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1. Introduction and results

This paper concerns with a semilinear time-fractional partial differential equation (FPDE for short) which
describes diverse physical phenomena and mathematical models (see e.g. [13,14,26]). More precisely, in this
paper we consider the semilinear integro-partial differential equation in R™, which reads as

[us Jy 7a(t = )[P(D)u(s) + S (u(s))]ds, (¢ € R and ¢ > 0) (1)

u(0,2) = ug(x), x € R”
where u(t) = u(t,x) = (ui(t,z), -, un(t,x)) with n > 1, 7,(t) = vt* 1/T'(a), I'(a) denotes the gamma
function, P(D) = A, is the Laplacian operator on z-variable, v denotes the Newtonian viscosity and
f R — R is a function satisfying

£(0) =0 and |f(a) — f(b)] < Cla—b] (Ja|*~" + [p]"7"). (1.2)
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Above p > 1 and C is a positive constant independent of a,b € R. Typical examples of f(u) are given
by v|u|?~tu and v|u|? for v € {+, —}. These nonlinearities yield a scaling for (1.1) which is fundamental

for our approach in Besov—Morrey spaces N7 (see (2.7), for the definition). These spaces are a type of

3,00
Besov spaces based on Morrey spaces and hpatbze been introduced by H. Kozono and M. Yamazaki [16] for
analysis of the Navier-Stokes equations. A number of authors have studied PDEs (see [4,5,20,28,37]) and
harmonic analysis (see [27,35]) in this framework; for further details, see [30,31] and references therein. As
far as we know, the existence problem for (1.1) in Besov—Morrey spaces is new for the fractional case a # 1.

Formally, the problem (1.1) is equivalent to (FPDE)

Ofu=vP(D)u+ f(u) in (0,00) x R" (1.3)
ut(0) = 0 and u(0) = up in R, (1.4)

a—

ol ! stands for the Riemann-Liouville derivative of order a — 1, namely

where 0f'u = Dg‘lt_lut, wup = % and D

t

_ 1 0 u(s)
Doty = ——— — [ "2 (s, fort>0.
ot YT T2 a) at/ (f = g1 fort=
0
Employing a Duhamel-type formula (see [11, Proposition 2.1]) in (1.3)—(1.4) (or (1.1)), formally we obtain
the integral equation

w(t) = Lo (t)ug + B (u)(t), (1.5)
where
B, (u)(t) = /La(t —5) /ra_l(s —7)f(u(r))dr | ds (1.6)
0 0

and {L,(t)}+>o stands for the family of convolution operators (or diffusion-wave operators) defined by

La(8)p(€) = Ea(—t*[¢*)3(8). (1.7)

Throughout this paper a mild solution for (1.3)-(1.4) (or (1.1)) is a function wu(t, z) satisfying (1.5) and
u(t,z) — up in §’'(R™) as t — 07. Actually, using Proposition 3.2 below and Sobolev embedding (2.11), we
are going to show this weak convergence in homogeneous Besov space '247(50_1), see details in Lemmas 3.4
and 3.5. Here E,(—t®|¢|?) stands for Mittag-Leffler function (see (2.15)) and = = F stands for the Fourier
transform. For o = 1, the operator L1 (t) = S() is the heat semigroup, because Ey(—t|¢|?) = e~t1¢I°. The

kernel k, of L,(t) is the fundamental solution of (1.3) with f = 0, namely
baltyz) = [ =SB, (~t2)de. (1)
]Rn
which, in one-dimensional case, reads as (see [8])
1 - 2 i sgn(€) 2
ka(t,x):a exp{ifx — t|¢|~ e "2 IS LdE, 7:2—5 .
R

The FPDE (1.3)-(1.4) interpolates two PDEs (see e.g. [9]), namely semilinear wave (« = 2) and heat
(e = 1) equations, which have been widely investigated in the last years. These PDEs present many
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differences in the theory of existence and asymptotic behavior of solutions in scaling invariant spaces (critical
spaces). In the case @ = 1, the FPDE (1.3) is well documented in critical spaces, see e.g. [16]. Without

S

making a complete list, we mention LP-spaces, weak-L¥ spaces, Besov spaces By .,

Morrey spaces My, .,

Besov—Morrey spaces N° and among others. However, there are few papers dealing with FPDEs in

those spaces when 1 < of) i 2. In [11], the authors used Mihlin-Hoérmander’s theorem in order to establish
LP-L" estimates for Mittag-Leffler’s family (1.7) and obtained local well-posedness in an L™ (R™)-framework.
Using the estimates of [11] and employing techniques of [2,22], the authors of [21] showed the existence of
self-similar global solution with initial data ug € B;{Qﬁﬂp*l) NEq(rpo),r (For Ey(r po),r, see Remark 1.2-(ii)).
In [3], the authors studied qualitative properties, like self-similarity, antisymmetry and positivity, of global
solutions for small initial data in Morrey space My x, A =n — %. Now, let P(D)f be the Riesz potential
(=A)P2f = F-YEPFF and f(u(t)) = h(z,t)|u(t)|P~ u(t). Tt is worth to mention the works [10,15,32]
where the authors, motivated by works of Fujita [7,36], established conditions for either blow up or global
existence of weak nonnegative solutions. It is not know if solutions of the Navier—Stokes equations are

smooth for all ¢ > 0, however Lions [18] showed a priori estimate
T
3
/||Dg|tu(t)||Lz(Rn)dt < const.(J + J%), J = |luolluean) (1.9)
0

where 0 < v < 1/4 and u is a weak solution in L?((0,7); L#(R")) associated to the data ug € L*(R"), for

n < 4.1In [29, Theorem 5.3], Shinbrot gave a step ahead showing (1.9) for all dimensions n and 0 < v < 1/2.

This shows that solutions of the Navier—Stokes have more smoothness in ¢ than at first appears. It seems

that our initial data class (see Theorem 1.1) is larger than the previous works and contains strongly singular
2p

functions (see Remark 1.2-(iii)). For p =n — p%l and A = n — —25, one has the continuous inclusions

LY C weak-L9 C M, C N? and B CNZ (1.10)

D, 00 Dy, 00

: _ n=A _ - _ _ n— 2 _ 2
pr0v1dedthat%—”T——U—i—"lT“——k—i—%,wherea—%—ﬁ,k—%—ﬁand1§p<r<
q< w (all spaces in (1.10) are invariant by scaling (1.12)). Moreover, there is no known existence of
solutions for (1.3)-(1.4) in a class such that X > Ny, . In this sense, we provide a maximal existence

class for (1.3)(1.4) also we improve the well-posedness result in [3,21].

One of the aims of this paper is to establish the existence of solutions for (1.3)-(1.4) in the framework of
Besov—Morrey spaces. For that matter, we obtain estimates in Sobolev—Morrey and Besov—Morrey spaces
for the diffusion-wave operator L, (t) (see Lemma 3.1) which could have an interest of its own. Furthermore,
some symmetries properties, self-similarity and asymptotic behavior of solutions are also investigated. We
perform a scaling analysis in order to choose the correct indexes of spaces such that their norms are invariant
under the scaling (1.11). Indeed, it is well known that if u solves (1.3) with f(u) = y|u|?~1u then, for each
A > 0, the rescaled function wuy(t,z) = Aot w(Aat, \z) is also a solution. This leads us to define a scaling
map for (1.3) as

u(t, ) = ux(t, x). (1.11)
Making ¢ — 07 in (1.11), this map induces the following scaling for initial data
uo(z) — uor(x) = A7 Tug(Az). (1.12)

Solutions invariant by (1.11), namely u(¢, x) = ux(t, z), are called forward self-similar solutions.
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Let BC((0,00),X) be the class of bounded functions from (0,00) to a Banach space X. For 1 < p <
q < 00, we define our ambient space based on Besov—Morrey type spaces (see (2.7)) as

XP={ue BC((0,00); N, o) : t"u € BO((0,00); Mg 1)}, (1.13)
which is a Banach space endowed with the norm
[ ul| xp == sup [Ju(t, -)||N;“m +sup t7|u(t, -) || m,.,. - (1.14)
t>0 >0
Here n € R and o < 0 are given by
o 2 n— u) n—pu 2
n=+<\—>— and 0 = —— — ——, 1.15
2 (p -1 q p p—1 (1.15)

where these values have been chosen in such a way that the norm (1.14) is invariant under the scaling
map (1.11).

1.1. Main results

In what follows, we state our main results.

Theorem 1.1 (Well-posedness). Letn > 1,1 < a <2, 1< {p, p} < g < oo, and 0 < u < n be such that

2 2 - 2 - 2
S S il g and ¥ < . (1.16)
p—1 ap q a(p—1) p p—1

(i) (Ezistence and uniqueness) There are € > 0 and § = 6(¢) such that if |uo|lng, . < 0 then the problem

(1.1) has a mild solution w € XP which is unique in the closed ball {u € X7; ||u||X5 < 25}. Also,
u(t) — ug in the weak—x topology of B%f&‘” ast— 0F.
(i) (Continuous dependence on data) Consider the ball

D5 = {UO € N;;,u.,oo; HUOHNU

D, 0

<6}

in the space N7

. The data-solution map ug € Ds — u € XV is Lipschitz continuous.

Remark 1.2.

(i) Let ! > 0 be such that {p,p} < g <land (n—u)/q =n/l. By (1.16) it follows that an(p — 1) < 2l <
an(p—1)pfor 1 < a < 2.Forevery a € /\/;;”H’Oo satisfying the assumptions of Theorem 1.1, there exists a
unique solution u(t,x) of (1.3) in L*((0,00); N7, o) such that [Ju(t, )| s, < Ct=/(P=DFen=m/2,
In particular, we recover Theorem 1 of [16].

(ii) Under the assumptions of Theorem 1.1, for = 0 and ¢ < r < p, we reobtain the result in [21]. Indeed,

in view of Nf)o’oo = Bfm and proceeding as in Lemma 3.4 with (p, q) = (r, q), one has

1
1olles ., 1= SUD LT [ La (o]l
= supt7~ 1~ 5 || Lo (t)uoll, < Clluoll - =2,
>0 Bloo !
where m = %(pio — 1) and py = "(”2_1). Now, using the assumption ||uo||3%272/<p71) < § in

Theorem 1.1(i), one obtains Theorem 1.1 of [21].
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(i) Let p>1+2/nand A =n —2p/(p — 1) for p > 1. It follows that
0
Mp)\ C Ml,nfnT?)‘ C Nl,p,,oo C N]S:M,OO? n=n— ﬁ

in view of (2.9) and (2.11). Our initial data can be taken strictly larger than those in [3], see [16,
Example 0.10].

(iv) Suppose that n = 1 and let P(D) = D'B be the Riesz—Feller operator which is given by Dggp(f)
1/Jg(f)A(£) where 1/15( ) = —|¢]Pe 9% with 0 < B <2and |0 <min{3,2 — §}, £ € R. Hence (see
e.g. [19]), the diffusion-wave operator L, () reads as

L (1)p(€) = Ba[—t7¢| 7 om 9% |3(¢)

which has kernel

S explifx — t|¢Pei T sanOYdg, a =1

kot 2) = .
“ [ €567 By [~ (€)]dg, 1 2
]Re a[ 1/}5(6)] 55 <a <2
If (1 <a<?2) and (8 = 2), Theorem 1.1 gives us an insight on how to proceeds on the study of
SFPDEs (stochastic fractional partial differential equations)

0%u B ” khk OPW (t,z)
W(t,x)fD u(t,x) + g(t, x, u(t, z)) kz:: u(t,x))w

with datum wg in spaces more singular than LP(R) spaces. Here, the functions f, g, hy satisfy Lipschitz
and certain growth conditions (see e.g. [1] and [24]).

Let O(n) be the orthogonal matrix group in R™ and let G be a subset of O(n). If h(x) = h(Mz) and
h(z) = —h(Mzx), for every M € G, then h is said even (or symmetric) and odd (or antisymmetric) under
the action of G, respectively.

Theorem 1.3. Assume the hypotheses of Theorem 1.1. Let f(u) = ~y|ul?~tu.

(i) (Symmetry and antisymmetry) The solution u(z,t) is antisymmetric (resp. symmetric) for t > 0, when
uo is antisymmetric (resp. symmetric) under the action of G.

(ii) (Self-similarity) Let ug be a homogeneous function of degree 7p2T17 then the mild solution given in
Theorem 1.1 is self-similar.

Remark 1.4. If G = O(n) we have radial symmetry. Indeed, it follows from Theorem 1.3(i) that if ug is
radially symmetric then u(x,t) is radially symmetric for all ¢ > 0.

Also, we prove an asymptotic behavior result of the solutions obtained in Theorem 1.1 as t — oo.

Theorem 1.5. Assume the hypotheses of Theorem 1.1. Let u and v be two global mild solutions for (1.1)
given by Theorem 1.1, with respective data ug and vy. We have that

Hm Alu(-,t) —v(, g, = Hm t"ul,t) = o, 1)[m,, =0 (1.17)

t—+oo Pak,00 t—+o00
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if and only if

i | La(6)(0 — v0) g, + £ Lat) o — w0)llas,,, =O. (1.18)

The manuscript is organized as follows. In Section 2, basic properties of Sobolev—Morrey, Besov—Morrey
spaces and Mittag-Leffler functions are reviewed. Section 3 is devoted to estimates for operators coming
from (1.5). Proofs of the theorems are performed in Section 4.

2. Preliminaries

In this section we collect some well-known properties about Sobolev—Morrey and Besov—Morrey spaces.
Also, we recall properties of the Mittag-Leffler functions.

2.1. Besov-Morrey space

The basic properties of Morrey and Besov—Morrey spaces is reviewed in the present subsection for the
reader convenience, more details can be found in [12,16,17,25,33].

Let Q,(zo) be the open ball in R™ centered at z¢ and with radius r > 0. Given two parameters 1 < p < co
and 0 < u < n, the Morrey spaces M, ,, = My, ,(R™) is defined to be the set of functions f € LP(Q,(x¢))
such that

K

[fllp. = sup supr=# | fllLr(q, (z0)) < 00 (2.1)
xoER™ r>0

which is a Banach space endowed with norm (2.1). For s € R and 1 < p < oo, the homogeneous Sobolev—

Morrey space M , = (—=A)~*/2M,, ,, is the Banach space with norm

17llagg, = [ 2071 - (2:2)

Taking p = 1, we have || f||£1(Q, (zy)) denotes the total variation of f on open ball Q,(zo) and M, , stands
for space of signed measures. In particular, M; o = M is the space of finite measures. For p > 1, we have
Mpo=LP and M; 4= H; is the well known Sobolev space. The space L> corresponds to M, ,,. Morrey
and Sobolev—Morrey spaces presents the following scaling

||f(>")||p+t =X\ 7 ||f||p,u (2.3)
and
s— =k
1Oy = X7 Ul (2.4)
where the exponent s — ”;f” is called scaling index and s is called regularity index. We have that
(=2)2M; = My (2.5)

Morrey spaces contain Lebesgue and weak-LP, with the same scaling indexes. Precisely, we have the con-
tinuous proper inclusions

LP(R™) G weak-LP(R") G M, ,(R™) (2.6)
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where r < p and p = n(l —r/p) (see e.g. [23]). Let S(R™) and S’(R™) be the Schwartz space and the
tempered distributions, respectively. Let ¢ € S(R™) be nonnegative radial function such that

suppl(p) C{E € R™; S < e <2) and 3" (€)= 1, forall € £0

j=—o0

where ¢; (&) = p(277€). Let ¢(z) = F1(p)(x) and ¢;(z) = F1(p;)(z) = 27"¢(27z) where F~1 stands
for inverse Fourier transform. For 1 < ¢ < 00, 0 < p < n and s € R, the homogeneous Besov-Morrey
space N, .(R™) (N7, . for short) is defined to be the set of u € S'(R™), modulo polynomials P, such that

Flo;(€)Fu e M,,, for all j € Z and

1

(Z)ea@®llé ullgp)) < o0, 1<r<oo

SuPjez, 2js||¢j * | g, < 00, r = 00.

lullaz,, = (2.7)

qa,p1,T

The space N, .

homogeneous Besov space. We have the real-interpolation properties

is a Banach space and, in particular, N, = B;;T (case p = 0) corresponds to the

S _ S1 52
quw - (Mq,u’Mq,u)evr
and
N;/MT = ( ;71177“1"/\/;72/!77’2)97“ (28)

for all s1 # s2, 0 < 6 <1 and s = (1 — 0)s1 + 0s3. Here (X,Y)y, stands for the real interpolation space
between X and Y constructed via the Ky ,-method. Recall that (-,-)g,, is an exact interpolation functor of
exponent # on the category of normed spaces.

In the next lemmas, we collect basic facts about Morrey spaces and Besov—Morrey spaces (see e.g. [12,
16,33]).

Lemma 2.1. Suppose that s1,s2 € R, 1 < p1,p2,p3 <ocoand 0 < p; <n,i=1,2,3.

(i) (Inclusion) If =25+ = L2 and py < p1,

p2
0 0
Mphln - Mpzauz and Npl,ul,l - Mpl,ul CNpl,ul,oo' (2'9)
i obolev-type embedding) Let j = 1,2 and p;, s; be po < p1, 81 < S suc at sg — B2 = gy — DEHL
i) (Sobolev-t bedds Let 5 =1,2 and pj, s; b < < h that ”;f"‘ ";1’“
we obtain
M2 MG (= = o) (2.10)
and for every 1 <rs <711 < 00, we have
A 82_n—ug
N;227#277’2 - N;;7#17T1 and NI;S;,#%W - BOOW? " (2'11)
(#ii) (Holder inequality) Let p%, = piz + p% and Z—i = % + %. If fj € My, ., with j = 1,2, then fifs €

Mps,ll«s (M’Ld

Hf1f2H:D3,Mz < ||f1HP1;H1 Hf2||1727uz' (2'12)
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We finish this subsection recalling an estimate for certain multiplier operators on M7 , (see e.g. [17]).

Lemma 2.2. Let m,s € R and 0 < p < n and P(¢) € C"/A+1(R"\{0}). Assume that there is A > 0 such
that

’akp

8—5k<£>' < Algm M (2.13)

for all k € (NU{0})™ with |k| < [n/2] + 1 and for all & # 0. Then, the multiplier operator P(D)f =
FAP(&)Ff on 8'/P satisfies the estimate

IP(D) g < CAF gy (1< g < 00) (2.14)

where C > 0 is a constant independent of f, and the set 8'/P consists in equivalence classes in S’ modulo
polynomials with n variables.

2.2. Mittag-Leffler function
In this part we collect some basic properties for Mittag-Leffler functions E,(—t%|¢]?) as well as the

fundamental solution k, (see (1.8)), further details can be obtained in [3,8,11] and references therein.
Recall that Mittag-Leffler’s function E,(—t%|¢|?) can be defined via complex integral as

Eo(—t*|¢%) = ! /L z, (a>0) (2.15)

omi | 2o 4 teo|¢]?

where ( is any Hankel’s path on complex plan C. The integrand in (2.15) has simple poles given by

o (€) = |E]7 e, ba(€) = [€]7e™ T, for € € R™.

Lemma 2.3. Let 1 < o < 2 and ko be as in (1.8). We have that

LY(R"™) > Ea(—[€*) = (exp(aa(ﬁ))+eXp(ba(£)))+la(§) (n=>1) (2.16)
where
sin(am) oo |€]2s>te—® .
() =4 T~ Jo TR ds EF0
1-2 if €= 0.
Moreover,
ok oF
() =tk g (1,67 %), (¢ 2.1
aﬁ(,) Sarke(Lt52), (1>0) (217)
ko(t,z) >0, Py(1,|z|) = aks(1,z) is a probability measure.

Lemma 2.4. Let 1 <a <2 and 0 <6 < 2. There exists A > 0 such that

e [l Bate]| < 4k, € 20 (.13)

for all k € (NU{0})™ with |k| < [n/2]+1
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We finish this section by recalling that E,(—|¢|?) coincides with Y727, Flfil)k and then Eo (=€) is

(ak+1)>
finite, for all £ € R™. Indeed, since Gamma function I'(z) can be expressed as W 57 fC e*z7"dz, for
x € C, dominated convergence theorem yields
1 R I O 3
E, (—|¢?) = — 271 d
1P = g [ et |t T s
¢
_ 1 z. —1 . - e 2\ k
=5 [ €= lnILI&Z(—z 1€]%) ]dz
c k=0
= lim zn:(_|§|2)ki/e p ek gy — HEP (2.19)
n—roo = 27 F ak +1)’
- ¢

for all a > 1.
3. Key estimates

The goal of this section is to derive estimates for Mittag-Leffler convolution operators {L(t)}:>0 on
Sobolev—Morrey spaces and Besov—Morrey spaces. Here and below the letter C' will denote constants which
can change from line to line.

Lemma 3.1. Let s, € R, 1 <a<2,1<p<g<oo,0< u<mn, and(,é’—s)—l—”p%“—%<2wh6r6625.

(i) There exists C' > 0 such that

o (B_g)—(nok_n—p
ILa(@)flly, < CEFE-I-3C5E=220 (3.1)
for everyt >0 and f € M, ,
(ii) Letr € [1,00], there exists C' > 0 such that
ILa)fllyz, . < Co80—o- 8T (32)

for every f € 8'/P and t > 0.
(iii) Let r € [1,00] and 8 > s, there exists C > 0 such that

—s)—g(not_nott)

ILa(t)fllye | < CE3C e

Py,

(3.3)
for every f € 8'/P.

Proof. Let 0 = (8 —s) +1, where [ = " — “_£. Recalling that ?;(f) = A""F(E/N) for fr(z) = f(Az), we
let (—A)% Ly (t) be the Fourier multiplier defined as follows

£)£(€)

Ra(t3€,1)F(€)

(ha (1) * frarz())/ass (€)

(P(D)(frer2)) sz (€), (3.4)

([(—A) 3 La(OIN)NE) = hal&,t
-4

(=3
2

No)

t—5

=
2
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where the symbol of P(D) is T (€,1) = [£]° Eo(—|€]?). Noticing that 0 < § < 2, it follows from Lemma 2.4
that P (&) shall to satisfy (2.13) with m = 0. Using (2.4) and (2.14) we obtain

I(PD) (frar2))i-erell gy =172 IPD) (frar2)l g,

< CAFE") Hfta/zIIMs

= CAT TR f

=CAfllpms - (3.5)

Using (2.10) with (s1,s2) = (0,1) and (3.4), we obtain
E
12a(®) g, = | 25 LS,
< ||(=4) % fH ,Wherel_—_u .
p q

— |l(=a)="+3 = |l(-a)3L
=|ea = or], = |eaior],,
=t7%% ||(P(D)(fta/2))tm/2\|Ms (3.6)
< CAt3P=)=5 00— (3.7)

P

where (3.7) is obtained of (3.6) via inequality (3.5). In order to obtain (3.2) we recall the real interpolation

N e = (M M) 0,0, N3 = (M3, M32,)0., where 8= (1—0)81 4002, 1 # B2 and s = (1—0)s1 +
0ss, s1 # sa. Then, we have
1Za () fllpee, < mo 'mil|flln, . 0<6<1, (3.8)

where m; = || La(t) . In view of (3.1), we obtain

fHM;lM%M{;IN

n—u)

m; < CAt~5Bims)=5 (g =1

and then, by inserting it into (3.8), we get (3.2). Now, using (3.2), it follows that

[La () fllg2e-2 < o A

Py, 00

and

a

Lo () fllnz, . < Ct 25 £l

pou,o0”

In view of (2.8) and (28 — s)(1 — 1/2) + s(1/2) = 8, we have N{fu)l = (N28-s A&

q,14,007 q,u,OO>1/2»1 which
yields (3.3). O

Proposition 3.2. Let £ € R™. If 1 < a < 2, we have |Eo(—|€?)| < 1 and E,(—[t*/%¢)?) — 1 ast — 0.
Proof. It is enough to make a proof for 1 < a < 2, because the Lemma holds for E;(—t[£]?) = etlel,

To this end, let ¢t = |f]asa for € # 0 and using Lemma 2.3 and |exp(aq(€))] = |exp(ba(E))| =
exp(|€|?/@ cos(m/a)) < 1 we obtain
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[Ba(—IEP)] < 2 + la(2)]

sin(aar) e lelasw

IN
Qo

+ ds

T 52 4 2scos(am) +1

1
52 4 2scos(am) + 1

sin(ar)

IN
Qo

ds

0\8 0\8

-1

Let ®(t) = % Note that |®(t)| € L*(0,00) and ®(t) — e*/z as t — 0T, using dominated converge

theorem and residue theorem we have

1 za—1 1 z
Eo(—tY€]?) — — / CF  gp= — {271'2' res (6—; z = 0)} =1, (3.9)
2mi z

21 2«
¢

because res(e*/z; z=0)=1. O
3.1. Linear estimates

We start by recalling an elementary fixed point lemma whose proof can be found in [6].

Lemma 3.3. Let (X, || - ||) be a Banach space and 1 < p < oo. Suppose that B : X — X satisfies B(0) =0
and

1B(z) = B(2)|| < Ko = 2| (l=]*~* + [|2]1771).

Let R > 0 be the unique positive oot of 2° K RP~* —1=0. Given 0 < e < R and y € X such that ||y < ¢,
there exists a solution x € X for the equation x = y + B(x) which is the unique one in the closed ball
{z € X ||z|]| < 2e}. Moreover, if ||y|| < e and ||Z|| < 2¢ satisfies the equation & =y + B(Z) then

ly —all- (3.10)

_ 1
lr =2l < TR

The integral equation (1.5) has the form = = y + B(z) in the space X = X? where y = Lo(t)uo and
B(x) = By(u) is given by (1.7) and (1.6), respectively. We invoke Lemma 3.3 in our proofs, hence the

estimates for linear and nonlinear part of (1.5) will be necessary.

Lemma 3.4. Under the assumptions of Theorem 1.1, there exists L > 0 such that

IZa@uollxg < Llluolg, .. (311)
for allug € Ny, - Let s =2/(p—1), if ug € Bgo,oo we obtain Ly (t)ug — ug in the weak—x topology of
B3, . ast— 07T,

Proof. Notice that by (1.15) we obtain n + $o = § (”;f” — ”f;“) Using (1.16) one has “2£ — 22 — 0 =
2 n—

s wh< aip < 2 and o < 0 which by (3.2) and afterwards by (2.9) and (3.3), respectively, give us
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q,p,1

sup || La(t)uollng,, .. +supt?||La()uolrm,,, < Cllallyg, . +supt?||La(t)uollng
t>0 ’ >0 ’ t>0

nou_nou
8 ) luollwg, ..

< Clluollng, . +Csupt"+ M
g LHU'O”./\/;,“,OQ7

this yield (3.11). It remains to check the weak—sx convergence. To this end, let v € Bf 1 the predual space
of Bgoyoo. Using Proposition 3.2 we have

ILa(t)o —vllgrs = D A2 IF 0 [Bal(—t1€1%) = UF 0] prany} = 0
Jj=—00

as t — 0F. Thanks to (2.17) and (2.19) one has E,(—t¥|£|?) =t~ 3" E,(—[t~2¢|?) € R for all ¢ > 0 and
£ € R, it follows that

[{La(t)uo = uo, v)| = [(uo, La(t)v = v)| < fluoll s, _[[La(t)v =05 =0, (3.12)
ast—07. O
3.2. Nonlinear estimates
Recall the nonlinear term in (1.5)
Bu(u)(t) = / La(t—s / ro1(s — 7)f (u(r))drds. (3.13)
0

Lemma 3.5 (Nonlinear estimate). Assume the hypotheses of Theorem 1.1. There is a constant K > 0 such
that

1Ba () = Ba(v)llxy < Kllu— vl xz (lullfe;" + loll%;"), (3.14)

or atl u,v € . Moreover, we have B, — 0 in the weak—=x topology o ast— 0.
for all XP. M have B 0 in the weak— logy of B2V 0+

Proof. The proof is divided in three steps.
First step. Let § € R be such that o —*7# = §— %7 In view of (1.16) and o > 1 we have 77t > % > =k,
it follows that ¢ < 0 < § and p > ¢q/p. Applying (2.10) and (3.2) afterwards (2.9) and (2.12), respectively,

we have

[Ba(u)(t) = Ba(v)(®)llng, . < [Ba(u)(t) = Ba(v)(t)lln

a/p,p,00

t

<c / (t—s)m / Faci(s = D) f(u(r) — f()|xp, _drds
0

a/p,
0

t

<c / (t—sm / raci(s = T F(u(r)) — F@))ar, ,  drds

0

< / (t-s) / acas = Dl = vl (lul5e?, + Iollie? Jards— (3.15)
0
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=11 (t) iggtnllu(t) —v(B)lm,., Supt" P (O, + 0Ol (3:16)
where ro(s) = s*71/T(a), f(u(r)) = |u(r)]P" u(r), 1 = -5 = —%0 — %(% - "?%”) and

t) = C/(t — )M /ra,l(s — 1) "drds

=CB(A —np,a = 1)Bla—n,m +1), (3.17)

for B(z,y) = fol t*=1(1 —t)¥~1dt if 2,y > 0. Indeed, by change of variables 7 = zs and s = tw, respectively,

we get
t s t 1
/(t — M /ra,l(s — 1) "drds = /(t —s)nsaimIe /(1 — )7 274y | ds
0 0 0 0
1
=B(1—np,a— 1)ta+vl—np /(1 _ w)'ylwa—l—npdw,
0
=B =np,a = DB(a = np,m + 1), (3.18)
because by 71 = -0 — %(% — #5F) and (1.15) we have
2 n—pu a, 2 n—pu
a+m— np—a+2(p 1 p ) 2(,0—1 p )p
B o ap
=a+ —p 1 —p 1

Inserting (3.17) into (3.16) yields

sk

1Ba()(®) = Ba(0)(B)lng,.... < Kisupt'u(t) = v(t)la,, supt™ V(@i +Io®)ls,,)-  (319)

Second step. Let 5 = s = 0. By estimate (3.1) and Hoélder inequality (2.12) we obtain

t

[ Ba(u)(t) = Ba(v)(t)lm,,,, < C/(t —5)720(s)ds (3.20)

0
where v, = —%(# — =) and 6(s) is given by

S

0(s) = /mfl(s = m)lu(r) = o(m) | ag,,, ()., + IR, dr

0

Mimicking the First step we get
- -1 -1
1Ba(u)(#) = Ba(0)®)llaty 0 < ¥2(t) supt7u(t) = v(t) ;.. j;lgt"(” D, + l0®lh,,)  (3:21)

where 12 (t) can be estimated as

Po(t) < CB(L —np, = 1Bl — np,ya + D271 = Kot ™7, (3.22)
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because in view of (1.15) we have

n an—u o 2p n @ ap
o —-np=a— = - =+ — - ———-—n=-n.
Y2 — NP 2 ¢ 2 -1 =1 p—1 n n

Inserting (3.22) into (3.21) it follows that
Ba(0)(t) = Ba(0) Ol < Kosupe'lult) = o(®)ve, supt™® D(Jul)|fel, + o®l],). (323)

The convergence of the beta functions appearing in (3.18) and (3.22) is obtained by restrictions (1.16) and

a > 1, because this yields in 1,72 > —1 and np < 1 < a. It follows that (T -+ < 2 < 2 which we

have used in Second step. Recalling (1.14) and using (3.19) and (3.23) we obtain (3.14) with K = K; + K».

Third step. As S(R™) is dense in B2/(p 2 (see [34, p. 48]) the weak—x* convergence can be obtained by
estimate

[(Ba(u)(t), )| < [(Ba(u)(t),v = @) + [(Ba(u)(t), )]
< | Ba(w) )l ggr-@-mrellv = ¢l g2r0-1 + {Ba(u)(t), ¢}

< Cllullxge + Cllullip ol g2ro-0t* < Cllullxpe as t — 07, (3.24)

o— (n w/p _ BQ/(pfl)

because for v € B one has ||v — ¢||B2/(p*1) < ¢, for all ¢ > 0. Moreover, by embedding
1,1

J\/W,Oo C Biog.f #)/l (see (2.11)) and = “ <5< we have that

q/p

|(Balu Faci(s = 7) (F(u(r), La(t - s)p) drds
a-|f ]

// s = DI 1Lt ) s drds
00 bt

t
<o [ flsmmrr o s R ol Il s, drds
0 0
t s
< 0//(577)%2@75)—% s ul Syl e,
:
0 0
< Ct“|\u||§(g||¢||3p% —0 as t— 0" (3.25)

1,1

and

IBa Ol -2 < // (5 = T Lalt = ) @) 0@l oo drds

00,00

IN

t s
/ / rac1(s = 1| Lalt — 8) [u(r) P~ u(r) Lz, _drds
0
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a/p;p,00

// (5= )| La(t = 8) [u(r) () s, drds

t s
<C [ [rasts =t = )P (ol _drds
0 0
SC’//ra_l(s—T)(t—3)717'7’7pd7'd8|\u||§<5
0 0
< Clull (3.26)

as required, this finish our proof. O
4. Proof of theorems
4.1. Proof of Theorem 1.1

Let 0 <e <R = (1/2"’]()’)_17 where K > 0 and L > 0 are the constants obtained in Lemma 3.4 and
Lemma 3.5, respectively. Let § = ¢/L, Lemma 3.3 with X = X? and y = L(t)uo yields the existence of a
unique global mild solution u € X, such that [jul|x, < e. Moreover, Lemmas 3.4 and 3.5 yield u(t) — uo

2/(0—1)

in the weak—s topology of B3/ as t — 07. The dependence of the initial data can be obtained from

Lemma 3.4 and Lemma 3.3. Indeed let § = Lq(t)uo where ug € Ny, ., then
_ 1 _ 1
lu(t) —a(®)llxr < ;5 =t I La(t)(uo — o) x, < ;— =t lluo —vollag, .. ©

4.2. Proof of Theorem 1.3

The proof follows from analogous argument found in [3, Theorem 3.3]. For the reader convenience, we
indicate the main steps of proofs.
Item (i): Let M € G and ug be antisymmetric, then ®(x,t) = L, (t)up and B, (u) is antisymmetric. Indeed,
in view of the orthogonality of M and uo(Mz) = —ug(z) we have

—g(€) = [uo(M)]"(€) = up(M~1¢), (4.1)
it follows that
[@(M,t)]"(€) = Eo(—t*|M~¢*Ya(M~1¢)
—Eo (—t"[¢[*)a(¢)
~&(x,1)(€).

this shows us that L, (t)uo is antisymmetric for each fixed ¢t > 0. Similarly, we can show that B, (u) is
antisymmetric whether u is also. So, employing an induction argument, one can prove that each element uy
of the Picard sequence

|
S

uy(x,t) (z,t) (4.2)

®(x,t) + Bo(ug—1)(z,t), k=2,3,--- (4.3)

ug(x,t)

is antisymmetric. It follows that u(x, t) is antisymmetric, for all ¢ > 0. The symmetric property is analogous.
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Item (ii): Let ®(x,t) = Lo(t)up. In view of ug be homogeneous of degree —% we set up(Axr) =
A2/ =Dy (x). Tt follows that

(DA, D)]N(€) = Ea(—t16/N?)0(£/A)
= AT B (— ¢ /AP (€)
= AT By (—t*€[*)n (&)

L —

= \TTIR(,1)(0),
that is, ®(Az,t) = )\_%CI)(m, t). Now proceeding like Item (i) we obtain that
u(z,t) = ux(z,t), for every A > 0,
in other words, u is forward self-similar solution. O
4.8. Proof of Theorem 1.5

We only show that (1.18) implies (1.17). The converse is left to the reader. We have that

tMult) = o) lmg,. < ELa(t)(uo = vo)l[ag,,, + "] Balu) = Ba(v)lr,,.

1= t"[| La(t)(uo — vo)llm,,. + J1(t) (4.4)
and
Ju(-t) = v( Olng, o < [Lalt)(uo —vo)llng, . + [1Balu) = Ba(v)llng, .
< [ La(t)(uo — vo)llng, . + J2(t). (4.5)

Using the inequality (3.20), ||ul|x, < 2¢ and ||U||Xq < 2¢, J1(t) can be estimated as

S

nt <o [t =59 [raats =) = o)lae,,, (IR, + loml5,) drds
0 0

< t”2(2€)”_10/(t — ) /roé,l(s — 7)) "L (T)dTds, (4.6)
0

where X1 (7) = t"||u(7) — v(7)||m,, and v2 =np — a —n. For Jo, in view of (3.15), we have that

t s

Jo(t) < (2reP~1)C / (t—s)m / Fa1(s — 7)7 Dy (7)drds, (4.7)

0 0

where ¥o(7) = [[u(r) —v(7)[xg,  and 11 =np — .

Let us define X(7) = X1(7) + X2(7). After performing a change of variables in (4.6) and (4.7), we get

1 1
Ji(t) + J2(t) < (2p€”_1)0/(1 —o)2g" 71 "p/ra 1(1 = 2)z7"X(toz)dzdo +
0 0
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1 1
+ (2771 C’/ (1—o)o* 1 "p/ra 1(1 — 2)z7"PX(toz)dzdo. (4.8)
0 0
We claim that
IT := limsup X(¢) = 0, (4.9)
t—+oo

which is enough for our purposes. For that, we take lim sup in (4.8) in order to obtain

t—+oo0
1 1
lim sup[Jy (¢) + J2(t)] < (2p5p_1)0/(1 —o)2g* TP o limsup/ra_l(l — 2)z7"PE(toz)dz
=00 ), t—4o00
1 1
+ (2p5p_1)0/(1 — )" 17Pdo lim sup/ra_l(l —2)z "X (toz)dz
) =00
1 1
< (2P Ho /(1 - 0)7200‘_1_ﬁpd0/ra_1(1 —2)z7"dz | T
0 0
1 1
+ (2Per~HC /(1 - U)Wlaa_l_"pda/ra_l(l —2)27"dz | 1T
0 0
= (K + Ko)(2Pe? DI, (4.10)

It follows from (4.4), (4.5), (4.10) and (1.18) that

I < Tim sup(¢7[| Lo () (uo = vo) My, + 1 La(t)(uo = vo)llng, ) + TimsuplJi () + Ja(1)]

t—+oo ’ t—+o0

<0+ (K + Ky) (20" DI = (2°eP KT (4.11)
So, due to 2°eP7'K < 1, we get IT = 0, as required. O
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