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Some consequences of dissipation are studied for a classical particle suffering inelastic collisions in
the hybrid Fermi-Ulam bouncer model. The dynamics of the model is described by a two-
dimensional nonlinear area-contracting map. In the limit of weak and moderate dissipation we
report the occurrence of crisis and in the limit of high dissipation the model presents doubling
bifurcation cascades. Moreover, we show a phenomena of annihilation by pairs of fixed points as
the dissipation varies. © 2007 American Institute of Physics. [DOL: 10.1063/1.2712014]

We considered the problem of a classical particle con-
fined between two rigid walls and suffering inelastic col-
lisions with them in the presence of a constant gravita-
tional field. One of the walls is fixed and the position of
the other one varies periodically in time. This model was
recently introduced in the literature [Leonel and McClin-
tock, J. Phys. A 38, 823 (2005)] and it is called the hybrid
Fermi-Ulam-bouncer model. It shows features of both
Fermi-Ulam and bouncer models for distinct regions of
the phase space and consider different ranges of the ex-
ternal gravitational field. The inelastic collisions carry the
dynamics to show the property of area contraction with
the possibility of observing chaotic attractors and sinks.
Specifically, we characterize events of the crisis as the
damping coefficients are varied. Moreover, in the limit of
high dissipation the system exhibits a sequence of dou-
bling bifurcation cascade. We also report the annihilation
of pairs of fixed points as the damping coefficients are
varied.

I. INTRODUCTION

The investigation of nonlinear systems has received spe-
cial interest in the last years mainly because of the prediction
and/or explanation of the often unexpected phenomenon that
they can exhibit. Besides, significant advances towards the
understanding of the behavior of such systemsl’2 generally
lead to a better description of both their qualitative and quan-
titative asymptotic behaviors. Included in these sort of sys-
tems are the conservative time-dependent Hamiltonian sys-
tems and also the conservative billiard problems. Generally
they present a mixed phase space structure with the presence
of invariant spanning curves, and chaotic seas which are gen-
erally surrounding Kolmogorov-Arnold-Moser (KAM) is-
lands. Such phase space is indeed a property of nondegener-
ate Hamiltonian systems. However the introduction of
dissipation in such models yields the dynamics to be very
different from that of the nondissipative case. It is especially
possible to observe attractors including sinks and chaotic at-
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tractors. They can be observed given that in most cases, the
property of area preservation, as observed in nondissipative
problems, is no longer matched.

In this paper we revisit the classical hybrid Fermi-Ulam
bouncer model® seeking to understand and describe some of
its dynamical properties under the effect of inelastic colli-
sions. The model consists of a classical particle which is
confined to bounce between two rigid walls. One is assumed
to be fixed while the other one moves periodically in time.
Moreover, there is the presence of a constant gravitational
field. We emphasize that, without loss of generality, the ex-
ternal field could be, in principle, a constant electric field that
acts on a charged particle. In the limit of high dissipation the
model presents doubling period bifurcations as the values of
the dimensionless external field or amplitude of oscillation is
changed. By varying the damping parameters there are also
observed crisis events, which are characterized by crossing
of stable and unstable manifolds and destruction of the cha-
otic attractor. The study of such crisis events are of main
interest in many real experimental systems and in studies in
which it is desired the control over the chaos. Locking (phe-
nomena in which the particle and the oscillating wall move
together) is also observed for some values of g and € in the
limit of high dissipation and, moreover, pairs of fixed points
self-destroy as the dissipation rises. The studies on the one-
dimensional Fermi accelerator model began in 1949 (Ref. 4)
when Enrico Fermi attempted to describe a mechanism in
which cosmic rays could acquire their enormous energy. Af-
ter that, his original model (also called the Fermi-Ulam
model, a classical particle bouncing between two rigid walls
in the absence of any external fields; one wall is fixed and
the other one is time dependent) was modified to account for
example, a simplified version,” to include the presence of an
external constant gravitational ﬁeld,6 inelastic collisions,L12
and even frictional force'*'* (see also Refs. 15 and 16 for
recent results on the nondissipative Fermi-Ulam model). For
the case of inelastic collisions, it was shown that the property
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of area preservation is broken and it is possible to observe in
the system the presence of chaotic attractors (sometimes also
called strange attractors) and sinks. In Ref. 7 Everson
showed the occurrence of doubling cascade bifurcation for
the bouncer model. The bouncer model is a slightly modified
version of the Fermi-Ulam in which the returning mecha-
nism for the next collision with the moving wall is due only
to the gravitational field. Similar results were observed in the
presence of a frictional force when Luna-Acosta' analyti-
cally accounted for a dimensional reduction on the two-
dimensional mapping. He too observed and described with
many details the attainment of the doubling bifurcation cas-
cade. In their results, however, and as an attempt to avoid
having multiple collisions with the same wall, they have de-
scribed the oscillating wall by an expression that does not
allow the wall to change the signal of its velocity. Thus,
depending on the experimental apparatus, their results can be
difficult to be obtained in a laboratory for long times, as it is
often necessary in practice. Our approach to the problem of
the dissipative hybrid Fermi-Ulam-bouncer model considers
the dynamics of the complete version and thus no modifica-
tions or simplifications were introduced. The main applica-
bility of the complete version lies on the high dissipation
regime, in which the locking phenomena can take place and,
therefore, the successive collisions are important and cannot
be neglected.

The paper is organized as follows: In Sec. II, we de-
scribe all the steps used in the mapping derivation. The nu-
merical results are presented and discussed in Sec. III while
Sec. IV summarizes our results and presents concluding
remarks.

Il. THE MODEL AND MAPPING DERIVATION

We now describe some details of the model and the pro-
cedure used to obtain the nonlinear mapping. The system
consists of a classical particle confined between and bounc-
ing inelastically with two rigid walls. One of which is as-
sumed to be fixed at position y=/ and the other one is mov-
ing in time according to y,, =& cos(wf) where & and w are the
corresponding amplitude and frequency of oscillation, re-
spectively. Additionally, there is an external constant gravi-
tational field g’. It is assumed that the ball collides inelasti-
cally with the two walls. The restitution coefficient of the
upper wall is o while for the moving wall is 8. The case of
a=B=1 recovers all the results of the nondissipative case.
Therefore, the completely inelastic collisions are accounted
for when @=0 or 8=0 and have different implications. In the
case of «=0 immediately after the collision with the upper
wall the ball goes in the downward direction with null re-
flected velocity. Besides, depending on the values of the con-
trol parameters, for the case =0 the particle can, for ex-
ample, move together with the time varying wall or be
relaunched with the maximum moving wall velocity. We are
interested in the limits of both « and B in the range [0, 1).
On the case of completely inelastic collisions, it is possible
to observe the phenomenon of locking, as can be seen in
Refs. 10 and 11. Before discussing the procedures of the
mapping derivation it is worth stressing that the dynamical
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variables of the mapping are (v,,1,), where v,, is the velocity
of the particle in the nth collision with the moving wall at the
instant #,, thus the mapping is given as T(v,,t,)
=(V,41»1,41)- Moreover there are three different possible situ-
ations allowed in the ball: (i) the particle experiences mul-
tiple hits with the moving wall before leaving the collision
zone, which is given by the region in the interval [-¢,¢];
(ii) the particle leaves the collision zone but does not have
enough energy to reach the upper wall and returns in the
downward direction due only to the gravitational field;
(iii) the particle has enough energy and hits the upper wall
and, after suffering a partial loss of energy, returns down-
ward due to both the action of the reflection on the fixed wall
as well as due to the gravitational field. It is also interesting
to consider dimensionless variables and then we define
e=¢ll, g=g'/(0?]), V,=v,/(wl) and measure the time in
terms of the number of oscillations of the moving wall
¢,=owt. With these definitions, the mapping is written as

. {v BV + g8 - (1 + Pesin(dn),

1
¢n+1 = ¢n + ATn mod 277. ( )

where the expressions of V; and AT, depend on what kind of
collision occurs. For case (i) the expressions are V::—Vn and
AT, = ¢,., where ¢, is obtained by requesting that the position
of the moving wall be equal to the particle’s position. Such a
condition gives rise to the following transcendental equation
that must be numerically solved:
g

G(¢c) = ECOS(¢n + d)c) - ECOS(¢n) - Vnd’c + TC (2)

For case (ii), which occurs when the particle leaves the col-
lision zone with V,=+-2gz,, where z,=€ecos(¢,)—1, the
expressions are V= \/Vlzl+2ge[cos(q§n)— 1] and AT,=¢,

+ ¢ + P, where ¢,=V,/g denotes the time that the particle
spends traveling in the upward direction. On the other hand,

b= \/Ze[cos(¢n)— 11/g+V2/g? represents the elapsed time
in the downward direction up to the entrance of the collision
zone. The term ¢, is numerically obtained from the equation

gb:
2 b

F(o) = €cos(d, + b+ dy+ b) = €+ Vb + (3)
which corresponds to the condition of the particle’s position
being the same as the moving wall position. Finally,
case (iii) is accounted for the condition V,>y—2gz,. The
auxiliary expressions are VZ=\/a2(Vi+2gzn)+2g(1—e) and
. (2, 2 A .

AT, =d,+ P+ . with  ¢,=V,/g—\ Vi/g2+2zn/g and
ba=\ A (V2] 2 +22,/g)+2(1—€)/ g—a|V2/ g*+2z,/g. The
value of ¢. is obtained from the same Eq. (3) using,
however, the expressions of ¢,, ¢, and V: given by condi-
tion (iii).

Evaluating the determinant of the Jacobian matrix J, we
found that both cases (i) and (ii) show that

V,+ esin(¢,) }
Vn+1 + € Sin(¢n+l) '

and case (iii) has

det J= ,82{ (4)
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V., + €sin
detJ:ﬁzoﬁ{"—_(d’”)] (5)
Vs + € Sln(¢n+l)

The case of measure preservation is recovered only for the
condition a=B=1.

lll. NUMERICAL RESULTS

Let us now discuss some of the numerical results ob-
tained for the dissipative version of the hybrid Fermi-Ulam
bouncer model. One of the most drastic consequences of the
introduction of dissipation via inelastic collisions is the de-
struction of the mixed phase space structure. Besides, we
shall discuss the results obtained in two limits of dissipation:
(a) weak up to moderate dissipation and (b) high dissipation.
In the regime (a) we illustrate some consequences of the
dissipation by investigating and characterizing events of the
boundary crisis.

A. Weak and moderate dissipation

. . . 17.18 .
One of the signatures of a boundary crisis' "~ ° is a sud-

den destruction of the chaotic attractor given by a crossing of
stable and unstable manifolds generated from the same
saddle point. Moreover and since the phase space now con-
tracts area, it is possible to observe attractors in the dynam-
ics. They can be just sinks (attracting fixed points) or even
chaotic attractors. However, to classify such fixed points, we
must first know their corresponding expressions. Thus, the
conditions of V,,;=V, and ¢,,;,=¢, give a fixed point if i
=1, period two orbit if i=2, and so on. From the mapping
defined in the previous section it is possible to obtain the
fixed points for both situations (ii) and (iii). However, in the
limit of weak and moderate dissipation, attracting fixed
points are observed only for the situation (iii) while the at-
tracting fixed points related to case (ii) are observed only in
the limit of high dissipation, which will be described in Sec.
III B. Thus, evaluating the fixed points for situation (iii) we
obtain that the expression of the velocity is given by

1+p8

V= e sin(¢)

) gw/az(l + B sin’() + 27g(1 - &)z, ©)

where y=%a?>~1 and z=e€cos(¢)—1. The expression of ¢,
however, can be obtained only after the numerical solution of
h(p)=0, where h(¢) is given by

h(p)=V—(1+a)NV?+2gz—2mmg

+Va? (V2 +2gz2) - 2¢2, (7)

with m=1,2,3,....

The knowledge of the saddle point (even the numerical
value) allow us to obtain its corresponding invariant mani-
folds. Thus, shown in Fig. 1(a) is the behavior of the mani-
folds generated from a saddle point for m=1 in Egs. (6) and
(7). Tt is easy to see in Fig. 1(a) that there are four branches
of the invariant manifolds, which were obtained by iteration
of a set of different initial conditions near the saddle point
and distributed along the eigenvectors of the saddle point.

Chaos 17, 013119 (2007)

FIG. 1. (Color) Stable and unstable manifolds for the saddle point for m
=1, €=0.04, g=10"* and (a) a=0.96625 B=0.96625 and (b) a
=0.968125, B=0.968125.

Such eigenvectors give the initial direction of the manifolds.
The unstable manifolds are generated by trajectories heading
away from the fixed point and are obtained by the direct
iteration of mapping T given by Eq. (1). As it is shown in
Fig. 1(a), the evolution of the upward branch of the unstable
manifold goes into an attracting sink while the downward
direction moves asymptotically into a chaotic attractor. On
the other hand, the stable manifolds correspond to trajecto-
ries heading directly toward the saddle point. The construc-
tion of the stable manifolds are not so straightforward as for
the unstable manifolds since they depend on the inverse of
the mapping, T, i.e., T°'(V 41> bpe1)=(V,, b,). We are not
reporting the expressions of the inverse mapping in this pa-
per but we stress that they request a detailed numerical simu-
lation. Despite the slight modification of the damping coef-
ficients, Fig. 1(b) illustrates the crossing of the stable and
unstable manifolds of the saddle point for m=1. Such cross-
ing gives birth to a homoclinic orbit and consequently the
chaotic attractor is destroyed via a boundary crisis. The event
of the boundary crisis, however, is not limited to m=1 and it
is possible to characterize this kind of crisis for many other
values of m. As an illustration and to reinforce the generality
of the procedure, shown in Fig. 2 is the occurrence of a
boundary crisis for m=2. We note in Fig. 2(a) that there are
in principle three attractors: two of them are sinks corre-
sponding to m=1 and m=2 and a chaotic attractor. More-
over, the stable manifolds define the boundaries for the basin
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FIG. 2. (Color) Corresponding stable and unstable manifolds for the saddle
point for m=2, €=0.02, g=10"* and (a) @=0.9, B=1 and (b) @=0.905,
B=1.

of attraction of each attractor. A boundary crisis in Fig. 2(b)
is evident with the stable manifold of the saddle for m=2
crossing the corresponding unstable manifold emanating
from the same saddle point. The corresponding basin of at-
traction for the three attractors shown in Fig. 2(a) are illus-
trated in Fig. 3. On the construction of Fig. 3, we have used
a grid of 200 different initial conditions on the range V,
€[0,0.6] and the other 200 for ¢, [0,2). Thus in total

1

o

i

,l'liliié'

FIG. 3. (Color) Basin of attraction for the three attractors shown in Fig. 2(a).
The basin of attraction of the chaotic attractor is shown in black, while the
basin of attraction of the attracting fixed point corresponding to m=1 is
shown in gray and for m=2 in brown. The control parameters used were the
same as those of Fig. 2(a).
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FIG. 4. Family of crisis for (a) m=1 and (b) m=2 in the dissipative hybrid
Fermi-Ulam bouncer model. The control parameters used were (a) e=4
X 1072 and g=107%; (b) €e=2X 1072 and g=10"*.

we have iterated 4 X 10* orbits over 10° collisions with the
moving wall. One might observe that considering the range
of initial conditions as described above, all initial conditions
will be attracted to the attracting fixed point for m=1 and
m=2 as well as to the chaotic attractor. It is important to
emphasize that other periodic orbits could in principle also
exist for those combinations of control parameters used in
Fig. 3. We stress however if such periodic orbits exist, their
basin of attraction must be very small.

Since we have considered two damping coefficients in
the model, « and S, it is possible to combine both in order to
have an effective damping coefficient. This combination can
be important and shows great applicability in experiments
where dissipation cannot be neglected in practice. If the hy-
pothesis of an effective damping coefficient is correct, the
boundary crisis, as characterized in Figs. 1(a) and 1(b) could
be obtained for other combinations of « and B, as for ex-
ample, raising the value of a (which is equivalent to reduc-
ing the dissipation) and reducing 8 (which corresponds to
increasing the dissipation). This is indeed the case, as can be
seen in Fig. 4(a). Such a result allows us to describe a family
of boundary crisis according to the relation S=A+Ba. A
linear fit gives A=1.9253+0.0008 and B=-0.9888+0.0008.
Similar results can also be observed for a boundary crisis
corresponding to m=2, as shown in Fig. 4(b). The linear fit
furnishes A=1.889+0.001 and B=-0.988+0.001. We have
considered in the construction of Figs. 4(a) and 4(b), a grid
of 500X 500 different values for the control parameters «
and B, as labeled in the figure. The initial condition, chosen
along the downward branch of the unstable manifold, was
iterated up to 10° collisions with the moving wall. The nu-
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merical criteria used to establish the crisis event consists of
checking whether the particle makes an incursion toward the
attracting sink and then approaches it being captured. The
interested reader that wants to address the question of the
transient time immediately after the boundary crisis might
look at Ref. 19.

B. Results for the limit of high dissipation

Let us now discuss our results in the limit of high dissi-
pation. We consider as a high dissipation the situation in
which the particle, in the collision process, loses more than
half of its velocity. As an example, if 8=0.4, then the veloc-
ity of the particle immediately after the impact is, in the
reference frame of the moving wall, 60% smaller than the
value immediately before the collision. In some of the pre-
vious results in the literature, as addressed by Everson’ and
Luna-Acosta, they have observed the phenomenon of dou-
bling bifurcation cascade for high dissipation limit. The
Everson’s results were obtained for inelastic collisions while
Luna-Acosta’s takes into account the presence of frictional
force. Both consider the bouncer model. Their results con-
firm that, despite the dissipative force being of a different
kind (in the inelastic collisions the dissipative force acts only
at the instant of the collision contrary to the frictional force
that acts along all the particle’s trajectory) in the high limit of
the damping coefficient for both dissipative versions, the
doubling cascade in the variable ¢ was obtained. However,
they have imposed that the moving wall velocity assume an
expression basically of the type V,,=c(1 +sin(z)), where c is
a constant. Such an expression allows them to avoid prob-
lems with numerical implementation of the multiple colli-
sions that might arise on the complete version. Depending on
the value of the external gravitational field (weak fields for
example) and on the strength of the damping coefficient, the
multiple collisions can be rare, thus their approximation is
completely justified for the limit of high dissipation. In the
hybrid Fermi-Ulam bouncer model, however, the successive
collisions cannot be neglected in the limit of high dissipation
since the particle might in principle spend much more time
in the low energy regime, thus suffering many more multiple
collisions when compared to the nondissipative case.

We present in Fig. 5 some results for the limit of high
dissipation when the external field g varies while the other
parameters are fixed at the values e=4X 1072, B=0.4, and
a=0.99. In Fig. 5(a) we present the doubling cascade for the
variable phase, ¢, and in Fig. 5(b) is shown the period dou-
bling sequence for the velocity of the particle.

We have also obtained the Lyapunov exponent, A, asso-
ciated with these period doubling sequences, as presented in
Fig. 5(c). It is well known that the Lyapunov exponent shows
great applicability as a practical tool that can quantify the
average expansion or contraction rate for a small volume of
initial conditions. As discussed in Ref. 20, the Lyapunov ex-
ponents are defined as
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(a)

002 0020 0022 0023 0024

0.
g
_®
I

022 0023 002

022 0023 0024

002 0021

0
g
FIG. 5. Doubling period sequence of (a) the phase and (b) the velocity of

the particle when g is the variable parameter. (c) The Lyapunov exponent
associated with the doubling cascades shown in (a) and (b).

1
N=lim-dnfA], j=12, (8)

o
where A; are the eigenvalues of M=II._,J,(V;, ;) and J; is
the Jacobian matrix evaluated over the orbit (V;,¢;). It is
important to stress that a direct implementation of a compu-
tational algorithm to evaluate Eq. (8) has a severe limitation
to obtain M. Even in the limit of short n, the components of
M can assume very different orders of magnitude for chaotic
orbits and periodic attractors, yielding the impractical imple-
mentation of the algorithm. In order to avoid such problems,
we note that J can be written as J=OT where ® is an or-
thogonal matrix and 7 is a right triangular matrix. Thus we
rewrite M as M=J,J,_,, ... ,J2]®I1J1, where T1=®[1J1. A
product of J,0, defines a new J5. In a next step, it is easy to
show that M=J,J,_;,... ,J3®2®5115T1. The same procedure
can be used to obtain 7,=0'J}, and so on. Using this pro-
cedure, the problem is reduced to evaluate the diagonal ele-
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ments of T,-:Y“"H,Téz. Finally, the Lyapunov exponents are
now given by

) ] n ]
A= lim =2 In|T;],

n—oM ;-

j=1.2. 9)

If at least one of the A is positive, then the orbit is classified
as chaotic. Therefore we define N as the larger value of the
A;. As we can observe in Fig. 5, the periodic attractors are
characterized by negative values of the Lyapunov exponent.
It is also observed that A goes to zero at the values of g for
which the bifurcations occur. Moreover, the Lyapunov expo-
nent assumes positive values beyond a critical value of the
parameter g characterizing, thus, the values of the external
field for which chaotic orbits are observed. The initial con-
ditions used in the construction of Figs. 5(a)-5(c) were ¢
=5.5 and V;;=0.07. As a technical detail, in the construction
of Figs. 5(a) and 5(b), we have disregarded the first 10°
collisions with the moving wall as an attempt to eliminate
the transient behavior. Another interesting observation is that
the Lyapunov exponent assumes a constant and negative
value for extents and distinct ranges of the control parameter
g. The explanation for such behavior, as it was shown previ-
ously by Everson,’ is that the eigenvalues of the Jacobian
matrix become complex numbers. The bifurcation cascades
are observed for g €[0.019,0.0287]. For values of g out of
such an interval and in the limit of high dissipation the par-
ticle locks its motion with the motion of the oscillating wall.

The period-1 window observed in Figs. 5(a) and 5(b)
corresponds to the fixed point of the situation (ii) in which
the particle leaves the collision zone but does not have
enough energy to reach the upper wall and falls downward
due to the action of the gravitational field. This fixed point
can be evaluated by requiring the condition V, =V, and
¢n1=¢, in Eq. (1) employing, however, the expressions of
V: and AT, obtained for the situation (ii) described in Sec. II.
The expressions of such fixed point are given by

¢=arcsin[‘—:<%)},

V=mmg (10)

for m=1,2,3,... . The period-1 window in Figs. 5(a) and
5(b) corresponds to the fixed point for m=1. Since the argu-
ment of the arcsin function in Eq. (10) cannot acquire a value
larger than the unity, for the combination of control param-
eters used in Fig. 5, we cannot have fixed points for m>1.

Similarly, the doubling bifurcation cascades can also be
obtained as a function of the control parameter € for fixed
values of g, «, and B as they are shown in Fig. 6. The initial
conditions used in the construction of Fig. 6 were V
=2.54X10™* and ¢,=5.5. Moreover, we have fixed the pa-
rameters at the values g=107*, @=0.99, and 3=0.4. The pe-
riod doubling sequence for the phase ¢ when the parameter €
varies is shown in Fig. 6(a) while the doubling cascade for
the velocity of the particle is presented in Fig. 6(b). The
behavior of the Lyapunov exponent corresponding to these
bifurcation diagrams is illustrated in Fig. 6(c). As we can
observe the periodic orbits are characterized by negative val-
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€

5x10™ .

4x10™'F

= 3x10™

2x107'F

x10™

()

000017 000018 '€0.00019 To.0002

FIG. 6. Doubling cascade of (a) the phase and (b) the velocity of the particle
when the parameter € varies. (c) The Lyapunov exponent associated with the
doubling period sequences (a) and (b).

ues of \. It is also observed that the Lyapunov exponent goes
to zero at the values of e for which the bifurcations occur. As
it was expected, chaotic behavior is characterized by positive
values of the Lyapunov exponent. For the values of control
parameters and initial conditions employed in the construc-
tion of Fig. 6, the period doubling sequence is limited to €
e[1.36X107#,2.06 X 107#]. Beyond these values of € and
due both to the high dissipation and the presence of a gravi-
tational field, the particle experiences a locking thus moving
together with the time varying wall. As we can observe in
Fig. 6(b) the period-1 window for the velocity does not de-
pend on €. The period-1 orbits observed in Figs. 6(a) and
6(b) correspond to the fixed point given by Eq. (10) with
m=1. The results presented and discussed in Fig. 6 are clear
evidence that the hybrid model, and for the specific ranges of
control parameters used in that figure, is behaving mostly
like a bouncer model.
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FIG. 7. Fixed points given by Eqs. (6) and (7) as a function of the damping
parameters for a=g. In (a) is shown the values of the phase and in (b) the
values of the velocity of the fixed points. By increasing the dissipation
(decreasing the values of « and B) the pair of fixed points for a given m
move towards each other until they become just a single fixed point and,
then disappear. The control parameters used here were e=4X 1072 and
g=10".

C. Annihilation of fixed points

In this section we discuss a phenomenon directly related
to the strength of the damping coefficients. It is interesting to
emphasize that we can vary the damping coefficients « and 8
while the parameters € and g assume constant values. An
important consequence of this kind of analysis that we shall
report now is the occurrence of annihilation of pairs of fixed
points. As it was described in Sec. IIT A, from Egs. (6) and
(7) we obtain the fixed points for situation (iii). For small
dissipation, these equations give us, for each value of m, two
solutions. As an example, these solutions correspond to the
saddle and the attracting fixed points, as can be seen in Fig.
1. However, by increasing the dissipation (or decreasing the
values of a and B) these fixed points move towards each
other and, after becoming just a single fixed point, they dis-
appear. This annihilation phenomena is displayed in Figs.
7(a) and 7(b) where it is shown, respectively, the values of
phase and velocity of the fixed points as functions of the
dissipation coefficients for a= . One might also observe that
for each value of @=p and for a specific value of m, there are
two different values of fixed points. In these figures the solid
lines correspond to the fixed points for m=1 [the curve on
the right-hand side of Fig. 7(a) and the upper part of Fig.
7(b)], while the dashed lines correspond to the fixed points
for m=2 [the curve on the left-hand side of Fig. 7(a) and the
lower part of Fig. 7(b)]. The control parameters we have
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used were €=4 X 1072 and g=10"*. We also observe that the
values of a=p for which the annihilation occurs depend on
the value of m, too. Larger values of m correspond to anni-
hilation at high dissipation. It is also important to stress that
the stability of the fixed points, which is given by the eigen-
values of the Jacobian matrix for situation (iii), depends on
the values of a and . Thus the fixed points could, in prin-
ciple, change their classifications before being annihilated.

IV. SUMMARY AND CONCLUSIONS

We studied the problem of a classical particle suffering
inelastic collisions in the hybrid Fermi-Ulam bouncer model.
The investigation was carried out in two regimes of dissipa-
tion, namely, weak and high dissipation. In the regime of
weak dissipation, we characterized events of boundary crisis
and in particular, obtained families of boundary crisis for
different saddle points. Each family represents a practical
application of an effective damping coefficient, obtained as a
combination of two different a and B corresponding to the
dissipations on the fixed and moving wall, respectively. Such
an effective damping coefficient might have applicability in
experiments when dissipation cannot be neglected in prac-
tice. In the limit of high dissipation, we obtained doubling
cascades as function of the two control parameters € and g.
Although we had considered the full model (without simpli-
fications), our results indeed reinforce the previous results
obtained in the literature, as can be seen, for example, in
Refs. 7 and 13. Finally we also discussed the occurrences of
annihilation of pairs of fixed points which were obtained by
raising the strength of the dissipation.
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