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Abstract

In this work, a quasilinear elliptic problem involving the 1—Laplacian
operator and a discontinuous nonlinearity with a critical Sobolev growth
is studied. Through an argument based on an approximation method, an
existence result is proved. In order to overcome the lack of compactness,
we apply the well known concentration-compactness technique.
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1 Introduction

The study of nonlinear partial differential equations with discontinuous
nonlinearities has attracted the attention of several researchers in the last
years. Among the applications, we could cite free boundary problems arising in
mathematical physics, the obstacle problem, the seepage surface problem, and
the Elenbaas equation, see [21, 23, 22]. Several techniques have been applied
to study this kind of problem, such as variational methods for nondifferentiable



functionals, lower and upper solutions, global branching, etc. See for instance
[1, 3,4, 6,7, 14, 16, 20, 21, 22, 23, 30].

As far as problems involving the 1—Laplacian operator are concerned, among
the first works we could cite [11, 10, 12, 13], as well as [29] and [34]. Up to our
knowledge, there are two main approaches one can follow. The first one is
based on the study of the energy functional associated to the problem, which
is defined in BV (2), whenever one can write it as the difference of a convex
and locally Lipschitz functional and a C! one. Also, there is another approach
which is based on the study of the problem involving the 1—Laplacian operator,
through the approximation of it by substituting the 1—Laplacian by the p-
Laplacian operator, for p > 1. Then, one can use standard arguments to solve
the associated problem and then study the family of such solutions as p — 17.

In this work, we study the problem

—Aju = H(u— fB)[ul7?u + |u[* ~2u in Q (1.1)
u =0 on 0, '

where Aju = div (%), Q c RY is a smooth bounded domain, \,3 > 0,

1<g< % = 1* and H is the Heaviside function given by

1, if t>0
H(t)_{ 0, if ¢ <0.

We obtain a nontrivial solution of (1.1) when the parameter A is sufficiently
large and S is sufficiently small. We look for solutions in the space of functions
of bounded variation BV (Q)), defined as

BV (Q) = {u € LY(Q) : Duc M(Q,RY)}.
Our main result is the following.

Theorem 1.1 There exists Ao, Bo > 0 such that (1.1) admits a nonnegative
nontrivial solution ug € BV () N L>®(Q), for all A > Ao and 0 < 8 < fo.
Furthermore, for each A > X\, there exists 8y > 0 such that

[{ugx > B} >0 for all 0 < B < By, (1.2)

where |A| denotes the Lebesgue measure of the measurable set A C RV .

It is worth to highlight the recent paper [39], in which the authors work with
a similar problem, but without the critical term.

Inequality (1.2) guarantees that the set {ugx > [} has positive measure
when £ is sufficiently small. This information ensures that we are obtaining a
solution of a problem with a truly discontinuous nonlinearity.



Theorem 1.1 should be compared with the results of [2], [5], [19] and [31].
In [5] and [19] the problem

—Au = " +u?"1in Q

u>01in (1.3)

u =0 on 0f.
was studied for different values of ¢ > 1. Here, 2* = % and —A denotes the
usual laplacian. In [5] the authors showed that if 1 < ¢ < 2, then problem (1.3)
admits solutions only for small values of A. In [19], the authors proved, among
other results, that problem (1.3) with N >4 and 2 < ¢ < 2* admits a solution
for all A > 0. In [31] the authors considered the problem

— = q—2 P =24 i
{ Apu = ANu|T*u + |ul win (1.4)

u = 0 on 01,

where —A,, denotes the p-laplacian and p* = NN—Z). The authors showed that if
p < g < p*, then there exists A\g > 0 such that problem (1.4) admits a nontrivial
solution for all A > Xg. In recent years, problems involving the 1-laplacian
operator have been studied, and is natural to ask whether the results of [31]
can be extended to the 1-laplacian context or not. Recently, in [2], the authors
showed that the problem

(1.5)

—Aru = AMu|?2u + |[u|t "2u in Q
u =0 on 0,

with 1 < ¢ < % admits many solutions for large values of A\. They tackled

the problem directly in the space BV (). In this work, we study problem (1.1)
and apply a different method: our solution is obtained as the limit of a certain
sequence of solutions (up)p>1 in WO1 P(Q) of approximated problems. To do
that, the concentration-compactness principle due to Lions (see [36]) takes an
important role. More precisely, we prove a version of this principle in the context
of BV (). This version is stated without a full proof in [29, Proposition 3]. It
is also worth mentioning that our solution is nonnegative and that due to the
presence of the Heavyside function in (1.1), we use techniques from nonsmooth
analysis.

Our first step is to study the auxiliary problem

{ ~Apu = MH(u — B)|u%u+ |u|" "%u in Q (1.6)

u =0 on 01,

with p > 1. We say that u, g € W, () is a solution of (1.6) if there exists
pp.sa € LT () such that, for all ¢ € W) P(Q),

/Q [Vup g AP =2 Vuy g AVipde = ’\/Qpnﬂ,A‘de T /Q up sl 2upp 00 da,
(1.7)



where, for a.e. z € Q, p, 3, satisfies

{o} if up g (z) < B,
pppa(z) € < [0, 8971 if up 5.1 (2) = B, (1.8)
{up,s(x)r=1}  if up g a(z) > B.

We proceed in the following way. We first use a non-smooth version of the
Mountain Pass Theorem to obtain \g, Sy > 0 which do not depend on p, such
that (1.6) is solvable for A > A\ and 0 < 8 < [y. Next, we show that the
sequence of solutions {u, g x}p>1 of (1.6) converges to a nontrivial solution of
(1.1) asp — 1T,

Throughout this work, in order to find nonnegative solutions of (1.6), we
consider the functional J, 5. : Wy *(€2) — R given by

Tos®) = Q1) = AFafw) = 5 [ ()" do (19)

where u* = max{4u,0},

1
Qpu)=- [ |VulPdz
pPJa

Fp(u) = /QFﬁ(u) dz, with Fg(t) = /0 fa(s)ds and fz(s) = H(s — B)|s|9?s.

Due to the Heavyside function H, the functional J, g, is not Fréchet
differentiable, but locally Lipschitz continuous. So the nonsmooth critical point
theory developed by Chang applies. This work is oganized as follows:

In Section 2 we give some notions and we prove preliminary results.

In Section 3, we state and prove a version of the Concentration-compactness
Theorem.

In Section 4 we study the approximated problem (1.6).

In Section 5 we show that the solutions obtained in Section 4 converge in
LY (Q).

In Section 6 we prove Theorem 1.1.

2 Preliminaries

Inspired by the Anzelotti theory, see [15, 24], we give some notations and
definitions. Let us denote

An(Q) ={z € L RY) : ||z]|l < 1,divz € LV(Q)}.



For z € Xy () and w € BV(Q2), we define the distribution (z, Dw) € D'(2) as

(2. Dw).0) =~ [

wediv(z) dx — / wz - Vodz, (2.1)
Q

Q

for every ¢ € C5°(£2). Furthermore, the following identity, known as the Green’s
formula, holds

/ wdiv(z) der/ (z, Dw) = / [z, v]w dHN ! for all w € BV(Q), 2 € Xn(Q),
Q Q 19)

(2.2)
where [-,v] : Xn(Q) — L>*(0f2) denotes the trace operator and is such that

[ [z, V] [[L=(00) < ||Zllo (2.3)
and, if z € C1(Qs,RY),
[z,v] (x) = z(x) -v(z) on Qs,
where by 25 we denote a d-neighborhood of 0f2.

We now state what it means to be a solution of problem (1.1).

Definition 2.1 We say that u € BV (Q) is a solution of (1.1) if there ewists
pe LT1(Q) and z € Xn(Q) with ||z]|ls < 1 such that

Joz-Vede =X [, pedz + [, lul* ~2updx for all p € C3°(Q),
(z, Du) = |Du| in M(Q),
[2,v] € sgn(—u) HN"1 —a.e on 09,

and
{0} ifu(z) < B,
p(x) €S (0,87 if u(z) = B,
{u(@)?"} if u(z) > B,

for almost every x € Q.

We remark that in a first sight, Definition 2.1 only allows us to take test functions
in C§°(€2). However, as a consequence of Anzelotti’s theory, we may choose any
w € BV(Q) as a test function. More precisely, if u € BV() is a solution in the
sense of Definition 2.1, then (from Green’s formula)

/(z,Dw) = )\/ pwdm+/ |u\1**2uwdm+/ wlz, v] dHN !, for all w € BV(Q).
Q Q Q o9

(2.4)
We now give some elements of non-smooth analysis. Let E be a real Banach
space. We say that a functional I : E — R is locally Lipschitz continuous if
for each u € E there exists a open neighborhood V of u and a constant M > 0
(which may depend on ) such that

[I(v) — I(w)| < M|lv—w|g for all v,w e V.

We now introduce the notion of non-smooth Palais-Smale condition.



Definition 2.2 Let E be a Banach space and I : E — R be a locally Lipschitz
continuous function. We say that I satisfies the mon-smooth Palais-Smale
condition if every sequence (uy) in E such that I(u,) — ¢ and Ar(u,) — 0
possesses a strongly convergent subsequence. Here Aj(u) denotes the number

As(u) = min{|[ul|g- : p € OI(u)},

where
OI(u) = {p € E* : {p,v) < I°(u;v),v € F},

with {-,-) denoting de duality pairing between E* and E, and

I -1
I°(u;v) = lim lim (uth+ov) (u—&—h).
h—0o—0t o

We further have (see [25, 26, 33].)

Proposition 2.3 Let E be a Banach space and 11,1, : E — R be locally
Lipschitz functions. The following assertions hold.

(i) I + Is € Lipjoc(E;R) and O(I1 + I2)(u) C 011 (u) + 0z (u) for allu € E;
(i1) O(AI1)(u) = ANOI1(u) for all N € R and u € E;

(iii) Suppose that for each v in a neighborhood of u in E, I admits a Gateuz
derivative I (v) and that I : E — E* is continuous. Then 0I1(u) = {I1(u)}.

We say that u € F is a critical point of I if 0 € dI(u), and we say that
c € R is a critical value of I if there exists a critical point u € E of I such that
I(u) = ¢. We now give some properties of the functional J, 55 : Wy ?(Q) — R
given by (1.9). This functional is locally Lipschitz continuous and Proposition
2.3 implies that

0y, (1) C{Q)(w)} = A0Fs(w) — {QL(w)} for all u € Wy(Q),

where .
* = ) d .
Qu(u) 1" /Q(u ) o
Furthermore,
{0} if u < B,
0Fs(u) = q 10,871 if u=B, (2.5)

{u?=t} if u > .

Our first result is the following. Its proof follows from standard arguments,
but we present it here for the sake of completeness.

Lemma 2.4 The functional Jpgx satisfies the non-smooth Palais-Smale
condition.



Proof. For simplicity, we denote the functional J, 3 » merely by J, g. Let
(un) C Wy (Q) be a Palais-Smale sequence for J, g, that is, J, 5(u,) — ¢ and
Ay, 4(un) — 0. Hence, we know that there exists p, € 9.J, 5(u,) such that
||Nn||(W01,p)* — 0. Consequently, there exists p, € 0Fg(uy,) such that

From (2.5) we get
{0} in u, < B
pn €1 10,877 inu, =8
{uwd=} in u, > B.

Consequently, p, € L9/9-1(Q) and

sup 0.

v 1,
1ol 1.2

/|Vun|p_2Vuandx—)\/ pnv—/(u:)l*_lvdx —
Q Q Q

<1
That is, there exists a sequence (7,,) in (0,1) with 7,, — 0 such that

‘/ﬂ |Vun|p_2Vuandq:—)\/Qpnv—/ﬂ(uj{)l*_lvdw < Tn||v||W01,p(Q) for all v € W, (Q).
Taking v = u,, we get

‘/Q ‘Vunlpdm - )\/Qpnun - /Q(u:';)l* dz|< TnHu”HWOl"p(Q)'

Consequently,

Tn )\/ 1/ 1t 1/
—Nun ey = — [ prtin + = uy)t de — — Vu,|P dz.
“unlgry 2 5 [ w2 [ @) o= [ (9,

Furthermore, J, g(u,) — ¢ and then

T, A 1 . 1
L e 2 fun |l yprow ey = Tonp (1t +7/ nun""*/ uf)! dw—*/ V[P dz.
q | ”WO P(Q) p.6(Un) q QP q Q( ) q Q| |

Hence,

T, 1 1 1 1 1 x
et —lunllyrrg > (= — = / Vg [P de+A (/ nun—/F Un dw)+(—)/ u) de.
“unlgoe 2 (3-1) [ Fundeon (3 [ g = [ Batwae)+(2- 1) [ )

We claim that )
(/pnun—/FB(un)dx) >
q.Jo Q

Indeed,

1 8 B
- nln — F nd = - nd - n = U.
(5 Lo [ mtwran) =2 [ e i > 3l 20

e

(2.6)



Hence,

Tn 1 1 1 1
1 —unllyyregy = { = — = Vup|Pde = |- —— nll?
tet q [ ||Wo1 @ = (p q) /9' un|? dx (p p I HW&"D(Q)

and (u,) is bounded in Wy*(2). Using a similar argument than [16, (proof
of) Lemma 3.1], we conclude that J, s satisfies the nonsmooth Palais-Smale
condition. 0

We recall that u € WyP(Q) is a critical point of the functional JIp.ga if
0 € 0Jp 8,x(u). We have

Lemma 2.5 Critical points of the functional J, g x are nonnegative weak
solutions of problem (1.6).

Proof. Indeed, if u is a critical point of the functional J, g x, then there must
exist pp 3 € 0Fg(u) such that

||Q;,(u) — Aop,g — Q;(U)H(W(}*P)* =0.

Consequently,
/ |Vu|P~2VuVo — )\/ Pp,BU — / ()Y "Ly = 0 for all v € W, P().
Q Q Q

Choosing v = u~, we get

—/ |Vu™|Pdx = 0.
Q

Consequently, v~ = 0 in © and hence u > 0. Hence,

/ |Vu|P~2VuVo — )\/ Pp,BU — / u'" "ty =0 for all v € WyP(Q),
Q Q Q
so that u satisfies (1.7). O

We now state a version of the nonsmoth Mountain-Pass Theorem. See
[25, 26, 33].

Theorem 2.6 Let E be a Banach space and I € Lipi.(E;R) with I(0) = 0.
Suppose that there are numbers a,r > 0 and a function e € E such that

(1) I(u) > « for all w € E with ||u|lg = r;

(i7) I(e) <0 and |le||g > 7.
Let

¢= inf Jnax I(y(t)) and I' = {y € C([0,1]; E) : 7(0) = 0,7(1) = e}.



Then, ¢ > « and there exists a sequence (uy) C E satisfying
I(uy) — ¢ and Ar(u,) — 0.

If, in addition, I satisfies the nonsmooth Palais-Smale condition, then c is a
critical value of I.

We finish by stating a classical result found in [31, Lemma 2.1].

Lemma 2.7 Suppose that there exists a constant C > 0 such that

1

. i
(Lot @)™ <c [ loldn for it e @Y.
Q Q
Then, there exist {x;}ien in Q and and numbers v; > 0 such that

v= Zuiézi, and ;> C~1 Zz/i%*dxi.

i€N i€N

3 A concentration-compactness theorem

This section is devoted to the following result, which is a concentration-
compactness principle in the context of BV(Q). In [29, Proposition 3], the
proof is given but without some important details.

Theorem 3.1 Let Q be a bounded open set in RY and assume that (uy)p>1 is
a sequence such that u, € WP (Q) for all p > 1 and that there exists a constant
C > 0 such that

/ |Vuy,|P de < C for all p > 1. (3.1)
Q

The following assertions hold.
(i) There exists u € BV () such that u, — u weakly in BV (Q) asp — 17;
(i1) There exist measures p,v € M(Q) such that |Vu,|P — p and lup|" — v
weakly in M(Q) asp — 1T;

(i4i) There exist a countable set (x;);en of points in Q and numbers v; > 0

and p; > 0 such that
V= |U|1 + Zyiéxm

and
i
Moreowver,

1
K2

S%forallneN,



where

S = inf {(IQW“'} (3.2)

uweW (), u0 Joy 1*)%

Proof. Note that

/|Vup|dx < (/ |Vuppdx)p|Q|111J
Q Q

< (1+0)1+19),

for all p > 1. We conclude from the Sobolev embedding that there exists
u € L'Y(Q) such that u, — w in L'(Q) as p — 1T. Moreover, from [17,
Proposition 10.1.1], we obtain that v € BV (Q) and u, — u weakly in BV (Q).
This proves (). For (ii), observe that by (3.2), for all p > 1,

1
*

(fr)

Co=(1+C)(1+19Q)).
Ttem (4¢) then follows from (3.1), (3.3) and [18, Comments on Chapter 4]

1 Cs
< — < —= .
< S/Q|Vup|dx7 < (3.3)

where

Before proving (iii), we state and prove the following technical result.

Lemma 3.2 Let a > 0, (an)nen and (by)nen be sequences of positive real
numbers such that a, — a and b,, -1 as n — oco. Then afl'" —a asn — oo.

Proof. It follows from the continuity of f : (0,400) x (0,4+00) = R, given by
o) = eves.
O

We proceed now to prove (iii). For all p > 1, let v, = up, —u. We know that
v, — 0 weakly in BV (€2). Furthermore,

/ vp|! da < / Jup|t dx—i—/ lul'" de < C for all p > 1.
Q Q Q
Hence, there exists v/ € M(£2) such that

|t = v weakly in M(Q).

We also know that the total variation of Vv, is bounded in M(Q). We thus get
€ M(Q) such that

|Vu,| — p’ weakly in M(€).

10



The embedding BV (Q) < L' (Q) yields that

(/ oY ot dm) S < / IV (ovp,)| dz —|—/ lpu,|da for all ¢ € C5°(RY).
Q Q Q

Consequently,

.
(Lol ae) " s < [ olwelast [ 1690l de [ lolslas foratl o € CY)

Letting p — 17, we get (since v, — 0 in L"(Q) for 1 <r < 1*)

1
x = 1
(/ ||t dz/) < E/ lo| d for all ¢ € CF°(RY).
Q Q

From Lemma 2.7, we obtain a sequence of points (z;) C € such that

Vv = E Vib, -

i€EN

To proceed, we apply Brezis-Lieb to get

/Q|cp||up|1*dx—/ﬂ|cp||vp|1*dx—>/Q|<p|\u|1*dx as p — 1, for allngCgo(RN).

On the other hand,

/ lluplt” dz— / @Il
Q Q

Consequently,

Ve — / ol du—/ lp|dv' as p — 1 for all p € C°(RY).
Q Q

lul* =v—1.
We thus get

v= Zuiéxi + |ul*.
€N
We proved the first part of the result. To continue, we will use the embedding
WP () — L' (Q). Indeed,

([owla)" s, < ([ Wtras)” forail g e @Y. @)

where

=

Pd
S=  wmf alVelPd)”
VEW P (Q),u£0 ([ o]t dx) ™™

Observe that
(f@ |VulP dx)l/p

L
¥

1* da:) 1

Jo Vo] dx

(fQ v

<

+— < QPP for all v € WP ().
Y dz) (Jo v

11



We conclude that
S < Sp|Q|1_1/p for all p > 1,
where S is given by (3.2). Substituting in (3.4), we get

L

« 1* P
(/ |puy|! d:c) S < |-t </ |V(up<p)|pdx> for all p € C°(RY).
Q Q

We thus get from Minkowski’s inequality that
) & 1 1
U T < - © Uu € p—l— B ®l”u T ’ or all p € .
ouy|t d S < Q- P|Vu,P d Q- Vo Pluy|P d for all ¢ € Cg°(RY
Q Q Q

(3.5)
Let ¢ € C§°(RY) be chosen such that ¥(0) = 1, 0 < v < 1 and supp ) = B;(0).
For all € > 0 and ¢ € N, we define

Substituting . in (3.5), we get

L
e

(/ ey [V da:) S < |Q-1/r (/ |up|pV1/)6|pdx)p—|—|Q|l_1/p (/ |¢€|qup|pda:)p
Q Q Q

Letting p — 17, we get

1 1

1 1
. i* P P
(Lo )" s < i ([ upivotac) i ([ opvura)

Since ¥, < 1, we get from Lemma 3.2,

1 1
lim (/ [te ||V [P dx) ’ < lim (/ |1/JE||Vup|pdac> ’ :/ [the| dpa.
p—1t Q p—1t Q Q

We further have

lim (/ up|p|V1/)E|pd:U>p :/ | Ve de.
p—1 Q Q

([ 1w
ot ()

Letting € — 0, we conclude that

Hence,

N

! du) Sg/ \u||vw4d:c+/ e dp.
Q Q

Then

|u|) da + ju(B.(x,))

1
v!"S < p{x;} for all i € N.

?

12



We have proven that
1
w> SZV;* O, -

ieN

On the other hand, from weak convergence we get

/<p|Du| §liminf/ o[ Vuy|
Q r=1 o
—1
gliminf/ <p|Vup|p+liminf/ =De
p—1 Q p—1 Q p
= / wdp for all ¢ € C5°(Q2), 9 >0,
Q
which means that

|Dul < p.

According to [29, Lemma 1], |Du|(A) = 0 if the (N — 1)—Hausdorff measure of
A is zero. Consequently,

w> |Vu| + SZVﬁéIi. (3.6)

€N

This proves the result O

4 Existence and properties of solutions for the
approximated problems

In this section, we show that the functional J, 3.x given by (1.9) admits a
critical point. When there is no confusion, we will denote J, 3, » merely by J, g.
First, we show that it satisfies the hypothesis of the Mountain-Pass Theorem.
We have

Lemma 4.1 There exist p > 1, a > 0 and r > 0 that do not depend on p nor
on [ such that

Ty (1) = a for all u € Wy™(Q) with |ully10q) =,

and for all 1 < p < p. The constants a and r depend on \.

Proof. We first observe that

Fatl< [ imldes [ [ipsasdes [ [t dsan

Consequently,
1
Fotu) < [ fultda.
qJo

13



Since 1 < ¢ < 1* <p* = NN—Q, we obtain from Holder’s inequality that

1 o
Fotl < 5 ([ o) o
q Q
Similarly, we get

/(u+)1* dx < / lul' dx < (/ ulP” dac)p \Q|1_%
Q Q Q

Consequently,

AIQ\l_* \Qll_*

Jp,p(u) > ||V ||L:D(Q)

From the Sobolev embedding (see [32, proof of Theorem 7.10]), we know that
lull Lo () < i||Vu||L o for all u € W, (Q)
L@ =N (V) 0 )

where

Consequently,

p(N —1)
) 19l

)
)> .

1 Q|5
Jpp(u) > EHVUHZL)p(Q)_ p

e < p(N — 1)
I \VNWN-p

We thus get

1 A p(Nl))
Jpp(u) > =||[Vul?, o — — max{l,|Q < Vull7,
o) 2 IVl — w100} () 9ul

7max{11*, 12} (\/},%]E,Nl) ))1*

Now, choosing p > 1 such that 1 <P < ¢, we get, for all 1 < p < P,

Jp,p(u) = ||Vu||LP(Q) CququLp(Q) —Cr-

Vull o o)

where

W‘”)) and €y — (L 100} ( pw_l)))l*'

A
OngmaX{IJQH (\/N(N—p 1* \/N(N—ﬁ

14



Observe that C; and C+ do not depend on p. Since 1 < ¢ < 1* and 1 < p < p,
we get

1 5 .
Ip,a(u) > 5|‘VUHIZ,P(Q) — CHVquLp(Q) for all u € WP () with || Vul|» <1,

where C' = Cy+C4-. Observe that %sﬁfC’sq > % if and only if sP > (Cp+1)s9.
Consequently,

. LN\
J > 2| Vul|?,,o, for all u € WiP(Q) with ||Vul|r» < ,
(1) 2 LIVl o all u € W (@) with [Vl < (- )

which means that if

1 =7
vl = (5e5) -

then

O

Now we proceed to obtain an element e € W, () such that J, s(e) < 0.
The proof of the following result relies on usual arguments, and we thus omit
it. See for example [39, Lemma 3.1].

Lemma 4.2 There ezists e € C§°(Q) such that
Jppale) < —|Q| for all1 <p < p. (4.1)

Furthermore, e does not depend on A nor on [3.

We define the functional I, g 5 : Wy’ () — R by
p—1
Ippa(u) = Jppa(u) + T|Q|- (4.2)

Observe that from Lemma 4.1, there exist p > 1, @ > 0 and r > 0 such that
I, pa(u) > afor all |lul| =rand 1 < p <p.
Furthermore,
Iy ga(e) < Jpp(e) + Q] <0forall<p<p,

where e € Cg§°(f2) is given by Lemma 4.2. Since I, g also satisfies the
nonsmooth Palais-Smale condition, Theorem 2.6 implies that I, g » has a critical

point u, g\ € Wy (Q) at the level

o = inf muax 1,5 (2(0)) with T, = {5 € C0,L5WE7(9) 1 9(0) = 0 and 9(1) = .
velp tell,
(4.3)

We finish this section with an uniform estimate for the solutions u, g  of (1.6).
The proof follows from arguments that can be found in [38].

15



Lemma 4.3 There exists C' > 0, such that

/Q [Vup g alPde < C. (4.4)

Moreover, the family (up g x)1<p<p @S bounded in BV ().

5 Convergence as p — 17

First of all, from Lemma 4.3 and the Sobolev embeddings,
Up g — ugin L7(Q) for all 1 <r < 1%, and u, g — ug )y ae. in Qasp— 17,
(5.1)

Our first goal is to obtain convergence in L!" (©). To do that, we will require A
to be large. We first state a technical lemma.

Lemma 5.1 Let e € C5°(R2) be given as in Lemma 4.2. Then there existp > 1,
Bo >0 and \g > 0 such that

1
tren[aa,)i Iy ga(te) < NSN for all 0 < B < Bo, A > Ao, (5.2)

where S is given by (3.2).

Proof. We choose 1 and p such that

P _ 1*
ﬂfl |Vel? + 6%/ e
P Jo I* Ja

" 11
1 d 7751\7
TSAN

and - 1
P—
Y770l < =
19 < 5
We will obtain Ag > 0 such that (5.2) holds for all 0 < 8 < By = 1/3. Indeed,
choosing such a 3 we have

L o~
NS'

P _ " x p—1
Logalte) — j/ |Ve|p—>\/Fg(te)dx— i / e dz + 2= L1
P Ja Q 1* Ja D
5 g R
= [vep+ S [ el de s T2 g,
D Ja * Jo D

for all ¢ < 8. The choices of 81 and p imply that

IN

11
Iz pa(te) < iﬁsN for all t < .

16



We further have
7 ~ : ) _—
Ippa(te) < 5%/ [Vel? + ﬁ%/ |6‘1 dz + pf‘(ﬂ
P Jo 1 Q i

11
< §NSN for all B <t < .

On the other hand, we have

- t L p—1
I; g\ (te) \Ve| Fg(te)de — — [ le|” doz+——|9Q|,
1*
{te>pB} Q p

for all t > (1. Since

1
{e>2}C{te>ﬁ}fora110<ﬂ<ﬂoandtZﬂh

we get
tP = " . p—1
I pa(te) < j/ |VelP — )\/ Fg,(te) do — —*/ \e|1 dx + pf|ﬂ|7
P Ja {e>1/2} 1* Ja D
for all 0 < 8 < By and 1 <t < 1. We must choose \g > 0 such that
1 = p—1 1 N
— [ Vel = Ao Fg,(te)de + ——1|Q] < =S5 forall p; <t <1.
P Ja {e>1/2} p N
From the choice of p, we only need to show that
1 - 1
:/ [Vel|P — /\0/ Fp,(te)dr < —=SN forall By <t < 1.
P Jo {e>1/2} 2N
Hence, we may choose )\ satisfying
1 _
:/ [VelP — )\0/ Fg,(te)dr < 0 for all f1 <t <1.
P Ja {e>1/2}

We also have

/{e>1/2} Fp, (te) dx/{e>1/2} /t 5|97 ds dx
= /{ g el = (8010
() )
() -

=C>0.

17



Then, it is enough to choose Ay such that

1 _
:/ |v€|p < C>\0
pJa

Hence, for
2

Ao = = P
0 Cﬁ/ﬂ‘ve|’

it follows that
L ga(te) < %SN forall 0 < 8 < Bp and By <t < 1.
This proves the result. O
We now get

Lemma 5.2 Let Ay > 0 and By > 0 be given by Lemma 5.1. Then

Up, A — UG\ N LY(Q) asp — 17, (5.3)
provided X > Ay and 0 < B < Bo.
Proof. We again denote I, s 5, ¢p g x and up g x merely by I g, ¢p 5 and u, 5

respectively. Using (4.4) and Theorem 3.1, we get measures p,v € M(Q), a
countable set I and a set of points {z; : 4 € I} C 2 such that

VupslP = > [Dug| + Y 6o,ps,  in M(Q) (5.4)
7
fup,sl'” = v =lugl"” + > duvs, i M) (5.5)
and ) »
< 5.6
Vi S5 (5.6)

We will show that I = () as in [31]. Indeed, for every o > 0 and i € I, we

define
wa,i(x) = ’l/} (x — xl) )

g

where ¢ € C°(RY) is a function such that 0 < ¢ < 1 in B1(0), ¥ = 0 in
RV \ By(0) and || V|| oo (rry < 2. Taking 1o iup, g as test function in (1.6), we
have from (5.4) and (5.5) that

p—1t

Hm [ up |V /P *Vuy gVibe,de = | b dv— [ o, du+X lim /pp7ﬂwa7iup,5dx.
Q Q Q =1t Jo

18



From the definition of p, g and ¥, ;

lim lim Pp.pVo,itlp g dr = 0.
Q

o—0 p*>1+

On the other hand, arguing as in [31], we get

lim lim [ w,|Vu, /P 2V, sVih, ; dz = 0. (5.7)
Q

oc—0p—1

Indeed, Holder’s inequality implies that

2=t 1/p
([ 1vumalraz) ™ ([ sl 90mlra )
Q Q
1/p
c ( / up,mﬂvwa,mdx) .
Q

On the other hand, the Dominated Convergence Theorem and Lemma 3.2 imply
that

IN

/Q up, | Vp g |p72vup7ﬁv‘/’mi dx

IN

dx.

lim up”g|Vup,5|p72Vup75V¢m dr < C/ lug||Vig,i
Q Q

p—1
Consequently,
lim Vo,i A = lim/w” dv.
c—=0 Jo c—0 Jo !

Observe that
Q o—0 Q

o—0
and
lim [ ¥,;dv =v;.
o—0 Q ’

Hence we conclude that p; < ;. On the other hand, this fact and (5.6) impliy
that L

Y
vt <,

K2

which is equivalent to
V; Z S N.

Now we will show that this will lead us to a contradiction. Indeed, taking u, g
as test function in (1.6), we see that

0:/ |Vup7ﬂ|pdx—/ |up75|1* da:—)\/pp”gup,gda:.
Q Q Q

We thus get

) et e (G ) ) (1)
cps=|—-—=—= Up, dz+A —Pp,aUp,8 — F(uyp, dz |+ Q).
p.5 <p 1*) sl G Pates = Falups) L.
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If 1 < p < ¢, we conclude that (see (2.6))

11 . p—1
> (2= ) [ oalupsl da+ (E=210).
Cpﬁ—<p 1*)/Q¢,|Up,6| $+< » | |>

for all o > 0 and i € I. Letting p — 11, we get

: 1 L on
pl_l)ril+ Cp76 2 (1 — 1*> v; 2 NS .

This contradicts Lemma 5.1 and then I = (). O

Now we proceed to show that ug € L>(2). In order to do it, we follow
similar ideas than [38, Section 3.2]. In the remainder of this section, we denote
up,p,x and ug x merely by u, g and ug respectively.

Lemma 5.3 Assume that A > \g and 0 < < By. For each € > O there exist
17 >0 and p > 1 (independent of p) such that

1
/ (14w, 5" )N dx < € for all Borel sets B such that |B| <1, and for all1 < p < p.
B
(5.8)

Proof. Since u}3 € L'(Q), we may choose n > 0 such that

N
/ up ' dr < % for all Borel sets B such that |B| < 7.
B
Since u, 5 — ug in L' (), as p — 17, there must exists p > 1 such that
/ lug —up p|' dz < % forall 1 < p <p.
Q
Consequently, if B is a Borelian subset of  such that |B| < 7, we get
/ lup | d < / lups —ug|' d +/ lug|* da < e for all 1 < p < p.
B B B
The result then follows from the fact that

_1 *
1+ u;fgl)N <2V(1+u,p),

and that || is finite. O

Lemma 5.4 Assume that A > Ao and 0 < 8 < By. For every e > 0, there exists
k > 0 that does not depend on p such that

1
/ (1+u£/§1)Ndx<ef0ralll<p<ﬁ.
{up,s>k}
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Proof. Let € > 0. From Lemma 5.3, we may choose n > 0 such that
/ (1+ uﬁ)Nda? < g for all Borel sets B such that |B| <n,1 <p <p.
5 .

We then choose k > 0 such that

{us > k/2} <.

We then have
/ (L 4+u™)VWde < S foralll <p<p
D,B p<p-
{up>k/2} 2

On the other hand, the Egorov Theorem imply that there exists a Borel set
A C Q such that |A| < n and u, g — ug uniformly in Q \ A. Consequently,

1 1
(1+uN‘1)Ndw:/ (1+uN‘1)Nd:U+/ 14+ u ;)N d
/{up>k} P An{up>k} P Aen{uy,>k} P

1
+/ (1+UN_1
Aen{up>k} P

Uniform convergence implies that there exists p > 1 such that

< W de.

N

lup.g(x) —ug(z)| < k/2 forallz € A°,1<p<D.
As a consequence, if x € A°N {u, 3 > k} then
up(x) = up,p() +up(x) —upp(x) > k —k/2=k/2.

Hence A°N{up 3 >k} C {ug > k/2}. We conclude that

_1 € €
1+u¥;Wde < -+ - =«
/{up>k}( D, ) 2 92 €

We finally show the main result of this section.

Proposition 5.5 If A > Ay and 0 < B < [y, then the function ug belongs to
L ().

Proof. For k > 0 we define

s—k, if s>k
Gk(s):{ 0, if s < k.

Choosing G (up,g) as a test function in (1.7), we get

/{ - |Vup g|P de = /Q()\pp,g + uggl)Gk(up’B) dx.
Up,B
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Since pp 5 < uffﬁl, we get

/{u s>k} IVip sl do < /Q()\UZ;; * u;jgl)Gk(uP,ﬁ) dr.

Consequently,

/{ N Vi, 5P do < (14 N) /9(1 +uy 5 )Gr(up g) da. (5.9)
Up, B>

On the other hand, the Sobolev embedding implies that

([ Gt -

#w@ gs/ﬁmm%mwx
Q

p

S
S*/W@MMWM+
P Ja

. -1
SS(l+)\)/(1+u11,7[;1)Gk(up_ﬂ)dx+%Kﬂ

Q
* Sp—1
SS(H—)\)/ (1+u;’gl)ak(up,ﬂ)dm+Mm.
{up,s>k}
The Holder inequality implies
Y M ~ N N1
</ Gr(up ) N—ldx) <S(1+)N) (/ (T+uy ;Y dz) </ Gr(upg) ™1 dx)
@ {up, s>k} Q
Sp-1
LS = g
p

From Lemma 5.4, we may choose kg > 0 such that

. 1
(1+ ul 71)N dr < —————— for all k > ko,
/{u,,,pk} Po 2S(@+ )N

and for all 1 < p < p. We conclude that

N N2 -1
</ Gk(up,g)f\’—ldx) < S(];)|Q| foralll1 <p<p.
Q

Rewriting,

N

N 2S(p—1)  \ ¥
/Gk(up,g)m dr < (S(Z;)|Q|) forall k > ko, 1 < p <P.
Q

Consequently, passing to the limit as p — 1" and using Fatou’s Lemma,

/((uB — k)™ T dz = 0 for all k > k.
Q

Then ug < kp a.e. in Q and this proves the result. O
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6 Proof of Theorem 1.1

This section is devoted to show that the function ug x obtained in (5.1) is a
solution of problem (1.1). We have shown that there exist Ao, Sp > 0 such that
if A > Ao and 0 < 3 < By, then ug € BV(2) N L>(Q) and, as p — 17,

Up g — ugy in L"(Q),1 <r < 1%, and up g — ug,x a.e. in Q. (6.1)

We further observe that the Sobolev embedding and (4.4) imply that there exists
C' > 0 that does not depend on p nor on 8 such that

up,allrs (@) < C forall 1 <p<p. (6.2)

We first study the convergence of pj, g x as p — 17. We have

Lemma 6.1 Let A > Ao and 0 < 8 < By. There exists pg x € L#(Q) such
that .
Pp.Bx — pp.y weakly in La=1(Q) asp — 17, (6.3)

and
{0} if uga(z) < B,
ppa(x) € ¢ (0,897 if uga(z) = B, (6.4)
{ug ()71} if ug a(x) > B.

Proof. We again denote p, g x, up g x and ug merely by p, 3, up g and ug
respectively. By the definition of |p, s(z)| < upg(x)?™! ae. in Q, Hélder’s
inequality and (6.2), we get for all 1 < p < P,

[ Vst o < ( | st dx) it <ot (65)

Then (p, ), is uniformly bounded in L%/7~(Q), from which (6.3) follows. We
denote pg » merely by pg. We now claim that if £ C 2 is a measurable set,
then

lim Eppﬁupﬁ(x) dx:/Ep5Ug(x)dx. (6.6)

p—1t
Indeed, observe that
Pp.aUpp — PaUB = Ug(Pp,s — P8) + Pp,s(Upp — up).

Consequently, (6.3) implies that

lim, | a5 = ps) (@) e = 0. (6.7)

p—1t
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On the other hand, Hélder’s inequality and (6.5) imply that there exists C' > 0
such that

lim [ p,5(ups —ug)de < (/ p;,’,gldx) (/ [up,p(x) — UB(m)quﬂf)
p—=1t g Q Q
<c ( [ st - Ua(x)lqdw>
Q

From (6.1), we conclude that

q

lim [ ppalups—ug)de=0. (6.8)
p—1t J g

We now prove (6.4). It is clear that pg(z) > 0 in . We will show the
following statements:

pp(x) =0ae. in By = {0 <ug < S} (6.9)
pp(z) < BT 1 ae. in By = {ug = B}. (6.10)
ps(z) = uq/;l a.e. in By = {ug > B}. (6.11)

First we show (6.9). For each x € F; there exists p, > 1 such that
upg(x) < fforall 1 <p<p,,

and consequently,
ppa(x) =0forall 1 <p < p,.

Hence, pp (x)uy 5(z) — 0 a.e. in Ey as p — 17. Furthermore,

lop,8(@)up.g(x)| < upg(x)! = ug(z)? in L' ().

Consequently, the Dominated Convergence Theorem implies that

p—1t

0= lim Pp,aUp.3(T) dx:/ ppug(z)de,
FE1 Ey

and this implies that (6.9) holds. Now we show (6.10). Indeed, assume that the
set Iy = {x € Ey: pg(x) > B9~} has positive measure. Then

Bq|F1|</ pp(x)ug(x)der = lim pp.a(T)up g(z)de < lim up.g(x)?
Fi p—1t F1 p—1t F1

/ ws(@)? da = 7| Fy),
Fy
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which is a clear contradiction. It remains to show (6.11). Let Fy = {z € E3 :
pplx) > uqﬁ_l(m)} and F5 = {z € E5 : pg(x) < uqﬁ_l(x)}. If |F3| > 0, then

/ o)t < / afeus(a) ds

— dr < i !
pl—>m1 . Pp,s(2)up,5(2) x_pl_)rnl o up,5(2)

/ ug(z)? dz,
I

a clear contradiction. Then, |Fy| = 0. Furthermore, if |F5| > 0, then

pp(x)ug(x) dx</ ug(x)?dx. (6.12)

F3

lim pp.a(X)up g(x) de = /

p—=1+ Jpy Fs
But for almost all x € F3, there exists p, > 1 such that
upg(a) > pforall 1 <p < p,.

Then

(pp,aUp.p)(x) = up g(x)? for all 1 < p < pg,.

Consequently, lim,, 1+ (pp,sup,p) () = lim,_,1+ up g(2)? = ug(z)? for almost all
x € F3. Since
(pp.pup.p)(x) <uld 5 — uf in LN(Q),

we conclude from the Dominated Convergence Theorem that
lim pp.p(@)up g(x) do = / uf dz. (6.13)
p—1t Fy Fy

Hence, (6.12) and (6.13) lead us to a contradiction. Then |F5| = 0.
U
By using the same arguments that in [39], one can show that, for A > g and
0 < B < fo, there exists a vector field zg € L=(;RY) such that ||z < 1

and .
—divzg = Apg + u}; ~Lin D'(Q).

Moreover,
(Zﬂ,DUﬁ) = \Du@| in M(Q) (614)

and also
[28,V] € sgn(—ug) on 0.

We finish by showing that ug # 0. Indeed, from Lemma 4.1, (4.2) and (4.3),
we know that there exists o > 0 independent of p such that

I, 5(upg) =cpp>a>0foralp>1.
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Hence,

-1
Ip.p(upp) + <pp> Q] > a >0 forallp>1,

which means

1 1
- Vuy, glP de, —AFs(u ——/u+ 1d—|—< )Q>a>0
o 1Vl o AT ) = 7 [ () —) o
Consequently,
1 -1
/|Vupﬂ| dx+< >|Q|>a>0f0rallp>1
p p
Letting p — 17, we get

lim 7/ |Vuy glP de > a > 0. (6.15)

p—1t

From (1.7), we get

/|Vup,5|pdx:)\/pp,gup,gdx—i-/uzl:ﬁdxa
Q Q Q

Using (6.15), Lemmas 5.2 and 6.1 we conclude that

0<ac< A/ ppug dx +/ uh dz. (6.16)
Q

Consequently, ug # 0.
Finally, what is left to prove is that there exists 5 > 0 such that

{ug > B} >0 for all 0 < 8 < Bi.

Indeed, from (6.16) and Lemma 6.1 we get
a§A5q|Q|+ﬂl*\Q|+)\/ u%dx—i—/ ué dx
{ug>p} {us>p}

Consequently, if we choose ) > 0 such that
a— (ABYQ| + BY|Q)) > a/2 for all 0 < 8 < B,

we get
a2 <\ uqﬁdm—&—/ uy da for all 0 < B < By. (6.17)
{ug>pB} {us>p}

Consequently,
Hug > B} >0 for all 0 < 5 < By,
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since otherwise the right-hand-side of (6.17) would be equal to zero. This proves
the result.

O
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