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Coherent atomic oscillations and resonances between coupled Bose-Einstein condensates
with time-dependent trapping potential
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We study the quantum coherent tunneling between two Bose-Einstein condensates separated through an
oscillating trap potential. The cases of slow and rapid varying in the time trap potential are considered. In the
case of a slowly varying trap, we study the nonlinear resonances and chaos in the oscillations of the relative
atomic population. Using the Melnikov function approach, we find the conditions for chaotic macroscopic
quantum-tunneling phenomena to exist. Criteria for the onset of chaos are also given. We find the values of
frequency and modulation amplitude which lead to chaos on oscillations in the relative population, for any
given damping and the nonlinear atomic interaction. In the case of a rapidly varying trap, we use the multiscale
expansion method in the parameter«51/V, whereV is the frequency of modulations, and we derive the
averaged system of equations for the modes. The analysis of this system shows that new macroscopic quantum
self-trapping regions, in comparison with the constant trap case, exist.

PACS number~s!: 05.30.Jp
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I. INTRODUCTION

It has recently been shown that there exists a macrosc
quantum phase difference in processes connected
atomic waves. Namely, this effect is observed between
tunnel coupled Bose-Einstein condensates@1–3#. The cou-
pling occurs due to a trap potential which has the form o
double-well potential. The theoretical investigation sho
that there is possibly an interesting phenomenon of perio
oscillations of the atomic population between condensa
and quantum self-trapping of population in the depende
of the relative phase between condensates@4–8#. Analogous
phenomena which have been studied are the ac Josep
effect @9# and the periodic exchange of power and switch
of electromagnetic waves between cores in nonlinear op
couplers@10#.

In particular, there is a direct analogy between the tunn
ing phenomena in two prolongated Bose-Einstein cond
sates and two tunnel-coupled single-mode optical fibers
this optical analogy, the role of the chemical potential
played by the propagation constant, and the nonlinear in
action between atoms is analogous to the Kerr nonlinea
of optical media. The tunnel coupling arising from the ove
laps of the electromagnetic fields outside of dielectric c
inders ~fibers! @11–13# exactly corresponds to the tunn
coupling between two Bose-Einstein condensates due to
overlaps of the wave functions.

In this context, it is natural to investigate the influence
a time-varying coupling on the quantum coherent tunnel
process. In the nonlinear optical coupler analogy, this co
sponds to the variation in the longitudinal direction coupli
@14,15#. As was shown recently, the variation in time of th
trap potential can lead to resonant oscillations of the Bo
Einstein condensate@16,17#. The numerical solution of the
Gross-Pitaevsky equation shows that the rapid variation
1050-2947/2000/62~2!/023613~9!/$15.00 62 0236
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time of the trap potential can lead to a bifurcation of t
effective ~averaged! form of the trap potential and conse
quently to splitting of the BEC@18#.

From what we have said above, we could wait for ne
phenomena in the process of quantum coherent atomic
neling ~QCAT! too. Recalling the analogy with Josephso
effects in coupled junctions, we note that in the last case
very difficult to produce such effects, the difficulty comin
from the fact that it is hard to implement the time-varyin
overlap properties of junctions.

Thus, in this paper we will study the atomic tunnelin
between two tunnel-coupled BEC’s in a double-welltime-
dependenttrap. Namely, in Sec. II we will study the nonlin
ear resonance phenomena in the interference and, in par
lar, the stationary regimes, with damping taken into accou
The phase and population damping are considered as w
The phase-locked states are interesting because of the
pression in these states of the fluctuations of the rela
phase between two condensates. The regions of regular
chaotic oscillations of the relative atomic population are c
culated in Sec. III, using the Melnikov function approach.
Sec. IV the macroscopic quantum interference in two ov
lapped condensates with rapidly varying traps is inve
gated. We derive the system of averaged equations
coupled modes and define in Sec. V new regimes of par
eters for the macroscopic quantum self-trapping~MQST!.

II. FORMULATION OF PROBLEM. SLOWLY VARYING
IN TIME TRAP

The problem of Bose-Einstein condensates in a tw
double-well time-dependent trap can be described by the
lowing model:
©2000 The American Physical Society13-1
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ih
]c1

]t
5@E1~ t !1a1uc1u2#c12K~ t !c2 ,

~1!

ih
]c2

]t
5@E2~ t !1a2c2u2#c22K~ t !c1 ,

where the parametersEi ,a i ,K(t) are defined by the overla
integrals of the time-dependent Gross-Pitaevsky eigenfu
tions as given in@4#. a i are parameters of nonlinear intera
tions between atoms anda i;g054ph2a/m, wherea is the
atomic scattering length. The attractive case can be obta
analogously, using symmetries of the equation. This s
tem of equations is valid in the approximation of a weak li
between condensates. Comparison with the numerical s
tion of GPE shows that the system~1! is a reasonable ap
proximation for z<0.5– 0.6. For the strongly overlappe
condensates, the system should be modified. For a per
cally varyingK(t)5K01K1 sin(Vt) we have limitations on
the parametersK1 and V for which the two-mode approxi
mation is valid. The small deformation of bound states
quiresK1!K0 . To avoid the resonances of the modulatio
with normal modes of the spherical well, we should requ
that the difference of energy between the ground state
the first normal mode be larger than the modulation ene
i.e., dE@\V. Taking into account thatdE;\v0 @7#, where
v0 is the harmonic-oscillator frequency, we find the con
tion V!v0 . Taking into account thatv0@vL52K0—the
frequency of the linear oscillations of the atomic populatio
defined by the tunneling frequency—we conclude that b
proper choice of parameters we can have the resonant
V.vL or the rapidly varying modulationV@vL .

Introducing new variablesui5ANi exp(iui), z5(N1
2N2)/NT , NT5N11N2 , andc5u12u2 , whereNi , andu i
are, respectively, the number of atoms and phases in thei th
trap, we get the following system:

zt522K~ t !A12z2 sinF2hF t , ~2!

F t5nLz1
2K~ t !z

A12z2
cosF1DE~ t !. ~3!

where L5(a11a2)NT and n561 for the positive and
negative atomic scattering length, respectively. In what
lows, we will consider the casen51 (as.0), if not stated
otherwise. We have included in Eq.~2! the damping term
hf t(t). It appears if we take into account a noncoher
dissipative current of normal-state atoms, proportional to
chemical potential differenceDm. For the other type of over
lapping condensate, there might be another type of damp
For example, for the two interacting condensates with diff
ent hyperfine levels in a single harmonic trap, the damp
has the formhz(t).

The Hamiltonian of the unperturbed system@K(t)
5const,DE5const,h50# is

H5
Lz2

2
22KA12z2 cos~F!1DEz. ~4!
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Let us consider the case of periodic modulations of
tunnel coupling parameter, whenK(t)5K01K1 sinVt and
the time-periodic energy difference isDE(t)5DE
1DE1 sin(Vt). It is useful to introduce the parameterD
5F2Vt, which is a slow-varying function of the time in
comparison with the periodV. The averaged system of equ
tions can be found by averaging over the period of fast
cillations 2p/V. Doing so, we get the system

z̄t52K1 cosD̄A12 z̄22hD t2hV, ~5!

D̄ t52V1DE1Lz2
K1z

A12 z̄2
sinD̄. ~6!

Let us now look for the fixed points of Eq.~5!. Introduce
first the notationa5V2DE. From the system~5! we find
the following equation for the fixed points:

zc5S 12
h2V2

K1
2 cosDc

2D 1/2

, ~7!

a5zcS l2K1
2 sin 2Dc

2hV D . ~8!

For smallzc , zc
2!1, we can find the explicit solution

Dc5arccosS hV

K1
D ,

~9!

zc'
V2DE

L2AK1
22h2V2

.

The existence of a stationary solution is connected w
the circumstance that the damping of the oscillation in qu
tum tunneling is compensated by the periodic variation of
trap. In Ref.@6# the influence of the damping on the macr
scopic quantum interference has been investigated num
cally and degradation of the interference due to damping
been analyzed. The predicted stationary solutions, wh
these effects are compensated by the variable driving,
indeed phase-locked solutions. Thus we can think that
fluctuations of the relative phase will be suppressed in s
states. It is an important prediction since BEC’s have ph
fluctuations and it is difficult to maintain the constant relati
phase of condensates. This phenomenon can be usef
develop the phase standard for the Bose-Eins
condensate—a problem attracting considerable attention
cently @19#.

We can estimate the value of fixed points for an expe
mental situation. For example, whenV50.7, h50.1, K1
50.2, andL52.5, we obtain the fixed pointsz1c50.2599
andz2c50.3037. Stability analysis shows that only the fir
point is stable and corresponds to the global attractor.
results of the numerical simulations of the initial system
the relative populationz(t) are presented in Fig. 1. It show
that the agreement between theory and numerical simulat
is good.
3-2
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COHERENT ATOMIC OSCILLATIONS AND RESONANCES . . . PHYSICAL REVIEW A 62 023613
The same system of equations also describes the nonl
Josephson-type oscillations in the relative population o
driven, two-component Bose-Einstein condensate. The t
component condensates are those in which two different
perfine states can be populated and confined in the same
A weak driving field couples two internal states and as
result the oscillations in the relative population will occ
@20#. In this case the damping term has the formG52hz.
Repeating the above-mentioned procedure, we obtain the
eraged system

z̄t52K1A12 z̄2 cosD̄2h z̄,
~10!

D̄ t5L z̄1DE2V2
K1z̄

A12 z̄2
sinD̄.

In the model@20#, DE corresponds tom22m12k, where
m i are chemical potentials andk is frequency detuningk
5vd2v0 , v0 is the separation in frequency of two hype
fine states, andv0 is the frequency of drive. The fixed point
are

D̄c5arccosS hzc

K1A12zc
2D ,

~11!

Lzc2a2
K1zc

A12zc
2 S 12

h2zc
2

K1
2~12zc

2!
D 1/2

.

For the case of smallzc
2!1 we have the estimate forzc ,

zc5
DE2V

L2K1
1

~DE2V!3~K1
22h2!

2K1~L2K1!4 . ~12!

The typical values of the parameters areV50.7, m2
2m12k5DE51, h50.1, K150.2, and L54, and the
fixed points arez3c520.111 andz4c520.13. The analysis
shows that the first fixed point is stable and second is
stable.

In Fig. 2 we present the plot of solution of the full syste

FIG. 1. The typical behavior of the solutions to Eq.~2! when the
damping is taken in the formG5hf t . This case corresponds to
V50.7, h50.1, K150.2, andL52.5. The theoretical value iszc

50.2599, the numerical value iszc50.26.
02361
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for the damping termhz with the above-mentioned set o
parameters. All solutions decay to the first fixed point.

III. CHAOTIC OSCILLATIONS IN RELATIVE ATOMIC
POPULATION

In this section we consider the interference in the syst
which in some limit is mathematically equivalent to the m
tion of a particle in a double-well potential under paramet
periodic perturbations. The particle motion is of course u
harmonic and the nonlinear resonances between oscillat
of a particle and oscillations of the trap potential are p
sible. One of consequences of this is the possible appear
of chaotic dynamics in such systems. We will now study t
conditions for the appearance of the chaotic dynamics
atomic tunneling.

To proceed, it will be useful first to consider some aspe
of the unperturbed system, that is, when the coupling is c
stant. In this case the system~2! is equivalent to the quartic
~Duffing! oscillator @6,23#.

We can write the equation forz(t) as

ztt52
]V

]z
, ~13!

where the potentialV(z) is given by

V~z!5z2~a1bz2!, a52K0
22

LH

2
, b5

L2

8
, ~14!

and H is the Hamiltonian. The total energy of the effectiv
particle is

E05
zt

2

2
1V~z!52K22H2/2.

When E0.0, we have the oscillating regime witĥz(t)&
50 ~nonlinear Rabi oscillations!. This case corresponds t
the periodic flux of atoms from one BEC to the other. Wh
E0,0, the motion of the effective particle is confined in th
of the wells. This case corresponds to the localization
atomic population in one of the condensates—the so-ca
macroscopic quantum self-trapping~MQST!. The caseE0

FIG. 2. The typical behavior of the solutions to Eq.~2! when the
damping is taken in the formG5hz. This case corresponds toV
50.7, DE51, h50.1, K150.2, andL52.5.
3-3
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50, i.e.,H52K, corresponds to the separatrix solution se
rating these two regimes. It is interesting to investigate
dynamics of atomic population, when the inital paramet
z(0),F(0) are close to the separatrix of the unperturbed s
tem. From the general theory of nonlinear driven oscillatio
@21#, we can expect the appearance ofchaotic macroscopic
tunneling phenomena.

The separatrix solutions for the right-hand side well~con-
densate! are

zs~ t !5Aa/b sech~A2at!,
~15!

sin2~Fs!5
s2 sech2~A2at!tanh2~A2at!

2K0
2@b2a sech2~A2at!#

,

whereH5Hs52K.
The motion near the separatrix is very sensitive to

change of the initial condition and a stochastic layer appe
leading to the chaotic dynamics of the solutions of the s
tem ~2!. The Melnikov function method is effective to fin
the regions of chaotic behavior@21,22#. The system~2! may
written in the form r t5f1eg and has a hyperbolic fixed
point. According to this method, we need to calculate
Melnikov functionM (t0),

M ~ t0!5E
2`

`

@ f 2sg1s~ t,t0!2 f 1sg2s~ t,t0!#dt. ~16!

As is well known, the existence of zeros ofM (t0) indicates
the intersection of separatrices and the existence of
moclinical chaos. Substituting the expressions forf i ,gi from
the system~2! and calculating the integrals, we find the fin
expressions for the Melnikov function. We shall give t
results for two possible damping terms.

A. The case of the damping in the formhF t

The integrations in Eq.~16! are cumbersome, and will b
omitted. The final result for the Melnikov function is

M1~ t0!52K1F1 cos~Vt0!2F2h , ~17!

where

F15
pLV2

4K0b sinhS pV

2A2a
D ,

~18!

F25
2LA2a

Aab2a2
~L22Hs!arctan@Aa/~b2a!#

2
A2a

16~b2a!b2 G1 ,

where
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G15@22b2~2Hs2L!~bHs24aL13bL!#

3
arctan~a/Aab2a2!

Aab2a2

2 2@4a2L225abL212b2~4Hs
224HsL13L2!#.

~19!

The simple zero ofM (t0) is absent if the condition

h.
F1

F2
~20!

is satisfied. In Fig. 3 we plot this criterion in the (K1 ,V)
plane for h50.1. Regions below the curve correspond
regular oscillations and those above correspond to cha
oscillations ofz(t). The criterion gives a good lower boun
on the region of chaos in this plane. We verified this low
bound in the (K1 ,V) plane by numerical simulations an
found a good agreement with the formulas~20!.

When the damping coefficient is zero, we have the
pression for the width of stochastic layer near the separa
as

FIG. 3. The regions of regular and chaotic oscillations in pla
K1 , V from the Melnikov approach.

FIG. 4. The width of stochastic layer as a function of frequen
V, when h50, K051, K150.2, L59.9, z(0)50.6, andF(0)
50.
3-4
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D5
pLK1V2

4K0b sinhS pV

2A2a
D . ~21!

In Fig. 4 we plot the width of the stochastic layer as
function of the frequency forK150.2, L59.9, z(0)50.6,
and F(0)50. The maximum of the width is given by th
solution of the equation

V tanhS pV

2A2a
D 5

4A2a

p
.

For this choice of parameters, we haveVm51.89. ForV
>2,a>1 we get the estimateVm'4A2a/p. It can be seen
that, for the high frequenciesV@Aa, the stochastic layer is
exponentially narrow and motion is regular. The analysis
this case will be performed in detail in the next section.
Fig. 5 we plot the typical oscillations in the relative atom
population for L59.9, K051, K150.2, z(0)50.6, and
F(0)50 for V51.5. It turns out that forV between 1.5 and
3.22 we have chaotic oscillations, and for small or largeV,
regular oscillations. In Fig. 6 the phase portrait is given.
Fig. 7 the influence of the damping on chaos is illustrat
Parameters are the same as in Fig. 5 andh50.15. In this
case the oscillations become regular.

FIG. 5. The typical oscillations of the relative populationz(t)
for K151.2, L59.9, z(0)50.6, F050, andV51.5.

FIG. 6. The phase portrait in the (F,z) plane for the same
values of the parameters as in Fig. 5.
02361
f

.

B. The case of the damping term in the formhz„t…

The calculation of the integrals which give the Melniko
function is again cumbersome, and one finds the follow
result:

M ~ t0!5F1 cos~Vt0!1hF3 , ~22!

where

F35
L22Hs

A2~b2a!
arctan@Aa/~b2a!#1

3LAa

2&b
. ~23!

The zeros ofM (t0) are absent when the condition

h.
F1

F3
~24!

is satisfied.
If we consider for example the case whenK150.2, V

50.7, L52.5, z(0)50.6, andF(0)5p, the damping con-
stant should beh50.15. In Figs. 7 and 8 the chaotic an
periodic oscillations of the relative population in the depe
dence of the frequency for fixedz(0),F(0) are plotted.

FIG. 7. The typical oscillations of the relative populationz(t)
for K150.2, L52.5, z(0)50.9, F05p, andV53.22.

FIG. 8. The typical oscillations ofz(t) for the same set of pa
rameters as in Fig. 7, but withG520.15z.
3-5
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IV. RAPIDLY VARYING TRAP POTENTIAL

In the rapidly varying caseK5K(t/e) we can apply the
averaging techniques based on the multiscale expans
@24–26#. Let us search the solution in the form of the sum
the slowly varying componentsU,V and rapidly varying cor-
rectionsui ,v i ,

c1~ t !5U~ tk!1eu1~z!1e2u2~z!1¯ ,
~25!

c2~ t !5V~ tk!1ev2~z!1e2v2~z!1¯ ,

wherez5t/e, e!1, andtk5ekt are slow times. The aver
ages over a period of rapid oscillations are^ui&5^ui&50.
The functionsui ,v i are assumed to be functions of the rap
time z and the slow varying functionsU,V. The derivatives
can be written in the form

dU

dt
5

dU

dt0
1e

dU

dt1
1¯ ~26!

and analogously for the derivative ofV.
Below, we will assumeE15E2 . Then the time depen

dence inE(t) can be removed by a simple field transform
tion u(v)5u(v)exp„( i /h)*E(t8)dt8…. In the zeroth order in
e we get the equations

i\S ]u0

]t0
1

]u1

]z D5Eu02K~z!v01auu0u2u0 , ~27!

i\S ]v0

]t0
1

]u1

]z D5Ev02K~z!u01auv0u2v0 . ~28!

Requiring the exclusion of the secular inz terms, we find
the correctionsu1 ,v1 ,

u15
i

\
v0~m12^m1&!, ~29!

v15
i

\
u0~m12^m1&!, ~30!

wherem15*0
z@K(s)2^K&#ds and the system foru0 ,v0 be-

comes

i\
]u0

]t0
5Eu02^K&v01auu0u2u0 , ~31!

i\
]v0

]t0
5Ev02^K&u01auv0u2v0 . ~32!

In the ordere we have

]u0

]t1
50,

]v0

]t1
50, ~33!

and we obtain, for the second-order correctionsu2 ,v2 ; the
elimination of the secular terms result in
02361
ns
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u252
i

\
~m22^m2&!S ]v0

]t0
1

i

\
v01

ia

\
@2uv0u2v01u0

2v0* # D
2@~m12^m1&!222M #u0 , ~34!

v252
i

\
~m22^m2&!S ]u0

]t0
1

i

\
u01

ia

\
@2uv0u2u01v0

2u0* # D
2@~m12^m1&!222M #v0 , ~35!

where

m25E
0

z

„m1~s!2^m1&…ds, M5~^m1
2&2^m1&

2!.

From this order we get the equations

]u0

]t2
52

2iM a

h3 @2uv0u2u02v0
2u0* #, ~36!

]v0

]t2
52

2iaM

h3 @2uu0u2v02u0
2v0* #. ~37!

Finally, we have in the next order,O(e2), the averaged sys
tem

i\
]u0

]t
2Eu02auu0u2u0

52^K&u012
e2aM

\2 @2uv0u2u02v0
2u0* #, ~38!

i\
]u0

]t
2Ev02auv0u2v0

52^K&v012
e2aM

\2 @2uu0u2v02u0
2v0* #. ~39!

For periodic modulations of tunnel coupling, we obtainM
5K1

2/V2.
This averaged system is the main result of this secti

We see that, in comparison with the constant coupling ca
new effects appear. First, the cross term appears, corresp
ing to a change of type in the effective nonlinearity
coupled BEC dynamics. Second, there appears an additi
nonlinear phase-sensitive coupling. This term leads to n
minima in the effective potential picture. In the constant co
pling case, the oscillations ofz(t) are described by the Duf
fing oscillator. Now we have a more complicated nonline
oscillator, describing more complicated interference patte

V. ANALYSIS OF THE AVERAGED DYNAMICS

Using the variables introduced in Sec. II, we get the s
tem

zt522^K&A12z2 sin~F!2nd~12z2!sin~2F!, ~40!
3-6
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F t5Lz12
^K&z

A12z2
cos~F!2ndz@22cos~2F!#, ~41!

where we have definedd5e2aM /h2. This system has the
following Hamiltonian:

H5
L1z2

2
22^K&A12z2 cos~F!2

d

2
~12z2!cos~2F!,

~42!

whereL15L22d.
When the parameterd50, we get back the system~2!.

The effective particle motion is that of the double nonrig
pendulum system.

Let us consider the different regimes of oscillations.

A. Linear regime

This is the case whereuzu!1,uFu!1. Then, from the sys-
tem ~40!, it follows that

ztt522~^K&1d!~L12^K&2d!z.

Then the frequency of linear oscillations of the number
atoms is

vL
2522~^K&1d!~L12^K&2d!.

FIG. 9. The phase portrait in a planez,F of the averaged system
of equations~40! for F(0)5p, L52.0, andd50.2.

FIG. 10. The phase portrait in a planez,F of the averaged
system of equations~40! for F(0)5p, L52.0, andd50.6.
02361
f

Thus, the frequency of the linear oscillations grows w
dv25vL

22v0
252d(^K&1L2d), in comparison with a

nonmodulated case.

B. z2™1, and F is not small

The phase dynamics is described by the equation

F tt12^K&~L22d!sin~F!1~dL12^K&222d2!sin~2F!

12d^K&sin~3F!1
d2

2
sin~4F!50. ~43!

At derivation of this equation we take into account thatF t
;z, so we neglect by terms;zF t . This equation is equiva-
lent to a generalized pendulum motion whose effective
tential is given

U~F!522^K&~L22d!2 1
2 ~Ld12^K&222d2!cos~2F!

2
2d^K&

3
cos~3F!2

d2

8
cos~4F!. ~44!

The additional minima atF56np correspond to the trap
ping of oscillations in states with locked phase.

FIG. 11. The phase portrait in a planez,F of the averaged
system of equations~40! for F(0)5p, L52.0, andd50.8.

FIG. 12. The typical behavior of the solutions to Eq.~2!, for d
50.8 andL510, F(0)50 and varyingz(0). ~A! corresponds to
z(0)50.5, ~B! to z(0)50.65, ~C! to z(0)50.68, and~D! to z(0)
50.80. ~B! is just before the localization transition and~C! just
after.
3-7



th
t
s
it
o

th
c

a
ri

re

-
rgy,

F. KH. ABDULLAEV AND R. A. KRAENKEL PHYSICAL REVIEW A 62 023613
VI. MACROSCOPIC QUANTUM SELF-TRAPPING

This phenomenon consists in the self-trapping of
atomic number in one of the condensates, depending on
initial difference in atomic number and on the relative pha
of condensates. This is connected with the phase-sens
linear coupling. The nonlinear guided wave optics analog
this phenomenon, first predicted in@4#, is the switching of
the power in the dual core couplers from one core to
other, depending on the initial power or the phase differen
The additional coupling in the averaged system~40! is non-
linear and also phase-sensitive. Thus the condition of loc
ization of atomic population should be modified in compa
son with the one considered earlier.

Let us find the fixed points of the averaged system~40!.
The first group is forFn5pn, n50,61,62, . . . . For
eachFn there can exist one or three roots forz. One of the
roots isz150, two others are

zs1,256S 12
4^K&2

~L2d!2D 1/2

. ~45!

Note that if (L2d)^K&,0, then three roots exists for evenn
and one root (z150) exists for oddn. For (L2d)^K&.0,
one has the opposite situation. The critical value isLc
.2^K&1d.

One can show, however, that linear stability analysis p
dicts that this set is unstable whend.L/2.
s

dy

-
e

t
ca
e

s o

u
ra

th
he
e

ct
of
th

02361
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e
e.

l-
-

-

The second group of fixed points is given by

cos~F!52
^K&

A12z2
. ~46!

Again, there are two possibilities.
~i! L53d, where the whole line is stationary.
~ii ! LÞ3d, where one has the following static point:

cos~F!52
^K&
d

, z50. ~47!

This root assumes thatu^K&/du,1. The linear stability analy-
sis shows that the fixed points are unstable whenL.3d.

Following @6#, from the constraint coming from the en
ergy conservation and the boundness of the tunneling ene
given by

H5
L1z2~0!

2
22^^K&&A12z2~0! cos„F~0!…

2
d

2
@12z2~0!#cos„2F~0!…>2^K&2

d

2
, ~48!

we obtain the estimate for the critical value ofLc when the
self-localization occurs. We find that
Lc5
4^K&@A12z2~0! cosF~0!11#1d„@12z2~0!#cos 2F~0!21…

z2~0!
12d. ~49!
o
we
cil-
led
the
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The phase portrait is plotted in Figs. 9–11 for initial pha
difference F(0)5p and L52.5, for different d
50.2,0.6,0.8. The regions corresponding to different
namics ofz(t) with ^z&50 and^z&Þ0 are shown. The in-
creasing ofd ~i.e., K1 /V) leads to the distortion of the
MQST regime, and ford;1 to the nonlinear Rabi-like os
cillations. The typical oscillations in time of the relativ
population for different values ofd and for fixedL are plot-
ted in Fig. 12. The influence of rapid modulations leads
the appearance of new minima in the oscillations. This
be described as a result of the overlap of two double-w
potentials. This conclusion is also confirmed by the result
numerical simulations of the GP equation for thesingleBEC
under the rapidly varying trap potential performed in@18#. In
this work, it has been shown that the effect of rapid mod
lations is the appearance of an effective double-well t
potential.

VII. CONCLUSION

In this paper we have studied the new effects coming
time variation of the trap potential and from damping on t
nonlinear oscillations in the relative population behavior b
tween two BEC’s. For the slowly varying trap we predi
synchronization of oscillations of the trap with oscillations
the relative population. We find the fixed points for bo
e

-

o
n
ll
f

-
p

e

-

types of damping terms occurring in the studies of tw
coupled condensates. Using the Melnikov approach,
study the possibility of the appearance of the chaotic os
lations in the tunneling phenomena between two coup
Bose-Einstein condensates. We calculate the width of
stochastic layer in phase space, in which the dynamic
chaotic. We find the lower bound on the region of chaos
the (K1 ,V) plane. We obtain the estimate for the dampi
coefficient when the chaos is suppressed. For the rap
varying trap we use the multiscale method and derive
averaged equations for coupled modes describing the tun
ing phenomena. We find the fixed points in this case desc
ing the stationary states in two coupled BEC’s. The expr
sion for the critical value of the nonlinearity parameter, wh
the macroscopic quantum self-trapping occurs, is deri
@26#. Our results show that there is interest to study the c
tribution of the quantum tunneling for this driven case a
the investigation of resonances and chaos in oscillation
atomic population for the strongly overlapped condensa
@27#. These problems require separate investigation.
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