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Abstract. We estimate the number of homotopy types of path-components of the mapping
spaces M (S™,FP") from the m-sphere S™ to the projective space FP" for F being the
real numbers R, the complex numbers C, or the skew algebra H of quaternions. Then,
the homotopy types of path-components of the mapping spaces M(EX™,FP") for the
suspension EX" of a homology m-sphere ™ are studied as well.

Introduction

Let M (X, Y) be the space of all continuous (not necessarily based) maps between
connected spaces X and Y with the compact-open topology. The space M (X, Y) is
in general disconnected with path-components in one-to-one correspondence with
the set (X, Y) of (free) homotopy classes of maps. Furthermore, different com-
ponents may—and frequently do—have distinct homotopy types. A basic prob-
lem in homotopy theory is to determine whether two path-components are homo-
topy equivalent or, more generally, to classify the path-components of M (X, Y)
up to homotopy type. For a basepoint xo € X, we have the evaluation map
w: M(X,Y) — Y defined by w(g) = g(xg) forg € M(X, Y), which is a fibration
[13]. Let M (X, Y) be the path-component of M (X, Y) that contains a given map
f: X — Y, andwrite wy: My(X,Y) — Y for the restriction of w to M ¢(X, Y).

Works on these classification problems date back to the 1940s. Whitehead
[24, Theorem 2.8] considered the case X = S, the m-sphere, and proved that
My (S™,Y) is homotopy equivalent to My(S™,Y) if and only if the evaluation
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fibration wy: My(S™,Y) — Y admits a section, where 0 denotes the constant
map. Then, results by Hansen [10,11], and later by McClendon [19] treated this
classification problem as well.

Hansen [12] obtained a classification of path-components of M (M", S™), where
M" is a suitably restricted n-manifold. The aim of [21] was to describe an approach
which fits in well with Hansen’s and leads to some further progress. In [6] the authors
made use of Gottlieb groups of spheres to deal with path-components of the spaces
M (S"T* S") for 8 < k < 13.

Let now G be a Lie group and P — X a principal G-bundle over a space
X with gauge group G. Atiyah and Bott [1] proved the following. Let BG be the
classifying space for G. Then in homotopy theory BG = Mp(X, BG). Here the
subscript P denotes the path-component of a map of X into BG which induces P
(i.e., the principal G-bundle P — X).

The case in which X is a manifold and ¥ = BG has been the subject of
extensive recent research by Crabb, Kono, Sutherland, Tsukuda, and others (see
e.g., [4,14,22]).

Then, Lupton and Smith [17] gave a general method that may be effectively
applied to the question of whether two path-components of a function space
M (X, Y) have the same homotopy type provided X is a co-H-space.

Now, let FP" denote the projective n-space with n > 1 for F being the real
numbers R, the complex numbers C, or the skew algebra H of quaternions. The
purpose of this paper is to classify homotopy types of path-components of the space
M (S™, FP") for certain m, n.

Section 1 fixes some notations and definitions, and necessary results as well.
In particular, we recall a very important result on ws: M(S™, X) — X for our
further investigations which was obtained by G.W. Whitehead [24] with a correction
by J.H.C. Whitehead [25] and then generalized in [16] for ws: Ms(EA, X) —
X, where E A is the reduced suspension of the space A. Next, we make use of
some results from [7, Chapter 1] to identify path-components of M (S™, FP") for
some m, n. Section 2 takes up the systematic study of the path-components of
M (S™, RP") and its main results are stated in Propositions 2.3 and 2.4. Section 3
is concentrated with the homotopy type of path-components of mapping spaces
M(S™, CP") and the main result is presented in Proposition 3.2. Section 4 is
devoted to the homotopy type of path-components of mapping spaces M (S™, HP™)
and some computations are presented in Proposition 4.2. Finally, Sect. 5 presents
some background on homology m-spheres X" form > 1 to study path-components
of the mapping spaces M (X™, F P"). The main result of that section is Theorem 5.5
which uses results from [7, Chapter 2] and Sect. 2 to estimate homotopy types of
path-components of the mapping spaces M(EX™, FP").

1. Prerequisites

For topological spaces X and Y, let M (X, Y) be the space of all continuous maps
equipped with the compact-open topology. In the pointed case, for this space
we write My (X,Y). Let My (X, Y) (resp. M, y(X, Y)) be the path-component of
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M(X,Y) (resp. M. (X, Y)) containing a (resp. pointed) map f: X — Y and denote
by Mp(X, Y) (resp. Mo (X, Y)) the path-component containing the constant map.

Given pointed spaces X and Y, write (X, Y) and [ X, Y] for the sets of homotopy
classes of free and pointed maps, respectively. It is well known that there is an
action of the fundamental group 71 (Y) on [X, Y] and there is a bijection (X, Y) ~
[X, Y1/ (Y).

Let [ f] denote the homotopy class of a map f: X — Y. If X is a Hausdorff
space then for any homotopy H: I x X — Y there is an associated continuous
map H: I — M(X,Y) and consequently [ f] C M¢(X,Y).

If the evaluation map ev: M(X,Y) x X — Y is continuous and o: I —
o xidy

M(X,Y) is a path then its adjoint 6 : T x X —> M(X,Y) x X 2 Y is also
continuous and so [f] 2 M (X, Y).

In particular, if X is a compactly generated space then for any patho: I —
M(X,7Y)its adjoint 6 : I x X — Y is continuous and [ f] 2 M (X, Y). Because
X is also Hausdorff we derive that [ f] = M (X, Y) and the set (X, Y) coincides
with the set of all path-components of the space M (X, Y).

As pointed out by Whitehead [24] all path-components of M, (S", X) for the
n-sphere S" have the same homotopy type. Moreover, Lang [16, Lemma 2.1] gen-
eralized this result for the space M.(E A, X), where E A is the reduced suspension
of the pointed space A. In general, distinct path-components of the space M. (X, Y)
need not be homotopy equivalent.

Therefore, the following problem naturally arises.

Problem 1.1. Given spaces X and Y, classify all path-components of the spaces
M(X,Y) and M. (X, Y) up to homotopy type.

We consider a variety of cases beginning with the most classical, mentioning
progress on Problem 1.1, when appropriate.

Throughout the rest of this paper, all spaces are assumed to be pointed compactly
generated and all maps are pointed maps. Further, we do not distinguish between a
map and its homotopy class and we freely use notation from Toda’s book [23].

Given a space X, denote by m,(X) its nth homotopy group. Further, for f €
m, (X) there is the evaluation fibration @ (at the base point of §")

M, (S", X) = M(S", X) 25 x.

A very important result for our further investigations was obtained by G.W.
Whitehead [24] with a correction by J.H.C. Whitehead [25] and then generalized
by Lang [16]. It describes the boundary operator in the exact homotopy sequence
for the evaluation fibration by means of the Whitehead product.

Theorem 1.2. (G.W. Whitehead) If f € m,(X) then for any i > 1 there is a
commutative diagram

S
e T (X)L T (Mo f (87, X)) > mi (M (S, X)) ——> -+

Tl
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where 3¢ is the boundary operator in the exact homotopy sequence for the evalua-
tion fibration w ¢, the map H ¢ is the adjoint isomorphism (also called the Hurewicz
isomorphism), and py is the Whitehead product with f, i.e., py(g) = |f, gl for
any g € mi4+1(X).

Recall that the Gottlieb groups G, (X) forn > 1 of a space X have been defined
in [9] as evaluation subgroups

Gn(X) = Im(evy: ma (M (X, X), idy) — 7 (X)).

For a wide class of spaces X, the group G, (X) is the subgroup of the nth homotopy
group 7, (X) containing all elements f: S" — X suchthat fvidy:S"vX — X
extends (up to homotopy) to amap F: S" x X — X, i.e., the diagram

sty x T x

commutes (up to homotopy). It is easy to observe that G, (X) = m,(X) provided
X is an H-space.

Further, the Whitehead center groups P,(X) for n > 1 defined in [9] consist
of all elements f € m,(X) such that the Whitehead product [ f, g] = O for any
g € myu(X) and m > 1. Certainly, G, (X) € P,(X) for all » > 1. Notice that for
any f € P,(X)andi > 1, Theorem 1.2 implies that there is a short exact sequence

0— 7in(X) = mi(Ms(S", X)) - 7 (X) — 0. (1.1)

More generally, a map f: A — X such that f Vidy: A v X — X extends
(up to homotopy) toamap F: A x X — X, i.e., the diagram

id
Avx TNy

Ax X

commutes (up to homotopy) is called cyclic. Write G(A, X) for the set of homotopy
classes of all cyclic maps A — X and notice that G(A, X) is a subgroup of [A, X]
provided A is a co- H-space.

Yoon [26] observed a connection between G(E A, X) and path-components of
M(EA, X). In particular, [26, Theorems 4.5 and 4.9] imply:

Proposition 1.3. For any [ € m,(X) the following are equivalent:

(i) the evaluation fibrations (M ¢ (S", X), wy, X) and (Mo(S", X), wo, X) are fibre
homotopy equivalent;
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(ii) the evaluation fibration (M ¢ (S", X), wy, X) has a section;
(i) f € Gu(X).

Proposition 1.4. If f, f € m,(X) and f + f € G,(X) or f — f' €
G, (X) then the corresponding evaluation fibrations (M (S", X), wy, X) and
(M¢(S", X), wg, X) are fibre homotopy equivalent. In particular, the path-
components M ¢(S", X) and M+ y/(S", X) are homotopy equivalent.

Since G, (X) € P,(X), by Proposition 1.3 the sequence (1.1) splits and we get
an isomorphism

i (My(S", X)) = miyn(X) © 7;(X) (1.2)
forany f € G,(X) andi > 1.

Further, since path-components of the space M (A, X) are in one-to-one corre-
spondence with the set (A, X), we may say that the quotient map [A, X] — (A, X)
isgivenby [f]1+— My(A, X) for [f] € [A, X]. Then, Lupton—-Smith’s results [17,
Corollary 2.5 and (8)] imply that [A, X] — (A, X) yields a surjection

[A. X]/G(A, X) = {M;(A, X); fe(A X)}/~,
provided A is a co-H-space, where ~~ is the homotopy equivalence relation. In

particular, if X is an H-space then all path-components of M (A, X) are homotopy
equivalent. Further, for A = S” there is also a surjection

T (X)/Gu(X) = [Mf(S", X); f € (S", X)}/~. (1.3)

Now, write 1, (X)/£ G,(X) for the quotient set of 7, (X) by the relation ~ with
f ~gprovided f — g € G,(X)or f+ g € G,(X) for f, g € m,(X). Since, by
Proposition 1.4, the path-components M ¢(S", X) and M_ ¢ (S", X) are homotopy
equivalent for any f € m,(X), formula (1.3) leads to a surjection
Tn(X)/£Gn(X) — {Ms(S", X); fe(S", X)}/~ (1.4)

To make use of formula (1.4) in the sequel, given real numbers x, y, we write

| G=Dlhy -1 x—=1 -1
X(x,y)—lr > —‘—i-’r 2 "‘4_" 5 —‘—i—l,

where [r] = min{k € Z; k > r} for any real r, where Z is the integers. Further,
we recall:

Lemma 1.5. ([6, Lemma 1]) For positive integers m,m’,n,n’ withm | n, m' | n’
andn,n’ > 1,let Ly X Ly < Zin XLy, MLX Loy < LX Ly andmZxm'Z < LX 7
be the obvious inclusions. Then:

|(Zn X L) £ Loy X Lg)| = 3 (2, 1)

m’ m’
|(Z X Z) [£(MZ x Zy)| = x (m, 25);
(Z x Z)]£(mZ x m'Z)| = x (m, m).
In particular, |(Zy X Zy) ] £ZLy X Ly)| = |Zn | X2 = X(%’ D).
Let now F be the field of real numbers R, complex numbers C, or the quaternion
algebra H. We write F P for the projective n-space over F, y,, : S¢0+D=1 _ g pr

for the quotient map where d = dimg F, and ip: S? = FP! < FP" for the
canonical inclusion.
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2. Path-components of the mapping spaces M (S™, RP")

We study the homotopy type of path-components of the mapping spaces
M(S™, RP").

Since RP! is a topological group, any two path-components of the space
MS', RPY)are homeomorphic and, by (1.1) the evaluation map My, (S', RPH -
RP! is a (weak) homotopy equivalence, for any kip € m RPY = Z{ir)},
the infinite cyclic group. Further, because m,,(RP') = 0 for m > 2, the
space M(S",RP') is path-connected and, again by (1.1) the evaluation map
M(@S",RPY) — RP! is a (weak) homotopy equivalence.

In view of [7, Corollary 2.34] it holds G,,(RP?) = m,,(RP?) for m > 3.
Notice that G,, (RP") = 7,,(RP") form > 1 andn = 3, 7 because R P3 and RP’
are H-spaces. Hence, by (1.3) all path-components of the space M (S", RP") are
homotopy equivalent for m > 3 andn = 2, orm > 1 and n = 3, 7. Further, the
space M (S™, RP") is path-connected for 2 < m < n. Consequently (1.2) leads to:

Remark 2.1. There are isomorphisms:

() m(Mg(S™,RP?) ~ 7iym(RP?) & m;(RP?) for any f € m(RP?),i > 1

and m > 3;
(2) m(Mp(S", RP") =~ iy (RP") @m;(RP") forany f € m,, (RP"),i,m >
landn =1,3,7;

B3) mMES", RPY) ~ miym(RP") @ miy(RP") fori > 1and2 <m < n.
Next, by [8] we have

P 2 for n even,
Gi1(RPT) = {m(RP”), for n odd,
and (1.3) implies that any two path-components of M (S!, RP") are homotopy
equivalent for n > 3 odd. Further, by [20] it holds

0, for n even,

ny __
Gn(RP )_{Znn(RP”), forn # 1,3,7 odd.

Hence, by Proposition 1.3 the spaces M ¢ (S", RP") and M ;/(S", RP") are homo-
topy equivalent for n # 1, 3,7 odd and any f, f’ € 27, (RP").
Now, we extend the discussion above for the missing cases.

Lemma 2.2. (1) The path-components M ¢ (S* RP?)and M £ (S¥"  RP2™) gre
homotopy equivalent if and only if f = + f' form > 1.

(2) The number of homotopy types of path-components of M(S*"~1, RP?™) is
finite, form # 1,2, 4.

(3) The path-components Mo(S*" 1, RP>"~1) and My, (S7=1 RP2=1) are
homotopy equivalent if and only if m =1, 2, 4.

(4) M(S', RP?™) has two path-components, Mo(S', RP>™) and M, (S, RP2my,
and they are not homotopy equivalent for m > 1.

Proof. We mainly use the result stated in Theorem 1.2.
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(1): If f = =& £’ then, by Proposition 1.4, the path-components M (S*", RP?™)
and M g (S*™, R P?™) are homotopy equivalent for m > 1.
Conversely, given f € 5, (RP>") the evaluation fibration

M, (S, RP™) — M ;S RP?™) 2L rp>™

yields the exact sequence

o @ Py L g\ RPP™) > a0 (M (82" RP?™)) 0
for m > 1. Then, mimicking the proof of [11, Theorem 3.1], we get that
both groups 72,1 (M (S RP?™Y) and 7om_1 (M g1 (S?™ R P2™)) are not
isomorphic provided f # =+ f’.
Finally, for m = 1 we have the exact sequence

1 @®PY L ®RP2) - (M (S RP2)) — 71 (RP?) — 0.

Because [i2, 12] = 217, we deduce that Im[ f, —] and Im[ f’/, —] are differ-
ent subgroups of 73(RP?) provided f # = f’. Consequently, the groups
T (Mf(Sz, RP2)) and 7 (Mfr(Sz, RP?)) are not isomorphic as they are
finite groups with different orders.

(2) ': We show that for m # 1,2, 4 we have a,, 2m — 1)!/8m4,_1 (RP?") C
Gam—1(RP?™), where a,, = 1 for m even and a,,, = 2 for m odd.
Let SO (m) be the m-special orthogonal group and write A: ;(S*") —
7;—1(S O (2m)) for the boundary map coming from the fibration SO (2m) —
SOoC2m+1) — S?" Then, by [18] the order of Alip, t2m]1s @, 2m —1)!/8,
where a,, = 1 is m is even and a,, = 2 if m is odd, provided m # 1, 2, 4.
In view of [7, Corollary 2.34] we deduce a,,(2m — 1)!/8m4p—1 (RP?™) C
Gam—1(RP?™). Then, (2) follows by formula (1.3).

(3): Obviouslym = 1, 2, 4implies that both path-components M (S*"~!, Rp?"~1)
and M,,, ,(S*"~!, RP?"~1) are homotopy equivalent.
Conversely, notice that the evaluation fibration

leads to the exact sequence

09_ —
TT2m—1 (szm_l) u) 774m73(RP2m 1)
— Tom—2(Mo(S™ 1, RP™ 1)) - 0

and consequently, to an isomorphism 74,3 (RP2" 1) 5 70505 (Mo(S?m~ 1,
RP 2m—1 )) .
Further, the evaluation fibration

Dyom—1
—_—

My, (S L RPN My, (SPL RPP Rp2m—1

1 We are deeply grateful to Juno Mukai for indicating reference [18] needed in this proof.
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“:

leads to the exact sequence

Tom (RPN 22Tl P2
— Tom—2(M,,, (S*" "1 RP™ 1)) — 0.

But, the supposed homotopy equivalence of the path-components Mo(S>" !,
RP? =1y and M,,, ,(S*"~1, RP?"~1) determines an isomorphism

Tom—2(Mo(S™ ™, RPP" 1) 5 703y o (My,, (S~ RPP™Y)),
Since the group 74,3 (RP?"~1) is finite, we deduce that the epimorphism
Tam—3(RP?" ™) = 3 2(My,,, (S~ RP?"7T))
above is an isomorphism. Hence, [y2,,—1, ¥2m—1] = 0 and consequently m =
1,2, 4.

Recall that 7 (RP?™) = Zr{ir}, the cyclic group of order two for m > 1.
Given f € 1 (RP?") with m > 1, the evaluation fibration

My (S RP™™) < MyS', RP™) 2 R

leads to the exact sequence

am®P2M) L1 o RPPY 5 a1 (M (S, RPP™)) 0.
If f = 0 then the sequence above implies an isomorphism
TomRP?™) S 21 (Mo(S', RP?™)).

If f = igr then by [2, (4.1-3)] it holds [ir, Y2m] = —2y2m # 0. Then, the
isomorphism

Tom (RP?™) / Im([ig, —]) — Tam_1 (M;, (S, RP?™))

shows that the path-components Mo(S!, RP?™) and M, (S', RP?™) are not
homotopy equivalent.
Finally, form = 1 and f € m; (R P?) the evaluation fibration

M, ;" RP?) < M;(S' RP?) 25 RP?
leads to the exact sequence
0 — m@®RP)/Im(f, =]) — w1 (M (S', RP?)) — 11 (RP?) — 0.
Since [iR, y2] = —2y» # 0, we deduce again that the path-components

Mo(S', RP?) and M;, (S', RP?) are not homotopy equivalent and the proof
is complete. O
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Proposition 2.3. Let f € m,;(RP™) and suppose that My (S"+ RP™) and
Mo(S"*, RP™) are homotopy equivalent for some i > 0 and m > 1. If
VYmxGm+i(S™) = Ppuyi(RP™) then f € Pp4i(RP™). In particular, it holds if
m>lisoddandi >0,orm =2andi >0, orm >4 isevenandi <m — 2, or
(i,m) = (6,6), (7,4), (7, 6).

Proof. Certainly, we may assume that m > 2. Let f € w4 (RP™). If i = 0 and
m is even, by Lemma 2.2(1) we deduce that f = 0. For other cases, consider the
evaluation fibration

M, p (ST RP™) — My(S"H RP™) — RP"
which by Theorem 1.2, yields the following short exact homotopy sequence
0 — jimi RP™) — 7j(Mo(S" T, RP™)) — 7;(RP™) — 0

for f = 0 and j > 1. In particular, for j = m — 1 with m > 2 there is an
isomorphism

Tom+i—1(RP™) = 1 (Mo(S" ™, RP™)). @.1)
But the evaluation fibration above leads also to the exact homotopy sequence

T ®P™) L o VRP™) = (M (S RP™Y) = 0

and consequently we get an isomorphism
Tom+i—1 RP™)/Im([f, 1) & 701 (M p(S" T RP™)).

Because of 7,,—1(My(S"T, RP™)) 2 o1 (Mo(S™+ RP™)), the isomor-
phismin (2.1) yields [ f, ¥, ] = 0 since the group 72,,+;—1 (R P™) is finite provided
i # 0ormis odd. Since f = y,«a for some o € 7,4 (S™) we conclude that
a € Gy (S™) and then [ € YysGpm1i(S") = Ppyi RP™).

Now, for m = 2 the evaluation fibration above leads to the exact homotopy
sequence

m@®PY) LT SRPY) (M2 RPY) — m(RP?) — 0
which implies the sequence
0 — 7i13(RP?) — 711 (Mo(S™?, RP?)) — 71 (RP?) — 0.

Because of 71 (M ¢ (S'T2, RP?)) 5 11(My(S+2, RP2)), we obtain [ £, y»] = 0.
Since f = y«a for some o € 4o (S?), we conclude that f € 4Gt ($?) =
P12 (RP?).

In view of [7, Proposition 2.16, Theorem 2.19], we have that ¥, G, +i (S™) =
Py+i (R P™) under conditions on i, m as in the statement of the current proposition
and the proof follows. O
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Proposition 2.4. Consider the space M(S™T',RP™) for 1 <i < 7Tandm > 1.
If(i,m) # (3,4), 3,2k =3) fork = 4, (4,4), (5,4), (6,4), (5,6), (6,2 —5)
fork =5, (7,8), (7, 11) then the cardinality of the set {Mj~(S’"+i, RP™); f €
(SmH RP™) )/~ is:

(i) one form = 2,6 orm = 3 (mod 4), and two otherwise, fori = 1;

(i1) one for m = 2,3 (mod 4), and two otherwise, fori = 2;

(iii) one form = 2,3,5 orm = 7 (mod 8), two for m = 1,3,5 (mod 8) with
m > 9, at most seven for m = 2 (mod 4) and m > 6 or m = 12, at most
thirteen for m = 0 (mod 4) and m > 8 withm # 12, fori = 3;

(iv) one fori =4, 5;

(V) one form = 2,3 orm = 4,5,7 (mod 8) with m # 4, two otherwise, for
i =6

(vi) one form = 2,3,5,7 orm = 15 (mod 16), at most eight or thirty one, for
m = 4, 6 respectively, two form > 9 odd and m # 15 (mod 16), at most one
hundred twenty one for m > 10 even, fori = 7.

Proof. Recall that by [7, Proposition 2.16, Theorems 2.19, 2.41], P,,+; (RP™) =
Gn+i(RP™) = Y Gp+i(S™) except for the following pairs: (i, m) = (3, 4),
(3,2F —3) for k > 4, (4,4), (5,4), (6,4), (5,6), 6,2k —5) for k > 5, (7, 8),
(7, 11).

Hence, for the non-exceptional pairs (i, m), by formula (1.3) the cardinality of
the set { M ¢(S™+,RP™); f € (S"*,RP™)}/~ is bounded above by the order
of the quotient group

Tmti RP™) [ Vinse Gnyi (S™) = 704 (S™) ) Grugi (S™).

Furthermore, by Proposition 1.3 and [17, Theorem 3.10] the path-components
M ¢(S™H RP™) and My(S"T,RP™) are homotopy equivalent if and only if
f € Gm+i (Rpm)’

Ifi = 1 then ;1 (S™) = Za{ny} form > 3 and by [7, (1.15)] the cardinality
of {My(S™t',RP™); f € (S"T!,RP™)}/~ is one form = 2,6 orm = 3
(mod 4), and two otherwise.

If i =2 then 7,4 (S™) = Zz{ni} for m > 2 and by [7, (1.16)] the cardinality
of {My(S"+2,RP™); f € (S"+2,RP™)}/~ is one for m = 2,3 (mod 4), and
two otherwise.

Ifi =3andm =2,3,50rm =7 (mod 8) then by [7, (1.32)] the cardinality of
the set {M ¢ (S" T3, RP™); f e (S"F3, RP™)}/~isone. If m =1,3,5 (mod 8)
with m > 9, then by [7, (1.32)] 7,,43(S™) & Zo4 and v,, ¢ G 4+3(S™), so the
cardinality is two. If m = 2 (mod 4) and m > 6 or m = 12 then by [7, (1.32)] the
cardinality is at most seven. If m = 0 (mod 4) and m > 8 with m # 12 then again
by [7, (1.32)] and (1.4) the cardinality is at most thirteen.

It i = 4,5 then by [7, Proposition 1.30] the cardinality of the set
{My(S"H RP™); f e (S"H RP™)}/~is one.

Ifi =6andm = 2,30orm = 4,5,7 (mod 8) with m # 4, then by [7,
Proposition 1.16] the cardinality of {Mf(S"™6, RP™); f € (S"T6,RP™)}/~ s
one, and it is two otherwise.
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Ifi =7andm =2,3,5,70orm = 15 (mod 16), then by [7, Proposition 1.16
and (1.51)] the cardinality of {M;(S™*",RP™); f € (S"*7,RP™)}/~ is one.
For m = 4, 6 then again by [7, Proposition 1.16] and (1.4) it is at most eight or
thirty one, respectively. For m > 9 odd and m # 15 (mod 16) by [7, (1.51)] and
Proposition 2.3 the cardinality is two. For m > 10 even, it is at most one hundred
twenty one, by [7, (1.51)], Proposition 2.3 and (1.4). O

The pairs (i, m) excluded on Proposition 2.4 are considered below.

Proposition 2.5. The cardinality of the set {M s (S" 1, RP™); f € (S"*,RP™)}/

~is:

(1) at most seventy four for (i, m) = (3, 4),
(ii) at most two for (i, m) = (3, 2K — 3), for k > 4;
(iii) at least two for (i, m) = (4,4);
(iv) at least two for (i, m) = (5, 4);
(v) at most five for (i, m) = (6, 4);
(vi) at most sixteen for (i, m) = (5, 6);
(vii) two for (i, m) = (6,2F —5) fork > 5;
(viii) at most one thousand two hundred sixty one for (i, m) = (7, 8);
(ix) at most five for (i, m) = (7, 11).

Proof. (i): Because 77(RPY = Z{yava} ® Z12{y4Ev'} hence n7(RP4)/127r7
(RPY ~ Zi» & Zi». Since G7(RP*) D 12m7(RP*) [7, Theo-
rem 2.41(1)] and (1.4) the cardinality of the set {Mf(S7, RPY): f €
(S7,RP*)}/~ is at most seventy four.

(ii): Because ok (Rsz’3) = Za{ysk_3vox_3} hence myk (Rsz’3)/2n2k
(RP¥3) ~ 7, for k > 4. Since Gy (RP?~3) D 27 (RP?3) [7,
Theorem 2.41(2)] and (1.4) the cardinality of {M (2, RP2'3); f e
(Szk, IRP2k_3) }/2 is at most two.

(iii)~(iv): Recall that 7g(RP*) = Zo{ysvan7} ® Zo{ya(Ev')n7} and mo(RP*) =
Zo{yavan3}®Zo{ya(Ev')n3}. By [7, Theorem 2.19(5)~(6)], Ps(RP*) =
Zo{ys(EV')n7} and Py(RPY) = Zo{ya(Ev)n3}. Thus, ysvans ¢
Pg(RP*) and )/41)477% ¢ Po(RP*) and then the homotopy groups
71 (Mo(S€, RP*)) and (Mg (S€, RP*)) are not isomorphic, where
f = yawnyor f = y41)4n%, for e = 8,9, respectively. Consequently,
the path-components My (S¢, RP*) and M 7 (5S¢, R P#) are not homotopy
equivalent and the cardinality of {M;(S¢, RP%); f € (S, RP*)}/~is
at least two, for f and € as above.

(v): Since 10(RP*) = Zg{ysvi} D Zs{yst1 D)ot (1)} D Zs{yalta, tale (7)}
we conclude that m1o(RP*)/3m1o(RP*) ~ Z3 @ 73 and since
G10(RP*) D 3m19(RP?) [7, Theorem 2.41(3)] by (1.4) the cardinality
of the set {M(S'°, RP*); f e (S'°, RP*)}/~ is at most five.

(vi): Since nll(RPé) = Z{yslte6, tc]} we obtain ml(RP6)/30n11(RP6) ~
Z30 and by [7, Theorem 2.41(4)] and (1.4) the cardinality of {Mf (S“,
RP%); f e (S, RP®)}/~ is at most sixteen.
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(vii): Because n21+1(]RP2[_5) = Zz{yzz,svg,_s} and P2;+1(RP2i_5) =0
by [7, Theorem 2.19(7)], the cardinality of {M(S*+!,RP? %), f e
(S¥+ RPY5) )/~ is two.

(viii): Because m5(RP®) = Z{ygos} & Zg{ysEo'} ® Zs{ysaa(8)} @ Zs
{yga1(8)} hence 715(RP?)/2520715(RP3) ~ Zss00. Thus, by [7, The-
orem 2.41(5)] and (1.4) the cardinality of the set {M¢(S">, RP8); f €
(S5, RP8) }/: is at most one thousand two hundred sixty one.

(ix): Because m1g(RP) = Zis{y11011} ® Za{y1iea(11)} & Zs{y1ie (11)}
we conclude that m1g(RP)/2mg(RP!) ~ Z,. Thus, by [7, Theo-
rem 2.41(6)] and (1.4) the cardinality of the set {Mf(Slg, RP1Y; f e
(S8, RP!)} /=~ is at most two. O

3. Path-components of the mapping spaces M (S, CP")

We study homotopy types of path-components of the mapping spaces M (S™, CP").

By [11, Theorem 5.1], the path-components M ¢ (S2, (CPI) and M g (SZ, (CPI)
are homotopy equivalent if and only if f = £f’. If m > 3, then [7, Corol-
lary 1.3] gives 7,,(CP') = G,,(CP') and by (1.3) all path-components of the
space M(S™, CP') are homotopy equivalent.

The space M (S™, CP") is path-connected form = landn > 1,or3 <m <
2n + 1, because m,, (CP™) = 0 under these conditions. Consequently (1.2) leads
to:

Remark 3.1. There are isomorphisms 7; (M (S, CP")) ~ i1 (CP")@®m; (CP™)
fori > 1, where m = landn > 1,or 3 < m < 2n + 1. In particular,
Ti(M(S', CPY) ~ Z, m(M(S*, CP")) ~ Z, and the space M (S™, CP") is
1-connected for 3 < m < 2n.

Next, by [15, Theorem II1.8] it holds n!w2,+1(CP") € G2,4+1(CP™). Then,
(1.3) and (1.4) imply that the number of homotopy types of path-components of
M (S**1, CP") is bounded above by "7' + 1.

Now, we examine the homotopy type of path-components of the space
M(S’",(CPZ) form = 1,...,12. If m = 1, 3,4, the space M(S™, (CP2) was
considered in Remark 3.1. For the remaining cases we make use of (1.3), (1.4) and
[7, Theorems 2.20 and 2.25] to state the following:

Proposition 3.2. (1) If n > 1 and the path-components My (S%, CP?y and
M- (S?, CP?) are homotopy equivalent then k = [ (mod 2).
(2) The cardinality of the set {M ;(S™, CP?); f € (S™,CP?)}/~ is:
@) two form =5,6,7;
(i1) at most two form = 8, 9;
(iii) one form = 10, 11, 12.

Proof. (1): Recall that 775 (CP?") = Z{ic} and by [2, (4.1-3)] it holds [ic, y2,] =
Yonans1. Given f € mr(CP?"), by Theorem 1.2 the evaluation fibration

M, (2, CP™) — M2, CP) 2L cp™
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leads to the exact sequence

7401 (CP?) 2L 7y 2 (CPP) > 74y (M4 (82, CPY) — 0,

If f = kic and k is even then [kic, yon] = kyannan+1 = 0. Hence, by the
sequence above there is an isomorphism

Tans2(CP?") 5 74 (Mo (S?, CP?)).

If f = lic and [ is odd then [lic, y2u] = y2nnan+1 # 0. Then, since
Tant2(CP?") & 7, the isomorphism

Tans2(CP?) /Im([lic, =) = 7an(Myie (S*, CP))

shows that the path-components My (S2, CP?") and M (S2, CP?") are not
homotopy equivalent.
Now we prove part (2).

(): Let m = 5. We have Gs(CP?) = Ps(CP?) = 2m5(CP?) by [7, Theo-
rems 2.20(1) and 2.44] and so (1.3) implies that there are at most two homo-
topy types on the set of path-components of M (S’, CP?). Next, the evalua-
tion fibration M., (S°, CP?) < M,,(S>, CP?) — CP? leads, in view of
Theorem 1.2, to the exact sequence

75(CPY) 27 10 P?) = my(M,, (S5, CPY) — 0.

Since [y2, 2] = y2lis,ts] # 0, we conclude that M,, (S°, CP?) and
Mo (S, CP?) are not homotopy equivalent. Consequently, there are exactly
two homotopy types of path-components of M (S°, CP?).

Let m = 6. Since 76(CP?) = Zy{y2ns} and G¢(CP?) = 0 by [7, Theo-
rem 2.45], the equation (1.3) implies that there are at most two homotopy
types of path-components of M (S®, CP?). The same argument as for m = 5
and [7, (1.15)] show that M, (S°, CP?) and My(S°, CP?) are not homo-
topy equivalent, and consequently there are exactly two homotopy types of
path-components of M (S, CP?).

Let m = 7. Since 77(CP?) = Zs{y>n2} and G7(CP?) = P;(CP?) = 0 by
[7, Theorem 2.20(2)], the equation (1.3) guarantees that there are at most two
homotopy types of path-components of M (S’, CP?). The same argument as
above and [7, (1.16)] show that Myzn§ (S7,CP?) and My(S’, CP2) are not
homotopy equivalent.

(ii): Letm = 8, 9. Recall that 7g(CP2) = Zy{y»vs} and mo(CP?) = Zz{ygvg},
and by [7, Theorem 2.45(2)] we know that Gg(CP?) D 27g(CP?). Then,
(1.3) implies the result.

(iii): Since G,,(CP?) = m,,(CP?) by [7, Corollary 2.47(1)] for m = 10, 11, 12,
by (1.3) the proof is completed. O
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4. Path-components of the mapping spaces M (S™, HP")

We study the homotopy type of path-components of mapping spaces M (S"*, HIP").
Since m,, (HP") = 0 form = 1,2,3 and n > 1, the space M (S", HP") is
path-connected under these conditions. In view of (1.2), this implies:

Remark 4.1. There are isomorphisms 7r; (M (S™, HP™")) ~ i 4, (HP")Dm; (HP")
fori > 1,m =1,2,3 and n > 1. In particular, 7| (M (S*, HP")) ~ Z forn > 1,
and the space M (S™, HP") is 1-connected form = 1,2 and n > 1.

By [7, Theorem 2.49(1)] it holds:

@21 + DYpsmtan3(S*+3), for n even,

m D
Gany3(HP") 2 {Z(Zn + D!y Ttan3(S*13), for n odd.

Since
T (HP") = yri (S @ igu Emi—1 (S?), (4.1)

by (1.3) the number of homotopy types of path-components of M (S**+3 HP") is
bounded above by the orders of the finite groups

Tan+3(HP") /(20 4 D) Ystan 13 (S ) & Zpi1) ® i Ean2(S?)

and

Tan3(EHP") /220 + DYiattan 3 (S ) ~ Zogns 1y @ i Emang2(S),

for n even and odd, respectively.

By [11, Theorem 5.1], the path-components M ¢ (S*, HP') and Mg (S*, HPY
are homotopy equivalent if and only if f = =+ f’. Now, we study the homotopy
type of path-components of the spaces M (S*, HP") for n > 1 and M(S™, HP')
form =5, ..., 17. In order to do this we make use of (1.3) and [7, Chapter I].

Proposition 4.2. (1) If n > 1 and the path-components M, (S*, HP™) and
My, (S*, HP") are homotopy equivalent then (24, k(n + 1)) = (24, [(n + 1)).
(2) The cardinality of the set {M ;(S™, HP"); f € m,(HP)}/~ is:
(1) one form =5,6,8,9, 10, 16, 17;
(ii) at most nineteen form =1,
(iii) at most eight form = 11;
@iv) two form = 12;
(v) at most four for m = 13;
(vi) at most four for m = 14;
(vii) at most twenty two for m = 15.

Proof.(1): By (4.1), t4(HP") = Z{ig} for n > 1. Given f € ms(HP"), by
Theorem 1.2 the evaluation fibration

My ¢ (S*, HP") < My (S*, HP") — HP"
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Q):

@1):
(i1):

(iii):

@iv):
v):

(vi):

(vii):

leads to the exact sequence

[f.—]
Tans3(HP") = ani6(HP") — many2 (M5 (S, HP"))
[fi—]
— T2 (HP) L5 74 s(HP).
Since 4,42 (HP") = iH*En4n+1(S3), the proof of [7, Lemma 2.8] shows

that [ig, igEB] = O for any B € 714,1+1(S3) and n > 1, so the map

Tap42 (HP™) [—f—_l> an+5(HP™) is trivial. Consequently we derive the short

exact sequence

0 — Tant6(HP™) /I ([f, —1) — 7ans2(M7(S*, HP™))

— ity Eant1(S*) — 0.

Let now f = kiy. Because of [2, (4.1-3)] it holds [iy, y»] = £(n +
1)y van+3. Hence since [ify, ig EF] = Oforany 8 € n4n+2(S3) andn > 1,we
deduce that the group Im([kifg, —]) = {k(n+ 1)y, v4,+3} has order m
since the order #v4,,13 = 24.

From this we derive that the path-components My, (S4, HP"™) and My
(S*, HP") are not homotopy equivalent provided (24, k(n+1)) # (24, [(n+
1)).

First, we notice that the generators of all Gottlieb groups below are from [7,
Chapter I, Section 1.2].

Ifm=5,6,8,9,10, 16, 17 then G,,(HP') = m,,(HP"). Hence (1.3) leads
to a single homotopy type of path-components of M (S™, HP!).

If m = 7 then m7(HP') = Z{vs) ® Z4{EV'} & Z3{a1(4)} and it holds
G7(HP') = {6v4+ EV', 2EV'}. Thus, the canonical epimorphisms Z{v,} —
Z17 and Z4{EV'} — 6Z1 lead to an isomorphism N7(HP1)/G7(HP1) ~
Z12 @ Z3 and so (1.3) and (1.4) yields at most nineteen homotopy types of
path-components of M (S, HP!).

Ifm = 11thenmy (HP") = Zis{a1 (4)+ar(4)} and G (HP') = 0. Hence
(1.3) and (1.4) yields at most eight homotopy types of path-components of
MS' HPY).

If m = 12 then o (HP') = Zs{e4} and G2 (HP') = 0. Hence (1.3) and
(1.4) yields two homotopy types of path-components of M (S'>, HP).

Ifm = 13 then w13(HP") = Zo{e3} ®Zo{pa} ® Zo{naes) and G 13 (HP') =
Zz{&‘i}. Hence (1.3) yields at most four homotopy types of path-components
of M(SB3, HPY).

If m = 14 then ms(HPY) = Zg{vso'} @ Zu{Ee'} ® Zo{naps) ®
Zs{ar (@) (1)} ® Zsz{vaaa(7)} @ Zs{vaai (7)) and G1a(HP') = {vs0’ £
Ee',2E¢’, a1 (4)a(7), vaan(7), v4ar; (7)}. Thus, the canonical epimorphisms
Zg{v4o'} — Zy and Z4{Ee'} — 7 lead to an isomorphism 14 (HP ')/ G 14
(HP') ~ Zy @ Z,, and by (1.3) and (1.4) there are at most four homotopy
types of path-components of M (S'*, HP').

If m = 15 then m5(HPY) = Zo{vac'nia} ® Zo{van} & Zo{vaer} &
Z4{EVY®Zn{e4v12}®Zo{(EV)e7} D Z3{3(3)}®Z7{1 (3)} and G 15 (HP')
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= {v40'n14, v4V7, v4€7, 2EV', g4v12, (EV')e7}. Because 7T15(HP1)/G15
(HP') ~ Zy®Zs1,by (1.3) and (1.4) there are at most twenty two homotopy
types of path-components of M (S'>, HP'). O

5. Path-components of the mapping spaces M(EX™, FP")

We study homotopy types of path-components of the mapping spaces M (EX™, FP")
for the suspension EX" of a homology m-sphere £".

First, recall thatamap f: X — Y iscalled ahomology isomorphism if itinduces
isomorphisms on all homology groups. Then, according to [5] a space X" is called
a homology n-sphere if there is an isomorphism of homologies Hy (X") ~ Hy(S")
for all k > 0. Given a homology n-sphere £" with n > 1, the fundamental group
1 (X") is perfect forn > 2 and the abelianization 7 (X 1yab ~ 7. the infinite cyclic
group. Thus, the result of Bousfield—Kan [3, Chapter VII, Proposition 3.2, p. 206]
implies that there is a homology isomorphism b, : £" — §" for n > 2. It is not
difficult to show that there is also a homology isomorphism h;: =1 — S!.

Given a homology isomorphism f: X — Y, let Cy be the mapping cone of f.

Since the cofibration X i) Y — C induces the long homology exact sequence

o Hp (O 2D g (v) = Hy(Cp) — -

we derive that the reduced homologies H, (C ) =0forallm > 0.

Remark 5.1. Let " be a homology n-sphere with n > 1 and ,: " — S" a
homology isomorphism.

(1) If " is 1-connected and n > 2 then h,: " — S" is a weak homotopy
equivalence. This implies that the suspension Eb,: EX" — ES" = "t is
a weak homotopy equivalence for n > 1.

(2) Since the fundamental group of a co- H-space is free, a co- H-structure on X"
implies that ¥” is I-connected for n > 2 and 7;(X') ~ Z. Consequently
hn: X" — S" is a weak homotopy equivalence for n > 1, provided X" has a
co-H -structure.

Proposition 5.2. If f: X — Y is a homology isomorphism then the induced maps
f2):1Y,Z] = X, Z)and (Ef)*(Z): [EY, Z] — [EX, Z] are a surjection of
sets and an epimorphism of groups, respectively for any space Z. In particular, if
X" is a homology n-sphere forn > 1 and by,,: £" — S" a homology isomorphism
then b (Z): [S", Z] — [Z", Z] and (Eb,)*(Z): [S"H, Z] = [EZ", Z] are a
surjection of sets and an epimorphism of groups, respectively for any space Z.

Proof. Let f: X — Y be a homology isomorphism. Then, given 8: X — Z,
the obstruction to find y: ¥ — Z such that yf = B lies in H"(Cs; 7,0 (2))
for m > 0. Since I:Im(Cf) = 0 for m > 0, the Universal Coefficient Theorem

implies that f*(Z) is a surjection. The arguments as above applied to the cofibration

EX E—f> EY — Cgy imply an epimorphism (Ef)*(Z): [EY, Z] — [EX, Z] of

groups and the proof follows. O
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Notice that following the procedure above one can easily show that (Eh,)*(Z)
is an isomorphism.

Corollary 5.3. For any space X the map Eb,: EX" — S"t! determines an epi-
morphism of groups 7w,11(X)/Gp+1(X) = [EX", X]/G(EX", X).

Proof. In view of Proposition 5.2, the map Eb,: EX" — S"*! implies an epimor-
phism of groups (Eh,)*(X): my+1(X) — [EX", X] which restricts to a homo-
morphism (E§,)*(X): G,+1(X) - G(EX", X). Thus, we get the required epi-
morphism 77,41 (X)/Gp41(X) = [EX", X]/G(EXE", X). O

To state the main result of this section, we need:

Proposition 5.4. Let G x X — X be a free and proper action of a path-connected
topological group G on a space X.

(O Ifn>2and my,—1(G) = 0 then g, : [2", X] — [2", X/ G] is surjective.

) If n > 2, the quotient map q: X — X/G is a principal G-bundle and
[2", G] = 0 then g,: [X", X] — [X", X/G] is injective. In particular, if
7, (G) = 0 then g is injective.

Proof. (1): If m,_1(G) = 0 then H"t (" 1,,(G)) = 0 for all m > 0. By
obstruction theory, this implies that g, : [X", X] — [X", X/G] is surjective.

(2): Take f, g € [X", X] such that ¢f ~ gg. Butg: X — X/G is a principal
G-bundle, so by the homotopy lifting property f >~ g’ for some map g’: " — X
with gg’ = ¢g. Hence, there is a map «: " — G such that ag >~ g’, where
(ag)(s) = a(s)g(s) for s € X". Since [X", G] = 0, the map o: " — G is
homotopically trivial and consequently f ~ g’ ~ g. Next, by Proposition 5.2,
the map b} (G): 7,(G) = [S", G] — [Z", G] is a surjection. Hence, 7,(G) = 0
implies [X", G] = 0 and the proof is complete. |

Now, by [7, Corollary 3.34(2)] we have G3(RP?) = m3(RP?), and
Lemma 2.2(2) and Proposition 2.5 imply that the quotient group 74,1 (RP>")/
Guan—1(RP?) is finite for n > 1. Notice that by Proposition 5.4, the quotient maps

S" — RP" and S*"*! — CP”" induce bijections [X™, S"] = [Z™ RP™] and
[Zm, S2n+l] :) [Em, (CP”].

Then, using (1.3), results from Sect. 2, Proposition 5.2, and Corollary 5.3 we
may state:

Theorem 5.5. (1) The quotient map y,: S* — RP" induces a bijection
[Em’ Sn] z) [Zm’ RPH]

form, n > 1. The number of homotopy types of path-components of M(E X", RP™)
is bounded above by the order of the finite group Ty, (RP™)/
+Gr1(RP™) forn > 1, m > 2, withm # 2n — 1 if n is even.

(2) The quotient map y, : S***!' — CP" induces a bijection
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for m > 3, n > 1. The number of homotopy types of path-components of
M(EX™, CP") is bounded above by the order of the finite group 1,1 (CP") /%
G i1 (CP™).

(3) All path-components of the spaces M(EX™, HP") for m = 1, 2 are homotopy
equivalent. The number of homotopy types of path-components of M(EX™, HP")
is bounded above by the order of the finite group wy,+1 (HP")/£G 41 (HP™), for
n>1m>4.
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