles with V = MABA, ap the
superfields P*f and A, p are related by

PP = (o) (0")PPD,,0, Ay (4.134)

So after integrating over the fermionic zero modes of (6%,0%) and (d,,d,), and
using (4.134), (4.133) reduces to

Ay = / (NI [?) [ [ a0 [ o (Pp) (4.135)

where ( ) denotes the functional integral over all worldsheet variables except for
the four-dimensional variables (x*, 6%, 0%, p,, P )-

Finally, one can relate | M, <}./\/' Jo(m) |2> to the one-loop topological partition
function by using the field redefinition of (4.120) and shifting w; and @* as in
(3.90), (3.91). Since ¢; and P! carry ghost-number charge +1 and —1,

Jo =K+ yly; (4.136)

where K = J, — ¢'y; is independent of (!, ;) and is constructed from the
pure spinor variables and (x!, x). Note that ], satisfies the OPE J,(y)/Jo(z) —
3(y — z)~2, so the OPE of K with K has no double pole. One can therefore define

K = 900 where ¢ is a null boson and construct new fermionic variables
' =yletse, =y, (4.137)
which satisfy the same OPE'’s and twistings as ¢! and y;, and satisfy

Je =" (4.138)

The integration over all fermionic and bosonic variables in (4.135) except for the
internal (xI , X1, C L ’r, 5 L f 1) variables cancels out, so the one-loop amplitude can

be expressed as
Ay =FP / dix / 226 / d20(P,sP*P) (4.139)

where FP is the one-loop partition function of the topological B-model [75]

Ff = /M1 <’€I§I(V)‘2>top
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and ( ),,, denotes integration over the internal variables (xl ,X1,C L ’1, 5 L f 1)

top

4.3.3 Other topological amplitudes

In the previous subsection, the Type IIB scattering of 2¢ — 2 anti-self-dual
graviphotons and 2 anti-self-dual gravitons was computed using the non-minimal

pure spinor prescription of (4.114) with b(®) and 5(®) ghosts to obtain the amplitude

EB / dhx d20d%0 (PysP*P)s. (4.140)

whereFB fM <‘H3g > G (i)

tion. Using identical reasoning, one can compute the Type IIB scattering of 2g — 2

2
> is the topological B-model partition func-
top

self-dual graviphotons and 2 self-dual gravitons using the prescription of (4.114)
with b(¢) and b(©) ghosts. In this case, one restricts to patches where AgA% #£ 0, and
the resulting amplitude is

2 / d'x P0G (P, ;PP)S (4.141)

where FgB is the complex conjugate of F; defined by

2
EP— / < > , (4.142)
M
8 top
G+

i+ = 19x! is the contribution from the b(©) ghost, and 1; = (APAg) 1A%p,.
One can also compute the Type IIB scattering of 2¢ — 2 Ramond-Ramond

3¢—3

H G;;t(yi)

i=1

hypermultiplet scalars and 2 NS-NS hypermultiplet scalars with the prescription
of (4.114) if one uses either b(?) ghosts in the left-moving sector and b(®) ghosts in
the right-moving sector or b(¢) ghosts in the left-moving sector and 5(*) ghosts in
the right-moving sector. In the first case, the amplitude is

FA / Ay / 126 / 420 (Q,5Q%):. (4.143)

where F§4 is the partition function at genus g for the A model topological string
defined as

393 333
/ <H Gznt ]“ll H Gmt V] > . (4-144)
top
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In the second case, one obtains the complex conjugate of (4.143) which is
Ff / d*x / d*0 / 420 (QupQ*F)8, (4.145)

where

3¢g—3 3¢g-3
/ H Gmt :ul H Gmt ,u] . (4.146)
top

For type IIA topological amplitudes, the results are complementary and the
only difference comes from the opposite chirality of the right-moving sector as
compared with type IIB. For the anti-self-dual graviphoton amplitude, the right-
moving b-ghost now contributes with (A4A%)19x! 5% and the appropriate change
of variables that has to be performed to make contact with the topological string
description of the internal model is

fr=AAN) g, k= Aapl, (4.147)
Pr=1:04, ¥ = (A8, (4.148)

The effect of this is to change the relative topological twisting in the right-moving
sector of the internal model, and the corresponding terms in the Type IIA effective

action are

= B[ [ @0 [0 (P + B [atx [0 [ 5 (ppp )
—|—FgB/d4x/d29/d2§ (QaBQaB)g+ﬁ§/d4X/d2§/d2§ (QaﬁQw)g-

(4.149)
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Conclusions and future directions

This thesis contains a first step towards a pure spinor formulation of super-
strings compactified on six-dimensional manifolds by studying topological ampli-
tude computations of type II superstring theory with an orbifold as the internal
sector. It was shown that, as in topological amplitude computations using the
hybrid formalism, the pure spinor computation preserves manifest N =2 D = 4
supersymmetry and do not require summing over spin structures. Although the
pure spinor vertex operators depend on all 16 6% and 16 6% worldsheet variables,
the restriction to patches where A% # (0 and the construction of a four-dimensional
version of the b ghost simplify the computations. Moreover, the multiloop cal-
culations using the non-minimal pure spinor formalism do not suffer from the
subtleties of the hybrid formalism coming from negative-energy chiral bosons.

Topological strings contain fermionic worldsheet variables with spins 1 and 0.
They can be though of as twisted RNS fermionic matter which, before twisting, has
spin 3. Regarding the topological amplitude calculation in the RNS formalism, two
phenomena can be identified. First of all, as seen in the heuristic derivation, the
twisting of fermionic matter is nothing else that a redefinition of the background
charge for different fields; this change is induced by the presence of insertions of
suitable external states on the worldsheet. Nevertheless, in the actual computation,
the effective twisting is a consequence of a sum over spin structures which traded
sums of products of @-functions with half-characteristics, for @-functions without
them. The conformal systems which provided the first ones where the conformal
ghosts (B, y), fermionic spacetime matter ¢*, and fermionic internal matter ¢/, ¢;.

In fact, the relation between hybrid and RNS formalisms is known to be given
by a field redefinition which, in the internal sector reads

Thyor = TrNs + 2(345 +18)* — (3¢ +18) Jrns (5.1)

Griypr = e?1Gins Ghypr = Ze ?Gryss Jnyor = JrNs +3(9¢ +1¢) (5.2)
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For an orbifold compactification characterized by fermions 1/)1 , 1, this relation
comes from the field redefinition

I =9y, r' = 11/}’ (5.3)
i
which effectively twists the N = 2 superconformal algebra of the orbifold SCFT.
The field redefinition is more complicated for supermatter variables in the D = 4
sector, while, obviously, the internal sector of the hybrid formalism allows from
the beginning a treatment of the more general Calabi-Yau compactification. Notice
that fermionic spacetime spinors of the hybrid formalism are given as

0% — cge— 300+ Jrns) g g% — o3P+ /" Jrns) g (5.4)

The only information from the internal sector that appears in this field redefinition
is the U(1) current, and this fact must have something to do with the extension of
the RNS computation to generic Calabi-Yau compactifications given in [67]. It will
be interesting to see how this feature translates to the pure spinor formalism, in
order to deal with these more generic Calabi-Yau manifolds.

On the other hand, twisted fermions for the internal sector are already con-
tained in higher components of p,, 6*. In this thesis, the relation was given only
for free fermions. It would be obviously interesting to extend the pure spinor
computation to include Calabi-Yau backgrounds based on the field redefinition
(4.120)-(4.121). Notice that this field redefinition, which resembles the twisting
considered in [76], would give untwisted fermions if the conformal weight of A;
were shifted by 1/2; the extra untwisted fields x’, x; would call for an appropriate
interpretation. Besides, a simplified b ghost for flat background was given in
[77] in terms of fermionic vectors. This was done at the level of the worldsheet
action by introducing the conjugate pair (I'",I'"™), and adding a constraint which
trivializes their kinetic term as I = 0. Then, a suitable similarity transformation
transforms this constraint into the more complicated

_ Aymd  (AY™Pr)Npp

m

C2A A% T B(AgAR)2

0 (5.5)

which, nevertheless, allow to write a much simpler ten-dimensional b ghost

mn

_ Ay - wymA) (Ay™06
b:HmFm—4;Mal"ml"n+s"‘a/\a+wa89"‘—( 7’“2)_25 AZ ) 56
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The natural thing to do is to introduce fermionic vector variables rlr 1 exclusively
for internal SU(3) indices in the compactified pure spinor formalism, and see the
consequences on the form of the b ghost and the relevant amplitude computations.
This is work in progress.

In any case, there is a clear simplification of the pure spinor computation
of topological amplitudes with respect to other formalisms; this resides in the
substitution of the b ghost by the 4d version which is BRST equivalent to the
original composite operator. This is allowed only if a subset of the 16 patches of
pure spinor space are taken to be permitted in the orbifold compactification; of
course, this situation deserves further study. Moreover, this restriction has effects
in the maximum number of inverse powers of AA which won't give divergences at
A — 0. In fact, for topological amplitudes the contributions from b ghost insertions
are such that these inverse powers do not accumulate. Nevertheless, accumulation
of singularities become relevant when computing non-topological amplitudes.

To test the pure spinor prescription for amplitudes in orbifold compactifica-
tions, it is simpler to start at one-loop. A relevant case to study is type I super-
strings which preserve N = 1 supersymmetry in four dimensions. One-loop,
four-gluon scattering was computed in [78, 79]. Gluon external states belong to
the untwisted sector of the orbifold compactification. As in type II superstrings, de-
pending on boundary conditions (or twistings) along homology cycles, amplitudes
get contributions from sectors preserving different amounts of supersymmetry.
Since twistings must obey ¢1 + ¢ + ¢3 = 0, type I amplitudes have three sectors:
N =4, N = 2,and N = 1, determined by (i) ¢; = 0 (I = 1,2,3), (ii) ¢35 = 0,
¢1 = — ¢ (or the other possibilities), and (iii) ¢y # 0 (I = 1,2,3).

The simplest sector is N = 4, where each component coming from d, has
one zero-mode. For amplitudes up to three-point it is easy to see that, since the
four-dimensional b ghost can contribute at most with two d zero-modes there are
not enough insertions to absorb all sixteen of them; then, these amplitudes vanish.
The first non-trivial process is the four-point scattering whose amplitude reads

/Ooo dTT <./\/(y)b( ) (1) AEAL(z1) /dz U;(z; > (5.7)

where T is the modulus for the corresponding surface contributing at one-loop
(annulus and Mobius strip).

However, when trying to compute this amplitude with the usual one-loop
regulator N, the result for the N = 4 sector of N = 1 orbifold compactification
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vanishes. The problem appears to be related with the fact that the prescription
as it stands cannot give a gauge invariant answer. To see this, notice that the
term in b(®) which contributes is proportional to (AA)~2. Under gauge invariance,
0V = QQ), and when trying to pull off the contour integral of Q of the surface,
there appears a pole (AA) =2 which, as already discussed, is not allowed in well-
defined computations. A way out of this unfortunate circumstance resides in
using the more complicated regularization developed in [40, 80].

Extending to more general situations, it would also be desirable to consider
scattering of compactification dependent states. For orbifolds, this requires the
knowledge of twist field correlators, those involving string state in the twisted
sectors of the Hilbert space; those were studied in [81, 82].

In any case, the results established in this thesis seems to open a path towards

generic pure spinor prescriptions for four-dimensional compactifications.



Appendix A

BRST equivalence of b ghosts

In this section of the appendix, the b ghost of (2.86) will be shown to satisfy
b =b@ + QA for some A@. Note that terms in b have denominators which are
powers of A,A%, while those in b(*) have powers of A;A%. The strategy will be to
manipulate terms in b order by order in (A,A%)~! in such a way as to trade them
for terms with (7\,5( )\‘5‘)_1. This will produce some BRST trivial terms and extra non-
trivial terms which will be canceled by expressions coming from manipulations at
next order in the analysis. In the end, all non-trivial terms will cancel each other.

The convention used for spinor indices is the following: & denotes antichiral
spinors in four dimensions, and &’ denotes any of the other components in the
ten-dimensional quantity, &’ = («, I, &I) where the position of I depends on the

chirality of the ten-dimensional spinor.

First term
To analyze the first term in the b ghost of (2.86), use the relation

Q()_\a)_\a/H[a'“/]) = /_\,j(/\d)_ta/Ga/ — ZW/A“/;\QG[X — /_\IX/T’,XHM”X/] — K&ra/H[‘j"“q (Al)

to express

s w1
AAR

QA HIE) 4+ Xy A R GE 4 Ay H) 1 Ry HEAT, (A2)

where the patch in pure spinor space is A;A% # 0. Then the first term in the b-ghost

can be written as

AGY 1 - o
(44 A

by =52 =
PR A

/_\'GD.C 7\)_\ /H[&’D‘/] - = 5ol 1
_ N ' i (e A /H[a,a} _ -
T (mmmm) MR ((AM"‘)(AM“)>
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/_\dTa/H[&’“/] — }La/r,j( H[al’d]
(LA (A A2)

(A.3)

Second term

Similarly, from the relation

Q(/_\&/_\ﬁ/r,yK["Xfﬁl'ﬂ) — _}\ﬁ()\a}\ﬁ/rj/H[‘B//ﬂ — }\ﬁ,/\ﬁ'}me[%M _ mﬂ%}xlyH[’j"m

— 7\13/1’,11’7[([&"3/”” — /_\drﬁ/r?K[‘j"ﬁ/’ﬂ (A4)
it follows that
_ . 1 _ I . C oy
/\ﬁ/]’xyH[ﬁ ) = /_\d/\‘i‘ )\ﬁ//\ﬁ )\M’z)'/H[“’IY] — Tr'y)try)\a)\lg/H[a’ﬁ]
—}\ﬁ/ramK[‘i‘fﬁ//ﬂ — )_LM’IB/T’/YK[&’H”H — Q(?\&/_\[;/T,‘YKM’[;/”H)} . (A5)

Again, from
Q(}\Q}Lﬁ/m/K[’j"ﬁ/’ﬂ) = —}La)\d/_\ﬁ/}’,Y/H['Bl’,ﬂ - Rﬁ/)\ﬁ,/_\km/th'b‘] — F,y/)L’YI)_La)_\ﬁ/H[b‘"BI]
- }L[g/i’ai’v/K[a’ﬁl”y/] — Xirﬁ/rv/K[‘j"ﬁ/’ﬂ, (A6)
one can express
= rat 1 = /= CoA ) = = sl
)\ﬁ/?’,)//H[ﬁ ’7] = W [/\ﬁ/Aﬁ )\QT,YIH[“”Y] — T,Y/)L,Y /\&/\ﬁ/H[a"B]
—/_\IBIT’,XVWIK[&”BI”” — /_\QT"IB/V,Y/K[&”BI/H — Q(;\d/_\ﬁ/rle[‘i"ﬁ/’ﬂ)] . (A7)
Expanding
— AargH P = —RurgHOP — A HIEFT — R ry HWPL— R rg HEPL - (AL8)

and denoting
A= —)_LQI’BH[‘X"B] — }L“/T’BH[N/’M, (A9)

B = —Aarg HF — X1y HYPJ, (A.10)
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the second term in the b-ghost can be written as

by = = . (A.11)

Plugging in equations (A.5) and (A.7) in A and B, respectively, one gets

1 [ - .-
A= [—/\g)\g‘)ur

’BH[{X"B] + r7A7;\a;\ﬁ/H[“'ﬁ/]

+}Lﬁ/1’ar7K[&"B/"” + /_\m’ﬁli’nyM"Bl”H + Q(Z@C}Lﬁ/i’,yK[d’ﬁ/”H)] , (A12)

1
B=——
AgA®

[_}LQ‘AQ‘}H}LT"B/H[&/ﬁI} + r’y/)\,.)/xa/—\ﬁ/H[b"ﬁ/]

—{—)—\‘B/T’QT,Y/K[Q’!;/”Y,] + Zarﬁ/r,le[d’ﬁl”yl] +Q (/_\d/_\ﬁ/r,y/K[a"B/”ﬂ)} . (A.13)

The first term in B after being multiplied by (1,A%) 2 cancels one of the last
terms in (A.3). The first term in A times (A1,A%)~2 combines with the last term in
(A.3) to produce A(A;A%)"1(A,A%) 71, and this is

Z&T'HM’B}
JMarp
(AgA®)2

ATV A HP]

—|—)_\‘[;/1’,5¢1’ny[&’/%/’7] + }L[jér‘g/rrj/K[d"B//ﬂ + Q(Zaj\ﬁler[a’ﬁl’v])] . (A.14)
The second term in A combines with the second term in B to produce

T’Q()Lg/_\lj(/_\ﬁ/H[d’ﬁ/]

— A5
AaAd (AgAe)2 (A.15)
This term and the one in A(A;A%) 71 (A,A%) 71, that is,
raATAzA g HIEF
7P (A.16)

will cancel the entire term containing Q (( 1 ), as can be seen from

AgAL) (AgAL)

0 1 _ raAl n raA? (A.17)
(}\&Ad)(}\a)\g) - (R&A’j‘)z/_\g)ﬂ 7&,54)\‘5‘(7\4/\9‘)2' .
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Summarizing all this,

/_\QG& /_\&rBH[‘j‘/.B}
AR VTR WO

j\a;\ﬁ/H[d’ﬁ/] /_\d)_tﬁ/rvK[‘j"ﬁ/'ﬂ ;\a}\ﬁ/T,yK[a"B/””
+ — = ——= —
QMMMMM) XAt (AgA2)2 mwm%ma)

/_\lglf’zjd’jK[d"B/’j] + )_\M’IB/T’:]KM’K’:Y] )_\‘Bli’ozr"yK[d"B/”H + /_\,jd’lg/rryK[a"Bl”H

KA S (Agh0)2 (R AE)2 A AT

- - ol 1 - = ol s 1
_)\)\ / K[“lﬁ ,:)/] _ . . = < <A _A«A« / 'K[a’ﬁ /Y} N . A.18
W Ty Q()\[j‘/\a()\a)\ay) Ty Q (AgAE)2A A2 ( )

Third term

From the expression
Q(/_\a)_tﬁ/%;,?(gll[&’ﬁ/’?’g]) = Z&A&Kﬁ/mr(gK[ﬁW"ﬂ — )_Lﬁ//\ﬁ/?\&mrgK[‘j"?"?]
—i—r,y)\'?/_\a/_\ﬁ/rﬁK[d’ﬁ/’g] + 1’57\5/_\,5(/_\'3/7’,?1(['5‘43/"ﬂ
— Agrarqr SL[’j"/S/'"?'ﬂ — /_\&rﬁxr@rSL[‘i"ﬁW'S], (A.19)

where the equation holds for every formula obtained by replacing indices like 4
by ¥ or 7/, one can write

;LIB/T’,?QAK['B/’,?’(?] = TAd [}Lﬁ//\ﬁ/}\ar,ﬂgK[a’?’g} - 1’7/\’?7_\&}\‘3/1’5[([&’&’5] — 7’3/\35\(54)_\‘3/1%[([&’&’?]
&

+7Lﬁ/r&r7r(§L[‘5"ﬁ/'7"§] + K&rﬁ/rﬂ?rSL[é"ﬁl'”?"?} + Q(/_\a)_tﬁ/mrgL[‘j"ﬁW'S])} . (A.20)

For the particular case where (§,6) = (,9) the previous formula reduces to

AprgrsKIP ) = — _Z_p ATA A KA (A.21)

AgAd
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The third term in the b-ghost is

by— —— b3~ (A.22)

C = —Aargry KEPYT X rgr KA, (A.23)
D = —K&rﬁ/mK[’j"ﬁ/’ﬂ — 7\“/7"3/1’71([“/”8/’7], (A24)
E = —AgrrsKIAl, (A.25)

Focusing first on terms containing expressions of the form A;r prK &pA) after
making the substitutions (A.20) and (A.21), one gets several such terms. The terms
in (C + D)(A4A%) 3 of this form are

)_\15(1’7‘37’7/[([&’53’7/} /_\arﬁ,r,-yl([”"/ﬁ//ﬂ

. e A.26
Ag A& (AgA2)2 AgAE (A AR)2 ( )
which, together with terms having same denominator in (A.18), give
D Agirgrs KB 4]
= _CR . (A.27)
A A (AGAZ)Z A AR (A AR)2
The first term in the last formula contains
Nargrrs Kb
_ R (A.28)

(AgA&)ZA AL

which kills one term in (A.18) with the same denominator. At the end one has in
b1+ by + b3,
+

+ (A.29)

~ Ty 1 1 1
A rar KB [ - _ .
“TBr ( (TeA2)3 " RAd (AgA0)2 (AaAw)ZAmAw)
Using relation (A.21) one eliminates all appearance of terms containing Az 7 19K [&pA,

It is not difficult to check that all terms containing expressions like (rA)AArK



Apéndice A. BRST equivalence of b ghosts 120

cancel and the remaining terms contain only the operator LB1dl One gets

}\éc G4 )_\ar‘BH[‘j‘/B]

by +by4by =5 - — P
R A UG TP

+ == + —

+Q f\&/_\ﬁll_l_[a,ﬁ/] /_\a/_\'gli’,yK[d"B/'ﬂ ;\@Zﬁ’r’)'/de"Bl'ﬂ
) RaA®) | AAR A2 (Aah®)2A A8

AaAE (AgA2)3 (AaA®)2(AgA%)2

Mﬂﬁ/rﬂ(s/L[‘j"ﬁ/'Y'(sl] + AaA gy s LEF 7\a7\ﬁ/77/r5L[‘5"5/'7/"§]>

(/_\,5(1"’3/ + )—tﬁ/m)rv/r(g/L[‘j"ﬁ/”’ ] ()—\Dﬂ’ﬁ/ + /\'[3/7’0()7’7/7’5[,[ &p'7 0]
B Aa A& (A A2)3

(A,,J“B/ +)\ﬁ’rl¥) /1’(5 [&,,B/,’y/,(;]
(AgA)2 (A A2)2

+ (?\&/_\lg/l’yr(;/L[d’ﬁ/j’y] -+ }\&}\ﬁ/rv/rSL[&,ﬁ/,’Vﬂ) Q (_;)

AgAE (A A%)3
- = s R A s 1
B8
+ )\@C)L[;/Y,Y/YSL[“ By ]Q <(}WA&)2()—M}W)2> . (A.30)
Fourth term
The next term of the b-ghost is
; Aatg rjrggL[Q"EYﬂ Asl
P (Rene) (A3

where the operator L#7?] gbeys A& [P 79#] — 0. These relations can be written

as
ATEA T = g, (A.32)
AL A 00T ZB e8] A LB 0T (S e AR BT —
(A.33)
ACLIBA 00T _ ABL&n 0] L AV LB ) (S LB ] AP LB —
(A.34)

ap B0 0] _ ABLIYS ] \TLIRBS T — (A.35)
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which implies

)_\'3/7’7/7’(5/1’#L[ﬁ/’ry/’(s/’p/] = (/_\ﬁ/)\ﬁ/)_\a%y/l’(sﬂ’p/L[&’ryl’y’p/] — 37’7//\7/)_\&4)_\'3/7’5/1’#L[d’ﬁ/’y’pq)1

AgAd

(A.36)

- SISV 1 = /= AN,

7 /5 7| — o . 7 /5 7

)\,Y/T’BT’(;/TP/L[[%V o] = )_\,5()\‘5‘ ( — )\,y//\ry /\“Y‘BT’(;/TP/L[IX’B ol

+ V‘B'/\B}\a)_\,),/r(y}’p/L[d’v/’él’p/] — 21’p/)\p//_\¢j¢/_\,y/1’51’5/L[&’ﬁ.’v/’y]), (A37)
= ! 2 & A 2 QA= = son S

Agrrgraro L AT = T rpAPAaAgrry L2, (A.38)

The fourth term of the b-ghost can be written also keeping track of the four

dimensional chiral spinor index &, as follows:

CX+Y+Z

b= "t (A.39)
where
X = Xa/rﬁ/ry/ryL["‘/'ﬁw/"sl] + ?\arﬁ/rv/r(yL[‘j"ﬁ/”["sl], (A.40)
Y = 37\,,6/17;1’7/1’5/L[“/'B'Vl"s/] + 3)—Larﬂr7/r5/L[‘j"B'7/"5q, (A.41)
Z = 3Ayryriry LA, (A.42)

Using relations (A.36), (A.37) and (A.38), one can simplify by + by + b3 + by.
Let’s focus again on terms containing Aa7 prar SL[&'/S"W ], From X, one gets

- AN Y]
/\arﬁ/ryr(yL[""ﬁ Y ’5}

L A.43
A (AA8)2 (A43)
which just cancels one of the terms in by + by + b3. From Y, one gets
3}L VaVart /L[Q’B’vl’(sq
el (A.44)
Ag A& (A A2)3
This adds to two terms in by + by + b3 to produce
Y
(A.45)

BN (Mg A8 )3
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Using (A.37), it is seen that this expression contains

}\Dﬂ’ﬁ' I’,Y/ rst L [a,[%,'y/,é’}

S A.46
ReAe (1,15 (40
which cancels another term in by + by + b3. What is left is just
- ' as s 3 2
Arsrara LB = R ) A.47
/Ty Ts (AgA2)4 + (AaA®) (A A2)3 - (AeA®)2(A,A2)2 ( )

&

Using equation (A.38) one eliminates all appearances of terms containing A;7 ararsL (&p7.],
One ends up with terms having in the numerator expressions like (rA)AArrL. Col-
lecting all these termes, it is easy to see that they all cancel out.

Result

So the final result for b = by + by + bz + by + s%9A, is
Ay GY ;W’BH[D"’B] -
b= ——+ — —~— oA A48
A& (AgAd)2 570 (A.48)

(Za?\ﬁ/H[‘i‘fﬁl] Aadgry KPR R KA
+ + -

G art) T~ TaA (A2 T (Rehd)2hpne

/_\0"7\'3/7’:)/1’(5/[;[&"8/',]'6/} + ;\aﬂﬁ/r,y/r(;L[‘j"ﬁ/"yl"ﬂ )_La)_\ﬁ/rv/r(;L[’j"ﬁlf'Y/";]
- AiAE(AgA2)3 (A2 (g2
So b = b + QA in the patch where A;A% # 0. The derivation of b = b(®) +
QA9 in the patch where A,A* # 0 is completely analogous.
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