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Abstract

Using the fact that Miura transformation can be expressed in the form of gauge
transformation connecting the KdV and mKdV equations, we discuss the
derivation of the Bicklund transformation and its Miura-gauge transformation
connecting both hierarchies.

Keywords: integrable models, solitons, Bicklund transformation

1. Introduction

Integrable models are characterized by an infinite number of conservation laws which are
responsible for the stability of soliton solutions. In fact, these conservation laws may be
regarded as hamiltonians generating time evolutions within a multi-time space. Each of these
time evolutions, in turn, are associated to a nonlinear equation of motion and henceforth
constitute an integrable hierarchy of equations with a common set of conservation laws. It has
become clear in the past few years that integrable hierarchies may be systematically con-
structed from a graded algebraic structure involving affine Kac—Moody algebras. The
equations of motion are constructed systematically from a graded algebra embedded within a
zero curvature representation. The most well known example are the sine (sinh)-Gordon and
mKdV equations, both underlined by the same §/(2) affine algebra in the principal gradation
(see [1] for a review).

Another peculiar feature of integrable models is the existence of Bicklund transforma-
tions which relate two different field configurations of certain nonlinear differential equation.
These Bécklund transformations, among other applications, generate an infinite sequence of
soliton solutions from a nonlinear superposition principle (see [2] for review).

Bécklund transformations have also been employed to describe integrable defects [3] in
the sense that two solutions of an integrable model may be interpolated by a defect at certain
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spatial position. The Béicklund transformation connecting the two field configurations is the
key ingredient to preserve the integrability of the system. Under such formulation the
canonical energy and momentum are no longer conserved and modifications to ensure its
conservation are required in order to take into account the contribution of the defect [4]. Well
known (relativistic) integrable models as the sine (sinh)-Gordon, Tzitzeica [3], Lund—-Regge
[5] and other (non-relativistic) models as nonlinear Schroedinger (NLS), mKdV, etc have
been studied within such context [6].

In [7] we have constructed Bécklund transformation to the mKdV hierarchy by assuming
that two field configurations of the same equation of motion were related by a gauge trans-
formation and dubbed from now on Bicklund-gauge transformation. As a result it was sub-
sequently shown that such Bicklund-gauge transformation acted in a universal manner in all
members of the hierarchy, i.e., the same for all models within the mKdV hierarchy.

In this paper we extend the results of [7] to the KdV hierarchy. We first consider the
transformation from the principal to the homogeneous gradation by a global gauge trans-
formation g;. Next, by a second, local gauge transformation g, (v, ¢), we realize the Miura
transformation relating the fields v of the mKdV to those J. = €0,v — v2, € = %1 of the KdV
hierarchies. In fact, the Miura transformation displays a sign ambiguity represented by the
€ -factor, i.e., solutions of the mKdV hierarchy generate two towers of solutions of the KdV
hierarchy labeled by the €-sign.

In section 2 we review the algebraic construction of mKdV hierarchy and construct
explicitly the Miura-gauge transformation that maps the equations of the mKdV into
equations of the KdV hierarchy. We display the first few positive grade time evolution
equations for both hierarchies. In section 3, from the Bicklund-gauge transformation con-
structed in [7] we discuss its Miura extension and propose Bicklund-gauge transformation for
the KdV hierarchy. This, however displays a sign ambiguity inherited from the
Miura transformation. Each solution, v (x, ty) of the mKdV hierarchy is mapped into two
solutions, J. (x, ty) = €0,v — v?, € = +1 of the KdV hierarchy. One of the main results
of our construction is to show that a pair of Bécklund solutions of the mKdV hierarchy,
vy, v have to be mapped into a pair of KdV Bécklund solutions of opposite €-signs,
Jip = 0w — vlz, Jo_ = —0xv, — v; in order to satisfy the KdV Bicklund equations.

In section 4 we discuss the composition of gauge-Bécklund transformations for both
hierarchies. In fact we start by considering two consecutive gauge-Bécklund transformations
for the mKdV hierarchy, K; and K, and we show that the product, K = K, K; generate the so
called Type-II Bicklund transformation proposed in [3]. We follow the same philosophy to
construct the Type-II Bécklund transformation for the KdV hierarchy. First by direct product
composition of two Type-I, K" = KK, and the second by Miura-gauge transforming the
Type-II Bécklund transformation of the mKdV hierarchy. Consistency is shown that the two
alternative constructions indeed agree.

2. The algebraic formalism for KdV and mKdV hierarchies

Following the algebraic formalism described in [7] we recall that the nonlinear equations of
the mKdV hierarchy can be derived from the zero curvature representation,

[0y + Ay, 0,y + Ayl = 0. 2.1)

Underlined by an affine sl(2) centerless Kac-Moody algebra generated by
R = Xth, EM™ = XN"Ey,, A€ C, m € Z satisfying

2
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AW, EM) = £2E, [EM™, EM] = pom+m, 22)

Here A, =EV + A, A,=D™ +DV-D4 .4 pO  EO=F + \E_, and’
Ap = v(x, ty)h are constructed according to the principal gradation, Q, = 2)\% + 1/2h

which decomposes the affine sl(2) = >.; G algebra into graded subspaces according to
powers of the spectral parameter A,

(Ops Gal = aGas [Gas Gb] € Garp, a,becZ, 2.3)

where the subspaces G,,, and G,,,. | contains the following generators
Gom = (A" = X"h},
Gom1 ={XN"(Eq + AE_o), X"(Eq — AE_o)}. 2.4)
Here DY ¢ G;. The zero curvature (2.1) decomposes according to the graded structure as
[ED, DM]=0
[E®, DN-D] + [Ag, DV] + 9,D™ =0

[Ag, D] + 8,D© — 9, Ag =0, 2.5

which allows solving for D®, i = 0, ---N and the last equation in (2.5) yields the time
evolution for fields Ay. We should point out that D) are constructed systematically for each
value of N and so is A,,. The first few explicit equations are (see for instance [7, 9]),

49,y — 0, (0% — 203 =0  mKdV, (2.6)
160,,v — 0,(0%v — 10v2(92v) — 10v(9v)? + 6v°) = 0, (2.7)

640, v — 0, (0% — T0(0,)*(02v) — 42v(92v)? — 56v(0,v)(D3v))
+ 0, (14020% — 14003 (9,v)2 — TOv*(0%v) + 20v7) = 0

.- etc. (2.8)
Consider now the global gauge transformation generated by
¢ 1 >
8 ( ¢ -1 ¢ (2.9)
which transforms AP = ED + v(x, (y)h = (f\ —1v)’ into
m i — _ 1%
Ay = AP = GED + vix, tyyg ' = (E _C), (2.10)

i.e., transforms the principal into homogeneous gradation, Qnom = ¢ di.
A subsequent local Miura-gauge transformation [10, 11]

g, €) = (_1€V . i 2€<), @2.11)

2, (10 _ (0 1 _ (0 O
= 0 (0 D (° 0)
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transforms A, ,,xkav — Aykav. 1.€.,

—1
Ayxav = &, f)A)E(;nHII(dVg{l(V’ €) — 0:8, (v, f)ggl(v, €) = (§ _ C)' (2.12)

And realizes the Miura transformation,
J=e0wv —v: €r=1. (2.13)

We should emphasize that for each solution v (x, ty) of the evolution equations for the mKdV
hierarchy, the Miura transformation (2.13) generates two towers of solutions,
J.(x, ty), €= %1, of the KAV hierarchy [11]. The zero curvature under the homogeneous
gradation®

[0y + Ackav. Oy + Ay kav]l = 0, (2.14)
with A, kv = DV + DV V4. 4 DO DY e G yields the KdV hierarchy

equations of motion. For instance

G+ i+ tog -1
2 4 2 (2.15)

At,KdV =
’ CU + 360 + 0% + 31 —C = 3¢ — 30,]

yields the KdV equation
40,0 — 93 — 6J0,J = (€0, — 2v)[40,,v — 0,(0%v — 2v)] = 0.  (2.16)

Similarly from A, and for A, given in the appendix, we find the Sawada—Kotera equation
(13]
160,.J — 03J — 200,J0%] — 10J93J — 30J%0,J

= (€0, — 20)[160,,v — 9,(03v — 100292y — 10v(O,v)?> + 6v3)] = 0, (2.17)

and*

640, J — 0LJ — 1002193J — 420,J0% — 10(0,J)® — 14J93J

— 280J0,JD>J — 70J203J — 140J30,J

= (€0, — 2v)(640, v — 0,(3%v — T0(9,v)?0%v — 42v(92v)?> — 56v0,vDiv

— 14v20% + 14003 (0,v)2 + TOv*9%3y — 2017)) = 0 (2.18)
respectively. Equations (2.16)—(2.18) are displayed as explicit examples as illustration of the

formalism. Higher flows (time evolutions) can be systematically constructed for generic N
from the same formalism.

3. Backlund transformation

3.1. mKadV

In this section we start by noticing that the zero curvature representation (2.1) and (2.14) are
invariant under gauge transformations of the type

3 Notice that _under the homogeneous gradation the decomposition of the affine Lie alge-
bra$l(2) = ¥ G @€ Z,  Gu={Ch, CUE,, COE_,}.
I general, we find KdV (J) = (¢0, — 2v)mKdV (v).
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A, (¢, 0cp, ) — A, = KA K + K'0,K, (3.1)

where A, stands for either A,, or A,.

The key ingredient of this section is to consider two field configurations ¢, and ¢,
embedded in A, (¢,) and A, (¢,) satisfying the zero curvature representation and assume that
they are related by a Bicklund-gauge transformation generated by K (¢,, ¢,) preserving the
equations of motion (e.g, zero curvature (2.1) or (2.14)), i.e.,

K(¢1s ¢2)Au (¢1) = A“(¢2)K(¢1, ¢2) + QLK((% ¢2) (3.2)

If we now consider the Lax operator L = 0, + A, for mKdV case within the principal
gradation,

0,0 (x, t, 1
Avmkav = ED + A = [ ¢()\ W o, IN)] (3.3)
is common to all members of the hierarchy defined by (2.1). We find that
K (&1, 9)Axmkav (@) = Avmkav (9)K (¢, ¢5) + 0K (), ¢,), (3.4)
where the Bécklund-gauge generator K (¢,, ¢,) is given by [7, 9]
1 _ Bty
K@n o) =| e ” | (3.5)

and ( is the Bécklund parameter. Equation (3.4) is satisfied provided

8x(¢1 - ¢>2) = —(3sinh (le + ¢>2) (3.6)

For the sinh-Gordon (s-g) model, the equations of motion 9,0,¢, = 2sinh2¢,, a =1, 2 are
satisfied if we further introduce the time component of the Béicklund transformation,

4 |
Oi(py + &) = Esmh (P, — @)). (3.7)
Equation (3.7) is compatible with (3.2) for A, = A,, with
0 Xle 2
At o = ‘ . 3.8
R o

For higher graded time evolutions the time component of the Bicklund transformation
can be derived from the appropriated time component of the two-dimensional gauge potential.
Several explicit examples within the positive and negative graded mKdV sub-hierarchies were
discussed in [7]. We now give a general argument that the Biacklund Transformation derived
from the gauge transformation (3.4) for arbitrary N provides equations compatible with the
equation of motion. Consider the zero curvature representation for certain field configuration,
namely ¢, i.e.,

[0 + A (D), Oy + Ay (@] = 0. (3.9

Under the gauge transformation,

K (1, $)[0x + Ac(¢)), Oy + Ay (91K (1, 97!
= [K (Ox + Ac (@)K, KOy + Ay (9))K ] (3.10)
=[0x + Ac(9), Oy + Ay (9)] =0,

where the last equality comes from our assumption (3.4).

5
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The gauge transformation of the first entry in the zero curvature representation implies
the x-component of the Bécklund transformation (3.6). Since the zero curvature (3.9) and
(3.10) implies that both ¢, and ¢, satisfy the same equation of motion, the gauge transfor-
mation (3.4) for A, = A,, of the second entry in (3.10) generates the time component of BT
which, by construction has to be consistent with the equations of motion with respect to
time 7.

3.2. KdV

In order to extend the same philosophy to the KdV hierarchy recall the fact that the two-
dimensional gauge potential A, xqv can be obtained by Miura-gauge transformation from the

homogeneous mKdV gauge potentials A%, as in (2.12), i.e.,
Ackav () = & (v, )8 Armkav g '8 ' v, €) = 08, (v, )g; ' (v, €), (3.11)
where v = 0,¢ (x, ty). By assuming (3.2) for the KdV hierarchy, i.e.,

K1, B)Ackav () = Ackav (D)KL, 1) + 9.KWU), ). (3.12)

the Bicklund-gauge transformation for the KdV hierarchy K(J;, J,) constructed in terms of
K (¢, ¢,) can be written as

K = g,(v2, &)(gK (¢, )8 g (v, e, (3.13)

At this stage we should recall that for each solution of the mKdV hierarchy v, the Miura
transformation (2.13) generates two solutions, J, = €0,v; — v,-z, e = £1 satisfying the
associated equation of motion of the KdV hierarchy. This is precisely why we assume ¢, and

€> in equation (3.13) independent. In terms of mKdV variables v; = 0,¢,, K is given for the
particular case where ¢; = —e, = ¢ and denote’ K (J;, b)) = K (e, = —er = ¢),
% vie B _ B
KU,y = 1—— (0 —-¢ee?— =1+ e)e?
¢ 4 4¢
~ 1
KU, i = — =
¢
RUb B = 42l + 0+l = e (3.14)
+ ﬁ(vl(l — ) — (] + e))er — 122
4¢
> ne 8 _ B
K, )y = -1 ——=— - =0+ e)e? — —(1 — €)e’,
¢ 4¢ 4¢

where p = ¢, + ¢,. Substituting in equation (3.12) we find the following equations:

e Matrix element 11:

= €0 — %ﬁvl(ep —e )+ vv,=0. (3.15)

5 Notice that K is given in terms of mKdV variables v|, v, and we need to rewrite it in terms of KdV variables Jj, J,.
This requires solving Riccati equation v = v(J) (2.13).
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e Matrix element 12:
Clrovp—w g(e"’ —eP)=0.

e Matrix element 21:

¢ W+ h+ %(1 + e)e P — %(1 — €)e?

JEie)
2
¢l e(va — Bv)) — viOpvy — 10l

- %(1 — e+ 2200 4 eyer + 200, = 0,

- ?vlvz(e" —e?)=0.

e Matrix element 22:

v
471 —J, — €0vy — —ﬂ22(€p —e?)=0.
Using the mixed Miura transformation, i.e., ¢, = —¢; = ¢,
J] = f@xvl — V12, J2 = —EaxVQ — V22

together with the mKdV Backlund transformation (3.6)

Vi — V) = _g(ep —eh),

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

we find that equations (3.15), (3.16), (3.18) and (3.19) are identically satisfied. Defining the new
variable Q and taking into account the Bicklund equation (3.21) we find the following equality

1 B B
—Q=ea1+ =0 —-¢ee?+ —(1+ €)e?
2Q 1 4( ) 4( )
=en + é(1 + e)e P + é(1 — €)er,
4 4
Eliminating v, and v, from equations (3.22) and (3.23) we find
=20 - - ner -2t e,
vy = %Q - g(e—l— De? — g(f — Dyer

and henceforth

B+ 0+ = e

2
+ 501 = &) =l + )er — vy = B -
4 4
Equation (3.17) then becomes
2 2
S+ h= /B— — Q—

2 2

QZ

4

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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From (3.22) and (3.23) we find that
O=¢€e(vi+wn) + g(el’ + e7P). (3.28)

Acting with 0, in (3.28) and using (3.20) and (3.21),

9.0 = cdu(v + o) + gm F (e — e )

= €0,(vi + v2) — (v = ) (V1 + ) (3.29)
= h—-h
= Oy(w) — wy),

where we have used J; = O,w;, i = 1, 2. It therefore follows that
0=w —w (3.30)

and the Bicklund transformation for the spatial component of the KdV equation becomes,

2 _ 2
Ji4+ )= 0P = % - w P=w + w (3.31)

Which is in agreement with the Bicklund transformation proposed in [12] and with [14].
In the new variable Q defined in (3.22) and (3.23) we rewrite the gauge-Bécklund
transformation K(J;, J,) in (3.14) as

) [-¢+30 1
KWy, ), B) = _Z IR ) (3.32)
R
Other cases with ¢ = ¢, = %1 lead to trivial Backlund transformations in the sense that
(3.12) for K(£1, £1) is trivially satisfied for mKdV Bicklund and Miura transformations
(3.6) and (2.13). There is no new equation relating the two KdV fields J; and J,. From now on
we shall only consider K(+1, —1) = K given in (3.32) and Miura transformation given

by (3.20).

We now discuss the extension of the Bicklund transformation to the time component of
the KdV hierarchy. Notice that in the zero curvature representation the spatial component of
the two-dimensional gauge potential A, is the same for all flows and therefore universal
among the different evolution equations. They differ from the time component A,, written
according to the algebraic graded structure and parametrized by the integer N.

Apxav =DV + DYV 4 DO DY e G (3.33)

The Biécklund-gauge transformation (3.32) acting on the potentials A,, kqv, As kav and A, kav
given by equations (A.2)—(A.4) of the appendix leads to the following Bicklund equations
respectively

40,P = —000 + %((@Q)z +3@,PP), (334)

160,P = — Q070 + 0,000 + 50,POP

3.35
+ %(5@%1))2 — (030 + %@P(@P)Z + 30,0, (33
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640, P = — Q050 + 9,0030 + T9,POIP — 9200%0 + 1492Pd*P
+ 350,00%00%P + 350,P0,0030 + %(31 PY + %(aiQ)z

+ 32—58XP((6)%P>2 L (0200 + ?811“((8)610)2 + (.00

+2@preer + Zop+ oo, (336)

where Op = J; + J,. Equations (3.31) and (3.34) coincide with the Bicklund transformation
proposed in [12] for the KdV equation. Equations (3.31) and (3.35) correspond to those
derived for the Sawada—Kotera equation in [14]°. In the appendix we have checked the
consistency between the spatial, (3.31) and time components (3.34)—(3.36) of the Bicklund
transformations for N = 3, 5 and 7. By direct calculation, using software Mathematica, we
indeed recover the evolution equations (2.16)—(2.18). We would like to point out that our
method is systematic and provides the Béacklund transformations for arbitrary time evolution
in terms of its time component 2D gauge potential A, kqy in terms of graded subspaces
D?,i=0,---N.The examples given above for #3, #5 and ¢, just illustrate the potential of the
formalism.

3.3. Examples
* Vacuum—one soliton solution Consider ¢, = 0 and ¢, = In (ﬁ—ﬁ), p = ekt 2k,

N = 3,5, 7 two solutions of the mKdV hierarchy. The mixed Miura transformation
yields

JL=0%¢, — (0:0)? =0,  J2= -0, — (0:¢,)? (3.37)
Integrating to obtain J = d,w we find
w; = 0, Wy = _ kLo (3.38)
1+p

Type-I Bicklund transformation 9, (w; + wy) = %2 — %(Wl — wy)? is satisfied by (3.38)
for 0 = £2k

e Scattering of two one-soliton solutions
Consider the one-soliton of the mKdV hierarchy given by

& = ln(ﬂ), i=1,2 p=ekt%n N=357.. (339
I —Rip
Miura transformation generates two one-soliton solutions of the KdV hierarchy, namely
Ji = 03¢, — (0:0)% (3.40)
2= =020, — (0:y)%; (3.41)
leading to
S A, RV (3.42)
1 4+ Rip 1 —Rp

The Type-I Bicklund transformation is satisfied for R = R,. Notice that although

6 Notice that there are typos in equation (45.11) of [14].

9
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R = Ry, J; and J, correspond to different solutions due to opposite €-sings in the Miura
transformation.

* One-soliton into two-soliton solution
Taking ¢, given by the one-soliton solution (3.39) and ¢, by

1+ 6@, — —
6, = In +6(py — py) PPz | stk (3.43)
L= 6(p; = py) — p1p2 ki — ka
leading to
2k2 — kH( 1
= (ky D+ p)( + p,) (3.44)

ki — k2 — (ki + k2)(py = py) — (ki = k2)pypy
where p, = 2t j =1 2 satisfy the Type-l Bicklund transformation
for 0 = £2k,.

All these verifications were made in the software Mathematica.

4. Fusing and Type-ll Backlund transformation

In this section we shall consider the composition of two gauge-Bicklund transformations
leading to the Type-II Bécklund transformation. Let us consider a situation in which we start
with a Bécklund relation transforming solution v; into another solution vy. A second sub-
sequent Bécklund relation transforms vy into v,. Such algebraic relation for the mKdV
hierarchy is described by

KH(VI’ V0, VZ) = K(Vz, VO)K(VO9 Vl)& (41)
where K (v;, ) is given in (3.5) with 3 = ;. It leads to

1+ —“3'Xf°zeq e;:o (Bore " + Pore %)
KH(vb Vo, V2) = 1 ) 3.3 B (42)
— 5e%(Bore” + Bore®) 1+ = e

4
BioBo2”

(Bore®r + Boae®)(Bore %1 + Boae %) = BoiBoa(n + el + e79), 4.3)

where ¢ = ¢, — ¢, and 02 = — Inserting the following identity

YY) , ; o .
where 7 = % Defining A = —¢y — In(Bpze " + Fore %) — In 7> equation 4.2)
10702
becomes
A—p
1 — Leq ¢ (eq —+ e 1 + 77)
K, v, v) = 7F 2 : 4.4
— ;ep—A 1 — Fe_q
Equation (3.4) with K" (v, vy, v») leads to the following Bicklund equations
1 2
Og=——erP(ed + e+ 1) — Zel™A, 4.5)
20 o
1 _
O AN = —eP P (el — e79). (4.6)
20

Equations (4.5) and (4.6) coincide with the x-component of the Type-II Bécklund
transformation proposed for the sine-gordon model in [3]. Considering now the time
component of the 2D gauge potential for 7 = 3 , (i.e., for the mKdV equation),

10



J. Phys. A: Math. Theor. 49 (2016) 504003 J F Gomes et al

=)ME, + NE_, + v\h + %(dcv —VvHE, — %(&Cv +VvHAE_,
+iwﬁgawm @.7)

we find from equation (3.2),

160’38,z =eMP(el + 1 + 7])[202(8 W+ 9?2 *q) + 020 + 0,9)* — 8el]
+ 4eP M —202(0%p + 939) + 02 (Owp + 0,9)> — 8e79]
+ 1600p(e9 + e 9 + 1) (4.8)
together with
400\ = (vl2 + Ov)el—ar — (v22 + Ovp)ettar, 4.9)

which is compatible with equations of motion for the mKdV model. These Type-II Bicklund
equations (4.5)—(4.9) coincide with those derived in detail in [7] where x — x,, t — x_ and
was extended to all positive higher graded equation within the mKdV hierarchy’. In the case
of the KdV hierarchy

klypeII(Jl’ JO, J2) = IZ(‘IZs JO, B(ﬂ)k(‘,()’ Jl’ 501)3 (410)
where
1 _C + %QU 1

K(Jj’ Ji’ ﬂlj) = — = 2 .
5,‘/ 1 452 1
‘|- - T390 ¢+309;

Such transformation can be interpreted as an extended Bécklund transformation dubbed
Type-II Bicklund transformation (see [3]). Explicitly we find directly from (4.10)

L, G:+8) 0

W%@hhmlzl—zQ o Tza@ P2
(K" (1, Jo, Il = 2(:2Q
("G Jos )T = 1 +?Q— mif‘+é%@ P+ 20)
(K", Jo, I |1 = fng - fgz (P —29) + %( Q2+ QP - T + Q:)
- % + —C(P — 200,
4.11)

where Q = Q10 + Qoo = w1 — wa, P =010 — Q2 + 22 =w; +way, Q=wy, 4pL=
Bo1 £ Bt and Qy = wy — wy.

Acting with K*(J;, Jy, J») in (3.12) we find the Biicklund transformation for the KdV
equation, i.e.,

7 Observe that the Type-II Bicklund transformation via gauge transformation was constructed in [8] where a
solution presented there was chosen to reproduce the Béicklund transformation proposed in [3]. Here we choose a
gauge transformation solution of [8] that reproduces [9].
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Q=203 — %PQ + QQ,

0,20 + P) =25, — %PZ - %QZ — Q2+ op. 4.12)

Similarly for the time component gauge potential (A.2) we find

1 1 1 1 P 0
9,0 =~0P3,0 + ~0,00,0 + ~00*Q + —Q0%0 — —92Q — 2P
N 5 N 5 0 4Q 2 0 g 0 S

0,29 + P) = %(3}(13)2 + %(@Q)Z + %@P&CQ 4007 — gaip _ %aig

+ %P@iQ + %QaiP - %Qaia. (4.13)

Equations (4.12) and (4.13) are compatible and lead to the equations of motion (2.16).
Alternatively in terms of the mKdV Bicklund transformation (3.13), equation (4.10) can
be obtained by gauge-Miura transformation, i.e.,

RN, Jo, 1) = 8, (va, €2)8,(K (65, $)IK (g, $)8, "85 (V1. €1) !

where we may introduce the identity element, I = gflg2 (vo, €0)~'g, (o, €0)g depending
upon an arbitrary €-sign, say, ;. As argued when establishing (3.13), we are considering
transitions with opposite ¢-signs such that ¢, = —¢y = ¢ and ¢y = —¢, = —e¢. It therefore
follows that

RN Joo 1) = 8,y €)g[K (03, $)K (D D18 "8 (Viy )7

| (4.14)
= gz(VZ’ f)glKII(¢2, ¢>1)gf gz(Vla 5)71-
The equation (4.14) yields
Ry oy il = 14+ L5 Derrer y g gy - L =9 ppon
4o0¢ o(
1—-e _ 1 +e) a1 —-e _
“ e T g T e e
- 7(14:5)\/161\"’(64 + e+ 1),
= Typell 1 -6 (I+e€) s -
(K" Jo, D)2 = Uiczep A Tcze\ P(e? + e+ 1),
RPN Gy do )by = — —(et — ety — LDy 4 ypyera
¢ o6
1
- m(vl + v2)eh P (e? 4+ e + 1) (4.15)
40
(v + v) - e —vy) -
T e O YT Ty @
+ d+e Vivaet P (e + e71 + n) — a- e)vlvzeP*A,

40(? o¢?

[["(Typeﬂ(]l, Jos 1) 1 1 — Me/\fp(eq +e 4+ Meﬂﬂ\

40 o
U+ e , -, (U-o
20%C? 2022 et + oC? vae

(1+e)

vaeh P (el 4 e71 + ).

40(?
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Comparing the matrix elements of (4.10) with (4.14) we find the following relations
between the mKdV and KdV variables:

e matrix element 11

¢t —%Q = (1:75)6/\—;7(41 +e v+ — a- f)eP‘A, (4.16)
ag o
-2 By +8) n g(Q—i—P— 20) = 1= f)e,q a4+ E)eq
2 8 202 20%(? @.17)
(1 —¢) B 1+ ¢) B B '
— vieP=A — e vier P (el + e 9 + 1)
e matrix element 21:
Criep+ L -2 = S - e - B2 ver
A+ 6) N ) (4.18)
- (v + v)e? P(e? + e+ 1),
4o(
2 2
2 —%Q + %(P - 2Q) + %(—92 + QP — PT + %)
=+ —(v12+2V2) (et — ema) - U1 (V12—2 v2) (e? + e79) (4.19)
o o
+(1 + 6)vlv26A,p(eq bt 4m) — (1 - e)vlvzep,A
e matrix element 22:
2 _(Bs ; B) n %(Q P +20) = _(12+26)e,q _ (12—26)eq
ag a
+ —(1 ; ©) vyel~A 4 —(1 ;;6) voet P (el + e71 + ). (4.20)

The element 12 and the element 22 with (~! gives us the same result of (4.16).
Eliminating the mKdV variables p,q and A we recover the Type-II Bicklund
transformation for the KdV hierarchy (4.12) as shown in the appendix.

4.1. Examples and solutions
* Vacuum—1I-soliton—vacuum
The first example is to consider vacuum to 1-soliton and back to vacuum again given by
the following configuration,

wyp = 0, Wy = Q= —L + 2k, Wy = 0 (421)
1+ p(x, ty)
with p (x, ty) = e +2" Tt is straightforward to check that equations (4.12) and (4.13)
are satisfied for 3_ = 0 and 3, = 2k>.
¢ 1-soliton—2 soliton—1-soliton
Consider now a configuration of 1-soliton transforming into a 2-solitons solution and

13
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back to 1-soliton. It is described by

W= 4k; + 2%k, i=1,2 P = o2kt 2k Mty (4.22)
1+ pi(x, tN)
2(kf — k3)(1 1
Q= wp=— (ky )+ p)(1 + py) _ 4.23)
ki — ky — (ki + k2)(p; — py) — (ki — k2) pypy
Equations (4.12) and (4.13) are satisfied for 5 = k7 — k and (3, = k> + k7.
¢ Vacuum—1-soliton—2-soliton
Consider the solution of equation (4.12) and (4.13)
wp = 0, Wy = Q= *L + 2k1 (424)
1 + p] (x> tN)

and

2(kf — k3)(1 1
Wy = — (ky DA+ ppd + p,) ’ 4.25)
ki — ko — (ki + k2)(p; — py) — (ki — k2)pip,
where p, = ¢tk equations (4.12) and (4.13) are satisfied for 3. = k? — k?
and ﬂ+ - klz + k22.

5. Conclusions

This paper follows the line of reasoning of [7] where we have constructed Bécklund trans-
formation for the entire mKdV hierarchy from an universal gauge transformation. Such
Bicklund-gauge transformation relates two different field configurations, preserves the zero
curvature and henceforth its corresponding evolution equations.

The main result of this paper is the extension of such construction to the KdV hierarchy
by proposing a Miura-gauge transformation denoted by the product g,g; given in (2.9) and
(2.11) mapping the mKdV into the KdV hierarchy (see (2.12)). A subtle point is that such
Miura mapping allows a sign ambiguity such that each solution of the mKdV hierarchy
defines two solutions for its KdV counterpart. The Bécklund-gauge transformation for the
KdV hierarchy is constructed by Miura-gauge transforming the Bécklund transformation of
the mKdV system as shown in (3.13). An interesting fact is that the Béacklund transformation
for the KdV hierarchy is solved by mixed Miura solutions generated by the mKdV Bécklund
solutions. A few simple explicit examples illustrate our conjecture. A more general evidence
of the mixed Miura solutions is shown to agree with the Bicklund transformation proposed in
[12, 14] for the first two KdV flows.

The composition law of two subsequent Bicklund-gauge transformations leading to
Type-1I Bicklund transformation (see (4.1)) introduced in [3] in the context of sine-Gordon
and Tzitzeica models was extended to the KdV hierarchy. Within our construction, we have
employed the direct fusion of two KdV Bicklund-gauge transformations in (4.10) and
alternatively, the Miura transformation of mKdV Type-II Biacklund transformation as shown
in (4.14). These two approaches generate relations between the mKdV and KdV variables
which were shown in the appendix A.2, to be consistent.

Finally we should mention that the idea of an universality of the Bicklund-gauge trans-
formation is most probably valid for other hierarchies such as the AKNS and higher rank Toda
theories. It would be interesting to see how such examples can be worked out technically.

14
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It should be interesting to develop the concept of integrable hierarchies for discrete cases and
investigate whether the arguments involving Bécklund-gauge transformation employed in this
paper can be extended. The relation between the integrable discrete mKdV [15] and its Miura
transformation to discrete KdV equations should be understood under the algebraic formalism.
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Appendix

A.1. Zero curvature for KdV hierarchy

Here we write down the time component of the two-dimensional gauge potential generating
the first three flows for the KdV hierarchy. Let

Apgay =DV + DNV D@ DD e gl (A1)

where we find by solving the zero curvature representation (2.14) in the homogeneous
gradation. For N = 3 we have

D' — C3h’
D'® = —(E, + JCE .,
1 1
D'V =9 JCE_, + —JCh,
2 ¢ 2 ¢

D/(O) - - lJEa + (16)2('] + lJz)Eu + lax‘lh’ (Az)
2 4 2 4

and N =5
DO — (5,
D/(4) = _<4E(y + JC4E—a’

D/(3) — %8xJC3E—a + %J@h,

D' = %J@Ea + (%aij + %JZ)Q“ZE,& ¢+ %@J@h,

DD = (laiJ + EJE)XJ)CE,Q + (laij + 312)01
8 4 8 8

DO _ (7 la§1 - iﬂ)Ea + (iBiJ +2 W)’l
8 8 16 8

+ (iaij + i(axJ)Z + lJ<9§J + i13)15_u (A.3)
16 8 2 8
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and for N =7
DD — <7h
D/(6) = _<6Eu + JCGEfw

D' = %@J@E,a + %J(Sh,

e _ %ma + (iay + %JZ)C“E_Q 4 %axfc*h,

DO — (%c’ch + %Jc’)xl)@E-a + (%8)%1 + %ﬂ)@h

1 3 1 3
DO _ (_ 2927 _ _Jz) 2E o4 (_83]+ =Jo J) %h
3 X 3 C « 16 x 3 x C

1 3 1 3
+ —64J—|——612+—182J—i——]3) ’E_
(16x R N

1 5 5 15
D' = (—85J =B, )(D%)) + =T (D)) + —=J2(0:J ) E_,
32’“+8( )(x)+16(x)+16( ) |G

1 5 5 5
— @) + =) + —J (% —J3) h
+(32(x)+32( )+16(x)+16 G

1 5 5 5
DO (__ 94N — — o J 2 = J(B%) — —JS)E(Y
+ 32(x) 32( T 03 T

1 5 15
— (D% + = (%)) + —=(0I)(D}J )E_a
+(64(x>+16<x> + @)

3 35 25 5
+ | =T @Y + =J(OJ)? + ==J2(% +—J4)E_
(16(x) 32( ) 32(x) T a

1 5 5 15
— (D) + =) (D%)) + —J (D)) + =J2(DJ )h.
+(64<x>+16( WO + 2T @) + 2T O

A.2. Equivalence between mKdV and KdV variables

(A.4)

We now verify the equivalence between mKdV and KdV variables from (4.16) we find

aJcQ:_

_(d+e)
20

O(A — pler=r(ed + ¢4 + 1)
2(1 — )

(1+e¢)
2

D.ge P (et — e9) +

8)c(p - A)epiA

and using (4.18), (4.5) and(4.6) we obtain
P
8,0 =26 — % + 09.

Consider now P = J; + J, = O,(w; + w»). In terms of Miura transformation

1 1
OP = €0,(v; + vy) — (W + vi) = €0%p — E@p)z - E(aqu).

(A.5)

(A.6)

(A7)
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Acting with 0, in (4.18) and using (A.7) and (4.16) we find

%@P 1+ 20,0) = &‘TQ(P —20) + %Q[@p)2 (@]
(A8)
- 000 + L D0p0,ge 7 (e — ) + Zoig (et + e,
g g

where p = v; + v5, g = v; — v,. Substituting the equation (4.16) in the equation (4.19)
we find

L@ - @7 = 2Lt — e - Zogeen + e
o) g
_ Q9 _p _p_ 2 _ _
> ( Q-+ QP 1 + 4 ) + 8,0 — B(P — 2Q)).

(A9)

Substituting this result in (A.8) and eliminating the mKdV variables using (4.5) and (4.6)
we obtain

0P + 20,0 — —%(P2 0N 4P - O 128, (A.10)

Equations (A.6) and (A.10) correspond precisely to the Type-II Béacklund for the KdV
hierarchy.

A.3. Consistency with equations of motion

In this appendix we verify that the compatibility of Biacklund transformations lead us to the
equation of motion.
We start with the spatial part which is common to all N. For the KdV equation it is given
by
2
£ _ le. (A.11)

OP =
2 2

In what follows it will be useful calculate its spatial derivatives:

9P = —00.0; (A.12)
OIP = —(0,0)* — Q(920); (A.13)
OIP = —3(3:0)(970) — Q(3;0); (A.14)
0P = —3(09)? — 4(0,0)(930) — Q(910); (A.15)
9P = —10(020)(930) — 5(5,0)(930) — Q(I30); (A.16)

P = —10(330)* — 15(0%0)(9%0) — 6(3,0)(D3Q) — 0I%Q;  (A.1T)

OYP = —=35(0;0)(970) — 21(930)(930) — 7(3:0)(950) — Q(D.Q). (A.18)
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A.3.1. N = 3(KdV). The temporal part of the KdV BT is given by

49,P = —Q(220) + %[(a,CQ)2 + @Y. (A.19)

In order to verify the consistency of this transformation we act with the spatial derivative
to obtain

40,0,P = — Q030 + 3(9,P)(IIP), (A.20)
eliminating the term —Q@iQ from equation (A.14) we find

40,0,P = OtP + 3(0,P)(02P) + 3(0,0)(92Q). (A.21)
Substituting

OP =01+ ], 00 =J — /. (A.22)

Equation (A.21) becomes precisely the sum of two KdV equations.

A.3.2. N = 5. The temporal part of the BT for N = 5 equation is given by

1
160,P = — Q(910) + (0,0)(D30) + 5(3,P)(I3P) + 2 @2p2 — L0y
S 2 2 (A.23)
+ 5(8XP)[(8XP)2 + 3(0:0)?1.
Acting O, in the equation (A.23) we obtain
160,0,,P = — Q(9°0) + 10(0*P)(@°P) + 5(0,P)(D*P) + %@P)z(aim
1
4 75<6§P)<axQ>2 1 15(0,P)(0,0)(920). (A.24)
Then we isolate the term —Q(c’?zQ) from equation (A.16) to find
160,0,P = 05P + 10(02Q)(93Q) + 5(0,0)(91Q) + 10(32P)(D3P) + 5(0,P)(I+P)
(A.25)

+ %(8?)[@10)2 + (0:P)] + 15(0:P)(0:0)(830).
Substituting (A.22) we obtain the sum of two equations for N = 5, i.e., equation (2.17).

A.33. N =7 The temporal BT for the N = 7 equation is
640, P = — Q(3%0) + (8,0)(330) + T(O,P)(DIP) — (D2Q)(94Q) + 14(02P)(91P)
T %(ai@z 4 %(aipﬁ + %(aipxaxmz 4 %azm(a@z
+ 35(920)(0,P)(9,0) + %@P)[(aimz + (920)2] + 35(92P)(9%0)*(9,Q)
FEOP? + Q0P+ 00O
(A.26)

Likewise we did for other values of N, acting J, in the above equation. Then we isolate
—Q(01Q) from equation (A.18) to find
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640,0,P = O%P + (9,P)(OSP) + 7(0,0)(9%Q) + 21(91P)(03P) + 21(930)(930)

+3503P)(0*P) + 35(0°0)(9*0) + ?(61P>[@P>2 + (8,01

+ 35(0,P)(0,0)(D1Q) + T0(3,P)[(D2P)(IIP) + (D2Q)(DIQ)]
+70(0,0)[(20)(D3P) + (92P)(D30)] + ?(aiPP (A.27)
+ %(6%}’)(82@2 + 32—5(6§P)(8XP)3 + ?(82@@@3

+ 12 @0 QOO + @D P D:0)

Substituting (A.22) we obtain the equation of motion for N = 7 (2.18).
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