
DBI equations and holographic dc conductivity

Alfonso Ballon-Bayona*

ICTP South American Institute for Fundamental Research, Instituto de Fı́sica Teórica,
Universidade Estadual Paulista, 01140-070 São Paulo, São Paulo, Brazil

Cristine N. Ferreira†
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We provide a simple method for writing the Dirac-Born-Infeld equations of a Dp-brane in an arbitrary

static background whose metric depends only on the holographic radial coordinate z. Using this method

we revisit the Karch-O’Bannon procedure to calculate the dc conductivity in the presence of constant

electric and magnetic fields for backgrounds where the boundary is four- or three-dimensional and

satisfies homogeneity and isotropy. We find a frame-independent expression for the dc conductivity tensor.

For particular backgrounds we recover previous results on holographic metals and strange metals.
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I. INTRODUCTION

Holography provides a new approach for investigating
strongly coupled field theories. The most important case is
given by the AdS/CFT correspondence [1] that maps gauge
theories with conformal symmetry to string/M theories
compactified into anti-de Sitter spacetimes. The AdS/
CFT correspondence was conjectured by Maldacena after
investigating N coincident branes in string/M theory in the
large-N limit. At low energies some of these configurations
describe conformal gauge theories at weak coupling, while
at strong coupling they lead to supergravity solutions in-
volving anti-de Sitter spacetimes.

For example, the holographic dual ofN ¼ 4UðNÞ super
Yang-Mills theory in four dimensions is Type IIB string
theory in AdS5 � S5. This duality arises from a configura-
tion of N coincident D3-branes in the large-N limit. This
example is very interesting for many theoretical reasons
(for instance integrability) and provides new insights into
the old problem of nonperturbative QCD. Another interest-
ing example is the N ¼ 6 k-level UðNÞ �UðNÞ super
Chern-Simons gauge theory in three dimensions, whose
holographic dual is M theory in AdS4 � S7=Zk. In this
case the duality arises after considering a configuration of
M2-branes in M theory. This example has inspired recent
holographic models for condensed matter physics.

An interesting problem in condensed matter systems is
to describe charge transport in strongly coupled theories.

In holography, this is achieved by the inclusion of fermionic
charge carriers in the AdS/CFT correspondence. A very
simple method of including fermions in the AdS/CFT
correspondence consists of the inclusion of Nf Dp-branes

in the probe limitNf � N. This was originally proposed in

the four-dimensional case [2], where Nf D7-branes are

included on top of N D3-branes. The probe limit Nf � N

guarantees that the backreaction of the D7-branes on the
bulk geometry can be ignored. The fermions are interpreted
as quarks in the four-dimensional field theory, whose dual
are strings stretching from the D3-branes to the D7-branes.
In this paper we consider the problem of probe

Dp-branes in an arbitrary static background, whose metric
depends only on the holographic radial coordinate z. We
provide a simple and elegant method to write the Dirac-
Born-Infeld (DBI) equations that describe the dynamics of
the Dp-brane. Using these results we calculate the electro-
magnetic currents through holographic methods for a gen-
eral gauge field configuration. We find a nice expression
for the case when the gauge field strengths on the brane
depend only on the radial coordinate z. As an application,
we consider the case of constant electric and magnetic
fields and calculate the dc conductivity tensor when the
boundary is four and three dimensional and satisfies ho-
mogeneity and isotropy. This is done following the Karch-
O’Bannon procedure [3,4] (see also [5]), which is based on
the reality of the brane action. We check our results for
particular backgrounds, namely the D3-D7 model [2] and
the Lifshitz background [6–10]. Our results for the D3-D7
model are consistent with those of [3–5] and are interpreted
as holographic metals, while in the Lifshitz case the
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conductivity is consistent with [11] and can be interpreted
in terms of strange metals. Our results are also consistent
with a recent method proposed in [12,13], which is based
on the properties of an effective metric, called open string
metric, that arises from the DBI action.

Our paper ends with some conclusions and an Appendix
describing the Drude model and the effect of a five-
dimensional Chern-Simons term on the DBI equations
for constant electric and magnetic fields.

II. DP-BRANE DYNAMICS AND
HOLOGRAPHIC CURRENTS

Consider the dynamics of a probe Dp-brane in an
arbitrary static background of the form

ds2 ¼ aðzÞgmnðzÞdxmdxn þ bðzÞd�2; (2.1)

where gmn describes a Dþ 1 spacetime that includes the
radial coordinate z. We will be interested in the cases
D ¼ 4 and D ¼ 3, although the results in this section
are general.

We assume for simplicity that � is a compact space. We
consider the case where the Dp-brane fills the spacetime of
the internal coordinates xm and wraps a submanifold � of
dimension p�D inside �. In a general class of Dp-brane
models, the submanifold � is specified by fixing some
coordinates in � to constant values while one of the
coordinates, say �, depends on the radial coordinate z.

The induced metric on the Dp-brane takes the form

ds2Dp ¼ aðzÞgmnðzÞdxmdxn þ bðzÞd�2 ¼: GMNdx
MdxN;

(2.2)

where gzz now includes a contribution arising from
d�2 ¼ �02ðzÞdz2.

A. The DBI action

The dynamics of a single Dp-brane is described by the
Abelian DBI action

SDBI ¼ ��p

Z
dDxdzdp�D�e��

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� det ðGMN þ 2��0FMNÞ

q
; (2.3)

where GMN is the induced metric on the probe brane, FMN

is the world volume gauge field strength and

�p ¼ ð2�Þ�p�0�pþ1
2 (2.4)

is the brane tension.
We assume for simplicity, that the gauge fields have

nonzero components in the xm directions only and these
components do not depend on the coordinates of �. Thus,
after integrating over the compact submanifold �, we
obtain the Dþ 1 dimensional effective action that can
be written as

SDBI ¼ �
Z

dDxdz�ðzÞ ffiffiffiffiffiffiffiffi�E
p

; (2.5)

where E is the determinant of the tensor defined by

Emn :¼ gmn þ �ðzÞF mn; (2.6)

and

�ðzÞ¼2��0

aðzÞ ; �ðzÞ¼�pV�e
��ðaðzÞÞDþ1

2 ðbðzÞÞp�D
2 : (2.7)

Here we have used the notation V� to refer to the volume of
the compact submanifold �. Note that Fmn denotes the
components of the field strength in the xm directions.

B. DBI equations and holographic currents

The relevant fields in the effective action (2.5) are the
Dþ 1 dimensional gauge field Am and the scalar field
�ðzÞ. Therefore, the variation of the action (2.5) takes the
form

�SDBI ¼ �SBulkDBI þ �S
Bdy
DBI; (2.8)

where

�SBulkDBI ¼
Z
dDxdz

�
@m

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eð‘;mÞ
�
�A‘

þ
�
@z

�
�

2

ffiffiffiffiffiffiffiffi�E
p

~Ezz@gzz
@�0

�
� ffiffiffiffiffiffiffiffi�E
p @�

@�

�
��

�
; (2.9)

�SBdyDBI ¼ �
Z

dDxdz

�
@m

��
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eð‘;mÞ
�
�A‘

�

þ @z

�
�

2

ffiffiffiffiffiffiffiffi�E
p

~Ezz @gzz
@�0

��

��
; (2.10)

and ~Eð‘;mÞ ¼ ~E‘m � ~Em‘, with ~E‘m being the inverse of E‘m.
Since the field variations �A‘ and �� are arbitrary, the

bulk term (2.9) leads to the DBI equations

@m

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eð‘;mÞ
�
¼ 0; (2.11)

@z

�
�

2

ffiffiffiffiffiffiffiffi�E
p

~Ezz @gzz
@�0

�
� ffiffiffiffiffiffiffiffi�E

p @�

@�
¼ 0: (2.12)

A natural prescription for the boundary electromagnetic
currents in holography is the following:

j� ¼ �S

�A�

��������z¼zBdy

: (2.13)

In our case the only contribution comes from the first term
in the boundary term (2.10), so we find

j� ¼ � lim
z!zBdy

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eð�;zÞ
�
: (2.14)

The relevant equation for the gauge fields is
(2.11). Decomposing these equations into ‘ ¼ ðz; 0; iÞ
components we obtain
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@0

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eðz;0Þ
�
þ @i

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eðz;iÞ
�
¼ 0; (2.15)

�@z

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eðz;0Þ
�
þ @i

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eð0;iÞ
�
¼ 0; (2.16)

� @z

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eðz;iÞ
�
� @0

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eð0;iÞ
�

þ @j

�
��

2

ffiffiffiffiffiffiffiffi�E
p

~Eði;jÞ
�
¼ 0: (2.17)

In the case where the gauge field strength tensor F mn

depends only on the radial coordinate z, the equation
(2.15) is automatically satisfied, while the others can be
integrated out leading to the equation

��

2

ffiffiffiffiffiffiffiffi�E
p

~Eðz;�Þ ¼ j�; (2.18)

where j� is the holographic current associated with the
DBI action, as obtained in (2.14). This is a nontrivial
equation involving the field strengths on the lhs and the
holographic currents on the rhs.

1. The contribution from a �-term

In the D ¼ 4 case, the boundary field theory is four
dimensional and may include a �-term of the form1

S� ¼ 	�
��
Z

dtd3 �x�F�
F��; (2.19)

where � ¼ �ðt; ~xÞ is a four-dimensional axion field
and F�
 ¼ @�A
 � @
A� is the four- dimensional field

strength.
Integrating by parts (2.19), we obtain

S� ¼ 2	�
��
Z

dtd3 �xf@�½�A
F��� þ A�ð@
�ÞF��g:
(2.20)

This term provides a contribution to the holographic
current,

�j� ¼ �S�
�A�

¼ 2	�
��ð@
�ÞF��: (2.21)

C. The method of �-expansion

The method proposed in this paper consists of a series
expansion in the parameter �ðzÞ for the relevant quantities
appearing on the DBI equations, namely the determinant E
and the inverse tensor ~Em;n.

Consider the matrix representation of the metric ĝ and

the field strength F̂. Then the tensor Emn has a matrix
representation given by

Ê ¼ ĝþ �F̂ ¼ ĝð1þ X̂Þ; (2.22)

where we have defined X̂ :¼ �ĝ�1F̂. Note that this matrix
is matrix linear in �. Recalling some properties of the

determinant, we can write E in terms of X̂,

E ¼ det ðÊÞ ¼ det ðĝÞ det ð1þ X̂Þ
¼ det ðĝÞ exp fTr½ln ð1þ X̂Þ�g: (2.23)

On the other hand, the tensor Em;n corresponds to the

inverse matrix Ê�1 and can also be represented in terms

of X̂,

Ê�1 ¼ ð1þ X̂Þ�1g�1: (2.24)

Now we consider a series expansion in X̂ for the determi-
nant E and the inverse tensor ~Em;n. For the determinant we

first expand the matrix ln ð1þ X̂Þ and take the trace

Tr½ln ð1þ X̂Þ� ¼ � 1

2
TrðX̂2Þ � 1

4
TrðX̂4Þ

� 1

6
TrðX̂6Þ þ � � � ; (2.25)

where we used the identity TrðX̂nÞ ¼ 0 for odd values of n.
Substituting (2.25) into (2.23) we get

E ¼ det ðĝÞ
�
1� 1

2
TrðX̂2Þ � 1

4
TrðX̂4Þ

þ 1

8
½TrðX̂2Þ�2 � 1

6
TrðX̂6Þ þ 1

8
½TrðX̂2Þ�½TrðX̂4Þ�

� 1

48
½TrðX̂2Þ�3 þ � � �

�
: (2.26)

The traces appearing in the expansion can be written in a
tensorial form,

TrðX̂2Þ ¼ ��2F mnF mn;

TrðX̂4Þ ¼ �4F mnF npF pqF qm;

TrðX̂6Þ ¼ �6F mnF npF pqF qrF rsF sm; � � � :
(2.27)

Then we conclude that the determinant has the
�-expansion,

E ¼ det ðĝÞ
�
1þ �2

2
F mnF mn þ �4

4!
F mnpqF mnpq

þ �6

6!
F mnpqrsF mnpqrs þ � � �

�
; (2.28)

where

F mnpq :¼ F mnF pq �FmpF nq þF mqF np;

F mnpqrs :¼ F mnF pqrs �F mpF nqrs þF mqF nprs

�F mrF npqs þF msF npqr; � � � : (2.29)

It is easy to check that the covariant tensors F mnpq and

F mnpqrs are antisymmetric in the index.2

1A �-term may arise from instanton configurations in QCD-
like theories and break parity symmetry; see for instance [14].

2The antisymmetry of these tensors implies that they admit a
representation in terms of Levi-Civita symbols. We will not use
that representation in this paper, though.
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The expansion (2.28) involves only even powers of �. It
can also be truncated according to the dimensionDþ 1 of
the spacetime relevant to the effective action. This is due to
the antisymmetry of the tensors appearing in the expan-
sion. Consider for instance the cases D ¼ 4 or D ¼ 3,
where the effective bulk theory is five or four dimensional,
respectively. In those cases the antisymmetry of the tensor
F mnpqrs defined in (2.29) implies that this tensor vanishes.

This is also true for the tensors appearing at higher order
in �. Therefore, for D ¼ 4 and D ¼ 3, the �-expansion
(2.28) reduces to a polynomial or order �4.

Now consider the matrix representation (2.24) of the

inverse tensor Em;n. Expanding ð1þ X̂Þ�1 in a geometric
series and using (2.27), we get the following expansion:

~Emn ¼ gmn � �Fmn þ �2F m
pF pn � �3F mpF pqF qn

þ �4F m
pF pqF qrF rn � �5F mpF pqF qrF rsF sn

þ � � � : (2.30)

We are also interested in the antisymmetric tensor ~Eðm;nÞ ¼
~Emn � ~Enm. The terms in the expansion (2.30) that contain
even powers of � are symmetric in m $ n. Therefore, the

tensor ~Eðm;nÞ takes the form

~Eðm;nÞ ¼ �2�F mn � 2�3F mpF pqF qn

� 2�5F mpF pqF qrF rsF sn þ � � � : (2.31)

If we multiply the expansion (2.31) with the determinant
given in (2.28), we obtain the expansion

E ~Eðm;nÞ ¼ det ðĝÞ
�
�2�F mn � �3F pqF mnpq

� �5

4
F pqF rsF mnpqrs þ � � �

�
: (2.32)

1. The DBI effective action and DBI equations

The�-expansion of the determinant E allows us to find a
useful expansion for the effective DBI action given in (2.5).

In (2.5) the Lagrangian density is proportional to
ffiffiffiffiffiffiffiffi�E

p
.

Using the �-expansion in (2.28), we find thatffiffiffiffiffiffiffiffi�E
p ¼ ffiffiffiffiffiffiffi�g

p
Qðz; xÞ; (2.33)

with Qðz; xÞ given by

Qðz; xÞ ¼
�
1þ �2

2
FmnF mn þ �4

4!
F mnpqF mnpq

þ �6

6!
F mnpqrsF mnpqrs þ � � �

�
1=2

: (2.34)

As a consequence of (2.33) and (2.32), we find that

ffiffiffiffiffiffiffiffi�E
p

~Eðm;nÞ ¼ �2�

ffiffiffiffiffiffiffi�g
p
Qðz; xÞ

�
F mn þ �2

2
F pqF mnpq

þ �4

8
F pqF rsF mnpqrs þ � � �

�
: (2.35)

This is a very useful expansion. In the general case, where
the field strengths depend not only on z but also on time
and spatial coordinates, we can use (2.35) in (2.11) to
rewrite the DBI equations as

@m

�
��2

ffiffiffiffiffiffiffi�g
p
Qðz; xÞ

�
F ‘m þ �2

2
F pqF ‘mpq

þ �4

8
F pqF rsF ‘mpqrs þ � � �

��
¼ 0: (2.36)

The DBI equations written in the form (2.36) show
explicitly the expansion in �, which is equivalent to an
expansion in the string length squared �0. This is useful
if we want to truncate the DBI equations in the limit of
small �. In many brane models the product ��2 is inde-
pendent of z, so that in the limit of small � the DBI
equations reduce to Maxwell equations in a curved space-
time with metric gmnðzÞ.
The traditional way of solving DBI equations is to

choose first a gauge field ansatz and then work with an
effective determinant. The advantage of Eq. (2.36) is that
they are valid for a general class of gauge field configura-
tions, including time- and space-dependent field strengths.
As a simple application of the method described above,

we will consider the case the field strengths Fmn depend
only on the radial coordinate z. This case is relevant to
describe the physics of constant electric and magnetic
fields in the boundary. In this case we can integrate out
(2.36) and obtain

j� ¼ ���2

ffiffiffiffiffiffiffi�g
p
QðzÞ

�
F z� þ �2

2
F 
�F z�
�

þ �4

8
F 
�F 
�F z�
�
� þ � � �

�
: (2.37)

This equation is equivalent to (2.18) and will be used in the
next section to calculate the conductivity in the presence of
constant electric and magnetic fields.

III. DC CONDUCTIVITY IN 3þ 1 DIMENSIONS

Now we consider the problem of charge transport in a
3þ 1 dimensional strongly coupled field theory in the
presence of constant electric and magnetic fields. The
way of describing this system in holography is by consid-
ering a five-dimensional effective DBI action of the form
(2.3) with a gauge field of the form

A0ðzÞ¼f0ðzÞ; ~Aðz;xÞ¼ ~fðzÞ� ~Etþ1

2
~B� ~x: (3.1)

For simplicity, we also assume that the metric is homoge-
neous and isotropy in the spatial directions ~x in the sense
that g11 ¼ g22 ¼ g33 :¼ gxxðzÞ.
As discussed in the previous section, the DBI equations

in the case where the field strengths depend on the radial
coordinate z only can be written as (2.37). For the ansatz
(3.1) the Eq. (2.37) take the form
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�QðzÞ
��2

j0 ¼ ffiffiffiffiffiffiffi�g
p

gzzg00f½1þ �2ðgxxÞ2j ~Bj2�@zf0
þ �2ðgxxÞ2ð ~E� ~BÞ � ð@z ~fÞg; (3.2)

� ��2

QðzÞ
~j ¼ ffiffiffiffiffiffiffi�g

p
gzzgxxf½1þ �2g00gxxj ~Ej2�@z ~f

� �2g00gxx½ð ~E � @z ~fÞ ~E� ð@zf0Þ ~E� ~B�
þ �2ðgxxÞ2ð ~B � @z ~fÞ ~Bg; (3.3)

where

QðzÞ � fQ0ðzÞ þ �2gzzg00½1þ �2ðgxxÞ2j ~Bj2�ð@zf0Þ2
þ �2gzzgxx½1þ �2g00gxxj ~Ej2�j@z ~fj2
� �4gzzg00ðgxxÞ2½�2ð@zf0Þð ~E� ~BÞ � ð@z ~fÞ
þ ð ~E � @z ~fÞ2� þ �4gzzðgxxÞ3ð ~B � @z ~fÞ2g1=2; (3.4)

and

Q0ðzÞ ¼ 1þ �2½g00gxxj ~Ej2 þ ðgxxÞ2j ~Bj2�
þ �4g00ðgxxÞ3ð ~E � ~BÞ2: (3.5)

Note thatQ0ðzÞ does not depend on the functions f0ðzÞ and
~fðzÞ.
Taking the scalar product of (3.3) with ~E, ~B and ~E� ~B,

respectively, we get the following equations:

QðzÞ
��2

~E � ~j ¼ � ffiffiffiffiffiffiffi�g
p

gzzgxxfð ~E � @z ~fÞ

þ �2ðgxxÞ2ð ~E � ~BÞð ~B � @z ~fÞg; (3.6)

QðzÞ
��2

~B � ~j ¼ � ffiffiffiffiffiffiffi�g
p

gzzgxxf½1þ �2g00gxxj ~Ej2

þ �2ðgxxÞ2j ~Bj2�ð ~B � @z ~fÞ
� �2g00gxxð ~E � ~BÞð ~E � @z ~fÞg; (3.7)

QðzÞ
��2

ð ~E� ~BÞ � ~j ¼ ffiffiffiffiffiffiffi�g
p

gzzgxxf�½1þ �2g00gxxj ~Ej2�

� ð ~E� ~BÞ � ð@z ~fÞ
� �2g00gxxj ~E� ~Bj2@zf0g: (3.8)

A. Solutions of the DBI equations

We can solve the system (3.6) and (3.7) as a function of
QðzÞ. The result is

ffiffiffiffiffiffiffi�g
p

gzzgxx ~B � @z ~f

¼ � QðzÞ
��2Q0ðzÞ

f ~Bþ �2g00gxxð ~E � ~BÞ ~Eg � ~j

¼:
QðzÞ

��4Q0ðzÞ
jB; (3.9)

ffiffiffiffiffiffiffi�g
p

gzzgxx ~E � @z ~f

¼ � QðzÞ
��2Q0ðzÞ

½Q0ðzÞ ~j � ~E� ðgxxÞ2ð ~E � ~BÞjB�

¼:
QðzÞ

��4Q0ðzÞ
jE: (3.10)

Similarly, we can solve (3.2) and (3.8) as a function of
QðzÞ. The solutions are given byffiffiffiffiffiffiffi�g

p
gzzgxxð ~E� ~BÞ � @z ~f

¼ � QðzÞ
��2Q0ðzÞ

f��2ðgxxÞ2j ~E� ~Bj2j0

þ ½1þ �2ðgxxÞ2j ~Bj2�ð ~E� ~BÞ � ~jg

¼:
QðzÞ

��5Q0ðzÞ
jEB; (3.11)

ffiffiffiffiffiffiffi�g
p

gzzg00@zf0

¼ QðzÞ
��2Q0ðzÞ

f�½1þ �2g00gxxj ~Ej2�j0

þ �2g00gxxð ~E� ~BÞ � ~jg

¼:
QðzÞ

��3Q0ðzÞ
~j0: (3.12)

Using these results in (3.3), we getffiffiffiffiffiffiffi�g
p

gzzgxx½1þ �2g00gxxj ~Ej2�@z ~f

¼ QðzÞ
��2Q0ðzÞ

f�Q0ðzÞ ~jþ g00gxxjE ~E

� �ðgxxÞ2~j0 ~E� ~B� ðgxxÞ2jB ~Bg: (3.13)

Finally, using the solutions in the expansion for QðzÞ
[Eq. (3.4)], we find a solution for QðzÞ,

QðzÞ ¼ ��2Q0ðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q0ðzÞ�ðzÞ þ ðgxxÞ3

½1þ�2g00gxxj ~Ej2�
~j20 � g00ðgxxÞ4

½1þ�2g00gxxj ~Ej2� j
2
B

r ;

(3.14)

where

�ðzÞ :¼ �2�4 þ �2g00ðgxxÞ2
½1þ �2g00gxxj ~Ej2�

� ½j ~jj2 þ �2g00gxxð ~j � ~EÞ2�: (3.15)

Note that QðzÞ has now been expressed in terms of
the physical quantities of the system, namely the charge
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density j0, the electromagnetic current ~j and the electric

and magnetic fields ~E and ~B.

B. The Karch-O’Bannon procedure and the
conductivity tensor in a general frame

The on-shell DBI action can be written as

So:sDBI ¼ �
Z

d4xdz�ðzÞ ffiffiffiffiffiffiffi�g
p

QðzÞ; (3.16)

with QðzÞ given by (3.14).
The Karch-O’Bannon procedure proposed in [3] and

further developed in [4,5] consists of imposing the reality
constraint on the on-shell DBI action. In a general class of
backgrounds, the metric blows up at the boundary, while
the component gtt vanishes at the horizon. Under these
circumstances, it is not difficult to see from (3.5) and (3.15)
that the functions Q0ðzÞ and �ðzÞ should have a zero at a
point z ¼ z� and z ¼ z�, respectively. Using the identity

½1þ �2g00gxxj ~Ej2�
�
1þ �2ðgxxÞ2 ð ~E � ~BÞ2

~E2

�

¼ Q0ðzÞ � �2ðgxxÞ2 j ~E� ~Bj2
j ~Ej2 ; (3.17)

we conclude that 1þ �2g00gxxj ~Ej2 < 0 at z ¼ z�.
Therefore, in order to avoid an imaginary action, we find

from (3.14) that ~j0 and jB must vanish at z ¼ z�. Since 1þ
�2g00gxx ~E2 is also positive at the boundary, it should have
a zero at z ¼ zE2 , which is closer to the boundary than z�.
Analyzing all the possible localizations of z� with respect

to z� and zE2 leads to the conclusion that z� ¼ z� (for more

details see [5]).
In summary, we find from the reality constraint on the

action that at some point z ¼ z�, the following equations
must be satisfied:

Q0 ¼ 1 þ �2g00gxxj ~Ej2 þ �2ðgxxÞ2j ~Bj2
þ �4g00ðgxxÞ3ð ~E � ~BÞ2

¼ 0; (3.18)

jB ¼ ��2½ ~j � ~Bþ �2g00gxxð ~E � ~BÞ ~j � ~E� ¼ 0; (3.19)

~j0 ¼ �f�½1þ �2g00gxxj ~Ej2�j0 þ �2g00gxx ~j � ð ~E� ~BÞg
¼ 0; (3.20)

� ¼ �2�4 þ �2g00ðgxxÞ2
½1þ �2g00gxxj ~Ej2� ½j

~jj2 þ �2g00gxxð ~j � ~EÞ2�

¼ 0: (3.21)

From Eqs. (3.18), (3.19), and (3.20) we get

1þ �2ðgxxÞ2j ~Bj2 ¼ ��2g00gxx½j ~Ej2 þ �2ðgxxÞ2ð ~E � ~BÞ2�;
(3.22)

~j � ð ~E� ~BÞ ¼ �2ðgxxÞ2j ~E� ~Bj2j0
½1þ �2ðgxxÞ2j ~Bj2� ; (3.23)

~j � ~B ¼ ��2g00gxxð ~E � ~BÞ ~j � ~E: (3.24)

The spatial current ~j can be decomposed into projections

on ~E, ~B and ~E� ~B as

~j¼ 1

j ~E� ~Bj2 f½ð
~j � ~EÞj ~Bj2 � ð ~j � ~BÞð ~E � ~BÞ� ~E

þ ½ð ~j � ~BÞj ~Ej2 � ð ~j � ~EÞð ~E � ~BÞ� ~Bþ ~j � ð ~E� ~BÞ ~E� ~Bg:
(3.25)

Using (3.23), (3.24), and (3.25) we get

~j¼� �2gxx

½1þ�2ðgxxÞ2j ~Bj2�fg
00ð ~j � ~EÞ½ ~Eþ�2ðgxxÞ2ð ~E � ~BÞ ~B�

�gxxj0 ~E� ~Bg: (3.26)

Using (3.21) and (3.26) we can solve ~j � ~E. Assuming ~j �
~E � 0, we get

~j � ~E ¼ � g00
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgxxÞ3½1þ �2ðgxxÞ2j ~Bj2��2�4 þ �2ðj0Þ2

q
:

(3.27)

Writing the current as ji ¼ �ijEj, we get the conductivity

tensor

�ij¼ gxx

½1þ�2ðgxxÞ2j ~Bj2�
�
�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðgxxÞ3½1þ�2ðgxxÞ2j ~Bj2��2�4þ�2ðj0Þ2
q �

�½�ijþ�2ðgxxÞ2BiBj�þ�2gxxj0	ijkBk

�
: (3.28)

This result is consistent with the one obtained in [3,5] for
the D3-D7 brane model. In that case the induced metric can
be written as

ds2D7

R2
¼ � 1

z2

ð1� z4

z4H
Þ2

ð1þ z4

z4H
Þ dt

2 þ 1

z2

�
1þ z4

z4H

�
d~x2

þ
�
1

z2
þ ð@z�Þ2

�
dz2 þ cos 2�ðzÞd�2

3: (3.29)

The black brane horizon is related to the field theory

temperature by zH ¼ ffiffiffi
2

p
=ð�TÞ. The dilaton is just e�� ¼

g�1
s , and the AdS radius is given by R ¼ ð4�
Þ1=4 ffiffiffiffiffi

�0p
with


 ¼ gsNc. Then, comparing to (2.5), we obtain
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�ðzÞ ¼ 2��0

R2
¼ ffiffiffiffi

�
p


�1=2;

�ðzÞ ¼ �7

gs
VS3R

8cos 3�ðzÞ ¼ 
Nc

4�3
cos 3�ðzÞ;

gxxðzÞ ¼ 1

z2

�
1þ z4

z4H

�
:

(3.30)

Our result (3.28) is also consistent with that obtained
recently in [12,13], using the method of open string metric.

C. The Drude limit and holographic metals

As observed in [3,5], the Drude limit is obtained by
neglecting the effects of pair production (large mass limit)
and higher powers in the electric field. In our framework,
this corresponds to the limit � ! 0 and g00 ! 0. Then
(3.28) reduces to

�D
ij ¼

j0

�M½1þ j ~Bj2
�2M2�

�
�ij þ

BiBj

�2M2
þ 	ijk

Bk

�M

�
; (3.31)

where

�M ¼ 1

�
gxxðz�Þ: (3.32)

As shown in Appendix A, this is exactly the Drude
conductivity that describes a metallic behavior for particles
with density j0 and massM. Note that in the case of a black
brane the induced metric contains a horizon defined by
g00 ¼ 0. Then in the Drude limit the point z ¼ z� coincides
with the horizon zH. In particular, for the D3-D7 brane
model we get from (3.30),

�M ¼ 2

ffiffiffiffi



p
ffiffiffiffi
�

p
z2H

¼ �

2

ffiffiffiffi
�


p
T2; (3.33)

where �
 ¼ 4�
. As discussed in [3,5], this result can also
be obtained by computing the drag force on the charge
carriers in the holographic metals.

The temperature dependence in (3.33) is typical of
metals. In the next section we will consider backgrounds
with Lifshitz symmetry, where the conductivity has a
different dependence on temperature.

IV. DC CONDUCTIVITY IN 2þ1 DIMENSIONS

In 2þ 1 dimensions the magnetic field is a scalar, so the
gauge field ansatz takes the form

A0ðzÞ¼f0ðzÞ; ~Aðz;xÞ¼ ~fðzÞ� ~Etþ1

2
B	ijxix̂j; (4.1)

where x̂i is the unit vector in the spatial directions
i ¼ ð1; 2Þ, and 	ij is the Levi-Civita symbol. Since the field

strengths depend only on the z coordinate, we can use
(2.37) to get the DBI equations

�j0 ¼ ��2 ffiffiffiffiffiffiffi�g
p

QðzÞ gzzg00f½1þ �2ðgxxÞ2B2�@zf0

þ �2ðgxxÞ2ð ~~E � @z ~fÞBg (4.2)

� ~j ¼ ��2 ffiffiffiffiffiffiffi�g
p

QðzÞ gzzgxxf½1þ �2g00gxxj ~Ej2�@z ~f

� �2g00gxx½ð ~E � @z ~fÞ ~E� Bð@zf0Þ ~~E�g; (4.3)

where ~~E ¼ "ijEjx̂i and QðzÞ is given by

QðzÞ ¼ fQ0ðzÞ þ �2gzzg00½1þ �2ðgxxÞ2B2�ð@zf0Þ2
þ �2gzzgxx½1þ �2g00gxxj ~Ej2�j@z ~fj2

� �4gzzg00ðgxxÞ2½�2@zf0ð ~~E � @z ~fÞB
þ ð ~E � @z ~fÞ2�g1=2; (4.4)

with

Q0ðzÞ ¼ 1þ �2g00gxxj ~Ej2 þ �2ðgxxÞ2B2: (4.5)

Following a procedure similar to that described in the
previous section, we solve (4.2) and (4.3) in terms of QðzÞ.
We find in this case

ffiffiffiffiffiffiffi�g
p

gzzg00@zf0 ¼ QðzÞ
��2Q0ðzÞ

f�½1þ �2g00gxxj ~Ej2�j0

þ �2g00gxxB ~j � ~~Eg

¼:
QðzÞ

��3Q0ðzÞ
~j0; (4.6)

ffiffiffiffiffiffiffi�g
p

gzzgxx ~E � @z ~f ¼ �QðzÞ
��2

~j � ~E; (4.7)

ffiffiffiffiffiffiffi�g
p

gzzgxx ~~E � @z ~f ¼ � QðzÞ
��2Q0ðzÞ

f½1þ �2gzzgxxB2� ~j � ~~E

� �2ðgxxÞ2Bj ~Ej2j0g; (4.8)

ffiffiffiffiffiffiffi�g
p

gzzgxx½1þ �2g00gxxj ~Ej2�@z ~f

¼ � QðzÞ
��2Q0ðzÞ

½Q0ðzÞ ~jþ �2g00gxxQ0ðzÞð ~j � ~EÞ ~E

þ �ðgxxÞ2~j0B ~~E�: (4.9)

Finally, using the results (4.6), (4.7), (4.8), (4.9), and (4.4)
we find a solution for QðzÞ in terms of the current and
electromagnetic fields,

QðzÞ ¼ ��2Q0ðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q0ðzÞ�ðzÞ þ ðgxxÞ2

½1þ�2g00gxxj ~Ej2�
~j20

r ; (4.10)

where
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�ðzÞ :¼ �2�4 þ �2g00gxx

½1þ �2g00gxxj ~Ej2�
� ½j ~jj2 þ �2g00gxxð ~j � ~EÞ2�: (4.11)

A. The conductivity tensor

Following the Karch-O’Bannon procedure, described in
Sec. III, we find that the reality constraint of the on-shell
DBI action leads to the following conditions at z ¼ z�:

Q0 ¼ 1þ �2g00gxxj ~Ej2 þ �2ðgxxÞ2B2 ¼ 0; (4.12)

~j 0 ¼ �f�½1þ �2g00gxxj ~Ej2�j0 þ �2g00gxxB ~j � ~~Eg ¼ 0;

(4.13)

�2�4 þ �2g00gxx

½1þ �2g00gxxj ~Ej2� ½j
~jj2 þ �2g00gxxð ~j � ~EÞ2� ¼ 0:

(4.14)

From Eqs. (4.12) and (4.13), we get

1þ �2ðgxxÞ2B2 ¼ ��2g00gxxj ~Ej2; (4.15)

~j � ~~E ¼ �2ðgxxÞ2j ~Ej2Bj0
½1þ �2ðgxxÞ2B2� : (4.16)

The current can be decomposed as

~j ¼ ½ð ~j � ~~EÞ ~~Eþ ð ~j � ~EÞ ~E�
j ~Ej2 : (4.17)

Using (4.15), (4.16), and (4.17), we obtain

~j ¼ � �2gxx

½1þ �2ðgxxÞ2B2� fg
00ð ~j � ~EÞ ~E� gxxBj0 ~~Eg: (4.18)

Using (4.14) and (4.18) we solve ~j � ~E. Assuming
~j � ~E � 0, we get

~j � ~E ¼ �g00
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgxxÞ2½1þ �2ðgxxÞ2B2��2�4 þ �2ðj0Þ2

q
:

(4.19)

Writing the current as ji ¼ �ijEj, we get the conduc-

tivity tensor

�ij ¼ ðgxxÞ
½1þ �2ðgxxÞ2B2�
�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgxxÞ2½1þ �2ðgxxÞ2B2��2�4 þ �2ðj0Þ2

q
�ij

þ �2gxxBj0	ij

�
: (4.20)

In this case the conductivity has two identical diagonal
components �11 ¼ �22 and two opposite nondiagonal
components �12 ¼ ��21. Remember that in (4.20) the
parameters � and � as well as the metric gxx are evaluated
at the special point z� satisfying Q0ðz�Þ ¼ 0.
Our result (4.20) is also consistent with that obtained

recently in [12,13], using the method of open string metric.

B. Lifshitz symmetry and strange metals

Here we consider the finite temperature background
considered in [11] in a holographic approach to strange
metals. The induced metric of a Dp-brane in the massless
case can be written as

ds2 ¼ R2

�
� fðvÞdt2

v2�z
þ dv2

fðvÞv2
þ dx2 þ dy2

v2

�
þ d�2;

(4.21)

where � is a compact submanifold and v is the radial
direction that extends from the boundary v ¼ 0 to the
horizon vþ.
The function fðvÞ is model dependent but satisfies the

universal condition fðvþÞ ¼ 0. As a consequence of this
condition, we get

T ¼ jf0ðvþÞj
4�v �z�1

þ
	 1

v�z
þ
: (4.22)

The metric (4.21) realizes Lifshitz symmetry through the
following scaling transformations:

t ! 
�zt; ~x ! 
~x; v ! 
v: (4.23)

The parameter �z is then interpreted as the dynamical
critical exponent of the quantum critical sector in the
dual field theory.
The Dp-brane action corresponding to (4.21) can be

written as in (2.5) with

�ðvÞ ¼ 2��0; �ðvÞ ¼ �pV�e
�� ¼: �eff ;

gxxðvÞ ¼ R2

v2
: (4.24)

Therefore, from (4.20) we get for the Lifshitz background
the conductivity tensor

�ij ¼ 1h
1þ

	
2��0
R2



2
v4�B2

i
8<
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1þ

�
2��0

R2

�
2
v4�B2

�
�2effð2��0Þ4 þ

�
2��0

R2

�
2
v4�ðj0Þ2

s
�ij þ

�
2��0

R2

�
2
v4�Bj0	ij

9=
;: (4.25)
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This result is consistent with the one obtained in [11]. In the
limit of large densities, the conductivity tensor reduces to

�ij ¼
	
2��0
R2



v2�j0h

1þ
	
2��0
R2



2
v4�B2

i ��ij þ
�
2��0

R2

�
v2�B	ij

�

¼:
��1h

1þ B2

�2M2

i ��ij þ B

�M
	ij

�
: (4.26)

The parameter � is interpreted as the dc resistivity, which
has the following temperature dependence:

� ¼ R2

2��0v2�j0
	 T2=�z

j0
: (4.27)

For the case �z ¼ 2, the dc resistivity is linear in the tem-
perature, as expected for strange metals. Note that
the second line in (4.26) is the same obtained in a
2þ 1-dimensional Drude model with �M given by

�M ¼ R2

2��0v2�
	 T2=�z: (4.28)

V. CONCLUSIONS

We have proposed a simple expansion method to inves-
tigate DBI equations and define holographic currents in a
general class of backgrounds (whose metric depends on the
radial coordinate only) and Dp-brane configurations. Our
method is alternative to the traditional approach where an
effective determinant is calculated for each field configu-
ration. In our method, we write the DBI equations for
arbitrary gauge field configurations before choosing any
ansatz. We expect that our results would be useful in
several holographic models that are derived from string
theory. A future direction in our approach would be to
extend the expansion method for the case of backgrounds
with conical deficits (see for instance [15]).

As an application of our method we have discussed
thoroughly the situation where constant electric and mag-
netic fields are turned on. Following the Karch-O’Bannon
method, we found for a general background, satisfying
homogeneity and isotropy, a frame-independent expression
for the conductivity tensor in 3þ 1 and 2þ 1 dimensions.
For particular backgrounds we have recovered previous
results on holographic metals and strange metals. An in-
teresting point in that analysis was that the presence of a
horizon guarantees the existence of a solution that satisfies
the real constraint.

It would be interesting also to investigate physical
systems, where the electric or magnetic fields have a time
or spatial dependence.We leave this problem for futurework.
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APPENDIX A: THE DRUDE MODEL

The Drude equation for an electromagnetic current can
be written as

j0 ~E��M~jþ ~j� ~B ¼ 0; (A1)

where � is the drag coefficient and M is the mass of the
charge carrier. We can write this equation in a matrix form,

Mijjj ¼ �j0Ei; (A2)

where

Mij ¼ ��M�ij þ 	ijkBk: (A3)

The inverse of this object is

M�1
ij ¼ � 1

�M
h
1þ j ~Bj2

�2M2

i ��ij þ
BiBj

�2M2
þ 	ijk

Bk

�M

�
:

(A4)

Using this result we get the Drude conductivity

�D
ij ¼

j0

�M
h
1þ j ~Bj2

�2M2

i ��ij þ
BiBj

�2M2
þ 	ijk

Bk

�M

�
: (A5)

APPENDIX B: THE EFFECT OF A FIVE-
DIMENSIONAL CHERN-SIMONS TERM

In some brane models that reduce to five dimensions, we
obtain an effective Chern-Simons (CS) action,

SCS ¼ �

4
	‘mnpq

Z
d4xdzA‘F mnF pq: (B1)

In the special case of (3.1), wherewe have constant electric
and magnetic fields, the DBI-CS equations reduce to

0 ¼ � ~E � ~B; (B2)

�j0 ¼ ��2

QðzÞ
ffiffiffiffiffiffiffi�g

p
gzzg00f½1þ �2ðgxxÞ2 ~B2�@zf0

þ �2ðgxxÞ2ð ~E� ~BÞ � ð@z ~fÞg � 6� ~B � ~f; (B3)

� ~j ¼ ��2

QðzÞ
ffiffiffiffiffiffiffi�g

p
gzzgxxf½1þ �2g00gxxj ~Ej2�@z ~f

� �2g00gxx½ð ~E � @z ~fÞ ~Eþ ð@zf0Þ ~E� ~B�
þ �2ðgxxÞ2ð ~B � @z ~fÞ ~Bg þ 6�½f0 ~Bþ ~f� ~E�: (B4)

Here the quantities j0 and ~j are integration constants, not
necessarily the electromagnetic current.3

3The definition of holographic currents in the presence of a
Chern-Simon term is subtle because of chiral anomaly (see for
instance [16–18]).
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According to Eq. (B2) the electric and magnetic field
must be orthogonal.4 Note that we can rewrite the last term
in (B4) as

6�½f0 ~Bþ ~f� ~E�

¼ 6�

�
½f0j ~Bj2 þ ð ~E� ~BÞ � ~f� ~B

j ~Bj2 �
ð ~B � ~fÞ
j ~Bj2

~E� ~B

�
:

(B5)

Here we used the vectorial decomposition

~f ¼ 1

j ~E� ~Bj2 f½ð
~f � ~EÞj ~Bj2

� ð ~f � ~BÞð ~E � ~BÞ� ~Eþ ½ð ~f � ~BÞj ~Ej2
� ð ~f � ~EÞð ~E � ~BÞ� ~Bþ ~f � ð ~E� ~BÞ ~E� ~Bg (B6)

and the constraint ~E � ~B ¼ 0.

Taking the scalar product of (B4) with ~E, ~B and ~E� ~B,
respectively, we get the equations:

ffiffiffiffiffiffiffi�g
p

gzzgxx ~E � @z ~f ¼ �QðzÞ
��2

~j � ~E; (B7)

ffiffiffiffiffiffiffi�g
p

gzzgxx ~B � @z ~f

¼ � QðzÞ
��2Q0ðzÞ

f ~j � ~Bþ 6�½f0j ~Bj2 þ ð ~E� ~BÞ � ~f�g;

(B8)

ffiffiffiffiffiffiffi�g
p

gzzgxxf½1þ �2g00gxxj ~Ej2�ð ~E� ~BÞ � @z ~f
� �2g00gxxj ~E� ~Bj2@zf0g

¼ QðzÞ
��2

½ ~j � ð ~E� ~BÞ � 6�ð ~B � ~fÞj ~Ej2�: (B9)

Here we used ~E � ~B ¼ 0. From (B3) and (B9) we get

ffiffiffiffiffiffiffi�g
p

gzzgxxð ~E� ~BÞ � @z ~f

¼ � QðzÞ
��2Q0ðzÞ

f��2ðgxxÞ2j ~E� ~Bj2j0

þ ½1þ �2ðgxxÞ2j ~Bj2� ~j � ð ~E� ~BÞ � 6�ð ~f � ~BÞj ~Ej2g

¼: � QðzÞ
��5Q0ðzÞ

fĵEB � 6��3ð ~f � ~BÞj ~Ej2g and (B10)

ffiffiffiffiffiffiffi�g
p

gzzg00@zf0 ¼ QðzÞ
��2Q0ðzÞ

f�½1þ �2g00gxxj ~Ej2�j0

þ �2g00gxx ~j � ð ~E� ~BÞ þ 6� ~f � ~Bg

¼:
QðzÞ

��3Q0ðzÞ
fĵ0 þ 6�� ~f � ~Bg: (B11)

Using (B5), (B7), (B8), and (B11) in (B4), we get

ffiffiffiffiffiffiffi�g
p

gzzgxx½1þ �2g00gxxj ~Ej2�
�
@z ~f� ð ~B � @z ~fÞ

~B

j ~B2j
�

¼ QðzÞ
��4Q0ðzÞ

�
Q0ðzÞ

�
��2 ~jþ �2ð ~j � ~BÞ ~B

j ~Bj2
�
� �4Q0ðzÞg00gxxð ~j � ~EÞ ~E

� �2

�
ðgxxÞ2�ĵ0 � 6

�

j ~Bj2 ½1þ �2g00gxxj ~Ej2�ð ~B � ~fÞ
�
~E� ~B

�
: (B12)

We can take the derivative of (B8) and use (B10) and (B11) to get a second-order differential equation for ~B � ~f,

ffiffiffiffiffiffiffi�g
p

gzzgxx
�
��5Q0ðzÞ

QðzÞ
�
@z

�
��2Q0ðzÞ

QðzÞ
ffiffiffiffiffiffiffi�g

p
gzzgxx@zð ~B � ~fÞ

�
¼ �6�fg00gxx�2j ~Bj2ĵ0 � ĵEB þ 6�½g00gxx�2j ~Bj2 þ �2j ~Ej2�� ~B � ~fg: (B13)

Finally, using (B7) and (B10)–(B12) in the definition of QðzÞ, we get

4If we want to consider parallel electric and magnetic fields, we would need to introduce a time dependence on the A0 component
(see for instance [16]).
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QðzÞ
��2Q0ðzÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Q0ðzÞ

q �
1þ �2gzzgxx

ð ~B � @z ~fÞ2
j ~Bj2

�
1=2f�2�4Q2

0ðzÞ þ ðgxxÞ3½1þ �2ðgxxÞ2j ~Bj2�½ĵ0 þ 6�� ~B � ~f�2

� 2g00ðgxxÞ4½ĵ0 þ 6�� ~B � ~f�½ĵEB � 6��3ð ~B � ~fÞj ~Ej2� � ðg00Þ2ðgxxÞ3�4Q2
0ðzÞð ~j � ~EÞ2

þ g00ðgxxÞ2
�2½1þ �2gzzg00j ~Ej2�

��������Q0ðzÞ
�
��2 ~jþ �2ð ~j � ~BÞ ~B

j ~Bj2
�
� �4Q0ðzÞg00gxxð ~j � ~EÞ ~E

� �2½ðgxxÞ2�ĵ0 � 6
�

j ~Bj2 ½1þ �2g00gxxj ~Ej2�ð ~B � ~fÞ� ~E� ~Bj2g�1=2: (B14)
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