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A classical perturbation problem is the polynomial perturbation of the harmonic oscillator, (x',y') =
(=y + ef(x,y,€), x + eg(x,y, €)). In this paper we study the limit cycles that bifurcate from the period
annulus via piecewise polynomial perturbations in two zones separated by a straight line. We prove that,
for polynomial perturbations of degree n, no more than Nn— 1 limit cycles appear up to a study of order N.
We also show that this upper bound is reached for orders one and two. Moreover, we study this problem

in some classes of piecewise Liénard differential systems providing better upper bounds for higher order
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perturbation in &, showing also when they are reached. The Poincaré-Pontryagin-Melnikov theory is the
main technique used to prove all the results.
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1. Introduction

In last decades, piecewise differential systems have been useful
for modeling real processes and different modern devices. For
simplicity also the linear piecewise differential systems provide
adequate models with very accurate results close to the observed
data. See for more details [1,2]. Although in recent years these
systems have attracted a good deal of attention, the first stages
of modeling with piecewise systems started with Andronov and
coworkers, see [3].

In this paper, we study the number of isolated periodic orbits,
the so called limit cycles, of a polynomial piecewise perturbation of
degree n of a linear center, when the separation curve is a straight
line X' passing through the center. That is, we consider systems
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written as
N N
/o oH igt oH i+ )
X y)=(—— C(xy), — (%)), 1
®.y)=( gy T L G+ Mgt n).

such that the unperturbed system has a center at (x., y.) with
H a quadratic polynomial and the perturbations fii and gii are
polynomials of degree n defined in each side of X. Via an affine
change of coordinates, if necessary, it is not restrictive to assume
that we are studying the piecewise polynomial perturbation of the
harmonic oscillator. Consequently, we consider the above system
in the form

N N

w.y)= (—y + ) EfFy)x+ ) e'gtx, y)), (2)
i=1 i=1

withfii and g,.i polynomials of degree n, defined in X = {(x, y) €

R? : 4y > 0}. This problem, for non piecewise perturbations, was
studied by Iliev in [4], proving that the number of limit cycles is
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bounded by [N(n — 1)/2]. In this paper, we prove by induction
on the degree n that, in the piecewise case, the upper bound is
approximately doubled. In the full paper [-] denotes the integer
part function.

The main tool used in this paper will be the Poincaré-
Pontryagin-Melnikov technique. In this theory the limit cycles
bifurcate from the level sets of a Hamiltonian H. More concretely,
from the closed level sets that do not have equilibrium points.
For system (2), the limit cycles y.(r) bifurcate from the level sets
o = {x¥* +y*> = r?}. That is, y,(r) tends to ¢, when & goes
to 0. Here, this type of periodic orbits, with r > 0 and when
they are isolated, are called limit cycles bifurcating from the period
annulus of the center. It is clear that, for £ small enough, this type
of solutions of (2) are well defined in the complement set of any
neighborhood of the origin. We can say that these periodic orbits
are away from the origin. Then, the Filippov convention is not
necessary here, see [2]. In fact, there are other mechanism, like
averaging method, to study the limit cycles bifurcating from the
closed level sets of a Hamiltonian. But, in the plane and for an
autonomous perturbation, they are equivalent, see [5] or [6]. In
Section 2 we recall the necessary results for proving our main goals.

Next result provides upper bounds for the number of limit cy-
cles bifurcating from the period annulus of the harmonic oscillator
with piecewise polynomials of degree n.

Theorem 1.1. The maximum number of limit cycles of system (1)
bifurcating from the unperturbed period annulus is at most n up to
order 1 and at most Nn — 1 up to order N > 2, n > 1. Moreover,
there exist perturbation parameters such that for orders 1 and 2 the
upper bounds are reached.

The Poincaré-Pontryagin-Melnikov technique provides a func-
tion, My, for each perturbation order and the isolated periodic
orbits are given from the simple zeros of it. The study of the number
of zeros cannot be done in general because of the difficulties to
find explicitly the functions My. There are few papers dealing with
these objectives, see for example [4,7,8]. The upper bounds for the
number of limit cycles up to order N are given by the number of
simple zeros of My and, from the upper bound presented in the
above result, it seems that this number always increases with N.
This is not the case for degree n = 1 perturbations in piecewise
continuous and piecewise sewing, see [9] and [10], respectively.
The study up to order seven and for general piecewise perturbation
of degree 1 is done in [11], where it is proved that the increasing
sequence of zeros is 1, 1, 2, 3, 3, 3, 3. Quadratic and cubic pertur-
bations up to order 5 are studied in [12], where the authors prove
that there exist polynomial perturbations such that My has 2, 3, 5,
6, and 8 simple zeros forn = 2 and 3,5, 8, 11, and 13 forn = 3.
Another example exhibiting 3 limit cycles for the quadratic family
is given in [13].

It is clear that the study about how the number of limit cycles
increases with the perturbation order is far to be solved, even in the
case of small degrees. Only for some special families this problem
can be solved. For example, if we consider the non-piecewise
perturbation of the harmonic oscillator in the Liénard family,

.y)=(-v+ >t ),
i=1

with f; polynomials of degree n. In [8] it is proved that all the
functions My has the same number, [(n — 1)/2], of simple zeros
as M;. For the classical Liénard family (x, y') = (—y +f(x), x), Lins,
de Melo and Pugh conjectured in [14] that the maximal number
of limit cycles is exactly [(n — 1)/2]. Zuppa in [15] proved this
conjecture for the limit cycles bifurcating from the origin via a
degenerate Hopf bifurcation. The conjecture is also true for degree
n = 4, see [16], but it fails for higher degrees, see [17] and [18].

As in the smooth case, the upper bounds will not be reached in
general. But this is a question not solved yet even for the smooth
case. The general study of the zeros of the Melnikov functions up
to every order is also very difficult to be done for a polynomial
family of degree n. So, it is quite natural to restrict our attention to
study only some special families under piecewise perturbation. In
what follows, we present some results about the number of limit
cycles in some piecewise Liénard families. This kind of problems
were also treated in [19] using Lyapunov quantities and in [20]
for rational Liénard systems. Recently, Sheng in [21] uses Melnikov
functions to study also the number of limit cycles for other piece-
wise Liénard families.

In this work line we present our main results. First, in Theo-
rem 1.2, we deal with a Liénard family where the upper bounds
given in the above theorem are decreased and achieved for pertur-
bations of first and second orders. Next, adding some symmetry
hypothesis, we can prove, in Theorem 1.3, that no limit cycles
appear or the number of limit cycles up to any order of perturbation
coincides with the ones bifurcating from the first order. Finally,
changing the discontinuity line, from the x-axis to the y-axis, in
Theorem 1.4, we prove that the Melnikov functions of any order
have the same aspect and the upper bound is reached always. In
this case we have proved that the number of limit cycles does not
increase with the order of perturbation.

Consider now,

N
®.y) = (—y+ Y .x), 3)
i=1

defined in Zoi ={(x,y) e R?: +y > 0}, wherefijE are polynomials
of degree n.

Theorem 1.2. The maximum number of limit cycles of system (3)
bifurcating from the unperturbed period annulus is at most [(n—1)/2]
and n + [(n — 1)/2] for orders 1 and 2, respectively. Moreover, there
exist polynomialsfijE such that for orders 1 and 2 these upper bounds
are reached.

Theorem 1.3.

(a) When fii are even polynomials, then system (3) has a center at
the origin for every .

(b) When fii are odd polynomials, the maximum number of limit
cycles of system (3) bifurcating from the period annulus is at
most (n— 1)/2 up to any order of perturbation. Moreover, there
exist polynomials fii such that this upper bound is reached.

Last result deals with system (3) but changing the separation
line to the y-axis. In this case, we consider the system

N
®.y) = (—y+ D e .x), (4)
i=1

defined in Z3° = {(x,y) € R? : £x > 0}, where f* are polynomials
of degree n.

Theorem 1.4. The maximum number of limit cycles of family (4)
bifurcating from the period annulus is at most n up to any order
of perturbation. Moreover, there exist polynomials fii such that the
upper bound is reached.

The paper is organized as follows. In Section 2 we introduce
the main tools for proving all the results. Section 3 is devoted
to the proof of Theorem 1.1, first proving the upper bounds and
second providing explicit examples exhibiting that number of limit
cycles. The upper bounds are proved by induction on the degree
of the perturbation. Sections 4 and 5 deal with the proofs of
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Theorems 1.2, 1.3, and 1.4. Finally, in Section 6 we study higher
order perturbations for some fixed families, but for small values
of n. First, we show that the number of limit cycles provided
by Theorem 1.2 does not increase up to order 4. This is done in
Proposition 6.1. Second, for a generalized Liénard family and up to
order 5, we show that the number of limit cycles increases with
the perturbation order but not as Theorem 1.1 says. This is done in
Proposition 6.2. The conclusions of these results suggest that, when
we fix the degree of the polynomial perturbation, the number of
limit cycles will increase with the order of the perturbation up
to a maximal number. We can say that there is a saturation in
the growth of the number of limit cycles. This phenomenon can
be observed in piecewise linear systems with a straight line of
separation (see[11]), when the separation is non-regular (see [22]),
and also in analytical families (see [8]).

2. The return map and the Poincaré-Pontryagin-Melnikov
functions

This section is devoted to present the main tools that we need
to state and prove the results of this paper. We closely follow the
presentation in [23], which decomposes an arbitrary one-form in
polar coordinates. It is based on the decompositions introduced by
Frangoise in [24-26]. This procedure is also used in [11], but only
for piecewise linear differential systems.

The vector field X given in (1) with the separation line X, =
{(x,0) : x € R}, in polar coordinates (x, y) = (r cos@, r sinf), can
be written as

N
(Z R (r,0),
i=1

N
1+ Ze"@j(r,e)> ifo € [0, ),
(.6) = =

N
(Z 'R (r,6),
i=1

N
1+ &0 (r, 9)) ifo e [, 27),
i=1

where R, ©" are analytic functions inr, sin @ and cos 6. The above
system can also be expressed as

N
dH+) o =0 ifo [0, 7).
i=1
- (6)
dH+ ) eo; =0 if € [r,27),
i=1

where H(r) = (x> +y?)/2 = r?/2,and ;* = w(r, #) are analytic
one-forms, 277 -periodic in 6 and polynomial in r.

We denote by X* each vector field (5) defined in Eoi ={(x,y) €
R? : &y > 0}. Clearly, we need to define X in the separation
line Xy. We say that a solution of the above vector field, X*, is of
sewing type if when it crosses the separation line, Xy, satisfies that
XT -(0,1)and X~ - (0, 1) have the same sign in the intersection
points with Xy. When this is not the case we can use the Filippov
convention, see [2], to define the vector field over such special
points in Xy. These points define the so called sliding set. In this
paper we are dealing with isolated periodic orbits bifurcating from
a center. So, by continuity, we are interested only in the so called
limit cycles of sewing type. The periodic orbits that cross the sliding
set will be studied in future works. This is the reason why we do
not detail more such special solutions.

We define straightaway the main tool used in this paper: the
Poincaré map. Let r* (0, p) (resp.r=(6, p)) be the solution of X such

1L )
0 (7)1 (p) 0 P
Tx

(a) (b)

Fig. 1. (a) Return map and (b) half-return maps ;" and (7, )~
system (6).

1 g
= Ty of

thatr*(0, p) = p (resp.r~(, p) = p). Then, we define the positive
Poincaré half-return map as n;(p) = r*(m, p) and the negative
Poincaré half-return map as my (p) = r~(2m, p). The complete
Poincareé return map associated to X is given by the composition of
these two maps

x(p) = 7y (71 (0)),
see Fig. 1(a). We can also write them, for system (5), as a power
series in € as

N N
milp.e)=p+ Yy epi(p), and 7x(p.e)=p+ Y ep(p).
i=1

i=1

It is important to mention that both maps, 71)2r and r, , are analytic
in p and ¢, so the complete Poincaré map associated to X is also
analytic.

The result below relates the half-return map on ¥ of the
vector field X with the half-return map on X of the transformed
vector field R(x) which is defined by the reversibility property.
That is, for each solution y(t) = (x(t), y(t)) of X then R(y(t)) =
(x(—t), —y(—t)) is a solution of R(X). The proof follows directly
from the reversibility property. Moreover the study of the number
of zeros of the displacement map, nx(p) — p, is easier.

Lemma 2.1. The first non-zero term of the map wx(p) — p coincides
with the first non-zero term of the map

T () — (5 )" (p) = 7 (0) — T ()
where R(X) = (—P(x, —y), Q(x, —y)) for X = (P, Q). See Fig. 1(b).

From the above result we can study the general expression for
r* in the region 20+ and then, using the reversibility property,
we can get r~ from r. In other words, we only need to consider
0 €0, ).

Now, we recall the decomposition of a one-form given in [24]
and the extension to piecewise differential forms, in polar coordi-
nates, in [23] to the computation of the Poincaré map. The initial
value problem

(X,y)=(—y+eP(x,y, &), x+Q(x, ¥, €)),
(x(0, &), ¥(0, &) = (p, 0),

where P and Q are smooth functions, can be written, using usual
polar coordinates (x, y) = (r cos 6, r sin@), as

N

dH + Zefw,- =0,
i=1

r(0,&, p) = p.

Here H(r) = r?/2 and w; = wji(r,6) are smooth one-forms
2m-periodicin 8. The solutionr(0, €, p) of (7) writesasr(6, e, p) =
Zf’;ori(e, p)el and it can be easily checked that r(6,0,p) =
ro(60, p) = p. See Fig. 2.

The next result follows straightforward from the decomposi-
tions of [24-26].

(7)
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Fig. 2. Solution of Eq. (7) for ¢ small enough.

Lemma 2.2. Let 2 = «(r, 0)dr + B(r, 08)dO be an arbitrary analytic
one-form, 2m-periodic in # and H(r) = r?/2. Then there exist
functions h(r, 6), S( 0) and F(r) also 2w perlodlc in 6 and defined

by F(r) = 2nf0 B(r, y)dyr, S(r,0) fo (r,¥)dy — F(r)
and h(r, 0) = (a(r.0) — ZLD) /H'(r), such that 2 = 2° + 2!
where 2° = hdH +dS, 2' = F(r)do, and [,_,,2° = 0,

fH:pZ/z Q= fH:pZ/Z 2.

Next proposition allows us to obtain r;(6, p) for every i from
the decomposition of a one-form given in lemma behind, see [23].
Although it is a direct consequence of the results in [23], we have
included it here by completeness and because this expression for
the function r; is more explicit and clear than that of the aforemen-
tioned reference.

Proposition 2.3. Let r(6, ¢, p) = i (0, p)e' be the solution
of (7). Assume that, from the decomposition given in Lemma 2.2, the
functions Fi(r), hi(r, 0), and Si(r, 6) are defined inductively as hg = 1
and —$2; .= =) w]l]_hdH+dSI~|—Fd9for1_1 ,N.

If the functions ro(le p)=p,andr(6,p), fori=1,...,N — 1 are
known, then
1N
p (0, p) 5§r19 PIN-i(0, p) + G(S)p, 0)
0

+ [ et vy, ®)
where S = (S1,...,Sy)and F = (Fy, ..., Fy). The operator G on
f=(1,...,fn)isdefined by

N-1N=i

G(f)p. 0) = fu(p. 0)+ D > Di(fi)p.6)

i=1 j=1

<)

mq+2my+---+Lmy=N—i
my+my+--+my=j

N0, p)ry (0, p)- - -0, p)

with D'.(g)(p. 6) = L&)

orl

r:p'
The above result applied to the computation of the first terms
in the Taylor series in € of r(0, p, &) gives

=51(p,0) + F1(p)0,

1
- Erl(ea p) + Sa(p. 0) + D1(S1)(p, O)r1(6, p)

pri(0, p)

pra(8, p) =
0

+ Fx(0)6 + F{(p) fo n(p. )Y,

951(r,0)
ar

with D1(S1)(p, 0) =

r=p

Proof of Proposition 2.3. From Theorem 2.4 in [23] and all the
notation of the statement we have that forany N € N, r(0, ¢, p)

satisfies the following implicit equation

2(g ) N 0
% -y (/ F(r(y, &, p))dy
i=1 0
+ Si(r(y. e, p). w)u’;zﬁ) + Ot 9)

First we substitute (0, ¢, p) = Zﬁiori(e, p)e! in the above equa-
tion. The proof follows, by induction, equating the coefficient of &"
in both sides of Eq. (9). O

Remark 2.4. The functions h and S given in Lemma 2.2 are not
unique. In fact, for a fixed pair h, S such that £2 = hdH+dS+F(r)do
we have 2 = hdH + dS + F(r)d6 with h=nh — f'(r)/r and
S=5 +fLrLfor any function f(r). The new decomposmon satisfies
also that h, S are 2;r-periodic in 6. In particular, the conclusions of
the above proposition does not depend on which decomposition is
used.

Using the notions and results introduced until now, we can state
the main result used in the next sections, the so called Poincaré-
Pontryagin-Melnikov functions. The solution of system (6) in
power series in & writes as (0, €, p) = Zf’ ofi £, p)st, and it
can be easily checked that r%(6, 0, p) = 1 £, p) = p. Lemma 2.1
and Proposition 2.3 allow us to compute ri(e p) for every value
of A. Consequently the first non-vanishing term of the complete
return map far from the sliding segment is obtained from the next
result.

Proposition 2.5. Denoting by 1\71,\,(,0) = r,j(n, p) —r1y(=m, p), the
Poincaré-Pontryagin-Melnikov functions, or Melnikov functions for
shortness, of order N, for system (5), are given by

Mi(p) = My(p) and My(p) =
for N > 2.

MN(’O)’[Mk(p)EO, k=1,...N—1}’

Moreover, for & small enough, each simple zero, p, of My(p) gets a
limit cycle of system (5). The limit cycle bifurcates from the level curve
X4y =p2

__ We remark that the above proposition provides the functions
Mi(p), in terms of the coefficients of the perturbations, for every
order k, but only coincides with the Melnikov function of a fixed
order N when the previous ones vanish identically.

This section ends with two technical results that they will be
useful for the explicit computations in the next sections.

Lemma 2.6. The next properties hold.

(@) sk = 5= [ 7 sinkyrdyr = k,, M8, where 8, = {[])

(b) = - 2” coskyr dyr = sy.

2
(c) S(B):= fo sin*y dyr — s¢6 has the form pi(cos 6) if k odd or
Pk—1(cos 0)sin @ if k even, where p; is a polynomial of degree j
in cos 6. In particular, Si(0) is 2 -periodic.
(d) cd) = f09 coskyr dyr — ¢ is a 2w -periodic function and it
writes as py_1(cos 0) sin 6 with py_, an even (odd) polynomial
of degree k — 1 when k odd (even).

if kis even,
if kis odd.

2 . k=1 (=1 A
(e) Sk,e = ﬁ OﬂSIka Se(Y)dy = : k") ( gu) 018 where
_Jo, if € is even,
8 = {1, if ¢is odd.

() cue =3¢ Jy costy () dyr = 0.

(g8) Sk.e(6 fo sin w Se(¥) dyr —s 0 is a 2 -periodic function.

(h) Cre 9) = fo coskyr Co(W) dyr is a 27 -periodic function and it
writes as py¢(cos ) with py.¢ a polynomial of degree k + £.

. 2 .
(i) Sk[ = 1 07r sin“0 cos 0 Sy(0)do = Wll(5k+lsé — Skte+1)-
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) [y sin*y cosy S (W) dy — sied = (Se(@)sinle —
Skro41(0) + S¢Sk+1(0)) is a 2 -periodic function.

Proof. The properties (a), (b), (e), and (f) follow directly using
iteratively the integration by parts method. Alternatively, the first
two can be done also integrating by quarters, see for example [27].
The periodicity properties (c), (d), (g), and (h) follow easily be-
cause the correction by a multiple of 6 converts the primitive of
a periodic function into a periodic function. The second part of
(d) follows also using iteratively the integration by parts method.
Properties (i)-(j) follow by the integration by parts method and
properties (a)-(b). O

Lemma 2.7. The next properties hold.

271

(a) sm"G SK(0)do = o

(b) V) dy = £ 5.
(€) Sk = Sk(ﬂ) Si(—m) = Al
(d)

(e) v

S = ) = Sl =) = Y)Y —2((",f, 5
+

= [y sin*0do = § £ s, = (£ E

7, if kis even,

Ok = {2, if kis odd.
(f) Cre(m) = ckCo,e(m) + coCox(m) — Cl,k(”)’fgr k+ € odd.
)(

(8) Cre(mw) = Cre(—m) and Cy o(7w) = F(EH) + ey ().
Moreover, Cy ¢(7) = 0 for k+ £ even and Cy ¢(7r) ;é 0for k+¢
odd.

k,, “ 6%, where

Proof. Property (a) follows directly using Lemma 2.6(e) because
dkdr = 0 for every k. The other properties follow, as Lemma 2.6,
using iteratively, if necessary, the integration by parts rule. O

3. Polynomial perturbation

This section is devoted to prove Theorem 1.1. The proof follows
directly from the next three results. In the first we get the existence
of the upper bounds for perturbations of every order N. The second
and the third give why they are reached for N = 1and N = 2,
respectively.

Proposition 3.1. The maximum number of zeros of the Melnikov
function My associated to family (2)isnand Nn — 1 for N = 1 and
N > 2, respectively.

Proposition 3.2. Consider the system

1251
Xt (x,y)= (—y + e Z azj+1xzj+],
j=0
&3 (10)
x—i—eZazszf), ify>0,
j=0
X" (¥,Y) = (=y. %) ify <o.

The function M1(p) is a complete polynomial of degree n with arbi-
trary coefficients. In particular, there exist values of a, k =1, ..., n,
such that it has n simple zeros.

Proposition 3.3. Consider the system
n n
T, y) = <_y— ex" + g2 Zajxj,x+82bjxj>, if x>0,
j=0 j=2

X (X,y)= (—y—(—l)"ex”,x), if x <0.

The function M1(p) vanishes identically and the function M,(p) is
a complete polynomial of degree 2n — 1. In particular, there exist
coefficients a;, j = 0,...,nand b;, j = 2,...,n, such that the
function My(p) has exactly 2n — 1 simple zeros.

Proof of Proposition 3.1. Following the procedure described in
Section 2, we will prove first how are the expressions, as using
polynomials in r, of the functions F;, S; and h;, and second, how
are the half return maps corresponding to the vector fields of both
sides of the separation line.

In polar coordinates, x = rcosf andy =
becomes

rsin@, system (2)

N
o= Z &'(r cos Of(r cos @, rsind)
i

=1
. + .
+r51[rvl€g,. (rcos@,rsinf)), (11)

r’e’ =1+ Z &'(r cos Qgii(r cos 6, rsinf)
i=1
—rsin Gfii(r cos O, rsinf)).

This system of equations writes, using differential one-forms, as

N
* =r0'dr —rr'dd = rdr + Z glwf = 0.
i=1

To simplify the notation, we use p,(r) to mean a polynomial of
degree n in the variable r. We do not take into account the de-
pendence in the other variables or parameters. Then, with this
notation, we can write f (rcosf,rsinf) = pu(r), g,.i(r cos 6,
rsin®) = pu(r), andw = pa(r)dr + rpp(r)do.

From Lemma 2.2, and considering —wy =
,31 (r, 0)d6, we have

a(r,0)dr +

-l 2
Fii(r) = o
0

By (r, v)dy = rpy(r),
0

SE(r,0) = / BE(r. Y)Y — FE(1)6 = 1pa(r).
0

+
Bi, e)) — pua(r).

1
hi(r,0) = - (af(r, 0)— =

Here we observe that, according to Remark 2.4, the functions F;’,
Sk ,and hi givenin Lemma 2.2 are not unique and can be chosen in
such a way that they are polynomials. Now we prove by induction
in N that the functions F;", S and hi" associated to Eq. (11), of order
N, can be written as

FE(r) = mign—1y+1(r),

Se(r.0) = mpyn-141(r), (12)
g (r,0) = pn—1)(r),
for k = 1,...,N. If we consider a perturbation of order N + 1

n (11), then the functions FE, SE, and hf fork = 1,...,N are,

clearly, the same functions as the ones obtamed fora perturbation
of order N in (11). Consequently, we only need to show how they
are for k = N + 1. In this case,

‘Qﬁ—H = aN+1dr + ﬁ§+1d9 = (wﬁﬁ—l +hyoy + -+ hyor)
(Pa(r)dr + 1pp(r)dO)(1 + pa—1(r) + Pan-1)(1)

+ -+ DPrep-1)(T))

= PN(n—1)+n(T)dr + IPN(n—1)+n(r)dO

= Pw+1n-1)+1(1)dr + TP 1)n—1)+1(r)d6.
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So,
Fi 1 2

() =o— Bia (s ¥)AY = Py 1yn—1)1(1),

4
Sﬁﬂ(r, 0)= / ﬂﬁ«}»](r’ Ydy — FNiH(r)@ = PN+ n—-1)+1(1),
0
1 asE
hyq(r, 0) = = (amr, 0) — %(r, 9)) = Pt 1n—1)(T)-

Now we can continue proving which are the expressions of the

coefficients in ¢ of the half return map, that is, r,f, fork=1,...,N.
For N = 1, the proof follows using Proposition 2.3, as we have
1 1
(6. p) = ;(Sf(p, 0)—Fi(p)9) = - P Prlp) = plp).

For N = 2 we write

pry (0, p) = —1(r (0, p))?* + S5 (p, 0) + D1 (p, O)ry (6, p)

2]
FEE(0)6 + (F2Y (0) f (g o)y,
0

with D;S7(p, 0) = LS{(r, 0)‘r:p. It can be seen easily, from (12),
that r;°(60, p) = p2n—1(p).
Next we will prove by induction in N that

pan—1(p)
r(0, p) = NpN—;

(13)

We assume that (13) holds fork = 2, ..., N. According to Proposi-

tion 2.3 we have that prﬁﬂ(e, p)is given as a sum of three terms.
The first one is

N N
1 £ 4 Pin—1(P) PN+ 1-ijn—1(p)
3 Zri (0, PIryiai(0, p) = Z o2 pN+I--2
i1 i=1

_ pwv+n—2(p) _ Pv+un—1(p)
pN—3 - pN—2 :
. joE
The second term, using the notation D, S*(p, 8) = isr’] (r,0)
O r=
is given by P
N N+1-i )
Sia(p )+ D DiSi(p. 6)
i=1 j=1
x ) (e (Vo) G C) R G (V)

mq+2my+--+emp=N+1-i
my+my+--+my=j

= PP(N+1)n—1)+1(P)

DPitn—1)42-3(0) X Pmyntmy@a—1)+-+my(en—1)(P)

+ rm3+2my+3ms+---+({—2)myg

PPN 2P 1in—1)+1(p)

rN-2

Pitn—1)+2—j-+n(my+2my+--—+tmg)—(myt-+my ) ()

+ r(3ms+4my+---+€my)—2(m3+mg+---+my)

_ Pov+n—1(P) | Pin—1)+2—j+n(N+1-i)—(G—-mp)(P)

pN—Z p(N+l—i—rn1—2m2)—2(j—m1—m2)
_ Pv+nn—1(p) | PN+ 1n24my—i—2i(P)
- prz pN+1+m17i72j
_ pven-1(0) | PR pivi o img —i2i(p)
R P23 NI —i-2j

_ pov+nn—1(p)

pN—Z

The third term has the same expression as above changing S by F
and integrating in the variable 6, but there are no changes in the
degrees as a function of r. So, as the three terms write in the same
form, after division by p, we have

+ Pv+1yn—1(p)
n41(0, ) = p(N+1)-2

Finally, from (13), the difference r;,r(n, p) — ry(=m, p) also
writes as pyn—1(0)/ " 2. Then, from Proposition 2.5, the maximum
number of positive zeros of My(p)isNn — 1. O

Proof of Proposition 3.2. In polar coordinates, x = rcos6,y =
r sin 6, the half return map of the vector field X~ is the identity. In
particular r; (—m, p) = 0 and M;(p) = r; (=, p). For simplify the
reading we will omit in this proof the dependence of ™ because we
only need to compute the half return map for 6 € (0, ). Then, in
polar coordinates, the vector field X of (10) writes

no ne
r 5( >~ ayrtcos”?0 + Y " ayr¥cos?g sin 6),
=0 =0

no
0 =1+ 8( - E ayj1rcos¥ 10 sing
j=0

ne
+ E azjr21’1coszf“9),
j=0

where n, = [(n — 1)/2] and n, = [n/2]. In terms of differential
one-forms we write

w =r16'dr —r1’d0 = rdr + w1,
where

— w1 = ay(r, 0)dr + p1(r, 6)do,

with
no ne

oq(r,0) = Za2j+1r2j+1c052j+10 sinf — Zazerjc052j+19,
j=0 Jj=0
o e

Ba(r,0) = Z ayp 2 cos¥ 20 + Z ayrcos¥6 sin 6.
j=0 j=0

According to Lemmas 2.2 and 2.6, and using fOZ” cos¥t 1y
siny dyy = 0, we have that

1
Fi(r)=—
=g

2 Mo
Bi(r, ¥)dy = ZGZJ'HCZHNZHZ,
j=0

j=0

6 no
ir.0) = [ Br )Y = R = 3 ayar a0
0

Ay o 4
- Z I pAtlcogitlg — 1),
—~ 2j+1

Clearly S, is 2m-periodic in 6, because the functions Cy;4,(6) also
are. From Proposition 2.3 we have that rf(@, p) = (S1(p,0) +
F1(p)@)/p and, from Lemma 2.7,

Ne no
2(12‘ . .

ri(m, p)= Z — ¥+ Zazj+1C2j+2/021+1,

— 2j + 1 ;

Jj=0 Jj=0
with ;42 # 0. Consequently, there exist perturbation values
such that My(p) = rf“(n, p) has n simple zeros. Because it is
a polynomial of degree n = max{2n, + 1, 2n.} with arbitrary
coefficients. O
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Proof of Proposition 3.3. First of all we consider the unified
system

n n
Xt y) = <_y+6isx” + &2 Zajixj,x+52bjixi,)

j=0 j=2
where §T = —l,ajJr = g, ijr = b, 8" = —(=1)" ¢f = 0,and
b- =0.
In polar coordinates, x = r cos ¢,y = r sin ¢, we get
n
’r_ +..n n+1 £ J i
r'= 8(8 r'cos (p—i—ij rcos<psm<p>
j=2
n
+ &? Zajirjcosf“go,
0 , (14)
¢ =1- S(Sir“‘lcos“qa sing — Z bjirj‘lcosj“(p)
j=2
n
_ 2 £ i1 eod ) o
e Zaj '~ codg sin ¢.
j=0

First we make a rotation of angle 7z /2 in order to have the discon-
tinuity line as the horizontal axis. With the change 6 = ¢ + 7/2,
cos ¢ = sin# and singp = — cos @, system (14) becomes

n
;o + n. on+l +ojs
r = 8(5 rsin" ™' — E b; rlsin'd cos@)

n
+&? Z ajirjsin"“G,
j=0
n
6' = 1+¢(85r" sin"6 cos6 + Yy b sin'*19)
=2

n
+¢2 E ajirl’]sinle cosf.
j=0

or, using differential one-forms, we have

* =r0'dr —rr'dd = rdr + sw} + ’wF =0,
where
— of = af(r,0)dr + p(r,6)d6,
with
n . .
ai(r,0) = —8%r"sin" cos — Z b risin’ 1o,

j=2

n
BE(r,0) = 85" sin" g — Z bjirj“sinje cos 6.
j=2
The explicit expression of a)2i will appear later when we study the
perturbation using the second order terms.

For the first order study, according to Lemmas 2.2 and 2.6, we
have

N 1 2 N (Sirn+l 2
FEr = [ pEr iy = f sin™ 1y dy
2 2 0
=85 ls, g, (15)

0
S, 6) = / BE(r, Y)Y — FE(r)0 = 8511 5,41(6)

_Zbi

r’“sm’“@ (16)

Clearly Si is 2m- perlodlc because S;41(0) also is. From Proposi-
tion 2.3 we have that r; £, p) = (Sli(p, 0)+ Ff(p)@)/p. It is clear,
from Lemma 2.7, that S (o, 7) — Sy (p, —7) = (87 — 8§ )Snp1p"™ !
and Ff (o)t — Fy (p)(—7) = 7wp" (8 + 87 )spi1. We observe
that, when n is even, §* = 8~ and s,;1 = 0, and when n is odd,
8t = =8~ and S,41 = 0. So, the first Melnikov function is

Mi(p) =1 (m, p) =17 (—

The next step is the computation of the second Melnikov func-
tion M,(p). In order to get it, first we compute the function hli(r, 0)
using Lemma 2.2,

p)=0.

1/, asy
“(a(r )= 20 ,0)
r<a1 (r. ) ar (r.0)
= —8*r"1(sin"0 cos O + (n + 1)Sn41(0)).

hy(r,6)

The study of the second order terms, also using the decomposition
of Lemma 2.2, uses

— wEhE — of = & (r, 0)dr + BE(r, 6)do,
with
B5(r,0) Za rtlsini e + (8i r"sin™ g
j=0
n
- ijirj“sinie cos@)
=2

x (—5*#‘*1 (sin”@ cosf + (n+ 1)5n+1(«9)))

n
= Z @ sid o — (5% (sin®" 0 cos 0
=0
+ (n+ 1)sin™108,44(0))

n
+ Z(Sibfr”“sinnﬂecoszé +(n+1)
j=2

n
X Z §*br"Isind0 cos 0.Sy41(6).
=2

We have not written the expression of «® because they are not
needed for the computation of rzi(e, P).

Using again Lemma 2.2 and the properties of Lemma 2.6, and
[T sin®™19 cos 9d6 = 0 we have that

1 27 n )
S =0 | By =) s
=0
n
+ Z(Sibjir“”snﬂ-
=2
n n
- Z §Eb T sy + (n+ 1) Z 5 bt
j=2 j=2
1
X ].71(511+15j+1 — Sn4j42)-
So,
n
FE(r) =) af s, +Zaibi P

j=0 j=2

n+1

X (Sn+j = Snj+2 + 7},

1 (Snt1Sj41 — 5n+j+2)) .
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Again from Lemmas 2.2 and 2.6, we have

0
s;<r,9)=f BE(r. )

— j+1
Za S (0

dy — F;(r)f
(8:E)2 2n

X (msin2”+20 +(n+ 1)5n+1,n+1(9)>
n
+ Z (Sibjir"+j (Sn+j(9) - 5n+j+2(9)>
j=2
n 1
n41 sEpET

X <3n+1(9)5ini+]9 — Snj+2(0) +5n+13j+1(9)>~
Finally, from Propositions 2.3 and 2.5, the second Melnikov

function is My(p) = r2+(7r, p) — 1y (—m, p). We compute this
difference term by term. The first and third terms vanish because

ri(m, p)—ry (=7, p) = 0and, from (15) and (16),

asf(r, asy(r, — .
) 08 (r,—m) (N 1) — 6 Py = 0.
ar r=p or r=p

The above expression vanishes using the same argument explained
in the paragraph before (16). From Lemma 2.7 we have

-l g
LYo / . )Y = (P (1 4+ 197 0
0

0
T 2
y ( f e (V)Y —Sn+1%>
0

n+1 1

S
] + 1 1 n+1
(Sj-H + 7Sis1)

_ (n+r? , 50y
2 n+1

n
n+1 + nj-1
+ ;mbjsn+]]/j+]p . (17)

In the last equality, the first term vanishes because, from the
expressions ongmma 2.6, sp41 is amultiple of §,, 1 and the integral
is a multiple of 6,,1. Now, doing similar simplifications, we get

1 —IT
LE ) / o o) = (87 (4 1)p™ s
0

o
—7 2
< (/ sn+1(w)dw—sn+1”7)
0

GRS R

2 Sn+1 (18)

The contribution of the last term, in the expressions of 15", to M; is
obtained from the difference of (17) and (18). Hence, the first part
of the second Melnikov function writes as

n+1 i
Zmbf n+1yj+1pnﬂ L (19)
j=2

Now, we continue computing the second and fourth terms. Adding
the following two expressions

n+j+2, .
Zb n+j—1 ( = Sn+j+2 — Sn+j

n+15 :
j+1 n+19j+1

(n+ 1))02n7]§n+1,n+1 ,

n
+ Z aip'Sj1 —
=0

n+j+2
iF+ Zﬂb n+j— 1( ]+1 Sntj+2 — Sn+j

n+1s s
J+1 n+19j+1

+ E Taip'Sj1,
=0

we obtain that the contribution of that terms, corresponding to the
vector field X, is

n+j+2
Zafpl%+1+sznﬂ 1( j+1 Va2

L n+ 1 (20)
- yn+j ] +1 5n+1)/j+1
— (n+ 1)p*" Spptns1-

The contribution corresponding to the vector field X~ is the sum of
the following two terms:

1 A
;52 (p, —7) = —(n+ 1)p™ 81 ny1,
T
- *Fz (,0) =0,
0

that is, after adding them, only

— (4 1" Sns1nt1- (21)

Consequently the difference of Eqs. (20) and (21
second part of the second Melnikov function:

1 (n+j+2
ZGJPIV]H"'ZI)/}H} <]+1 ynt—j+2_yntj

n+1
T n+1%¢1)- (22)

Finally, adding (19) and (22) and using that 0,12 = op4j and

n+j+1 . +
j+71y“+f_ Vnyj =

) provides the

n
+
eI

we obtain the expression for the second Melnikov function

Zaﬂ’mp’ * Z

with yk # 0, for every k, see also Lemma 2.7.

The proof finishes because M, is a complete polynomial of
degree 2n — 1 with arbitrary coefficients. So, we can choose them
such that M,(p) has exactly 2n — 1 simple roots. O

n+j—1
1 IR, ;

4. Perturbations of order one and two for some Liénard families

This section is devoted to prove Theorem 1.2. It is a direct
consequence of the next two results.

Proposition 4.1. Consider the piecewise Liénard system

(X,7 y,) = (_y + gfni(x)s X) ) (23)
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defined in ZF = {(x,y) € R?; +y > 0}, where f*(x) = Z] Oajixf
The first Melnikov function writes as M ,(p) = p pm(0?) for a given
polynomial py, of degree m = [(n — 1)/2]. Then, it has at most m
positive zeros. Moreover, there exist values of the parameters af such
that M, , has exactly m positive simple zeros. Additionally, M1 , = 0

ifandonly if a3, , = —ay_,fork=1,...,m+ 1.

Proposition 4.2. Consider the piecewise Liénard system

.y = (~y +efi (%) + %8, (0). %) . (24)
defined in ¥; = {(x,y) € R*; +y > 0}, where f¥(x) = Z}‘zoajixf
and g£(x) Z]'.Lobjixf, satisfying a3, , = —ay_, for k =

1, ..., m+1,wherem = [(n—1)/2]. Then, the first Melnikov function
vanishes identically, M1, = 0, and the second Melnikov function
writes as My 4(0) = p pm(p?) + qn_1(p?) for given polynomials py,
and q,_, of degrees m = [(n — 1)/2] and n — 1, respectively. Then,
it has at most m + n positive zeros. Moreover, there exist values of
the parameters aji and bf such that M, , has exactly m + n positive
simple zeros.

Proof of Proposition 4.1. We start writing system (23), with polar
coordinates, as the piecewise one-form

dH 4w, =0 if 6 € [0, 7),
dH—i—ew;n:O if 0 €lm,2m),

where H = r?/2 and —wfn = afn(r, 0)dr + ﬂfn(r, 6)d6, with

n
a;—in(r, 0) :fni(r cosf)sinf = Z ajirjcosje sinf,
j=0
n
Bialr. 0) =f(r cosO)r cos = Z "'+ cos 6.
j=0
Using Lemma 2.2 and Proposition 2.3, from the above expressions,
we get

ria(0) == pri,(0) = Fr(p) + St ,(p, 0), (26)
where
1 27
Fir) = o Bialr, 0)d6
and

Stalr. 0) /,Bln(r Y)dyr — Fi(r)e.

Now, we prove that the functions F:—fn(r) and an(r, 0) are poly-
nomials in r with constant coefficients and trigonometric func-
tions, respectively.

For n = 0, we have 0‘10 = a0 siné and ﬂlO = bircose
Hence, using Proposition 2.5, My o(p) = 0, because F; O( r)y=20
and S o(r,0) = aoir sin 6.

For any n, we can write

2]
2
+ %, E n+2
r)= E , Qo1 C2kT™ + Ay 1 Cng2l
k=1

= an(r) + ani+]cn+2r”+2, (27)

+
F14,n+1(

because, from Lemma 2.6, we have ¢; = 0 for every j odd. We
remark that the monomial in r"+2 only appears when n is even.

Additionally, we can write

n+1
St (1. 0) Za r]“f cos T W dyr — Fy pyq(r)0

n 0
Z ajirj“ / costyrdyr — Fy (1)
=0 0

0
+ (anﬂlr”“/ cos" 2 yrdyr —aniHcHzr"“G)
0

0
o) +an, (/ cos" 2y dy — cn+29> rt2
0
and, consequently,

Staia(r.0) =S,(r,0) + ar; Coya(6) 1. (28)

The above expression can also be written as

Sia(r.0) =r15in6 Gy(r, cos6), (29)

where G,(r, cos6) is a polynomial of degree n in r which coeffi-
cients are polynomials in cos 6. This property follows by induction
on n using also Lemma 2.6(d).

Straightforward computations show, from (26), (2
that

7), and (28),
PT (0. 0) = P10, p) + a1 (Csa(0) + Crpa0)p™ 2, (30)

with rfo(e) = a(f sin 0, and, consequently,

Za (Cjya(0

Therefore, using also Proposition 2.5, we can write the first Mel-
nikov function as

Ming1(p) =11 (7T, p) = 11 pq (=70, p)
=ri.(m, p)—r (=7, p) + m(af,, + oy )Cni2 0"
= Ml,n(p) + n(an++1 + an_+1 )Cn+2pn+]

Then, using Lemma 2.6, the function M , is a polynomial in p of
degree 2m + 1, with m = [(n — 1)/2], because M; o(p) = 0,
¢; = 0 for jodd, and ¢; # 0 for j even. More concretely, it writes as
M n(p) = PPm(PZ) with

r]n 0, p) +cj+10)pf.

Pm(p) = 7 (c2(ay +ay) + ca(ad +a3)p
+ o+ C2m+2(a;m+1 + a;m+1 )pm) ) (31)

wherecy, #0fork=1,...,m+ 1.

Clearly, from the above expression, all the statements follow.
The function M; , has at most m zeros and we can choose all the
perturbation parameters in order to get these zeros as simple ones.
Moreover, M; , = 0 if and only if

for k=1,....m+1. O

Gy q =~y
Proof of Proposition 4.2. First, we provide a short description of
the proof, with the main properties. Then, we proceed to detail all
the steps carefully.

From Proposition 4.1 we know that the first Melnikov function
vanishes identically when aﬂ_l + a;,_, = 0. In the proof we will
refer this property as (M, ). The second Melnikov function writes as
a sum of two functions,

Ma.a(p) = MY)(0) + ME)(p),

that they correspond to the perturbation parameters of first and
second order, a; and bj, respectively in (24). We can also use
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Proposition 4.1, changing ¢ to €2, to see that Mézg(,o) = ppm(p?)
for some polynomial p,,,, of degree m = [(n — 1)/2], with arbitrary
coefficients depending linearly on b;. Hence, we fix our attention to
study Mé],i(p). We will prove by induction that M;l,i(p) = qn_1(p?)
for some polynomial g,_1, of degree n — 1, with coefficients de-
pending quadratically on g;. This proves the first statements. That
is, the polynomial M, ,(0) = ppm(0?) + qn1(p?) hasm +n + 1
monomials and, consequently from the Descartes signs’ rule, the
maximum number of positive zeros is m + n. The existence of
such number of simple positive zeros is proved without the explicit
computation of all their coefficients. Only the maximal degree term
is necessary to be given. Because, at each step of the induction
procedure, we add a complete polynomial in p? that has a new
monomial of higher degree and it is independent with respect
to the smaller degree monomials. Therefore, the last statement
follows. In fact, the coefficient of maximal degree, e,,_,, takes
different expressions depending on the parity of the degree of the
perturbation. More concretely,

ez = {a:(antf] + ) K,
" ai, (af + a;)Ky,

when n is even,
when n is odd,

with positive constants K, satisfying the recursive relation
n—1 4

= Kn—a — )
n+1 An—-12-1n+1)

and K; = 2, K; = 2/9. The positiveness follows by induction
proving that K, > 1/(n+ 1)*> > 0. We remark that the recurrence
that defines K, does not change with the parity of n, but the initial
values does.

We start writing system (24), with polar coordinates, in its
equivalent piecewise one-form

K, (32)

dH + swf, + *05, =0 if6 € [0, 1),
dH +ewr, +82w£n =0 if6 € [m, 27),

+
where H = 1?/2, —o7,

a3 (1, 0)dr + B5°,(r, 0)d6, with

is defined in (25), and —wj,

n
a;fn(r, 0) :fni(r cosf)sinf = ijirfcosje sinf,
j=0
n
By a(r,0) = f(r cos0)r cos & = Z b+ cos 6.
j=0

The second Melnikov function, from Proposition 2.5, is given by

Man(p) = 13,(, p) =15 (=70, ). (33)

Furthermore, from Proposition 2.3, we get

1
Poal(®, p) == 5150, ) + S50, 0) + Da(ST, )0, O)riy(6, p)

2]
+EE(0)0 + (FE) () /0 FE (0 )Y,

ast (r,0)
1n\> H + +
o . Here the functions F",, ST,

and Dy(Sy,)(p, 0) =

r=p

and rfn are defined in (27), (28), and (30), respectively, and the
functions an and S;fn are obtained applying Lemma 2.2 to the
one-form

- ‘Q;,:n = _(wgz,n + hfnw;&,n)' (34)

From the hypothesis (M;) and the proof of Proposition 4.1 we have
rlfn(n, p) = r,(—m, p). Moreover, from (29), an(r, +7) = 0.

Hence, Eq. (33) writes as

1 s
Maa(p) = (((Fﬁn)’(p)f (¥, 0)dy — (Fr,) (p)
P 0

< [ rtw o) (35)
0
+ L)+ (P + (5,0, ) = 00, ~))

From (34) it is clear that each F;;,(p) and S5, (p) can be written
as the sum of two terms, the one that depends linearly on the
coefficients of the second order (computed from wfn) and the
ones that depend quadratically on the coefficients of tihei first
oidg)r (comiptét)ed from hi"ﬁ;fn). We denote them by F;;\(p),
Synr(p) Fyii(p), and S5, (p), respectively. With this notation
(35) writes as

Ma.n(p) = M5a(p) + M) (p),

with
M2(p) = (F72(0) + F, 2 p))m

+(55 20, ) = 8, P (0, —7)) (36)
and

‘1 g
Mya(P) =~ (((F{n)’(p) /0 (W, o)y

~ @) [ i)
(F(0) + F5 (o)

+ 550 1) = 55, (p, —n))).

(37)

Also from Proposition 4.1, (36) writes as Mf,:(p) = p pm(p?) where
Dm is the polynomial (31) changing a; by b;. We recall that its degree
ism = [(n — 1)/2]. So, we continue the proof showing that (37)
writes as M;l,:(p) = @n_1(p?), for some polynomial g,_; of degree
n— 1. As in the proof of Proposition 4.1, we will prove, by induction
in n, that Mg,:( p) function writes as

M3 (0) = M3)(0) + Palp?), (38)

where the polynomial P,(p) has degree n. The proof will be done
considering the three summands of Eq. (37) separately in the
following parts (I), (II), and (III).

(I) The contribution of the first term to Mglr)l 41 follows from the
evaluation of the function (anﬂ)’(,o)fog rfnﬂ(w, p)dy at 8 =
4. Moreover, we will see that these expressions only provide
even terms in p for the polynomial P,(p).

From Egs. (27) and (30) we get
0
()0 [ rvna o)
0

0
= (F5 (o) / (rE (. p) + a2,
0
X (Cota(¥) + Cn+2¢)pn+1) dys

0
— (FX V() / FE (0 p)Y + UE(O) + UE(9) + UZ(0),
0
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I
L3
I =
- ,\,‘
N
Q
&
i
o
£
z
a¥)
jeu]
o

where an(r)

6
U (o) =(Ff—fn)/(p)/o @E, 1 (Cry2(W) + Cara¥)o™ Ny,

0
Uy (0) = a1 Crpa(n + 2) / (. p)dyr p"™
0

9
UZ(60) = a2, cosaln + 2) / G5 (Cora(0) + Cusa¥)p ™20
0

Now, we will compute the evaluation of U(9), U;*(9), and U()
at = +r separately.
First, from Lemma 2.6, we have

n

T

']

1

2j+n

M

Cny2 92)

UF(6) = a5y, (Consal0) + 5

2ja§§71 C2j P

-
Il

and, due to hypothesis (M;) and Cp p42() = Co pya(—7),
Uy () —
P

U7 (—m) C _
1 = (CO,n+2(7T) + HTHT[Z) (an++1 + an+1)

(%41

x Y 2jag cpP (39)
j=1

This last expression is non identically zero when n + 1 is even also
due to hypothesis (M) and it has only monomials of even degree.
This is because, in this case, ¢;,12 = 0. So, we write the right hand
side of (39) as

+ - M 4+ 2j+n+1
(an+1 + an+1) Z 7]] a2]+1loj " ’ (40)
j=0

for some real constants 77](1)
degree in p is

, and moreover the term of higher

(n+ Dearray (a7, + ay, ) Consa(m)p. (41)

We remark that, in the above expression, ¢p+1Co nt+2(7) # 0.
Second, from Lemma 2.6(h) and (30), we have

n
Uy(0) = ani+1cn+2(” + Z)Z (COJ+1(9) + j; 0 )Pn+j+l.
j=0
S0, as Caya(ay 4 + @, ;) = 0and cz41 = 0, for all j and n, we get
Uy () —
0

U, (—m)

[n/2]
= Cn2(n+2) Z(an++1a;j - arT+1a2_j)
j=0
Cj+1 i
X (Co 2+1(7) + 12 ﬂz)ﬂzﬁn

+ Cn+2(n + 2)( n+1 + a11+1)
(n/2) .
i+ j
X XO: a;rj+1 <Co,2j+2(7f) + Tnz)p2;+1+n
]:
[n/2]
= Cora(n+2) > (a5, 1083 — @, 105)Co251(7)p
j=0
We have used Lemmas 2.7(g), 2.6(b) and (M ). The expression (42)
is non identically zero only when n is even. Consequently, the last

2j+n

expression in (42) writes as
[n/2]

2
n+1 Z i a2] +ay)p ), (43)

for some real constants n(2). Clearly it has only monomials of even
degree and the term of higher degree in p is

(N + 2)Cns20," (a7 + ay )Cons1(m)p™". (44)

We also remark that, in the above expression, ¢cp2Co nt+1(7) # O.
Third, using also Lemma 2.6(h), we have

92
UF(8) = (@5, Pensaln +2)(Conral®) + Cusa 5 ) 022

and, consequently,
U () — U; (=) w2
2 P 2 = (n+2)Cn42 (CO n+2(7) + Cny2 7)

x (@) = (@ )2 =0, (45)

Because, when n is even, by hypothesis (M1), a;"; + a,; = 0 and
whennis odd ¢, = 0.
(II) The contribution of the second term to MSH] in(35) follows

from the computation of inn(l)l( p). In fact we will prove that both

functions vanish identically.
From the second summand of (34) we have

1 2
Ban(p) =5 fo BE (P, )BT (0. 016, (46)

Straightforward computations show, from the definition of h{, see
Lemma 2.2, and Egs. (25) and (28), that h (r, #) = 0 and

i1, 0) = hi (1, 0) — @y (n+ 1)Ca(0)r"

1,n+1
In particular, by induction,

h s (1, Z @, + e ().

Finally, also from Lemma 2.6(d) and Eq. (25), it follows that (46) is
zZero.
(IIT) The contribution of the third term to M( g1 10 (35) follows

from the evaluation of the functions Szi’ n(}r)](,o, f)at b = =m.

Moreover, we will see that these expressions only provide even
terms in p for the polynomial P,(p).

From the second summand of (34) and the fact that inn(i)l( o) =
0, we have

0
SEW (5. 0) = /O e (oo VB (0 W)Y

0
=/ (hE (o §) — @,y (n - 1)Ca(9)p")
0

X (Ba(ps W) + iy p" 208" 2 )dyr
=50, ¥) + VEB) + VE(O) + V5 (6),

where

0
VEO) = —a%,(n+ 1)o" f BE (0 )W)
0
0
VED) = aF,, o2 f cos™ 2y hE (p, )y,
0

0
Vi(0) = —(ay,)*(n+ 1)p*"+2 f cos" 2y Cy (Y )dyr.
0

Now we will compute the evaluation of V:(6), V;°(8), and V;°(0)
at § = £ separately.
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First, from Lemma 2.6(h) and the definition of ﬂfn in (25), we
have that

ViE(O) = —ay, (n+ 1)) @ Cir1a(0)p™ .

j=0
So, from Lemma 2.7,
Vi) =V (—7)

P

=(n+1) (a n+laj - an++1a;—)
0

j=
X Cip1.n(7)p" (47)

The above polynomial has only monomials of even degree because,
when n + j + 11is even, the corresponding Cj41.(7) = 0, see also
Lemma 2.7(g). Moreover, the term of higher degree writes as

(n+ 1)@, 1, — GF, 1@ Car1.n(7)0™" (48)

and the right hand side of (47) writes as (40) or (43), changing the

coefficients ?7 ) and n(z) when n is odd or even, respectively. The

maximal degree term 1s different from zero because Cy41 n(7) # 0.
Second, from Lemma 2.6(h), we have that

0
ViE9) = afﬂp”“/ cos™ 2y Z S+ De(y)el | dy
0

= n+1 Z +1(J +1 Cn+21(9)pn+]+2

So, again from Lemma 2.7, we have that

V() =V, (—
P Z n+1 ]+1

j=0

n+1a;7:u1)(j+ 1)

X Cnyz ()" (49)

The above polynomial has only monomials of even degree because
when n + j + 2 is even the corresponding Cp, j(r) = 0, see also
Lemma 2.7(g). Moreover, the term of higher degree writes as
n(a,, 0y — @t @ Co2.n1(m)p>" (50)
and, as before, the right hand side of 849) writes as (40) or (43),
changing the coefficients 77] ) and 17 when n is odd or even,
respectively. Here, also the maximal degree term is different from
zero because Cpyy p—1() # 0.
Third, from Lemma 2.6(h), we have that

]
VED) = —(aZ,, P + 1)p?2 / Cos™ 2y Cal Y)Y
0

= —(ag, 2+ 19" 2Coi2,0(6).
So, using that Cpy 3 n() = Cpyan(—7) =0
Vi () = V5 (=)
0

From all the computatlons done above we have proved, by
induction, that (37) writes as M2 n( ) = gqn_1(p?) for some polyno-
mial g,_; of degree n— 1. This is due to the fact that the polynomial
Pa(p?), in (38), follows adding the polynomials (39), (42), (45),
(47), (49), and (51), all of them having only monomials of even
degree. More concretely, it writes in the form (40) or (43) when n
is odd or even, respectively. Moreover, the coefficient of maximal
degree term, p?", is obtained adding (41), (44), (48), and (50).
In what follows we compute it explicitly because it is necessary
to conclude the proof, showing also that it does not vanish. We

remark that in both expressions, P,(p?) and p?", the n refers to the
perturbation of degree n + 1, because of the induction procedure.

=0. (51)

Next, we will write, to simplify the computations, the coefficient of
maximal degree corresponding to My n4+1(p) or M2 M +1( ), because
they coincide.

When n is odd, we have that the coefficient of maximal degree
isat (a,, +ay,,) K, with

Kn = (n+ Dcpp1Conta(m) — (N + 1)Cpi1,a(7w) — nCry2n1(m).

This last expression can be simplified using properties (f) and (g)
of Lemma 2.7. First, in the second and third summands, writing it
as
~ 4n+1) n
I< = - c — ),

" it D+ ngaire)
and then, in the second summand of the above expression, to write
arecurrent expression for the coefficient of maximal degree,
~ n ~ 4

K, = A S— 52
"Th+2 " @n?—D)n+2) (52)

The first value follows by direct computation and we obtain 1?1 =
2/9. All the coefficients are positive because we can prove, by
induction, thatK > 1/(n+2)* > 0. Whennls even, the coefficient
of maximal degree writes now as a;, , (a;" + a;) K, with

Kn = (1 + 2)cn42C0.n41(7) — (1 + 1)Cat1.0(70) — NCry2.n1(77).

Using similarly Lemma 2.7 as previously we have the same re-
currence relation (52). But starting at K, = 2. Clearly, K is also
positive because the same lower bound applies.

We remark that the expression for (32) follows from (52) be-
cause K,, 1 = K,. Consequently, K, > 1/(n+ 1)? > 0.

The last statement of the theorem follows writing the second
Melnikov function My ,(0) as ppm(0?)+qu—1(0?), for a5, = Owhen
k =0,...,[n/2] and by, = O when k = 0, ...m. As we have
mentioned before, the polynomial p,,,(p) writes as (31) changing
31 to b3, and a3, ; to 0. The polynomial g,_1(p) is obtained
by induction, using alternatively (40) and (43). So, we have

M3 4(p) = Z §l<b2k+1)02k+1 + Z( Z %_u ) (53)

=0 i+j=20+1

ij<n
where ¢, # 0 and & 41 = K, # 0, due to (31) and (32),
respectively. This last expression, expanding the sums, writes

My n(p) = +)/)2 + §1b3+p3
T+ Kaal)pt + -

Koag af + cob p + (Sogao aj +Kiata
+ (£0s0y a3 + &1aaia

It remains to prove the existence of parameters ak and b,f such
that (53) has exactly m 4 n simple zeros. They appear bifurcat-
ing from infinity according to the following procedure. We start
choosing all the parameters equals zero except ao+ = af =1
and we continue adding the rest of parameters one by one, with a
specificorder, bf, ay, b3, af, ..., b}, af. af .\, ... a4} |, af, and
alternating signs. That is adding only one monomial of higher
degree in each step. The first simple zero is obtained taking any
b+ < 0. The second appears, from 1nf1n1ty, choosing a2 > 0
small enough, because at this step a3 = 0. The third bifurcates
also from infinity adding b; < 0 small enough. At the fourth step,
adding a;r > 0 also small enough, the previous zeros remain, by
continuity, close to the ones appeared in the previous step, but
the coefficient of p? changes slightly. The proof ends when all the

coefficients of (53) have been added. O

From the last proof, it is clear that M, ,, see (53), has exactly
m 4 n positive simple zeros and no more. Moreover, only K, and ¢
should be different from zero. The next example shows the explicit



40 C.A. Buzzi et al. / Physica D 371 (2018) 28-47

expression for M, whenn = 6,

1774 702
ﬁa;asﬂow + (——aJra+ + —af{a;)ps
( 1426 e 26 e

T35 4% t o7
5w

M; s(p) =

74 14 3
+ <2a0a5 — —afaf + — ag)p + b;rp3

75 152
2
+ <2a0a3 +9a ),o —i—zbf,o—i-ZaTaO*.

Then, it seems numerically that the eight positive simple zeros that
the above polynomial can have, can be located arbitrarily in the
positive real line. For example, if we fix the values ag =1, a;r =
1,a; = 0.02154486,af = 2.6966906,a; = —0.1355754 -
107%,af = 0.3935304,aqf = 0.4103265 - 107°,b] =
—3.351348, b] = —2.4176393, b5 = —0.1400563,then Mg has
only 8 real zerosatp =1,2,3,...,7,8.

Alternatively, choosing a;1 = af = 1, the zeros can be
obtained bifurcating from the origin reordering in an adequate way
the perturbation parameters.

5. Perturbations of any order for some classic Liénard families

In the previous section we have seen that the study of the
second Melnikov function for classical Liénard equations with a
horizontal discontinuity line is more difficult than the first order
study. A higher order analysis for perturbations of degree n can
only be done adding some extra hypotheses or changing the slope
of the discontinuity line. This is what we do in Theorems 1.3
and 1.4. In the first result we assume some symmetries on the
perturbations and in the second we change the discontinuity line
to the vertical axis. Their proofs follow directly from the next two
propositions.

Proposition 5.1.

(a) When f,.i are even polynomials, system (3) has a center at the
origin for every ¢. Moreover, all the Melnikov functions vanish.

(b) When fii are odd polynomials, the Melnikov function of order
N, My, associated to system (3) has at most (n — 1)/2 zeros.
Moreover, there exist polynomials fii such that the zeros are
realized as simple ones.

Now we consider system (4). Under the change of coordinates
{x =y, y = x} it becomes

N
(®.y) = (v —x+ Y efFW)), (54)
i=1

where fii are polynomials of degree n defined now in Eoi =
{(x,y) € R? : 4y > 0}. Observe that, for this new system, the
discontinuity set is the x-axis.

Proposition 5.2. All the Melnikov functions associated to system (54)
have at most n zeros. Moreover, there exist polynomials fii such that
all the zeros are realized as simple ones.

Remark 5.3. In the above results every Melnikov function has
exactly the same form. In fact all the higher order studies coincide
with the first one. We can say that the Melnikov function stabilizes
in the first step. Like in the Liénard smooth case, see [8].

Proof of Proposition 5.1. (a) Each system defined by (3), assuming
the even property inf*, is symmetric with respect the y axis. In fact

it is invariant via the change of variables (x,y,t) — (—x,y, —t).
Hence, the system is globally invariant with respect to this change
of variables and, consequently, the respective half-return maps are
the identity ones for every : IT™(p) = IT-(p) = —p. Then the
Melnikov functions vanish identically for each order and the proof
finishes.

(b) First, system (3), assuming the odd symmetry in f* and
writingfii(x) = xfii(xz) =X i oazijﬂ ,(x Y where yjy1,i € R,
can be expressed as

N
dH + ) el =0,
i=1

N
dH + ) e'o; =0, if6 € [x, 27),
i=1

ifo € [0, 7),
(55)

where —a)ii = (xii(r, 6)dr + ﬂii(r, 6) with

n
+ _ £ 2001 2lg
o (r,9)—Zazj+“r cos¥ 19 sind and
=0
n

BE(r,0) = Z g 772 C0sP 0. (56)
j=0

In order to find the Melnikov functions of order i, M;, we will
write r¥(0, ¢, p), the solution of (55), as

Zs

Consequently, My(p) = ri(, p) — i (=7, p).
The first Melnikov function is given by M; = r"(w () —r7 (=)

98,0

where, from Proposition 2.3, the functions r;] £0) = (6, p)
satisfy
pri(0) = Fi(p)0 + 7 (p, 6), (57)

and F{", ST are obtained from the one-forms —2;" where hy = 1

and
— 2F = —ohy =ai(r,0)dr + B (r,0)do.

With this notation, the functions F;" and S; are given by the
expressions

] 2
o
0
S]i(r,(?):f BiE(r, )y — FE(r)e.
0

Ff(r)= Bi(r,0)d6 and

So we get
n
FE(r) =) a3 1102 and
j=0
n
SE(r 0) =Y @y 1Coja(O)r 72 (58)
j=0

where, ¢y;4, and Cyj;, are given in Lemma 2.6 and the function Cyj;»
has the form sin 6 p,j,1(cos #) with p,i1 a polynomial of degree
2j + 1in cos 6. Moreover,

hi(r,0) =

+
M) . (59)

1( 4+ 1

_ L 0) —

r (al (r.0) ar
Observe that, from Egs. (57) and (58), we have

SE(r,—0) = —=S{(r,0) and rf(—0)=—r(6).
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And, from the fact that S} (p, 7) = S;(p, —m) = 0, it follows
from Eq. (57) that

Ff Fo

Mi(p) = rf(m) —r{(—7) = Mn

+Sl+(p’”)_ 1 FH(p)+Fi(p)
p o

Suppose that the first Melnikov function vanishes identically,
thatis, Mi(p) = 0. Then Ff“(,o) = —F; (p) and from (58) we obtain
n. In particular, from Egs. (56), (57),

— + .
U1 = —Ogp110J = 1,...,
and (58) we get

ay(r,0)=—a (r 0),
SH(r,0)=—S;(r,0),

By (r,0)=—B(r.0),
r(0)=—r{(0).

Also as of and S are odd functions with respect to the variable 6,
it follows that

hi(r, —0) = —h%(r,0).

From the equalities above and the expressions (56) and (59) we
can write
Ff(p)+F (p) =

Now taking the s?-terms in the series expansion of Eq. (8) of
Proposition 2.3 we get

ar(pv 0) - O[]_(,O, —@) = 07 (60)

=0,
0, rH@)—r;(—0)=0

1 0
pr50) == 360 +o. ([ Fto+ertune

0

61
+s$(p+er$(e),e)) (61)
+ F ()0 + S5 (p, 0),
where O,(-) denotes the order ¢ terms of (-).
The second Melnikov function is given by M, = r;(n)—rz_(—n)

and, from conditions (60), we have
-0 0
/O F{(p+ery (y))dy = —/O F{(p +er (—y))dy
0
= [ Fto+ertwmay
0

0
= / FH(p + erif(y)dy.
0

Also, Sy (p + ery (—0),
er{(9), 0) that implies

—0) = =S, (p+er(—0),0) = =S (p+

SHp +erf(6).0) —
=5{(p +er} (6),

S;(p+er (=6),—-0)
0)+S; (p+er{(9),0)=0.

Next, from (61), we write

+ —
$0) - 15 (-0) = HOEL 0y

S (p,0)—S5(p, —0
n 5 (p )pz(p )

(62)
where the functions F;°, Si and h; are obtained in a similar way
as the case i = 1 but now using the one-forms

-QF = — h¥wf =& (r, 0)dr + B5(r, 0)do,

with

+ hE(r, 0)ai(r, 0)
+oy N, 0),

+ hi(r, 0)B5(r, 0)
+ 8, r.0).

a5 (r,0)=

(63)

So, we have

F(p) = F;P(p) + K, "(p), and

S5(p,0) =S, p,0)+ 5, (p,0),
where F, +(2) i (2) depend on the coefficients of order &? of the
one- forms (55) and are given by

1 21 n )
B0 =o— [ 000 = ag, pear
j=0
+.(2 ¢ (2
Sy (r, 0) = f BE(r, v)dy — P (r)e (64)
0
n
= Y a5, ,Coj2(0I 72,
j=0
where Cyjy; is given in Eq. (58). The functions in’“ i (D depend

on the coefficients of order ¢ of the one-forms (55) and are given
by

+(1) [ )
E (r):E By (r, 0)do

sE0(r, ) / O,

Moreover, from the fact that ,B;'(U(r, 0) =
functions satisfy

Y)dy — V(.

—ﬂ;’(”(r, 0), these

EVry=—Fr), and s Wr,0)= —s;(r,6).  (65)

Now it follows from Eqs. (60) and (65) that

sy, 0) - s, Vr / B r, v)dy
/ By Ve v dy
= [ (B v+ ;O —v) dy

—IBT(r, —)) dy
SO v) = i BT 9)) dy

(87 Vv = 870 v)) =0
So we obtain from Eq. (62) the difference

F (p) +F (), N S5 (0, 0)— S5 (p.6)

rF(6)— 15 (~6) =

0
_ B P0) +Fp)
P
Sy Ap. 0) = ;P (p, —6)
* P

0
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and, from the fact that 5;’(2)(/0, T) = 52_'(2)(/0, —m) = 0, we get
the expression for the second Melnikov function

E2p) + By Pp)

My(p) =1 () =1 (—7) =

0
SF —57@p,
P
_ FJ’(Z)(/}HF{'(Z)(/))]T
0

Now suppose that it vanishes identically, that is, M5(p) = 0. Then
from Eq. (66) we have F+ 2)(,o) = —F, (2)( ) and from Egs. (64)
the next relation holds:

— _ + :
Uyii12 = —Oyi412 j=1,...,n

From Eq. (64) it follows that S;"®(p,0) = —s;"®(p, 6). Also,

using Eq. (65), we obtain

F (o) = B 0) + FV(p)

—(F, P 0) + FPA0)) = —F; (p),
and similarly Sj(,o, 0) = =S, (p, #). This implies that
S5 (p.6)—S; (p.

Now, from the form of &zi and 3; given in (63), we have

—0)=5S5(p,0)+S, (p,0)=0.

a5 (0)— &, (—0) = oS (r,0)+ hi(r,0)x](r,0)
— (g (r,=0) + hy(r, —0)a; (r, —0))

oy (r,0)+ hi(r,0)a{(r,0)
— (a5 (r.0) + hi(r,0)af(r,0)) =0.

) = 0 and, as hzi(r,e) =
—6) = 0. Using all

Similarly we obtain 8, () + 8 (—6
+

(&g, 0)— 22 ), we get hi(r,0) — hy(r,

the above relations together we can write

FEf(p)+F (p)=0, Sf(p.0)—S;(p,—0)=0
h3(p,0) —hy(p, —0) =0, o (p,0)—a;(p,—0)=0
By (p.0)+ By (p, —6) =0, r(0) —15(—6)=0.
Now suppose that forj = 1,...,m — 1 we have
Ef(p)+F (p)=0, S (p,0)—S (p,—6)=0,
W (p,0)— i (0, —0) =0, a(p.0) —a; (p.—0)=0, (67)
B (p.0)+ B (p. —6) =0, (@) — 17 (—6) = 0.

Then the terms of order ¢™ of Eq. (8) in Proposition 2.3 can be
written as

PI(0) =Fa(p)0 4 Spy(p, 0) + Opm

1
< (-3l rert@ e o))
m—1 0
+ Ogm ( 8i/ F,-i (,o—i—er]i(tp)
i=1 0

4ot smqr’::_l(lﬁ)) dlﬂ)

Now observe that as in the case i = 2 under the hypothesis of
induction (67) we have
F+ F- St(p,0) —
FH0) = r-(—0) = m(P)+ Fu(p)y  Sup, 0)
P o
where the functions F, SE and h are obtained from the one-
forms

Sa(p,0)

. (68)

m—1
-2 =— Zwihi = —w, — ij‘ihiﬁ‘
j=1
= am(r, 0)dr + B (r, 0)de,
with
GE(r.0) = ab(r,0)+ Y h e (r.0)
j:l
r,0 M=, 0
a(r, 0) + (r,0), (69)
BE(r,0) = B(r,6) +Zh £(r,0)

= B(r,0)+ ﬁ,jf m=D 9).

Furthermore, it follows that

3

M (r, 6) — a M V(r, —6) = (h+ (r,0)a;t(r, 6)

|7
:~M

mfj(r, —0)ay (1, —0))
1

3

(r,0)

Il
M

(b (r. 0)e;

-
=1

- m_j(r! 6)

Similarly, we obtain the vanishing relation ﬁnf’(mfl)(r,e) +
B ™ V(r, —0) = 0. Moreover, we can write

Fo(r)=F™(r) + Fr ™ D(r), and
S, 6) = S, (r, 6) + S, " r, 6),

+,(m)

aj+(r, 6)) =

with ™, s depending on the coefficients of order ¢™ of the
one-forms (55) and they are given by

1 . ,
FEM(r) = “2n ), /3 (r,0)d0 =" a5y nCojiar™t,
=0
SEr, ) = f BE(r Yy — (B (70)
0

n
_ + A 242
= § :azj+1,mC21+2(9)r .

Here the functions Fi ™V, s depend on the coefficients

of order & of the one-form (55) for everyj =1,...,m—1,and
from the fact that ,an’(m”)(r, 0) = ﬂm (r, 0) these functions

satisfy
FRm=D) = —F (), and
S m= 1(r,e)_ —S,m=N(r, 9). (71)
Now as

0
SV 0) = [ g pdy — o,
0
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we get, also using the symmetry of the functions g,
0
S5 r0) = 55" -0y = [ g ey
0
-6
- f B "V, )dy
0

0
= / (Ba ™V, ¥)
0

— B, ) dy = 0.
Then, from Eq. (68), we have

Ff(p)+ Fr(p)

St(p,0)—
R

_ Ea"p) + Fa™(p)
o
N Sw™(p, 0) = Su™(p, —0)

and, from the fact that S ™(p, 7
obtain

™) +
B P
S’ ™(p, 7) = S ™(p, —7)
0
Fu' ™ (p)
T

Fn™(p)
T

+

_ E0) +
0
This implies that, when M;(p) = 0, we have

forj=1,.

Byjv1im = a2}+1 ms

From Eq. (70) it follows that s,#““)(p, 0) = —Su™(p,
from Eq. (71), we obtain

Fi(p) = FH™(p) + F"D(p) =
= —F,(p),

and similarly S;f (p, 0) =
ing relation:

Consequently, from Eq. (68), the next difference also vanishes:

r(0) —r,(—0)=0.

6). Also,

= (Fa™(p) + F ™ (p)

—S,,(p, 0). This implies the next vanish-

Moreover, from the form of & and B given by (69), we have

m—1
=at(r,0)+ Z h(r.0)e; (r.6)

—( r—0+Zh(r

=ah(r,0)+ Z hf(r.0)e; (r.6)

a- (r, —9))

m—1
- (a;(r, 0)+ Y h(r, 00 (r.0)) =0.
j=1
Similarly, we can obtain also that ﬂ*( )+ ,3’(—9) = 0 and, as

hi(r,0) =1 (6% — "jr , weget ht(r,6) — h(r, —6) = 0
In this way we obtain Egs. (67) for j = m and the result follows

by induction. O

Proof of Proposition 5.2. Using the tools described in Section 2
and w.riting. fii(){) = Zfzoafiy’ , system (54) moves to its equiva-
lent piecewise differential one-form

N

dH + ) el =0,
i=0
N

dH + ) " eoy =0, ifo € [x,27),
i=0

ifo € [0, ),

where H = r?/2 and —w]" = &"(r, 6)dr + (r, 6)d0, with

n
= Z ajiirjsirxie cos®, and

BE(r, 0) Za it 6.

Jj=0

Using these expressions we obtain

[(n—1)/2]
()= — Z azij+1,152j+2rzj+2,
j=0
[(n—1)/2]
SEr.0)= — Z a3 1Sy (O)r P! (72)
[(n 1)/2]

§ : 2j+2
azj+1 152]+2 ) .

Moreover, by Lemma 2.6, we can write also Sy2(0) =
sin @ pyjy1(cos 0) and Syj1(0) = Pajr1(cosH) for some pyip1 and
P2j+1 polynomials of degree 2j + 1in cos6.

Now, as

pri(0) = Fif(p)0 + Sy (p. ),

it follows from this equation and the previous functions that the
first Melnikov function, M(p) = r; () — r{ (—), writes as

Ff(p)+F (p) _ Si(p.m)—S;(p,—m)
Mi(p) = - L+ - !
P P
[(n—1)/2] A
= Y (@~ @) ()p?
j=0
[(n—1)/2]
]
Z a2;+1 17 050 1)S2512p i
j=0

In this case, M;(p) is a polynomial of degree n with monomials
depending on the coefficients of the e-perturbation of system (54).
So (54) has at most n limit cycles bifurcating from the origin up
to a first order study. Moreover, as all the coefficients of Mq(p)
are linearly independent, we can chose a system such that the
corresponding function M, has exactly n simple zeros.

In order to study the second Melnikov function we suppose
M;(p) = 0. In this case we get
a;rHH =—ay,,,, and a;““ =ay;,. (73)
Using (72), (73
asi

), and also the definition hi(r,6) =

(r 9)), we can easily see that

Ff(p)+F (p)=0, S (p.0)—S(p.—0)=0,
af(p,0)—aj(p.—0)=0, Bf(p.0)+ By (p,—0)=0,
(@) —r7(=0)=0, hi(p,0)—hi(p,—6)
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Taking into account the previous equalities and using the same
induction procedure used for proving Theorem 1.3(b), we can show
that My (p) has the same form of M;(p) for every k € N. The proof
of this result is quite similar to the proof of Theorem 1.3 and it is
omitted. O

6. First order perturbations of Liénard families of low degree

In this section we present two families for which the number
of limit cycles increase with the order of perturbation but not as
fast as the upper bound given in Theorem 1.1. As an example of
the difficulties found during the implementation of this procedure
we will present here only different families of lower degree. In the
first one, the number of limit cycles with a second order study is
bigger than the first order, but we have no more limit cycles with
a third order or higher. For the second one, the number of limit
cycles increases with the order, but also in this case this growth
stops at a given order, fourth for this family. Typically, for a fixed
family, a kind of saturation growth occurs. This phenomenon was
also showed for the piecewise linear family in [11]. It is clear that
which is this maximum number and for which order it is given are
very difficult questions that involve too many computations in our
approach. The first family has been studied up to order 6 and the
second one only up to order 5. We have not gone further because
of the computational difficulties.

Proposition 6.1. For n = 1, 2, 3, 4, consider the polynomial system,
in x*
0 ’

N
Xt &, y) = <—y + Z e'fh(x), x), (74)
i=1

where ffq are real polynomials of degree n. Then My has at most
[(n — 1)/2] simple zeros and My has at most n + [(n — 1)/2] simple
zeros for N = 2,...,6. Moreover there exist ifq such that system
(74), for & small enough, has exactly these number of limit cycles.

Proof. The proof is done in a case by case study. For each degree
n, using the procedure described in Section 2, we obtain that
My(p) = Pun(p)/p™ where P,y are polynomials of degree m; y
for N = 1,2,...,6.For simplicity we have not indicated, in P, y,
the dependence on the coefficients of the polynomials flin Here the
values of dy are 0,0, 1,2,2,4for N = 1, 2, ..., 6 and the values
of my y are given in the next table:

n N
1 2 3 4 5 6
1 1 1 2 3 3 5
2 1 2 6 7 10
3 3 5 11 13 17
4 3 6 10 14 17 22
For the case corresponding to degree n = 2, the first four

polynomials P; y, takingfiiz(x) = a(fi + aliix + a;.xz, are

Po = 2 (afy + i),
Py = g(a;a; - a1_1a2_1)102 - %(ﬂ((al_l ¥ — (@)
— Aap, + aE))p +2(ag,07; — a(;]aa),
Prs = 2714”(‘11_1(‘12_1)2 +afi(a5,)%) " + %(3”((‘1T1)2‘1;1

+ (ay; )202_1) + 4(a}, a3, — a;,0;,)

_ 1 _
+ 4(a},a5, — aj,a5,))p° + @71(712(@“)3 +(ah)?)

- - + o+
— 12n(ay;a3, — ay;ay;)

1
+3((ay,)® + (@) + 24(ay; + afy)) p* + 5(7r(a§1(a;“l 2

+ 081(01_1)2)

_ o 1 N

+ 4(ag,af, + ag,af; — ag,a;, — a02all))p + 5”((‘101)2‘111
+ (ag,afy),

206 , _

I, 6
2025 (ar,

P2,4 = (051 )3 - aT](a;f)p

1 _ _ o
- @(27(‘111“21 — a},a5,)(ay, 0, + a;rla;)’ﬂ
— 27(2(ay,0;5,0;, + a7,05,05,) + a,(a, F + aj(ay, ) )

- + o+
+ 32(ay;05; — a7;a5;)x

(05,03 + 6105,))p° — o (4@ Vg, — (@7, P
— 108((ay,*ay, + (a7, a3,
+2(ay,a3,05; + a7,05,03))m + 16(9(ag, ay, (a3, )
— ag,a,(az,)) + 9(ay, a5 — afya33)

+9(a3,0, — a3,05,) + 93305, — a130;;)

+ 2((ay, ) ay, — (af )3‘1;1))):04

~ i (300, — )+ af e + (@, P
— 72((ay,ay, + (af))a)m?

+36((a7)* — (7)) + 8(ay,a7; — afafy)

+ 4((ay,)* — (af,)*)m® — 72(3((ay; ) ay,
+(a1)°ay) + 8(ayy + ai))m + 512(ag, (e, V',

- aoﬂ(alﬂ)za;))f
1 — =3 3\_2
- i( = 3(agy(ay,)’ — ag,(a;)’)m

+ 12(2(ag, 07,0y, + a5, 07,07,) + agy(ay,; y?
+ ag (a3 V) + 16((ay, )Zal_laz_l — (ag, )za;a;

+ o+ - - + o+ - -
+ 3(agay5 — 45,035 + Agy a7, — Ay,

_ T _ _
+ a0y, — a03a“)))p2 - 5((5’01)2“12 + (ag, )Za;rz
+ 2(ag, 85,07, + 05, 85,04,; )),0

2
- g((a&)%ﬂ — (ag,Yaty).

We have written the parameters a; j as a;; so write in short. More-

over, the polynomials P, 5 and P, ¢ are not written here because

of the size of them. Instead of P, 4 has 62 monomials, P, 5 and P, g

have 152 and 350, respectively.

Clearly, P, 1 has no positive zeros, consequently there are no
limit cycles bifurcating from the period annulus up to order 1. Let
us continue assuming M;(p) = 0. Under this assumption, P, is
a polynomial of degree 2 with arbitrary coefficients. Then there
exists a choice of perturbed coefficients such that P, ,, and also
M, has exactly 2 simple zeros and from the period annulus we
can get 2 limit cycles for system (74), for ¢ small enough. When
Mi(p) = My(p) = 0, then all the coefficients of M3 of degree
greater than 2 vanish. The same simplification occurs for My, Ms,
and Mg when the previous My vanish identically. Consequently, for
& small enough, no more than 2 limit cycles can bifurcate from the
period annulus up to orders 3,4,5, and 6. It can be easily checked
that for system

9 e
Xt (,y)= (—y+ (Ex2 +x+ 50>8 + Ze1xe2,x),

X~ (X, y) = (—y — xe, %),
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defined in Eoi, we have M;(p) = 0 and My(p) = p? + meip
=+ €p.

Using the same simplification procedure, the degrees of the
polynomials P, y decrease. Next table shows which they are after
the simplifications:

n N

1 2 3 4 5 6
1 1 1 1 1 1 1
2 1 2 2 2 2 2
3 3 4 4 4 4 4
4 3 6 6 6 6 6

We remark that the above table does not give the number of limit
cycles, only the degrees of P, y after the simplification procedure.
The number of limit cycles given in the statement follows studying
the independence of the parameters of P, y for each degree n and
order N. We remark that although P4 y has degree 6, the coefficient
of degree 5 vanishes, consequently M, can have only 5 positive
simple zeros.

Finally, we show explicit systems of degrees 1, 3 and 4 such
that the corresponding functions M are identically zero and the
functions M, have 1, 4 and 5 positive simple zeros, respectively.

Using the described procedure we can prove that the linear
system

Xt (X, y) = (—y + eleox + 1) + &°x, X),

X" (X, y) = (—y — geox, x),

defined in X", has M;(p) = 0 and My(p) = 7 p/2 + 2e,. Similarly,
the cubic system

135 945
Xt ((x,y)= ( y+ (

! X+ 24 x e?
63eg 2 2 0

63
+ 76260)8 + 2e1xe ,x),

X" (X, y) ( (1X+X)+8€X32X)
. ) =\-Y—&\ 5 . £, )
y y 63e, 3%
defined in X7, has Mi(p) = 0 and My(p) = p* + mesp> + e20° +
me1p — 63e9(15e9 — 2e;). We remark that there are values of e;,
i=0,...,3suchthat M, has 4 positive simple zeros. For example
forep = 1,6y = —417/(31x), e, = 467/31,e5 = —207/(31w) we
have My(p) = (p — 1)(p — 2)(p — 3)(p — 21/31).

Finally, the quartic system

525
+ oy V) —
.(x,y)—( y+(58

8 3
+ (§€3X +2€1x)a ,x),

x* +X +eox)

X~ ,)_( +( x3+<555€+15
eYI=7Y 58 0" 14
185 2 5ee+1e) x)
- — ~ex)e, x),
17450 7 % T %

defined in ZJO ,has M1(p) = 0 and

)xz — eoX

Ma(p) = p® + esp* + mesp® + e30° + werp
— eo(1295¢€3 + 145epe4 — 609¢;)/609.

In general the above polynomial can have at most 5 positive
zeros. Moreover, there exist values of ey, ..., e4 such that it has
5 positive simple zeros. For example, when ey = 3/2,e; =
—830235/(841x), e, = 644273/1682, e3 = 45885/(8417),e4 =
—68047/1682, we have that M, has five positive simple zeros at
1,2, 3,4, —5 4+ +/1534/58 and one negative at —5 — /1534/58.

Consequently, there exist values of the perturbation parameters
such that system (74), for ¢ small enough and n = 1, 2, 3, 4, has
1,2, 4,5 limit cycles. O

Proposition 6.2. For n = 1, 2, 3, 4, consider the polynomial system

XF () = (—y+fFxe). x+ g5 (x, 8))
N
= (v + Y et x+ngm ) (75)
i=1

defined in XF, where flin and gl.yn are polynomials of degree n. Then
the functions My have at most n, 2n — 1, 2n, 3n, 3n simple zeros for
N = 1,2,...,5. Moreover there exist fli; and gf'n such that system
(75), for & small enough, has these number of limit cycles.

Proof. The proof follows the same procedure as we have described
in the proof of Proposition 6.1. In fact the Melnikov functions take
the same form, My(p) = Pan(p)/p™, but with different degrees
and coefficients. In this case the values of dy are 0,0, 1, 2, 3 for
N = 1,2,...,5 and the values of the degrees of the polynomials
P,nyaremp; =nandmyy =Nn—1forN=2,...,5.

We note that the maximum number of limit cycles appears
up to order N = 4. Now we will only provide explicit examples
exhibiting this maximum number of limit cycles, for each degree n
in the statement. The studies of lower order can be done similarly.

The linear Liénard system (75) with N = 4 given by

e
Xtx,y) = (—y + (€0 + x)e + 2xe*, x — —18>,
2eq
1
X7y = (= + (e0 = X + S (—4eo +e2)e’,
e
X— —Leq 26082),
290
has Mi(p) = M»(p) = M3(p) =0 and
_ 1 3 2 4 5
Ma(p) = 2 mp®+exp” +rep+e).

The quadratic system (75) with N = 4 and

81ley + 180ep + 4
frx,e)=(x* +x+eg)e + % xe3,
9e, — 4e2 — 36e
gt (x, &) = x*e? + 6esx?e> + %s“,
1 e 20e
F(x, &) = =(—5x% — 3x + 3ep)e — —& — ZCxe?
3 €o 3
2(3e 5
n (3epe3 + 61)X84’
3eg
- 1.2 2, 1 2 3
g (x,8)= §(7x + 18ep)e“ + —(6egesx” — eq)e>,
€o
has Mi(p) = Ma(p) = M3(p) = 0 and
My(p) 1(19292 +mesp” +e40” + e
= —(——— b4 T
4\ p 54675/0 50 4P 3/0

4 3
+e0° +meip + geo).

The cubic system (75) with N = 4 and

53
/ 2
X = — agx’> +x+a =X +ax
X+ : y+(asx + +°)£+(120 +7)
y = x+x%&3,
X =—-y+ (— L agx® — x + ao)s + A1(x)e? + Ay(x)e?
1525
X +asx’e?,
, 3 318, 2 3 2.4
y =x+x’e+ (]525a8x +Zao)£ + As(x)e” + agx“e”,
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where
A(x) = 163'x +agx’ —azx+a
1 — 120 6 7 1s
Ay(x) _( 343228 , 11 )X3 284
2=\ 2325625 ¢ 12 1525 00 TR
A(x)—<318aa +42a + 1a —i—l)x + asx + 2apa; +a
3 - 1525 7U8 5 0 3 6 3 ou7 1y
has Mi(p) = My(p) = M3(p) = 0. And choosing
ap = €o,
46‘1
G =—7—,
3 (¢1y)
a —ze + 3‘18a2a aia; — 2a
2—32 152508 107 0,
a —]Ge 4568aaa + 8aga aa
3—33 1525078 640 152518,
ay = —2e4 + —apa% + ~=apa +1aa +163a + 106(1
4 — 4 303 407 376 401 15258a
0 — 32e 343228 0 64316a . 376 0ea
>T 9 ° 2325625 % 22875 0 ° 13725 °°
n 636 g+ 1
1525 ° " 72’
48 24 353934 201099590064 , 159
g = —€ — — + —————- 0708 — —————————— (03 — —— o,
61 61 2325625 5408531640625 305
0= 20486 + 3439367744 ,
77 7159 7 " 5546615625 4.
448350000
ag = ———————€g,
150098827
we obtain
1 , 13863
M :—<771 Ot egp® +merp’ + egp® + wesp®
4(p) 2655360 P 8.0 70 60 50

+e4pt + mesp’ + eyp? +mep + eg).

The quartic system (75) with N = 4 and

/

X = —y+ (a10x* + ag + X)e

4021
4
. agX

X
y = x + As(x)e? + Ag(x)e>
with
, (11177145 , 2551 "
M) =x 4‘< 373084 ' T 403 am)x — X+ do,
A(X)__(41642856783675a4 1250598335
27\ 139864032256 "' ' 9419722 O
21416500 , 16 11 )x3
1461681 o 30 1278
11177145, 10204
( 93296 011 T 403 aoaw)x’
, (11177145 , 2551 X
As(x) =x *’( 373984 1 T 403 am>x — X+ do,
A(X)__(41642856783675a4 | 1250598335
A7\ 139864032256 ' ' 9419722 01

—a —ag — —a
1461681 "0 T 3% T 50

ao(11177145a§14—2367328am>x,

21416500 , 16 11 )x3

+

93496

617
y = x+A(x)s — Eanx%z + Ax(x)e + etasx’,

anx’ + a1)52 + agx*e® + asxe?,

617
X = —y+As(x)e + —Eanx%z + As(x)e + asxe?,

As(x) = D g + (3725715a2 2, )x2 +2a
> 70 8 373984 ' 1209 '° 0
16091363085 , 129441493 37 4
As(x) = ( aiq a10d11 — *09)9(
21691072 701220 15

+ (7375a a; +a )x2+a
116 Jodn + @ 1,

has M(p) = M(p) = Ms(p) = 0. Choosing the values

dp = €p,
e1
a=—,
€o
e, — 2a0 + 2954a2a
27 20T 09000

b g, 1177145
2T T 8e992

3 2954 1,

g =—es— ———a —ag —
4= 58~ 3y M0t 5%
3673 23

aia;; — —dodg,
116 Y101 — 4 0ods

oo =B, 41269745055 , 916501
> 737 T 1691072 0T 418 O

3725715 ,
186992 7

3725715 , ,

agas;,
373984 0%

5102a a
203 a0

124190502 2
373984 1 3

1
a ==
272

2
Qoayo

—dpa

3 09

+ —a a7+4a 1a
1209 10 e 72 1

75 277  957035384280675 4
dg = —€¢ + — — aloa“
74 111 28182602499584

246061222155 , ,

prpr——— LT
60738367456
58101015 , 40871

1495936 1% T 1536

17041717574 ,

G005 + e 376173010

1397742487944051375a6 560013o5a 2
26153455119613952 ' 13837408 ° !

N 686648
313131 00
12 416237010695545095 .
a; = — —e7 — aiq
5 32448455483392
993055562624097 82710873
- 411010 T S5 aaan 11‘19
174830040320 3739840
1751870985349 , 7375 +_242861a .
2825916600 0" 116 ' 60450 70
5553
928 1148,
L 22050 4_408588973833a 2 _ 64879
87 43123 % " 812413343612 O ' 43123 ° !
1372
43123
14949785585339325 , 12575899204 ,
1507839165743872 iy ~ 21010689921 Tio:
320 1724620185 , 2467922575
g = — —-"€9 — aj; — a10d11,
33 834272 4984056
1799445375 1075494673575
aip = €10 — aiqs
1023106108 237360617056
4. _ _ 556800
m 11631
we have that
1 ;328474
M 27( 124 pe ol 4o 510 4 o9
4(p) 2 5670125 " 1P 100 90

+ egp® +mesp’
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+ 36106 + 7T€5,05 + 6’4,04 + 7T€3/03 + 62,02

4 3
+ mep + §€0>.

For all the studied cases, n = 1, 2, 3, 4, the first three Melnikov
functions vanish identically and the fourth, My, can be written with
arbitrary coefficients, ;. Consequently up to a study of fourth order
and for ¢ small enough, system (75) has 3n limit cycles, bifurcating
from some chosen 3n circumferences, forn = 1,2,3,4. O
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