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Resumo

O objetivo deste trabalho é mostrar a importancia da escolha do sistema de co-
ordenadas e assinatura para descrever o espaco Anti-de Sitter na Correspondéncia
AdS/CFT. Para fazer isto, mostraremos como calcular correlatores em diferentes co-
ordenadas no lado gravitacional da correspondéncia. Em particular, apresentamos o
procedimiento geral para encontrar o propagador bulk-fronteira para um campo es-
calar, de gauge e espinorial usando o método de Witten em coordenadas de Poincaré
com assinatura euclideana. Também mostramos os calculos das fungoés de n pontos
para um campo escalar interagente em AdS a nivel de drvore e comparamos os resul-
tados com os vinculos da teoria de campos conformes. Para comparar as implicacoés
de trabalhar em outro sistema coordenado refazemos os célculos dos propagadores
para o campo escalar em coordenadas globais. Finalmente mostramos como cal-
cular o propagador bulk-fronteira para um campo 3-forma que vive em AdS7; em

coordenadas globais e de Poincaré.

Palavras Chaves: Espaco Anti-de Sitter; Teoria de Campos Conformes; Corre-
spondéncia AdS/CFT

Areas do conhecimento: Relatividade Geral; Teoria Quantica de Campos: Teoria
das Cordas
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Abstract

The goal of this work is to show the significance of the choice of coordinates system
and signature to describe the Anti-de Sitter space within AdS/CFT Correspondence.
In order to do so, we will show how to calculate AdS/CFT correlators in different
coordinates from the gravity side of the correspondence. In particular, we present
the general procedure to find the bulk-to-boundary propagators for scalar, gauge
and spinor fields using Witten’s method in Poincaré coordinates with Euclidean sig-
nature. We also show the calculations of n-point functions for a classical interacting
scalar field in AdS at tree level and compare the results with the CF'T constraints.
To compare the implications of working in different coordinates, we recalculate the
propagators for the scalar field in Global coordinates. Finally, we show the cal-
culations of bulk-to-boundary propagator for a 3-form field living in AdS; in both

Poincaré and Global coordinates.
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1 Introduction

The AdS/CFT Correspondence or Gauge/String duality discovered by Maldacena
[1] has been one of the majors breakthroughs in theoretical high energy physics
in the past two decades, it is a conjecture that relates a gravitational theory in
a (d 4+ 1)-dimensional space with a conformal field theory defined in a space of
lower dimension d, that is the reason we use the term holography when we refer
to some aspects of the correspondence. Its succes is due in part to the fact that
it has influenced and motivated the foundation of several research areas within
theoretical physics such as condensed matter, quantum chromodynamics, plasma
physics, gravity, etc, and it has opened the possibility to deal with some issues
such as nonpertubative regime of some field theories by looking at its equivalent
theory pertubatively via AdS/CFT, property that has made the correspondence a
Strong/Weak coupling relation. A precise prescription to match observables of the
two parts of the correspondence was proposed separately by Witten [2] and Gubser,
Polyakov and Klebanov [3] shortly after the discovery and it has turned out to be
effective, it states the equivalence of the partition function of the gravity theory
in Anti-de Sitter space with the partition function of the conformal field theory
defined on the boundary of AdS. This allowed the first checks of the correspondence
by computing and matching correlators or n-point functions, e.g [4], [8], [17], [18],
[21], [15]. Despite the fact that the correspondence is not defined in a particular
coordinate system for AdS, most of the works were done using Poincaré coordinates
with euclidean signature. This happens because people usually want field theories
defined on flat spaces, but for instance, we could use global coordinates (see [5])
to describe AdS and the correspondence is still valid. Some people (see [6] and
[7]) have worked on describing the new features that appear in holography when
using other coordinate system than euclidean Poincaré, for instance, Poincaré AdS
with Minkowskian signature. It is important to remark that Poincaré coordinates
only covers a part of the whole Anti-de Sitter space but the results working with
this system are so neat that it seems people have ignored this issue and that is
what this dissertation is about. The main purpose of this work is to show that the
relation between holography in Poincaré and global coordinates is not just a change
of coordinates and we still do not know why the AdS/CFT correspondence works
so well in the Poincaré patch if this one covers only a portion of the entire AdS.
In principle all the calculations and checks, such as computing n-point functions,
should be possible to perform no matter which coordinate system you choose to

work with. What we will see is that the choice of coordinates system to describe



AdS plays a role in the AdS/CFT which is simply far from trivial.

This dissertation is organized as follows: The first chapter has to do with Anti-
de Sitter space (AdS), we start defining what AdS is within general relativity, how
it can be derived as a solution of Einstein equations or by embedding of a hyper-
surface in certain ambient space, later we present the different coordinates system
of our interest to describe this space and analyze the causal structure by using
Penrose diagrams, we end this section studying the boundary of AdS and what
changes with every coordinates we consider. In the next chapter we present the
basics of conformal field theory (CFT), starting from the definitions of conformal
transformations of coordinates, its general group properties and how a field theory
with conformal invariance is restricted, this is done by studying the constraints
imposed on the n-point functions working in the coordinate representation. Once
we study AdS and CFT separately we are ready to say some words about the
AdS/CFT Correspondence. Its discovery and foundations are beyond the scope
of the intended work, so we only mention what it means, we present the most
known and studied example and we develop the prescription proposed by Wit-
ten in [2] which serves as a recipe to match observables of the two sides of the
correspondence. Following, we find a chapter treating holography, basically we
compute bulk-to-boundary propagators in Poincaré coordinates for scalars, gauge
and spinor fields living in AdS, as well as 2-point functions at tree level, which
results are compared with functional form dictated by conformal invariance. A
general formula to compute n-point for scalars at tree level is also found. Be-
sides, in this chapter we check the relations between scaling dimension and the
mass according to the AdS/CFT dictionary. In chapter 6 we deal with one of the
main topics of this work, holography in other coordinates systems than Euclidean
Poincaré coordinates. We start by solving the equation of motion for a free scalar
field living on AdS with Minkowski signature and we see that consistency requires
the inclusion of new ”objects” which were not present in the Euclidean case. In
this section we also solve the Klein-Gordon equation with global AdS background
and we find the new bulk-to-boundary propagator which relation with the one
found in the euclidean Poincaré is, as expected, far from being a simple coordi-
nate transformation. In the last chapter we present an example of correspondence
different from the well-known case [1] and we calculate the bulk-to-boundary prop-
agator for a 3-form living in AdS; in Poincaré coordinates and finally we compute
the same object in global coordinates as a modest original contribution from the

author.



2 Anti-de Sitter Spaces

General relativity is the theory that describes the dynamics of space-time, it is
based on the Einstein equations (1) which gives the space-time metric g4, once the

content of matter T, is known.

1
Rap — ERgab + Agap = 81Ty (1)

Exact solutions of (1) are more likely found for spaces of high symmetry, in
particular we are interested in spaces with constant curvature. To be an exact
solution, T,;, must be the energy momentum tensor of some configuration of matter
which does not violate local causality and it is also restricted to forms in which
the energy density measured by any observer would not be negative.

Once a solution is found, we would like to describe physical objects living on

the this space-time, so we consider the line element also called the metric:

ds® = gapda®da® (2)

We can describe a space as a surface living inside some background space, or
embedding space. For instance, the curved 2d surface space of the 2-sphere can
be regarded as living on the 3d euclidean space (3) supplemented with an extra
condition (4).

ds® = dr* + dy* + dz* (3)

Ty + 2 =R (4)

Then, the 2-dimensional metric is given by:

2 2

T 2 ) Ty
2)—I-dy (1+ 2)+2dxdy—2 (5)

ds®> = da*(1 4+ ———— S —
s x(+R2—5L’2—y R2— 22—y R2—22—y

Another example is the Lobachevski space, which has negative curvature R < 0
(two parallel geodesics diverge), this is a 2d space described by embedding the

surface (6) into a 3d Minkowski space (7).

2yt — 2= —R? (6)

ds® = dz* + dy* — dz* (7)



2.1 AdS as exact solution of Einstein Equations

Anti-de Sitter space is the simplest, maximally symmetric solution of the Einstein
equation with negative curvature. Locally, spacetime metrics of constant curvature
are characterized by :

1
Rabcd = )R(gacgbd - gadgbc) (8)

dld—1

which is equivalent to:

1 1
Rap — §R9ab = _ZRgab 9)

Comparing this with Einstein equation we can consistently identify these spaces
as solutions with A = iR for an empty space T,;, = 0. For the case R < 0 we
obtain the so-called Anti-de Sitter space(AdS) .

2.2 AdS as embedding

AdS space is represented by a Lorentzian version of Lobachevski space given by

the embedding in d + 1 dimensions:

d—1
~X3+ Y XP - X5, =R (10)
d—1
ds’ = —dX§ + ) dX} —dX},, (11)

Then, denoting X,, = (Xo, Xat+1, X1,...,Xq-1) we see that by construction it
is invariant under SO(2,d — 1).



2.3 Systems of coordinates and signatures

We can solve the embedding equations with the so called global coordinates:

Xo = Rcoshpcost

X441 = Rcoshpsint

where 0 < p < 00, 0 <7 < 27 and —1 < €); <1 with the additional condition
>-:€; = 1. Then the metric can be written as:

ds* = R* (— cosh® pdr® + dp® + sinh® pd€25_,) (13)

With 7 € [0,27) we are covering the space once, that is why these coordinates
are called Global. In these coordinates AdS can be represented by the hyperboloid
shown in the Figure 1. We also see that the ambient space has two times, but the
hyperboloid only one (they are orthogonal to each other). Nonetheless , there is a

problem as we approach at p ~ 0 :

ds* = R* (—dr® + dp® + p*dQ]_,) (14)

Which means we obtain a space S' x R and therefore we could have closed
time-like curves which are prohibited because of causal concerns. We can solve
this by unwrapping the circle, it means letting —oo < 7 < co and we obtain the
“universal cover” of global AdS, where we do not have closed time-like curves. So
in this work whenever we mention global AdS we refer to its universal covering

space. We can also compute the curvature for this metric and check that this space
—d(d+1)

has a constant negative curvature A = 2

2.4 Causal Structure

Penrose diagrams are an important tool developed by Penrose with the aim to
understand the causal structure of a spacetime. We are interested in studying
AdS spaces and in order to do that it is easier to start with the simpler cases.
First, we are going to study the Penrose diagram of flat Minkowski space R'”

which metric in two dimensions is given by

ds® = —dt* + da* (15)

where —oo < t,x < 0o. Introducing new coordinates uy+ = t + x we obtain:



Figure 1: AdS Space in Global coordinates

ds* = —du.du_ (16)

where again —oo < ug < co. Now, it is easy to show that by making uy =
tan (7 £ 6)/2 we get:

ds* = Q*(1,0)(—dr* + db?) (17)
with

O?(7,0) = 411 sec? %(T + ) sec? %(7’ —0) (18)

where |7+ 0| < 7.

Since light ray trajectories (ds? = 0) are not affected by conformal factors in the
metric, we can map Minkowski space into the full diamond region |7+6| < 7 in the
Figure 2 and analyze the causal structure of the space. The two corners i where
(1,0) = (0, £7) represent the two spacelike infinities that correspond to z = o0,
and % the future and past timelike infinity. This procedure is used to define
asymptotic flatness of a spacetime, a certain spacetime having the same conformal

boundary structure as the one found for flat space is called asymptotically flat.
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Figure 2: Penrose diagram of RY!

Now let us analyze the case of Minkowski in arbitrary dimensions R'* and

p > 2. In spherical coordinates the metric is given by

ds* = —dt* + dr* + TQdQZ_l (19)

where 0 < r < oo and at every point (r,t) there is a sphere SP~!, so we can
focus on the (r,t) portion. We obtain the same results as in previous case of R
where |7+ 60| < 7, but now 6 is restricted to 6 > 0 and the Penrose diagram is the

triangle in the figure 3. Explicitly, the conformal scaled metric will be given by:

ds* = —dr® + d#* + sin® 0Q;_, (20)

We can analytically continue this space outside the triangle by letting —oo <
7 < oo and 0 < # < 7 and we obtain the geometry of R x SP which is the Einstein
static universe.

Now for the case of AdS in global coordinates first we would like to map p = oo
to a finite distance, then we set tanf = sinh p, with 0 < 6 < 7/2, except in the
2-dimensional case which is special and allows —7/2 < § < /2. For this we have:

2

ds® =
cos? 6

(—d7? + db* + sin® 6dQ;_,) (21)

Dropping the conformal factor we obtain:

ds* = —d7* + df* + sin® 0d)3_, (22)
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Figure 3: Penrose diagram of R4

We notice that this is the same metric of the Einstein static universe found
above with a one less dimension. Nevertheless, in this case of AdS the 6 coordi-
nate takes different values, more exactly conformal AdS;,s can be mapped to a
half of the Einstein static universe. This can be used to define spaces which are
asymptotically AdS: It is a spacetime which is conformal to a region with the same

boundary structure of one half of the Einstein static universe.

2.5 Boundaries

Let us look at AdS; which will have a boundary at § = /2 and we obtain ds* =
—d7? +dO?. So the boundary has the topology R x S, in general the boundary of
AdSg4 in global coordinates is R x S9!

We would not like to deal with a theory defined on spheres, then we choose
coordinates in which the boundary metric is flat space, it can be Minskowski or
Euclidean space. The coordinates system chosen is called Poincaré coordinates.

The Poincaré coordinates are defined by:

z 1 s
X0:§(1+§(R2+$2—t2))

Xy =< (1 — 32 (R? —:f?+t2))

2 z (23)
Rt
Xat1 = —
z
Xi - xi
z



We notice that :
I Xo— X4

Z =29 arl 24
z R? (24)
So we can choose the sign of z and that will describe only half the hyperboloid,

this equation also tell us that the region z = 0 does not belong to AdS space.

Usually people work with z > 0.

TN
s N
/ \
\
\
!
\
( \ \

Figure 4: Diagram of the global AdS boundary and the Poincaré patch

We obtain:
2 R2 2 — 2 2
Z (25)

d—1 dZ2

Now the boundary is located at z = 0 and it has the topology R". One of
the points we would like to stress in this section is that Anti-de Sitter space in
Poincaré coordinates is a patch which is a subset of the whole global AdS.

The SO(2,p + 1) isometry of AdS can be regarded as a clue towards the
AdS/CFT correspondence, we will see that it has the same isometry as for CF'T,, 1,

:Rz<

9



z=0

Z=00

z=constant

B=-11/2 =11/

Figure 5: Penrose diagram for Poincaré AdS

in particular we are interested in the case where p = 3, and then SO(2,4) is the
isometry group of N =4 SY M in 4d.

2.6 More properties of AdS spaces

The Penrose diagram of AdS; (Figure 5) is an infinite strip between 6§ = —m/2
and 0 = 7 /2 (7 is arbitrary) in global coordinates. If we do the same in Poincaré
coordinates we realize that in these coordinates the Penrose diagram is only portion
(triangle) of the strip.

Now if we analyze the case d > 2 we find the Penrose diagram is obtained by
rotating the strip around 6 where each point of the revolution circle belongs to a

(d — 2)-dimensional sphere.
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3 Conformal Field Theory

In this chapter we develop the basics of one of the two sides of the AdS/CFT
Correspondence, we will sutdy the definition of conformal transformations, its
properties within group theory and the constraints of conformal invariance on field
theories. It is relevant to mention that along this work we are going to check the
conformally invariant structure of the correlation functions calculated in classical
supergravity on AdS background, therefore the natural choice is to work in the

coordinate representation.

3.1 Conformal group

Let us start by studying the conformal group and its representations. A general

. . ’ . .
coordinate transformation z# — z # is such that metric transforms as

P ox® 0x°
() = S 0T e (2) (26)

The conformal group of transformations is a subgroup of the global coordinate
transformations such that they leave the metric invariant up to a scale change €2

that can depend on the coordinates:

G (@) = Qx) gy () (27)
Considering an infinitesimal transformation z’* = x* 4 ¢*(z), which together
with (26) leads to:

2
Ouer + 0p€, = 8(8 €)M (28)

For d > 3 we find (d — 1)00(0 - €) = 0 and we can make the ansatz €,(z) =
ay + bux” + Cppr’a?.

As special cases we have:

Translations €
Rotations ¢,

()

()
Dilations €,(x) = Az, (29)

()

Special Con formal Transformations ¢,

The correspondent generators are given by:

11



P, =-id,
M, =i(z,0, —x,0
w = 1y ) (30)
D =ix"),
K, = —i(2°0, — 2x,2"9,)
And the non vanishing commutation rules define the algebra:
(D, Pu] =
1D, K] =
K ,Py - VD M v
(K, D] (Uu ) (31)
[K Mw/] = (77pu UPVKM)
My

Iy iMooy — Mo )
[M,uz/a M ] - Z(npr,uo - nl/ch,up + nyoMVp - nupMya)

These conform the algebra of the conformal group, we are specially interested in
D, M,,] = 0 which means D is an scalar and also [D, P,] =iP,, [D,K,| = —iK,
which will help us to construct representations of the conformal group.

We must diagonalize the dilation operator and label states with the eigenvalue
A, remember these operator represents a scale transformation so we call A scaling
dimension.

The commutation relations show that P, raises the dimension of the field and
K, lowers it. Unitary representations are constructed with the assumption that
there is a state with the lowest scaling dimension A, such state is called conformal

primary.

[P, ¥(2)] = i0,¥(z)
(M, ¥ (2)] = [i(2,0, — 2,0,) + L]V (2) (32)
[D,¥(z)] =i(—A +2"9,)¥(z)
(K, ¥ (z)] = [i(a:28u — 22,270, + 22,A) — 228, |V (x)

From previous analysis of commutation relations we notice that given W(x)
with conformal dimension A, this state is not an eigenfunction of the Hamiltonian
H = Py neither has a mass M associated. Then if we want to label states belonging
to some representation of the conformal group, we might use the scaling dimension
A, the Lorentz numbers associated with M, and the additional internal quantum

numbers if there are any extra internal symmetries.

12



3.2 Conformal Invariance

A field theory with conformal invariance must fulfill several requirements, among
them: ¢; a set of fields called “quasi-primary” that under global conformal trans-

formations, considering spinless field for simplicity:

Aj/d

0 () (33)

En

where A; represents the conformal(scaling) dimension of the field ¢;. Then

¢j(z) —

correlation functions must transform as:

Ay/d Aq/d ox' An/d

o

T=x2

or’'

(P1(x1)do(2) . .. Pn(xy)) = o or'

or

r=x1 T=In

(34)

Because of the group invariance we find that two quasi-primary fields are cor-
related if they have the same scaling dimension A.

As a result of conformal invariance, the functional forms of n-point functions
of quasi-primary fields are severely restricted. For simplicity, let us first analyze
the case of spinless objects, namely conformal invariant correlators for scalar fields:
Translation invariance dictates that n-point functions only depend on the distances
x; — x;, rotational invariance tell us that they can only depend on r;; = |z; — z],
scale invariance says that correlation can only depend on the ratios 7;;/ry, and
special conformal transformations impose the dependence on the so called cross-
ratios 7i;7m /Tl jm- [14]

For the case of the 2-point function we get (¢1(x1)p2(z2)) = Crorfy, with Cpo

a constant and a a power to be determined, and conformal invariance requires:

Ai/d As/d

oz’

ox

ox’'

S CACATHEN) (3)

(¢1(z1)Pa(22)) =

If the conformal transformation is a scale transformation €2 = A~2 then ‘ %;,

042 = \4 we obtain:

(1(21) () = AMTA20y, v = XMITA2NCyy 1, (36)

So we must have —a = Ay + Ay and so:

(6r(21)n(22) = "

13

(d1(21)d2(x3) - . dn(2l,))



We can restrict even more our correlator by using invariance under special

conformal transformations. We have that:

/N2 (r12)”
= 38
(r12) (14+2b- 21+ b222)(1 + 20 - x5 + b%23) (38)
and also:
Cia 1 1 Cia (39)
T1A21+A2 o (14 2b- 21 + b223)A1 (1 4 2b - 79 + b223)A2 T’1§1+A2
Combining the two we get:
1 — (1 + 2b 1y + be%)A1+A22_2A1 (1 + 2b 24 + b2I§)A1+A2—2A2 (40)
Therefore, if C15 # 0 then A} = Ay = A and so we obtain:
Cha
(D1(21)P2(22)) = W (41)

and the constant can be determined by the normalization condition of the
fields.
The 3-point function is similarly restricted by conformal invariance, in general

we have

Cabc

(r12)*(r23)(r13)°

(d1(21) o (22) d3(w3)) = Y (42)
a,b,c

In this case scale transformations invariance says a + b+ ¢ = Ay + Ag + As.
Special conformal transformations gives a = A; + Ay — Az, b= Ay + Az — Ay and

c= Ay 4+ Az + As. So the general form is:

0123
)A2+A3—A1 (

(P1(1)pa(2)P3(x3)) = (o) B BB gz (43)

23 ri3

The functional forms are more complicated por n > 4 because the correlators
begin to depend on the cross-ratios invariants defined before. In general for the

4-point function we obtain:

(D1(z1)Pa(x2)P3(23)Pa(T4)) = F (w T12T34> Hri;(A#AjHA/g (44)

)
13724 1723714 i<i

where A = Ay + Ay + Az + Ay

14



It is important to remark that these results obtained in euclideanized space
can be analitycally continued to minkowski signature, therefore these functional
dependence of the correlators are valid in both Minkowski and Euclidean space.

Later we will see that it is important to notice that conformal transformations
can be generated only by combinations of translations, rotations and inversions.
Despite the fact that inversions are not elements connected to the identity we can
generate special conformal transformations by combining inversions and trans-
lations. Until now we have shown only the infinitesimal form of the conformal
transformations because we were interested in its group and algebra properties,
but all of them have its finite form. In particular the finite form of a special

conformal transformation can be written as:

xht — b
o __
xu_l—Zb-:U—be? (45)
now this transformation can be rewritten as:
¢ xh

And in this form we see that SCT can be regarded as a inversion followed by

a translation followed by another inversion.

15



4 The AdS/CFT Correspondence

The AdS/CFT Correspondence or Maldacena’s Conjecture is a relation between a
gravity theory defined in Anti-de Sitter space and a conformal field theory living
on a space of lower dimension than the AdS space. Despite the fact that the main
issue of the work concerns the Maldacena conjecture, we do not intend to study
its foundations. We will limit ourselves to describe the correspondence from the
gravity side in a geometrical sense, starting with the idea that AdS is a space with
a holographic boundary at spatial infinity. As we studied in the previous sections,

the two theories has the same isometry group SO(2,d).

4.1 Physics in AdS is holographic

Among the peculiar properties of Anti-de Sitter spaces we find that it is possible
to reach the boundary in finite time. Let us consider a massless geodesics ds? = 0,

in global coordinates it is:

dp
cosh p

0 = — cosh? pd7? + dp? — dr = (47)

This implies that light rays can reach the boundary and bounce back (see
Figure 6). In other words, we can send a light signal to infinity and it will come
back in finite time.

This allows some kind of realization of Holography, we can know what is hap-
pening in AdS by looking at its boundary: In the AdS/CFT context it means
calculating observables like (O(z)), (O(x)O(y)), ete.

4.2 Example

The most known and well-studied example corresponds to the relation between
N = 4 Super Yang-Mills theory in 4 dimensions, which has a gauge group SU(N)
and coupling constant gy s, and a type IIB superstring theory on the background
AdS5 x S5 with coupling constant g,. At large N, string theory is weakly coupled
and we can use supergravity on AdSs x S5 as an approximation of this theory,
supergravity can be regarded as a “free” or low energy limit of the string theory.

The action of Super-Yang-Mills in 4 dimensions is given by:

1 1- .1 3
S = —2/d4x Tr(—Zij - §¢,»pz/ﬂ — §D#¢ijpﬂ¢w

+ig[dis, U] — ¢P[dig. w07, M)

(48)
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Figure 6: Massless geodesic in AdS

We present this action in order to show that this theory contains the kind of
fields which propagators will be studied, we have scalar fields represented by ¢;;,
gauge fields A} and spinors ;.

At the end, as an example we will present a simple calculation concerning a
3-form that belongs to a string theory on AdS; x S, which is thought to be related
via AdS/CFT to a 6 dimensional theory known as (2,0) CFT. In this example
we have some kind of relation coming from R — AdS; x S, via Kaluza-Klein
reduction, and the gauged supergravity lagrangian has the form:

1 1 1
L=./g (ZLR — 4—8FWWFW""> + iA ANFENF+ fermions (49)

where F' = dA.
The main technical difficulty to match observables comes from reading off the

terms on the supergravity action that contributes to some particular calculation.

4.3 W.itten’s prescription

A specific and precise correspondence was proposed by Witten and later works are

based on this prescription. The recipe consists of assuming that partition functions
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of the two theories are equivalent in the sense that observables obtained from one

side must correspond to observables on the other side, GPKW formula:
Zerpr(h) = Zs(h) (50)

In the gravity side, the partition function is defined by the supergravity action
in terms of the field ¢, until now we have not stated if those fields are scalars,

spinors, forms or any other kind.

Zs(h) = exp[—1s(9)] (51)

According to the prescription, the boundary value ¢ of those fields living in
the bulk(AdS) must act as sources of the operators O of the CFT.

Zorpn(h) = <exp / ¢00> (52)

This involves that correlators of the CFT corresponds to correlators of the
Supergravity theory.

In general, denoting x = (x,Z) = (x9,b), where b represents the coordinates
on the boundary, we can obtain the field ¢ on the bulk by propagating the source
¢o via the bulk-to-boundary propagator denoted by Ggs(z,b):

b(z) = /6  bGo(z blon(b) (53)

and so

(O(by) ... O(by)) = / [Lld: Golai bl (2 - 60z)) (59

In the Lorentzian case we have

olx) = / dbG (D)o (b) + éx (x) (55)
0AdS

The AdS/CFT dictionary states that fields ¢* in AdS correspond to local op-
erators O4 in the CFT, masses m of a certain scalar field correspond to scaling
dimension of the operators in CFT and gauge fields A, are dual to currents J,,.
Until now, this proposal has passed a great deal of tests. Besides all the calcu-
lations on correlation functions to be done in this work will be at tree level we
know that the are all corrected by higher order terms and those corrections found
in one side(Supergravity) have its own correspondent corrected quantity on the

other side(CFT). Namely, corrections to the mass(renormalization) of a field of
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the supergravity theory will be translated as corrections to the scaling dimension
of operators on the CFT.

A generalization of the AdS/CFT correspondence is called the Gauge/String
duality. The well studied case states that string theory in AdS is dual to a confor-
mal field theory living on the boundary of AdS, but people are working on finding

new correspondences for theories defined on more general backgrounds.

4.4 Extra

So far, most of the work that has been done in AdS/CFT was developed in the
Poincaré patch, but we have seen that Anti-de Sitter space is larger. Let us
consider the case of AdS;5. If we work on global coordinates we know that this
system covers all the space. The duality will tell us that gravity theory on this
space will be equivalent to a CFT defined on its boundary, which in this case is

the space R x S® which is conformally related to R*, the boundary of Poincaré
AdS.

» RY R
5o
/ : / Logr

Figure 7: Diagram of the conformal mapping

In global coordinates the metric of AdS; can be written as:

2

ds® =
cos2 0

And as we approach the boundary 6§ — 7/2 we get:

(—d7? + df* + sin® 0d)3) (56)

2

ds® =

(—d7* + dQ3) (57)

cos2 6
On the other hand, in Poincaré coordinates AdS metric:

ds* = E2(dx2 + dz?) (58)
= oz (g
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So, we can write:

2
ds* = f(z)d2® = g(x)(dz? + 2"%dQs3) = h(l')(dx% + d3) (59)

finally,
ds* = h(x)((dIna2")? +dQ3) ~ (dr? + dQ3) (60)

So, as expected we get that in the euclidean case the boundary of global AdS

is conformally related to Poincaré AdS. (see Figure 7)
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5 Holography

By holography we mean the way to relate or encode whatever is happening in
the bulk into information on the boundary. In this case the main tool is the
bulk-to-boundary propagator. The first checks of the correspondence via n-point
functions were originally done in Poincaré coordinates with Euclidean signature,
in this chapter we will follow this approach and later we will try to understand
how the duality works in other coordinates. We will see that in this case, where
we are calculating tree-level graphs in supergravity, the external legs of the graphs
represent the boundary value of fields ¢ rather than asymptotic states as we were
used to in conventional Feynman diagrams.

The relation between mass m and scaling dimension A for a vast kind of oper-
ators/fields has been determined in several works, the majority has been done by
calculating n-point functions in classical supergravity at tree level. Some of the

results that we will check here are the following;:

e Scalars: AL = % (d +Vd? + 4m2)

e Vectors: Ay =1 (d +./(d—2)2+ 4m2>

e Spinors: A = 1 (d+ 2|m|)

e p-Forms: Ay = % (d ++/(d — 2p)? + 4m2)

5.1 Holography for Scalar Fields

The prescription to calculate bulk-to-boundary propagators was proposed by Wit-
ten and it has been applied in several cases to compute n—point functions for
classical Supergravity in a AdS background. The results have been checked with
the results coming from conformal invariance of some field theories.

The bulk-to-boundary propagator is defined as follows: If F(z,) is the asymp-

totic behavior dependence of some field ¢(z) as x, — boundary, it means that

o(x) " T F(a,) f(0) (61)

where b represents the coordinates on the boundary, then the bulk-to-boundary

propagator Kpy(b, x) is defined such that

o(z) = / dbf (b) K o (b, ) (62)
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Now, we are going to calculate the propagator for a massless scalar field in Eu-
clidean Poincaré coordinates by using Witten’s method, which exploits the sym-
metries of AdS and its boundary. The equation of motion is given by

1

V=9

The boundary of Euclidean Poincaré AdS;., is R? plus a point at infinity,

Ou (V=99"0,¢(x)) =0 (63)

then let the boundary point & represent p at infinity, so K(x;p) = K(xzo,Z;p).
The propagator must be invariant under AdS isometry group, and translation

invariance dictates it cannot depend on Z:

0 (V30 K (0)) = 0 (64)
di% (xadﬂdi%Koo(fo)) =0 (65)

Letting K (o) = c(0)P
£ (bl ) =0 (66)

then we should have p(p — d) = 0, which non-trivial solution is given by p = d.
Now, the propagator must be a delta function at a point  on the boundary
and it should vanish on the boundary x( for any ', so let us map the point p to the

origin ' = 0 with a coordinate transformation belonging to the isometry group:

l’,
PR A— 67
RT3 o
With this transformation the new propagator holds:
- oy o)

K (2o, ;p) — K(20,7;0) = (22 + )1 (68)

Then, from translation invariance on the boundary ¥ — ¥ — &’ we have:

d

K(zo, 3 7) = —C%0) (69)

(2 + (7 = 7)2)°

We can check that our propagator has the expected delta function behavior:
For zy — 0% the propagator behaves as K ~ 04(Z — ') and for T # @ K — 0
as xo — 0, so the equation (69) represents the bulk-to-boundary propagator for a

massless scalar field living on Euclidean Poincaré AdS.
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Now, let us calculate the propagator for a massive scalar field. The equation

of motion is given by:

(%awggaﬁam - m) o) =0 (70)

We find that a massive scalar of mass m in AdSy,, couples to an operator O
in the boundary with A = A,. A(A —d) = m?

d d\?
Ay =—=+4/(= 2 1
+ =3 <2> +m (71)

Again we look for a propagator vanishing at xqg = 0 but a delta function at
p: xp = 00, it must be independent of Z, so K(z;p) = K(x,Z;p) = Koo(x) and

the equation of motion gives:

ad . d
(—$0+1d—x01‘0 d+1d_.170 + m2) Koo(l‘()) =0 (72)

with the ansatz K. () = c(z¢)*"¢ we obtain

~A+dA+m?*=0 (73)

Then AL = % (—d + \/m) and the only solution which gives a vanishing
propagator for zy is A,

Taking into account d+ Ay =d— A_ = A, and using the same isometry prop-
erties of the space as in the massless case we find the bulk-to-boundary propagator
for the massive scalar field.

K(wo, 3:7) = —< ()™ - (74)
(2 + (Z —2)*)""

To fix the constant ¢* we look at the asymptotic behavior of the propagator K

as 1o goes to zero. We find that K — ¢*z0* if £ # & and K — ¢*ay ™t if = 1.
Then K — c*e®- 647 — 7).
We fix ¢* such that: 1 = [ d?ze - K(e, %;0), then:

1—/ddm cre A A B €A+A_+dc*/ddx 1 _ I'(Ay)
a (e + )2 B 1+ @)™  72T(A, —d/2)
(75)
and finally:
TN, —d)2 A+
K(x0, 7 7) = = (As = d/2) (o) (76)

T(AY) (224 (& —a)2)>
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5.2 n-point functions for Scalar Fields

In the functional formulation of field theory we can calculate easily the n-point
functions by using the generating functional or partition function. The boundary
values ¢o(z) of scalar fields serve as sources for operators O(z) of the conformal
field theory living on the boundary.

Zoléo] = / D(fields) exp (—SSYM + / d4x0(x)¢0(m)> (77)

Then, by functional derivatives we can compute the n-point functions on the

CFT:

- Zlal (78)
5¢0(I1> e 5¢0([En> OLF0lI¢

According to the AdS/CFT correspondence the partition function of the CF'T

is equivalent to the generating functional of a supergravity theory in AdS, so we

(O(x1) ...0(xy))

can compute correlators from the gravity side and match them with results coming
from the conformal invariance on the other side of the correspondence. In the AdS
side we have:

Z[¢o] = exp (—Ssugra [0 (2)]]) (79)

Given a source scalar field living on the boundary ¢o(Z) we can find its “prop-
agated field“ in the bulk through the bulk-to-boundary propagator found in the
last section:

O, 20) = / YK 5o (. 20; )d0(7) (80)

The idea is to find the classical solution ¢[¢g| and replace it in Sgugrq-

Sougra = / 42 /G (0,6 (F, 20)0" S(F, 20) + . .. ) (81)

Then we can try to calculate the two-point function by using brute force:

- _5283ugra
5%(1’1)(5%(332) $o=0

We are taking two derivatives of ¢y and then making ¢y = 0, so we can neglect

(O(21)0(x2))

(82)

the interacting terms in the Sugra action, the two-point function has nothing to

do with dynamics. So we will obtain:
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(O(21)0(2)) = = o <x5§;0 ) / d'z\/g0, ( / ddyKBa(f,wo;y“wo(ﬁ))

x 0" ( / d"y' K po(Z, xo; ?7)9250(37)) (83)

= —/dd+1x\/§8uKBa(f,$o;fl)a"KBa(f,aro;fg)

That is the general approach one can use for a n-point function. To compute
higher point functions we must keep non-linear terms and consider bulk-to-bulk
propagators as well as bulk-to-boundary propagators.

Now let us calculate in a different and shorter way the 2-point function for the
case of the scalar field. We take:

2
Integrating by parts we get:

=" / A" 2\/g (0,00" ¢ + m*¢?) (84)

5= [y (Vo ui?) + § [ #non, 00 o

The remaining term vanish everywhere except in the x( direction where we

have the boundary. Then, we evaluate at the boundary xy = e:
5 = g / devh <¢ﬁ . %) (86)
o
We have v = 2% and 7i - Vo = z052 ¢. Also lime_o ¢(F, 20) = ¢o()

Then, we obtain:

0 0 . . .
.Z'oa—xo¢ = moa—% / d4l’/KBa(l', Zo, l'/)(bo(l'/) (87)
As xg goes to zero, we get:
0 _ oo(2")
— b= cA A-1 /d4 / 88
Zo axogb AN T ta f/)m (88)
And so:
4 =
S = ghi% d?xd?z A x —(ﬁ{x)(ﬁj(i) (89)
¢ (@—a")

Being aware of ¢o(¥) = €2~%¢(¥) we finally obtain:
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*nA 1
2 x 2A
2 |7 — 2|

(O(21)0(22)) = = (90)

In this treatment ¢y must be a small perturbation around a CF'T, otherwise
there is going to be a backreaction on the geometry. This is required in order to
use perturbation theory.

A general action for scalar field in d 4+ 1 dimension is given by:

I[¢] = / d™ay/=g [ [(V9)? +m*¢? +Z o (91)

n>3

The equation of motion is then:

(v2—m2)¢=z<n_1) 0" (92)

n>3

And so the covariant Green’s function will satisfy:

(V2 = m?) G(z,y) = d(x,y) =

and the boundary condition G(z,y)|,co0-

%5“ ) (93)

The formal solution is:

¢(r) = /a ) d*yV i 9y, G, y)dly) + /Q Ay /G, y) )

n>3

(94)
For the n-point functions (n > 3) at tree level we will only have contributions

from the interaction term in the action:

=30 e ) (95)
n>3

It turns out that at tree-level one can take the limit e — 0 beforehand and so:

_ ﬁ d+1 * d (Lo A\"
X M<C [ 2o (=) ) 0

where /g = (20)"t".

"\,
=Y [ty ds(@) o)

n>3
y /dde (xo)nA—(d—s—l)
— — — — A
(x5 + 17— a[?) -+ (2F + |7 — Fn]?)]
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X1
X3

Figure 8: Witten diagram for 3-point function at tree level

Calling:

nA—(d+1)
[n(iﬂb e 7xn) = /dd+l$ («TO)

2 4 |2 7|2 2 417 12)2 (98)
(25 + 17 = 1l?) - - (a5 + |7 = Fa?)]
The connected part of the tree-level n-point functions is given by:

(0(a1) - O(n)) = =Anc"In (@1, - -+ ) (99)

The task is to evaluate the integral I,,. We need the useful formula so-called
Feynman parameterization:

1 > ) SO up — Duf ™yt
= duy ...d -
AT Aee [T (o) / - in

100
(ur Ay + - -+ Uy Ay) = (100)
Then, we can rewrite [, as:

['(nA At ) )" (d+1)
FEL(A))/dul...dun6(2uk—1)Hui /dd+x[ZiUi( )

(a3 + (7 = 5)2)]"

I, =

(101)
We will use ), u; = 1 as well as the volume of the unitary d-dimensional sphere
27rd/2 .
Qd = m and:

o ki1 L{/2)T'(m—1/2)
dk——— = (W})V2™™ 102
/0 CE i oT(m) (102)
Integrating the zy variable: [ = nA —d, m = nA
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Calling:

. 1
=/ S g
Z/ddw[ : (104)

o = 2w i+ ]t

[NJisH

vl

_ dd 1
o L S o . . nAd
[22 =237 wi® - g5 + (O, with)? — (O, wali)? + D, wigff] 2

changing variables ¥ — 7 + Y, w;y;:

1
i /ddx nA | d
2 232172 T2
(22 + Zz Uy — (Zz uig;)?) 2 (105)
QT ("2)T(§) y 1
P +5) [ wid? — (D widi)?)®
and we can rewrite the denominator as:
D uid = (Q_wgi)* =) junwgl = Y uiugi -
i i ,J ¥
1 S 9
=5 2 uiv (% = ¥j) (106)
4]
= wiuy (G — )
i<j
So back in I,, we have:
d/21(nA _ dyp(nA 5 1 A-1
[n _ m ( 2 2) ( 2 )/dul (Zuk )HuzA (107)
2l (A) =N
|:Zi<j uiuJT2]i|
We can make u; — (16; and 81 = uy:
pU20(18  dp(nd) [, 82
I, = 2 2 2 dBy...dB3, =21 1
2I'(A) /0 Pa p = (108)

[Zz’:Z Bi(ry; + Zj>1 /Bjrizj) N

So, we have obtained the general formula to compute n-point functions for

scalars. Now, we are going to use the previous result to calculate the 3-point

function:
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—C3/\3

(0(1)0(2)0(w)) = =

Notice that without our reduced formula, the first diagram calculation will be:

I3<I‘1,562,$3) (109)

(d(x1)P(z2)p(x3)) = /ddZAsKBa(%aZ)KBB(@J)KB@(I&Z) (110)

But now we have a simpler calculation starting from

(oepta)otes)) =~ TG [T g0 ) A
0

2 25(A) [Bariy + BaBsrss + 537“%3]%
(111)

To perform this integral we need:

< a™dx 41, (20 —2m — 3)!l am L2
-  __gm ! 112
/O (CL + bI>n+1/2 m <2n _ 1)” pm+1 ( )
and calling:
00 A—1pA-1
= [ s ——
0 [Bar1s + B2B3735 + Baris)] 2 (113)
_2°T(A)(A - 2)! /°° p /21
(3A = 2) 0 8 (r2, + Bardy)”
Then:
282D (AYT(A/2) (A — 2)I1(A —2)!! 1
Iy = . (114)
(3A —2)I1(2A = 2)!! (r13712793)
And taking into account (2k)!! = k!2* and ¢ = % we finally find:
— X33 (A/2) I’(% - g)F(SA/Q)FS(A)
x x T3)) = 115
<¢( 1)¢< 2)¢( 3)> ord (T13’I"127“23)A Fg(A _ d/z)rg(A)P(SA/Q) ( )
We can rewrite the result with o = A — d/2:
3
—M0(5+) [T(5) 1
x x T3)) = 116
(Bn)ol)ots) = =552 (| s (1

We can compare the result with the constraints imposed by conformal in-

variance and that we have presented in previous sections and realized that the
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dynamics in this case depends on the conformal dimension of the scalar field. We
can also have terms of the kind ¢0¢p0¢ and we will obtain contributions with the
same functional form and different coefficient.

Now, let us calculate the 4-point function at tree level, in this case we have 2

diagrams with the same order:

a) b)

Figure 9: Witten diagrams for 4-point function at tree level

Again, if we were to calculate by brute force the first diagram (part a of Figure
9):

<¢($1)¢($2)¢(I3)¢($4)>Fz‘rst diagram — /ddZ)\4KBa(IE17Z)KBa($2,Z)KBa($372)KBa($4,2)
(117)
The other contribution corresponding to the second diagram (part b) will have
the form:

(P(21)P(22)D(23)D(24)) 5 coma diagram:/ddzlddZZ()\3)2 Kpa(w1,21) Kpa(r2, 21)

x Kpp(z1, 22) Kpo(xs, 22) Kpo(x4, 22)
(118)

Here we will only calculate the first contribution. So, by using the previous
results we obtain:
—04)\4

(p(z1)p(22)P(23)b(14)) = 5 Ii(1, 29, 73, 4) (119)

Explicitly,
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- 4 ’/Td/2 A — c§l A
<¢(I‘1)d)(1}2)¢(1‘3)¢($4)>Fir5t diagram — 2)\ F(22F4(A))F(2 )

00 _ _ _ (120)
gy B!
X dﬁgdﬁgdﬁz; 5 2 5 5 9 2 12A
0 [627"12 + 537“13 + ﬁ47’14 + 62537’23 + 52647’24 + 53647"34]
First, we proceed to calculate the integral over (4:
00 2A—1 3A—1 54A—1
I, =k / 4823,
0 [Bar3y + B3ty + Bardy + BaBards + BaBards + Bafardy >
Al(A =3/2)1 [ A-lpga-l
RS My
( —=3/2)! Jo [(Barfy + Baris + BofBsrss) (11, + Barsy + Bar3y)]
(121)

This last integral has the form (page 314 in [22]):

/ 2" Hoaz) M (y+a) Pde = a7 TP B (v, pevp) o Fi (1, v it p; 1—%) (122)
0

(T%4+f32 T§4)
2

- , b =1v =p=A we can perform the
34

Taking o = ¢ Barty

T2 52
ri3+B2r3;s)

integral and it holds:

and v =

AA = 3/2)l BIA,A) [ dB,
(A =3/2)0 vB3 Jy By

Iy =k

F <A A:9A: 1 — (rfs + 527“%4)0’%3 + B2T%3)>

Bariariy
(123)
As we want to compare the calculations with the results form conformal invari-

ant theories, we can rewrite the last result in terms of the harmonic ratios:

Taking:
n= 712734 (124)
14723
(= 12734 (125)
13724
By = 1 2 (126)
23724

We get % = 2dz and 112734 = Nriar2z = (13724
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So

nc HTZ‘J' = (7“127”34)2 (127)

(7”127“34) i<i

Then we can write:

Al(A—=3/2)!  2B(A,A)
(28 = 3/2)8 (¢ I T;c;ri)*2/®
o0 2
X /0 dz o Fy (A, A;2A51 — (72;&)? — %sinh2 z)

We can check that this result has the functional form dictated by conformal

I4 :k

(128)

invariance found in the chapter 3. The 4-point function only depends on the cross-
invariants ratios. Beforehand we know that the second contribution coming from
the exchange diagram must have the same functional structure as obtained for
the first one, it means the same dependence on the ratios and can only differ in

numerical factors.
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5.3 Holography for Gauge Fields

In general, if the theory in AdS has a gauge group G with gauge fields A%, a =
1,...,k with k£ the dimension of the group, then according to the correspondence
the symmetry associated is equivalent to a global symmetry of the Conformal
theory on the boundary that acts on currents J,. Along this subsection we will
use the notation introduced by Witten in [2].

For some fixed a we can call Af the value on the boundary of some field A®
living in AdS, the conjecture states that it is source of some J* on the boundary

and then according to the previous definitions, the prescription is given by:

ze(ag) = (exo( | J“A3)>CFT (129)

We will consider a field A, (x) belonging to a free U(1) gauge theory and look
for a solutions of equations of motion for the bulk-to-bulk propagator in AdS space,
the simpler one with a singularity at only one point in the boundary, it means a
delta function source. We write the classical action for the gauge field with a AdS

background in Poincaré coordinates:

I[A] = /dd“:c\/_<——F F“”> (130)

Then taking into account F),, = 9,4, — 0, A, we find the equation of motion

for the gauge field:

1 uv\ _
=0 (vV=gF*") =0 (131)

In a similar way, we consider the single point p = co at the boundary(zj = 0)
representing 2 and so we expect a propagator independent of Z because of trans-
lation invariance. Then A(x;z") = A(z;p) = A(wo, Z;p) and we look for a solution

by a 1-form A = f(xq)dx?, where i is a fixed component(i > 1). The ansatz must

4 0f
) 5

considering /=g = (z¢) %! (we are in AdS4,1) we obtain the equation of motion:

satisfy the equation of motion and so: Fy; = g—;; — FY = g% gl [y = (2 and

d : d of
T VAR = -l 5 (132)
Then the quantity inside the brackets [ | must be independent of xy and we

)d—2

obtain up to a constant factor aa_gfo = (20)%3 or f(xg) = (0 and we can write

A in the form:
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d—1 ,
A= 2(:c0)d*2dxl (133)

With the same arguments used in the scalar case the we must show that the

singularity of the new solution at the infinity is a delta function. As we did before
we map the point p to the origin & = 0 with the inversion x; — z; /(22 + %) and

then the propagator takes the form:

d—1 T =2 x
A= d| —— 134
d—2(m§+i’2) (x%—l—f?) (134)

Despite the fact that it does not look like an usual propagator, we must remem-

-,

ber that it is “propagating” a delta source on the boundary, simply A(xg,;0)
[ d7 A(xo, T; @)0(2") from 7 = 0 on the boundary to (zo, Z) in the bulk. To sim-
plify the calculations we can make use of the gauge invariance of the theory and

subtract from the propagator the exterior derivative of

1 xixg_2
i—2 ((xg n fQ)d—1> (135)

This is possible since dA = dA represents a gauge transformation. In this

gauge we evade working with a propagator with components in all directions. The
results we are to present have been obtained in another gauge choices. The new

propagator is:

We finally obtain:
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" 1 2372 dg zg 2 da’ xy Crida
A 70) =—— |(d—1 0 _ 0 _ -9 _ro B0
(o, %3 0) d—9 ( )(:U% T+ 2)1 T (g2 2)dT ( )(:E% + z2)d-1
_ xg*dei _ ngsitidxo
@2 @)
(138)

We wanted a solution such that on the boundary (zo = 0) we have Ay =
>~ a;dz’ and we can check this behavior in our previous result. First, we use
translation invariance in the bulk ¥ — (¥ — Z’) and we can write for an arbitrary
source on the boundary a;(7"):

A, 7) = [ d'a'Alao, 757) (&)

; ()da ; (&) (a — ')
—pd=2 [ g ai\r _ 2034 /dd/ i
7 [ |G e | [ e

(139)

The first term is a delta function as xy goes to zero and the second vanishes.
Now we can calculate the field strength F' = dA = (dz°9y + dz'0;) A:

a;(7")dx!

(25 + (2 — 2)?)4" |
—2(d — 1)xd tda" A /ddx’ [

(

+2(d — 1)2d3da? A dag / da’ {al(?)

d—3 ;i 0 d a;(7')
—x§’dat A dx /d x [(x% Y f/>2)d1]

where the dots indicate terms with no dx.

F = (d—2)2d3dx" A /ddx' [

(140)

In form language we can rewrite the classical action by using F' = dA and the
equation of motion d x F' = 0:

I14] = 1/ FARF = / d(A A +F) (141)
2 JadS,in 2 Jads,.

and this will not vanish only in zy = 0 where we have the boundary of AdS
space:

I[4] = % /8 anan (142)



Now we see the reason we forgot about the terms with no dz® in the calculation
of the field strength: We only need the components i = 1,...,d of (AAxF) and ac-

cording with the definition of the x operation: xT#1#r = (Dip)! e T

for a i component of A then xF has no 0 or that ¢ component. So we need only the

0¢ components of F' and our action will take the form (note 1/2 factor disappear
because of F% = —F0):

- L 3 / v/ R(n0 A9 Fy) (143)

where the (d — 1) factor appears from (D — p) = (d + 1 — 2), n® is the zero
component of a unit vector normal (g,,n*n” = 1) to the boundary which we can

define it as n* = (zo,...,0) and the h;; is the “residual” metric in the boundary
of the AdS space which holds:

0, (144)

The boundary is d—dimensional, therefore vh = Ty 4 Using dxy A dz; =

—dz; A dxy we can rewrite the field strength:

(7 7
T g i

(w6 + (F = 27)2)*!
—2(d — 1)adda® A /ddml sz j_i((i)_d?)z)d}
)z — ') (x . x')idxj]
(zf+ (& —2)%)d

(145)

Nz
—2(d — 1)ad3dxy A /ddx/ [az(x

Now

I[A] = /ddx x5 [2°hY Ay (0, T) Foj (20, T)]
(146)

— /ddx x5d+3[5iin(xo,f)FOj(%»f)]
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5 2(1: o z(x . x/)j

IM}:/d%d%WM@%@ﬁ[@_ﬁde— 72

And so the 2-point function is given by:

YR :; iy _
(@D PE) = s |

(-7

2z — x’)i(x)Z— xl)j}

(-2
We check that this result has the form:
1

uwww»:@zﬁﬂMﬂﬂ

(149)

(150)

where we can identify the scaling dimension of this gauge field A =d — 1 and

we also obtain the vectorial representation matrix RY(Z, 7):

2(x — )i (x — ')
-7y

RY(Z,7) = 6" —
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5.4 Holography for Spinor Fields

The case of spinor fields is a bit more involved because the free action vanishes
on-shell and so we have to supplement it with surface terms on the boundary. This
fact is known for fields satisfying first order equations of motion and in order to
make sense of 2-point function for these fields within AdS/CFT correspondence,
the inclusion of boundary terms was the proposed solution and people have worked
on some other cases by using the same procedure. Besides, as we need to couple
the background with the spinor field we must use the formalism of vielbein and
spin connection.

We will write the action as:

1) = /A A G D= m) etk /a deVhidy  (152)

AdS
The relative parameter k will be fixed by the theory we are defining in the AdS

space. It can depend, for instance, on gauge invariance or supersymmetry.
As we mentioned, we have to choose a local Lorentz frame, it means g,, =
efjef,nab, and considering the metric of AdS space in Poincaré coordinates the nat-

ural choice of the vielbein is:

5(1
ey = x—’; (153)
and we can define the spin connection as:
. . &7
wy = —wl® =+ (154)
Lo
Then, the slashed covariant derivative is given by:
1 (0 4 Ty ) = 7% (8, + SuteT
p_ H+Zwu ab | = €, ‘u—i_zw“ be
= l’oroao + l’or -V + 5:1:'0(52F“w?]f‘0j
(155)

. 1. . . 1.
= w0F080 + ZL‘QF -V + 55265I’“F0j = ZE()FOaQ + I()F -V + EF]FOJ‘
d

= $0F080 + l‘of -V — §FO

Where we have used I'y, = %[Fa, [y] and {Ty, Ty} = 20ap-
Now we can try to solve the equation of motion for the propagator by using
the same considerations that we have used in the previous cases. Let us call

G(zo, T; 2, Z') the propagator and we choose the point p = 0o on the boundary
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so it does not depend on the value of 77 and ¥ because of translation invariance in
the bulk. So our ansatz should depend only on xy. Then we propose Goo(xo) =
f((lfo)IoFO SO

(—200y + %l —mI)G o (20) = 0 (156)

gives Goo(x0) = (10)2 ™I,

Now we can bring the point p = co to an arbitrary finite point on the bound-
ary by the isometry group transformation x; — x;/(x3 + #%), but this has to be
accompanied by a local Lorentz transformation e}, = Agez to preserve the choice
of the vielbein.

Instead of the same strategy to find the boundary-to-bulk propagator we will
show another method developed on [23] based on the transformation property of
the Dirac operator under inversion.

First we must find an operator U(x) which will represent the inversion that

will transform the vectorial index in the spinorial representation, it is:

U= (2)T,U () = —J ()T (157)

where J,,(x) is the jacobian of the operation. To see this let us consider the

inversion &, = x,/z?, then we find

oz 1 T2, 1
axl’j = E(éuv —2 ;2 )= PJMV(m) (158)
also
0 1 0
0, —gjuu(x)a—jy (159)
Jur@) o) = Jua) (160)
The solution is given by
L
U(z) = —* (161)

Let us check that this is solution
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T, 2z,

FNU(x> = <_FVFM + 25uu> \/ZIT() = \/_27_0 - U(:p)I‘M
2z,
= E Sagrta® —U(z)T
\/:C_oa:'2 B ( ) K (162)

2z o 2z o
= \/x_o’;QFang 2’ —U(x)T, = ~U(x)(T, — x—;’l“aq: )

= —U(x)J(x)I'"

Finally we get:

U (2)LU(x) = —J,,(z)I" (163)

And we will derive another property:

Iz, T,Xo Ux)u

V) T Vw2

Lz TuoU(x) _ Duzo | _ I,ola; (164)
V7o 2 Vo 2,/Tg 2y/zo

1

= §FNU(x)FO

DU () = 2o0,(

From these it is straightforward to obtain the inversion of the Dirac operator:

P@) = U @) PV ) + 5T (165)

Now, we must remember that we are looking for a propagator which is a solution

of (P(x) —m)X = 0 and rewriting the last result we obtain:

~U@PE) +m— DU (@) = Pla) —m (166)

Finally it is easy to see the solution for the bulk-to-boundary propagator:

d+1  4_mT
2

= (2ol 4 7 - T)(x2 + 2%)"To~ % 12 (167)

Then after using translation invariance we find:

d+1

r mI'® —mI0 —»/
¢(:Eo,f) = /dd;p/ <$0F0 + (f_ f/) . F) ($(2) + (f_ i:/)Q) I 3 o r +d/2@/}0(1‘)
(168)
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and similarly

Do, 7) = / A Go(@)ag ™ (@34 (@ = 2P) T (ol (7 - ) - T)
(169)
Now we must determine and “choose” the behavior of the solutions near the
boundary. By calling I () = 4. (#) and . ()10 = +4(7), we decom-
pose the solutions:

zo—0

lim (o)™ 34 (wo, ©) = —kt)_(Z) + u/ﬂﬁw—fdelf«f—fM4@U(nm

lim (0)™ 24 (20, &) = kb () + /ddm'w—(f')!f—f’\zm_d_lf'(f—f') (171)

20—0

Now, we must impose boundary conditions on the solutions. Notice from the
first order differential equation that we are solving, half the components can be
fixed. In general, there is not a natural choice of these components, but it has
been shown that ¢, (#) = 0 and ¢_ (") = 0 seem to work .

Now, replacing the results in the surface term added the action we find:

Z) =e ™ =exp (—lim/ddxﬁqﬁqp)
= exp (_ hm dd /dd //dd " —d m+d/2 (6 +< _,,,) )_m_%

_ +

X (=) T (4 (7= a)2) " )
= exp (— / d%a’ / d*x” w+(f’)D(f’,i~‘”)w(f”))

where we identify D(Z’, ¥) with the 2-point function:

(172)

il 1
D@, &) =lim [ d'ze*"t [€ + |7 — T]?) T (-2 T [+ |7 — 2] e

e—0
(173)

and so:

L@ =@ T (@) T 1
|f// _ l‘/|2m+d+1 - |;f” _7 | |f// _ ZE,|2 m-+d/2)
@ -#)-T 1

|f//_f/| |f”—f’|2A

D(f”, f/) —
(174)
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Then the 2-point function for a primary spinor operator O% with scaling di-

mension A = m + d/2 is given by

f” o (E’) . (F)Ba 1
|f//_£.’/| |f//_:)—3’/|2A

(0% (Z"O* (&) = k( (175)

Again, we check that this result coincides with the conformal invariance con-

straints.

42



6 Holography in different Coordinates

Because of the different topologies that we obtain for the boundary of AdS in
different coordinates, the holography, namely the correlations functions, vacuum
expectation values and m-point functions turn out to be really different in each
case. Here we are going to study 3 cases: Euclidean AdS in Poincaré coordinates,
Minkowskian Poincaré AdS and Global Lorentzian AdS. We would do so by solving
the wave equations in each one of the cases.

The simplest case, i.e, where calculations and analysis are easier to perform is
Euclidean Poincaré AdS. In this case, the metric is given by:

R2
ds® = x—g(dx(% + dz?) (176)
whose boundary lies at xq — 0.

It is found [18] that the bulk to bulk propagator is:

d’k ik-(Z—7
/We FED T, (ke ) K, (kxg) (177)
where 5 (x7) is the smaller(bigger) among zo and .
We also have that:

(N[N

G(z,y) = (zoYo)

O(, 20) = / Ay K (F, 20; )0 () (178)

In Lorentzian signature, quantization conditions and consistency require the
inclusion of normalizable modes as solutions of the wave equation. This modes are
added in the bulk and do not affect the source:

07 0) = 00 (T, 0) + [ YK (20 )on() (179
Now, in global Lorentzian AdS, the metric is:
2
ds® = — p(—d72 + dp* 4 sin® pdQ3_)) (180)

We will see later that the bulk-to-bulk propagator in these coordinates is given
by:

cos? p Pt
[cos(T — 7') — sin p§L; ]2 + de

As before, non-normalizable modes correspond to sources for the CFT op-

Kpo(y,r) =k (181)

erators and normalizable modes correspond to states on the cylinder at special

frequencies.
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6.1 Scalar fields in Lorentzian Poincaré Coordinates

Solving the equation of motion for ¢(z¢, Z) = €* f;(z¢) near the boundary zg — 0

and supposing fi,(7¢) = x5 we find

d d\’
Ar=24/(E 2 182
+ 5 <2> +m ( 8 )
we note A, + A_ =d.
The Berezin operator is defined as
V2= 0.(/ag"0) (183)
V9
Back to the wave equation (V? — m?)¢(xg,Z) = 0 we have for the ansatz
¢ (w0, T) = e x (o)
(28419, (x1799,) — 22k% — m*) 2 X (x0) = 0 (184)
d2
x3 OFx + o oX — ((m2 + Z) + x%kZ) x=20 (185)

Solutions for this equation are the Bessel Functions and the kind depends on
the sign of k2 = k% — w?.
Then we obtain for k2 = k2 —w? > 0 and v = \/m?+ %2 the modified Bessel

functions as solutions:

X(xo) = AKKV(]C.%'Q) + A]L,(]{J.T()) (186)

At 2y — oo we have the asymptotic behavior K, (kzo) — e** and I,,(kzy) —
ek 50 in the interior of AdS I, is not well behaved and is eliminated to regularize
the solution. It holds

(9, T) = AKeik'zxg/QKy(kxo) (187)

Now for k% = k2 —w? < 0 we get the Bessel functions of first kind as solutions:

X(0) = Ay Jx([klzo) (188)

If v is integral both solutions are equivalent and we have Jy, (|k|zo) = Y, (|k|z0),

but in general.

O (w0, 7) = Age™ ) To, (|k|ao) (189)
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If we look at the asymptotic expansion of Bessel functions we notice that ac-
cording to the value of v, ¢* can be normalizable or non-normalizable. In partic-
ular for v > 1 ¢ is normalizable and ¢~ is non-normalizable, for v < 1 both ¢*
are normalizable.

The new normalizable modes that appear in the Lorentzian formulation cannot
be discarded because in order to define a quantum formulation we need to expand
operators in terms of those modes as well, ultimately these modes form the Hilbert
space of the bulk theory.

The idea is that non-normalizable modes still correspond to operators as they
do for the Euclidean case and the new normalizable modes appearing as solutions
are fluctuations in the bulk. The AdS/CFT correspondence states then that non-
normalizable modes on AdS are dual to sources in the CF'T and the normalizable
modes are dual to states.

In the work [6] and [7] the authors investigated the correspondence in Lorentzian
signature and they proposed that the new normalizable modes could fluctuate and
they describe the Hilbert space of physical states on the bulk theory. They also
stated the correspondence in the classical and quantum regimes, classical bulk field
configurations correspond to expectation values of operators on the boundary and
at the quantum level they proposed a correspondence relation between operator

expansions of bulk and boundary fields.

6.2 Scalar fields in Global Coordinates

Now we are going to find solutions to the scalar wave equation in global coordinates
(1,p,€;) and find the bulk-to-bulk and bulk-to-boundary propagators. As we
studied in the chapter 4, AdS/CFT is also defined in global coordinate system and
we will see that the treatment is more involved. Of course, the CF'T defined in the
boundary will now live in a “sphere” but we saw that this theory will be related
by a conformal transformation with the one defined in Euclidean space.

We must solve the wave equation:

R
( 0u(Vi0") )qf 0 (190)

in the background:

ds® =

=— p(—d7-2 + dp® + sin® pdQ?) (191)

We make the ansatz:
U= e Y5 (Q)x(p) (192)
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We are working in AdS,;,; so Y, are spherical harmonics living on S9! and so:

Vi Y= —l(l+d—-2)Y, (193)

The equation of motion is given by:

1 pp R T
Qﬁmw@em+vguw@em+

where /g = sec? ptan®!

1 y
—0,(\/99"0;) — m2) U =0 194
77 (v99"9:) (194)
p, 9P =sec 2 p, g7 = —sec” 2 p and g" = tan"? p.

and so we find:

: d,[tan® pd,)x + [w® — Il +d — 2)csc®> p —mPsec’ plx =0 (195)
an?! p

To examine regularity and boundary behavior of the solutions it is convenient

to write x in terms of cos p and sin p. So we will solve the last equation for

X(p) = (cos p)*"(sin p)* f (p) (196)
So, calling y = sin? p: Z—’; = %% and
d
d—y — 2sin pcos p = 2yM3(1 — y)Y/? (197)
0

Then with x = (1 — )" f, (tan p)*~' = y2 =2 (1 — y)2~

d d
d—1 ,Od_iay [tan pdya } yb(l _ y>hf _
—hy (1= )" 4y (1= )"0, f]]
1 dy 4 » . i
= Ganpy o 2 202 (=)' [y (= )~ (- ) (- )0,
— 4y S (1= )R, [y BN = ) R = (L= ) R PR - )R, ]

d d
= 4y'E (1 - ) [b(b o DY) b = S Dy (L)
d d
R N e R R e V(R

d d
—hyt (1= ) R0, + (b4 )y (L= ) IO, — (- Dy =) 20,

2
+yb+g(1 y)h —+182f]
(198)
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Then

1 dy g1 dy
tand_lpd—pay [tan pd—p@y X =

=4 {b(b + g — Dy (1 =) —b(h — g + 1)y (1 —y)"f
Oy
g ()0, (b S =)0, — (1 - )0,
+yb+1(1 i y)hﬂﬁjf}

(= )" 0,F — hlb+ )1~ )"+ h(h

=4 [b(b + g — Dy A=y + h(h - g)ybﬂ( y)h Ly
R R P (R e

+(2b+

L= )0, = (20 5 + DL )

(199)

Matching powers back in the wave equation we find:

y(1—y)0f + {Qb+g—(2h+26+1)y} O, f — {(h+b)2—°‘ﬂ f=0 (200)

and
d m?
hlh—=|=— 201
(h-5) =" (201
b(b — d_ 1) W+d=-1) (202)
2 4
Solving these two equations
d+ vd? 4+ 4m?
hy = . am (203)
b= : 1(2 d—1) (204)
272
As hy + h_ = d/2, we then notice that we have two independent solutions for

each value of b. We could have chosen y = cos? p and we would have obtained

another hypergeometric equation with two independent solutions for two values of
h.
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Choosing h = h, we find that the only solution that is regular at the origin
p = 0 corresponds to the choice b =1/2 and:

. l l d
U = e “TY(Q)(cos p)*+ (sin p)' o Fy (hy + 5t g, hy + 3~ g; [+ 5 sin? p) (205)

Now we must study the behavior of the solutions at the boundary and so it is

convenient to write them in terms of cos? p, we find:

I w {

, w d
0% = BT eos ) (sin ) 2Pyt o+ Lt DYoo 11— Seostp)

2 27 2 2
(206)
and
- —iwT 2h_ (: l [ w ! w d 2
O™ = e ™TY(Q)(cos p)~"~(sin p) gFl(h_+§+§,h_+§—5;2h_+1—§;cos p)
(207)

Notice that we chose h = h, in ¥ but in general it is a combination of the

two solutions h = hy and so the general solution will have the form:

V=t 4+ O (208)
Defining v = $v/d? 4+ 4m?, we can write CF as:

_ L+ 5(=v)
C+_rw++§+§wm_+§—§) (209)
- L(l+ 9T (v) (210)

[(hy + L4+ 9)0(hye +1—9)
The coefficient C'~ must vanish because of regularity in the boundary, so we

must have a zero or negative argument in one of the gamma functions. This gives

the quantization condition:

wyp, = £(2hy + 1+ 2n) (211)

With these conditions we can rewrite the solutions in terms of Jacobi polyno-

mials:

dE = e TV (Q)(cos p) 2 (sin p)! P21V (cos 2p) (212)
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The point we want to stress here is that depending on the value of v we have
both normalizable and non-normalizable solutions of the equation of motion, in
that sense it is similar to the Lorentzian case.

For completeness, we are going to calculate the bulk-to-boundary propagator
for the scalar field in these coordinates. The bulk-to-bulk propagator was found
by [24] :

. S, _ 1 1
iKp(z,2') = Cy(cosh? }_{) e O F (th, hy + 3V +1; m) (213)

where cosh(%) = 1+ 55, being o the chordal(geodetic) distance in AdS.

R2
0=-R"+ ————cos(T — 7') — sinpsinp’ Q-] (214)
COS p COS p
and so:
cosh(i) _ cos(t — 7') —sinpsinp’ Q- (215)
R cos pcos p'

To construct the bulk-to-boundary propagator K gy we follow the method pro-
posed by Witten. We notice the asymptotic behavior of the non-normalizable

solutions as we approach the boundary, it is as p — m/2:

o) =74 (cos ) (1) (216)

where we have denoted b the coordinates on the boundary. The bulk-to-bulk

propagator is a solution of the equation (O — m?)Gp(z,x’) = —d6(z,z'), so we can
write:

¢(2') = — /V dVe(x)(d—m*)Gp(x,2') = — /V AV [0"(¢0,Gp) — 0"$0,Gp — m*¢Gp)
__ /V AV [0"(60,G5) — 0*(Cd,0) + Cp(0 — m?)]

T /V AV (g(x) 0, Cula,a')

(217)
This integral vanishes everywhere but in the boundary p — m/2:
<
#(2) = — / ds* d(x) 9, Gple, o) (218)
oV
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And we also have
Gp(z,a’) e (cos p)*"*+G(b, 2") (219)

We must compute d>*:

n® is the p component of a unit vector normal (g,,n*n” = 1) to the boundary
which we can define it as n* = (0,cosp,...,0) and the h;; is the “residual” metric
in the boundary of the AdS space which holds:

ds* = !
cos? p

(—d7? + sin? pdQ)7) (220)

The boundary is d—dimensional, therefore v/h = sec p tan®~! p.

¢'(2') = — /av Al hn? ¢(z) <8—p) Gp(z, )

. (221)
= — /db f(b) G(b,2") lim tan®'p [(cos p)*"= 9, (cos p)2h+]
p—7/2
Taking into account 2hy = g + v, we find:
¢ (2') = 2v /db f() G(b,z") (222)

Finally, according to the prescription given by Witten to construct the bulk-
to-boundary propagator:

Kpy(b,x') = 2v lim (cos p) 2"+ Kp(z,z') (223)

p—7/2
In this limit the hypergeometric funtion in the bulk-to-bulk propagator goes to
1 and we obtain:
2hy

cos p'
Kpa(b,z') = Cpy P

224
cos(t —7') —sinp’ Q- (224)

which is the bulk-to-boundary propagator for the scalar field in global coordi-

nates.
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7 Propagators for p-forms in AdSy,.;: An Exam-
ple

Until now we have done calculations with the simpler fields to work with, where
the methods first proposed by Witten were useful and effective. Now, the idea is
to find the 2-point function for a p-form. We know that it is not straightforward
to solve the wave equation for fields of higher rank other than scalars, gauge fields
and spinors, so in this case it is necessary to implement new techniques and so we
are going to present a different approach to solve the problem.

Allen and Jacobson developed a method to calculate n-point functions, it con-
sists of constructing every possibly symmetric bitensors in terms of the geodesic or
chordal distance, they are called bitensors because they are given in terms of two
points x and z’ that are connected by the chordal distance. First, we are going
to work in Poincaré coordinates, reproducing the results found by Bena, Nastase
and Vaman and later we present some results obtained by the author working in
global coordinates.

As before, the first step is to calculate the bulk-to-boundary propagator for
this field living in Anti-de Sitter background in Poincaré coordinates. Just to
remember, we have that the metric of Euclidean Poincaré Anti-de Sitter space is

given by:

1
ds* = = (dz5 + dz°) (225)
<0

As we already mentioned, the procedure is based on the fact that invariant
functions and tensors are easily expressed in terms of the chordal distance wu,

which in this case for Euclidean Poincaré is given by:

1 1 1 1
U= 5(1’ —a')? = —§(Xo - X{)? - §(Xd+1 - Xy’ + §(Xz' - X/)? (226

where X are the coordinates in the embedding space.

— 2 )2
"y (20 w0)2 + (2 — w;) (227)
ZoWo
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To prove this we must use the relations

ong(1+%(R2+fQ—t2))

2
1
Xd1=E(1——2(R2—372+t2)>
2 u (228)
Rt
Xiy1 = —
u
X, =
u
And so
1 2
u=—z Ku+— (R? + 22 t2)) — (u’—i—; (R? + 2 t’2))]
1 2
+§ |:(u_ a (R2 f2+t2)> o (u/_ — (Rz —»/2+t/2)>:|
_1[Rt Rt 2+1 Rz; Ra})?
2| u u 2| u u!
:_1 2 u—l(RQ—j’2+t2) u/_i(RQ_fa_'_t/Q)
8 U u
1 1
_2(u+E<R2+fQ—t2>) (ul‘f‘E(RQ—f‘l—"/Q—t/Q))

1 2 1 ?
+ (u + - (32 2 t2)) — (u - (R2 B t2)> + (unprimed < primed)

U u’

1 [Rt Rt’2+1 Rz; Rz’
2 2

U u!

(229)

Then,

1 2 2 =2 2 2 =12 2 2 2 =2 2 2 =12 2
R? R?
2 =2 2 =12 2
+8R +4—u2 (7% —t )+4_u’2 (@° =t )}

1[Rt Rt'r 1{3% Rx;r R?(u u’)
+ = —i + —+ —

2 u' U

U u!

2 2

U u'

(230)

Organizing terms,
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1[—4 R? R?
u=—-|—R(2* =+ 27 —t?) + 8R* + 4— (& — 1*) + 4— (" — 1")
uu! u? u

1 [Rt Rt’2+1 Rz Rxg2+R2 u o
21 u u' 21 u u! 2 \u U

R*|u o 2\’ £ \* 1 1
L T Ti TN (LT D@2y gy

2 u’+u +(u u’) (u u’> UQ(I ) u’2(x )

1 1
_’_w(xZ . t2) + w(lﬂ . t/2):|

(231)
Finally, we find:
N2 (N2 ()2
2uu!

Then by going to a euclideanized space t — it and taking R = 1 by simplicity
we prove that the chordal distance in Euclidean Poincaré AdS is given by:
_ 2 )2
= oW+ (5 —wi) (233)

220’(1)0

As we said, the idea is to write an ansatz for the propapator in terms of the
chordal distance and the basis bitensors, then plug it in the equation of motion
and solve it to find teh bulk-to-bulk propagator.

It is found that for d = 2p p-forms can satisfy two types of equations, the one
that will be used here is known as self duality in odd dimensions:

m

_ Kp+1---Hd+1
p| Eﬂlﬂz-uﬂp a

Hp+1

A = m2A#1#2-~Hp - ‘]#1#2~~#p (234)

Hp+2---Hd+1

In euclidean signature, the equation satisfied by the propagator is:

; Hp+1---fd+1 — 12
VM€ s pup Dup+1Gup+2~~ud+1;u’1uému; =m Gmm-uup;u’luému;

— 5(w7 Z)(g[mu’lguw'z e 'gﬂp}“w
(235)

The ¢ factor appears as a result of the analytical continuation to Euclidean
space where the € symbol stays the same. The propagator is a maximally sym-
metric bitensor, then according to the method described above, it can be written

in terms of a basis of antisymmetric bitensors:
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Tl

11 ity iyt Oy Oy - . O, Oy u + antipermutations of primed indices

(236)
1 . . o
51#2__#1);“,1”,2_“% = m(f)mu Ot 0y Oy . . . 0y, 0, utantipermutations of all indices)
(237)
leuzmup;u’lu’z...u’p = Curpgepy T Oy O 0y O Oy (238)
The propagator can be expanded as:
G(u) =T [g(u) + ph(u)] + TR (u) + T?k(u) (239)

where we have suppressed the indices. In form language we can write the
equation of motion as *dG = —imG (we are interested in correlators between

different points), where the operations are defined as:

1
<*B)M1~-~Mp — ePr--Hpbpti--Bdt+1 B

i (240)

Hp+1---Hd+1

and

(241)

B2 fip]

—'D[NIB

Then we obtain

xdT'g = (—1)PT°¢
d(pT*h +T?*h') = 0
x d(Tk) = T u(2 + )k + (d —p+1)(1 +w)k] — T*[(1 +w)k' + (d — p + 1)E]
(242)
The second relation is the reason why the ansatz was written in such way.

By plugging the ansatz into the equation of motion and using the fact that
bitensors are independent, it is found:

(=1’ = (=im)k
w2+ u)k' + (d—p+1)(1 +u)k = (—im)(g + ph) (243)
—K(1l+u)—(d—p+1)k = (—im)h
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from these we get

(=1)Pm*h =g (1 +u)+ (d—p)g (244)

By combining again we obtain

u(u+2)g" + (d+1)(1 +u)gd + [p(d —p) + (=1)Pm*g =0 (245)
the solution is a hypergeometric function:
C(—1PT(H) s Fi(m +1/2,m —p+1,2m +1,2/(2 + u))

T e 2+ )7

(246)

By looking at the relations obtained it is easy to see that we can find h and k
by differentiating g.

Now, we have the main tool, namely, the bulk-to-bulk propagator and we
want to compute correlators for a 3-form S,,, living on AdS7. According to the
AdS/CFT correspondence it is thought that these forms couple to a trace operator
tr(Hipo™) = O of the 6d (2,0) CFT.

In particular for 7 dimensions, p = 3 we have :

g=c-u 224 u) ™ VR (m+1/2,m —2,2m +1,2/(2 +u)) (247)

We are going to derive the bulk-to-boundary propagator from the bulk-to-bulk

propagator:

Sprpaps (wov W) = lim y dGZ\/ h(z)Gumzus;#’l#é#é (w, 2) (ZO)—msu’lu’gué (2)  (248)

e—0

Substituting the functional forms of g(u), h(u) and k(u) as € — 0, so u — oo:
g(u) = cu™™3, h(u) = (—¢/m)u=""2 and k(u) — (i(m + 3)c/m)u"""*,
In our case the basis bitensors are given by:

Tl

s s, = Oy Opr vt 0,1, 0, w0 0,50, u + antipermutations of primed indices

(249)

2

1 . . o
s, = 5(8u1u Ot 0y Oy v 030y u + antipermutations of all indices)

(250)
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3 _ [ha us 46 17
Tmung;u’lu’zug = €uipops amau'lu aﬂs)auéu aﬂGauéu aﬂ?” (251)

Just to give an idea on how these calculations are done, let us use the expres-

sions in the appendix C and write explicitly the imaginary contribution, it means
the T3k (u) term:

' 1
Ty = A3 L v 900 0,0 0,0k Oy

m um+4

' 3 —1 — )00 —w)yo
= —z(m—l- )C‘fijk fmnp <—3> [&y + (Z w)l o (Z w) o —U501'501}

4 4
mu™t ZoWp wo 20

(Z — w)m(SOj’ B (Z — w)j/50m . u5oj’50m]
Wo <0

% |:5nk/ + (Z - w)n(SOk;/ . (Z - w)k/(SOn o u50k/(50n:| % [w . U(Sop:|
w

Wo 20 0

X |:5ij +

(252)

By putting everything together we find:

(w®)™

(W) + 5_@)2]m+33ijk

3 + m23+m

Sijk(w) :c/ d®z {6
Me

)2]m+4 eijki’j/k"si’j’k’

3

g
+
8y
|
g

. [(w0)? + (2 — w)?]m+3 €ijki’j'k! Si5'k!
i — 2 (wo)m o
| [('LUO)2 + (5— w)Q]m+4 i'j
(w®)™
— Z)i’ (w - Z)l [(wO)Q + (Z—’_ u—)»)Q]m+4 €ijkj/k/l8i/j/k/
(253)

Now we can rewrite by using the Schouten identity:

€ijkit ik Sty (W — 2)1(W0 — 2)pr = €jpir o S (W — 2)(
1 (254)
— —\ 2
+ —eijki/jflsi/j/l(w — Z)

3

g
|
Xy
X

Then it is found:

26



Sl-jk(wo, u7) _66/

M

) 6 (Z— W) (Z— W)y )
Sijk + ieijki/j’k/si/j’k/ — ()2 + (7= 0)] Sitjk + gﬁi’jklmnslmn
(255)

s (U ) >

And now, the value of S;j,(w) at the boundary w” — 0 we obtain:

23+m

m(m+ 1)(m + 2)

1

3 (Sijk<w) + geijki’j’k’si’j’k’ (w)) (256)

113(1) €"Sijk(e, W) = 6emr

From that we obtain the bulk-to-boundary propagator:

—» wO m (U} — Z)z il
Grupimn(w, Z) = &1 {m} a{nm@mfﬁ (257)

As in the case of the spinor field that we considered in a previous chapter,
this field obeys a first order differential equation and therefore the action vanishes
on-shell. In order to give sense to the 2-point function of those kind of fields the

solution proposed is to add a boundary term to the action.

S = T lim [ A2 /R(2) Sy (2) 51145 (2) (258)
Me

e—0

Then by using the bulk-to-boundary propagator we get:

m .. 6 e | dbw 1
Se = chl_r% . d°z\/h(2)Sii(2) /d [+ (7 — a)mTe X (250)
{sl‘k(w) - 6(Z — w)i(z _qw)i, 31/ k(w)]
J [52 —+ (Z — U))2] J
mmc? 6 6 s (7 1
5 = Im+ Dim + 2)(m + 3) /d Z/d +E g (260)

And so the 2-point function is :

bvd - 1 mn i 2
<Oijk(z)0;mn(w)> = G a)e |:5£jk —6 =
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remember the scaling dimension A =m +p =m + 3.
Now we are going to try to calculate the same propagator in global coordinates

(p,7,9Q) . First we need the chordal distance in these new coordinates:

1 1 1 1
u = 5(95 — ')’ = —§(X0 - X()? - §(Xd+1 — X))+ §(Xz' - X)* (262

Xo = RcoshpcosT
X; = Rsinh pQ; (263)
X441 = Rcoshpsint

Then

R
U= [—(cosh pcosT — cosh p' cos 7')* — (cosh psin 7 — cosh p' sin 7/)?

+(sinh pQ; — sinh p'Q})?]
_p2

= [cosh? p cos® 7 + cosh? p’ cos® 7" — 2 cosh p cosh p’ cos T cos 7/

+ cosh? psin® 7 + cosh? p/ sin? 7/ — 2 cosh p cosh p’ sin 7 sin 7/
—sinh® pQ? — sinh? ' + 2sinh psinh p'Q,Q]
—R?

= [2 — 2 cosh pcosh p’ cos(T — 7") + 2 sinh psinh p'2; Y]

(264)

Now, by making the change of coordinates tan § = sinh p and so sec f = cosh p,

we find:

1
u=— [—RQ cos pcos p' + R? cos(T — 7') — sin psin p'Q) - Q’} (265)
COS p COS p

Just to have an idea of what we intend to calculate, we are looking for something
like:

A\ . Ao AN QU s (1 Al
SM1M2M3<p7 T, 6) - k hm dz\/ﬁGﬂlﬂ2H3ﬂ/1H/2u§(p7 T, pP,T,€ )S e 3<T ) 6)

p'—m/2
(266)
We know that at the boundary the chordal distance behaves as u — oo, in
Poincaré coordinates was zy — 0 and in global coordinates the boundary is located
at p — /2.
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And we find:

Hsin(T — 7)

du=—R ) (267)
COS P COS p
: o
B = RZM (268)
COS P COS p
Oa,u = —R?tan ptan p'Q; (269)
doyu = —R? tan p tan p'Q; (270)
And so:
o
0.0, = R2M (271)
COS P COS p
da,0qyu = —R? tan p tan p'd;; (272)
aQiaT/U =0 (273)
0, du =0 (274)
So we find the only non-vanishing contribution to the basis tensor:
77 % Ro cos(r — 7) (tan p tan p')%6 (275)
TQin - COSpCOSIO/ P Y 1]

To determine Gy is not only taking p’ — /2, we must also determine the
asymptotic behavior of S;q,q, in these coordinates. So the propagator has the
form: G = T'(g + 3h). Then taking the limit p’ — 7/2 we find:

m+3  cos(t — 7')(cos p)"(sin p)?
S.,- Q- ~ d> ST/ Q.
2.0, (r) / m  R?>"(cos(t — 7') — sin p(2 - /)m+3 QY

(276)

Now if we want to compare the results in both coordinate systems, we need

the mapping between them. We find:

Rcosp
= 277
: (cos T + sin pf,,) (277)
Rsin pQ;
_ 9
i (cos T + sin p€2,,) (278)
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. R SlIl' T (279)
(cos T + sin pf2,)

We consider the results for the scalar case found in previous chapters:

A A
Lo ? cos p
— 280
(9334—(:1_:’—7])2) (COS(T—T’) —sian-Q’) (280)

By using the mapping we check that they only coincide at 7 = 7/ = 0 and
Q,, = Q) =0 up to a factor of 2:

x A 1 cos p A

0

-] — | = 281
(x%+(f—ﬁ)2) (2 7 —sianlwﬂg) (281)

That is what we mean when we say holography in different coordinates are not
easily related. Even for the simplest case, the bulk-to-boundary propagator for
scalar fields, the mapping does not give a direct relation. Somehow we expected
that result, global coordinates system covers the entire AdS and Poincaré system
does not.
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8 Conclusions

In this dissertation we showed the non-trivial relation of holography in global
coordinates and Poincaré coordinates in minkowskian and euclidean signature.
Starting from a succint study of Anti-de Sitter space and conformal field the-
ory we introduced the main idea of the AdS/ CFT Correspondence in order to
present the calculations of bulk-to-boundary propagators and observables such as
n-point functions for scalar fields coming from a simple supergravity action and
propagators and 2-point function for gauge and spinor fields, all of them living in
Euclidean Poincaré AdS. Then, by using the example of the scalar field, we have
analyzed AdS holography for minkowskian signature and did the same working in
global coordinates. Here we have shown the new features(extra modes) appear-
ing in these cases. As mentioned before, the idea was to show how holography
looks so different when working in different coordinates, and even if we know the
CFT’s are conformally related this relation is not easily found. Few people working
with AdS/CFT and its applications use other coordinate system than euclidean
Poincaré coordinates and we do not know what is the role of the rest of AdS space.

Then some future work must be directed to clarify this issue.
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A Bessel Functions

The modified Bessel functions I,y and K, ;) are solutions of the following dif-

ferential equation:

z——l—z—z—(z +1v3) =0 (282)

d*w dw
2 2 2y _
ZW—FZ’E—F(Z —V)—O (283)
The asymptotic expansions at large z, v fixed and pu = 412, are given by:
e* p—1  (p=1)(p-9)
I(z) ~ 1— - 284
G~ 7= ( T TS EA (284)

T _, —1 —1 -9
K,,(Z)N\/;—Ze <1+“8Z e 21&2‘;2 )+...) (285)

[ 2 s s
Jiy(z) ~ E (COS(Z + §V — Z) + .. ) (286)
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B Hypergeometric Functions

Hypergeometric functions are solutions of the differential equation:

z(l—z)%—i—[’y—(a—l—ﬁ—l—l)z]%—aﬂuzO (287)

If v not an integer:

uy = F(o, ;7 2)

(288)
ug = 2" F(a =7+ 1L, =y + 12— 7;2)

fy=m+1:

u = Fla,B;m—+1;z
1= F(o, B ) (280)
us = Fla, Bsm+1;2)Inz + - -
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C Bitensors and limits

1 [(z—w
8MU = — |:'u)—)'u — U5MO:|

20 0
Oy u = _—1 [M + ué,,/o}
wo 20
0,0y u = i’jo {(5,“/ + (2 _zju%ul — (2 —zjl/&)# — 00y Oop
D"9,u = (d+ 1)(u + 1) (290)
Mud,u = u(u + 2)
D,0,u= gu(u+1)
D,,0,0,u = g,,0,u
(0"u)(D,0,0,u) = O,ud,u
(0"u)(0,0,)u = (u+1)0,u
i — ! Area(Ss)5%(7) (291)
=0 (2 + ) m(m +1)(m + 2)
2m+2 1
M Em L e D m+ Dm T 3) Area(55)9°(7) (202)
2m 22
Py (:E‘Q: ef)‘”m = mm 1)(m3+ 0m 33y eSO @) (299)
lim dﬁxﬂsw(f—i— y) = ! Area(Sg)sir ()
=0 (22 + 2)4+m 2m(m + 1)(m + 2)(m + 3)

(294)
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