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Abstract

Excitons play a key role in photovoltaic (PV) applications. Nowadays, thin film PV tech-

nology has a 9% of worldwide production. In particular, tellurium has been alloyed with

cadmium (Cd-Te) and used in the manufacture of thin film solar cells. However, tellurium

technology could be improved if lower dimensional structures are used, for instance, the

single layer form known as tellurene. Tellurene can be successfully synthesized on a sub-

strate (e.g graphene), has high carrier mobilities, the lowest thermal conductivity among

single-atom layers and a tunable optical band gap which make it a prominent candidate for

technology development. In this work, we carry out ab-initio quasi-particle many body per-

turbation theory (QPMBPT) calculations to analyze the excitonic effects in light absorption

for tellurene. Since tellurium is a heavy element, our analysis has been extended to the pres-

ence of spin orbit coupling, which makes a significant change in the band-structure as well

as in the imaginary part of the dielectric constant. The anisotropy of tellurene is evident in

the absorption spectra, which is similar to black phosphorus, with the strongest excitation

along the zigzag direction and exciton binding energies similar to other 2D semiconductors.

Furthermore, we compare our results with an effective hydrogen-like model, in which the

electron and hole interacts via an anisotropic Keldysh interaction, i.e. an screened Coulomb

potential, in order to estimate the exciton binding energy for SOC and non-SOC cases. The

results show an excellent agreement between QPMBPT methodology and the hydrogen like

model.

Keywords: Photovoltaic, solar cells, monolayer, tellurene, hole, optical band gap, exciton,

QPMBPT, anisotropy, spin orbit coupling, hydrogen, keldysh interaction, binding energy.





Abstract in Portuguese

Os excitons desempenham um papel fundamental em ções fotovoltaicas (FV). Atual-

mente, a tecnologia FV de filme fino possui 9% da produção mundial. Em particular, o

telúrio foi ligado ao cádmio (Cd-Te) e utilizado no fabrico de células solares de película fina.

No entanto, a tecnologia de telúrio pode ser melhorada se estruturas de menor dimensão

forem usadas, por exemplo, a forma de monocamada conhecida como telureno. O telureno

pode ser sintetizado com sucesso em um substrato (por exemplo, grafeno), tem alta mobil-

idade dos portadores, a condutividade térmica mais baixa entre monocamadas de átomos

e um gap de banda óptica sintonizável que o torna em um candidato proeminente para o

desenvolvimento de tecnologia. Neste trabalho, realizamos cálculos ab-initio da teoria da

perturbação do muitos corpos (QPMBPT) para analisar os efeitos excitônicos na absorção

de luz pelo telureno. Como telúrio é um elemento pesado, nossa análise foi estendida para

a presença de acoplamento spin-órbita, que faz uma mudança significativa na estrutura da

banda, bem como na parte imaginária da constante dielétrica. A anisotropia da telurena é

evidente no espectro de absorção, que é semelhante ao fósforo preto, com a mais forte ex-

citação ao longo da direção em ziguezague e energias de ligação de excitons semelhantes

a outros semicondutores 2D. Além disso, comparamos nossos resultados com um modelo

efetivo de hidrogênio, no qual o elétron e o buraco interagem através de uma interação

anisotrópica de Keldysh, ou seja, um potencial de Coulomb rastreado, para estimar a en-

ergia de ligação do exciton para os casos com SOC e não-SOC. Os resultados mostram uma

excelente concordância entre a metodologia QPMBPT e o modelo do tipo hidrogênio.

Palavras-chave: Fotovoltaica, células solares, monocamada, telureno, buraco, gap de

banda óptica, exciton, QPMBPT, anisotropia, acoplamento spin-órbita, hidrogênio, inter-

ação keldysh, energia de ligação.
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1.1 Solar Energy and Photovoltaic Technology

Nowadays the world suffers from the contamination caused by fossil fuels in order to

produce electricity. For this reason, new types of energy have been employed such as solar,

wind or even nuclear energy. Where the solar energy is the most abundant, e.g, the amount

of solar radiation striking the Earth over a three-day period is equivalent to the energy stored

in all fossil energy sources. It is natural, does not pollute the planet, and is permanent, since

compared to humanity life time, the sun can be considered a stable source for the next mil-

lenia [1].

The solar industry, according to the European Commission report PV 2017, has received

57% of the total investment (113.7 billion) on renewable sources for 7 years in a row. In

particular, the main countries that lead current investment are China (USD 78.3 billion), the

USA (USD 46.4 billion), the United Kingdom (USD 24 billion) and Japan (USD 14.4 billion)

[2]. Furthermore, solar cell production vary between 79 GW and 84 GW per year in terms

of output power. The annual production for several countries is represented in (figure 1.1),

which reaffirms the rapid growth in the usage of solar cells [2].

Figure 1.1: Annual world production in GW of Solar cells extracted from [2]

The production volume of Photovoltaic (PV) devices has increased, in the last 15 years,

with a compound annual growth rate (CAGR) of over 40%, which sets the industry as one of

the fastest growing worldwide [2]. The current PV manufactered are divided in three gen-

erations of solar cells. The first generation, also called conventional or wafer-based cells,

are made of crystalline silicon (the most predominant PV technology) that includes mate-

rials such as polysilicon and monocrystalline silicon [1]. On the other hand, second gener-

ation cells are conformed by thin film solar cells, which includes amorphous silicon (aSi),

Cadmium Telluride (CdTe) and Copper Indium Galium di-Selenide (CIGS). These are com-

mercially significant in utility scale photovoltaic power stations, building integrated photo-
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voltaics or in small stand-alone power system [1]. The third generation ranges over several

thin film technologies (emerging PV), which have not been commercially applied (limited

availability) and are still in the research phase [1]. Many of them use organic materials (dye-

sensitized cells), organometallic compounds (biohybrid solar cell), polymer solar cell, as well

as monolayer, quantum dots, micromorph and perovskite solar cells. By comparing the first

and second generation solar cells, we find that the former are more commercially feasible

due to their higher efficiency, meanwhile the second offers low production costs, but require

more area to reach the same amount of energy yielded by silicon solar cells [1]. Even though,

thin film solar cells are new to the market, they have reached a 9% share at worldwide total

production. The different efficiency of PV cells are presented in figure 1.2, and a compari-

son on annual production in GW (Giga Watts) by the different PV techonologies is shown in

figure 1.3 [3].

Figure 1.2: Efficiency comparison between solar cells technologies based on crystalline
silicon, thin film and Perovskite [3].

The generation classification of solar cells only takes into account the time the technol-

ogy has been in the industry. However, as we have seen from first and second generation,

there are efficiency issues related to the conversion of light into electricity as well as high

production costs compared to carbon-based electricity. This is where the third generation

comes in to play by using new approaches in the transformation mechanism in order to

achieve the goal of producing low-cost, high efficient solar cells. Consequently, another

classification of solar cells can be done by taking into account the way in which electric-

ity is produced: the conventional solar cells, that first appeared less than 30 years ago and is

composed by the first and second generation solar cells, and excitonic solar cells, that cover
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Figure 1.3: GW production per year from PV technologies from first and second genera-
tions, thin film (green), multi-Si (blue) and mono-Si (sky blue) [3].

third generation devices such as dye-sensitized solar cells (DSSCs), polymer, monolayer and

quantum dot solar cells [1].

Conventional solar cells are based on the formation of an electron-hole free pair when

light is absorbed, so, the electrons propagates freely on the conduction band meanwhile the

holes do so in the valence band. Thus, the mechanism is related with the electron overcom-

ing the electrical band gap. On the other hand, excitonic solar cells lay in the formation of an

exciton, i.e, an electron-hole pair bounded by the Coulomb interaction similar to a hydro-

genic atom, since the electron and hole have opposite charges. This exciton must be stable

(i.e, it must have a large binding energy) in order to allow its diffusion until being disassoci-

ated at a hetero-interface (inter-facial dissociation) into a free electron in one material and a

free hole on the other side [4]. For this reason, the search for materials which can form stable

exciton is needed. Organic materials, monolayer (such as TMD’s, Black phosphorus, and, our

material of study, monolayer Tellurium) and quantum dots are excellent examples for high

binding energy excitons [1, 4]. This suggest that we need to go further into low scale dimen-

sional materials, thus, introducing us to the world of nano-technology and nano-optics.

1.1.1 Excitons

Excitons are quasiparticles formed inside solids constituted by an electron and a hole

which are linked through Coulomb interaction. It happens when a photon collides with an

electron in the valence band, causing it to jump into the conduction band and thus leaving

a hole. This hole has positive charge and interacts with the electron, attracting it via the

Coulomb interaction. If there exists a bound state, this quasi particle is called an exciton and

has a binding energy lower than the free electron and hole ones [5, 6].

Depending on the dielectric constant of the material, excitons can be classified into Frenkel
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or Wannier-Mott excitons. The first one is formed in materials where the dielectric constant

is relatively small, in which the Coulomb interaction of the electron-hole pair is strong, con-

sequently, the radius of the excitons are small (of the order of an unit cell) and have higher

binding energy. On the other hand, Wannier-Mott excitons appear in materials with large

dielectric constant, there the wavefunctions of the excitons spam several lattice spaces, re-

sulting in low binding energies [7, 8].

According to the type of gap present in the material, the excitons are classified as direct

or indirect ones. The direct ones such as GaAs, InP, CdTe and ZnTe conserve momentum

whereas indirect ones can be formed either with emission or absorption of phonons for ex-

ample [9]. Since the role of the excitons is more important at low temperatures, the emission

process is more likely than the absorption one. Due to the large difference in crystal mo-

mentum between the lowest point of the conduction band and the highest of the valence

band, the exciton may acquire a large center of mass momentum which corresponds to the

absorved or emitted phonon. For the indirect exciton, a large range of crystal momentum

values are possible and hence the energy levels spread out into bands, some materials that

present this behaviour are Silicon and Germanium [6, 10].

One characteristic of the excitons explained above is that once formed, they tend to move

freely in the crystal structure. Excitons thus play a key role in the industry, specially in light-

induced processes such as light detectors, LEDs and lasers, photovoltaic generators and dis-

plays [4].

1.1.2 Tellurium Abundance

The cost production, availability and environmental friendly sources of the material em-

ployed are crucial factors for new solar cell technologies, a summary on the abundance of

the constituents for Tellurium devices in comparison with other materials used in photo-

voltaic present devices is presented in this section [11]. This analysis is based on second

generation thin film technology constituents such as cadmium, tellurium, gallium, indium,

selenium and germanium [11] where the Cd-Te solar cell can give us a clue on what to expect

for future technologies based on tellurium. These metals are produced as byproducts from

the production of other materials such as aluminium, coal, copper and zinc [11]. Thus, there

is an intrinsic dependence on the demand of the primary products, and, by analyzing the

price-demand one can determine production dependencies. Table 1.1 is a summary of the

world production for byproduct and primary commodities. From there one might conclude

that it is unlikely to see an increase in production, e.g, it is unlikely that more coal will be

mined and burned in order to recover germanium from ash, nor it is likely that more copper

ore will be extracted to recover tellurium and more bauxite mined to recover more gallium

during the production of aluminia [11]. At the same time, the amount of material needed for

reaching a specific amount of GW per year for CIGS and CdTe PV films [11], the percentage
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Byproduct Primary World refinery Price of refined
commodity commodities production metal (in dollars

(in metric tons) per kilogram)
Cadmium Zinc 16000 6

Gallium Aluminium, Zinc 111 570
Germanium Zinc, Coal 140 1490

Indium Zinc 570 685
Selenium Copper 3000-3500 71
Tellurium Copper 450-500 211

Table 1.1: World production for byproducts, primary commodities where they come
from, as well as world refinery production (in metric tons) of each byproduct and the price
of the refined metal (in dollars per kilogram), extracted from [11].

that refineries produce for each metal and their corresponding costs are shown in table 1.2.

In conclusion, Tellurium has a price below the average compared with other metals used in

Type of photovoltaic

Metals required

technology
Metal

Percentage of 2008 Value of contained
Quantity estimated world refinery metal (in millions

(metric tons) production from of dollars)
primary sources

Thin film CIGS

Gallium 30 27 17
Indium 90 16 62

Selenium 180 6 13
total 300 49 92

Thin film CdTe
Cadmium 340 2 2
Tellurium 390 82 82

total 730 84 84

Table 1.2: Amount of metals required by PV technology CIGS and CdTe for producing
a 8760 GWh/yr (Gigawatthours per year), the percentage production from primary sources
and the value of the refined metals(in millions of dollars), extracted from [11]

thin film technology, and, the Gigawatts production for Cd-Te is half the price in comparison

with CIGS thin film base materials. Furthermore, many alternatives for solving the demand

of tellurium are presented such as the adoption of new government policies created to pro-

vide incentives for production, by increasing the values of the metals or that recycling rates of

the byproduct commodities increase [11]. This initial analysis suggests that tellurium would

be a nice candidate for PVs.

1.2 Nanotechnology

The history of nanotechnology comes from a distant past, starting 2000 years ago where

sulfide nanocrystals were used by Greeks and Romans to dye hair, passing through the mid-
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Structures Size (approx) Materials
Nanocrystals and clusters 1 - 10 nm (diam.) Metals, semiconductors,

(quantum dots) magnetic materials
Other nanoparticles 1 - 100 nm ceramic oxides

Nanowires 1 - 100 nm (diam.) Metals, semiconductors, oxides,
sulfides, nitrides

Nanotubes 1 - 100 nm (diam.) Carbon, layered metal chalcogenides
Nanoporus solids 0.5 - 10 nm (diam.) Zeolites, phosphates

2D arrays Several nm2 - Metals, semiconductors,
(of nanoparticles) µm2 magnetic materials
Surfaces and thin 1 - 100 nm A variety of materials

films (thickness)
2D Monolayers 0.5 - 1 nm Metals, semiconductors

(thickness) insulators
3D structures Several nm in Metals, semiconductors,

(Superlattices) the three dimensions magnetic materials

Table 1.3: Examples of nanostructures extracted from [12]

dle ages (1000 years ago) where gold nanoparticles were used to produce different colors in

stained glass windows [12], and then becoming a real field of science with the advancement

of experimental techniques that allowed for the controlled synthesis, assembly, visualization

and spectroscopic assessment of matter at the atomic molecular scale. Since then, research

and development applications has grown significantly.

It is impossible to talk about nanotechnology without first asking what makes nano spe-

cial?. The answer lies in the sciences of chemistry, biology and quantum mechanics. On the

one hand, typical sizes of molecules from a simple H2 molecule to a complex protein lie in

the nm scale. On the other hand, that is the typical scale where quantum mechanics starts to

play a significant role. Thus, some of the most interesting quantum mechanical properties

like superposition, absorption or spin interaction that are used in most of applications only

happens at this scale. So then it becomes clear that a nanometer is a "magical" length scale

point where technology meets atoms and molecules. It is worth to point that a nanoscopic

object is thus a material where, at least, one of its dimensions falls in the nanometer scale

(not necessarily all of them) [12, 13]. A few examples are organized in table 1.3. As it was

pointed out, materials reduced to nano scale can show different properties compared to

what they exhibit on macro-scale due to quantum mechanical effects, enabling unique ap-

plications. For instance, cooper which is an opaque substance, become transparent, plat-

inum which is an inert material become a catalyst, aluminium which is a stable material

turns combustible, silicon insulators became conductors and Gold which is solid, inert and

yellow at room temperature becomes liquid and red [12]. Some size dependent properties

listed above are shown in table 1.4.
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Properties Examples
Catalytic Better catalytic efficiency through higher surface to volume ratio
Electrical Increased electrical conductivity in ceramics and ceramic nanocomposites,

increased electric resistance in metals.
Magnetic superparamagnetism

Mechanical Improved hardness and toughness of metals and alloys and ductility
Optical Spectral shift of optical absorption and fluorescence properties, increased

quantum efficiency of semiconductor nanocrystals.
Biological Increased permeability through biological barriers (membranes)

Table 1.4: Size dependent properties extracted from [12]

1.3 2D Materials

The famous isolation of graphene, a single layer of graphite, in 2004 by Andre Geim and

Konstantin Novoselov, opens the field of lower dimensionality materials [14]. The improved

properties that graphite presents in the 2D compared to its 3D counterpart, led to a new field

of research in those two-dimensional materials. In fact there is an ever expanding family

of layered allotropes such as graphyne [14], borophene [15], germanene [16], silicene [17],

phosphorene [18], stanene [19], bismuthene [20], molybdenite [21] to name a fewer. Even

though a large number of 2D materials have been synthethized, and studied since then, we

have not reach the theoretical prediction made in 2004 of 700 2D materials [22]. For this rea-

son, the area of layered materials is a growing field and could potentially change electronics

as we know. In the following sections I will describe some of the families of these layered

materials and explain some intriguing properties unique about them.

1.3.1 Graphene

The prediction and study of graphene theoretically started in 1947 by P. R. Wallace as a

text book example calculation for solid state physics. He predicted the electronic structure

and noted the linear dispersion relation [14]. In 1956, the wave equation for excitations was

written down by J. W. McClure and the similarity to the Dirac equation was first discussed by

G. W. Semenoff, Di Vicenzo and Mele in 1984 [14].

Graphene consists of a single layer of carbon packed in a hexagonal (honeycomb) lattice,

as it is made from carbon the importance of this 2D material grow immensely. Carbon is one

of the most fascinating elements in the periodic table, it is the base for DNA and all forms

of life on earth [14]. New forms of molecular carbon called fullerenes were discovered by

space exploration and led to the award of the nobel prize in chemistry in 1996 [23]. Similarly,

carbon nanotubes, quasi one dimensional form of carbon have been known theoretically for

several decades since 1993 [14]. A point to be remarked is that graphene like structures were

known theoretically since 1960’s but there were experimental difficulties in isolating single

layers in such a way that measurements could be done on them, it was even thought that
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it would be practically impossible. So, it was somewhat surprise when Andre Geim, Kon-

stantin Novoselov and their collaborators from the University of Manchester (UK), and the

Insitute for Microelectronics Technology in Chernogolovka (Russia) presented their results

on graphene in 2004. They manage to isolate graphene via an effective mechanical exfolia-

tion method [14].

Figure 1.4: Different structures formed with grapehene: Fullerene (a), Nanotube (b) and
Graphene sheet (c) extracted from [24]. Also, the unitary cell for the Honeycomb lattice (d),
the 3D band structure of graphene, valence band and conduction band are pink and purple
color respectively (e), and the (f) Dirac cone formed at the Fermi surface extracted from [25]

Characteristics of Graphene include transparency, it absorbs only 2.3% of visible light,

hardness, it is more than 100 times stronger than the strongest steel, the electrical conduc-

tivity, which is slightly higher than copper, the thermal conductivity, which is dominated by

phonons and has been measured to be 5000 W m−1K −1, approximately 10 times more than

copper at room temperature (401 W m−1K −1) [14]. Furthermore, graphene band structure

does not present a gap, the valence and conduction band met at a single point (figure 1.4-e)

occasioning the so-called Dirac cones (figure 1.4-f) with zero effective masses for holes and

electrons.

1.3.2 Transition Metal Dichalcogenides

Transition metal dichalcogenides (TMDs) are semiconductors of type ME2 with M being

a transition metal (like Mo,W) and X a chalcogen (S,Se,Te and Po). The structure consists of a

3 atomic layers, the central M layer lies in the middle of two layers of X atoms. Thus forming

a honeycomb structure as showed in the figure 1.5 [?, 26]. Some features of these materials

are: the direct band gap that could be used for electronic transistors and in optics as emit-

ters detectors [27, 28, 29], the lack of inversion center of the crystal structure make a new
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type of degree of freedom which emerges for charge carriers (opening a new branch called

valleytronics) [30, 31, 32], and lastly, the strong spin-orbit coupling leads to an splitting of

hundreds meV in the valence band and a few meV in the conduction band, which allows

control of the electron spin (spintronics) [33]. Devices such as solar cells, LEDs, photode-

tectors, fuel cells and photocatalytic can be improved (smaller, cheaper and more efficient)

with hetero-structures based on the combination of layers of TMDs, graphene and hexago-

nal boron nitride.

Figure 1.5: (a) Three dimensional MoS2 structure Single layers separated by 6.5Å which
can be extracted using scotch tape based micro-mechanical cleavage [26]. (b) Top and side
views of MoS2 monolayer where adsorption sites are showed with red numbers 1-4 extracted
from [34].

Figure 1.6: (a) Band structure of an MoS2 monolayer, the splitting in the valence band is
due to spin orbit coupling. Transitions between ν2 and ν1 and the CBM lead to the first two
peaks in the absorption spectra (b) which corresponds to excitons [35]. The imaginary part
of the dielectric constant as a function of photon energy is showed in (b) for three levels of
theory (HSE, GW-RPA and BSE) as well as the experimental results [35]

TMDs like MoS2 are good candidates for excitonic solar cells, since it present high bind-

ing energy excitons of the order of 1ev [35]. However, it happens that experimental results

show two bright excitons for MoS2 which can only be explained by the inclusion of spin-orbit

coupling (SOC). The notorious splitting in the valence band (see figure 1.6) has an impact
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then on excitonic binding energies. Now, the transitions occur between the degenerated

states which led to new exciton formation (see the two peaks at figure 1.6-b) with binding

energies of 1ev and 0.8ev [35]. This fact remarks that for heavy metals, the presence of SOC

is necessary for having a good description of optics.

1.3.3 Transition Metal Monochalcogenides

It is also possible to obtain monolayers of the so called monochalcogenides (TMCs) .

The members of this group obey the formula ME , where M is a transition metal and E a

chalcogen such as S, Se, Te and Po. According to the group which transition metal belongs,

there exists groups such as II (M =C d , Z n) [36], III (M =Ga, In) [37] and IV (M = Si ,Ge,Sn)

[38, 39, 40]. The usual structures they acquire in the single layer is orthorhombic (SnSe, GeSe,

GeS, SnS) [38, 39, 40] and in some cases hexagonal-honeycomb lattice (GaSe, InS, CdTe,

ZnSe) [36, 38] as shown on figure 1.7. Each group of monochalcogenides has its own prop-

Figure 1.7: The hexagonal and orthorombic structures for monolayer monochalco-
genides of GaS (a) and GeS (b) from top and side views extracted from [41, 38].

erties, i.e. Group II are know for the range of their band gaps varying from IR to UV with

applications in photovoltaics and catalysis [36]. Group III TMCs have high carrier mobility, a

layer dependent band gap as well as good electronic transport; making them promising can-

didates for electronic and optoelectronic devices such as field effect monolayer transistors

(based on InSe) and photodetectors (made of GaS, GaSe, GaTe and InSe nanosheets), they

also present promising piezoelectric and thermoelectric properties [37, 42]. Group IV TMCs

present anisotropic optical, transport properties, flexibility, the ability to withstand enor-

mous strain and giant piezoelectric effects; properties which allows potential applications

such as nano-sized sensors and energy harvesting portable electronic devices [38, 39, 40].

An usual absorption spectra for group IV TMCs is detailed in figure 1.8 extracted from

Gome et. al [40]. There we can see the anisotropy of the GeS monolayer for the the zigzag (zz,

y direction) and armchair (ac, x direction) directions. The usual binding energy of excitons
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in TMC’s vary between 0.5 eV and 1 eV which make them good candidates for excitonic solar

cells.

Figure 1.8: Absorption BSE spectra (gray spectrum) for germanium sulfide (GeS) mono-
layer in different directions: a) zigzag (y dir.) and b) armchair (x dir.) extracted from [40].

1.3.4 Phosphorene

Phosphorus has emerged as a new 2D material due to the properties that enhance one

of its phases, the black phosphorus, which present a direct band gap varying from the in-

frared through the visible range, peculiar electrical, vibrational, optical and thermal prop-

erties. Thus, making it one of the important candidates for the development of photode-

tectors and solar energy storage devices [18, 43]. Since black phosphorus is layered, it can

be exfoliated to obtain the monolayer called as phosphorene [44, 45]. In addition one can

distort phosphorene to get the hexagonal structure of blue phosphorene (see figure 1.9) [43].

Phosphorene has the same structure as the 2D transition metal monochalcogenides: it has a

puckered structure in the armchair direction, while it appears bilayer in the zigzag direction

[18]. This unique structural arrangement gives origin to its famous anisotropy in physical

properties such as band structure [46], electrical transport [47], thermoeletrics [48]; and me-

chanical such as critical strain [49], Poisson’s ratio [50] and Young’s modulus [51]. This has

led the design of devices which can explode this directional selectivity (e.g. Phosphorene

based FET [45, 46]).

The band structure and optics of black phosphorene are clear examples of the anisotropy.

Firstly, in table 1.5 we can see that the difference from effective masses of the electrons (m)

and holes (M) in the x and y directions represents the anisotropy of the band structure. Sec-

ondly, the figure 1.10 shows that the BSE spectrum in the zigzag (y) direction contain a bright

exciton with a binding energy of 0.75 eV; however, no excitons are formed if the armchair (x)

direction is chosen [43]. Thus, phosphorene is a good candidate for excitonic solar cells since

it can form stable and direction dependent excitons.
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Figure 1.9: Monolayer phosphorus allotropes from top and side views: (a) blue and (b)
black phosphorene extracted from [52].

mx my Mx My

0.14 1.23 0.13 7.78

Table 1.5: Effective masses of the valence (M) and conduction band (m) of black phos-
phorene in different directions extracted from [43]

Figure 1.10: Absorption BSE spectra (blue and red) for black phosphorene in different in
the zigzag (y) direction (a) and armchair (x) direction extracted from [43].
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1.4 Tellurium

As similar to S, Se and Po, Te is a member of the chalcogenides. Its different 2d phases

that will be discussed here would enter in the range of layered monochalcogenides (group

VI). Tellurium was discovered within gold ores in 1780’s in Transylvania, it is a semiconductor

and its a rare material compared in abundance to gold. The primary use of Tellurium is for

manufacturing films essential to photovoltaic solar cells. The common way for enhancing

electrical conductivity is by alloying it with Cadmium. Furthermore, as an additive to steel

and copper, tellurium improves machine efficiency, specially in thermoelecric cooling ap-

plications where it improves ductibility and tensile strength; and help prevent sulfuric acid

corrosion. Both, the photovoltaic and thermoelectric applications cover the two-thirds of

global tellurium consumption. Most tellurium used today is indirectly mined, as it is recov-

ered as a byproduct of milled copper, gold and iron. The only mines focused on tellurium are

located in China, the Dashuigou and Majigou, and Sweden at the Kankberg deposit, those

deposit accounts for 15% annual production of tellurium.

1.4.1 Tellurene Phases

The first theoretical prediction of tellurene comes in a paper published on september

2017 by Zhili Zhu and Xialoin Cai [53, 54]. In their research they show, by terms of simulation

and partially experimental, that layered tellurene can exists in three different phases: αTe

(formed via thickness-dependent process),βTe (extracted from exfoliation process) and γTe

(formed by distorting α-Te). Following studies comes from november 2017 until now, for

example: the behavior of few layer Tellurene [55], the thermoelectric properties of the βTe

phase [56], the effects that adatom and gas molecule adsorption has [57], the behavior of

the excited states when the dimension is reduced [58], the synthesization in solution [59], by

exfoliation [60], and on graphene [61].

All the phases has similar structural features, in particular tellurene has common bond-

ing characters with other group-VI elements, where the nonmetallic character is weakened

in the order of O > S > Se > Te, leading to a complete metallic character of Po [53]. For this

reason, Te has the dual characteristics of both metal and nonmetal. Consequently, the two

dimensional monolayers of Te adopt the trilayer atomic structures, i.e., a MoS2-like struc-

ture (e.g, α-Te has an hexagonal symmetry like 1T − MoS2, while γ-Te is 2H − MoS2 like)

[53]. Each tellurene phase posses three layers of atoms due its multivalency nature of Te, the

central layer behaves more metal like meanwhile the outer layers more as a semiconduc-

tor [53]. This semiconductor characteristic is highlight in α-Te and β-Te phases, while the

γ-Te show a metal behavior. Lastly, the optical absorption on tellurene has been studied in

[58, 61], which will be addressed in detail on chapter 4.
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1.5 Computational Physics

Up until the mid 20th century, physics has relied on two main branches, theoretical and

experimental. Ones models calculations using analytical methods that can be related to ex-

perimental data. However, with development of computers since world war II (the first large

scale deployment was during the Manhattan project), it is possible nowadays to conceive of

another branch, the computational one [62]. In particular, as we aim to simulate materials

specific properties with high precision by solving the Schrodinger equation (or using other

equivalent methods) for large number of particles, this can only be achieved with state of the

art high performance computing tools.

In particular, density functional theory (DFT) [63] has become the work horse of atom-

istic simulations with the ideal balance between accuracy and efficiency. It provides infor-

mation (both structural as well as the energetics) of molecules and solids in the ground state.

The approximations inherent to the method as well as the fundamental concepts prevent it

from being directly used for obtaining optical properties. Nonetheless one can use DFT as

a starting point for a more accurate many body calculation where the single-particle excita-

tions are obtained [64] and furthermore the electron-hole correlations, that form the exciton,

can be further included via the so called Bethe-Salpeter equation (BSE) [65].

Open source codes for DFT calculations are, e.g, Siesta [66] and Quantum-Espresso [67].

And, for optics there are packages such as Berkeley-GW [68] and Yambo [69]. Since DFT is

written in terms of the electron density of states, its calculations are not too demanding in

contrast to optics (RPA and BSE) where the sums over bands and k-points in the Brillouin

zone (BZ) makes the calculation heavy (talking in terms of number of processors and time

consumed). However, one can reproduce part of the results obtained in BSE, i.e, the exci-

tonic binding energies and wavefunctions, using an effective model (for this case a Hydro-

gen effective model). This help us to obtain specific information of the system quicker. For

this reason, the development of effective models helps us to simplify and to have a better

understanding of complex systems.

1.6 Thesis Scheme

As it was pointed in section 1.3, monolayers are good candidates for excitonic solar cells

since they can form stable (high binding) excitons. And, from section 1.1 we can infer that

Tellurium is a good material in terms of efficiency and cost in solar cell industry. For this

reason, we address our study in low dimensional Tellurium, tellurene. Particularly, in the

absorption of the three phases in order to find which is more suitable to harbor excitons. For

this reason, we organize the following chapters in this way:

Chapter 2 details the necessary theoretical concepts for understanding the exciton for-

mation in a monolayer, this enrolls density functional theory for structural properties (Quan-
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tum Espresso), linear response theory for optical absorption in the IPA and RPA levels of the-

ory, quasi particle many body perturbation theory (QPMBPT) for energy corrections in the

band structure (the GW approximation), and the Bethe Salpeter equation for exciton wave

functions and binding energies. And, in the last section we make an emphasis on how this

theory was implemented in Yambo’s code and why they are so consuming.

Chapter 3 talks about an effective model for excitons which will help to predict the bind-

ing energy and wave functions in a quicker and more efficient way. In this model, the exciton

is thought as a two-dimensional particle conformed by an electron and hole which interacts

via the screened Coulomb potential. For this reason, we talk about the 2D screned poten-

tial, 2D polarizability and the solution of a 2D Schrodinger equation for the isotropic and

anisotropic cases. Lastly, a computational approach is given thanks to the Numerov method.

Chapter 4 focus on the analysis of the results on the bulk-Te and the three tellurene

phases: Those coming from Quantum Espresso calculations such as the relaxed structures,

band-structures, density of states, phonon stabilities; the ones developed on Yambo such as

quasiparticle band-structures (in the GW approximation), and optics in the different levels

of theory, i.e, independent particle approximation (IPA), random phase approximation (RPA)

and Bethe Salpeter equation (BSE); and, the calculations coming from the effective hydro-

gen model. Lastly, we compare the wave functions and binding energy of excitons results

coming from the quasiparticle many body (QPMBPT) picture with the effective model.



CHAPTER 2

Theoretical Concepts
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Since we are interested in the calculation of the properties of realistic systems, we need

to provide a theoretical framework for the accurate prediction of structural and electronic

properties of both, the ground state as well as excited states. In this sense, density functional

theory (DFT) [70, 71] works well for extracting the bandstructure of interacting systems, time

dependent density functional theory (TDDFT) [72] gives birth to the response function that

the system has due to small perturbations, thus providing an approach to calculate the di-

electric constant in the independent particle approximation (IPA) and random phase ap-

proximation (RPA) levels of theory. The GW approximation in the framework of many body

perturbation theory (MBPT) gives a shift to the value of the band structure in the DFT case

by using the Hedin’s equations [73], and so, going closer to experiment results. Lastly, the

Bethe Salpeter equation (BSE) [74] uses this GW results to get the dielectric constant with

the inclusion of two particle green function for electron and hole interaction. In effect, this

corresponds to the calculation of the optical absorption of a particular system with the pos-

sibility of exciton formation. In what follows we will discuss the theoretical framework used

in this dissertation.

2.1 Density Functional Theory

2.1.1 Schrodinger equation for many body systems

Let’s begin with the description of a system with N electron moving in an external poten-

tial vext (electron-ion interaction):(
−1

2

N∑
i=1

∇2
ri
+ 1

2

∑
i 6= j

1

|ri − r j |
+∑

i
vext(ri ,R)+Ei on(R)

)
Ψ(r) = EΨ(r), (2.1)

where the energy depends on the ionic coordinates as well as the electron positions (for spin

orbit case a dependence of the energy on spin needs to be included). In the derivation of

equation (2.1), the Born-Oppenheimer approximation was used (where the kinetic term cor-

responding to the ions vanishes due to its large mass compared with the electrons [63]). The

term Ei on can be neglected as well for a fixed ionic configurations (i.e., the energy calculated

will just differ by a constant) [63, 75]. So, the electronic Hamiltonian reads:

Ĥ =−1

2

N∑
i=1

∇2
ri
+ 1

2

∑
i 6= j

1

|ri − r j |
∑

i
vext(ri ),

Ĥ = T̂ + V̂ee + V̂ext. (2.2)

Instead of solving the eigenvalue problem for Ĥ , it is easier to find the ground state wave

function Ψ0 and energy E0 using the variational principle. This states that the energy com-

puted from a guessed Ψ will be an upper bond to the true ground state energy E0. For this
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reason, a minimization of the energy E [Ψ] with respect to the many-electron wave function

[75],Ψ(r) =Ψ(r1,r2, ...,rN ), needs to be done, i.e.,

E [ψ] = 〈Ψ| Ĥ |Ψ〉
〈Ψ|Ψ〉 , 〈Ψ|Ψ〉 = 1, (2.3)

δE

δΨ
= 0. (2.4)

This equation will theoretically yield the ground state, but, in practice this task is only achieved

for few electrons [75]. When the system has thousands of particles, the complexity of the

wave function makes this problem intractable due to the large number of degrees of free-

dom. For this reason, it is convenient to search quantities more compact to make calcula-

tions easier [75]. The most successful candidate is the electron density [63, 75, 76] defined

as:

n(r) = N
∫

d 3r2d 3r3...d 3rNΨ
∗(r,r2, ...,rN )Ψ(r,r2, ...,rN ), (2.5)

which can also be written as:

n(r) = 〈Ψ| n̂(r) |Ψ〉 , with the density operator: n̂(r) =
N∑
i
δ(r− ri ). (2.6)

The concept related to the density is that it describes the probability to find an electron at

a position r by integrating all other out electrons, thus, containing less information than

the full N − 1 many-body wavefunction Ψ(r) (it requires only three spatial coordinates in

comparison with the 3N degrees of freedom of the wave function) [63, 75]. Before going

deeply into why choosing the density operator, i.e., the Honhenberg-Kohn theorem, lets find

the density formulation of each of the terms entering in the ground state energy [75]:

E = 〈Ψ| T̂ |Ψ〉+〈Ψ|V̂ee |Ψ〉+〈Ψ|V̂ext |Ψ〉 . (2.7)

The energy contribution due to the external potential is given by

〈Ψ|V̂ext |Ψ〉 =
N∑

i=1

∫
d 3r1d 3r2...d 3rNΨ

∗(r1,r2, ...,rN )vext(ri )Ψ(r1,r2, ...,rN ),

=N
∫

d 3r d 3r2...d 3rNΨ
∗(r,r2, ...,rN )vext(r)Ψ(r,r2, ...,rN ),

=
∫

d 3r vext(r)n(r), (2.8)
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and is only dependent on n(r). Similarly, the kinetic energy is:

〈Ψ| T̂ |Ψ〉 =− 1

2

N∑
i=1

∫
d 3r1d 3r2...d 3rNΨ

∗(r1,r2, ...,rN )∇2
ri
Ψ(r1,r2, ...,rN ),

=− N

2

∫
d 3r ′d 3r d 3r3...d 3rNδ(r− r’)Ψ∗ (r’,r2, ...,rN )∇2

rΨ(r,r2, ...,rN ),

=− 1

2

∫
d 3r ′d 3rδ(r− r’)∇2

rγ(r,r’) =−1

2

∫
d 3r [∇2

rγ(r,r’)]r’=r, (2.9)

where γ(r,r’) is the one particle density function:

γ(r,r′) = N
∫

d 3r2d 3r3...d 3rNΨ
∗(r’,r2, ...,rN )Ψ(r,r2, ...,rN ). (2.10)

Finally, the electron-electron interaction links the coordinates of every two electrons [75]:

〈Ψ|V̂ee |Ψ〉 =1

2

∑
i 6= j

∫
d 3r1d 3r2...d 3rNΨ

∗(r1,r2, ...,rN )
1

|ri − r j |
Ψ(r1,r2, ...,rN ),

=N (N −1)

2

∫
d 3r1d 3r2

1

|ri − r j |
∫

d 3r3...d 3rNΨ
∗(r1,r2, ...,rN )Ψ(r1,r2, ...,rN ),

=1

2

∫
d 3r1d 3r2

n2(r1,r2)

|r1 − r2|
, (2.11)

where n2(r1,r2) is the pair density which is defined as the trace of the two density matrix

Γ(r1,r2,r1,r2):

Γ(r1,r2,r’1,r’2) = N (N −1)
∫

d 3r3...d 3rNΨ
∗(r1,r2, ...,rN )Ψ(r’1,r’2, ...,rN ). (2.12)

The classical electrostatic energy (Hartree term) is hidden in equation (2.12) and has the

form:

EH = 1

2

∫
d 3r d 3r ′ n(r)n(r’)

|r− r’| . (2.13)

If this Hartree term is subtracted from (2.12), the exchange correlation term nxc (r1,r2) emerges

[75],

nxc (r1,r2) = n2(r1,r2)

n(r1)
−n(r2). (2.14)

The total energy of the system is therefore:

E =−1

2

∫
d 3r [∇2

rγ(r,r’)]r’=r+1

2

∫
d 3r d 3r ′ n(r)n(r’)

|r− r’| +1

2

∫
d 3r d 3r ′ n(r)nxc (r,r’)

|r− r’| +
∫

d 3r vext(r)n(r).

(2.15)

This equation suggests that there exists a way to calculate the energy using the charge den-

sity, the method is called density functional theory (DFT) and has its bases in Hohenberg-
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Kohn theorem [75, 76, 63].

2.1.2 Hohenberg-Kohn Theorem

DFT has its basis held on the shoulders of two theorems proved by Hohenberg and Kohn

(HK) in 1964 [70], and later generalized by Levy [75]. The first theorem states that

"The electron nucleus interaction V̂ext is a unique functional of n(r); since in turn V̂ext deter-

mines Ĥ , it can be seen that the full many particle ground state is a functional of n(r)" [63, 76].

In practice this means they introduced the energy functional

EHK [n] = F [n]+
∫

d 3n(r)vext(r), F [n] = 〈Ψ| T̂ + V̂ee |Ψ〉 , (2.16)

and proved that F [n] is an unique functional of density n(r) [75] (remember this term is

independent of the system treated; it could be applied to the hydrogen atom as well as large

molecules [76]), i.e., for an N electron system, there are no two ground state wavefunctions

Ψ1 6=Ψ2 resulting in the same density n(r) [75].

The second theorem states that

"F [n], the functional that derives the ground state energy of the system, delivers the lowest

energy if and only if the input density is the true ground state density" [63, 76].

This tell us that EHK [n] obeys the variational principle and gives energies always at or above

the ground state energy E0 [75],

EHK [n] ≥ E0, (2.17)

unless the true ground state density nGS is given,

EHK [nGS] ≥ E0. (2.18)

2.1.3 Kohn-Sham Approach

The Honhenberg-Kohn (HK) theorem gives a theoretical justification for the construction

of the energy functional in terms of the density, however, it does not give us the correct form

of the functional F [n] [75, 76]. It is important to point that Thomas and Fermi proposed a

functional in terms of the density before HK theorem. They considered three terms [63, 76]:

the kinetic energy, which was formed by taking into account the homogeneus electron gas,

T̂ [n](r) = 3

10
(3π2)2/3

∫
d 3r n5/3(r), (2.19)

the electron-electron interaction is just the hartree term:

V̂ee [n](r) = 1

2

∫
d 3r d 3r ′ n(r)n(r’)

|r− r’| , (2.20)
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and the Coulomb interaction between electron-ion:

V̂ext[n](r) =
∫

d 3r vext(r)n(r). (2.21)

Even though the Thomas-Fermi model seems ok, it does not predict a number of properties,

e.g., the binding energies of atoms to form molecules and solids [63, 75].

In 1965, Kohn and Sham proposed a different approach for the functional F [n] that maps

the problem of a system of interacting particles into a system of independent electrons (non

interacting) with the same density n(r) in an effective local potential that mimics the influ-

ence of the other electrons[63, 71, 75, 76]. The HK energy then can be described as:

E [n] = Ts[n]+EH [n]+Exc [n]+Eext[n], (2.22)

where

Exc [n] = 〈ΨMB | T̂ |ΨMB 〉−Ts[n]+〈ΨMB |V̂ee |ΨMB 〉−EH [n], (2.23)

in which the true interacting wave function is denoted as ΨMB , meanwhile the wavefunc-

tion of the reference system of non-interacting particles is a Slater determinant built from

one-electron wavefunctions ψn [75, 76]. The kinetic energy of the independent particles is

represented in Ts[n] = 1/2
∑

n

∣∣ψn
〉∇2

〈
ψn

∣∣ and depends on the electron density [63, 75, 76]

n(r):

n(r) = 2
∑
n
|ψn(r)|2. (2.24)

With the definition of the Hartree potential

vH [n](r) =
∫

d 3r ′ n(r’)

|r− r’| , (2.25)

and the artificial exchange potential vxc [n], the energy becomes:

E [n] =Ts[n]+
∫

d 3r n(r)
[1

2
vH [n](r)+ vxc [n](r)+ vext[n](r)

]
,

=Ts[n]+
∫

d 3r n(r)vK S[n](r), (2.26)

where vK S[n](r) is the Kohn-Sham potential [63, 75, 76]. The ground state energy can be

obtained by the minimization of (2.26) giving birth to the Kohn-Sham equations [63, 75, 76]:(
−1

2
∇2 + vK S[n](r)+

∫
d 3r n(r)

δvK S[n]

δn(r’)

)
ψn = εnψn ,(

−1

2
∇2 + vH [n](r)+ vxc [n](r)+ vext(r)

)
ψn = εnψn ,(

−1

2
∇2 + veff[n](r)

)
ψn = εnψn , (2.27)
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where the exchange correlation vxc [n](r) is defined as:

vxc [n](r) = δExc [n]

δn(r)
. (2.28)

Due to the dependence of the KS Hamiltonian on the density and this on the wavefunctions

themselves, the Kohn-Sham equations (2.27) are self consistent and must be solved itera-

tively. It is important to point out that if vxc is known, then the KS scheme would lead to the

exact result [63, 75, 76].

The Kohn-Sham density functional theory gives the ground state energy and ground

state density by solving a set of one-electron like Schrodinger equations [63]. However, the

exchange-correlation energy functional Exc [n] have to be approximated. The earliest ap-

proach is called local density approximation (LDA) and assumes that the exchange corre-

lation can be locally approximated to the exchange correlation energy density per particle

εunif
xc [n] of an uniform electron gas [63, 75, 76],

Exc [n(r)] =
∫

d 3r n(r)εunif
xc [n], (2.29)

where the term εunif
xc [n] can be split in two parts,

εunif
xc [n] = εunif

x [n]+εunif
c [n], (2.30)

in which, the exact exchange energy was derived by Bloch and Dirac,

εunif
x [n] =−3

4

(3n

π

)1/3. (2.31)

For the full exchange correlation of the homogeneus electron gas, a derivation using quan-

tum Monte Carlo methods has been done by Ceperly and Alder et. al, [75].

Another approach to find the exchange-correlation energy is done wiht the generalized

gradient approximation (GGA) in which the density and the variation of the density (gradi-

ent) is considered:

EGG A
xc [n] =

∫
d 3r f (n,∇n). (2.32)

These GGA functionals can be constructed as to fulfill specific conditions, or by fitting to

energies calculated on a higher levels of theory or experimental values [63, 75]. The GGA

that will be used along the calculations of chapter 4 corresponds to the first class of GGAs

and was developed by Perdew, Burke and Ernzerhof (PBE) [63, 77].
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2.2 Optical Properties within Linear Response Theory

2.2.1 Time Dependent Density Functional Theory (TDDFT)

The objetive of time dependent density functional theory is to map the time dependent

Schrodinger equation:

i
∂Ψ(t )

∂t
= ĤΨ(t ), (2.33)

into an effective one electron problem (similar to what DFT does for the static schrodinger

equation). In 1984, Runge and Gross proved that for a given initial state, a correspondence

exists between the time dependent density n(r, t ) and the time dependent external poten-

tial vext(r, t ). The Runge-Gross theorem is the basis of TDDFT akin to the Hohenberg-Kohn

theorem for DFT [78]. In the same way as it was done in DFT, a set of time dependent Kohn-

Sham equations can be introduced, which maps the problem of interacting electrons moving

in a time dependent external potential vext into a system of independent electrons moving

in a time dependent effective potential veff [78]. The time dependent Kohn-Sham equation

acquires the form:

i
∂ψn(r, t )

∂t
=

[
1

2
∇2 + veff[n](r, t )

]
ψn(r, t ), (2.34)

and, the time-dependent density:

n(r, t ) = 2
∑
n
|ψn(r, t )|2, (2.35)

where the effective potential is the sum of the time dependent external potential, Hartree

potential and exchange correlation potential as in the DFT case [78]:

veff[n](r, t ) = vext(r, t )+ vH [n](r, t )+ vxc [n](r, t ), (2.36)

with the time dependent Hartree potential

vH [n](r, t ) =
∫

d 3r ′ n(r’, t )

|r− r’| . (2.37)

The time dependent exchange correlation potential vxc depends on the history of the density

n(r, t ), the Kohn-Sham wavefunctions and the initial state of the interacting system [78].

2.2.2 Linear response Theory

The response of the material to an external weak perturbation (compared to the inter-

nal electric fields caused by the ions) is encoded in the response function Π(r,r’, t , t ′). This

describes the change of the density δn at (r, t ) if the external potential undergoes a small
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change at (r’, t ′) [78]

δn(r, t ) =
∫

d t ′d 3r ′Π(r,r’, t , t ′)δvext(r’, t ′), (2.38)

Π(r,r’, t , t ′) = δn(r, t )

δvext(r’, t ′)
. (2.39)

In the Kohn-Sham TDDFT formulation, the response function ΠK S(r,r’, t , t ′) measures the

response of the KS system to a small change of the effective Kohn-Sham potential [78]:

δn(r, t ) =
∫

d t ′d 3r ′ΠK S(r,r’, t , t ′)δveff[n](r’, t ′), (2.40)

ΠK S(r,r’, t , t ′) = δn(r, t )

δveff[n](r’, t ′)
. (2.41)

Due to the origin of equations (2.38) and (2.40) (both measuring the change of the den-

sity), they must be equal, linking this way the response function of the interacting system

Π(r,r’, t , t ′) with the KS response functionΠK S(r,r’, t , t ′) [78]:∫
d t ′d 3r ′Π(r,r’, t , t ′)δvext(r’, t ′) =

∫
d t ′d 3r ′ΠK S(r,r’, t , t ′) x

x
[
δvext(r’, t ′)+δvH [n](r’, t ′)+δvxc [n](r’, t ′)

]
. (2.42)

In order to write explicitly Π and ΠK S relation, it is necessary to expand the exchange corre-

lation and include a kernel fxc [78]:

vxc [nGS +δn](r, t ) = vxc [nGS](r)+
∫

d t ′d 3r ′ fxc [nGS](r,r’, t , t ′)δn(r’, t ′), (2.43)

fxc [nGS(r,r’, t , t ′)] = δvxc [n](r, t )

δn(r’, t ′)
|n=nGS . (2.44)

Now it is possible to apply the chain rule for δvH and δvxc ,

δvH [n](r’, t ′) =
∫

d t1d t1d 3r1d 3r2
δvH (r’, t ′)
δn(r1, t1)

δn(r1, t1)

δvext(r2, t2)
,

=
∫

d t1d t1d 3r1d 3r2
1

|r1 − r’|Π(r1,r2, t1, t2)δvext(r2, t2). (2.45)

δvxc [n](r’, t ′) =
∫

d t1d t1d 3r1d 3r2
δvxc (r’, t ′)
δn(r1, t1)

δn(r1, t1)

δvext(r2, t2)
δvext(r2, t2),

=
∫

d t1d t1d 3r1d 3r2 fxc (r’,r1, t ′, t1)Π(r1,r2, t1, t2)δvext(r2, t2). (2.46)

By changing the variables of integration and going to the frequency domain [78]:

Π(r,r’,ω) =ΠK S(r,r’,ω)+
∫

d 3r1d 3r2Π
K S(r,r1,ω)

(
1

|r1 − r2|
+ fxc (r,r’,ω)

)
Π(r2,r’,ω). (2.47)
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Relation (2.47) corresponds to the Hedin equation for the polarization (this will be treated

deeply in the GW section) [79]. For the evaluation of the response function of an interacting

electron system, the Kohn-Sham system should be calculated and aftyerwards the interact-

ing response function is estimated by applying (2.47) with some approximated exchange-

correlation kernel [78]. From here, we can extract the approximations for independent par-

ticle approximation (IPA) in which both contributions (Hartree and Kernel) are omitted [78],

i.e.,

Π(r,r’,ω) =ΠK S(r,r’,ω). (2.48)

The same can be said about the random phase approximation (RPA) or Hartree approxima-

tion in which only the exchange-correlation kernel is set to zero, i.e.,

Π(r,r’,ω) =ΠK S(r,r’,ω)+
∫

d 3r1d 3r2Π
K S(r,r1,ω)

1

|r1 − r2|
Π(r2,r’,ω). (2.49)

An explicit formula for the response function can be obtained by following the derivation

of ref [80]. In summary, the authors perturb the system of a Hamiltonian Ĥ 0 with an small

perturbation δĤ(t ) of the form:

δĤ(t ) = eηt
N∑

i=1
δv(ri , t ), 0 < η<< 1, (2.50)

where the factor eηt is introduced to guarantee an adiabatic, slow switching from the un-

perturbed Hamiltonian from t → −∞ (eηt = 0) to t = 0 (eηt = 1) [78, 80]. The unperturbed

system obeys the stationary Schrodinger equation:

Ĥ 0
∣∣Ψ0

i

〉= Ei
∣∣Ψ0

i

〉
, (2.51)

where i denotes the ground (i = 0) and excited states (i > 0). This way
∣∣Ψ0

0

〉
and E 0

0 are the

ground state wavefunction and energy. The time evolution of the ground state is given by:

∣∣Ψ0(t )
〉= e−i E0t

∣∣Ψ0
0

〉
. (2.52)

On the other hand, the time dependent Schrodinger equation reads

i
∂ |Ψ(t )〉
∂t

= (
Ĥ 0 +δĤ(t )

) |Ψ(t )〉 , (2.53)

and according to first-order perturbation theory, |Ψ(t )〉 can be expressed as

|Ψ(t )〉 = ∣∣Ψ0(t )
〉+ ∑

i 6=0
ai (t )e−i Ei t

∣∣Ψ0
i

〉
. (2.54)
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In other words, the perturbed wavefunctions are functions of the unperturbed time-dependent

ground state solution (
∣∣Ψ0)(t )

〉
) plus a mixture of components resulting from excited states

of the unperturbed Hamiltonian [78]. The time dependent coefficients ai (t ) can be expresed

in frequency domain as

ai (t ) =−i
∫ t

−∞
d t ′e iω0i t ′

〈
Ψ0

j

∣∣∣δĤ(t ′)
∣∣Ψ0

0

〉
,

ai (t ) =−
∫

d 3r ′
∫

ω

2π

∫ t

−∞
d t ′e i (ω0i−ω)t ′δv(r′,ω)

〈
Ψ0

i

∣∣ n̂(r′)
∣∣Ψ0

0

〉
,

ai (t ) =−
∫

d 3r ′
∫

ω

2π
δv(r′,ω)

〈
Ψ0

i

∣∣ n̂(r′)
∣∣Ψ0

0

〉 e i (ω0i−ω)t ′

ω0i −ω
, (2.55)

whereω0i denotes the difference between the energy of an excited state and the ground state

ω0i = Ei −E0 [78]. The change in the density resulting from the perturbation is

nind(r, t ) = δn(r, t ) = 〈Ψ(t )| n̂(r) |Ψ(t )〉−〈
Ψ0(t )

∣∣ n̂(r)
∣∣Ψ0(t )

〉
. (2.56)

Substituting (2.55) into (2.56), and by neglecting the terms proportional to the square of

|Ψ(t )〉− ∣∣Ψ0(t )
〉

, the induced density becomes:

nind(r, t ) = ∑
i 6=0

[
ai (t )

〈
Ψ0

0

∣∣ n̂(r)
∣∣Ψ0

i

〉
e−iω0i t +a∗

i (t )
〈
Ψ0

i

∣∣ n̂(r)
∣∣Ψ0

0

〉
e−iω0i t

]
,

nind(r, t ) =−
∫

d 3r ′
∫

dω

2π
δv(r’,ω)e−iωt x

∑
i 6=0

(〈
Ψ0

i

∣∣ n̂(r’)
∣∣Ψ0

0

〉〈
Ψ0

0

∣∣ n̂(r)
∣∣Ψ0

i

〉
ω0i −ω

+
〈
Ψ0

0

∣∣ n̂(r’)
∣∣Ψ0

i

〉〈
Ψi

0

∣∣ n̂(r)
∣∣Ψ0

0

〉
ω0i +ω

)
. (2.57)

And, in the frequency space:

nind(r,ω) =−
∫

d 3r ′δv(r’,ω)
∑
i 6=0

(〈
Ψ0

i

∣∣ n̂(r’)
∣∣Ψ0

0

〉〈
Ψ0

0

∣∣ n̂(r)
∣∣Ψ0

i

〉
ω0i −ω

+
〈
Ψ0

0

∣∣ n̂(r’)
∣∣Ψ0

i

〉〈
Ψi

0

∣∣ n̂(r)
∣∣Ψ0

0

〉
ω0i +ω

)
.

(2.58)

From the definition of the response function in (2.38):

Π(r,r′,ω) = δn(r,ω)

δv(r′,ω)
=−∑

i 6=0

(〈
Ψ0

i

∣∣ n̂(r′)
∣∣Ψ0

0

〉〈
Ψ0

0

∣∣ n̂(r)
∣∣Ψ0

i

〉
ω0i −ω

+
〈
Ψ0

0

∣∣ n̂(r’)
∣∣Ψ0

i

〉〈
Ψi

0

∣∣ n̂(r)
∣∣Ψ0

0

〉
ω0i +ω

)
.

(2.59)

The Kohn-Sham scheme comes naturally from this formula. Since the KS wavefunctions cor-

respond to non-interacting electrons, the full
∣∣Ψ0

0

〉
can be expressed as a Slater determinant

as well as
∣∣Ψ0

i

〉
. So, the response function for the Kohn-Sham system is [78, 80]:

ΠK S(r,r’,ω) =−∑
n

∑
m

2

(
ψ∗

m(r’)ψ∗
n(r’)ψ∗

n(r)ψm(r)

εm −εn −ω + ψ∗
n(r’)ψ∗

m(r’)ψ∗
m(r)ψ∗

n(r)

εm −εn +ω
)

, (2.60)
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where n counts the occupied states, m for the unoccupied ones, and the difference ωmn =
εm −εn corresponds to the transition energy (electron jumps). Interestingly, equations (2.59)

and (2.60) correspond to the Green’s function. Relation (2.60) takes the following form when

the system is a crystal [78]:

ΠK S
G,G′(q,ω) =− 1

V

∑
n,m,k

2 fnk
〈

umk+q
∣∣e i G.r |unk〉〈unk|e i G’.r’ ∣∣umk+q

〉
x(

1

εmk+q −εnk −ω− iη
+ 1

εmk+q −εnk +ω+ iη

)
, (2.61)

where q and q′ are the fourier transform with respect to r and r’, and G and G’ correspond

to the invariance that R (ion positions in r-space) represent in the reciprocal lattice space

[78]. Consequently one can replace q → q+G and q’ → q’+G’ where q lies within the first

Brillouin Zone (IBZ) [78]. The shift of n → nk and m → mk means the sum runs over bands

and k points. Lastly, the KS wave function is expressed in terms of the Bloch wave functions

according to:

ψnk(r) = e i k.runk(r). (2.62)

2.2.3 Macroscopic and microscopic dielectric constant

The dielectric function encloses the optical spectra within its imaginary component. For

this reason, a fundamental description of its behavior is necessary. There are two types of di-

electric constant, the microscopic and macroscopic. The first relates the microscopic electric

field (i.e., inside a unitary cell) with the external field [78],

e(r,ω) =
∫

d 3r ′ε−1(r,r’,ω)Eext(r’,ω), (2.63)

meanwhile, the second is the link between the macroscopic electric field of the system and

the external field [78], i.e.,

E(r,ω) =
∫

d 3r ′ε−1
mac(r− r’,ω)Eext(r’,ω). (2.64)

The fourier transforms of (2.63) and (2.64) yield [78]:

E(q,ω) = ε−1
mac(q,ω)Eext(q,ω), (2.65)

e(q+G,ω) =∑
G’
ε−1(q+G,q+G’,ω)Eext(q+G’,ω), (2.66)

where q’ = q+G, and q′′ = q+G’ represent the translation invariance in reciprocal space with

q and q’ belonging to the IBZ [78]. In order to establish a relation between both equations, a
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correspondence from the macroscopic and microscopic electric field has to be done,

E(r,ω) = 1

V

∫
V (R)

d 3r e(r,ω), (2.67)

where V (R) is the integration over the unit cell around R [78]. The Fourier transform of (2.67)

expresses the relation between both fields, i.e.,

E(q+G,ω) = e(q,ω)δG,0. (2.68)

On the other hand, the macroscopic nature of the external field can be translated to recipro-

cal space as:

Eext(q+G,ω) = Eext(q,ω)δG,0. (2.69)

Thus, the relation between the macroscopic electric field and the external one can be written

in terms of the dielectric constant ε−1
GG’(q,ω) = ε−1(q+G,q+G’,ω),

E(q,ω) = e(q,ω) =∑
G’
ε−1

0G’(q,ω)Eext(q,ω)δG’,0 = ε−1
00 (q,ω)Eext(q,ω). (2.70)

By comparing (2.66) and (2.70), the relation between macroscopic and microscopic dielec-

tric constant becomes clear:

ε−1
mac(q,ω) = ε−1

00 (q,ω), (2.71)

εmac(q,ω) = (ε−1
00 (q,ω))−1. (2.72)

Therefore, the macroscopic dielectric function is obtained by inverting the microscopic di-

electric function with respect to G,G’, taking the case (G = G′ = 0) of the resulting matrix and

inverting this 3x3 tensor [78]. Now, the only task remaining is to link the microscopic dielec-

tric constant with the response functionΠ. This is achieved with the Poisson equation in the

reciprocal space in where the electric field E(q) is written in terms of the density function

n(q). This way the electric field can be expressed in terms of the induced density [78]:

ε−1
G,G’(q,ω) = ε−1(q+G,q+G’,ω) = δG,G’ + 4π

|q+G||q+G’|
∂nind(q+G,ω)

∂vext(q+G’,ω)
, (2.73)

where the quantity
∂nind(q+G,ω)

∂vext(q+G’,ω)
=ΠG,G’(q,ω), (2.74)

is the response function found in section 2.2.2. The dielectric function is then written in

terms of the response function

ε−1
G,G’(q,ω) = ε−1(q+G,q+G’,ω) = δG,G’ + 4π

|q+G||q+G’|ΠG,G’(q,ω). (2.75)
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Consequently, computing the response function (which can be done by using ΠK S) of the

system leads us to the microscopic dielectric function, which can be turned into the macro-

scopic dielectric function, using (2.72), to finally get the optical spectra.

One curious point, that will be explained later, is that the dielectric function can be expressed

in terms of the derivative with respect to the total potential [78]:

εG,G’(q,ω) = δG,G’ − 4π

|q+G||q+G’|
∂nind(q+G,ω)

∂vtot(q+G’,ω)
, (2.76)

where
∂nind(q+G,ω)

∂vtot (q+G’,ω)
=Π∗

G,G’(q,ω), (2.77)

is the irreducible polarizability (or screned polarization), whereas ΠG,G′(q,ω) is called the

reducible polarization in the framework of Hedin’s equations [79]. Both polarizations are

linked by one of the Hedin’s equation [79] (similar as in the case with theΠK S) as follows:

ΠG,G′(q,ω) =Π∗
G,G’(q,ω)+ ∑

G1G2

Π∗
G,G1

(q,ω)
4π

|q+G1||q+G2|
ΠG2,G’(q,ω). (2.78)

2.3 Quasiparticle Many Body Perturbation Theory (QPMBPT)

With a framework for the calculation of the dielectric constant we will reframe it in terms

of Green’s functions.

2.3.1 0th order Green Function

Before going deeply in the formulation of Green’s functions, lets begin with the basic

definition for the non-interacting case. Every many body non-interacting system can be

described by a Hamiltonian in terms of the kinetic energy and the external potential (e.g., a

periodic potential in a crystal) Ĥ = T̂ +Ûext. This Hamiltonian can be expressed in terms of

the creation and annihilation operators, whose real space representation allows us to define

the quantum field operator or second quantization operators [81, 82]

Ψ̂(r) =∑
k

ĉkψk (r),

Ψ̂†(r) =∑
k

ĉ†
kψk (r), (2.79)

where ψk (r) represent single particle wavefunctions in real space, e.g., for a crystal they will

be the Bloch wave functions where the index k accounts for k points in the reciprocal lat-

tice, and, another index could be added for the summation over bands. Consequently, the

creation and annihilation operators ĉk , ĉ†
k lie in the reciprocal space with the single particle

wave functions (Bloch electrons) mapping them into real space [81]. In the following, the



Chapter 2. Theoretical background 50

Heisenberg picture is the natural way to define the Green’s function in the non-interacting

case. In this way the operators in (2.79) take a time dependence [82, 83]

ĉk (t ) = e i Ĥ t ĉk e−i Ĥ t ,

Ψ̂= e i Ĥ tΨ̂(r)e−i Ĥ t . (2.80)

Furthermore, we define a time-ordering T̂ operator whose purpose is to order the product

of time dependent operators in a way that early times are to the right and later times to the

left [83], i.e.,

T̂ Ψ̂(r1, t1)Ψ̂†(r2, t2) =
Ψ̂(r1, t1)Ψ̂†(r2, t2), t1 > t2

−Ψ̂†(r2, t2)Ψ̂(r1, t1), t2 > t1

, (2.81)

where the minus sign comes for the definition of the anticommutator relation that fermions

obey. The single particle 0th order Green’s function is defined in terms of the field operators

acting on the ground state of the entire system |Ψ0〉, so

G0(r1, t1,r2, t2) =−i 〈Ψ0| T̂ Ψ̂(r1, t1)Ψ̂†(r2, t2) |Ψ0〉 . (2.82)

There exists, of course, a formulation for Green’s function with annihilation and creation

operators ĉν, ĉ†
ν in the reciprocal space [83]

G0(k,k′, t , t ′) =−i 〈Ψ0| T̂ ĉk (t )ĉ†
k (t ′) |Ψ0〉 . (2.83)

The issue with reciprocal space is that it does not allow us to define clearly the density op-

erator (real space), which is an useful quantity to make the analogy with DFT and TDDFT.

From now on, the real space formulation will be our preferable choice. The meaning of 0th

order Green’s function is to measure the transition of the system when a fermion jumps from

one state to another without interacting with another particle in the middle of the process.

For this reason, Green’s functions, in general, receive the name of propagator [82].

When many particles are treated it is comfortable to work in Fock space instead of Hilbert

space; the difference between them is related with field operators, as they rise and lower the

number of particles, they built different states with different particle numbers (e.g.,
∣∣Ψ0

〉 =
|0〉 is the vacuum,

∣∣Ψ(1)
〉

is state with 1 particle,
∣∣Ψ(2)

〉
with two, and so on), those states

correspond to different Hilbert spaces HN [81, 83]. And, the collection of them gives birth to

Fock space F , thus, operators Ψ(r1, t1), Ψ†(r2, t2) map between different states in the Fock

space [81]. The completeness relation in Fock space is:

1 = |0〉〈0|+∑
n

∣∣Ψ(1)
n

〉〈
Ψ(1)

n

∣∣+∑
n

∣∣Ψ(2)
n

〉〈
Ψ(2)

n

∣∣+ ..., (2.84)

in which the upper indices account for number of particles, and n for the different eigen-
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states for given number of particles.

The spectral representation of the Green’s function is important for extracting the absorption

spectra of the system. This can be achieved by rewriting the Green’s function as [82, 83]:

G0(r, t ) =− i
[
θ(t )

∑
n

〈
Ψ0

∣∣Ψ̂(r, t )
∣∣Ψ(N+1)

n

〉 〈
Ψ(N+1)

n

∣∣Ψ̂†(r)
∣∣Ψ0

〉
−θ(−t )

∑
n

〈
Ψ0

∣∣Ψ̂†(r)
∣∣Ψ(N−1)

n

〉 〈
Ψ(N−1)

n

∣∣Ψ̂(r, t )
∣∣Ψ0

〉]
, (2.85)

where |Ψ0〉 is the ground state of the system. By introducing the explicit time dependence of

the operators, we arrive at:

G0(r,ω) =− i
∑
n

∫ ∞

0
d te i [ω+iηE (N )

0 −E (N+1)
n ]t |〈Ψ(N+1)

n

∣∣Ψ̂†(r)
∣∣Ψ0

〉 |2
+ i

∑
n

∫ 0

−∞
d te i [ω−iηE (N−1)

n −E (N )
0 ]t |〈Ψ(N−1)

n

∣∣Ψ̂(r)
∣∣Ψ0

〉 |2, (2.86)

where the factor e−ηt (η> 0) is introduced in the Fourier transform because the Green’s func-

tion is ill-defined due to the presence of an oscillatory behavior for t →∞ [83]. After integra-

tion of (2.86),

G0(r,ω) =∑
n


〈
Ψ(N+1)

n

∣∣∣Ψ̂†(r)
∣∣∣Ψ0

〉
|2

ω+E (N )
0 −E (N+1)

n + iη
+
|
〈
Ψ(N−1)

n

∣∣∣Ψ̂(r)
∣∣∣Ψ0

〉
|2

ω+E (N−1)
n −E (N )

0 − iη

 . (2.87)

The rising operatorΨ†(r) increases the energy by

E (N+1)
n −E (N )

0 = ε(N+1)
n +µN , (2.88)

where ε(N+1)
n = E (N+1)

n −E (N+1)
0 is the excitation energy for the state with N+1 particles, and

µN = E (N+1)
0 −E (N )

0 is the chemical potential [82, 83]. In the same way, the lowering operator

Ψ(r) in the second term reduces the energy by

E (N )
0 −E (N−1)

n =µN−1 −ε(N−1)
n , (2.89)

if we assume that the difference between chemical potentials for µN and µN+1 can be ne-

glected. Furthermore, if the spectral densities are defined:

A(r,ω) =∑
n

〈
Ψ(N+1)

n

∣∣Ψ̂†(r)
∣∣Ψ0

〉 |2δ(ω−εn),

B(r,ω) =∑
n
|〈Ψ(N−1)

n

∣∣Ψ̂(r)
∣∣Ψ0

〉 |2δ(ω−εn), (2.90)
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the Green function can be written in terms of them:

G0(r,ω) =
∫

0
dω′

(
A(r,ω′)

ω−ω′−µ+ iη
+ B(r,ω′)
ω+ω′−µ− iη

)
. (2.91)

Equations (2.87) and (2.91) define the spectral representation of the Green’s function and its

poles account for the energies required to add/remove an electron from the system. The 0th

order Green’s function is a solution of a differential equation in the frequency domain [64]:

G−1
0 (r,r′,ω) = δ(r− r′)[ω−h], (2.92)

which in real space reads [
i∂

∂t
−h

]
G0(r,r′, t ) = δ(r,r′), (2.93)

where the Hamiltonian and h are related by

Ĥ =
∫

d 3r Ψ̂†(r)hΨ̂(r). (2.94)

Therefore, the spectral function (imaginary part of the Green’s function) of the non-interacting

system will be obtained by δ-like functions at the electron energies εn [64].

2.3.2 Green’s functions

In order to use the full power of Green’s function a generalization is needed from the non-

interacting picture to a full interacting. An interacting system of many body fermions has a

Hamiltonian of the form

Ĥ = Ĥ0 + V̂H + V̂ext(t ), (2.95)

where Ĥ0 is the many body Hamiltonian without interactions, V̂H accounts for e-e interac-

tions and V̂ext(t ) is a perturbation defined in order to turn on electron jumps between states

[79]. This last quantity is also presented in the 0th order Green’s treatment, but, since no in-

teractions will happen between the internal "path" of the electron from one state to another,

it has no reason to be formally defined. However, as we will see through the following sec-

tions, when interactions are turned on, the transition of an electron between states carries a

myriad of interactions with its surroundings [82].

In order to achieve Green’s function formulation including interactions, it is necessary to

introduce the interaction picture (also called Dirac representation) [82, 84]. In this picture,

the rising and lowering field operators in the Heisenberg representation Ψ̂(r, t ) are linked

with its counterparts in the Dirac one Ψ̂d (r, t ) via the scattering matrix S(t , t ′),

Ψ̂(r, t ) = S(0, t )Ψ̂d (r, t )S(t ,0), (2.96)
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where the scattering operator is defined in terms of the time evolution operators U (t ),

S(t , t ′) =U (t )U (t ′) = T̂ e−i
∫ t ′

t d t [V̂ext+V̂H ],

U (t ) = T̂ e−i
∫ t

0 d t ′[V̂ext(t ′)+V̂H ] = e i Ĥ0t e−i Ĥ t , (2.97)

and is related to the evolution of the system between two different times due to the inter-

actions V̂H and V̂ext(t ). Using equation (2.96) and definitions (2.97) it is possible to find the

expression for Ψ̂0(r, t ) in terms of the time independent (non-interacting) field operator Ψ̂(r)

[82, 84]:

Ψ̂0(r, t ) = e i Ĥ0tΨ̂(r)e−i Ĥ0t . (2.98)

The next step is to built the definition of Green’s function for the interaction picture. We can

do this by using our Green’s function definition for the 0th order, and assume for a moment

that it is valid for any Hamiltonian [82, 84]:

G(r,r’, t , t ′) =−i 〈Ψ0| T̂ Ψ̂(r, t )Ψ̂†(r′, t ′) |Ψ0〉 , (2.99)

where

Ψ̂(r, t ) = e i H tΨ̂e−i H t , (2.100)

corresponds to the field operator in the Heisenberg picture.

However, there is a problem with state |Ψ0〉; we do not know if, for t = 0, it would be the true

ground state of the non-interacting many body system [82]. To overcome this, the ground

state of the non-interacting system is chosen to be at t →−∞, and is brought adiabatically

with using the operator S(−∞,0). For this reason, equation (2.99) is well defined,

G(r,r’, t , t ′) =−i 〈Ψ0| T̂ S(−∞,0)Ψ̂(r, t )Ψ̂†(r′, t ′)S(0,−∞) |Ψ0〉 . (2.101)

After expanding this term with the time ordering operator, and using the definition of the

field operator in the Dirac representation (2.96), the left handed bracket is replaced by

〈Ψ0|S(−∞,0) = 〈Ψ0|S(∞,0)

〈Ψ0|S(∞,−∞) |Ψ0〉
. (2.102)

So the Green’s function reads,

G(r,r’, t , t ′) =−i
〈Ψ0| T̂ Ψ̂0(r, t )Ψ̂†

0(r′, t ′)S(∞,−∞) |Ψ0〉
〈Ψ0|S(∞,−∞) |Ψ0〉

, (2.103)

and the time ordering operator T̂ sorts the matrix S(∞,−∞) in three time intervals namely

S(∞, t ), S(t , t ′) and S(t ′,−∞) [82]. The Green’s function can be expressed in the spectral
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representation (analogous to eq. (2.91)) [85, 86]:

G(r,ω) =
∫

0
dω′

(
A(r,ω′)

ω−ω′−Σ∗(r,ω)−µ+ iη
+ B(r,ω′)
ω+ω′−Σ∗(r,ω)−µ− iη

)
, (2.104)

and obey,[
i∂

∂t
−h0

]
G(r,r′, t , t ′)−

∫
d 3r1d t1M(r, t ,r1, t1)G(r1, t1,r′, t ′) = δ(r,r′)δ(t , t ′), (2.105)

for a Hamiltonian of the form [85]

Ĥ =
∫

d 3r Ψ̂†(r, t )h0Ψ̂(r, t )+ 1

2

∫
d 3r d 3r ′Ψ̂†(r, t )Ψ̂†(r′, t )[vH +ϕ]Ψ̂(r′, t )Ψ̂(r, t ). (2.106)

The new term Σ∗(r,ω) is the reduced self energy and M(r, t ,r1, t1) is the interaction energy

which will be explained later.

For the Hamiltonian, we have vH and ϕ, which account for the Hartree potential and the

perturbation respectively in terms of the density operator n̂ and average density n(r) [79]:

V̂ext =
∫

d 3rϕ(r, t )n̂(r),

V̂H =
∫

d 3r ′vH (r′,r)n̂(r′). (2.107)

Consequently, equations (2.107) give rise to a functional formulation in terms of the density

operator, which will be exploited in deducting Hedin’s equations.

2.3.3 Hedin’s equations

Let’s first define first a simple notation for the following, 1 = r1, t1 , d1 = d 3r1d t1, and the

ground state of non interacting system is |Ψ0〉 = |N〉, the propagator reads:

iG(1,2) = 〈N | T̂ SΨ̂(1)Ψ̂†(2) |N〉
〈N |S |N〉 , (2.108)

where the known scattering matrix S depends on the external potential V̂ext and the Hartree

interaction V̂H . What is more, these two depend on the potentials vH and ϕ defined in

(2.107). Even though the field ϕ seems physical it shall be turned off from every equation

after the deduction has been completed. As in the case with DFT, a similar dependence of

functionals will be followed. For the density operator, the formulation used for this picture is

in terms of the rising and lowering field operators, consequently, the density treated in DFT

becomes an operator defined in terms of those creation/annihilation operators [79]:

n̂(1) = Ψ̂†(1)Ψ̂(1). (2.109)
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The average density n(1) and the Hartree potential vH (1) are defined in terms of the Green’s

function [79]:

n(1) =−i
〈N | T̂ Sn̂(1) |N〉

〈N |S |N〉 = iG(1,1†), (2.110)

vH (1) =
∫

d2
1

|r1 − r2|
n(2) = i

∫
d2G(2,2†)

1

|r1 − r2|
δ(t1 − t2). (2.111)

Once we have settled the notation, we are ready to deduct Hedin’s equations. The derivation

chosen here follows the work by Molinari et. al, [79]. A diagrammatic picture will be followed

parallel to equations in order to clarify things.

The first equation corresponds to the Dyson equation. The Green function G(1,2) is the

transition for a particle to go from state 1 to 2 and is usually represented by two lines dia-

grammatically. Another way to appreciate the propagation of the electron is by imagining a

pure transition (without interactions), which corresponds to G0(1,2), plus all the quasiparti-

cle interaction corrections that happens in the middle, i.e.,

Where Hartree and Fock terms corresponds to the first two diagrams, and red lines account

for separable diagrams. These interactions of the particle with its surroundings can be fac-

torized into the term known as reducible self-energy Σ [86], leaving the Green’s function as,

G(1,2) =G0(1,2)+
∫

d3d4G0(1,3)Σ(3,4)G0(4,2), (2.112)

where coordinates 3 and 4 show the intermediate points where quasiparticle interactions

occur. Formally, the self-energy Σ(3,4) is defined as the sum of all Feynman diagrams with

no external lines such that they can be inserted in a propagator [86].

Additionally, it is possible to define a quantity called irreducible self energy Σ∗ which

accounts for all Feynman diagrams which have no external lines, i.e., the ones that can be

inserted in a propagator and cannot be separated in two pieces by cutting a single propagator

[86]. Thus, it is possible to decompose the reducible self energy in terms of irreducible ones

[86]:
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Σ(1,2) =Σ∗(1,2)+
∫

d3d4Σ∗(13)G0(3,4)Σ∗(4,2)

+
∫

d3d4d5d6Σ∗(13)G0(3,4)Σ∗(4,5)G0(5,6)Σ∗(6,2). (2.113)

If (2.113) is replaced in (2.112) we arrive in the Dyson equation (diagrammatically it would

correspond to expanding the reducible self energy in the Green’s propagator and then just

factorizing them by using the Green’s definition itself):

G(1,2) =G0(1,2)+
∫

d3d4G0(1,3)Σ∗(3,4)G(4,2), (2.114)

G−1(1,2) =G−1
0 (1,2)−Σ∗(1,2). (2.115)

The second equation for the screened (irreducible) Coulomb potential can be derived from

the definition of the effective potential [79], i.e., the sum of the time dependent perturbation

and the Hartree term

V (1) =ϕ(1)+ vH (1) =ϕ(1)+ i
∫

d2ν(1,2)G(2,2†), (2.116)

where ν(1,2) = 1/|r1 − r2|. The functional derivate of V (1) with respect to ϕ(2) is

δV (1)

δϕ(2)
= δ(1,2)+ i

∫
d3ν(1,3)

δG(3,3†)

δϕ(2)
, (2.117)

where the last term in the right hand side can be written in terms of the reducible polariza-

tion for the following property for any operator Â:

δ

δϕ(1)

〈N | T̂ S Â |N〉
〈N |S |N〉 = i

〈N | T̂ S Âδn̂(1) |N〉
〈N |S |N〉 . (2.118)

The term δn̂(1) measures the response of the system under the small perturbation, and is

represented as the difference between the density operator and the average density of the

system [79], i.e.

δn̂(1) = n̂(1)−n(1), (2.119)
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Considering Â = δn(2), the definition for the reducible polarization appears:

Π(1,2) = i
〈N | T̂ Sδn̂(1)δn̂(2) |N〉

〈N |S |N〉 . (2.120)

In fact, we arrive at the same quantity when working with linear response theory, in which

the polarization is the variation of the density with respect to the perturbation (eq. (2.39)).

This is more clear, when (2.120) is expressed as:

Π(1,2) = i
δG(1,1†)

δϕ(2)
. (2.121)

So, the reducible polarization measures the change of the average density when the pertur-

bation undergoes a small change. The definition ofΠ(1,2) can be replaced in (2.117):

δV (1)

δϕ(2)
= δ(1,2)+

∫
d3ν(1,3)Π(3,2). (2.122)

On the other hand, the screened Coulomb potential is defined in terms of the Coulomb in-

teraction:

W (1,2) =
∫

d3
δV (1)

δϕ(3)
ν(3,2), (2.123)

and, can be expressed in terms of the reducible polarization by using (2.122):

W (1,2) = ν(1,2)+
∫

d3d4ν(1,3)Π(3,4)ν(4,2). (2.124)

Thus we find that the screened Coulomb interaction is represented by the unscreened Coulomb

interaction plus Coulomb interactions connected via the unscreened (reducible) polariza-

tion. From equation (2.122) it is useful to derive its generalization [79]:

δ

δϕ(1)
= δ

δV (1)
+

∫
d2d3ν(2,3)Π(3,1)

δ

δV (2)
, (2.125)

and from that, the following identity:∫
d1ν(4,1)

δ

δϕ(1)
=

∫
d1W (4,1)

δ

δV (1)
. (2.126)

If the chain rule is applied to the screened polarization,

Π(1,2) = i
δG(1,1†)

δV (2)

δV (2)

δϕ(2)
, (2.127)

and, by replacing (2.122), we obtain:

Π(1,2) = i
δG(1,1†)

δV (2)
+ i

∫
d3d4

δG(1,1†)

δV (3)
ν(3,4)Π(4,2), (2.128)
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where the term

Π∗(1,2) = i
δG(1,1†)

δV (2)
, (2.129)

is the screened or irreducible polarization. Its meaning corresponds to the variation of the

density when the effective potential V (2) undergoes a small change. Equation (2.128) is the

analogous of (2.78) and can be interpreted as follows, the system is perturbed with a small

perturbation causing fermions to change states, the response of the system for this small

change without considering the interactions (Hartree term) is reflected in the unscreened

polarization. Meanwhile, when the Coulomb interaction is turned on, the response function

of the system is screened due to the myriad of interactions of the electron with its surround-

ings. The term "reducible" and "irreducible" can be clarified by looking at the Feynmann

diagram for (2.128) and expanding it, i.e.,

The reducible term Π(1,2) can be expressed in terms of the irreducible one Π∗(1,2). From

the identity (2.126), it is possible to derive:∫
d4ν(5,4)Π(4,2) =

∫
d4W (5,4)Π∗(4,2), (2.130)

and the Coulomb screened potential (2.124) is written as:

W (1,2) = ν(1,2)+
∫

d3d4ν(1,3)Π∗(3,4)W (4,2). (2.131)

This leads to our second Hedin’s equation. This expresses that the screened Coulomb inter-

action expansion can be reduced in terms of the irreducible polarization Π∗ as well as the

irreducible Coulomb interaction ν(1,2),

From the definition of W (1,2), we can interpret this term as follows, the Coulomb interaction

suffer a modification due to the change make by the perturbation reflected in the polariza-

tion, thus, making a variation in the intensity (screened) of the Coulomb interaction.
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The third equation arrives from the definition of the vertex function [79]. The propagator

has the identity: ∫
d3G−1(5,3)G(3,1) = δ(5,1), (2.132)

whose derivate with respect to the effective potential is

∫
d3

δG−1(5,3)

δV (4)
G(3,2)+

∫
d3G−1(5,3)

δG(3,2)

δV (4)
= 0. (2.133)

If both sides are multiplied by
∫

d5G(1,5):

∫
d3d5G(1,5)

δG−1(5,3)

δV (4)
G(3,2)+ δG(1,2)

δV (4)
= 0. (2.134)

and, by choosing 2 = 1†, the definition of Π∗(1,4) is obtained from the second term on the

left side, i.e.,

Π∗(1,4) = i
∫

d3d5G(1,5)
δG−1(5,3)

δV (4)
G(3,1†). (2.135)

If the definition of the vertex function is taken into account,

Γ(1;2,3) =−δG−1(2,3)

δV (1)
, (2.136)

we arrive on the third Hedin’s equation for the screened polarization:

Π∗(1,2) =−i
∫

d3d4Γ(2;3,4)G(1,3)G(4,1), (2.137)

whose diagrammatic form can be interpreted as

The fourth equation is the vertex function but expressed in terms of the irreducible self-

energy, this is achieved by using Dyson equation [79]:

Γ(1;2,3) =δG−1(2,3)

δV (1)
,

=δG−1
0 (2,3)

δV (1)
− δΣ∗(1,2)

δV (1)
,

=δ(1,2)δ(1,3)+ δΣ∗(2,3)

δV (1)
, (2.138)

where the term δ(1,2)δ(1,3) comes from the equation satisfied by G−1
0 (equation (2.92)). The
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following identity is useful to express the vertex in terms of just the Green’s function [79]

δ

δV (5)
=

∫
d1d2

δG(1,2)

δV (5)

δ

δG(1,2)
,

=−
∫

d1d2d3d4G(1,4)
δG−1(4,3)

δV (5)
G(3,2)

δ

δG(1,2)
,

=
∫

d1d2d3d4G(1,4)Γ(5;4,3)G(3,2)
δ

δG(1,2)
. (2.139)

This means, that the vertex equation (2.138) can be expressed as:

Γ(1;2,3) = δ(1,2)δ(1,3)+
∫

d4d5d6d7G(4,7)Γ(1;6,7)G(6,5)
δΣ∗(2,3)

δG(4,5)
. (2.140)

The diagram of the vertex is a sum of a point and a so-called kernel, defined in terms of the

self-energy derivative, coupled with the vertex itself (this means that the vertex function is

non linear and for a full solution to be found it is necessary to iterate),

Finally, the fifth equation is constructed from equation (2.105) [79, 85]. In our notation this

reads as: [
i
∂

∂t
−h0

]
G(1,2)−

∫
d3M(1,3)G(3,2) = δ(1,2), (2.141)

where the matrix
∫

d3M(1,3)G(3,2) is a special case for the two particle Green’s function, i.e.,∫
d3M(1,3)G(3,2) = i

∫
d3G2(1,2,3,3†)ν(1,3),

=
∫

d3
〈N | T̂ SΨ̂(1)Ψ̂†(2)n̂(3) |N〉

〈N |S |N〉 ν(1,3). (2.142)

The two particle Green’s function satisfies the property:

δG(1,2)

δϕ(3)
=G(1,2)G(3,3†)−G2(1,2,3,3†). (2.143)

By replacing it on (2.142), we obtain∫
d3M(1,3)G(3,2) = i

∫
d3G(1,2)G(3,3†)ν(1,3)− i

∫
d3

δG(1,2)

δϕ(3)
ν(1,3),

= iG(1,2)vH (1)− i
∫

d3
δG(1,2)

δϕ(3)
ν(1,3). (2.144)
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Thus, equation (2.141) will be given by[
i
∂

∂t
−h0 − vH

]
G(1,2)+ i

∫
d3

δG(1,2)

δϕ(3)
ν(1,3) = δ(1,2). (2.145)

Equation (2.145) represents the motion of the Green’s propagator when interactions are turned

on. The last quantity on the left hand side can be understood in terms of the irreducible self-

energy Σ∗(1,3)[79, 85]:∫
Σ∗(1,3)G(3,2) = i

∫
d3ν(1,3)

δG(1,2)

δϕ(3)
= i

∫
d3W (1,3)

δG(1,2)

δV (3)
, (2.146)

where for the last equality it was use the property in eq. (2.126). In order to isolate Σ∗ we

multiply both sides by the inverse of the green’s function [79], so:

Σ∗(1,2) = i
∫

d3d4W (1,3)
δG(1,4)

δV (3)
G−1(4,2),

=−i
∫

d3d4W (1,3)G(1,4)
δG−1(4,2)

δV (3)
, (2.147)

where for the last equality we have used the identity derived from
∫

d3G−1(1,3)G(3,2) =
δ(1,2): ∫

d3
δG−1(1,3)

δV (4)
G(3,2)+

∫
d3G−1(1,3)

δG(3,2)

δV (4)
= 0. (2.148)

The last derivative in (2.147) is the vertex definition. Then, the fifth Hedin’s equation for the

irreducible self energy is obtained:

Σ∗(1,2) = i
∫

d3d4W (1,3)Γ(3;4,2)G(1,4). (2.149)

As usual, the Feynmann diagram corresponding to the irreducible self energy is:

Hedin’s equations are self consistent. As we can see in the figure 2.1 one variable depends on

the previous calculation, forming a loop. In order to extract the correct solution there must

be several iterations [64]. Computationally speaking, several iterations take a large amount

of time, since the calculation itself of each of Hedin’s equations corresponds to several sum

over the bands and k points in reciprocal space. For this reason, approximations have to be

done, the first is the so-called GW approximation which will be explored in the next section.
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Figure 2.1: Self consistency of Hedin’s equations

2.3.4 GW approximation

For the so-called GW approximation, the vertex corrections are set to be

Γ(1;2,3) ≈ δ(1,2)δ(1,3). (2.150)

Consequently, the screened polarization is described by:

Π∗(1,2) =−iG(1,2)G(2,1), (2.151)

and, the irreducible self energy becomes

Σ∗(1,2) = iG(1,2)W (1,2), (2.152)

thus explaining the name "GW" approximation. Equation (2.141) can be written in a better

form if we replace the field operators entering the Green’s function by the wave functions,

i.e., the quasiparticle equation [64, 85],

(T +uext + vH )ΨQP
nk (r )+

∫
d 3r ′Σ(r,r ′,EQP

nk )ΨQP
nk (r ′) = EQP

nk (r ), (2.153)

where uext corresponds to the periodic potential of the ions, and the wave functionsΨQP
nk (r )

correspond to the ground state wave function for the non interacting system (which, in prin-

ciple could be considered as the KS wave functions since the KS scheme assumes indepen-

dent electrons in an effective potential that play, the role of the interactions). It is important

to notice that theΨQP
nk (r ) are going to vary since the self energy Σ(r,r ′,EQP

nk ) is self consistent.

For the simplest case, just one iteration will be enough [64]. However, self consistency with

respect to wavefunctions can be introduced by the scQPGW method [87, 88].

Additionally, there is a restriction for the quasiparticle energies EQP
nk (r ) to be real. If the DFT
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wavefunctions are considered, the quasiparticle energies take the value [64, 85]:

EQP
nk = Re

[〈
ψK S

nk

∣∣T +uext + vH +Σ∗(EQP
nk )

∣∣ψK S
nk

〉]
. (2.154)

Now we need the QP approximation, where the energy is Taylor expanded in terms of the self

energy. This is achieved, first by deducing the energy of an N +1 particle system:

E N+1 = E N
nk +Re

[〈
ψK S

nk

∣∣Σ∗(E N+1
nk )

∣∣ψK S
nk

〉]
, (2.155)

A Taylor expansion of the self energy around E N
nk yields

E N+1 =E N
nk +Re

[〈
ψK S

nk

∣∣Σ∗(E N
nk )

∣∣ψK S
nk

〉]
+ (E N+1

nk −E N
nk )Re

[〈
ψK S

nk

∣∣ ∂Σ∗(ω)

∂ω
|ω=E N

nk

∣∣ψK S
nk

〉]
, (2.156)

then we replace the quantity E N+1
nk −E N

nk with equation (3.38) to obtain

E N+1 =E N
nk +Re

[〈
ψK S

nk

∣∣Σ∗(E N
nk )

∣∣ψK S
nk

〉]
+Re

[〈
ψK S

nk

∣∣Σ∗(E N+1
nk )

∣∣ψK S
nk

〉]
Re

[〈
ψK S

nk

∣∣ ∂Σ∗(ω)

∂ω
|ω=E N

nk

∣∣ψK S
nk

〉]
. (2.157)

Lastly, we introduce the normalization factor Z N
nk that accounts for the fact that the weights

of the QP peaks are reduced at the cost of emerging satellites [64], i.e.,

Z N
nk =

(
1−Re

[〈
ψK S

nk

∣∣ ∂Σ∗(ω)

∂ω
|ω=E N

nk

∣∣ψK S
nk

〉])
, (2.158)

so, the quasiparticle QP energies can be approximated as

E N+1
nk = E N

nk +Znk Re
[〈
ψK S

nk

∣∣Σ∗(E N
nk )

∣∣ψK S
nk

〉]
, (2.159)

which represents the QP corrections for the energies.

As it is appreciated we need the previous calculation to get higher energies (i.e., iterations

on energy). However, for calculating the energy, it is necessary to obtain first the irreducible

self energy Σ∗. From this point, we are going to work parallel with the equations presented

by Marini et al. [69] in order to map this GW picture with the computational software we are

going to use in chapter 4.

The self energy
〈
ψK S

nk

∣∣Σ∗(E N
nk )

∣∣ψK S
nk

〉
can be expanded when we use the GW approxima-
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tion and the Dyson equation

〈
ψK S

nk

∣∣Σ∗(E N
nk )

∣∣ψK S
nk

〉= 〈
ψK S

nk

∣∣G(E N
nk )W (E N

nk )
∣∣ψK S

nk

〉
,

= 〈
ψK S

nk

∣∣G0(E N
nk )W (E N

nk )
∣∣ψK S

nk

〉
,

+〈
ψK S

nk

∣∣G0(E N
nk )Σ∗G(E N

nk )W (E N
nk )

∣∣ψK S
nk

〉
, (2.160)

where the first term on the right hand side can be expressed in terms of the dielectric func-

tion (by using the screened Coulomb definition),

〈
ψK S

nk

∣∣G0W
∣∣ψK S

nk

〉= 〈
ψK S

nk

∣∣G0ν
∣∣ψK S

nk

〉+〈
ψK S

nk

∣∣G0νΠ
∗W

∣∣ψK S
nk

〉
,

= 〈
ψK S

nk

∣∣G0ν
∣∣ψK S

nk

〉+〈
ψK S

nk

∣∣G0νΠν
∣∣ψK S

nk

〉
,

= 〈
ψK S

nk

∣∣G0νε
−1

∣∣ψK S
nk

〉
. (2.161)

In the last step we have used the dielectric equation (2.75). On the other hand, the term〈
ψK S

nk

∣∣G0(E N
nk )Σ∗G(E N

nk )W (E N
nk )

∣∣ψK S
nk

〉
is rather difficult to analize, so it is approximated to〈

ψK S
nk

∣∣ν ∣∣ψK S
nk

〉
due to the fact that for high frequencies (ω→∞) the dielectric constant be-

comes 1 and the Coulomb interaction tends to the unscreened ν [64]. This approximation

corresponds to the exchange self-energy and is given in reciprocal space by:

Σx
nk =−∑

m

∫
B Z

dq

(2π)3

∑
G
ν(q+G)|ρnm(k,q,G)|2 fm(k−q), (2.162)

where ρnm(k,q,G) = 〈
ΨK S

nk

∣∣exp[i (q+G).r]
∣∣ΨK S

nk

〉
are the reciprocal lattice vectors (the indexes

n and m represent the bands), ν(q+G) = 4π/|q+G|2, and fm(k−q) is the occupation function

(1 or 0 for occupied and unoccupied states respectively). On the other hand, equation (2.161)

is the correlation part of the self energy, and is expressed in reciprocal space by

Σc
nk (ω) = i

∑
m

∫
B Z

dq

(2π3)

∑
G,G′

4π

|q+G|2ρnm(k,q,G)ρ∗
nm(k,q,G)

x
∫

dω′G0
mk−q(ω−ω′)ε−1

GG′(q,ω′). (2.163)

So, in order to get the correlation part of Self energy, the dielectric function can be calculated

from the reducible polarizationΠwhich would be represented by χ:

ε−1
G,G′(q,ω) = δGG′ +ν(q+G)χGG′(q,ω), (2.164)

and the relation between the irreducible (χ0) and reducible (χ) polarizations (According to

equation (2.128)) can be expressed in reciprocal space as

χG,G′(q,ω) = [δG,G′ −ν(q+G′′)χ0
G,G′(q,ω)]−1χ0

G′′,G′(q,ω). (2.165)
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Due to the GW approximattion we are able to determine the irreducible polarization χ0 in

terms of the Green’s functions. But since the Green’s functions depend on the QP energies

trough the self energy, it is reasonable to take the RPA approximation [69] here and let χ0 be

the KS polarizationΠK S (equation (2.61)) in order to avoid self-consistency,

χ0
G,G′(q,ω) = 2

∑
mn′

∫
B Z

dk

(2π)3
ρ∗

n′nk(qG)ρn′nk(q,G′) fnk−q(1− fn′k)

x

[
1

ω+Enk−q −En′k + iη
− 1

ω+En′k −Enk−q − iη

]
. (2.166)

This last equation represents the whole skeleton of the GW approximation. Once it is calcu-

lated, we can start computing the equations until we arrive to the final quasiparticle energies

and to the GW bandstructure.

2.4 Bethe Salpeter equation

Figure 2.2: Optical spectra of SiO2 for different levels of theory: experiment (red dots),
BSE (black lines) and RPA (black segmented lines) extracted from [69]

The absorption spectrum can be calulated from the relation between the microscopic

dielectric constant and the macroscopic via equation (2.72) (eq.14 of [69]). This spectrum

obtained from the first iteration of the GW approximation corresponds to the random phase

approximation (RPA) case. This is showed when Hedin’s equation (2.128) is approximated

by equation (2.165), corresponding to the result we arrive in linear response theory section

(2.47) (where the RPA case emerges with kernel fxc = 0). The discrepancy, arrives for the ap-

proximation on the irreducible polarization to be the KS polarization. The result on the RPA

for GW shows accurate results when applied to metals in general, due to the efficient screen-

ing in the Fermi surface that prevents the formation of excitonic states [69]. However, when

applied to semiconductors or insulators, the RPA does not yield optical absorption spectra

in good agreement with experiments. For example, in the case of SiO2, this discrepancy has

led to extensive debates about the nature of the four well defined peaks observed in the ex-
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periment (shown in figure 2.2). The RPA results are sensitive to the size of the gap correction.

Typically, the larger the gap, the less adequate is the RPA [69]. For instance in the case of 10eV

gap of SiO2, the RPA is not even qualitatively correct.

The drawbacks of the RPA can be solved by using a more elaborate equation for Π, that

takes into account the effect of electron-electron correlations. This is the Bethe Salpeter

equation that can be introduced by the second Green’s function G2(1,2,3,4) [65, 89], i.e., if

we start with equation (2.143) with 2 = 1†

δG(1,1†)

δϕ(2)
=G(1,1†)G(2,2†)−G2(1,1†,2,2†), (2.167)

and replace the right hand side term with the definition forΠ(1,2) (equation (2.121)):

Π(1,2) = i (G(1,1†)G(2,2†)−G2(1,1†,2,2†)), (2.168)

the right hand side of the equation will be the Bethe Salpeter (BSE) term L(1,1†,2,2†). Con-

sequently, an analysis of the origin of the two particle Green’s function has to be done. This

is achieved by making an analogous treatment of the propagator G(1,2) using the Dyson

equation. The 4-point Green’s function can be decomposed in terms of single propagators

(non interacting) plus a reducible kernel term K (similar to the reducible self energy) which

accounts for all the intermediate processes [65, 89]:

G2(1,2,3,4) =G(1,3)G(2,4)+G(1,4)G(2,3)

+
∫

d1′d2′d3′d4′G(1,1′)G(3,3′)K (1′,2′,3′,4′)G(4′,4)G(2,2′), (2.169)

where the reducible kernel is the sum of all the Feynmann diagrams that could happen be-

tween points 1, 2 and 3, 4:
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However, as in the case with the reducible self-energy, the reducible kernel can be written

in terms of the irreducible one (by counting not divisible diagrams) K ∗,

K (1,2,3,4) = K ∗(1,2,3,4)+
∫

K ∗(1,2′,3,4′)G(4′,1′)G(3′,2′)K (1′,2,3′,4). (2.170)

So, the propagator is drawn in terms of the irreducible kernels:

G2(1,2,3,4) =G(1,3)G(2,4)+L(1,2,3,4). (2.171)

where the last term L(1,2,3,4) corresponds to the Bethe Salpeter equation [89]:
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L(1,2,3,4) =G(1,4)G(2,3)+
∫

d1′d2′d3′d4′G(1,1′)G(3′,3)K ∗(1′,2′,3′,4′)L(4′,2,2′,4). (2.172)

The first term in the definition of L(1,2,3,4) is called L0 and the BSE is given more commonly

as:

L(1,2,3,4) = L0(1,2,3,4)+
∫

d1′d2′d3′d4′L0(1,1′,3,3′)K ∗(1′,2′,3′,4′)L(4′,2,2′,4). (2.173)

Finally, the relation between L andΠ becomes clear thanks to (2.171) and (2.168) ,

Π(1,2) =−i L(1,2,1†,4†). (2.174)

So, the calculation of L becomes the skeleton to built the construction of the dielectric con-

stant, and, the irreducible kernel K ∗ is now the variation of the self-energy with respect to

the two point Green’s function [89]:

K ∗(1,2,3,4) =±δΣ(1,3)

δG(4,2)
. (2.175)

This is shown more clearly diagrammatically:

where we can extract the Hartree term for interaction between two particlesδΣH (1,3)/δG(4,2) =
iδ(1,3)δ(2,4)ν(1,2) (4-point Coulomb interaction). So, the rest of the contributions are en-

closed in the exchange-correlation kernel,

K̃ ∗(1,2,3,4) = K ∗(1,2,3,4)− iδ(13)δ(2,4)ν(1,2), (2.176)

where

K̃ ∗(1,2,3,4) =−δΣxc (1,3)

δG(4,2)
. (2.177)

This means that the calculation of the kernel K ∗(1,2,3,4) and L(1,2,3,4) is for the exchange

correlation self-energy obtained within the the GW approximattion. The BS equation can be
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written as:

L(1234) = L0(1,2,3,4)+
∫

d1′d2′d3′d4′L0(1,3,1′,3′)
(
δ(1,3)δ(2,4)ν(1,2)

− δΣxc (1,3)

δG(4,2)

)
L(2,2′,4,4′), (2.178)

forming a Dyson like equation for L [65, 89]. However, the exchange-correlation self-energy

is,

Σxc =Σ−ΣH , (2.179)

and, the derivatives with respect to the propagator gives the interactions, i.e.,

δΣxc (1,3)

δG(4,2)
= δΣ(1,3)

δG(4,2)
− δΣH (1,3)

δG(4,2)
,

δΣxc (1,3)

δG(4,2)
= δ(1,3)δ(2,4)W (1,2)−δ(1,3)δ(2,4)ν(1,2),

δΣxc (1,3)

δG(4,2)
= δ(1,3)δ(2,4)(W (1,2)−ν(1,2)). (2.180)

where the GWA has been used (Σ(1,3) = iG(1,3)W (1,3)), and the term i
G(1,3)δW (1,3)

δG(4,2)
has

been omitted [90]. So, equation 2.178 is now in terms of the unscreened (ν(1,2)) and screened

(W (1,2)) interactions calculated for QP corrections:

L(1234) = L0(1,2,3,4)+
∫

d1′d2′d3′d4′L0(1,3,1′,3′)
(
δ(1,3)δ(2,4)[2ν(1,2)−W (1,2)]

)
L(2,2′,4,4′),

L(1234) = L0(1,2,3,4)+
∫

d1′d2′d3′d4′L0(1,3,1′,3′)δ(1,3)δ(2,4)ΞL(2,2′,4,4′). (2.181)

The BSE approach to find the absorption spectra gives us the contribution that electron-hole

interaction (excitons) has in semiconductors and insulators. Even more importantly, it gives

us complete information on the behavior of exciton wave functions. The results shows that

BSE approach only gives a minor modification with the experiment [69] result as shown in

figure 2.2.

Before concluding this chapter, we make a brief summary of the steps of the method and

the approximations used in the determination of optical spectra in BSE. The figure 2.3 will

be followed:

• First, the initial calculation correspond to a DFT one, a ground state calculation where

the KS eigenvalues (εn) and wavefunctions (ϕn) are determined. Approximations: The

use of pseudo-potentials and GGA for exchange-correlation energy.

• Second, the dielectric function calculation is performed after the calculation of the KS

polarization ΠK S . Approximations: The dielectric matrix can be calculated within the
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RPA.

• Third, the GW approximation is used to find the self energy, and, the quasiparticle

energy corrections EQP . Approximations: The use of GWA and the plasmon-pole ap-

proximation (PPA) to determine ε−1, and the screening W = νε−1. Sometimes, when

the band structure of the system does not change significantly in comparison to GGA

bands (i.e., the bands has been pulled apart), we can use the so-called rigid shift to

avoid the dynamical screening and goes directly to the next step.

• Fourth, the static limit of the screening (ε−1(q,ω = 0)), the kernel Ξ and the polariza-

tion ΠQP (the GW-RPA) arising from QP corrections are calculated. Approximations:

The static limit of W is taken. The KS wavefunctions are used to built ΠQP within the

RPA. In addition, it is worth to say that the static screening for calculating W = νε−1

has been further implemented in the light of results [69, 91], showing it is show that

dynamical effects in the screening are partially compensated by those of the Green’s

function [90].

• Fifth, the BSE calculation is performed, using ΠQP and Ξ. Approximations: Only the

resonant part of the excitonic Hamiltonian (which comes from the yambo approach to

solve BS equation [69]) is calculated. Once BSE is solved, the binding energies of the

excitons and their wavefunctions are determined.
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Figure 2.3: Scheme for BSE calculation inspired from [90]



CHAPTER 3

Hydrogen Effective Model
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In order to get a more fundamental insight into the problem, we address the properties

of excitons (such as binding energies and wavefunctions) obtained with BSE calculation by

using a two-dimensional effective theory. Since QPMBPT is based on the idea of screening as

we have seen in the previous chapter. The screened Coulomb interaction for isolated single

layers is necessary. This was first done by Keldysh who was interested in thin semiconduct-

ing films [92]. He derived an analytical expression of the screened Coulomb interaction for

metal and semiconductor thin films. On the other hand, it is also necessary a description of

the exciton based in its structure which, basing on the idea that is formed by an electron and

a hole (or positron), could be treat as a hydrogen-like atom. So, the hydrogen effective model

is based on the idea that a hydrogen-like atom, composed with e-h (exciton), interacts with

an screening potential (which for our case layer materials should be in two dimensions).

The hydrogen effective model for excitons has been treated in previous works for honeycomb

monolayer systems [93, 94, 95], e.g MoS2 and W S2, with good agreements in comparison to

experimental results. Furthermore, the treatment can be extended to anisotropic systems by

adding the anisotropy to the effective mass on the Hamiltonian as is done for black phospho-

rus in [43, 96] with excellent agreement. In particular, [96] solves the Schrodinger equation

of the system by using the Numerov method. The advantage of this simple model of excitons

is that their results are less expensive (computationally speaking) in contrast to QPMBPT re-

sults, so, they can be used in other areas of research on single layer materials. For this reason,

in order to enrich the knowledge on the hydrogen effective model, we are applying it on tel-

lurene allotropes. In this chapter I will derive the 2D excitonic model that we will apply in

chapter 4.

3.1 2D screened potential

The Coulomb interaction on dielectric sheets has a non-trivial form due to screening [92].

Two works reproduce the Keldysh calculation in a more simple way for a monolayer built on

vacuum and on top of a dielectric slab [96, 97]. We will follow the work of P. Cudazzo and V.

Tokatly et al.

The system under consideration consists of a dielectric sheet confined on the plane z = 0

embedded into vacuum and subject to an external potential φext(r) [97]. The electric po-

tential is produced by a point charge located at the origin, thus having a charge distribution

next(r) = eδ(r) [97]. So, the electric potential of the system is described by the Poisson’s equa-

tion,

∇2φ(r) =−4πn(r), (3.1)

where n = next +nind is the contribution from the external charge density and the induced

charge density on the monolayer. The induced charge density is confined on the xy-plane at

z = 0, and is related to the 2D macroscopic polarization P2D (in the long wave length limit)
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[97] through

nind =−∇·P2D , (3.2)

which is proportional to the electric field inside the plane z = 0. The 2D polarizability α2D of

the dielectric sheet is related to the polarization:

P2D (ρ) =−α2D∇ρφ(ρ, z = 0), (3.3)

where ρ is the radial component in polar coordinates andφ(r, z = 0) is the in-plane potential.

By replacing equation (3.3) into (3.2) we get an expression of the induced charge density in

terms of the macroscopic potential at z = 0 [97], i.e.,

nind(r) = δ(z)α2D∇2
ρφ(ρ, z = 0). (3.4)

Consequently, the Poisson equation reads:

∇2φ(r) =−4πeδ(r)−4πα2D∇2
ρφ(ρ, z = 0)δ(z), (3.5)

and, in the reciprocal space is:

(|q|2 +k2
z )φ(q,kz) = 4πe −4πα2D |q|2

∫
dkz

2π
φ(q,kz), (3.6)

where q corresponds to the reciprocal transform for x, y components of ρ. The kz compo-

nent defines the reciprocal of z and is left in its integral form on the last right hand term in

order to define the 2D potential φ2D (q) [97], i.e.,

φ2D (q) =
∫

dkz

2π
φ(q,kz). (3.7)

For solving equation (3.6), it is necessary first to find the derivation over kz :

dφ(q,kz)

dkz
=− 2kz

|q|2 +k2
z
φ(q,kz). (3.8)

And, integrate to obtain φ(q,kz): ∫
dφ

φ
=

∫
− 2kz

|q|2 +k2
z

,

φ(q,kz) = A(q)

|q|2 +k2
z

, (3.9)

where A is a function that depends only on q and can be determined with another integra-
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tion of φ(q,kz) over kz as follows:∫ +∞

−∞
φ(q,kz)dkz = 2πφ2D (q),∫ +∞

−∞
A(q)

|q|2 +k2
z

dkz = 2πφ2D (q), (3.10)

so:

A(q)

arctan

(
kz

q

)
q

∣∣∣+∞−∞ = 2πφ2D (q),

A(q) = 2qφ2D (q). (3.11)

Thus, the corresponding φ(q,kz) in terms of φ2D (q) is:

φ(q,kz) = 2qφ2D (q)

|q|2 +k2
z

. (3.12)

And, by replacing on (3.6) we get:

φ2D (q) = 2πe

|q|(1+2πα2D |q|) . (3.13)

Which defines the 2D macroscopic screening of a point charge. The most notorious differ-

ence with respect to the bulk case, is that the dielectric constant ε(q) depends intrinsically

on q, i.e.,

ε(q) = 1+2πα2D |q|. (3.14)

The inverse Fourier transform of (3.13) is

φ2D (ρ) = 1

(2π)2

∫ +∞

0

∫ 2π

0
qd qdψ

2πe

q(1+2πα2D q)
e i qρcos(θ−ψ), (3.15)

where it has been intrinsically define ~q = (qx , qy ) = (qcos(ψ), qsen(ψ)) and ~ρ = (ρx ,ρy ) =
(ρcos(θ),ρsin(θ)), so,~q.~ρ = qρcos(θ−ψ). And, by using the definition of the first kind Bessel

function of 0th order:

J0(z) = 1

2π

∫ 2π

0
e i zcosθdθ, (3.16)

we find:

φ2D (ρ) = e
∫ +∞

0
qd q

1

q(1+2πα2D q)
J0(qρ), (3.17)

which corresponds to the 0th order Hankel transform and has an analytical solution with the

property: ∫ +∞

0
q(

1

q(q +a)
)J0(qs)dr = π

2
[H0(as)−Y0(as)] , (3.18)
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where the H0 and Y0 are the Struve function and second kind Bessel function respectively.

By taking the value of a = 1/r0 = 1/2πα2D , equation (3.17) reads as:

φ2D = e

4α2D

[
H0(

ρ

r0
)−Y0(

ρ

r0
)

]
. (3.19)

The effective interaction energy of an electron with the potential on the monolayer (V =
eφ2D ) is

V (ρ) = e2

4α2D

[
H0(

ρ

r0
)−Y0(

ρ

r0
)

]
. (3.20)

From this result, it is easy to generalize to the case where the monolayer lies on top of a

substrate (this means the substrate is localized at z < 0) with susceptibility χ and a dielectric

constant εs = 1+4πχ [96], i.e.,

V (ρ) = e2

4kα2D

[
H0(

ρ

r0
)−Y0(

ρ

r0
)

]
, (3.21)

where k is (1+εs)/2. Even a further generalization can be done if we let the 2D polarization

α2D to be anisotropic, i.e., it behaves like a tensor. This will be analyzed further in appendix

1 for our particular system of β-Te.

Let’s now construct the potential in a simpler way by analyzing the asymptotic behav-

ior of equation (3.20) in the cases where goes to zero and infinity. In the first scenario, the

contribution only arises from the Bessel function, i.e.,

Limρ→0V (ρ) ≈− 1

r0

[
ln(

ρ

2r0
)+γ

]
, (3.22)

where γ≈ 0.5772 is the Euler’s constant. On the other hand, for high values both the Struve

and Bessel functions tend to 1/ρ:

Limρ→+∞V (ρ) ≈ 1

ρ
. (3.23)

The simplest matching of both asymptotic results gives the so-called Keldysh interaction

[92, 97]:

VK (ρ) =−e2

r0

ln(
ρ

ρ+ r0
)+ (γ−Ln2)e

−
ρ

r0

 , (3.24)

which provides an accurate description of the effective interaction for intermediate values

of ρ/r0 as it can be seen in the figure (3.1)

The two-dimensional effective potential can be understood better if the equation (3.13)

is rewritten as:

φ2D (q) =
∫ +∞

−∞
d z

2πe

|q| e−|q||z| e
|z|/2πα2D

4πα2D
, (3.25)
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Figure 3.1: a) Comparison between the full solution V (ρ) (eq. (3.21)) and the approximate
solution VK (ρ) (eq. (3.24)). b) Absolute difference between the full and Keldysh potential
divided by an increase factor V (r0)

whose Fourier transform is:

V (ρ) = e2
∫ +∞

−∞
d z

e |z|/r0

2r0

[∫ +∞

0
d qe i qρcos(α) eqz

q

]
,

V (ρ) = e2
∫ +∞

−∞
d z

e2√
ρ2 + z2

e |z|/r0

2r0
, (3.26)

which corresponds to another formulation of equation (3.20). It represents a potential pro-

duced by a one dimensional charge distribution of the form [97]:

Q(r) = eδ(ρ)
e−|z|/r0

2r0
, (3.27)

which satisfies ∫
Q(r)d 3r = e. (3.28)

Consequently, the effect of the 2D dielectric screening can be visualized as follows: Two elec-

trons living in a 2D dielectric plane interact as two thin charged rods of the length ≈ 2r0 and

the line charge of density Q(r) ≈ e/r0. The length of the rod sets the characteristic scale of

the potential. From large distances ρ >> r0 the rod is seen as a point charge with the po-

tential given by the classical Coulomb interaction [97]. Thus, at large distances, the induced

polarization is completely inefficient in screening the external field. On the other hand, for

ρ << r0 the rod looks like an infinite wire with the line charge density e/2r0 so that the effec-

tive potential reduces to equation (3.22). Hence, at small distances, the effect of the induced

polarization becomes dominant, and the singularity was replaced by a weaker logarithmic

dependence [97].
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3.2 2D polarizability

The next parameter appearing in the effective interaction is the 2D polarizability, α2D of

the dielectric sheet. This quantity can be extracted from an ab-initio calculation.

The problem, however, is to calculate this quantity when most DFT calculations employ peri-

odic boundary conditions. This means that in a DFT calculation what is effectively simulated

is an infinite set of parallel planes separated by a distance L by defining a 3D macroscopic

polarization

P3D =α3D E , (3.29)

where α3D is the 3D polarizability and E is the total electric field. Since the system corre-

sponds to N layers separated by distance L, the macroscopic 3D polarization can be calcu-

lated as an average over the number of layers of the microscopic 3D polarization[97], i.e.,

P3D = 1

N L

∫
d zP mic

3D (z), (3.30)

For the quantity P mic
3D (z) a one layer average has been done. For this reason, P mic

3D (z) can be

expressed in terms of the macroscopic 2D polarization P2D =α2D Eloc

P mic
3D (z) =

N∑
n=0

P2Dδ(z −N L), (3.31)

where Eloc is the local field acting on a single layer. By replacing eq. (3.31) into eq. (3.30) and

taking the interlayer distance L to be large so that Eloc ≈ E

P3D = 1

N L

∫
d z

N∑
n=0

α2D Elocδ(z −N L). (3.32)

As α2D is independent on the z coordinate:

P3D = 1

N L
α2D Eloc

N∑
n=0

∫
d zδ(z −N L),

P3D = α2D E(N +1)

N L
. (3.33)

Finally, by making the approximation N +1 ≈ N and replacing the definition of P3D , we ob-

tain:

α3D = α2D

L
,

α2D = Lα3D = L(
ε−1

4π
). (3.34)

Where ε is the macroscopic dielectric constant of the 3D layered system and can be cal-

culated with ab-initio methods [97]. In practice, as we can not take L → ∞, one performs
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calculations for several sufficiently large values of L to ensure a good fit.

3.3 Effective masses

When constructing the Schrodinger equation it is necessary to have the masses of the

particles involved and the potential. The later was already constructed in the previous chap-

ter, however, for the deduction of electron and the hole masses participating in the exciton

formation, we need to remember some basic concepts about the bandstructure of the sys-

tem.

The bandstructure can be seen as a collection of Bloch wave functions [98], i.e.,

Φ(r) =∑
k

uk e i k.r. (3.35)

This wave function can be written on a basis of plane waves, so the idea of group velocity

appears I

v = 1

ħ
dE

dk
. (3.36)

Let an external force f be applied to a band electron, the force will do work in the time

interval δt

δE = f vδt . (3.37)

In addition,

δE = dE

dk
δk =ħvδk. (3.38)

By equating (3.37) and (3.38), and, using δt → 0, the derivative appears

f = Limδt→0ħ
δk

δt
=ħdk

d t
. (3.39)

Equation (3.39) shows that in a crystal, ħdk

d t
is equal to the external force on the electron.

The rate of change of velocity with time is

d v

d t
= 1

ħ
d 2E

dkd t
= 1

ħ
d 2E

dk2

dk

d t
, (3.40)

and by substituting the external force on the right hand, we obtain:

ħ2

d 2E

dk2

d v

d t
= m∗ d v

d t
= f , (3.41)

IThis derivation is done for one dimension but the generalization is straightforward.
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where Newton equation of f = ma has been used. The effective mass of the system is then

m∗ = ħ2

d 2E

dk2

. (3.42)

Since the effective mass depends on energy, an approximation of it is necessary around spe-

cific k0 point. first, lets remark again that the typical optical transitions occurs around the

conduction band minimum and valence band maximum respectively as is showed in the

figure (3.2) for a direct gap.

Figure 3.2: Common direct gap of semiconductor.

A particle, in general, can be treated as it were free around the small neighborhood of a

specific k0 point but with an effective mass, i.e., the energy dispersion will be approximately

quadratic

E(k) ≈ E0 + ħ2

2m∗ (k−k0)2, (3.43)

where E0 and k0 define the point of the band where the calculation is performed. Follow-

ing this idea we are able to say that an electron should have a positive effective mass (since

its parabola points upwards) and a hole must have a negative effective mass (downwards

parabola) [98]. In our calculation we first obtain a bandstructure from some high level the-

ory and subsequently fit a polynomial around the band edges.

3.4 Schrodinger equation

3.4.1 Isotropic case

The hydrogen effective model for excitons is a well known problem in quantum mechan-

ics. It corresponds to a solution of a two dimensional Schrodinger equation for two bodies,

where as similar as hydrogen atom, it is possible to transform the system to be at a particle

with a reduced mass µmoving at the center of mass [99]. Of course, the center of mass of the
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system experiences a central potential V (r ). So, the Hamiltonian reads as:

H = −ħ2

2µ

(
∂2

∂x2
+ ∂2

∂y2

)
+V

(
r

r0

)
, (3.44)

where the reduced mass is given by

µ= me Mh

me +Mh
. (3.45)

As we have seen in the previous section, the mass of the electron and the hole depend on the

direction chosen. The isotropic case thus corresponds to the case in which both masses in

directions x and y are equivalent for both the electron and hole [99], i.e.,

me = mex = me y , Mh = Mhx = Mhy . (3.46)

So, the Schrodinger equation reads:

− ħ2

2µ

(
∂2

∂x2
+ ∂2

∂y2
+V

(
r

r0

))
Φ(x, y) = EΦ(x, y). (3.47)

By transforming it to polar coordinates:

[
−ħ2

2µ

(
1

r

∂

∂r

(
r
∂

∂r

)
+ 1

r 2

∂2

∂θ2

)
+V

(
r

r0

)]
Φ(r,θ) = EΦ(r,θ). (3.48)

Since the potential does not depend on θ, it is possible to separate variables, i.e.,

Φ(r,θ) = R(r )Θ(θ). (3.49)

So, Schrodinger’s equation reads:

[
−ħ2

2µ

(
1

r

∂

∂r

(
r
∂

∂r

)
+ 1

r 2

∂2

∂θ2

)
+V

(
r

r0

)]
R(r )Θ(θ) = ER(r )Θ(θ), (3.50)

or, in a better formulation:−
(
∂2R(r )

∂r 2
+ 1

r

∂R(r )

∂r
− 2µ

ħ2

(
V

(
r

r0

)
−E

)
R(r )

)
︸ ︷︷ ︸

k(r )

−R(r )

r 2

∂2

∂φ2

Θ(θ) = 0, (3.51)

thus, forming an equation dependent onΘ(θ):

∂2Θ(θ)

∂θ2
=−r 2k(r )

R(r )
Θ(θ). (3.52)
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Since the left hand side of the equation does not depend on r , the term r 2k(r )/R(r ) must be

a constant a. So, the solution of (3.52) has an exponential form, i.e.,

Θ(θ) = 1p
2π

e i
p

aθ. (3.53)

For the boundary conditionΘ(0) =Θ(2π), a is discrete:

p
a = l , l ∈Z, (3.54)

where l corresponds to the angular momentum quantum number and is an eigenvalue of

the angular momentum operator Lz :

LzΘ(θ) =−i lħΘ(θ). (3.55)

The radial part of the Schrodinger equation in terms of the quantum number l is given by

−
(
∂2R(r )

∂r 2
+ 1

r

∂R(r )

∂r
− 2µ

ħ2

(
V

(
r

r0

)
−E

)
R(r )

)
+ l 2 R(r )

r 2
= 0,

−∂
2R(r )

∂r 2
− 1

r

∂R(r )

∂r
+ 2µ

ħ2

(
V

(
r

r0

)
−E

)
R(r )+

(
l 2

r 2

)
R(r ) = 0. (3.56)

From here, it is possible to solve the Schrodinger equation as usual with the transformation

R(r ) = u(r )/
p

r leading to an equation for the radial part of the form:

−∂
2u(r )

∂r 2

2
µ

ħ2

(
V

(
r

r0

)
−E

)
−

(
1

4
− l 2)

r 2

u(r ) = 0. (3.57)

However, for solving this problem numerically, it is necessary to avoid the singularity at r = 0.

This can be achieved by making a variable transformation of the form [96, 99]:

t = ln

(
r

r0

)
→ r = r0e t ,

d t

dr
= 1

r
→ r

d

dr
= d

d t
. (3.58)

So, the first two terms in equation (3.56) read

− ∂2R(r )

∂r 2
− 1

r

∂R(r )

∂r
= 1

r

∂

∂r

(
r
∂

∂r
R(r )

)
= 1

r 2

∂

∂t

(
∂

∂t
R(r (t ))

)
= e−2t

r 2
0

∂2R(t )

∂t 2
. (3.59)

In that sense, equation (3.56) can be rewritten as:

− ∂2R(t )

∂t 2
+

[
2µr0

ħ2
(V (t )−E)e2t + l 2

]
R(t ) = 0. (3.60)
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The transformation from r to t was also made in order to obtain an equation of the form

R ′′(t )−M(t ,E)R(t ) = 0, (3.61)

which can be solved by the so-called Numerov method [96, 99, 100] which will be presented

in section 3.5.

3.4.2 Anisotropic case

When the effective masses of electron and hole are different in each direction:

mex 6= me y , Mhx 6= Mhy , (3.62)

the anisotropy of the system can not be ignored, and must be introduced in the Hamiltonian

[96, 99], i.e.,

H =− ħ2

2µx

∂2

∂x2
− ħ2

2µy

∂2

∂y2
+V

(
r

r0

)
. (3.63)

Where the reduced masses are direction dependent:

µx = mex Mhx

mex +Mhx
, µy =

me y Mhy

me y +Mhy
. (3.64)

This Hamiltonian can be thought as a 4 particle problem, where two excitons (two e− and two

h+) move in x and y direction. So, in this case our problem can be reduced to two particles

with reduced masses µx and µy moving around two different centers of mass. However in

order to achieve a unique center of mass, it is necessary to match both particles in a single

reduced mass [96, 99], i.e.,

µ= µxµy

µx +µy
, (3.65)

and the coordinates transform to the new frame as:√
µx

2µ
x = x ′,

√
µy

2µ
y = y ′. (3.66)

Thus,

x ′ = r ′cosθ, y ′ = r ′sinθ, r ′ =
√

x ′2 + y ′2, tanθ = y ′

x ′ . (3.67)

So, the derivatives in the Hamiltonian transform as:

− ħ2

2µx

∂2

∂x2
− ħ2

2µy

∂2

∂y2
=− ħ2

2µx

∂2

∂x ′2

(
∂x ′

∂x

)2

− ħ2

2µy

∂2

∂y ′2

(
∂y ′

∂y

)2

,

=−ħ2

4µ

(
∂2

∂x ′2 + ∂2

∂y ′2

)
. (3.68)
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In addition, the central potential in terms of the distance r between the two particles of

reduced mass µx and µy change to the prime coordinate system [96, 99]:

r =
√

x2 + y2 =
√

2µ

µx
x ′2 + 2µ

µy
y ′2 =

√
2µ

µx
r ′2cos2θ+ 2µ

µy
r ′2sin2θ,

= r ′
√

2

µx +µy

√
µy cos2θ+µxsin2θ = r ′

√
2

µx +µy

√
µy cos2θ+µxsin2θ±µy sin2θ,

= r ′
√

2

µx +µy

√
µy + (µx −µy )sin2θ = r ′

√
2

µx +µy

√
µy + (µx −µy )(

1−cos2θ

2
),

= r ′
√

2

µx +µy

√
µx +µy

2
+ (µy −µx)(

cos2θ

2
)

= r ′
√

1+ µy −µx

µx +µy
cos2θ. (3.69)

If the quantity β = (µy −µx)/(µx +µy ) is defined to be positive for all µy > µx , the potential

will read as:

V

(
r

r0

)
→ V

(
r ′

r0

√
1+βcos2θ

)
. (3.70)

Finally the hamiltonian takes the form:

H = −ħ2

4µ

(
∂2

∂x ′2 + ∂2

∂y ′2

)
+V

(
r ′

r0

√
1+βcos2θ

)
, (3.71)

and, in polar coordinates:

H = −ħ2

4µ

(
1

r ′

(
d

dr ′

(
r ′ d

dr ′

))
+ 1

r ′2

(
d 2

dθ2

))
+V

(
r ′

r0

√
1+βcos2θ

)
. (3.72)

Since a numerical approach is needed, it is convenient to use again the transformation (3.58)

to avoid the singularity [96, 99]. So, the Hamiltonian is expressed in terms of t :

H = −ħ2

4µr 2
0

[
e−2t (

∂2
t +∂2

θ

)]+V
(
e t

√
1+βcos2θ

)
. (3.73)

The Schrodinger equation is finally given by

−ħ2

4µr 2
0

[
e−2t (

∂2
t +∂2

θ

)]+V
(
e t

√
1+βcos2θ

)
Φ(t ,θ) = EΦ(t ,θ). (3.74)

Even though the potential depends on both coordinates and does not allow us to express a

solution as equation (3.53) for the angular part, it is still possible to establish a solution in
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terms of a Fourier series,

Φ(t ,θ) =∑
l

1p
2δl0π

[
fl (t )cos(lθ)+ gl (t )sin(lθ)

]
. (3.75)

This solution together with the angular dependence on the potential (cos2θ) allow to couple

sines exclusively with sines and cosines to cosines. Moreover, even and odd angular momen-

tum coefficients do not mix, i.e., even l ’s will only couple with even l ’s and the same for odd

values [99]. This suggest thatΦ(t ,θ) can be expressed in a simpler form:

Φ±(t ,θ) =∑
l

1p
2δl0π

hl trig±(lθ), (3.76)

where l runs over the appropiate harmonic numbers and trig± is either cosine or sine respec-

tively [99]. Equation (3.76) reflects more clearly the separation of variables, consequently, the

second order derivate in θ is:

e−2t∂2
θΦ(t ,θ) =−l 2e−2tΦ(t ,θ). (3.77)

The Schrodinger equation now reads:

−
∞∑

l=0

(
ħ2

4µr 2
0

[
e−2t (

∂2
t − l 2)]−V

(
e t

√
1+βcos2θ

)) 1p
2δl0π

hl trig±(lθ) = E
∞∑

l=0

1p
2δl0π

hl trig±(lθ).

(3.78)

If this equation is multiplied by trig±(nθ) and integrated over θ [99], the values hl (t ) will

correspond to the orthogonality result of the integral:

hn(t ) =∑
l

∫
1p

2δl0π
dθhl (t )trig±(lθ)trig±(nθ). (3.79)

Where the kinetic term in the Schrodinger equation is:

−∑
l

ħ2

4µr 2
0

[
e−2t (

∂2
t − l 2)]∫

dφ
1p

2δl0π
hl (t )trig±(lθ)trig±(nθ) = ħ2

4µr 2
0

[
e−2t (

∂2
t −n2)]hn(t ),

(3.80)

the energy is simply

E
∑

l

∫
dθ

1p
2δl0π

hl (t )trig±(lθ)trig±(nθ) = Ehn(t ), (3.81)

with the potential

∑
l

∫
dθV

(
e t

√
1+βcos2θ

) 1p
2δl0π

trig±(lθ)trig±(nθ)hl (t ) =∑
l

Vnl hl (t ), (3.82)
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where:

Vnl =
∫

dθ
1p

2δl0π
V

(
e t

√
1+βcos2θ

)
trig±(lθ)trig±(nθ). (3.83)

Gathering terms, the Schrodinger equation becomes

−ħ2

4µr 2
0

e−2t (
∂2

t −n2)hn(t )−∑
l

Vnl hl (t ) = Ehn(t ), (3.84)

which can be expressed in a more suitable form to apply the Numerov method. This is

achieved if a vector function is defined as,

f(t ) = [
fn0 (t ), fn0+2(t ), ..., fn0−2+2N (t ), fn0+2N (t )

]
, (3.85)

where each entry corresponds to an angular momentum, resulting in N +1 terms due to the

end of the sum on n0 − 2+ 2N . So, n0 can be n0 = 0 which corresponds to even n cosine-

like functions; n0 = 1 is used for cosine- and sine-like functions; and n0 = 2 is necessary for

even n sine-like functions due to the fact that n0 = 0 results in vanishing sine-like terms [99].

In addition, the terms n2 and E are multipĺied by the identity I in order to obtain a matrix

formulation of equation (3.84), i.e.,

f
′′
(t ) = M(t )f(t ), M(t ) = n2 −be2t (V−E), (3.86)

where the constant b represents:
−4µr 2

0

ħ2
. (3.87)

The form of equation (3.86) is again exactly what is required for the Numerov method (now

in matrix form).

3.5 Numerical approach

Looking at the functional form of Schrodinger equation for isotropic and anisotropic

cases we notice that it has the form of a second order linear eigenvalue problem. A numerical

solution can thus be obtained via the so-called Numerov method. In this section we explain

the Numerov method from its origins to later give the initial ansatz to solve equations (3.61)

and (3.86).

3.5.1 Numerov method

The Numerov method, was designed to numerically solve Ordinary differential equations

(ODEs) of the form:
d 2 y

d x2
+k(x)y(x) = 0, (3.88)
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in which k(x) can be any function. note that this ODE corresponds to the time independent

Schrodinger equation. Even though the Rugen-Kutta algorithm already exist to solve EDO’s,

the Numerov method is an order more accurate and can be applied to ODEs without the first

order derivate [100]. For solving equation (3.88), first let an operator 1+ h2

12

d 2

d x2
act on it, i.e.,

[
1+ h

12

d 2

d x2

](
d 2 y

d x2
+k2(x)y(x)

)
= 0,

h′2

12

d 4 y

d x4
+ h2

12

d 2

d x2

[
k(x)y(x)

]+ d 2 y

d x2
+k(x)y(x) = 0. (3.89)

To get rid of the 2nd and fourth order derivatives on y , lets write the Taylor series for y cen-

tered around x +h where h is small [100]:

y(x +h) = y(x)+hy ′(x)+ h2

2!
y ′′(x)+ h3

3!
y ′′′(x)+ h4

4!
y ′′′′(x)+ ... (3.90)

and expand y(x) for x −h as well, i.e.,

y(x −h) = y(x)−hy ′(x)+ h2

2!
y ′′(x)− h3

3!
y ′′′(x)+ h4

4!
y ′′′′(x)+ ... . (3.91)

If we add these equations and solve for y ′′(x) (considering all odd powers of h vanish)

y ′′(x) = y(x +h)−2y(x)+ y(x −h)

h2
− h2

12
y ′′′′(x)+O(h6). (3.92)

Plugging this equation back into (3.89), the 4th order derivatives also vanish

h2

12

d 2

d x2

[
k(x)y(x)

]+ y(x +h)−2y(x)+ y(x −h)

h2
+k(x)y(x) = 0. (3.93)

And the 2nd derivative of k(x)y(x) can also be Taylor expanded,

d 2
[
k(x)y(x)

]
d x2

≈
[
k(x +h)y(x +h)−k(x)y(x)

]+ [
k(x −h)y(x −h)−k(x)y(x)

]
h2

. (3.94)

By replacing it on to eq. (3.93), and rearranging the terms yields the Numerov algorithm

[100]:

y(x +h) =
2

[
1− 5

12
h2k(x)

]
y(x)−

[
1+ h2

12
k(x −h)

]
y(x −h)

1+ h2

12
k(x +h)

, (3.95)
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If the x variable is discrete, x = j h, then

y j+1 =
2

[
1− 5

12
h2k j

]
y j −

[
1+ h2

12
k j−1

]
y j−1

1+ h2

12
k j+1

. (3.96)

By defining P j = 1+ h2

12
k j , equation (3.96) reads as

y j+1 = P−1
j+1

[
(12−10P j )y j −P j−1 y j−1

]
. (3.97)

This equation gives the power to find y j when the values y j−1 and y j−2 are known. This

means, of course, that we need to know the values of y0 and y1 and go forward along the

lattice, or, know the values of yN−1 and yN−2 and go backwards through the lattice. The two

boundary conditions are expected since we are treating with a 2nd order ODE, and can be

obtained by considering the physical system at hand [100].

3.5.2 Solution of Isotropic case

Equation (3.61) can be discretized t → ti ,

f ′′(ti ) = M(ti ,E) f (ti ). (3.98)

So, it can be solved by the Numerov method for variable ti if the initial conditions are de-

termined (Numerov equations are the same but with k(t ) = −M(t )). In addition, we need

to solve equation (3.98) for a particular value of E . So, if different values of E are tested,

we need to search the point in which the function f and its derivate f
′

are continuous (this

comes from the fact that wave function must be continuous), i.e., propagate the solution

from both extremes ( f (t1), f (t2) for the initial and f (tN−1), f (tN ) for the final) and find the

middle point tm which satisfies

(
f L(tm

)− f R (tm))+ (
f ′L(tm)− f ′R (tm)

)= 0. (3.99)

If condition (3.99) is satisfied, then the energy chosen for that propagation is an eigenvalue

of the Schrodinger equation.

In the case of the isotropic system, the initial conditions can be inferred from the asymp-

totic behaviour of equation (3.60). In the case where r → 0 or t →−∞, equation (3.60) re-

duces to

− ∂2R(t )

∂t 2
+ l 2R(t ) = 0, (3.100)

which has a solution of:

R(t ) = e l t . (3.101)
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Thus, our initial values f (t1) = R(t1), f (t2) = R(t2) for l = 0 are [99]:

R(t1) = 1−2t1, R(t2) = 1−2t2, (3.102)

and, for l 6= 0, those are,

R(t1) = 0, R(t2) = d t . (3.103)

On the other hand, when r →∞ or t →∞, the wavefunction must vanish towards the infin-

ity, thus, we can choose:

R(tN ) = 0, R(tN−1) = d t . (3.104)

3.5.3 Solution of the Anisotropic case

A generalization of the Numerov method is necessary in order to solve (3.86). In this

case it corresponds to a matrix Numerov method. The method is essentially the same, but

Numerov equations for propagation now are matrices and vectors [96], i.e.,

P j = 1+ h2

12
k j

f j+1 = P−1
j+1

[
(12−10P j )f j −P j−1f j−1

]
, (3.105)

where in comparison to equation (3.86), the value of k j =−M j is a matrix and f j is a vector.

As similar to the isotropic case, it is necessary to settle the values of initial conditions for the

vectors f(t1), f(t2), f(tN−1) and f(tN ) and then start the propagation forward and backwards

respectively for each energy. When an energy is a solution of the Schrodinger equation, i.e.,

is an eigenvalue of the system, both propagations from the right (backwards) and left (up-

wards) must meet at an arbitrary point tm and satisfy the relation

∑
l

fl ,R (tm) =∑
l

fl ,L(tm),
∑

l
f’l ,R (tm) =∑

l
f’l ,L(tm), (3.106)

or in determinant form:

det

(
f1,R (tm) f2,R (tm) . . . fN ,R (tm) f1,L(tm) f2,L(tm) . . . fN ,L(tm)

f’1,R (tm) f’2,R (tm) . . . f’N ,R (tm) f’1,L(tm) f’2,L(tm) . . . f’N ,L(tm)

)
= 0. (3.107)

This equation ensures the continuity of the wavefunction. For the initial conditions we apply

the same analysis as for the isotropic case, at r → 0, equation (3.101) is still valid, but in this

case the degeneracy of vector f must be accounted for

fn(t1) = e l t1δnl , fn(t2) = e l t2δnl . (3.108)
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But, since t →−∞ we arrive at the same conclusion for the isotropic case, i.e., for l = 0:

fn(t1) = 1−2t1, fn(t2) = 1−2t2, (3.109)

and, for any other value of l ,

fn(t1) = 0, fn(t2) = d t . (3.110)

On the other hand, the wave function must vanish at infinity, thus implying

fn(tN ) = 0, fn(tN−1) = d t , (3.111)

for any l . Having set the initial conditions for the Numerov method, we are now able to

determinate the correct eigenvalues of the exciton for a two dimensional material.
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Having described a general methodology for calculating the electronic and optical prop-

erties, we turn to the topic of this dissertation by describing the different properties of Bulk-

Te and tellurene allotropes. The results where achieved by using Quantum Espresso with a

PBE pseudopotential for calculating: structural properties, band structure, density of states

and phonons calculations; and Yambo for calculating: quasiparticle corrections (GW), GW-

RPA and GW-BSE, in order to estimate the presence of excitons. Lastly, the Numerov method

develop in Chapter 3 was computed using MATLAB for estimate the exciton binding ener-

gies and the wave-functions. The results will be compared with previous on the literature

and will lead us to interesting conclusions.

4.1 Computational Details

The DFT calculations were performed using Quantum Espresso, where we have con-

verged the following parameters: ecutwfc = 90 R y , ecutrho = 450 R y , k-points = 40x40x1

(for monolayer), k-points = 15x15x15 (for isolated tellurium) and k-points = 25x25x25 (for

bulk). Also, in the case of monolayers, the vacuum used in the unitary cells was 31 Å, and,

for bulk, we turn on the Van der Waals (vdW) force trough the variable vdw-corr where the

Tkatchenko-Scheffler (ts-vdw) dispersion correction was used. For GW calculation we have

performed firstly a non self consistent calculation (using Quantum Espresso) with a num-

ber of bands, in the case of α-Te, of nbnd = 350 and a mesh of k-points = 30x30x1; while

for β-Te, the converged values were nbnd = 580 and k-points = 23x23x1. After the non-self

consistent calculation, the GW approximation was performed using Yambo with the follow-

ing converged parameters: the Coulomb potential truncation (rim-cut, CutGeo = 18Å); the

exchange energy components was ExxRLvcs=26 R y , for α-Te, and ExxRLvcs = 16 R y , for β-

Te; the polarization function bands (BndsRnXp) used in the dynamical dielectric constant

has the same value as nbnd; the response function block size of the dynamical screening

(NGsBlkXp) was 6 R y , for both cases; the number of bands enter in the GW calculation

(GBndRnge) were 280, for α-Te, and 250, for β-Te; the number of k-points in the QP (quasi-

particle) correction (QPkrange) were 452 , for α-Te, and 265, for β-Te; lastly the band indices

entering in the calculation were 20-30 (11 bands), for α-Te, and 22-30 (9 bands), for β-Te.

The absorption spectras were performed using Yambo. In the case of IPA the converged

parameters were the response block size of the KS polarization NGsBlkXd = 4 R y and a num-

ber of polarization function bands of BndsRnXd = 100 for both α-Te and β-Te phases. The

GW-RPA and GW-BSE were obtained using the Coulomb potential truncation (rim-cut), the

diagonalization solver (BSSmod = d), the QP corrections and the GW converged parame-

ters (BSEBands = 20 − 30 for α-Te, and BSEBands = 22 − 30 for β-Te). Furthermore, the

double-grid were performed using the static screening from the BSE calculation in a grid

of k-points = 4001 (for α-Te) and k-points = 6001 (for β-Te). In what respect to the BSE cal-

culation for the β-Te with spin orbit coupling, we performed a rigid shift trough the scissor
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operator (KfnQP-E) of 1.03 eV and used almost the same parameters as in the non-SOC case

but with larger number of bands nbnd = BndsRnXs = 580 and band indices in the range of

43−54 (12 bands).

4.2 Structural and Electronic Properties

Tellurium atoms arrange in an unique semiconductor bulk form which can be exfoliated

in the z th direction (see figure 4.1-a) to formβ-phase or pass through a thickness-dependent

structural phase transition to built the α-phase. Furthermore, it has an unique 2D conduct-

ing material, γ-phase, who lacks 3D counterpart.

Figure 4.1: Tellurium optimized structures from different sides xy, zx and zy for a) bulk
phase, c)α-Te, e) β-Te and g) γ-Te allotropes. In addition, the unitary cell is detailed for each
phase with atoms labeled by numbers. Furthermore, the first Brillouin zone for each phase
and the path taken for the band structure is detailed in b,d,f and h.
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4.2.1 Bulk-Te

a(Å) b(Å) c(Å) d(Å) dz(Å) EC (eV /atom)
Te-Bulk 4.45 4.45 5.96 2.90 3.97 -3.10
Previous 4.46 [101] 4.46 [101] 5.93 [101]
Results 4.47 [58] 4.47 [58] 5.90 [58] 2.90 [53] - -2.79 [53]

4.46 [102] 4.46 [102] 5.92 [102]

Table 4.1: Structural parameters, lattice constants and electronic properties for bulk-Te
(α-Te, β-Te and γ-Te) such as bond length d, separation from top and bottom layers of atoms
dz(Å) and cohesive energy EC

The optimized structure of bulk tellurium is presented in figure 4.1-a. The main char-

acteristic of bulk lie in its construction, formed by arrays of Te chains which are stacked

together via vdW interactions [53]. Those chains seen from the top form triangular arrange-

ments that covers the xy plane. Using DFT calculations, the lattice constants of the relaxed

structures were obtained with a=4.45 Å, b=4.45 Å and c=5.96 Å which are in excellent agree-

ment with available results [53, 58, 103, 101, 102] as shown in table 4.1. In addition, the

coordination number (nc ) of atoms labeled as 1, 2 and 3 (see figure 4.1-a) are two with a

bond length corresponding to 2.90 Å. Furthermore, the z th length, which is the separation

between the upper (atom 2) and lower (atom 3) atoms, in an unit cell, is 3.97 Å as is presented

in table 4.1. Lastly, the cohesive energy with respect to isolated tellurium is -3.10 eV .

4.2.2 Monolayer-Te

a(Å) b(Å) d(Å) dz(Å) EC (eV /atom) EL(eV /layer)
α-Te 4.18 4.18 3.04 3.65 -3.15 -0.14

Prev. Res. 4.15 [53] 4.15 [53] 3.02 [53] 3.67 [53] -2.62 -

β-Te 4.17 5.49 2.77 2.18 -3.17 -0.21
Prev. 4.17 [53, 103] 5.49 [53, 103] 2.77 2.18 -3.17 -0.21
Res. 4.20 [58] 5.60 [58] 2.75 [53] 2.16 [53] -2.56 -

γ-Te 4.02 4.02 3.09 4.05 -2.96 -0.43
Prev. Res. 3.92 [53] 3.92 [53] 3.08 [53] 4.16 [53] -2.46 -

Table 4.2: Structural parameters, lattice constants and electronic properties for
monolayer-Te (α-Te, β-Te and γ-Te) such as bond length d, separation from top and bot-
tom layers of atoms dz(Å), cohesive energy EC and layer energy EL

The relaxed structures of the different phases of monolayer-Te, tellurene, are shown in

figure 4.1. The α-Te corresponds to 4.1-b, the β-Te phase is in 4.1-c and γ-Te is presented

in 4.1-d. α-Te is formed via a mechanism of thickness-dependent phase transition (see ap-

pendix B). It has an hexagonal structure like 1T −MoS2 with lattice parameters a=b=4.18 Å

(see table 4.3), where the upper and lower atom labeled as 2 and 3 have coordination number
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nc = 3, and the central atom (Mo in the comparison with 1T −MoS2) has nc = 6. The bond

length is 2.77 Å and the interlayer distance is 3.65 Å. The cohesive energy in comparison with

isolated tellurium is 3.15 eV /atom and the layer coupling energy in comparison with bulk-Te

is 0.14 eV /layer (see table 4.3).

On the other hand, β-Te is the natural monolayer phase emerging from bulk Te, nano

sheets of β phase can be obtained by exfoliating the Te slab along the z direction (truncat-

ing the bulk helical chain structure) and has been successfully synthesized [59, 60, 61]. Or-

thorombic β-Te has a planar four-membered layer of atoms in the top layer, and has struc-

ture constants of a=4.17 Å and b=5.49 Å (see table 4.3). The upper and lower atoms (labeled

as 1 and 2) have nc = 3, while the central Te atom has nc = 4. The bond length is 2.77 Å, the

interlayer distance 2.18 Å and the layer coupling energy is 0.21 eV /layer (see table 4.3). This

phase is the most stable phase due to its cohesive energy of 3.17 eV /atom. Lastly, the hexag-

onal γ-Te has a similar structure to 2H −MoS2 with lattice constants of a=b=4.02 Å smaller

in comparison with α-Te (see table 4.3). Its bond length has a value of 3.09 Å, the interlayer

distance is 4.05 Å, the cohesive energy is the lowest, 2.96 eV /atom, and the layer coupling

energy is 0.43 eV /layer. Thermodinamical analysis were carried by Zhili Zhu et. al, showing

that the three phases are stable due to the absence of imaginary frequency phonon modes

even at room temperature (see figure 4.2-d,e,f). The total charge density analysis extracted

from [53] shows a metal ligand bonding between central and outer atoms for α-Te and γ-Te;

a σ-bond between outer atoms and metal ligand bonding for central interaction with outer

atoms (see figure 4.2-a,b,c).

Figure 4.2: Total charge density of (a) α-Te , (b) β-Te and (c) γ-Te. Phonon spectra of (d)
α-Te, (e) β-Te and (f) γ-Te extracted from [53, 54]
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4.3 Band Structure and Density of States

EPBE
Dg (eV ) EPBE

I g (eV ) EPBE+SOC
Dg (eV ) EPBE+SOC

I g (eV )

Bulk-Te 0.19 0.17 - -
Prev. Res. 0.19 [58] 0.17 [58] 0.03 [58] -

α-Te 0.90 0.75 0.51 0.39
Prev. Res. - 0.76 [53] - 0.46 [53]

β-Te 1.50 1.13 1.04 1.04
Previous 1.17 [53] 1.20 [58] 1.02 [58] 1.03 [53]
Results 1.45 [58] 1.02 [58]

Table 4.3: Band structure direct (EPBE
Dg ) and indirect gaps (EPBE

I g ) as well as SOC inclusion

(EPBE+SOC
Dg , EPBE+SOC

I g ) for Bulk-Te and monolayer-Te phases: α-Te and β-Te.

4.3.1 Bulk-Te

The band structure calculated with DFT using a PBE pseudopotential (valence electron

contributions arise from 4s24p63d 105s25p4) is shown in figure 4.3, whose high-symmetry

points in the brillouin zone are presented in figure 4.1-a, where the 0 corresponds to the

Fermi energy EF . The conduction band minimum (CBM) is located at point H, while the

valence band maximum (VBM) is slightly away from the H point. Thus, bulk Te is a nearly

direct band gap semiconductor. The indirect gap value is approximately 0.17 eV and the

direct band gap is about 0.19 eV at the H point. In addition, the density of states (DOS)

shows a predominant contribution in the conduction and valence bands coming from the 5p

orbitals, while the 5s has a minor impact, and, deeper orbitals contributions such as 4s, 4p or

3d are negligible. In addition, the projected density of states per atom (see figure 4.3-c,d,e)

shows identical orbital distributions (s, px , py , pz) for atoms labeled as 1 and 2, behavior

expected from the symmetry of the system, while atom 3 has similar s and pz component,

but px and py are interchange. Furthermore, the contribution around the CBM comes from

a mixture of px , py and pz orbitals on atom 1 and 2, while on atom 3 the py orbital gives a

stronger contribution. The same happens on the VBM for atom 1 and 2, but atom 3 overall

contribution arises from px orbital. On the other hand, the projected density of states on

p states (figure 4.3-f) shows an identical distribution for x and y directions, while pz has

an slightly major contribution around the CBM but not at the VBM where px and py has a

stronger presence.
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Figure 4.3: (a) Band structure of Bulk-Te, (b) density of states (black lines) as well as the
projected density of states for s (p) as blue (red) lines. Projected density of states per (c) atom
1, (d) 2 and (e) 3 , and, (f) per p state projection in each direction.
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4.3.2 Monolayer-Te

Tellurene allotropes has hexagonal brillouin zone for α-Te and γ-Te, while a rectangular

shape for β-Te (see figure 4.1). The band structure plotted in figures 4.4, 4.5, 4.7 for the non

spin orbit coupling (SOC) case; and, 4.6, 4.8 when SOC is including in the calculation. The

SOC inclusion has only be done on semiconductor phases, α-Te and β-Te, in order to deter-

mine how much the gap will change.

Theγ-Te band structure shows a metalic behaviour, that means, no exciton can be formed

in this particular phase due to the absence of a gap. Its density of states shows, by a large dif-

ference, that almost all contributions around the Fermi level come from p states as similar

to α-Te and β-Te (see figure 4.4-a,b). In the case of the projected density of states per atom

(figure 4.4-c-e) we can appreciate that the distribution for atom 2 and 3 are the same as we

expect from the structure of the system. However, both atoms are asymmetric with respect

to atom 1, this is clearly seen in the interval range from -3.5 to -2 eV where the s orbital has

the large contribution for from atom 1 meanwhile atoms 2 and 3 are dominated by p orbitals

in that energy range. Furthermore, the px and py distributions of the three atoms are the

same due to the x/y symmetry. This fact is seen clearly on the projected density of states for

each direction (see figure 4.4-f) where px and py are identical.
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Figure 4.4: (a) Band structure, (b) density of states (black lines) as well as the projected
density of states for s (p) as blue (red) lines for γ-Te allotrope. Projected density of states for
(c) atom 1, (d) 2 and (e) 3, and, (f) per p state projection in each direction
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Theα-Te phase (figure 4.5) shows a semiconductor behavior with the CBM located at the

Γ point and the VBM located at two points: T and T ∗. The former is located in the first half

of the path between Γ and M , while the later is in the last half of the path between K and

Γ. Both indirect gaps are 0.75 eV in size, while the direct gap is 0.90 eV , and is located at

T . The density of states contributions arise from the same orbitals as in bulk phase, namely

5p (predominant) and 5s. In addition, the projected density of states per atom shows the

symmetry between atom 2 and 3 (figure 4.5-c-e), while atom 1 is different. This difference is

more notable in the range of energies between 0 eV and -1.8 eV where the s orbital domi-

nates in atom 1 but on atom 2 and 3 contributions come from the p orbitals. For the CBM we

have a slightly higher pz contributions in contrast to px and py for all three atoms. On the

other hand, the projected density of states in each direction (figure 4.5-f) clearly shows the

hexagonal symmetry due to the equal distribution of px and py states. One more time, the

contribution from the pz component is slightly higher at the CBM, but the three directions

contribute the same at the VBM.

Since Te is a heavy atom and a semiconductor for α-Te allotrope, we are also interested

as well in the behavior of the gap when SOC is turned on. For α-Te, the direct band gap

becomes smaller, and changes from T to Γ position, as can be appreciated from figure 4.6-a

with a value of 0.51 eV . On the other hand, the indirect gap is now 0.39 eV , and is still formed

by the points Γ−T and Γ−T ∗. In respect to the DOS for SOC case (figure 4.6-b), we can

conclude that the largest contribution comes from p orbitals with total angular momentum

equal to j = 1/2 and j = 3/2, where the first contribute slightly more to the CBM, and the

second to the VBM. In addition, the projected density of states per atom (figure 4.6-c,d,e)

shows previous results for non-SOC case, i.e., the identical spectras for atom 2 and 3, and

the total contribution from s state of atom 1 in the region from 0 eV to -1.8 eV . The major

contributions to the CBM coming equally from p( j = 3/2, m j =±3/2) (black lines), p( j = 3/2,

m j = ±1/2) (red lines) and p( j = 1/2, m j = ±1/2) (green lines). While VBM contributions

arise mostly from p( j = 3/2, m j = ±3/2). Figures 4.6-c,d,e,f also show that contributions

arising from m j projections with opposing signs are identical.
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Figure 4.5: (a) Band structure, (b) density of states (black lines) as well as the projected
density of states for s (p) as blue (red) lines for α-Te allotrope. Projected density of states for
(c) atom 1, (d) 2 and (e) 3, and, (f) per p state projection in each direction
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Figure 4.6: (a) Band structure, (b) density of states (black lines) as well as the projected
density of states for s (p j=3/2, p j=1/2) as blue (green, red) lines for α-Te allotrope in the pres-
ence of SOC. Projected density of states for (c) atom 1, (d) 2, (e) 3, and, (f) per m j projection
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Lastly, β-Te allotrope has a semiconductor behavior with a direct band gap of 1.50 eV

located at the Γ point, while and indirect band gap with 1.13 eV as is presented in figure

4.7-a. Its density of states, as in previous cases, has a dominant p contribution coming from

5p orbital and a non-zero distribution coming from 5s (figure 4.7-a). In addition, the pro-

jected density of states per atom show the symmetry of the system in the distributions for

atom 1 and 2 (figure 4.7-c,d,e). The biggest contribution to the CBM arises from pz and py

in case of atoms 1 and 2, and from px and py for atom 3. On the other hand, for the VBM we

have slightly larger contributions coming from px and py for atom 1 and 2, but on atom 3 we

conclude that s states overlap p ones. Furthermore, the calculations on projected density of

states per direction shows different distributions for all directions (figure 4.7-f), which is ex-

pected since the system has no x/y symmetry. Around the CBM, we have slightly dominant

pz and py components, meanwhile on VBM it is px .

When SOC is turned on, the direct band gap becomes narrow at Γ because of a change

in curvature on the CBM (see figure 4.8-a). Now, the size of both, the direct and indirect

gap, becomes approximately 1.04 eV . In respect to the density of states, we can conclude

that the large contribution comes from 5p orbitals with total angular momentum equal to

j = 1/2,3/2, where j = 1/2 contributes slightly more to the VBM, while the CBM presents a

mixture of j = 1/2 and j = 3/2. Furthermore, the projected density of states per atom (figure

4.8-c,d,e) shows the simmetry of atom 1 and 2. The major contributions to the CBM come

p( j = 1/2, m j = ±1/2) (green lines), while at the VBM we have equal contributions from

p( j = 3/2, m j =±3/2) (black lines) and p( j = 1/2, m j =±1/2) (green lines) (see figure 4.8-f).

Figures 4.8-c-f also show that contributions arising from m j projections with opposing signs

are identical.
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Figure 4.7: (a) Band structure, (b) density of states (black lines) as well as the projected
density of states for s (p) as blue (red) lines for β-Te allotrope. Projected density of states for
(c) atom 1, (d) 2 and (e) 3, and, (f) per p state projection in each direction
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Figure 4.8: (a) Band structure, (b) density of states (black lines) as well as the projected
density of states for s (p j=3/2, p j=1/2) as blue (green, red) lines for β-Te allotrope in the pres-
ence of SOC. Projected density of states for (c) atom 1, (d) 2, (e) 3, and, (f) per m j projection
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4.3.3 Effective Masses

The hydrogenic model described in chapter 3 for predicting exciton binding energies,

first requires the identification of the most probable places in the band structure where tran-

sitions happen. This corresponds (ignoring electron-phonon interactions for indirect transi-

tions) to the direct transitions. So, in this section, we extract the curvature (equation (3.43)),

and, the effective masses using equation (3.42) for both semiconductor phases, α-Te and β-

Te. In respect to the SOC case, since SOC tends to reduce the size of the band gap, we are

going to analyze just the β-Te with SOC because the direct band gap of the α-Te phase be-

comes too small (it changes from 0.90 eV to 0.51 eV ) to form excitons. Consequently, our

analysis will be applied to three cases: α-Te, β-Te and β-Te with SOC which are detailed in

figures 4.9, 4.10 and 4.11 respectively.
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Figure 4.9: Detailedα-Te band structure for transitions happening at a)Γ and b)T , as well
as the conduction (a.1, b.1) and valence (a.2, b.2) bands involved in the transitions(at Γ, T ).
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The band structure of α-Te presents two regions in k-space where the transition could

happen, Γ and T (see figure 4.5-a), both transitions can be zoomed in directions x and y

as is printed in 4.9-a,b respectively. At point Γ(where x/y directions are equivalent due to

the symmetry of α-Te), we identify two possible transitions from the valence bands labeled

as vb1 and vb2 (figure 4.9-a.2), whose effective masses for the hole are positive M1 = +2.12

me and negative M2 =−0.17 me depending on the curvature respectively, to the conduction

band cb1 (figure 4.9-a.1) with an effective mass for the electron m1 =+0.16 me . On the other

hand, At point T we observe that the conduction band cb3 (figure 4.9-b.1) presents the same

curvature for both directions with electron masses in x and y direction equal to m3x =+0.21

me and m3y =+0.15 me respectively, while the valence band vb3 presents inverted curvature

for y direction with a value of M3y =+2.70 me and a mass in x direction of M3x =−0.18 me .

A summary with the masses of electrons and holes is represented in table 4.4.

Transition e-mass(m) h-mass(M) Reduced mass(µ)
vb1 → cb1 at Γ m1 =+0.16 M1 =+2.12 µx/y = 0.17
vb2 → cb1 at Γ m1 =+0.16 M2 =−0.17 µx/y = 0.08

at T m3x =+0.21 M3x =−0.18 µx = 0.10
m3y =+0.15 M3y =+2.70 µy = 0.16

Table 4.4: α-Te masses for electrons(m) and holes(M) in units of the electron mass me

(with signs +/- depending on the curvature of the band), the effective masses are deduced
using equations (3.42), (3.43)), and the reduced mass is calculated using (3.64)
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Figure 4.10: Detailed β-Te band structure for transitions happening at a)Γ, as well as the
curvature in each direction (x, y) for the conduction (a.1, a.2) and valence (a.3) bands in-
volved in the transitions from vb1 to cb1 or cb2.



Chapter 4. Tellurene 111

For β-Te phase we identify two transitions at Γ due to the degeneracy of the conduction

band (see figure 4.10). These are the transitions from valence band vb1 to the conduction

bands cb1 and cb2. By zooming at Γ, the conduction band cb1 and cb2 (figure 4.10-a.1,a.2)

present negative and positive effective electron masses shown in table 4.5. And, the valence

band vb1 (figure 4.10-a.3) has a negative hole mass for both x and y directions respectively.

Results on β-Te are summarized on table 4.5.

Transition e-mass(m) h-mass(M) Reduced mass(µ)
vb1 → cb1 at Γ m1x =−0.34 M1x =−0.19 µx = 0.41

m1y =−1.01 M1y =−0.37 µy = 0.58
vb1 → cb2 at Γ m2x =+0.15 M1x =−0.19 µx = 0.08

m2y =+0.58 M1y =−0.37 µy = 0.23

Table 4.5: β-Te masses for electrons(m) and holes(M) in units of the electron mass me

(with signs +/- depending on the curvature of the band), the effective masses are deduced
using equations (3.42), (3.43)), and the reduced mass is calculated using (3.64)



Chapter 4. Tellurene 112

Figure 4.11: Detailed β-Te + SOC band structure for transitions happening at a)Γ, as well
as the curvature in each direction (x, y) for the conduction cb1(a.1) and cb2(a.2) and valence
vb1(a.3) bands involved in the transitions.
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The last case is when SOC is turned on. Here we found that the degeneracy on the con-

duction band is no longer present. In addition, it is possible to notice that the conduction

band cb1 change its curvature to positive. However, transitions will possibly be happening

with the same band index as in the non-SOC case (i.e. from vb1 to cb1 and vb1 to cb2). The

effective masses of the hole and electron are represented with an ∗ in table 4.6.

Transition e-mass(m∗) h-mass(M∗) Reduced mass(µ∗)
vb1 → cb1 at Γ m∗

1x =+0.41 M∗
1x =−0.19 µ∗

x = 0.13
m∗

1y =+1.91 M∗
1y =−0.44 µ∗

y = 0.36

vb1 → cb2 at Γ m∗
2x =+0.45 M∗

1x =−0.19 µ∗
x = 0.13

m∗
2y =+4.56 M∗

1y =−0.44 µ∗
y = 0.40

Table 4.6: β-Te + SOC masses for electrons(m∗) and holes(M∗) in units of the electron
mass me (with signs +/- depending on the curvature of the band), the effective masses are
deduced using equations (3.42), (3.43)), and the reduced mass is calculated using (3.64)

4.4 Dielectric constant and 2D polarization

The structures described on section 4.1 correspond to the lowest energy configurations,

and, the most stable ones with respect to phonon perturbations. The dielectric constant of

the system can be calculated by performing a perturbation (with a small electric field) in the

system. Furthermore, as we have shown in chapter 3, the dielectric constant is linearly de-

pendent on the interlayer distance (see equation (3.34)), whose slope gives us the 2D polar-

izationα2D . For this reason, by performing phonon calculations, we are able to construct the

dielectric constant in terms of the interlayer distance, and so, calculate the 2D polarizability.

Phonons calculations were also performed using Quantum Espresso package for the semi-

conductor phases: α-Te and β-Te with and without SOC as a function of the vacuum (shown

in figure 4.12-a,b,c). In our calculations we varied the interlayer distance from 6 Å to 15 Å.

The 2D polarization for α-Te is symmetric for x/y directions and has a value of α2D = 17.70

Å. For β-Te we observe an anisotropic dielectric constant where x direction take a value of

α2D = 8.04 Å and y is α2D = 5.76 Å. Our analysis extended to β-Te with SOC case show that

the polarization does not change drastically, i.e., for x direction we obtain α2D = 9.29 Å and y

isα2D = 6.01 Å. The results then show that in case ofα-Te we have a large dielectric constant,

almost twice the value for β-Te.
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Figure 4.12: Imaginary part of the dielectric constant as a function of the inverse of the
inter-layer distance for the different Te allotropes: (a) α-Te, (b) β-Te and (c) β-Te + SOC

4.5 GW Band Structure

In chapter 2, we have stated that GGA-PBE calculations underestimate the band structure

of the system. For this reason, we perform quasiparticle corrections (GW Approximation) to

the energies in the band structure. The GW approximation has been calculated using the

Yambo code [69] with the results shown in figures 4.13 and 4.14.

EGW
Dg (eV ) EGW

I g (eV )

α-Te 1.70 1.49

β-Te 2.53 2.4
Prev. Res. 2.35 [58] -

Table 4.7: Band structure direct(EPBE
Dg ) and indirect gaps(EPBE

I g ) as well as SOC inclusion

(EPBE+SOC
Dg , EPBE+SOC

I g ) for Bulk-Te and monolayer-Te phases: α-Te, β-Te and γ-Te.

α-Te results show high dispersion in what respect to the quasiparticle energy corrections

(see figure 4.13-b). For this reason, the GW bands can not be considered as a rigid shift

of GGA bands (see figures 4.13-a). The new indirect and direct gap have values of 1.49 eV
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and 1.70 eV and are located at a different position with respect to DFT calculations, they are

located in the pathΓ−M at points C for direct transitions and C−D for the indirect transition.

On the other hand, for β-Te, we observe that quasiparticle energies differ by a rigid shift of

DFT bands. So, the direct gap changes its value to 2.53 eV , which is almost 1 eV in difference

with respect to GGA; while the indirect gap is enlarged up to 2.4 eV , which is 1.27 larger than

the DFT indirect gap. The former is still happening at the Γ point, while the later links the

new CBM at B and the VBM at Γ.

The results on α-Te band structure after considering the self energy correction through

G0W0 approach are new on the literature and still need to be compared with other results for

this allotrope. On the other hand GW correction on β-Te can be compared with reference

[58]. There is just 8% in discrepancy, that can be attributed to different parameters in the

calculations.
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Figure 4.13: (a) Band structure for GW (black lines) and GGA (red lines) levels of theory,
and (b) energy dispersion between GW approximation and KS for α-Te, for valence (blue)
and conduction bands (green). A straight line indicates that GW calculation corresponds
to a rigid shift of the bands. Both lines present high dispersion with a total sum of squares
of 56.79 for the red line (regression of the conduction band), and 47.24 for the black one
(regression of the valence band).
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Figure 4.14: (a) Band structure for GW(black lines) and GGA(red lines) levels of theory,
and (b) energy dispersion between GW approximation and KS for β-Te, for valence (blue)
and conduction bands (green). A straight line indicates that GW calculation corresponds to
a rigid shift of the bands.
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4.6 Optical Absorption

The calculations for the imaginary part of the dielectric constant can be obtained within

different levels of theory as we have seen in chapter 2. The IPA level does not include infor-

mation on the Hartree potential nor of the kernel for the linear response theory (equation

2.48). In the RPA, on the other hand, one considers the Hartree term on the polarization

but not the exchange-correlation potential. And, lastly the BSE dielectric constant is ob-

tained after solving the Bethe Salpeter equation, in which the exchange-correlation kernel

K̃ ∗ is considered. The best approximation for the dielectric constant, specially for semicon-

ductors, corresponds to the BSE level of theory; but, the RPA, as we have seen in chapter 1,

defines the band edge for which it is possible to identify the exciton binding energies.

4.6.1 α-Te

Figure 4.15: Imaginary part of the dielectric constant as a function of energy for different
levels of theory: (a) IPA, (b) GW-RPA and (c) GW-BSE for α-Te allotrope
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Absorption spectra calculations for α-Te allotrope are printed in figure 4.15. The imagi-

nary part of the dielectric constant in the IPA (blue lines) shows two peaks at 1.36 eV and 2.13

eV . After performing the RPA with quasiparticle corrections for the band structure (GW), the

two peaks are red shifted by 0.82 eV . This position defines the band edge at 1.70 eV . And, in

the GW-BSE level, we obtain the same spectra as in GW-RPA but shifted by 0.42 eV to the left

side (with the two main elevations located at 1.75 eV and 2.53 eV ). This red shift has been

previously observed for monolayer GeSe in the zigzag direction [40]. The BSE spectra was

constructed by the transitions happening at the Γ and T points (see figure 4.16). In addition,

since the GW-BSE does not present large peaks in intensity, and has the same shape as the

GW-RPA, we can affirm that no stable excitons are formed in the α-Te allotrope.

4.6.2 β-Te

Figure 4.17 and 4.18 show the absorption using three level of theories: IPA, RPA and BSE

for light polarized in x and y directions, whereas figure 4.19 compares BSE for diagonal (d),

x (ZZ) and y (AC) directions. The anisotropy of β-Te allotrope is clearly seen for the differ-

ent levels of theory. For example, when the Hartree contribution is not included (IPA), we

observe two peaks located at 1.82 eV and 2.62 eV for y-polarization, while in x-polarization

there is only one peak located at 1.79 eV . If the exchange correlation kernel is zero but not

the Hartree term (RPA), we can see that contribution becomes small in intensity for both di-

rections, and, the starting point on the RPA, which is the value of the direct band gap, defines

the band edge of the system with value of 2.53 eV for both directions. Lastly, when e-h corre-

lations are included, it is possible to observe excitons in the brightest peaks. We have select

three directions (x,y and diagonal-d) for this allotrope in order to have a complete knowl-

edge on how the anisotropy affects e-h quasiparticles. For x-polarized light direction (see

figure 4.17) we have the first exciton located (optical band gap) at 1.87 eV (exciton 1) with

a binding energy (BE) of 0.66 eV , and a second peak at 2.08 eV (exciton 2) with a binding

energy of 0.45 eV . On the other hand, the vertical direction shows a unique peak at 1.96 eV

(exciton 3) with a binding energy of 0.57 eV , which is a third intensity one when compared

to the horizontal direction. So, the anisotropy of the imaginary part of the dielectric con-

stant is almost negligible since the brightest peaks are located at almost the same position

but with different intensity. Both contributions in x and y can be appreciated on the diag-

onal direction, where the peaks along the zigzag direction (x) overlap with the ones coming

from the armchair direction (y). Consequently, we only observe the excitons labeled 1 and

2. We located three excitons in the band structure (see figure 4.16) and noticed that transi-

tions only occur at Γ. Furthermore, due to the closeness of conduction band cb1 and cb2,

we have characterized the bands involved in each transition. So, excitons 1 and 3 (see figure

4.19) are happening between valence band vb1 and conduction band cb1; while exciton 2

enroll transition to conduction band cb2. The large peaks in intensity correspond to bright
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excitons which tend to be s states, for example, excitons 1 and 2 correspond to states 1s and

1s∗ respectively. The nature of 1s-like states comes from the fact that the transition occur to

a degenerate conduction band. In addition, we have a 2s and 2s∗ states located at 2.16 eV

and 2.22 eV which contribute with 10% in intensity and has a BE of 0.36 eV (blue solid lines

in figure 4.24-a). On the other hand, there are peaks with zero intensity which can not be

appreciated in the BSE spectra, and correspond to dark excitons located at the blue dashed

lines in the figure 4.24-a and are labeled as p orbitals. The first characterized dark state can

be recognized as py . BSE spectra in the diagonal is similar to Black phosphorus (BP), for this

reason, it is expected that the photoluminiscence will be dictated only by the exciton located

at 1.87 eV (labeled as exciton 1) with the linear polarization along the zigzag direction similar

to BP. The binding energy of excitons showed for β-Te are similar to BP and TMD’s, so it is an

strong candidate for development of excitonic-type solar cells. A comparison with previous

results is shown in table 4.8.

ZZ dir. (x) AC dir. (y)
Optical Gap 1.87 eV 1.96 eV

Prev. Res. 1.68 eV [58] 1.88 eV [58]

Binding Energy 0.66 eV 0.57 eV
Prev. Res. 0.67 eV [58] 0.47 eV [58]

Table 4.8: β-Te brightest exciton comparison with previous results [58] for zigzag - x and
armchair - y directions

Figure 4.16: (a) Regions where the transitions form the majority of GW-RPA and GW-BSE
in α-Te allotrope. Places where the transitions form excitonic states for (b) β-Te and (c) β-Te
with SOC, labeled according to sections 4.6.2 and 4.6.3.



Chapter 4. Tellurene 121

Figure 4.17: Imaginary part of the dielectric constant vs energies for different levels of
theory: (a) IPA, (b) GW-RPA and (c) GW-BSE for the zigzag (x) direction in β-Te allotrope
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Figure 4.18: Imaginary part of the dielectric constant vs energies for different levels of
theory: (a) IPA, (b) GW- RPA and (c) GW-BSE for the armchair (y) direction in β-Te allotrope
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Figure 4.19: Imaginary part of the dielectric constant vs energies for solutions (excitons)
on Bethe-Salpeter equation in (a) diagonal , (b) x and (c) y direction for β-Te allotrope. The
optical gap of the bright excitons, the band edge of the system and the place where the tran-
sition occur are detailed as well.
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4.6.3 β-Te with Spin Orbit Coupling

Figures 4.20 and 4.21 show the three level of theories: IPA, RPA and BSE for x and y direc-

tions of light polarization in the presence of SOC (spin orbit coupling); figure 4.22 compare

the BSE for diagonal (d), x (ZZ) and y (AC) directions; and, figure 4.23 compare the BSE spec-

tra for SOC and non-SOC cases. The independent particle approximation (IPA) shows two

peaks located at 1.60 eV and 1.80 eV for the x direction, and 1.80 eV and 2.52 eV for y direc-

tion. Those two peaks at x show the difference from the non-SOC case. Here the splitting of

the peak is caused by the additional index in the band structure due to the spin. At the RPA

level of theory, we see the usual right shift for the spectra in contrast to the IPA due to the

Hartree term inclusion. Here, the two peaks located at 2.62 eV and 3.51 eV for x direction

have an improved definition. Even more so, the first peak in the IPA (located at 1.80 eV ) is

divided in two well defined peaks located at 2.62 eV and 2.8 eV . The RPA defines the band

edge located at 2.07 eV (which is a good value in comparison to 1.92 eV calculated in [58]).

The size of the direct gap was calculated by an approximation considering the previous re-

sults on the quasi-particle corrections (GW) from the non-SOC case, i.e., we have taken the

QP corrections from the non-SOC case (1.03 eV ) and made a rigid shift for the band struc-

ture in the presence of SOC (whose direct gap was 1.04 eV ), thus resulting in 2.07 eV . In this

sense, the solution of Bethe Salpeter equation gives three notable peaks in the ZZ direction

with energies of E1 = 1.45 eV , E4 = 1.66 eV and E5 = 1.85 eV ; and, two well defined peaks in

the AC direction with energies E6 = 1.74 eV and E7 = 1.93 eV (see figures 4.20 and 4.21).

Here, we appreciate that the intensity in the x direction is twice the one in y, and that

peaks are located at almost the same position to the non-SOC case. Thus, the anisotropy

at the BSE level is just noticeable for the first exciton (E1 = 1.45 eV ) and, when comparing

intensities. The BSE results in the diagonal direction (see figure 4.22) clearly show three ex-

citonic states located at E1 = 1.45 eV (exciton 1), E2 = 1.70 eV (exciton 2) and E3 = 1.88 eV

(exciton 3). Exciton 1 comes fully from x direction contribution, while exciton 2 and 3 are

composed by the contributions from E4 and E6, and E5 and E7 respectively. Those excitonic

states have binding energies (red solid lines in figure 4.24-b) corresponding to 0.62 eV (ex-

citon 1), 0.37 eV (exciton 2) and 0.19 eV (exciton 3) and occur from transitions from vb1 to

cb1 in the vicinity of the Γ point (see figure 4.16), where the direct gap is located. In this case,

the flip in the curvature of the band and the separation between the two nearest conduction

bands due to the SOC inclusion causes the suppression of transitions from vb1 to cb2. So,

in this case, The three brightest excitons are s states, i.e., excitons 1 is 1s, exciton 2 is 2s and

exciton 3 is 3s in character. On the other hand, the dark excitons (see the red dashed lines

in figure 4.24-b), which are solutions of the BS equation with zero intensity (not appearing

in bse spectra) are located at 1.61 eV , 1.70 eV and 1.82 eV with binding energies of 0.46 eV ,

0.37 eV and 0.25 eV respectively.

In conclusion, the SOC causes the BSE spectra of our β-Te phase to move to the left (due
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to the reduction in size of the direct gap), an splitting of the peaks (due to the additional index

of the spin) and lowers the intensity of the peaks in the zigzag and diagonal light polarization

direction (since the armchair direction is almost constant) (see figure 4.23).

Figure 4.20: Imaginary part of the dielectric constant vs energies for different levels of
theory: (a) IPA, (b) GW-RPA and (c) GW-BSE for light polarized in the zigzag(x) direction for
β-Te allotrope in the presence of SOC
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Figure 4.21: Imaginary part of the dielectric constant vs energies for different levels of
theory: (a) IPA, (b) GW- RPA and (c) GW-BSE for light polarized in the armchair(y) direction
for β-Te allotrope in the presence of SOC
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Figure 4.22: Imaginary part of the dielectric constant vs energies for solutions (excitons)
on Bethe-Salpeter equation for light polarized in the (a) diagonal , (b) x and (c) y direction
for β-Te allotrope in the presence of SOC. The optical gap of the bright excitons, the band
edge of the system and the place where the transition occur are detailed as well.
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Figure 4.23: BSE comparison for SOC (solid lines) and non-SOC (dashed lines) cases for
light polarized in (a) diagonal, (b) x and (c) y for β-Te allotrope. The vertical purple solid
(dashed) lines show the peaks for SOC (non-SOC) case.
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Figure 4.24: Excitonic binding energies comparison between the results on solving the
full Bethe-Salpeter equation (a) in the DFT level of theory and (b) in the presence of SOC
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4.7 Hydrogenic Model for Excitons

Once we have determined where the transitions occur in the monolayer α-Te and β-Te.

We are able to test the hydrogenic model in order to predict the binding energies. So, in this

section we will analyze the transitions forα-Te and β-Te with and without SOC. Even though

the α-Te allotrope does not present clearly excitons, we can in principle predict binding en-

ergies due to the existence of a direct gap in its bandstructure.

4.7.1 Eigenvalues

In the case of α-Te we have identified three possible transitions:

Transitions at Γ

There are two transitions happening at this point, from valence band vb1 and vb2 to cb1;

since Γ is symmetric in x/y direction, the reduced masses in each direction are equivalent

and with values of µvb1→cb1
x/y = 0.17 me and µvb2→cb1

x/y = 0.08 me . The computed binding ener-

gies with a α2D = 17.70 Å are E vb1→cb1
1 = 0.24 eV and E vb2→cb1

1 = 0.20 eV (see figure 4.25-a),

and correspond to 1s-like states as seen in the figure 4.25-b,d.

Figure 4.25: (a) Predicted excitonic binding energies E vb1→cb1
1 = E1 = 0.24 eV , E T

1 = E2 =
0.22 eV and E vb2→cb1

1 = E3 = 0.20 eV (black vertical lines) for monolayer α-Te using the hy-
drogen effective model in comparison with BSE and RPA spectras. Excitonic wave functions
for the transitions at Γ and T : (b) E vb1→cb1

1 , (c) E T
1 and (d) E vb2→cb1

1 .
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Transition at T

It involves bands whose reduced masses are µx = 0.10 me and µy = 0.16 me and 2D po-

larization of α2D = 17.70 Å. The first binding energy calculated trough the Numerov method

correspond to a 1s state with value of E T
1 = 0.22 eV (see figure 4.25-a,c).

So, the simple model predicts small exciton binding energies for α-Te allotrope. How-

ever, as we have seen in the BSE spectra, this phase does clearly present bound excitons. We

conclude that the structure ofα-Te is unable to form stable excitons because of the large size

of the polarization, but, since it has an small direct gap, the hydrogen model will always pre-

dict values for binding energies.

For the β-Te phase we have identified two transitions happening at Γ:

Transition from vb1 to cb1

For this transition, we have the particular case where the conduction band has a nega-

tive curvature, for this reason we are considering it negative when computing the reduced

masses. They have values of µx = 0.41 me for zigzag direction and µy = 0.58 me for the arm-

chair. With a 2D polarization value equal to the mean of both directions, i.e., α2D = 6.90 Å.

The computed binding energies are represented in figure 4.26-b. The exciton binding ener-

gies of interest correspond to the bright ones colored in black solid lines, the first 1s is lo-

cated at E1s = 0.63 eV , and the 2s state at E2s = 0.33 eV . Values which are in good agreement

with BSE results (see figure 4.26-a for 1s and 2s blue lines). Furthermore, we recognize dark

excitons which are drawn as black dashed lines and correspond to p states. The only compa-

rable state of this kind, with respect to Yambo energies, is the state 2py which is displaced an

amount of 1.1 eV . The remaining bright or dark excitons in the energy range considered here

have been characterized according to the probability distribution in analogy to the hydrogen

atom wave functions.

Transition from vb1 to cb2

In this case, electron and hole effective masses have values of µx = 0.08 me in the zigzag

direction and µy = 0.26 me for armchair. The binding energies are represented with ma-

genta lines in figure 4.26-c where we identify the first two states 1s and 2s labeled with a star

∗, whose values are E1s∗ = 0.45 eV and E2s∗ = 0.20 eV . Those energies correspond to the

BSE energy states of 1s∗ and 2s∗ (see figure 4.26-a); we can see that 1s∗ state show a good

accuracy, while the 2s∗ state present an error when we compare to the predicted value in the

hydrogen model.

In conclusion, the 2D hydrogen model predicts correctly the brightest excitons (i.e., the

1s, 2s and 1s∗ on figure 4.26-a) in the β-Te phase coming from the solution of Bethe Salpeter
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equation. In this particular case, the correct application of the hydrogen model deals with a

degeneracy on the conduction band causing the excitonic binding energies to be splitted in

two transitions. The first transition predicts correctly states 1s, 2s; while, the second transi-

tion gives the 1s∗ state. This reaffirms, one more time, the power of the Hydrogenic model,

since it has been previously applied to Phosphorus and TMD’s [43, 93, 94, 95] and now to

tellurene with good accuracy for predicting exciton formation in monolayer slabs.

For β-Te with SOC we have identified one transition happening at Γ:

Transition from vb1 to cb1

For this transition, we have the reduced masses with values of µx = 0.13 me for zigzag

direction and µy = 0.36 me for the armchair. And, a 2D polarization, equal to the mean of

both directions, of α2D = 7.65 Å. So, the computed binding energies are represented with

green lines in the figure 4.27-b. The exciton binding energies of interest correspond to the

first three s states: the 1s state has a value of E1s = 0.47 eV , the 2s state is E2s = 0.23 eV and

the 3s state is E3s = 0.15 eV . In this case, this results does not match the excitons obtained

with BSE (see figure 4.27-a), the difference is 0.15 eV for the 1s state, 0.14 eV for 2s and 0.04

eV for 3s.

So, we can conclude the pure 2D hydrogen model has limitations when trying to predict

results from spin orbit coupling calculations. However, this errors could possibly decrease

if fine structure terms such as the relativistic (p4) and spin-orbit (~L ·~S) are included in the

model. This implementation is left as a future research project.
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Figure 4.26: Excitonic binding energies comparison between (a) the results on solving the
full BS equation with DFT and with the hydrogen model for (b) transition between vb1-cb1,
and (c) transition between vb1-cb2.
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Figure 4.27: Excitonic binding energies comparison between (a) the results on solving
the full BS equation in the presence of SOC and (b) with the hydrogen model for transition
between vb1-cb1.



Chapter 4. Tellurene 135

4.7.2 Exciton Wavefunctions

Excitonic wave function for β-Te are described in figures 4.28-a-e, where we have se-

lected the five matched states in binding energies between BSE solution and the hydrogen

method. Figure 4.28-a,b shows the first two 1s states (from the transition vb1 to cb1) and

1s∗(transition vb1 to cb2) coming from hydrogen model (left figures of 4.28) and BSE (right

figures of 4.28); even though the shape of the states correspond to a 1s-like wave function,

there is a discrepancy in the size of the radius for the first state. We manage to identify the

states 2s (transition from vb1 to cb1) and 2s∗(transition from vb1 to cb2) represented in fig-

ure 4.28-c,d, where both the size (70 Å-80 Å) and the shape of the exciton wave function

agree between BSE (right) and hydrogen model (left). Lastly, figure 4.28 correspond to a dark

exciton which can be identified as a 2py state. The anisotropy of β-Te does not affect the

system significantly, since the effective masses for the first transition (vb1 to cb1) are not so

different, so that is why we observe almost spherical wave functions. However, transitions

describing 1s∗ and 2s∗ (i.e., from vb1 to cb2) show more clear the anisotropy of the system

due to a the smaller value of the x-directional effective mass.

In case of β-Te in the presence of spin orbit coupling, the excitonic wave functions for

the first and second peaks are represented in figure 4.29, they correspond to the 1s and 2s

states respectively. Since the difference of the directional effective masses is large, we see

the deformation in favor of the x direction for the hydrogen model (left figures of 4.29). This

shape is identical to the one found in the BSE (right figures of 4.29). Lastly, the size of the

wave functions has a difference of 30 Å when both models are compared.
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Figure 4.28: Excitonic wavefunctions comparison between hydrogen model(left side with
red-hot colors) and BSE (left side with RGB colored) for β-Te. The bright excitons are: (a)
correspond to 1s, (b) is 1s∗, (c) the 2s state and (d) 2s∗; and dark exciton state printed in (e)
for state 2py .

Figure 4.29: Excitonic wavefunctions comparison between hydrogen model(left side with
red-hot colors) and BSE (left side with RGB colored) for β-Te with spin-orbit coupling. The
bright excitons correspond to (a) 1s and (b) 2s states.
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4.8 Discussion

In summary, the tellurene is a material which can be stabilized in the MoS2-like (α-Te

and γ-Te) and tetragonal (β-Te) structures. In which the formation of α-Te is novel in the

history of 2D-materials (the thickness dependent phase transition). The band-structure of

these systems show a metallic behavior for γ-Te, while the α-Te and β-Te are semiconduc-

tors. Our analysis for the optical properties of tellurene has been applied to the semiconduc-

tor phases with and without the inclusion of SOC (the case with SOC just correspond to the

β-Te phase, because the α-Te non-SOC gap is actually small, and the inclusion of SOC will

just decrease that value). So, the BSE optical spectra was constructed after the calculation of

the QP corrections (GWA) for the two phases α-Te and β-Te, while for β-Te with SOC, the QP

corrections where included via a rigid shift of the DFT bands. There we can see that the α-Te

can not form stable excitons, while β-Te present three bright excitons happening at Γ. These

transitions enroll the two first conduction bands due to the contact point formed at Γ. The

binding energy of the excitons are 0.66 eV , 0.57 eV and 0.45 eV . The highest and lowest ones

correspond to the brightest transition happening when light is polarized in x direction, while

the one in the middle ,correspond to y-direction. However, since the excitons at x/y spectras

are located at the same position, the x-directional overlaps the y for the diagonal light po-

larization spectra. In this way, the anisotropy of tellurene is not appreciated in the position

of the peaks but in the intensity of them. Lastly, when SOC is turned on, the BSE spectra

changes considerably from the non-SOC case, since the direct gap at Γ no longer present

the contact point. The first three excitons correspond to states s-likes, where the intensity

of the peaks becomes the source of anisotropy. Both results for β-Te, the most stable phase,

argument that the tellurene is an excellent monolayer material for development of photo-

voltaic devices, due to the stable formation of excitons of binding energy of 0.66 eV . What is

more, the anisotropy of the system could help in the development of electronic devices that

include directional currents.

For the hydrogenic effective model, the effective masses (located at band-structure’s places

where the transitions happens) and 2D-polarization (calculation of the dielectric constant

using phonon calculations) were computed. The model predicts that for α-Te, the excitons

should be formed at Γ and T points with an average binding energy of 0.22 eV . For β-Te, the

transitions were happening from the valence band, at Γ, to the point where two conduction

bands meet. The excitons with highest binding energies correspond to s-like states when

compared to hydrogenic wave-functions. Lastly, the SOC case of β-Te establish a binding

energies of approximately 0.1 eV difference in compare to the non-SOC case, and ordered

the character of principal excitons as s and d-likes states.

Lastly, when both results are compared. We see the first discrepancy for α-Te presence

of excitons (in the hydrogen model). This can be explained due to the basis of the model

(since it will always predict an energy if a gap is given). On the other hand, for β-Te, the
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effective model predicts the three brightest excitons with excellent accuracy for the binding

energies, transition places, and shape of the wavefunctions. Thus confirming the power of

the hydrogen effective model, which has been previously applied to phosphorus and TMD’s.

However, when we have analyze the SOC results, we clearly see the limitations of a non-

relativistic model. The no inclusion of an spin index nor the kinetic energy corrections in the

effective model possibly make the difference in binding energies (even though the shape of

wavefunctions matches the BSE results). So, for a fully understand of systems with spin-orbit

coupling, a Dirac equation approach in two dimensions should be studied.





Conclusions

Through this thesis, we have talk firstly about the solar cell industry. In view that nowa-

days photovoltaic industry is currently searching techniques for develop low dimensional

systems with better characteristics compared to present photovoltaic devices, the evolution

of the solar cell market point towards thin film generation, and new types, such as excitonic

solar cells. The mechanism behind the excitonic solar cell lead us to the well-known quasi-

particle called as exciton, which, is composed by an electron-hole pair, similar to a hydro-

genic atom. To study the properties of this excitons, it is necessary to decrease the dimen-

sions of the system up to a few Angstroms (Å), and so fall in the world of nano-technology.

Specifically, we focus on two-dimensional materials, the monolayers, which are one of the

best systems to boost the exciton solar cell market due to the fact that they can harbor stable

excitons (high binding energy excitons). Some representative examples in the literature are

the TMD’s, phosphorus, and, our subject of study, tellurene (monolayer of tellurium). In this

sense, we start exploring the characteristics of Tellurium, and arrive to the quick conclusion

that its production and cost are not the ideal ones for a market. However, tellurium can be

overcome this, if new government politics are implemented, or by creating the necessity to

acquire this new type of technology.

Since our main purpose is to understand the optical properties (excitonic formation)

of tellurene. We firstly present the theoretical background for it in chapter 2. There, we

start with the DFT theory, which has its bases on Hohenberg-Kohn theorems and a solu-

tion thanks to Kohn and Sham (KS). Where the KS solution help us to determine the energy

levels and the wave-functions (band-structure). In addition, one could develop a time de-

pendent DFT theory, which has its bases on Runge-Gross theorem, and predict the optical

properties of the system, thanks to the calculation of the dielectric constant in the indepen-

dent particle approximation (IPA) and random phase transition (RPA). However, despite the

success of DFT, the DFT band-structure present errors due to the absence of quasi-particle

(QP) interactions in the theory. This problem is solved thanks to Green functions, Hedin’s

equations and the GW approximation. Where the later uses the screened interaction in the

plasmon-pole approximation, and the wave functions calculated from KS band-structure.

In some cases the QP corrections just causes a rigid shift on the DFT band-structure (e.g.

β-Te with and without SOC), and in others the changes are substantial (e.g. α-Te). The QP

corrections make possible the calculation, by using TDDFT, of the GW-IPA and GW-RPA ab-

sorption spectras, and so, going closer to experimental results. However, there are some ma-

terials with large gaps, such as semiconductors or insulators, where it is necessary to include

electron-hole (exciton) correlations through the Bethe-Salpeter equation (BSE). Finally, once

BSE is solved, it gives us the correct absorption spectra, and also information of the binding

140
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energies (when is compared to the band edge at the beginning of the GW-RPA) and wave-

functions of the excitons.

As we have seen, the theory behind the BSE optical spectra deals with several previous

calculations, which in combination with the several sums (for example the ones appearing

in the screened interaction, the RPA or the GWA) make the computation too expensive. For

this reason, we search an effective theory, in chapter 3, that give us partially the same infor-

mation of the original system. The quantities of interest, in our case, are the ones related

with excitons, such as binding energy and the wave function. So, the effective model should

be based on excitons inside a two-dimensional material. This system can be approximated

to a hydrogenic atom (exciton) moving in an effective potential (modeled as a sheet). The

potential is constructed in terms of the Struve and Bessel functions, and is approximated

to the Keldysh interaction. And, we also can have anisotropic solutions (with respect to the

two-dimensional polarization α2D ) whose can be approximated as well to the Keldysh po-

tential but with an average α2D for x/y directions. What is more, since we are modeling a

particle conformed by an electron and hole, the effective masses of them are mandatory.

Those are extracted from the curvature of the valence and conduction band at points where

the transition happen. Finally, The two-dimensional Schrodinger equation for the system

can be isotropic or anisotropic depending on the directional effective masses. In both cases,

they can be solved by the Numerov method, linear in the isotropic case and matrix for the

anisotropic one. The results arising from this differential equation give us the energy levels

and wave-functions of excitons.

The last chapter compare both excitonic results arising from the full BSE solution and the

hydrogen like model. However, before we analyze the optical characteristics of tellurene, we

focus on the structural and electronic properties in order to have a complete description of

this monolayer. The tellurene, the two-dimensional material coming from the semiconduc-

tor tellurium (bulk-Te), present three phases: α-Te, β-Te y γ-Te. The α-Te introduces a new

formation process known as thickness-dependent phase transition, while the natural most

stable phase β-Te is obtained through exfoliation in the z th direction. The band-structure

show that both phasesα-Te andβ-Te are semiconductor, while the γ-Te behaves like a metal.

In the same sense, the band-structure in the presence of SOC causes an splitting of contact

points in the bands, a decrease in the size of the gap, and an inversion in the curvature of the

valence band and conduction band for α-Te and β-Te respectively. On the other hand, the

density of states, in any of the three phases, show a global contribution arising from p states.

Our cases of study are reduced to the transitions in α-Te, which occur in the Γ and T points,

in β-Te, which happen at Γ, and in β-Te + SOC, which occur at Γ as well. In what respect

to the effective masses of valence and conduction bands, α-Te is isotropic, while the β-Te

y β-Te + SOC show anisotropic behavior due to their rectangular IBZ. What is more, for the

polarization constant, we found anisotropy for β-Te with or without SOC, and, a high value,

almost the double from β-Te, for α-Te phase. When the QP corrections are performed, the
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band-structures in the case of α-Te, make a change in the gap positions and causes several

elevations throughout the trajectories of the DFT bands. On the other hand, for β-Te, we

have a rigid shift. This fact encourage us to take the GW corrections to the β-Te + SOC as a

rigid shift as well.

Lastly, for the optical properties, the BSE spectra results show that the α-Te does not

present excitons, the BSE only makes a shift to the left in comparison to the GW-RPA; while

onβ-Te phase, we have an strong presence of excitonic peaks with optical gaps of 1.87 eV for

the zz direction (x) and 1.96 eV for ac direction (y). The sum of this contributions in the di-

agonal direction show that the x direction is predominant in intensity (thus confirming, one

more time, the anisotropic character of β-Te), thus, resulting in two excitons located at 1.87

eV and 2.08 eV with binding energies of 0.66 eV and 0.45 eV respectively. In what respect

to the SOC case, it is notorious that in each level of theory (IPA, RPA and BSE), we observe

the characteristic splitting due to the inclusion of the new degree of freedom, the spin. In

this way, we have three prominent excitons before the band edge located at 1.45 eV , 1.70

eV y 1.88 eV with binding energies of 0.62 eV , 0.37 eV y 0.19 eV respectively. On the other

hand, the hydrogen effective model applied to the α-Te phase predicts a binding energy of

the order of 0.2 eV due to its great 2D-polarization constant. However, when is compared to

the BSE spectra, we observe that no excitons exist in this phase. This discrepancy is due to

the fact that the consideration of the gap is always present in the simple model, thus, a value

will always be given to the binding energy. In the case of β-Te, the model works perfectly, it

predicts the values of 0.63 eV y 0.45 eV for the first two excitonic peaks which corresponds

to 1s and 1s∗ states; what is more, it predicts the state 2s with an energy of 0.33 eV . Thus,

confirming the power of the hydrogen effective model whose has previously been applied

to TMD’s and phosphorus. Lastly, the binding energies predictions in the case of β-Te with

SOC does not match with the provided by BSE. This is due, perhaps, to the no inclusion of

relativistic terms and spin-orbit coupling. However, it is left as a future research project to

analyze the contributions and impact of this terms in the 2D hydrogenic model. In addi-

tion, the excitonic wave-functions formed in β-Te for our cases of interest 1s, 1s∗, 2s and 2s∗

show a great similarity in shape to the ones obtained in the BSE calculation; however, there

is a difference in scale for the cases with lowest binding energies 1s y 1s∗.

Finally, the results show that one of our materials of study, the β-tellurene, is an excellent

material to host stable excitons of the order of 0.65 eV similar to the ones found in TMD’s

and phosphorus. For this reason, we can firmly say that β-Te is a tentative candidate for

photovoltaic technology. Even more, thanks to its anisotropic character, electronic devices

operating with directional currents can be developed.
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The electric potential (eq. (3.13)) can be generalized for the case when α2D is a tensor. In

this particular case α2D has 4 components. Those are αx
2D , αy

2D and α
x y
2D = α

y x
2D , where the

mixed components αx y
2D contributions are zero. So, we have an equation,

φ2D (q) = 2πe

q +2παx
2D q2

x +2παy
2D q2

y

, (A.1)

where q represents the modulus |q| and qx , qy its components. In real space the equation

looks like

φ2D (ρ) = e

2π

∫ ∞

0

∫ 2π

0

1

q +2παx
2D q2cos2(ψ)+2παy

2D q2sin2(ψ)
eqρcos(θ−ψ)qd qdψ, (A.2)

and, by using the following identities:

F (q,ψ) =
+∞∑

i n f t y
Fn(q)e i nψ, (A.3)

Fn(q) = 1

2π

∫ 2π

0
F (q,ψ)e−i nψdψ, (A.4)

e i qρcos(θ−ψ) =
+∞∑
−∞

i n Jn(ρq)e i nθe−i nψ, (A.5)

e−i qρcos(θ−ψ) =
+∞∑
−∞

i−n Jn(ρq)e−i nθe i nψ. (A.6)

We obtain,

φ2D (ρ) = e

2π

+∞∑
−∞

i ne i nθ
∫ ∞

0

∫ 2π

0
Fn(q)Jn(qρ)qd qdψ, (A.7)

and, integrating by ψ:

φ2D (ρ) = e
+∞∑
−∞

i ne i nθ
∫ ∞

0

∫ 2π

0
Fn(q)Jn(qρ)qd qdψ, (A.8)

where the term Fn(q),

Fn(q) = 1

2π

∫ 2π

0
F (q,ψ)e−i nψdψ,

Fn(q) = 1

2π

∫ 2π

0

1

q +2παx
2D q2cos2(ψ)+2παy

2D q2sin2(ψ)
(cos(nψ)− i sin(nψ))dψ, (A.9)

(A.10)

has the contributions only arising from even n coupled with cos(nψ), and odd n with sin(nψ).

However, the contributions from integrals with sin(nψ) are almost zero. So, Fn(q) is

Fn(q) = 1

2π

∫ 2π

0

cos(nψ)

q +m̄q2cos2(ψ)+ n̄q2sin2(ψ)
dψ. (A.11)
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By replacing it on φ2D , we have

φ2D = e

2π

[ −∞∑
n=−2

i ne i nθ
∫ +∞

0

∫ 2π

0

cos(nψ)

q +m̄q2cos2(ψ)+ n̄q2sin2(ψ)
Jn(qρ)qd q

+
∫ +∞

0

∫ 2π

0

cos(nψ)

q +m̄q2cos2(ψ)+ n̄q2sin2(ψ)
J0(qρ)qd q

+
+∞∑
n=2

i ne i nθ
∫ +∞

0

∫ 2π

0

cos(nψ)dψ

q +m̄q2cos2(ψ)+ n̄q2sin2(ψ)
Jn(qρ)qd q

]
,

φ2D = e

2π

[ −∞∑
n=−2

i n(cos(nθ)+ i sin(nθ))Tn(ρ)+T0(ρ)

+
+∞∑
n=2

i n(cos(nθ)+ i sin(nθ))Tn(ρ)
]

, (A.12)

where

Tn(ρ) =
∫ +∞

0

∫ 2π

0

cos(nψ)

q +m̄q2cos2(ψ)+ n̄q2sin2(ψ)
Jn(qρ)qd q. (A.13)

We can reduce eq. (A.12) by using the identity

Jn(qρ) = (−1)n Jn(qρ), (A.14)

which coupled with a negative even n gives

Tn(ρ) = T−n(ρ). (A.15)

Consequently, the 2D electric potential becomes

φ2D = e

2π

[
T0(ρ)+2

+∞∑
n=2

i ncos(nθ)Tn(ρ)

]
, (A.16)

for the anisotropic polarization case.

Firstly, We approximate the summation to just the two first terms (i.e. T0 and T2) due to

the fact that the Bessel function contribution becomes small for large values of n. Secondly,

we notice that equation (A.16) depends on the angle θ, which is a disadvantage when try

to solve this analytically. However, this problem is overcome by approximating all solutions

from every angle to the case where θ = 0. This is shown in picture A.1-b, where we appreciate

that contributions on angles θ =π/4, π/2 are almost identical to the case where θ = 0. Lastly,

we compare the solutions of the full anisotropic case (eq. (A.16)) with Keldysh isotropic so-

lution (eq. (3.24) with an average value for α2D = (αx
2D +αy

2D )/2) as we see from figure A.1-a.

Since both plots are identical, we can use the Keldysh solution with an average α2D for our

anisotropic hydrogen effective model
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Figure A.1: a) Comparison between the anisotropic solution VA(ρ) (eq. (A.16)) and the
Keldysh solution VK (ρ) with the average α2D (eq. (3.24)). b) Anisotropic potential for differ-
ent angles θ = 0, θ =π/4 and θ =π/2
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The formation of αTe is novel in the history of 2D materials. From what is known, 2D

materials can be formed in two ways, those that can be mechanical exfoliated from their lay-

ered bulk such as graphene and MoS2; and those, lacking a layered bulk counterpart, that

have to be grown epitaxially on proper substrates such as silicene and statene [53]. How-

ever, tellurene can be formed from a new type of formation mechanism characterized by

thickness-dependent structural phase transition. According to the results showed in [53],

there are phase transitions when a few layer slab of Tellurium is relaxed, the α phase emerge

after the relaxation of an slab with number of layers equals to N = 3,6,9,12,15 (they are the

lowest energy points as is pictured in the figure B.1). Picture B.1 shows an example of this

transition when N = 8 and N = 9[53]. After the formation of multilayered structures of α

phase for the preferred thicknesses in a Te slab, the monolayers can be extracted by simple

exfoliation.

Figure B.1: (a) αTe formation energies E f (minimal points) of the fully relaxed Te slabs as
a function of the thickness. (b) and (c) The relaxation picture of the Te at N=8 and N=9, αTe
emerges for N=9 extracted from [53].
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