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Constrained KP models as integrable matrix hierarchies
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(Received 3 April 1996; accepted for publication 12 August 1996

We formulate the constrained KP hierarctdenoted bycKP ;) as an affine

é\I(M +K+1) matrix integrable hierarchy generalizing the Drinfeld—Sokolov hier-
archy. Using an algebraic approach, including the graded structure of the general-
ized Drinfeld—Sokolov hierarchy, we are able to find several new universal results
valid for thecKP hierarchy. In particular, our method yields a closed expression for
the second bracket obtained through Dirac reduction of any untwisted affine Kac—
Moody current algebra. An explicit example is given for the caK& +K+1),

for which a closed expression for the general recursion operator is also obtained.
We show how isospectral flows are characterized and grouped according to the
semisimplenon-regularelementE of sI(M +K+1) and the content of the center

of the kernel ofE. © 1997 American Institute of Physics.

[S0022-24887)00202-9

I. INTRODUCTION

The constrained KFcKP) hierarchy occupies one of the central positions in the current study
of integrable hierarchies. This is mainly due to the fact that it represents a direct generalization of
the KdV models and includes an impressive list of partial differential soliton equitiorsso
important are the relationships of tlo&P hierarchy to several physically relevant modéike
Toda models and discrete matrix models

Let us recapitulate the most general form of the Lax operator belonging tKthdnierarchy:

K-1 M
L=DX*1+ > uyD'+ > &,D v, (1.2
=0 i=1

and subjected to the following flow evolution equations:

%=[(L”’<K+l>>+,L]. (12

We will denote the hierarchy defined l6%.1) and(1.2) ascKPy_. 1y . There are several different
parametrizationgobtained by acting with various Miura mapsf the coefficientu;,®;,¥; in
(1.1, defining various reformulations of theKPy . ;) hierarchy. It is, for instance, known that
the Lax operator frontl.1) can be rewritten as a ratlo=Ly,, .1 /Ly Of two purely differential
operatord_y; .+, andLy, of ordersM +K+1 andM, respectively.

Here we present a different parametrization governed by the Zakharov—Shabat equation as-
sociated with theé\l(M+K+ 1) algebra. So, instead of working with calculus of the pseudo-
differential operators, we work here with the generalized Drinfeld—Sokolov matrix hiefarchy
associated in our case with the semisimpdaregularelementE of sI(M+ K+ 1). The outcome
of our construction is that to a givesl(N+ 1) algebra one can associate various scalar Lax
representations of theKPy .,y hierarchies withM + K=N and M,K=1. The special case of
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1560 Aratyn et al.: Constrained KP models

K=0M=N has been treated in Ref. 14 and shown to correspond to the generalized NLS
hierarchy!® which in turn generalizes the AKNS hierarcfiy*® for which K=0M=1.
The paper is organized as follows. In Section Il the connection between the generic matrix

eigenvalue problem we are interested in and the pseudo-differential Lax operatorcéRtgpe

is established. Section Il provides the algebraic foundation, within the generalized Drinfeld—
Sokolov hierarchy for our model, with subsection Ill A dealing with the example of the
Q(M +K+1) algebra. Section IV examines the Zakharov—Shabat equation for the problem and
provides the construction of the recurrence operator. In Section V the second bracket of the
cKPy 1 hierarchy is obtained as a Dirac bracket, where the matrix hierarchy is considered as a
constrained system. We conclude with Section VI, suggesting few possible applications and ex-

tensions of our results.

II. MATRIX EIGENVALUE PROBLEM AND cKP LAX OPERATORS

Consider the matrix eigenvalue problem

LW =(D+A+\E)¥=0

for the M +K+1)X(M+K+1) Lax matrix operatot. =D + A+ AE given by

D O --- 0 @ 0
0 D O d, 0
: 0
0 D am 0
r{ ro rm D-—vq A 0
L= 0O 0 D-v, A O
0 0 0 0 D-vs A\
0 0 0
0 0 0

and acting in(2.1) on the M +K+1) column¥ such that¥' "= (i,45, . .

0
A

D—vk+1

(2.9

(2.2

. Pm+k+1)-Dis a

differential operator which acts on the functiéraccording tg D,f]=f'. We impose the condi-

tion =1*'v;=0. Similar matrix operators have appeared in, e.g., Refs. 12 and 19.

We write explicitly the linear probleni2.2) as

I+ iy +1=0, i=1,... M,
M
izl N+ (0—v) ¥m+1T Ny+2=0,
(=v)mer P ANIMr+1=0, 1=2,... K,
Nyt (0—vks ) ¥mik+1=0.
Equation(2.3) gives rise toK + 1 scalar Lax eigenvalue equations,
Lj‘r/fM+j:(_)\)K+lwyv|+j; i=1,... K+1,

where the scalar Lax operator is given by=2, ... K+1)
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M
Li=(D-v,-1)(D=v,;_p)-- '(D_Uz)( D_Ul_E riDIQi)(D_UK+1)' -+ (D—vy),

i=1
(2.5

M
Li=(D—vk+1)(D—vy)-- '(D_Uz)( D_Ul_izl riDlQi)-

For allK+1 values ofj the corresponding Lax operatbr can be cast in the form of the Lax
operator(1.1) in cKPy ., 1y hierarchy. All of the Lax operator€.5) can be associated with the
one-matrix eigenvalue proble(@.2). The question therefore arises whether the above reduction of
the matrix eigenvalue problem determines uniquely the scalar Lax operator. We will now answer
this problem of potential ambiguity by showing the equivalence between all the Lax operators
from (2.5 in the sense of the Darboux—&dund (DB) symmetry.

The following similarity transformations connect the neighboring Lax operators (2B

(D—v,_0) W(D—v,)=T; 4L, T,_1=L,_; r=3,...K+2, (2.6)

with the “periodic condition” Lx,,=L;. In Eqg. (2.6) we have introduced the operator
Tj=<I>J-D<I>j_1 with ®;=exp(fv;) to emphasize the Darboux—&dund character of the above
similarity transformation. In addition we have the following eigenvalue equation holding for each
Lax operatorL; :

L®;=0, j=2,...K+L 2.7

Assume now thalt ; satisfies the Lax flow equatiqd.2). Applying it to the equatiori2.7) we find
that (&tn—(L?’(K“£)+)<DJ- is annihilated byL; and we therefore expect, without loosing general-
ity, to have the following identity 4, —(L["“*%),)®;=a(t,t3, ... )®;, where the propor-
tionality coefficienta depends only on times with i=2. Comparing both sides of this identity
we find thata=0 and thereforeb; is an eigenfunction oL ;, meaning that

gy eUrD= (LK) elvy), (2.9

Recall now that the DB transformatidn—TLT !, where T=®D® ! with an eigenfunction

® preserves the form of the Lax equati@in?2), i.e., the DB transformed Lax operator satisfies the
same evolution equation as the original Lax operds®e, e.g., Refs. 20, 6, and. 7Since
L]-:T]-,lLJ-,lTJlll and we have Eq2.8), we conclude that all the Lax operators frggh5) are
equivalent belonging to the same “multiplet” from the DB symmetry point of view.

[lI. CONSTRUCTION OF HIERARCHIES

In this section we provide the basic ingredients for the construction of the type of integrable
hierarchies we are going to consider. The discussion is based on the method of references 8-12.
Let /¢ be an affine Kac—Moody algebra, afidbe the finite dimensional simple Lie algebra
associated to it. The integral gradationsfare defined by vectors=(sy,S;, . . . ,S;),* where
s; are non-negative relatively prime integers, ardranks. The corresponding grading operator
is given by

[ 2agH°
Q= Sa—s—+Nd, (3.)
a=1 ay
whereH?, a=1,2,. .. r, are the Cartan subalgebra generatorsof , its fundamental weights

satisfying 2 ,- a,/ai=26,,, with a, being the simple roots ot d is the usual derivation of

J. Math. Phys., Vol. 38, No. 3, March 1997



1562 Aratyn et al.: Constrained KP models

f:)’; responsible for the homogeneous gradatiori}ofcorresponding t®hom=(1,0,0,...,0). |
addition, we haveN==3_,, s,lmI , =304 m/ Ly, mO 1, wherey is the highest posmve root
of . So, we have

T=0ner%n(9, [QeZn(91=NTn(S), [ Fm(9,Zn(9]C Tmen(s). (3.2
Introduce the Lax matrix operator
L=o,+E+A, (3.3

where E is a semisimple element of’, lying in &7, and A is a potential belonging to the
subalgebra¥,. The construction works equally well witk belonging to any subspace,,
n>0, andA having grade components ranging from thte 1. However, such general setting will
not be needed in what follows. A

The fact thatE is semisimple means that can be decomposed into the kernel and image of
the adjoint action oE

= Ker (adE)+Im(ad E). (3.4)
As a consequence of Jacobi identity one has
[ Ker(adE), Ker(adE)]C Ker(adE), [ Ker(adE), Im(adE)]C Im(adE). (3.5

Using the fact thak is semisimple, one can perform a gauge transformation to rotate the Lax
operator into KefadE). Consider

0
Lo=ULU =g, +E+ > KI=g+E+K,, (3.6

j=—:>c

Where U is an exponentiation of negative grade generattts; expsi”,TC), with 7D
€ 4_j(s). Decomposing(3.6) into Qs eigensubspaces, we get equations of the form
K(J)— —[E TO=D7+ XD, whereX() depends off(™s form>j— 1. Therefore, starting from the
highest grade component, one can cho®¥e ') to exactly cancel the component &) in
Im (adE). Consequently, one get§!) e Ker(adE). Notice that the choice of ™% is not
unique, since its component in K@&dE) is not relevant in the cancellation of the [@dE)
component ofX(). In addition, TU~1) is determined as a local polynomial of the components of
the potentialA and itsx-derivatives.

The flow equations for the hierarchies are constructed in a quite simpl€W&onsider a
constant elemertt™), with gradeN (N>0), belonging to the center of KéadE). Then, from
the considerations above one gets th& commutes with_, and so, from(3.6) one has

[L,Uu *bNUul=0 (3.7
or
[L. (U ™MU)~o]=~[L,(U b™MU) ], 3.9

where ()~q and (-)-o mean non-negative and negative grade components, respectively. One
observes that the |.h.s. ¢3.8) has components with grades varying from O\t& 1, and the r.h.s.

has grades varying from = to 0. Consequently, both sides @.8) have to lie on the subalgebra

.. It is therefore consistent to introduce, for each elenbéM at the center of KefadE), with
gradeN (N>0) a flow equation as

J. Math. Phys., Vol. 38, No. 3, March 1997
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dL
_dtb(N) = T =[L,Bpm], (3.9
where
N .
Bb<N>E(U71b(N)U)>oEJZO BUA, BlveZ(9. (3.10

Notice thatB,n) is a polynomial of the components éf and itsx-derivatives.
From (3.6) and(3.9) one gets

_ du
i = -1
[Lo,Bb(N)] with Bynmy=UB,mU ™+ Ao

-1
dt u--. (3.1)
In fact, Bb(N) lies in Ker(adE). In order to see that, we denmm) b(N)+ Bb(N), with Bbm)

elm (adE) and Bb(m e Ker(adE). Then, splitting(3.11) in its Ker (adE) and Im(adE) com-
ponents one gets

dKo

dign — 0B N>—[Ko )] (3.12
and

dy B (N)+[E+K0 N)] 0. (3.13

The highest grade component @&.13 is [E, (Bb(N))N] 0, with (Bb(N))N Bb(N)m /N(s) Since
there is no intersection between l(ad E) and Im(ad E), it follows that (Bb(N))N 0. Following
this reasoning one concludes tr&otm) 0, and SCBb(N) given in (3.11) lies in Ker(adE).

Notice that if Ker(adE) is Abelian(as is a case whel is regulaj, then(3.12 constitutes a
local conservation law.

The flows defined in(3.9 commute, as a consequence of the fact Byat) e Ker (adE),
and that Q(N) belongs to the center of KeéadE). Indeed, those facts imply that
[d/dtyom—Byy,bM]=0. Conjugating with U, one gets d/dt,m) (U b™MU)
=[Bpm),U bMU]. Taking the positive grade part and subtracting the same relation with
bM) andb™) interchanged, one gets

dBym  dBymvy
dtyevy  dtpwm

=[Bpm,U oMU y—[Bpm),U bNU]-,. (3.19

But [ By, U tbM U] o=[Bym,Bpmn ]+ [Bpm, (U bMU) _]=o. Sinceb™ andb™) com-

mute, it follows that[ (U~ tb™U)_,,U bMNMU]=—[ (U b™MU)_,,U " bM™MU]. Taking the
positive grade part of it one gdit8,m),U  tbMNU]-o=[Bpm, (U bMU)_o]-,. Therefore one
concludes that

d Bb(M) dByvy
dtb(N) dtb(

+[Bb(M),Bb(N)] 0 (3.15

and due to Eq(3.9) that is a sufficient condition for the flows to commute:

d d
dtym " dtym

L=0. (3.16

J. Math. Phys., Vol. 38, No. 3, March 1997



1564 Aratyn et al.: Constrained KP models

Notice that the gauge transformations

L-eSLe S B SB e S ds =0, Se.%=%,N Ker(adE 3.1
. pN— € Bymne™ >, g e w=%yN Ker (adE) (3.17

are symmetries of the flows equatiof&9), in the sense that they preserve the form of the Lax
operatorL. Associated to such symmetries we have conserved quantities. Indeed, the component
of zero grade on the r.h.s. 3.9 is[E, (U *bMU)_,]. But that implies that the I.h.s. ¢8.8),

and consequently both sides @.9), have no components in Ker (&J. Then

dA”

=0, A”=AnN Ker(adE). (3.18
dtb(N)

Therefore, if we choos”=0 at t,n=0, it will remain zero for all times. That is a
reduction procedure which we will use below to obtain the constrained KP hierarchies from the
above formalism. We shall decompose the poteritia < as

A=A,+A" (3.19
with A7 e %, and A, lying in the complement# of % in f;//o. A, contains therefore the
dynamical variables of the integrable hierarchy.

Since we are working with loop algebréganishing central terinit is useful to work with

finite matrix representations. The commutation relations4ocan be written as
(T2 Tol=faTe ", [d.T3]=mTg, (3.20

WhereTgETa, a=1,2,...,dim¢, are the generators of the finite simple Lie algebraand
fap are its structure constants. If one hagfiaite) matrix representation of, then one can
construct a representation of by replacing

Tgﬂ'—> zZ"T,, (3.21

wherez is a complex parameter. However, in some calculations we will be interested in another
representation of such type, where the powers of the complex parameter count the grade w.r.t.
Q; defined in(3.1). Accordingly we replace

TP AT, I1=ga+mN, (3.22

where\ is a complex parameter, and

r

2\p-HO
> So—z—Ta|=0aTa. (3.23
b=1 (423

Notice thatg, take values between Ng+1 andNg—1.

In the representatio8.21) one hasdd=z(d/dz). Therefore iff Qs, X]= XX, with Q¢ given by
(3.1) one hag Qg,zX]= (xs+ N9z X. Now, if b™ is an element of the center of K&dE), so is
zb™). We shall denotdN™Nd=zhMN) ThereforezU bMNU=U"bN*NJU, and so

zZ(U~b™MU) 2o+ 2(UbNMU) o= (U TN TNIU) o+ (U DNNIU) o, (3.29
where ()~ and (-) .o mean the non-negative and negatvgrade components, respectively. But

since multiplication by increases the-grade byN we have that the positive part (8.24) leads
to

J. Math. Phys., Vol. 38, No. 3, March 1997
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NS
Bb(N+NS):ZBb(N)+ZE (Uflb(N)U)_]- . (3.2
=1

Notice the second term on the r.h.s.(8f25 have components witegrades varying from 0 to
N,— 1. But, analyzing3.1), one concludes that any generator having positive grade @, ias
necessarily s-grade greater or equal tdNg. Therefore, we conclude that the quantity
zEijl(Uflb(N)U),j is z independent in the representatit$?21).

A. The case of SI(M+K+1)

We now apply the above formalism to the example of the affine Kac—Moody algebra

g=sI(M+K+1), (A, ) without a central ternii.e., a loop algebna furnished with the fol-
lowing gradations and corresponding grading operafQg:

M+K
s=(1,0,...,0,1,...,1); Q¢= > A -HO+(K+1)d. (3.26
S— N——— j=M+1

M K

We will denote the simple roots &Gl(M+K+1) by «;, j=0,1,. .. ,M+K, with ag=—¢, and

¢ being the highest positive root of¢=sl(M+K+1), which is the subalgebra of
SI(M+K+1) commuting withd. SinceSI(M+K+1) is simply laced we normalize the roots
such thataj2=2. The ordering of the roots is such that for K, @j- ay=— Jj k+1 (modm +K+1)
j,k=0,1,... ,M+K. The fundamental weights; satisfy \;- a=J; x. We choose the semi-
simple elemenk to be

M+K

E= > EO+g® (3.2

R —(ams1t- - Fayig)

One can check that each generatoEimas grade one w.r.Q.. Hence

[Qs,E]=E. (3.28
The zero grade subalgebra is
Zo={ZQ=sI(M+1); a-H®, j=M+1M+2,... M+K}, (3.29
where (") is thesI(M + 1) subalgebra off’=sl(M+K+1), with simple rootsay, . . . ,ay .
For E defined in(3.27) we have
Ker (adE)={Ko=8I(M)® U (1), 7}, (3.30

Whereé\I(M) is the affine Kac—Moody subalgebra f;f=§\I(M +K+1) with simple rootsq;,
j=1,2,... M—1,andag=—(ay+ a,+ ... +ay_1). The Kac—Moody algebrtl(1) is gener-
ated byhy-H®, k e Z. In addition 7 is the principal Heisenberg subalgebrasdfK + 1)
e sl(M+K+1) containingE. We can denote its generatorsiBy, whereN contains the integers
1,2,3,...,K (moduloK+1) or in other words, the integers without the multiples Kf{1). In
this notation we have

J. Math. Phys., Vol. 38, No. 3, March 1997
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) LEM n
Brvarin=Bay, v ayiot ey T Bayi ot ayist ey

LEM L E(MHD
apmik—1+1t AMtk-1+2T - Tamik-1t Ak —(amsitayint - Famik-1+1)
+1) (n+1)
+E" + ...+ .
E—(aM+2+aM+3+--~+aM+K—|) E_(aM+I+aM+3+"'+aM+K) (3.3)

with [=1,2,3 ... K, and so

[Qs.Eir (ks pn] =+ (K+D)ME; k+1)n- (3.32

Notice thatE;=E. In addition, since we are working here with the case of loop algebra
(c=0),

[EN,ENr]:O. (333)

In fact, in the representatiof3.22 of the loop algebra one has

M+K
E=)\E=)\(j%+l Eo,*E-(ay. 1+ +ays | (3.34

and in the defining representation ©if M + K+ 1), one has
~ (0 0\ _
E= ~|; e= , (3.35

whereE ande are M+K+1)X(M+K+1) and K+1)x(K+1) matrices, respectively. Ele-
ments of this type are among the generators of the nonequivalent Heisenberg subalgebras, see,
e.g., Appendix of Ref. 13 for the casess{3) andsli(4).

In addition, one has

E|+(K+1)n:7\|+(K+l)n(E)l- (3.39
Also for c=0 we have
center Ke(adE)={LAJ(1),.§//K}, (3.37
where U(1) is generated byy-H® k e 7. Notice that[Qg,Ay-H®]=k(K+1)Ay-H®.
Therefore the center of KéadE), while having generators of arbitrary grade, has one and only

one generator of a given grade. Then the choices we have for the elebf®htitroduced in
(3.7), are

bN=E,, N=1,2,...,K modK+1), (3.38
bkK+D)=) . H®  KkeZ. (3.39
According to(3.9) each of the generators from the center of (&dE) appearing in3.38—(3.39

will give rise to the corresponding flow with timegm),tykk+1). In particular the element
E,=E will generate the flow corresponding tddt,= d/dx.

J. Math. Phys., Vol. 38, No. 3, March 1997
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The gauge symmetries of the model are then given by the transform&8d¥, whereS
belongs to the subalgebra

=500 Ker (adE)={sI(M) \y-H )}, (3.40

wheresl(M) is the subalgebra of'=sl(M + K+ 1) with simple rootsa,, a5, . .. ,ay-1.
The generators of the complement of 77 in 5, are

M=PU=EL i b b =12, M, and ag-H®a=M+1M+2,... M+K}.

(3.41
We then parametriz8,,, defined in(3.19, as follows:
M M+K
Ao=2 (GiPi+TP)+ > Ug(aa-H?), (3.42
i=1 a=M+1

whereq;, r; andU, are fields of the model.
As we have shown in3.18, A” is constant in time. Therefore, we will work with the
submodel defined by

A”=0. (3.43
The flow equation$3.9), in this case, become

dAg
dtymn

3B =[E+Ag,Byn], (3.44

WhereBg(N) is the constraine@® ), i.e.,
0 e .
Bb(N)—Bb(N)lA,Zfzo. (345)

The effective potential of our submodel lies therefore, on the tangent plane of the coset space
Gol Z=(sl(M+1) ® U(1))/(sI(M) @ U(1)y). U(1)y is generated by, - H®, and conse-
quently is a linear combination of the generators of the Cartan subalgebtéMf-1) and also

of all the generators dff (1)X. Remember that;= Kﬁlaj , and the inverse of the Cartan matrix

Kijl of A, has no vanishing elements. Those facts preven 7 from being a symmetric space.
Indeed, one can verify that

M-1
[P;,P_jl=an-HO+ X a-HO, eX+.#, P, P_je, (3.46
i=]

sinceay - H® have components on botf and. 7.

However, one has

[PJvP—k]€% for J?ﬁk, [Pj,Pk]:[P_J‘,P_k]:o for anyj,k. (347)
1. The case K =0

In this case we havé?‘=§l(M+1). The relevant gradation is the homogeneous one,
s=(1,0,0,...,0), and sd@Q=d. The semisimple elemefi is how given by

E=Ay-HY, [d,E]=E. (3.48

J. Math. Phys., Vol. 38, No. 3, March 1997
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This example was discussed in detail in Ref. 14, and here we just give a brief description of it to
make contact with the model discussed above.
The grade zero subalgebra is

Go={T=sI(M+1)} (3.49
and
Ker (adE) ={SI(M)®U(1)} (3.50

with U(1) being generated byy,-H®, k € Z.
_ The center of Ker(a&) is just the homogeneous Heisenberg subalgebra of
Z=sl(M+1), namely,

center Ker(adE)={\;-H®,i=1,2,... M ,keZ. (3.52)
Therefore, we can introduce a flow for each elenisee(3.7)]
b(=\;-H®, k being a positive integer. (3.52
The gauge subalgebrZ’ introduced in(3.17) is
F={sl(M)®U(1)}, (3.53

where sI(M) is the subalgebra off=sI(M+1) with simple rootsa,,asy, ... ,ay-1, and
U(1) is generated by - H®). We write the potentiah e &, asA=A"+Ay, withA” e 7% and
A lying in the complementZ of .72 in %,. Then, we parametrizd, as

<

Ao=i§1<qipi+rip_i>. (3.54

whereP_.; were introduced i{3.41). Comparing with(3.42, we notice an absence bfy’s fields
in this special example. Als&,/.7" is now a symmetric space.

IV. ZAKHAROV-SHABAT EQUATION AND RECURSION OPERATOR

Recall that within the models considered here the semisimple elefeist given for
“=sl(M+K+1) by (3.34. We first notice thaE commutes with its conjugated counterpart
E' and therefore, although not Hermitian, may be diagonafizetis a consequence, the Lie
algebras” under consideration can be decomposed into graded subspaces, i.e.,

F=0%; [E%]=s7, “3

wheres can be in general a complex numberd C). This is a crucial property allowing to solve
the Zakharov—ShabdZS) equation in the manner shown below. Consider, namely, vs the ZS
equation

Ao~ B+ NE,Bn]+[Aq,Bn]=0, 4.2

whereA, defined in Section Il lies, as described there, in subspace orthogonal tadde.

DecomposingBm:ESBfﬁ) and A,=3.A® into components according to the gradation de-
fined by E induces a natural decomposition of the Z-S equat#g) into the zero and nonzero
components:
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—BW+ > [AW,BW]=0, 4.3
X+y=0
InAS =B +AsBY+ > [AX,BY]=0, (4.9
X+y=s

where in the last equation the summation is ovgr € C and includes/=0x=s. Equationg4.3)
and (4.4) contain components d#.2) in Ker (adE) and Im(@dE)=&s. . (g:¢s. We now as-
sume the following expansions:

m—1

Bﬁ?zzo BN,  s#0, (4.5

for all nonzero gradation componentsiyf,, while for the zero component we find fro(.3) by
integration:

X+y=0

AX BWY)
2, [A%.BY]

BO=p-1 +A"A,,, (4.6)

where the lastintegration constaptterm on the right hand side @#.6) is of higher order than
those in(4.5). Its presence is allowed by the structurg4®) as long as\,, € Ker (adE).
Inserting(4.5) in (4.4) we find by collecting the coefficients af~*

x+y=0 x+y=I
IBY(k—1)=—dBP(k)— > [AV,DTAXBY(k]]- X [AVBY (K] 4.7
X,y#0 X,y#|
for k=m we obtain
IBG(m—1)=—[AD A ]. (4.9

From (4.7) we find that the general solution can be rewritten as

BI(k—1)=2, @ ,BY(k) (4.9
y#0
with
l -1
@ ,==|D&y— > [adanD tadawd, y+adand_xyl]- (4.10

| xeGrad(. /%)

Using (4.9) repeatedly we are led to

m—)
B()(0)= Ey lcplyylcpylyyZ---cpym_z_ym_lB(nZ Y(m-1), (4.11)

and after taking into accour(.8)

Bl (0)= Ey D), @ ad, AUm-1, (4.12
1

Y1.¥o© 'q)ymfz'ymflym_l

Projecting(4.4) on the\-independent component we find
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InA=0B(0)= 3 [AYBRI0)]=1Z @\,BY(0). (413
X+y= y

Substituting the solution d8{)(0) in terms ofAY) from (4.12 we arrive at

A(Ym)
Ym

1
h—
ToAV= X Dy Dy Dy ady : (4.14

Y1 ----- ym m

This expression leads to a recursion operator relating consecutive flows belonging the same family
of flows generated by the specific element=(E',\y,- H(®) from the center of KefadE) as
explained in discussion around E¢3.38—(3.39. Therefore these consecutive times have indices
moduloK +1 for the case o§I(M+K+1).

To get the closed expression for the recursion operator we compar@ .&E4. to the corre-
sponding expression faf,,_«_;A(!). These flows are related through:

AVk+1)

=7 k+19m-Kk-1AY DIy g
(4.15

This vyields an expression for the recurrence operatgt as .2=®K*1 for the
sl(M + K+ 1)-matrix hierarchy.

- =
|(9mA - E (I)I,y:L (DyK,yKJrlO”mKl( Vici1

V. THE SECOND BRACKET STRUCTURE

The potentialA introduced in(3.3) is an element of the subalgetf&i,, and so we shall denote
it as

A=7(T) Ty, @(Ta)=TrH(TA), (5.1

where 72 is the inverse of the trace form c‘;fo, Nab=Tr(T5Tp), a,b=1,2,. .. ,dimf:fo.
There is a natural Poisson bracket structure for the manifold spannetshiyomponents of
A, induced by the,-KM current algebra:

{e(M(X),e(TY(V}pe= ([T T D)X=y +TH(TT) 8 (x=y), T.T €%y (52

The model we are interested in is a constrained system where the componehtin of
Ker (adE) are set to zerfsee(3.18]. The bracket structure of such submodel is then given by the
Dirac bracket associated t¢5.2. We denote by.7%;, i=12,...,dim.%, and M,,
r=1,2,...,dim%,—dim. %, the generators of the subalgeh?a, defined in(3.17), and of its

complementZ in 53/’0, respectively.
The Dirac matrix is given by

A Y)={e(Z)(X), () (Y)} =~ 17i 0" (X—Y), (5.3
where 7; =Tr(7%;.7%;), and~ means equality after the constraints are imposed. Therefore
Aty =nla te(x—y), i,j=12,....dm%. (5.4)
Consequently the Dirac bracket is

{e(M)(x),0(Mg)(¥)}pe=@([Mr,Ms])(X) 8(x—y) +Tr(M M) &' (X~ Y)
+ 7 (L7 M D) e([LZ] M) (V)3 Ho(x—y). (5.5
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The subspaceZ constitutes a representation of the subalgebfa
[ 77 M ]=Rs(Zi)Ms. (5.6)

Therefore, the second term on the r.h.s. of the bra&két can be calculated using representation
theory. The relevant representation here is the tensor product of the represeRati®ndefined
by the linear functionalg(M,)(x). We then write

Xrs(X,Y)= 7" (L7 M D (X) ([ 7] Ms])(Y) dy *8(X~Y)
= 7 R(ZDRs( ) @(Mp) (X) (M) (¥) 3 - 8(x—Y)
=CIM)x®[Mg)ydy *8(x—y), (5.7
where
=920 % (5.9

and where we have denoted states of the represent®ioiR as ¢(M,)(X)e(Mg)(y)=
M )y®| Ms)y . So, the space variablesandy define the left and right entries, respectively, of the
tensor product.

The operatof5.8) commutes with any generator

[C, 19.%+.%,®1]=0, (5.9

and, according to Schur’s lemma, it is proportional to the identity in each irreducible component
of R®R. That fact simplifies substantially the evaluation(6f7). Notice thatC is not the qua-
dratic Casimir operator inR®R. That operator is given byCryr=7"(18.%;+%;®1)
X(le. 7+ %#;®1), and therefore we have

C=5(Crgr—1®C—-C®1), (5.10

N -

whereC=7'1.7%2,.%; is the quadratic Casimir iR.
Decomposing the representatiB® R in its irreducible components, one can evalu&@s§),
using (5.10 and the fact that the value of the quadratic Casimir operator in an irreducible repre-
sentation is\(\ +26), where\ is the highest weight, and= 1= ,-, a=32"%)\,, with « being
the positive roots, andl , the fundamental weights of”.

A. The case of sI(M+ K+ 1)-matrix integrable hierarchy

We now consider the example of the affine Kac—Moody algalbfil + K+ 1) discussed in
subsection Il A. The subalgebr&” and subspace are defined in3.40 and (3.41), respec-
tively. We shall denote by%”;, i=1,2,...,M?—1, the generators of the subalgelsigM) of

One can easily verify tha®; andP_;, j=1,2,... ,M, transform under the representations
M andM of sl(M), respectively. The highest weights and highest weight states of these repre-
sentations areXN;,P4) and (\y_1,P_nm), respectively. The remaining generators. af (3.41),
namely a,-H®, a=M+1M=2,... M+K, are scalars undesl(M). The charges of the
U(1) factor of 7% (3.40, generated byny-H®, are 1 forP;, —1 for P_;, and O for
a,-HO, Therefore, the representatidR of .Z'=sl(M) @ U(1), defined by.# (5.6), is
R=(M,1)+(M,—1)+(0,0)¥.

We denote the operat@b.8) as
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C=7 7 0.7+ oy HO @Ay HO

1
Tr(\y-H

Ty MR RO H(© 5.1
= +m m-HY @Ny-HT, (5.11

where7' is the inverse ofy;; =Tr(.%;.7%}). Notice that Tr( -), as introduced ir5.1), is the trace
form of the subalgebra,.

Let us then analyze the various irreducible components of the represefiRai@nThe states
|P)o| P;) decompose into the symmetric and antisymmetric parts, which aid (ve+1)/2 and
M(M —1)/2 irreducible representations si(M), respectively. The highest weights of these
representations areh2 and 2\, — a;, respectively. Therefore, using.11), and then(5.10 for
C, one gets

C

Ph®|P))= m—M(MﬂL 26) ||Pi)®|P))

(NN + (P @[P)+[P))@[P;))
1
+ Z((27\1— a1) (2N — a1 +26))(|P)®|P)) —|P))®|P;)). (5.12

Denoting the simple roots c§I(M) as aj=¢€;—¢€,1, j=1,2,... M—1, e;-&=J, one has
N=Zp-Je— (/M) L) e, and therefore == N =333L) (M—2k+1)e,. Conse-
quently

1
C|Pi>®|Pj>:m|Pi>®|Pj>+|Pj>®|Pi>- (5.13

By the same arguments, one gets

1
CP_pe|P_j)=gIP-DelPp+[P_pe|P). (5.14

As for the stategP;)®|P_;), we use the fact that the tensor product of tleand M
representations ofl(M) produces an adjoint and a singlet, iBl@ M=Adj+1. The singlet is
the state|S)==;_,"|P;)®|P_;). The states of the adjoint ai®;)®|P_;) for i # j, and
IPj)®|P_;)—[P;+1)®|P_(j+1)). The highest weight of the adjoint is the highest positive root
Yy=a;t+a;+ ... +ay_1=e,—ey. Therefore, using5.11), and then(5.10 for C, one gets for
i #]

K+1

tPoelP- )=y

1
+ E(llf(l//‘“ 28)—Ni(N1+28)—Ay-1(Am-1128))|P)®|P_;)

1
=~ ks1/PelP-p. (5.19

One can easily check that

J. Math. Phys., Vol. 38, No. 3, March 1997



Aratyn et al.: Constrained KP models 1573

1
[Pp@IP_j)=17I9+IX)), (5.16
where
-1 M-1
IXj)=— (2 Ko — 2 (M- k)lvk>) (5.17)
and where we have denotégl)=(|P,)®|P_) —|Px+ 1) ®|P_(k+1)))-
Therefore
1 M+K+1
C|Pj>®|Pj>:M(_m__()\1()\ +26)+Ay—1(Am- 1+25)))|S>
M+K+1 1
m (‘//(';D+25)_)\l()\1+25)_)\M71()\M71+25)) IX;)
1

Consequently, front5.15 and(5.18),

M
CIPy®|P_j)=— K+1|P>®|P—1> 5”2 IP@|P_y). (5.19
In addition one has
CPL)®|aa- HOY=Clay- H®|a,-H®)Y=0 (5.20

with a,b=M+1M+2,... M+K,i=12,... M.
From (3.42), (5.1 Tr(E E_,)=1,and Tr@a HOqp - HOY=qa,. ay, one gets that

G=¢(P_), ri=e(P), U,=Ki e(apH?), (5.20)

whereK ! is the inverse oK ,,=a,- ap, a,b=M+1M+2,... M+K.

Therefore from(5.5), (5.7), (5.13, (5.14), (5.19, and(5.20 one gets the Dirac bracket for
sl(M+K+ 1), which reproducesgafter an appropriate Miura transformatjaine second bracket
of cKPk +1m) hierarchy:

M

{ri(x),9;(y)}= ax—uMH(x)—SZl rs(X)dy *as(X) | 8; 8(x—y)

~ k105 () x=y), (5.22
1

{ri0.rN}= 57 Fi 0 T () 8= y) +1(x) 3 ri(X) S(x—y), (5.23
1

{0100, 0(Y)} = 77 i (3) 9 "a; (0 S(x—y) +0;(X) 0, "qi(x) S(x—y), (5.24
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1 1
{0i(x),Up(y)}=— EQi(X) Fpm+10(X—Y){ri(X),Up(y)}= Eri(x)5bM+15(X—Y)a 525
52

1
{Ua(X),Up(Y)} = 7 Kapdx8(X=Y). (5.26

Note that forK=0 (andU,=0) we recover from the above bracket structure the second bracket
of the NLSsI(M + 1) model***® This can also be checked directly by applying the same tech-
nigue as above to the model described in subsection Il A 1. Calculation shows that the equation
(5.1)) in this case is replaced by

M+1
c=C+

A HO@Ny-HO (5.27

and Egs(5.13,(5.14 and (5.19 hold with K=0.
For the purpose of illustration let us consider the examplslf8) with M=K=1 corre-
sponding tocKP, ; with the Lax operator as if2.5):

L;=(D—-v,)(D—v;—rD 1q)=D2+u+®dD ¥, (5.28

where u=—v?—v'—rq,®=-r'—rv,¥=q with v=v,=—v,. The second bracket for
u,®,¥ obtained from(5.22—(5.26 indeed reproduces the standatdP, ; second bracketsee
e.g., Ref. 2. One checks easily that the following equations:

d,9=—q"+v'q+rq’+vq,
g f=r"+v'r+r2q+o’r, (5.29

atzv:(rq)’v

following from the Dirac bracket5.22—(5.26 and the HamiltoniarH,= f®¥ reproduce the
correct flows foru,®,V:

D g, Y g, 2w 5.3

g, oxZ UoP, N, o2 U, ty, x( ) (5.30
Equation (5.30 agrees with the second flow equation of the so-called Yajima—Oikawa
hierarchy'? Note that in this calculation of thig flow the consistency of the ZS problem required
use ofb®=\2%(\,-H) in (4.6) according to the discussion of Section IIl. Generally $t(3) we
need to takd(®W=)\2K(\;-H) andb@kTD=)\2k+1E,

VI. DISCUSSION AND OUTLOOK

In the formalism based on the pseudo-differential Lax operatoktirehierarchy is obtained
by constraining the complete KP hierarchy with the symmetry constraints expressed in terms of
the eigenfunction; ,¥; from (1.1) and imposed on the isospectral flows.

In this paper we have obtained an alternative derivation o€k hierarchy as an integrable
§\I(M +K+1)-matrix hierarchy generalizing the Drinfeld—Sokolov hierarchy. The main ingredi-
ents of this construction were the semisimple graded, nonregular el&rel(M +K+1) and
the potentialA belonging to the grade zero subalgebfg Both the Lax matrix operator as well
as the underlying recurrence operator were constructed in terms of these basic elements. The
matrix hierarchy exhibited a gauge symmetry related to(ddiE). Due to presence of this gauge
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symmetry the relevant phase space turned out to be the quotient:gpadéer (adE)N £,). The
structure of the flows of the hierarchy was shown to be related to the center ¢ad&).° The
algebraic approach allowed us to write down in closed form a very simple expression for the
second Hamiltonian structure with respect to which the flows are Hamiltonian. This bracket
structure was explicitly calculated as a Dirac bracket emerging from reductioriyco the
effective phase space of,/(Ker (adE)N %,). Alternative approaches to calculate this bracket
structure in various parametrizations of the constrained KP hierarchy have been proposed in the
past and include e.g., applications of thenatrix formulation developed in a discrete contéxt

and applications of the generalized Kupershmidt—Wilson thedrém.

One expects that several aspects ofdk® formalism will gain substantially by being treated
within the algebraic formalism proposed in this paper. Work is in fact in progress regarding the
following issues. Possible extensions of P scalar Lax examples by going beyond the alge-
braic construction based on tef M) algebra by employing different algebras. Calculation of the
tau-function, following the dressing transformation metfioahd Darboux—Backlund methdds
will help to further establish the connection between the pseudo-differential and matrix tech-
nigues. One also expects that the use of the matrix hierarchy will be essential for describing
additional symmetries of theKP models.

Note addedAfter this paper had been completed we received a copy of the jEagpensions
of the matrix GelfandDickey hierarchy from generalized Drinfel®okolov reductionby L.

Fehe and I. MarshallSWAT-95-61, hep-th/9503217which contains related results. We thank
Dr. L. Fehe for sending us a hard copy of his paper.
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