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Abstract

In this work, a quasilinear elliptic problem involving the 1−Laplacian
operator and a discontinuous nonlinearity with a critical Sobolev growth
is studied. Through an argument based on an approximation method, an
existence result is proved. In order to overcome the lack of compactness,
we apply the well known concentration-compactness technique.
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1 Introduction

The study of nonlinear partial differential equations with discontinuous
nonlinearities has attracted the attention of several researchers in the last
years. Among the applications, we could cite free boundary problems arising in
mathematical physics, the obstacle problem, the seepage surface problem, and
the Elenbaas equation, see [21, 23, 22]. Several techniques have been applied
to study this kind of problem, such as variational methods for nondifferentiable
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functionals, lower and upper solutions, global branching, etc. See for instance
[1, 3, 4, 6, 7, 14, 16, 20, 21, 22, 23, 30].

As far as problems involving the 1−Laplacian operator are concerned, among
the first works we could cite [11, 10, 12, 13], as well as [29] and [34]. Up to our
knowledge, there are two main approaches one can follow. The first one is
based on the study of the energy functional associated to the problem, which
is defined in BV (Ω), whenever one can write it as the difference of a convex
and locally Lipschitz functional and a C1 one. Also, there is another approach
which is based on the study of the problem involving the 1−Laplacian operator,
through the approximation of it by substituting the 1−Laplacian by the p-
Laplacian operator, for p > 1. Then, one can use standard arguments to solve
the associated problem and then study the family of such solutions as p→ 1+.

In this work, we study the problem{
−∆1u = λH(u− β)|u|q−2u+ |u|1∗−2u in Ω
u = 0 on ∂Ω,

(1.1)

where ∆1u = div
(

Du
|Du|

)
, Ω ⊂ RN is a smooth bounded domain, λ, β > 0,

1 < q < N
N−1 = 1∗ and H is the Heaviside function given by

H(t) =

{
1, if t ≥ 0
0, if t < 0.

We obtain a nontrivial solution of (1.1) when the parameter λ is sufficiently
large and β is sufficiently small. We look for solutions in the space of functions
of bounded variation BV (Ω), defined as

BV (Ω) = {u ∈ L1(Ω) : Du ∈ M(Ω,RN )}.

Our main result is the following.

Theorem 1.1 There exists λ0, β0 > 0 such that (1.1) admits a nonnegative
nontrivial solution uβ,λ ∈ BV (Ω) ∩ L∞(Ω), for all λ > λ0 and 0 < β < β0.
Furthermore, for each λ > λ0, there exists βλ > 0 such that

|{uβ,λ > β}| > 0 for all 0 < β < βλ, (1.2)

where |A| denotes the Lebesgue measure of the measurable set A ⊂ RN .

It is worth to highlight the recent paper [39], in which the authors work with
a similar problem, but without the critical term.

Inequality (1.2) guarantees that the set {uβ,λ > β} has positive measure
when β is sufficiently small. This information ensures that we are obtaining a
solution of a problem with a truly discontinuous nonlinearity.
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Theorem 1.1 should be compared with the results of [2], [5], [19] and [31].
In [5] and [19] the problem −∆u = λuq−1 + u2

∗−1 in Ω
u > 0 in Ω
u = 0 on ∂Ω.

(1.3)

was studied for different values of q > 1. Here, 2∗ = 2N
N−2 and −∆ denotes the

usual laplacian. In [5] the authors showed that if 1 < q < 2, then problem (1.3)
admits solutions only for small values of λ. In [19], the authors proved, among
other results, that problem (1.3) with N ≥ 4 and 2 < q < 2∗ admits a solution
for all λ > 0. In [31] the authors considered the problem{

−∆pu = λ|u|q−2u+ |u|p∗−2u in Ω
u = 0 on ∂Ω,

(1.4)

where −∆p denotes the p-laplacian and p∗ = Np
N−p . The authors showed that if

p < q < p∗, then there exists λ0 > 0 such that problem (1.4) admits a nontrivial
solution for all λ > λ0. In recent years, problems involving the 1-laplacian
operator have been studied, and is natural to ask whether the results of [31]
can be extended to the 1-laplacian context or not. Recently, in [2], the authors
showed that the problem{

−∆1u = λ|u|q−2u+ |u|1∗−2u in Ω
u = 0 on ∂Ω,

(1.5)

with 1 < q < N
N−1 admits many solutions for large values of λ. They tackled

the problem directly in the space BV (Ω). In this work, we study problem (1.1)
and apply a different method: our solution is obtained as the limit of a certain
sequence of solutions (up)p>1 in W 1,p

0 (Ω) of approximated problems. To do
that, the concentration-compactness principle due to Lions (see [36]) takes an
important role. More precisely, we prove a version of this principle in the context
of BV (Ω). This version is stated without a full proof in [29, Proposition 3]. It
is also worth mentioning that our solution is nonnegative and that due to the
presence of the Heavyside function in (1.1), we use techniques from nonsmooth
analysis.

Our first step is to study the auxiliary problem{
−∆pu = λH(u− β)|u|q−2u+ |u|1∗−2u in Ω
u = 0 on ∂Ω,

(1.6)

with p > 1. We say that up,β,λ ∈ W 1,p
0 (Ω) is a solution of (1.6) if there exists

ρp,β,λ ∈ L
q

q−1 (Ω) such that, for all φ ∈W 1,p
0 (Ω),∫

Ω

|∇up,β,λ|p−2∇up,β,λ∇φdx = λ

∫
Ω

ρp,β,λφdx+

∫
Ω

|up,β,λ|1
∗−2up,β,λφdx,

(1.7)
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where, for a.e. x ∈ Ω, ρp,β,λ satisfies

ρp,β,λ(x) ∈

 {0} if up,β,λ(x) < β,
[0, βq−1] if up,β,λ(x) = β,
{up,β(x)q−1} if up,β,λ(x) > β.

(1.8)

We proceed in the following way. We first use a non-smooth version of the
Mountain Pass Theorem to obtain λ0, β0 > 0 which do not depend on p, such
that (1.6) is solvable for λ > λ0 and 0 < β < β0. Next, we show that the
sequence of solutions {up,β,λ}p>1 of (1.6) converges to a nontrivial solution of
(1.1) as p→ 1+.

Throughout this work, in order to find nonnegative solutions of (1.6), we
consider the functional Jp,β,λ :W 1,p

0 (Ω) → R given by

Jp,β,λ(u) = Qp(u)− λFβ(u)−
1

1∗

∫
Ω

(u+)1
∗
dx, (1.9)

where u± = max{±u, 0},

Qp(u) =
1

p

∫
Ω

|∇u|p dx

and

Fβ(u) =

∫
Ω

Fβ(u) dx, with Fβ(t) =

∫ t

0

fβ(s) ds and fβ(s) = H(s− β)|s|q−2s.

Due to the Heavyside function H, the functional Jp,β,λ is not Fréchet
differentiable, but locally Lipschitz continuous. So the nonsmooth critical point
theory developed by Chang applies. This work is oganized as follows:

In Section 2 we give some notions and we prove preliminary results.

In Section 3, we state and prove a version of the Concentration-compactness
Theorem.

In Section 4 we study the approximated problem (1.6).

In Section 5 we show that the solutions obtained in Section 4 converge in
L1∗(Ω).

In Section 6 we prove Theorem 1.1.

2 Preliminaries

Inspired by the Anzelotti theory, see [15, 24], we give some notations and
definitions. Let us denote

XN (Ω) = {z ∈ L∞(Ω;RN ) : ∥z∥∞ ≤ 1,div z ∈ LN (Ω)}.
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For z ∈ XN (Ω) and w ∈ BV (Ω), we define the distribution (z, Dw) ∈ D′(Ω) as

⟨(z, Dw), φ⟩ = −
∫
Ω

wφdiv(z) dx−
∫
Ω

wz · ∇φdx, (2.1)

for every φ ∈ C∞
0 (Ω). Furthermore, the following identity, known as the Green’s

formula, holds∫
Ω

w div(z) dx+

∫
Ω

(z, Dw) =

∫
∂Ω

[z, ν]w dHN−1 for all w ∈ BV (Ω), z ∈ XN (Ω),

(2.2)
where [·, ν] : XN (Ω) → L∞(∂Ω) denotes the trace operator and is such that

∥ [z, ν] ∥L∞(∂Ω) ≤ ∥z∥∞ (2.3)

and, if z ∈ C1(Ωδ,RN ),

[z, ν] (x) = z(x) · ν(x) on Ωδ,

where by Ωδ we denote a δ-neighborhood of ∂Ω.

We now state what it means to be a solution of problem (1.1).

Definition 2.1 We say that u ∈ BV (Ω) is a solution of (1.1) if there exists

ρ ∈ L
q

q−1 (Ω) and z ∈ XN (Ω) with ∥z∥∞ ≤ 1 such that
∫
Ω
z · ∇φdx = λ

∫
Ω
ρφdx+

∫
Ω
|u|1∗−2uφdx for all φ ∈ C∞

0 (Ω),
(z, Du) = |Du| in M(Ω),
[z, ν] ∈ sgn(−u) HN−1 − a.e on ∂Ω,

and

ρ(x) ∈

 {0} if u(x) < β,
[0, βq−1] if u(x) = β,
{u(x)q−1} if u(x) > β,

for almost every x ∈ Ω.

We remark that in a first sight, Definition 2.1 only allows us to take test functions
in C∞

0 (Ω). However, as a consequence of Anzelotti’s theory, we may choose any
w ∈ BV (Ω) as a test function. More precisely, if u ∈ BV (Ω) is a solution in the
sense of Definition 2.1, then (from Green’s formula)∫
Ω

(z, Dw) = λ

∫
Ω

ρwdx+

∫
Ω

|u|1
∗−2uwdx+

∫
∂Ω

w[z, ν] dHN−1, for all w ∈ BV (Ω).

(2.4)
We now give some elements of non-smooth analysis. Let E be a real Banach
space. We say that a functional I : E → R is locally Lipschitz continuous if
for each u ∈ E there exists a open neighborhood V of u and a constant M > 0
(which may depend on u) such that

|I(v)− I(w)| ≤M∥v − w∥E for all v, w ∈ V.

We now introduce the notion of non-smooth Palais-Smale condition.
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Definition 2.2 Let E be a Banach space and I : E → R be a locally Lipschitz
continuous function. We say that I satisfies the non-smooth Palais-Smale
condition if every sequence (un) in E such that I(un) → c and ΛI(un) → 0
possesses a strongly convergent subsequence. Here ΛI(u) denotes the number

ΛI(u) = min{∥µ∥E∗ : µ ∈ ∂I(u)},

where
∂I(u) = {µ ∈ E∗ : ⟨µ, v⟩ ≤ I0(u; v), v ∈ E},

with ⟨·, ·⟩ denoting de duality pairing between E∗ and E, and

I0(u; v) = lim
h→0

lim
σ→0+

I(u+ h+ σv)− I(u+ h)

σ
.

We further have (see [25, 26, 33].)

Proposition 2.3 Let E be a Banach space and I1, I2 : E → R be locally
Lipschitz functions. The following assertions hold.

(i) I1+ I2 ∈ Liploc(E;R) and ∂(I1+ I2)(u) ⊂ ∂I1(u)+ ∂I2(u) for all u ∈ E;

(ii) ∂(λI1)(u) = λ∂I1(u) for all λ ∈ R and u ∈ E;

(iii) Suppose that for each v in a neighborhood of u in E, I1 admits a Gateux
derivative I ′1(v) and that I ′1 : E → E∗ is continuous. Then ∂I1(u) = {I ′1(u)}.

We say that u ∈ E is a critical point of I if 0 ∈ ∂I(u), and we say that
c ∈ R is a critical value of I if there exists a critical point u ∈ E of I such that
I(u) = c. We now give some properties of the functional Jp,β,λ : W 1,p

0 (Ω) → R
given by (1.9). This functional is locally Lipschitz continuous and Proposition
2.3 implies that

∂Jp,β,λ(u) ⊂ {Q′
p(u)} − λ∂Fβ(u)− {Q′

∗(u)} for all u ∈W 1,p
0 (Ω),

where

Q∗(u) =
1

1∗

∫
Ω

(u+)1
∗
dx.

Furthermore,

∂Fβ(u) =

 {0} if u < β,
[0, βq−1] if u = β,
{uq−1} if u > β.

(2.5)

Our first result is the following. Its proof follows from standard arguments,
but we present it here for the sake of completeness.

Lemma 2.4 The functional Jp,β,λ satisfies the non-smooth Palais-Smale
condition.
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Proof. For simplicity, we denote the functional Jp,β,λ merely by Jp,β . Let

(un) ⊂ W 1,p
0 (Ω) be a Palais-Smale sequence for Jp,β , that is, Jp,β(un) → c and

ΛJp,β
(un) → 0. Hence, we know that there exists µn ∈ ∂Jp,β(un) such that

∥µn∥(W 1,p
0 )∗ → 0. Consequently, there exists ρn ∈ ∂Fβ(un) such that

∥Q′
p(un)− λρn −Q′

∗(un)∥(W 1,p
0 )∗ → 0.

From (2.5) we get

ρn ∈

 {0} in un < β
[0, βq−1] in un = β
{uq−1

n } in un > β.

Consequently, ρn ∈ Lq/q−1(Ω) and

sup
∥v∥

W
1,p
0 (Ω)

≤1

∣∣∣∣∫
Ω

|∇un|p−2∇un∇v dx− λ

∫
Ω

ρnv −
∫
Ω

(u+n )
1∗−1v dx

∣∣∣∣→ 0.

That is, there exists a sequence (τn) in (0, 1) with τn → 0 such that∣∣∣∣∫
Ω

|∇un|p−2∇un∇v dx−λ
∫
Ω

ρnv−
∫
Ω

(u+n )
1∗−1v dx

∣∣∣∣≤ τn∥v∥W 1,p
0 (Ω) for all v ∈W 1,p

0 (Ω).

Taking v = un, we get∣∣∣∣∫
Ω

|∇un|p dx− λ

∫
Ω

ρnun −
∫
Ω

(u+n )
1∗ dx

∣∣∣∣≤ τn∥un∥W 1,p
0 (Ω).

Consequently,

τn
q
∥un∥W 1,p

0 (Ω) ≥
λ

q

∫
Ω

ρnun +
1

q

∫
Ω

(u+n )
1∗ dx− 1

q

∫
Ω

|∇un|p dx.

Furthermore, Jp,β(un) → c and then

1+c+
τn
q
∥un∥W 1,p

0 (Ω) ≥ Jp,β(un)+
λ

q

∫
Ω

ρnun+
1

q

∫
Ω

(u+n )
1∗ dx− 1

q

∫
Ω

|∇un|p dx.

Hence,

1+c+
τn
q
∥un∥W 1,p

0 (Ω) ≥
(
1

p
− 1

q

)∫
Ω

|∇un|p dx+λ
(
1

q

∫
Ω

ρnun −
∫
Ω

Fβ(un) dx

)
+

(
1

q
− 1

1∗

)∫
Ω

(u+n )
1∗ dx.

We claim that (
1

q

∫
Ω

ρnun −
∫
Ω

Fβ(un) dx

)
≥ 0. (2.6)

Indeed,(
1

q

∫
Ω

ρnun −
∫
Ω

Fβ(un) dx

)
=
β

q

∫
{un=β}

ρndx+
βq

q
|{un > β}| ≥ 0.
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Hence,

1 + c+
τn
q
∥un∥W 1,p

0 (Ω) ≥
(
1

p
− 1

q

)∫
Ω

|∇un|p dx =

(
1

p
− 1

q

)
∥un∥pW 1,p

0 (Ω)

and (un) is bounded in W 1,p
0 (Ω). Using a similar argument than [16, (proof

of) Lemma 3.1], we conclude that Jp,β satisfies the nonsmooth Palais-Smale
condition. □

We recall that u ∈ W 1,p
0 (Ω) is a critical point of the functional Jp,β,λ if

0 ∈ ∂Jp,β,λ(u). We have

Lemma 2.5 Critical points of the functional Jp,β,λ are nonnegative weak
solutions of problem (1.6).

Proof. Indeed, if u is a critical point of the functional Jp,β,λ, then there must
exist ρp,β ∈ ∂Fβ(u) such that

∥Q′
p(u)− λρp,β −Q′

∗(u)∥(W 1,p
0 )∗ = 0.

Consequently,∫
Ω

|∇u|p−2∇u∇v − λ

∫
Ω

ρp,βv −
∫
Ω

(u+)1
∗−1v = 0 for all v ∈W 1,p

0 (Ω).

Choosing v = u−, we get

−
∫
Ω

|∇u−|p dx = 0.

Consequently, u− = 0 in Ω and hence u ≥ 0. Hence,∫
Ω

|∇u|p−2∇u∇v − λ

∫
Ω

ρp,βv −
∫
Ω

u1
∗−1v = 0 for all v ∈W 1,p

0 (Ω),

so that u satisfies (1.7). □

We now state a version of the nonsmoth Mountain-Pass Theorem. See
[25, 26, 33].

Theorem 2.6 Let E be a Banach space and I ∈ Liploc(E;R) with I(0) = 0.
Suppose that there are numbers α, r > 0 and a function e ∈ E such that

(i) I(u) ≥ α for all u ∈ E with ∥u∥E = r;

(ii) I(e) < 0 and ∥e∥E > r.

Let

c = inf
γ∈Γ

max
t∈[0,1]

I(γ(t)) and Γ = {γ ∈ C([0, 1];E) : γ(0) = 0, γ(1) = e}.
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Then, c ≥ α and there exists a sequence (un) ⊂ E satisfying

I(un) → c and ΛI(un) → 0.

If, in addition, I satisfies the nonsmooth Palais-Smale condition, then c is a
critical value of I.

We finish by stating a classical result found in [31, Lemma 2.1].

Lemma 2.7 Suppose that there exists a constant C > 0 such that(∫
Ω

|φ|1
∗
dν

) 1
1∗

≤ C

∫
Ω

|φ| dµ for all φ ∈ C∞
0 (RN ).

Then, there exist {xi}i∈N in Ω and and numbers νi ≥ 0 such that

ν =
∑
i∈N

νiδxi , and µ ≥ C−1
∑
i∈N

ν
1
1∗
i δxi .

3 A concentration-compactness theorem

This section is devoted to the following result, which is a concentration-
compactness principle in the context of BV (Ω). In [29, Proposition 3], the
proof is given but without some important details.

Theorem 3.1 Let Ω be a bounded open set in RN and assume that (up)p>1 is

a sequence such that up ∈W 1,p
0 (Ω) for all p > 1 and that there exists a constant

C > 0 such that ∫
Ω

|∇up|p dx ≤ C for all p > 1. (3.1)

The following assertions hold.

(i) There exists u ∈ BV (Ω) such that up ⇀ u weakly in BV (Ω) as p→ 1+;

(ii) There exist measures µ, ν ∈ M(Ω) such that |∇up|p ⇀ µ and |up|1
∗
⇀ ν

weakly in M(Ω) as p→ 1+;

(iii) There exist a countable set (xi)i∈N of points in Ω and numbers νi ≥ 0
and µi ≥ 0 such that

ν = |u|1
∗
+
∑
i

νiδxi
,

and
µ ≥ |Du|+

∑
i

µiδxi
.

Moreover,

ν
1
1∗
i ≤ µi

S
for all n ∈ N,
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where

S = inf
u∈W 1,1

0 (Ω),u ̸=0

{ ∫
Ω
|∇u|(∫

Ω
|u|1∗

) 1
1∗

}
. (3.2)

Proof. Note that ∫
Ω

|∇up| dx ≤
(∫

Ω

|∇up|p dx
) 1

p

|Ω|1−
1
p

≤ (1 + C)(1 + |Ω|),

for all p > 1. We conclude from the Sobolev embedding that there exists
u ∈ L1(Ω) such that up → u in L1(Ω) as p → 1+. Moreover, from [17,
Proposition 10.1.1], we obtain that u ∈ BV (Ω) and up ⇀ u weakly in BV (Ω).
This proves (i). For (ii), observe that by (3.2), for all p > 1,(∫

Ω

|up|1
∗
) 1

1∗

≤ 1

S

∫
Ω

|∇up| dx ≤ C2

S
, (3.3)

where
C2 = (1 + C)(1 + |Ω|).

Item (ii) then follows from (3.1), (3.3) and [18, Comments on Chapter 4]

Before proving (iii), we state and prove the following technical result.

Lemma 3.2 Let a ≥ 0, (an)n∈N and (bn)n∈N be sequences of positive real
numbers such that an → a and bn → 1 as n→ ∞. Then abnn → a as n→ ∞.

Proof. It follows from the continuity of f : (0,+∞) × (0,+∞) → R, given by
f(x, y) = ey log x.

□

We proceed now to prove (iii). For all p > 1, let vp = up−u. We know that
vp ⇀ 0 weakly in BV (Ω). Furthermore,∫

Ω

|vp|1
∗
dx ≤

∫
Ω

|up|1
∗
dx+

∫
Ω

|u|1
∗
dx ≤ C for all p > 1.

Hence, there exists ν′ ∈ M(Ω) such that

|vp|1
∗
⇀ ν′ weakly in M(Ω).

We also know that the total variation of ∇vp is bounded in M(Ω). We thus get
µ′ ∈ M(Ω) such that

|∇vp|⇀ µ′ weakly in M(Ω).
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The embedding BV (Ω) ↪→ L1∗(Ω) yields that(∫
Ω

|φ|1
∗
|vp|1

∗
dx

) 1
1∗

S ≤
∫
Ω

|∇(φvp)| dx+

∫
Ω

|φvp|dx for all φ ∈ C∞
0 (RN ).

Consequently,(∫
Ω

|φ|1
∗
|vp|1

∗
dx

) 1
1∗

S ≤
∫
Ω

|vp||∇φ| dx+
∫
W

|φ||∇vp| dx+
∫
Ω

|φ||vp|dx for all φ ∈ C∞
0 (RN ).

Letting p→ 1+, we get (since vp → 0 in Lr(Ω) for 1 ≤ r < 1∗)(∫
Ω

|φ|1
∗
dν′
) 1

1∗

≤ 1

S

∫
Ω

|φ| dµ′ for all φ ∈ C∞
0 (RN ).

From Lemma 2.7, we obtain a sequence of points (xi) ⊂ Ω such that

ν′ =
∑
i∈N

νiδxi
.

To proceed, we apply Brezis-Lieb to get∫
Ω

|φ||up|1
∗
dx−

∫
Ω

|φ||vp|1
∗
dx→

∫
Ω

|φ||u|1
∗
dx as p→ 1, for all φ ∈ C∞

0 (RN ).

On the other hand,∫
Ω

|φ||up|1
∗
dx−

∫
Ω

|φ||vp|1
∗
dx→

∫
Ω

|φ| dν−
∫
Ω

|φ| dν′ as p→ 1 for all φ ∈ C∞
0 (RN ).

Consequently,
|u|1

∗
= ν − ν′.

We thus get

ν =
∑
i∈N

νiδxi + |u|1
∗
.

We proved the first part of the result. To continue, we will use the embedding
W 1,p

0 (Ω) ↪→ L1∗(Ω). Indeed,(∫
Ω

|φup|1
∗
dx

) 1
1∗

Sp ≤
(∫

Ω

|∇(upφ)|p dx
) 1

p

, for all φ ∈ C∞
0 (RN ), (3.4)

where

Sp = inf
v∈W 1,p

0 (Ω),u ̸=0

(∫
Ω
|∇v|p dx

) 1
p(∫

Ω
|v|1∗ dx

) 1
1∗
.

Observe that∫
Ω
|∇v| dx(∫

Ω
|v|1∗ dx

) 1
1∗

≤
(∫

Ω
|∇v|p dx

)1/p(∫
Ω
|v|1∗ dx

) 1
1∗

|Ω|1−1/p for all v ∈W 1,p
0 (Ω).

11



We conclude that
S ≤ Sp|Ω|1−1/p for all p > 1,

where S is given by (3.2). Substituting in (3.4), we get(∫
Ω

|φup|1
∗
dx

) 1
1∗

S ≤ |Ω|1−1/p

(∫
Ω

|∇(upφ)|p dx
) 1

p

for all φ ∈ C∞
0 (RN ).

We thus get from Minkowski’s inequality that(∫
Ω

|φup|1
∗
dx

) 1
1∗

S ≤ |Ω|1−1/p

(∫
Ω

|φ|p|∇up|p dx
) 1

p

+|Ω|1−1/p

(∫
Ω

|∇φ|p|up|p dx
) 1

p

for all φ ∈ C∞
0 (RN ).

(3.5)
Let ψ ∈ C∞

0 (RN ) be chosen such that ψ(0) = 1, 0 ≤ ψ ≤ 1 and suppψ = B1(0).
For all ϵ > 0 and i ∈ N, we define

ψϵ(x) = ψ

(
x− xi
ϵ

)
.

Substituting ψϵ in (3.5), we get(∫
Ω

|ψϵ|1
∗
|up|1

∗
dx

) 1
1∗

S ≤ |Ω|1−1/p

(∫
Ω

|up|p|∇ψϵ|p dx
) 1

p

+|Ω|1−1/p

(∫
Ω

|ψϵ|p|∇up|p dx
) 1

p

.

Letting p→ 1+, we get(∫
Ω

|ψϵ|1
∗
dν

) 1
1∗

S ≤ lim
p→1+

(∫
Ω

|up|p|∇ψϵ|p dx
) 1

p

+ lim
p→1+

(∫
Ω

|ψϵ|p|∇up|p dx
) 1

p

.

Since ψϵ ≤ 1, we get from Lemma 3.2,

lim
p→1+

(∫
Ω

|ψϵ|p|∇up|p dx
) 1

p

≤ lim
p→1+

(∫
Ω

|ψϵ||∇up|p dx
) 1

p

=

∫
Ω

|ψϵ| dµ.

We further have

lim
p→1

(∫
Ω

|up|p|∇ψϵ|p dx
) 1

p

=

∫
Ω

|u||∇ψϵ| dx.

Hence, (∫
Ω

|ψϵ|1
∗
dν

) 1
1∗

S ≤
∫
Ω

|u||∇ψϵ| dx+

∫
Ω

|ψϵ| dµ.

Then

ν
1
1∗
i S ≤ 1

ϵ

∫
Ω

(∣∣∣∣∇φ(x− xi
ϵ

) ∣∣∣∣|u|) dx+ µ(Bϵ(xi))

Letting ϵ→ 0, we conclude that

ν
1
1∗
i S ≤ µ{xi} for all i ∈ N.

12



We have proven that

µ ≥ S
∑
i∈N

ν
1
1∗
i δxi

.

On the other hand, from weak convergence we get∫
Ω

φ|Du| ≤ lim inf
p→1

∫
Ω

φ|∇up|

≤ lim inf
p→1

∫
Ω

φ|∇up|p + lim inf
p→1

∫
Ω

(p− 1)φ

p

=

∫
Ω

φdµ for all φ ∈ C∞
0 (Ω), φ ≥ 0,

which means that
|Du| ≤ µ.

According to [29, Lemma 1], |Du|(A) = 0 if the (N − 1)−Hausdorff measure of
A is zero. Consequently,

µ ≥ |∇u|+ S
∑
i∈N

ν
1
1∗
i δxi

. (3.6)

This proves the result □

4 Existence and properties of solutions for the
approximated problems

In this section, we show that the functional Jp,β,λ given by (1.9) admits a
critical point. When there is no confusion, we will denote Jp,β,λ merely by Jp,β .
First, we show that it satisfies the hypothesis of the Mountain-Pass Theorem.
We have

Lemma 4.1 There exist p > 1, α > 0 and r > 0 that do not depend on p nor
on β such that

Jp,β,λ(u) ≥ α for all u ∈W 1,p
0 (Ω) with ∥u∥W 1,p

0 (Ω) = r,

and for all 1 < p < p. The constants α and r depend on λ.

Proof. We first observe that

|Fβ(u)| ≤
∫
Ω

|Fβ(u)| dx ≤
∫
Ω

∫ u

0

|fβ(s)| ds dx ≤
∫
Ω

∫ u

0

|s|q−1 ds dx.

Consequently,

|Fβ(u)| ≤
1

q

∫
Ω

|u|q dx.

13



Since 1 < q < 1∗ < p∗ = Np
N−p , we obtain from Hölder’s inequality that

|Fβ(u)| ≤
1

q

(∫
Ω

|u|p
∗
dx

) q
p∗

|Ω|1−
q
p∗ .

Similarly, we get∫
Ω

(u+)1
∗
dx ≤

∫
Ω

|u|1
∗
dx ≤

(∫
Ω

|u|p
∗
dx

) 1∗
p∗

|Ω|1−
1∗
p∗ .

Consequently,

Jp,β(u) ≥
1

p
∥∇u∥pLp(Ω) −

λ|Ω|1−
q
p∗

q
∥u∥q

Lp∗ (Ω)
− |Ω|1−

1∗
p∗

1∗
∥u∥1

∗

Lp∗ (Ω).

From the Sobolev embedding (see [32, proof of Theorem 7.10]), we know that

∥u∥Lp∗ (Ω) ≤
θ√
N

∥∇u∥Lp(Ω) for all u ∈W 1,p
0 (Ω),

where

θ =
p(N − 1)

N − p
.

Consequently,

Jp,β(u) ≥ 1

p
∥∇u∥pLp(Ω) −

λ|Ω|1−
q
p∗

q

(
p(N − 1)√
N(N − p)

)q

∥∇u∥qLp(Ω)

−|Ω|1−
1∗
p∗

1∗

(
p(N − 1)√
N(N − p)

)1∗

∥∇u∥1
∗

Lp(Ω).

We thus get

Jp,β(u) ≥ 1

p
∥∇u∥pLp(Ω) −

λ

q
max{1, |Ω|}

(
p(N − 1)√
N(N − p)

)q

∥∇u∥qLp(Ω)

−max{1, |Ω|}
1∗

(
p(N − 1)√
N(N − p)

)1∗

∥∇u∥1
∗

Lp(Ω).

Now, choosing p > 1 such that 1 < p < q, we get, for all 1 < p < p,

Jp,β(u) ≥
1

p
∥∇u∥pLp(Ω) − Cq∥∇u∥qLp(Ω) − C1∗∥∇u∥1

∗

Lp(Ω),

where

Cq =
λ

q
max{1, |Ω|}

(
p(N − 1)√
N(N − p)

)q

and C1∗ =
max{1, |Ω|}

1∗

(
p(N − 1)√
N(N − p)

)1∗

.
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Observe that Cq and C1∗ do not depend on p. Since 1 < q < 1∗ and 1 < p < p,
we get

Jp,β(u) ≥
1

p
∥∇u∥pLp(Ω) − C∥∇u∥qLp(Ω) for all u ∈W 1,p

0 (Ω) with ∥∇u∥Lp ≤ 1,

where C = Cq+C1∗ . Observe that 1
ps

p−Csq ≥ sq

p if and only if sp ≥ (Cp+1)sq.
Consequently,

Jp,β(u) ≥
1

p
∥∇u∥qLp(Ω) for all u ∈W 1,p

0 (Ω) with ∥∇u∥Lp ≤
(

1

1 + Cp

) 1
q−p

,

which means that if

∥∇u∥Lp =

(
1

1 + Cp

) 1
q−p

,

then

Jp,β(u) ≥
1

p

(
1

1 + Cp

) 1
q−p

.

□

Now we proceed to obtain an element e ∈ W 1,p
0 (Ω) such that Jp,β(e) < 0.

The proof of the following result relies on usual arguments, and we thus omit
it. See for example [39, Lemma 3.1].

Lemma 4.2 There exists e ∈ C∞
0 (Ω) such that

Jp,β,λ(e) < −|Ω| for all 1 < p < p. (4.1)

Furthermore, e does not depend on λ nor on β.

We define the functional Ip,β,λ :W 1,p
0 (Ω) → R by

Ip,β,λ(u) = Jp,β,λ(u) +
p− 1

p
|Ω|. (4.2)

Observe that from Lemma 4.1, there exist p > 1, α > 0 and r > 0 such that

Ip,β,λ(u) ≥ α for all ∥u∥ = r and 1 < p < p.

Furthermore,

Ip,β,λ(e) < Jp,β(e) + |Ω| < 0 for all 1 < p < p,

where e ∈ C∞
0 (Ω) is given by Lemma 4.2. Since Ip,β,λ also satisfies the

nonsmooth Palais-Smale condition, Theorem 2.6 implies that Ip,β,λ has a critical

point up,β,λ ∈W 1,p
0 (Ω) at the level

cp,β,λ = inf
γ∈Γp

max
t∈[0,1]

Ip,β,λ(γ(t)) with Γp = {γ ∈ C([0, 1];W 1,p
0 (Ω)) : γ(0) = 0 and γ(1) = e}.

(4.3)
We finish this section with an uniform estimate for the solutions up,β,λ of (1.6).
The proof follows from arguments that can be found in [38].
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Lemma 4.3 There exists C > 0, such that∫
Ω

|∇up,β,λ|pdx ≤ C. (4.4)

Moreover, the family (up,β,λ)1<p<p is bounded in BV (Ω).

5 Convergence as p → 1+

First of all, from Lemma 4.3 and the Sobolev embeddings,

up,β,λ → uβ,λ in Lr(Ω) for all 1 ≤ r < 1∗, and up,β,λ → uβ,λ a.e. in Ω as p→ 1+.
(5.1)

Our first goal is to obtain convergence in L1∗(Ω). To do that, we will require λ
to be large. We first state a technical lemma.

Lemma 5.1 Let e ∈ C∞
0 (Ω) be given as in Lemma 4.2. Then there exist p > 1,

β0 > 0 and λ0 > 0 such that

max
t∈[0,1]

Ip,β,λ(te) <
1

N
SN for all 0 < β < β0, λ > λ0, (5.2)

where S is given by (3.2).

Proof. We choose β1 and p such that

βp
1

p

∫
Ω

|∇e|p + β1∗

1

1∗

∫
Ω

|e|1
∗
dx <

1

4

1

N
SN

and
p− 1

p
|Ω| < 1

4

1

N
SN .

We will obtain λ0 > 0 such that (5.2) holds for all 0 < β < β0 = β1/3. Indeed,
choosing such a β we have

Ip,β,λ(te) =
tp

p

∫
Ω

|∇e|p − λ

∫
Ω

Fβ(te) dx− t1
∗

1∗

∫
Ω

|e|1
∗
dx+

p− 1

p
|Ω|

≤ βp

p

∫
Ω

|∇e|p + β1∗

1∗

∫
Ω

|e|1
∗
dx+

p− 1

p
|Ω|,

for all t ≤ β. The choices of β1 and p imply that

Ip,β,λ(te) <
1

2

1

N
SN for all t ≤ β.
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We further have

Ip,β,λ(te) ≤
βp
1

p

∫
Ω

|∇e|p + β1∗

1

1∗

∫
Ω

|e|1
∗
dx+

p− 1

p
|Ω|

<
1

2

1

N
SN for all β < t ≤ β1.

On the other hand, we have

Ip,β,λ(te) =
tp

p

∫
Ω

|∇e|p − λ

∫
{te>β}

Fβ(te) dx− t1
∗

1∗

∫
Ω

|e|1
∗
dx+

p− 1

p
|Ω|,

for all t > β1. Since{
e >

1

2

}
⊂ {te > β} for all 0 < β < β0 and t ≥ β1,

we get

Ip,β,λ(te) ≤
tp

p

∫
Ω

|∇e|p − λ

∫
{e>1/2}

Fβ0(te) dx− t1
∗

1∗

∫
Ω

|e|1
∗
dx+

p− 1

p
|Ω|,

for all 0 < β < β0 and β1 < t ≤ 1. We must choose λ0 > 0 such that

1

p

∫
Ω

|∇e|p − λ0

∫
{e>1/2}

Fβ0(te) dx+
p− 1

p
|Ω| < 1

N
SN for all β1 < t ≤ 1.

From the choice of p, we only need to show that

1

p

∫
Ω

|∇e|p − λ0

∫
{e>1/2}

Fβ0
(te) dx <

1

2N
SN for all β1 < t ≤ 1.

Hence, we may choose λ0 satisfying

1

p

∫
Ω

|∇e|p − λ0

∫
{e>1/2}

Fβ0
(te) dx < 0 for all β1 < t ≤ 1.

We also have∫
{e>1/2}

Fβ0(te) dx =

∫
{e>1/2}

∫ te

β0

|s|q−1 ds dx

=
1

q

∫
{e>1/2}

(|te|q − (β0)
q) dx

≥ 1

q

∫
{e>1/2}

((
β1
2

)q

− (β0)
q

)
dx

=
1

q

∣∣∣∣{e > 1/2

}∣∣∣∣((β12
)q

− (β1/3)
q

)
= C > 0.
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Then, it is enough to choose λ0 such that

1

p

∫
Ω

|∇e|p < Cλ0.

Hence, for

λ0 =
2

Cp

∫
Ω

|∇e|p,

it follows that

Ip,β,λ(te) <
1

N
SN for all 0 < β < β0 and β1 ≤ t ≤ 1.

This proves the result. □

We now get

Lemma 5.2 Let λ0 > 0 and β0 > 0 be given by Lemma 5.1. Then

up,β,λ → uβ,λ in L1∗(Ω) as p→ 1+, (5.3)

provided λ > λ0 and 0 < β < β0.

Proof. We again denote Ip,β,λ, cp,β,λ and up,β,λ merely by Ip,β , cp,β and up,β
respectively. Using (4.4) and Theorem 3.1, we get measures µ, ν ∈ M(Ω), a
countable set I and a set of points {xi : i ∈ I} ⊂ Ω such that

|∇up,β |p ⇀ µ ≥ |Duβ |+
∑
i

δxi
µi, in M(Ω) (5.4)

|up,β |1
∗
⇀ ν = |uβ |1

∗
+
∑
i

δxiνi, in M(Ω) (5.5)

and
ν

1
1∗
i ≤ µi

S
. (5.6)

We will show that I = ∅ as in [31]. Indeed, for every σ > 0 and i ∈ I, we
define

ψσ,i(x) = ψ

(
x− xi
σ

)
,

where ψ ∈ C∞
c (RN ) is a function such that 0 ≤ ψ ≤ 1 in B1(0), ψ ≡ 0 in

RN \B2(0) and ∥∇ψ∥L∞(RN ) ≤ 2. Taking ψσ,iup,β as test function in (1.6), we
have from (5.4) and (5.5) that

lim
p→1+

∫
Ω

up,β |∇up,β |p−2∇up,β∇ψσ,i dx =

∫
Ω

ψσ,i dν−
∫
Ω

ψσ,i dµ+λ lim
p→1+

∫
Ω

ρp,βψσ,iup,β dx.
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From the definition of ρp,β and ψσ,i

lim
σ→0

lim
p→1+

∫
Ω

ρp,βψσ,iup,β dx = 0.

On the other hand, arguing as in [31], we get

lim
σ→0

lim
p→1

∫
Ω

up,β |∇up,β |p−2∇up,β∇ψσ,i dx = 0. (5.7)

Indeed, Hölder’s inequality implies that∫
Ω

up,β |∇up,β |p−2∇up,β∇ψσ,i dx ≤
(∫

Ω

|∇up,β |p dx
) p−1

p
(∫

Ω

|up,β |p|∇ψσ,i|p dx
)1/p

≤ C

(∫
Ω

|up,β |p|∇ψσ,i|p dx
)1/p

.

On the other hand, the Dominated Convergence Theorem and Lemma 3.2 imply
that

lim
p→1

∫
Ω

up,β |∇up,β |p−2∇up,β∇ψσ,i dx ≤ C

∫
Ω

|uβ ||∇ψσ,i| dx.

Consequently,

lim
σ→0

∫
Ω

ψσ,i dµ = lim
σ→0

∫
Ω

ψσ,i dν.

Observe that

lim
σ→0

∫
Ω

ψσ,i dµ ≥ lim
σ→0

∫
Ω

ψσ,i|∇uβ | dx+ µi

and

lim
σ→0

∫
Ω

ψσ,i dν = νi.

Hence we conclude that µi ≤ νi. On the other hand, this fact and (5.6) impliy
that

ν
1
1∗
i ≤ νi

S
,

which is equivalent to
νi ≥ SN .

Now we will show that this will lead us to a contradiction. Indeed, taking up,β
as test function in (1.6), we see that

0 =

∫
Ω

|∇up,β |p dx−
∫
Ω

|up,β |1
∗
dx− λ

∫
Ω

ρp,βup,β dx.

We thus get

cp,β =

(
1

p
− 1

1∗

)∫
Ω

|up,β |1
∗
dx+λ

(∫
Ω

(
1

p
ρp,βup,β − Fβ(up,β)

)
dx

)
+

(
p− 1

p
|Ω|
)
.
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If 1 < p < q, we conclude that (see (2.6))

cp,β ≥
(
1

p
− 1

1∗

)∫
Ω

ψσ,i|up,β |1
∗
dx+

(
p− 1

p
|Ω|
)
,

for all σ > 0 and i ∈ I. Letting p→ 1+, we get

lim
p→1+

cp,β ≥
(
1− 1

1∗

)
νi ≥

1

N
SN .

This contradicts Lemma 5.1 and then I = ∅. □

Now we proceed to show that uβ,λ ∈ L∞(Ω). In order to do it, we follow
similar ideas than [38, Section 3.2]. In the remainder of this section, we denote
up,β,λ and uβ,λ merely by up,β and uβ respectively.

Lemma 5.3 Assume that λ > λ0 and 0 < β < β0. For each ϵ > 0 there exist
η > 0 and p > 1 (independent of p) such that∫
B

(1+u
1

N−1

p,β )N dx ≤ ϵ for all Borel sets B such that |B| < η, and for all 1 < p < p.

(5.8)

Proof. Since u1
∗

β ∈ L1(Ω), we may choose η > 0 such that∫
B

u
N

N−1

β dx ≤ ϵ

2
for all Borel sets B such that |B| < η.

Since up,β → uβ in L1∗(Ω), as p→ 1+, there must exists p > 1 such that∫
Ω

|uβ − up,β |1
∗
dx <

ϵ

2
for all 1 < p < p.

Consequently, if B is a Borelian subset of Ω such that |B| < η, we get∫
B

|up,β |1
∗
dx ≤

∫
B

|up,β − uβ |1
∗
dx+

∫
B

|uβ |1
∗
dx < ϵ for all 1 < p < p.

The result then follows from the fact that

(1 + u
1

N−1

p,β )N ≤ 2N (1 + u1
∗

p,β),

and that |Ω| is finite. □

Lemma 5.4 Assume that λ > λ0 and 0 < β < β0. For every ϵ > 0, there exists
k > 0 that does not depend on p such that∫

{up,β>k}
(1 + u

1
N−1

p,β )N dx < ϵ for all 1 < p < p.
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Proof. Let ϵ > 0. From Lemma 5.3, we may choose η > 0 such that∫
B

(1 + u
1

N−1

p,β )N dx <
ϵ

2
for all Borel sets B such that |B| < η, 1 < p < p.

We then choose k > 0 such that

|{uβ > k/2}| < η.

We then have ∫
{uβ>k/2}

(1 + u
1

N−1

p,β )N dx <
ϵ

2
for all 1 < p < p.

On the other hand, the Egorov Theorem imply that there exists a Borel set
A ⊂ Ω such that |A| < η and up,β → uβ uniformly in Ω \A. Consequently,∫
{up>k}

(1 + u
1

N−1

p,β )N dx =

∫
A∩{up>k}

(1 + u
1

N−1

p,β )N dx+

∫
Ac∩{up>k}

(1 + u
1

N−1

p,β )N dx

≤ ϵ

2
+

∫
Ac∩{up>k}

(1 + u
1

N−1

p,β )N dx.

Uniform convergence implies that there exists p > 1 such that

|up,β(x)− uβ(x)| < k/2 for all x ∈ Ac, 1 < p < p.

As a consequence, if x ∈ Ac ∩ {up,β > k} then

uβ(x) = up,β(x) + uβ(x)− up,β(x) ≥ k − k/2 = k/2.

Hence Ac ∩ {up,β > k} ⊂ {uβ > k/2}. We conclude that∫
{up>k}

(1 + u
1

N−1

p,β )N dx <
ϵ

2
+
ϵ

2
= ϵ.

□

We finally show the main result of this section.

Proposition 5.5 If λ > λ0 and 0 < β < β0, then the function uβ belongs to
L∞(Ω).

Proof. For k > 0 we define

Gk(s) =

{
s− k, if s > k
0, if s ≤ k.

Choosing Gk(up,β) as a test function in (1.7), we get∫
{up,β>k}

|∇up,β |p dx =

∫
Ω

(λρp,β + u1
∗−1

p,β )Gk(up,β) dx.
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Since ρp,β ≤ uq−1
p,β , we get∫

{up,β>k}
|∇up,β |p dx ≤

∫
Ω

(λuq−1
p,β + u1

∗−1
p,β )Gk(up,β) dx.

Consequently,∫
{up,β>k}

|∇up,β |p dx ≤ (1 + λ)

∫
Ω

(1 + u1
∗−1

p,β )Gk(up,β) dx. (5.9)

On the other hand, the Sobolev embedding implies that(∫
Ω

Gk(up,β)
N

N−1 dx

)N−1
N

≤ S

∫
Ω

|∇Gk(up,β)|dx

≤ S

p

∫
Ω

|∇Gk(up,β)|p dx+
S(p− 1)

p
|Ω|

≤ S(1 + λ)

∫
Ω

(1 + u1
∗−1

p,β )Gk(up,β) dx+
S(p− 1)

p
|Ω|

≤ S(1 + λ)

∫
{up,β>k}

(1 + u1
∗−1

p,β )Gk(up,β) dx+
S(p− 1)

p
|Ω|.

The Hölder inequality implies(∫
Ω

Gk(up,β)
N

N−1 dx

)N−1
N

≤ S(1 + λ)

(∫
{up,β>k}

(1 + u1
∗−1

p,β )N dx

) 1
N (∫

Ω

Gk(up,β)
N

N−1 dx

)N−1
N

+
S(p− 1)

p
|Ω|.

From Lemma 5.4, we may choose k0 > 0 such that∫
{up,β>k}

(1 + u1
∗−1

p,β )N dx ≤ 1

(2S(1 + λ))N
for all k ≥ k0,

and for all 1 < p < p. We conclude that(∫
Ω

Gk(up,β)
N

N−1 dx

)N−1
N

≤ 2S(p− 1)

p
|Ω| for all 1 < p < p.

Rewriting,∫
Ω

Gk(up,β)
N

N−1 dx ≤
(
2S(p− 1)

p
|Ω|
) N

N−1

for all k ≥ k0, 1 < p < p.

Consequently, passing to the limit as p→ 1+ and using Fatou’s Lemma,∫
Ω

((uβ − k)+)
N

N−1 dx = 0 for all k ≥ k0.

Then uβ ≤ k0 a.e. in Ω and this proves the result. □
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6 Proof of Theorem 1.1

This section is devoted to show that the function uβ,λ obtained in (5.1) is a
solution of problem (1.1). We have shown that there exist λ0, β0 > 0 such that
if λ > λ0 and 0 < β < β0, then uβ,λ ∈ BV (Ω) ∩ L∞(Ω) and, as p→ 1+,

up,β,λ → uβ,λ in Lr(Ω), 1 ≤ r ≤ 1∗, and up,β,λ → uβ,λ a.e. in Ω. (6.1)

We further observe that the Sobolev embedding and (4.4) imply that there exists
C > 0 that does not depend on p nor on β such that

∥up,β,λ∥L1∗ (Ω) < C for all 1 < p < p. (6.2)

We first study the convergence of ρp,β,λ as p→ 1+. We have

Lemma 6.1 Let λ > λ0 and 0 < β < β0. There exists ρβ,λ ∈ L
q

q−1 (Ω) such
that

ρp,β,λ ⇀ ρβ,λ weakly in L
q

q−1 (Ω) as p→ 1+, (6.3)

and

ρβ,λ(x) ∈

 {0} if uβ,λ(x) < β,
[0, βq−1] if uβ,λ(x) = β,
{uβ,λ(x)q−1} if uβ,λ(x) > β.

(6.4)

Proof. We again denote ρp,β,λ, up,β,λ and uβ,λ merely by ρp,β , up,β and uβ
respectively. By the definition of |ρp,β(x)| ≤ up,β(x)

q−1 a.e. in Ω, Hölder’s
inequality and (6.2), we get for all 1 < p < p,∫

Ω

|ρp,β(x)|
q

q−1 dx ≤
(∫

Ω

|up,β(x)|1
∗
dx

) q
1∗

|Ω|1−
q
1∗ ≤ Cq|Ω|1−

q
1∗ . (6.5)

Then (ρp,β)p is uniformly bounded in Lq/q−1(Ω), from which (6.3) follows. We
denote ρβ,λ merely by ρβ . We now claim that if E ⊂ Ω is a measurable set,
then

lim
p→1+

∫
E

ρp,βup,β(x) dx =

∫
E

ρβuβ(x) dx. (6.6)

Indeed, observe that

ρp,βup,β − ρβuβ = uβ(ρp,β − ρβ) + ρp,β(up,β − uβ).

Consequently, (6.3) implies that

lim
p→1+

∫
E

uβ(ρp,β − ρβ)(x) dx = 0. (6.7)
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On the other hand, Hölder’s inequality and (6.5) imply that there exists C > 0
such that

lim
p→1+

∫
E

ρp,β(up,β − uβ) dx ≤
(∫

Ω

ρ
q

q−1

p,β dx

) q−1
q
(∫

Ω

|up,β(x)− uβ(x)|q dx
) 1

q

≤ C

(∫
Ω

|up,β(x)− uβ(x)|q dx
) 1

q

.

From (6.1), we conclude that

lim
p→1+

∫
E

ρp,β(up,β − uβ) dx = 0. (6.8)

We now prove (6.4). It is clear that ρβ(x) ≥ 0 in Ω. We will show the
following statements:

ρβ(x) = 0 a.e. in E1 = {0 < uβ < β}. (6.9)

ρβ(x) ≤ βq−1 a.e. in E2 = {uβ = β}. (6.10)

ρβ(x) = uq−1
β a.e. in E3 = {uβ > β}. (6.11)

First we show (6.9). For each x ∈ E1 there exists px > 1 such that

up,β(x) < β for all 1 < p < px,

and consequently,
ρp,β(x) = 0 for all 1 < p < px.

Hence, ρp,β(x)up,β(x) → 0 a.e. in E1 as p→ 1+. Furthermore,

|ρp,β(x)up,β(x)| ≤ up,β(x)
q → uβ(x)

q in L1(Ω).

Consequently, the Dominated Convergence Theorem implies that

0 = lim
p→1+

∫
E1

ρp,βup,β(x) dx =

∫
E1

ρβuβ(x) dx,

and this implies that (6.9) holds. Now we show (6.10). Indeed, assume that the
set F1 = {x ∈ E2 : ρβ(x) > βq−1} has positive measure. Then

βq|F1| <
∫
F1

ρβ(x)uβ(x) dx = lim
p→1+

∫
F1

ρp,β(x)up,β(x) dx ≤ lim
p→1+

∫
F1

up,β(x)
q

=

∫
F1

uβ(x)
q dx = βq|F1|,
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which is a clear contradiction. It remains to show (6.11). Let F2 = {x ∈ E3 :
ρβ(x) > uq−1

β (x)} and F3 = {x ∈ E3 : ρβ(x) < uq−1
β (x)}. If |F2| > 0, then∫

F2

uβ(x)
q dx <

∫
F2

ρβ(x)uβ(x) dx

= lim
p→1

∫
F2

ρp,β(x)up,β(x) dx ≤ lim
p→1

∫
F2

up,β(x)
q

=

∫
F2

uβ(x)
q dx,

a clear contradiction. Then, |F2| = 0. Furthermore, if |F3| > 0, then

lim
p→1+

∫
F3

ρp,β(x)up,β(x) dx =

∫
F3

ρβ(x)uβ(x) dx <

∫
F3

uβ(x)
q dx. (6.12)

But for almost all x ∈ F3, there exists px > 1 such that

up,β(x) > β for all 1 < p < px.

Then
(ρp,βup,β)(x) = up,β(x)

q for all 1 < p < px0 .

Consequently, limp→1+(ρp,βup,β)(x) = limp→1+ up,β(x)
q = uβ(x)

q for almost all
x ∈ F3. Since

(ρp,βup,β)(x) ≤ uqp,β → uqβ in L1(Ω),

we conclude from the Dominated Convergence Theorem that

lim
p→1+

∫
F3

ρp,β(x)up,β(x) dx =

∫
F3

uqβ dx. (6.13)

Hence, (6.12) and (6.13) lead us to a contradiction. Then |F3| = 0.

□

By using the same arguments that in [39], one can show that, for λ > λ0 and
0 < β < β0, there exists a vector field zβ ∈ L∞(Ω;RN ) such that ∥zβ∥∞ ≤ 1
and

−div zβ = λρβ + u1
∗−1

β in D′(Ω).

Moreover,
(zβ , Duβ) = |Duβ | in M(Ω) (6.14)

and also
[zβ , ν] ∈ sgn(−uβ) on ∂Ω.

We finish by showing that uβ ̸≡ 0. Indeed, from Lemma 4.1, (4.2) and (4.3),
we know that there exists α > 0 independent of p such that

Ip,β(up,β) = cp,β ≥ α > 0 for all p > 1.
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Hence,

Jp,β(up,β) +

(
p− 1

p

)
|Ω| ≥ α > 0 for all p > 1,

which means

1

p

∫
Ω

|∇up,β |p dx,−λFβ(up,β)−
1

1∗

∫
Ω

(u+p,β)
1∗ dx+

(
p− 1

p

)
|Ω| ≥ α > 0.

Consequently,

1

p

∫
Ω

|∇up,β |p dx+

(
p− 1

p

)
|Ω| ≥ α > 0 for all p > 1.

Letting p→ 1+, we get

lim
p→1+

1

p

∫
Ω

|∇up,β |p dx ≥ α > 0. (6.15)

From (1.7), we get∫
Ω

|∇up,β |p dx = λ

∫
Ω

ρp,βup,β dx+

∫
Ω

u1
∗

p,β dx,

Using (6.15), Lemmas 5.2 and 6.1 we conclude that

0 < α ≤ λ

∫
Ω

ρβuβ dx+

∫
Ω

u1
∗

β dx. (6.16)

Consequently, uβ ̸≡ 0.

Finally, what is left to prove is that there exists βλ > 0 such that

|{uβ > β}| > 0 for all 0 < β < βλ.

Indeed, from (6.16) and Lemma 6.1 we get

α ≤ λβq|Ω|+ β1∗ |Ω|+ λ

∫
{uβ>β}

uqβ dx+

∫
{uβ>β}

u1
∗

β dx

Consequently, if we choose βλ > 0 such that

α− (λβq|Ω|+ β1∗ |Ω|) > α/2 for all 0 < β < βλ,

we get

α/2 < λ

∫
{uβ>β}

uqβ dx+

∫
{uβ>β}

u1
∗

β dx for all 0 < β < βλ. (6.17)

Consequently,
|{uβ > β}| > 0 for all 0 < β < βλ,
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since otherwise the right-hand-side of (6.17) would be equal to zero. This proves
the result.

□
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