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Classes of exact wave functions for general time-dependent Dirac Hamiltonians irH1 dimensions
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In this work we construct two classes of exact solutions for the most general time-dependent Dirac Hamil-
tonian in 1+1 dimensions. Some problems regarding some formal solutions in the literature are discussed.
Finally the possibility of existence of a generalized Lewis-Riesenfeld invariant connected with such solutions

is discussed.
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The interest in solving problems involving time- H=ap+ Bm+Vy(q,t)+BVs(q,t)+aBVe(q,t), (1)

dependent systems has attracted the attention of physicists
for a long time. This is due to its applicability in the under- where we used=#=1 andp is the momentum operatat.
standing of many problems in quantum optics, quantunmand B are Hermitian square matrices satisfying the relations
chemistry, and other areas of phys[ds-11]. In particular, «?=8%=1, {a,8}=0. Here we choosea=0; and B

we can cite the case of the electromagnetic field intensities irr o3, whereo; ando; are the 2<2 standard Pauli matrices.

a Fabry-Peot cavity [1]. In fact, this kind of problem still In this way ¢ is a two-component spinor. Furthermore, the
represents a line of investigation that attracts the interest cfubscripts for the terms of potential denote their properties
physicists[10,11]. However, as has been observed recentlyunder a Lorentz transformatioW:for the time component of

by Landim and GuedeEl2], the most part of these works the two-vector potentialS andP for the scalar and pseudo-
deal with nonrelativistic systems. So they tried to bridge thisscalar terms, respectively. The absence of the space compo-
gap by studying the problem of a fermion in the presence ofient of the two-vector potential is due to the possibility of its

a time-dependent Lorentz vector linear potential in two-elimination through a gaugelike transformation.

dimensional space-time. For this they used the so-called In the particular case considered by Landim and Guedes
Lewis-Riesenfeld invariant operator, in order to guess th¢12], one has

wave function that solves the problem. Unfortunately, they

just presented a formal solution to the problem under ques- H=ap+pm+f(t)q. 2

tion. In fact, if one considers that in the most part of the
works treating the nonrelativistic time-dependent system
the solution is not formal only for a limited number of time
dependences for the potential parameters, it is little bit (Ml(t)

s suggested by them, we will use as an ansatz for the so-
ution the following spinor:

strange that in Ref[12] there is no limitation over those =
parameters. In view of these comments, as a first example,

we are going to complete the program initiated by Landim . _
and Guedes, by solving the problem to its end, showing that® that the corresponding coupled equations are
there exist really some restrictions for a complete solution to
this problem. After that, we will show that there exist at least

two classes of solutions to the time-dependent Dirac equa- . :
tion in 1+ 1 dimensions. This is done considering the most iMo=[(n+f)g—m]M,+ nMy, (4)
general combination of Lorentz structures for the potential

. L here the dot denotes differentiation with respect.ttm-
matrix. Then we show that the problem studied in Reg] V'€ Tt o .
is only a particular case of one of those classes. Finally w&0sIng thaty(t) = J*f(A)d\, we eliminate the spatial depen-

construct the Lewis-Riesenfeld invariant operators, Whichdence of the above equations and obtain

have some of our solutions as eigenfunctions, and then dis-
cuss its possible generalization.

Let us begin with presenting the Dirac equation it 1 .
dimensions, in the presence of a time-dependent potential for iMz=—m Mz+ 7M;. ®)
a fermion of rest masm,

i n(t)
Mﬂt))eﬂtq’ ®

iM1=[(n+f)g+m]M;+ M,

iMlzli+ 77M2,

Now we simplify even more the above equations by per-
forming the following identifications:

J x . )
Hy(q.t)=i “’(a? S Mi=Gie ™, Mp=Gpe™, ()
getting
*Email address: dutra@feg.unesp.br G1= — 171Gy, G2= —17,Gq, (7)
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wheren,= ne?'™ and 7,= e~ 2™, By deriving the above with y.=#6,+Vg and 7.=6,*Vp. The above equations
equations it is easy to conclude that one gets the followingan now be decoupled, giving

second-order equations:

_ A\l |- [m .
.. i\ - ) i 1IGy—| x+tx-+i _Hel_ X+ 7| X+ 11477
Gi_ — Gi+7] Gi=0, i=1,2. (8) 7 1
i
At this point it is convenient to rescale tl@& functions as +ix+x-|G1=0,
G;=/70;. One gets finally that
. Ch2 . .
. 1( n ;i e P Fy i s | |72 i
0i+| 5 = _(_' + 72| g;=0. (9) 1Go— | X+t x- i Py Go—| x- ) XTI
i i
Note that, in general, these last equations are not some- +i G.=0 1
what straightforward to solve as asserted in RE2]. How- X+X- 2275 (15

ever, we note that for a time exponentially decaying force,

these equations take the form a Sclingier equation for the where we use the same definition as above forGhéunc-

Morse potential in the time variable, without the usualtions and nows;=7_e*™ andy,=7,e ?™. Itis easy to

boundary conditions of such kind of equations. verify that the above equations recall that appearing in Eq.
From now on, we will present an extension of the class of(8) in their particular case. Once again it is, in general, not

time-dependent relativistic systems with exact solutions. Fopolvable, showing that we have got a formal solution, so that

this purpose we begin with the complete Hamiltonjanand  if one wants to solve the problem until the end, one must

make the more general ansatz look for particular cases where these equations have explicit
solutions.
M,(t) e'Fal@n From now on we analyze the class whérg=—F,=F.
= M,(t) eF2@d " (10 In this new class, the exponential factor appearing in the

equations holds and, consequently, the only way of getting
Thus we obtain the off-diagonal terms independent @fin Egs. (11), is by
] ) imposing that
iM,=[F,+Vy+Vgtm]M,+(F,—Vp) €'F2"FiMm,,
'=-Vp(q,t). (16)

Now, the condition of spatial independence of the diagonal
terms implies that

iM,=[F,+Vy—Vs—m]M,+(F;+Vp) e (F2"FUM |
(11

where the prime denotes differentiation with respeay.tds )
by constructionM; do not depend om, one sees that it is Vy=Vy(t), Vs=Vg(q,t)=y(t)—F(q,t), (17
mandatory to get rid of such a dependence in the above equa- ] ) ] ] ]
tions. As a consequence two classes of solution emerge, cofthere¥(t) is an arbitrary function of time. In this case the
responding td;=F, andF,= —F,. equation decouples, giving simply
Let us analyze the class whelfg=F,=F. In this case . .
the exponential factor appearing in the equations disappears M1=(Vy+y+mM;, iM=(Vy—y—mM,.
and, consequently, the only way of getting the off-diagonal (18

terms independent df, is by imposing that Now it is easy to obtain the solution to these equations.

Vp=Vp(t), F=064(1)q. (120  These are given by
On the other hand, the effect of this condition over the diag- . t
onal terms results in g M(t)=M4(0) exy{ —|[m t+f [Vy(\)+ 'y()\)]d)\] )
Vs=Vg(t),  Vy=—01()q+b;(t). (13)

t
M (t)=M,(0) exp(i[m t—f [VV()\)—y()\)]dA]).
Note that this class allows the treatment of systems that are (19)
at most linear in the spatial coordinate, and includes the sys-
tem proposed by Landim and Guedes as a particular case. At this point some comments are in order. From the above
The general equations to be solved in this class are nowindings, we easily conclude that for this second class of

given by solutions, one really obtains arbitrary nonformal solutions,
i provided that the remaining integrals can be done. Here it is
iM1=(x++tmMMi+7_M,, important to remark that this class of systems allows arbi-
_ trary dependence on the spatial and time variables, in con-
iMo=(x_—mMy+ 75, My, (14)  trast to the previous class of systems.
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In what follows, we try to construct an invariant operator Ap(FLH+FY) + Fiat For= xa(1),
of the Lewis and Riesenfeld tydé 3], which has the above
classes of solutions as eigenfunctions. It could be used, as (ArF i+ Fon) (ArFh+ Fio) = xa(t) (23)

done in Ref[12], in order to suggest the form of the spinor
presented as an ansatz in this work. The invariant obviouslyiih the functionsy, , being arbitrary functions of time. It is

must satisfy the equation not difficult to show that, for the first class, one can obtain a
dl 4l solution, which includes that proposed in Rgf2] as a par-
ai E—i[l,H]=0 (200  ticular case, given by

and can be written as A=An=F1,=F21=0, Au=Ap=A Fu=Fp=7F,

= ALPrAAD, 2y Ve=Ve(t), Vp=Vp(1), Vv:§q+X(t)- (24)

where A and F are 2X 2 matrices, whose elements, in order
to guarantee the validity of EGR0), must obey the following

. . . For the second class of wave functions, however, as can
set of coupled differential equations:

be easily realized from the above set of coupled nonlinear
equationg22) and the constraints coming from Eg3), it is
quite difficult to extract simple solutions. For this reason we
A ==A;uVh, S_=A(m+Vy), were n(_)t able_: to verify if there exis_ts a relativisti(_: invariant
that is linear in the momentum, which is responsible for the
generalized solutions here presented. In fact, since it is typi-
cal of nonlinear equations, different solutions of it could lead
to independent sets of wave functions. Finally, it is interest-
ing to make some comments: the first one is the observation
that the extension of the solutions discussed in this work, by

A]_l: ./422: const, ./412: A21: const,

2+=A++A,—A11V\’/, (22

_|E,=2A+_| ./412V"3_| A11V,S,

AL =23 _Vp+iXl +i ApVy+2A_(m+Vy), introducing a time-dependent mass, is quite simple, as can be
- _ _ _ seen from its appearance combined with the time-dependent
—iA =13+ Ay Vp+i Ay Vg2 A (m+Vy), potentialsVg and V. On the other hand, the case of the

] so-called Dirac oscillatof14] is not directly solvable from
where we defined that\.=(F,*7,)/2 and X.=(F11  the second class of solutions. This happens because Vihen
+F22)/2. On the other hand, we are looking for invariant is jinear in the coordinate, it warrants the need of@qua-

operators, which have the Dirac spinors as eigenfunctiongyratic in g, in order to guarantee the exact solution of the
which warrants further conditions over the elements of thgq,m guessed in this work.

matricesA and F. This led us to the following conditions, if
we consider the eigenvalue equation for the invariant opera- The authors are grateful to FAPESP and CNPq for partial
tor acting over the spinafl0) introduced in this work: financial support.
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