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Abstract
This study aims to provide comprehensive insights into the dynamics of retrograde co-orbital motion, contributing to our
understanding of the origin and evolution of retrograde asteroids in the solar system. The paper studies retrograde co-orbital
motion with Jupiter through the computation of symmetric periodic orbits in both planar and spatial circular restricted three-
body problems. The research begins with an analysis of families of the planar circular problem at which there exist three
main families of co-orbital motion. Starting from the vertical critical orbits of these families we extend our study to three-
dimensional configurations, revealing that most spatial families exhibit instability. The phase-space structure is also explored
by using dynamical stability maps under various initial conditions. These maps help identify regions of stable motion within
predominantly chaotic domains. The theoretical framework is applied to asteroid (514107) Ka’epaoka’awela, demonstrating
its chaotic nature with a Lyapunov time of approximately 6350 years, despite remaining in co-orbital resonance with Jupiter
for many million years.

Keywords Asteroids · Retrograde orbits · Co-orbital motion · Three-body problem

1 Introduction

In the last two decades the dynamics of minor bodies of
our solar system which move on retrograde orbits around
the Sun drew the attention of many researchers since their
origin is still a mystery. Up to now, more than 150 bodies
have been discovered. The dynamical lifetimes of 25 ret-
rograde asteroids were studied by (Kankiewicz and Wlo-
darczyk 2017, 2018). Their results revealed that stability is
possible over the age of the solar system. From the perspec-
tive of dynamics, it is interesting that many retrograde as-
teroids are in mean motion resonances (MMRs) with a ma-

jor planet (Morais and Namouni 2013a; Li et al. 2019). For
instance, the dynamical evolution of the first nearly-polar
trans-Neptunian object 471325 Taowu in 1/-3 MMR with
Neptune and the asteroid 514107 Káepaokáawela in 1/-1
MMR with Jupiter were studied by Morais and Namouni
(2017b) and Namouni and Morais (2018b), respectively.

Greenstreet et al. (2012) studied numerically the evolu-
tion of main belt objects that become Near Earth Asteroids
and showed that retrograde orbits may result from the ac-
tion of MMRs. The dynamics of MMRs in the model of
the restricted three body problem (RTBP) is associated with
periodic orbits but most studies in the past refer to pro-
grade motion. Families of spatial periodic orbits that extend
from planar prograde orbits to planar retrograde orbits (i.e.
0 < i < 180◦) have been computed (Jefferys and Standish
1972; Ichtiaroglou et al. 1989) but their stability is not stud-
ied. Morais and Namouni (2013b) investigated the phase-
space structure in the case of the main retrograde resonances
(2/-1, 1/-1, 1/-2) applying the method of surface of section
and by using a suitable disturbing function for the nearly pla-
nar problem. Analytical or semi-analytical models based on
disturbing functions which are valid for arbitrary inclination
have been proposed (Namouni and Morais 2018a; Lei 2019;
Gallardo 2020; Namouni and Morais 2020). For the asteroid
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belt, a complete study of families of retrograde symmetric
periodic orbits (planar or three-dimensional) was done by
Kotoulas and Voyatzis (2020a) and Kotoulas et al. (2022b).
As far as the Kuiper-belt is concerned, analogous studies are
given in Kotoulas and Voyatzis (2020b) and Kotoulas et al.
(2022a).

The present study focuses on the study of retrograde
co-orbital motion (1/-1 MMR) with Jupiter in the model
of RTBP. Huang et al. (2018) studied the dynamics of
the planar retrograde 1/-1 MMR by using an averaged
model. Morais and Namouni (2016) explored the dynam-
ics of the coorbital resonance for the whole interval of
inclination (0 <i< 180◦) in the circular RTBP and exam-
ined the similarities and differences between planar and the
three-dimensional resonance capture. Also, in Morais and
Namouni (2019) they studied planar and three-dimensional
symmetric retrograde periodic orbits connecting them with
possible capture of asteroids in co-orbital motion with
Jupiter. The study of such a resonance is not only interesting
from a theoretical point of view but also due to existence
of the asteroid Káepaokáawela, which is a special sample
that could help explain the origin of retrograde asteroids
(Namouni and Morais 2018c).

In Sect. 2 we describe the structure of families of planar
periodic orbits of co-orbital motion and find the bifurcation
points from which families of three dimensional (3D) peri-
odic orbits are analytically continued with parameter the in-
clination. These families are presented in Sect. 3. In Sect. 4
dynamical stability maps are computed in order to study the
structure of the phase space in the region of co-orbital mo-
tion. Section 5 studies the dynamical features of the evolu-
tion of 514107 Ka’epaoka’awela and, finally, we conclude
in Sect. 6.

2 Co-orbital planar retrograde motion

We consider the planar circular RTBP in a rotating frame
Oxy with the primaries, Sun and Jupiter (of masses 1 − μ

and μ =0.001, respectively), to be located on the Ox axis,
where the origin O is the center of mass. The system pos-
sesses only one integral, the Jacobi constant, C (Murray and
Dermott 1999)

C = −(ẋ2 + ẏ2) + x2 + y2 + 2

(
1 − μ

r1
+ μ

r2

)
,

where r2
1 = (x + μ)2 + y2 and r2

2 = (x − 1 + μ)2 + y2. We
note that for 1/1 MMR Trojan asteroids is C ≈ 3, while for
retrograde asteroids, studied in this paper, is about −1.2 <

C < 0. Considering an inertial frame, which at t = 0 co-
incides with the rotating one, we can define the osculating
orbital elements to the massless body (asteroid), namely,
the semimajor axis (a), the eccentricity (e), the pericenter

longitude(� ) and the mean anomaly (M). In this frame the
elements for Jupiter are a′ =1, e′ =0, M ′ = 0 and � ′ = 0.
For the MMR 1/-1 (co-orbital motion) we consider the res-
onant angle (Morais and Namouni 2013b)

φ = λ − λ′ − 2�, (1)

where λ, λ′ are the mean longitudes of asteroid and of the
planet, respectively and the main types of periodic orbits are
categorized as (Morais and Namouni 2019)

• Circular orbits (e ≈ 0). We call them orbits of mode-0 and
can be interior (a <1) or exterior (a >1).

• Elliptic orbits that pass alternately inside or outside the
orbit of Jupiter at its perihelion and φ librates around 0◦
(mode-1).

• Elliptic orbits of large eccentricity, e ≳ 0.7, (interior or
exterior), the angle φ librates around 180◦ (mode-2).

• Elliptic orbits of small eccentricity, e ≲ 0.3, (interior or
exterior), the angle φ librates around 180◦ (mode-3).

Samples of these orbits are presented in Fig. 1.
Periodic orbits of all modes are symmetric with re-

spect to the axis y = 0, which are the most common pe-
riodic orbits in the circular planar RTBP (Hadjidemetriou
and Ichtiaroglou 1984; Hénon 1997). Except for circular
orbits, the orbits are of double multiplicity i.e. they per-
form two revolutions in the rotating frame in one period. In
our extensive study we did not identify existence of asym-
metric retrograde co-orbital motion. We remark that asym-
metric periodic orbits exists for exterior prograde MMRs
of the form 1/n, n = 2,3, . . . (Beaugé 1994). Due to the
symmetry, periodic motion corresponds to initial conditions
(x0, y0 = 0, ẋ0 = 0, ẏ0) and satisfy the periodicity condi-
tions y(T

2 ) = ẋ( T
2 ) = 0, where T is the period of the orbit.

Periodic orbits of each mode form monoparametric fami-
lies with parameter the Jacobi constant C, which can be pre-
sented as characteristic curves in various planes. In Fig. 2
we present the families in the plane (a0, C), where the semi-
major axis a0 is computed at the initial conditions of the
periodic orbit with x0 < 0 for the modes 0, 2, and 3 (i.e. at
the far side from Jupiter). For mode-1 there are two perpen-
dicular sections for x0 > 0 (see Fig. 1f), and we choose the
section for x0 > 1.

As it was indicated by Hadjidemetriou (1988), the fam-
ily of retrograde circular orbits of the unperturbed problem
(μ = 0), is continued for μ �=0 as a family, denoted by RC ,
with orbits nearly circular and stable. However, the family
RC breaks at 1/-1 MMR and is separated into two branches,
the interior branch Rin

C and the exterior one Rext
C . Also as

the 1/-1 MMR is approached, the circular orbits become un-
stable (either horizontally or vertically). The linear stability
of the orbits is indicated along the characteristic curves with
different colors (see legend of Fig. 2). The points where sta-
bility changes, A1,Bi and Si (i = 1..3), consist bifurcation
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Fig. 1 Samples of Periodic
orbits of different modes in the
rotating frame. Color indicates
their stability type and R the
family where they belong to
(see Fig. 2). A maginification
around Jupiter is given in the
inset panels

points. The bifurcation point S0 (at a0 = 0.9266) is the point
where the interior branch of the circular family becomes un-
stable. This point is quite far from a = 1 and the bifurcated
family Rin

0 of unstable orbits is not considered as being in
the 1/-1 MMR. At the point S1 (see also the magnification in
Fig. 3) we obtain a period doubling and the generation of the
interior family Rin

2 which starts with stable orbits (mode-3).
Then an unstabe segment follows up to C = −0.9562 (or
e = 0.02315), where the orbits becomes stable again giv-
ing the highly eccentric co-orbital motion (mode-2). A sim-
ilar bifurcation occurs at the point S2 of the exterior cir-
cular family generating co-orbital motion of mode-3 up to

C = −1.03868 (or e = 0.02556). As C increases, these or-
bits become strongly unstable and continuation brakes. So,
no exterior co-orbital motion of mode-2 is found. The rest
bifurcation points on the circular family, A1, B1, B2 and B3

are vertical critical orbits (v.c.o.) and generate families of
three dimensional orbits (Hénon 1973), which are discussed
in the next section. Family R1 consists of orbits of mode-1
that intersects the Ox axis twice, for x0 < 1 and x0 > 1. In
the region of 1/-1 resonance only the v.c.o. B4 exists.

The computed families have been also given by Morais
and Namouni (2019) in a different perspective. In the frame-
work of the planar elliptic RTBP, families of co-orbital mo-
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Fig. 2 Families of periodic orbits in the vicinity of 1/-1 MMR with
Jupiter. The two branches, a and b, of families Rin

2 and Rext
2 consist

of the same orbits. Different colors refer to different types of linear
stability as it is indicated in the figure legend. The points A1, Bi and
Si (i = 1..3) are bifurcation points as it is described in the text

tion are presented in Voyatzis and Kotoulas (2024). Gener-
ally speaking, for co-orbital motion the horizonatlly unsta-
ble periodic orbits are surrounded by strongly chaotic mo-
tion which leads either to collisions (mainly with Sun) or
escape.

3 Families of retrograde periodic orbits in
the 3D circular RTBP

Considering Jupiter in circular motion, we shall present be-
low families of 3D retrograde symmetric periodic orbits at
1/-1 resonance. Many of these families are also studied by
Morais and Namouni (2019) but here we provide a dif-
ferent presentation clarifying their starting and termination
points. As in the planar case, periodicity refers to the rotat-
ing frame Oxyz. According to symmetries of the spatial cir-
cular RTBP we have two types of symmetric periodic orbits
(Kotoulas et al. 2022b,a):

Type F: The periodic orbits have symmetry with respect
to xz-plane with initial conditions: x0, y0 = 0, z0, ẋ0 =
0, ẏ0, ż0 = 0, and the periodicity conditions are: y(T

2 ) =
0, ẋ( T

2 ) = 0, ż( T
2 ) = 0,

Type G: The periodic orbits are symmetric with re-
spect to x-axis with initial conditions: x0, y0 = 0, z0 =
0, ẋ0 = 0, ẏ0, ż0, and the periodicity conditions are:
y(T

2 ) = 0, z(T
2 ) = 0, ẋ( T

2 ) = 0.

Starting from a planar v.c.o. we set z(0) = δz � 1 (for
type F ) or ż(0) = δż � 1 (for type G) and we perform dif-
ferential corrections in order to satisfy the periodicity condi-
tions. Repeating this process we have the analytical contin-
uation of solutions and construct the 3D families (see Lara
and Peláez 2002; Kalantonis 2020). Thus, a periodic orbit
having symmetry of type F or type G can be represented
by a point in the 3D space of initial conditions (x0, z0, ẏ0)
or (x0, ẏ0, ż0), respectively. However, the presentation of
the orbits by their initial osculating elements (a0, e0, i0) is
preferable. Since we study periodic orbits near a mean mo-
tion resonance, the semimajor axis is almost constant but the
eccentricity and the inclination vary along a family. The lin-
ear stability of periodic motion is identified by the two pairs
of non unit reciprocal eigenvalues of the monodromy ma-
trix. Orbits are stable when all eigenvalues are on the unit
circle, simply unstable when one pair of eigenvalues is on
the real axis and doubly unstable when both pairs are on the
real axis (Broucke 1969). The case of complex instability,
i.e. when eigenvalues are out of the unit circle but not on the
real axis, has not been found for co-orbital periodic motion.

As we mentioned above, families of 3D periodic or-
bits bifurcate from v.c.o. which have been indicated in
Fig. 2. The orbital elements and the Jacobi constant of the
v.c.o. found and the families which bifurcates from them
are shown in Table 1. For the retrograde 1/-1 MMR we
can define the resonant angles (Morais and Namouni 2016;
Namouni and Morais 2018a)

φk = λ − λ′ − kω (2)

where λ = M + � , λ′ = M ′ + � ′ are the mean longitudes
of the asteroid and the Jupiter, respectively. The resonant
angles (for k = 0,2) which correspond to the 3D periodic
orbits of the families are also indicated in Table 1.

The interior planar family (Rin
C ) has one v.c.o. denoted by

A1. Family RA1, which bifurcates from this point, is doubly
symmetric, which means that has both types of symmetry, F
and G. Along the family, the inclination decreases monoton-
ically and the family terminates at i = 0◦ to the Lagrangian
point L1. Actually, this family is the family of vertical Lya-
punov orbits emanating from L1 (Hou and Liu 2009). It is
whole unstable and its characteristic curves are shown in
Fig. 4.

Regarding the planar family Rext
C , we have the three

v.c.o., Bi , i = 1,2,3. Family RB1 is of type G and starts
from the point B1 with stable orbits. At the point G1 (at
i = 172.76◦) the stability type changes and the family be-
comes simply unstable (see Fig. 5). A new unstable family
of three-dimensional periodic orbits, RB4, bifurcates from
this point and terminates to the point B4. There are two more
points at which the stability type of the family RB1 changes
(see Fig. 5a,b): G2(i = 145.69◦), where the orbits from sim-
ply ustable become doubly unstable, and G3 (i = 119.89◦)
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Fig. 3 Families of retrograde
periodic orbits in the 1/-1 MMR
presented on the planes a0 − C

(left: interior orbits and right:
exterior orbits). The linear
stability is indicated by different
colors as in Fig. 2

Table 1 V.C.Os and families of orbits

v.c.o Jacobi (C) a e name angles (ω, Ω, M, φ0, φ2) D(e∗
0, i∗0 )

A1 -0.956976 0.980492 0.0235 RA1 ( 3π
2 , 3π

2 , π, 0, π)

B1 -1.149941 1.080381 0.0078 RB1 (0, π, 0, π, π) D(0.000, 65.468)

B2 -1.039463 1.021857 0.0251 RB2 ( π
2 , 3π

2 , 0, 0, π)

B3 -1.004731 1.007253 0.0823 RB3 ( π
2 , 3π

2 , 0, 0, π)

B4 -1.050709 1.038026 0.1125 RB4 ( 3π
2 , π

2 , π, π, 0)

1The point D(e∗
0 , i∗0 ) indicates the point where one (at least) of the angle variables of the family RB1 changes value

Fig. 4 Family RA1 of 3D
retrograde symmetric periodic
orbits in the 1/-1 MMR
presented on the planes a0 − i0
(left) and e0 − i0 (right). All
orbits are simply unstable

where the orbits becomes again simply unstable. A new fam-

ily, RG3, bifurcates from the point G3 and terminates to a

direct orbit of the planar problem (e = 0.908, i = 0◦) as

it is shown in Fig. 6. All orbits of RG3 are doubly unsta-

ble. At the point G4, where we have an almost circular orbit

(e0 = 0) the argument of perihelion (ω) changes from 0 to

π but the family remains unstable and terminates to the La-

grangian point L3.

Family RB2 bifurcates from the point B2 and termi-

nates to the Lagrangian point L2. It is presented in Fig. 7

and consists of simply unstable orbits for 180◦ < i0 <

178.48◦ and doubly unstable for 178.48◦ < i0 < 6.23◦. Fi-

nally, it becomes again simple unstable and terminates to

the Lagrangian point L2. From the bifurcation point at i0 =
178.48◦ another family of type F bifurcates and is denoted

as RH1. This family is simply unstable but becomes stable
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Fig. 5 Characteristic curves of
the family RB1 presented on the
planes (a) a0 − i0 and (b) e0 − i0
on the same plane (right). Blue
lines, red solid lines and dashed
red lines correspond to stability,
simple instability and double
instability, respectively

Fig. 6 c) Characteristic curves e0 − i0 of the families RB4 and RG3.
Colors indicate stability as in Fig. 5

for e0 > 0.892 and seems to terminate to a collision orbit
with Sun (e0 → 1).

From the third v.c.o., B3, family RB3 bifurcates having
simply unstable orbits. At about i0 = 100◦ orbits becomes
very unstable and continuation breaks (see Fig. 8).

4 Dynamical stability maps

Apart from a small segment of the family RB1 which con-
sists of stable orbits in the interval 173◦ < i0 < 180◦, all
other periodic orbits found are unstable with chaotic orbits
in their neigbourhood. In order to examine the orbital stabil-
ity in wider regions in phase space, we compute dynamical
maps based on the fast Lyapunov indicator (FLI) Froeschlé
et al. (1997). Particularly we compute the de-trended indica-

Table 2 Stable regions and libration of angles around the given value

Region ω φ0 φ2

(A0, A1) — — (0, π)

po2, po3 π π π

po4 0 π π

B — — π

(D0, D1) (0, π) — —

(D2, D3) ( π
2 , 3π

2 ) — —

E — π —

tor (DFLI) defined as (Voyatzis 2008):

DFLI (t) = sup0<τ≤t log
[ 1

τ

ξ(τ )

ξ(0)

]
, (3)

where ξ is the norm of the deviation vector computed af-
ter numerical integration of the variational equations along
the orbit. The FLI grows linearly in time for regular orbits
but the de-trended one tends to a small constant value along
the integration. Both indicators grow exponentially in case
of chaotic orbits. For the computations of the dynamical
maps we considered the elliptic RTBP with Jupiter’s ele-
ments a′ = 1, e′ = 0.048, � ′ = 0 and M ′(0) = 0. The grids
of initial conditions (of size 200 × 200) are defined in the
plane a − e while the rest initial orbital elements are set as
constants for a particular grid. They are selected such that
to represent orbits of the mode 2,3 and mode 1. Each or-
bit has been integrated for 8000 revolutions of the Jupiter
or until DFLI< 30. Dark regions in the maps correspond to
low DFLI values (stability) while yellow colored regions in-
dicate strong chaotic evolution. The main stable regions on
the dynamical maps are indicated by capital letters and ac-
cording to the libration of the argumernt of pericenter and
the resonant angles as it is shown in Table 2.
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Fig. 7 Families RB2 and RH1
presented in the planes (a)
a0 − i0 and (b) e0 − i0. Colors
indicate stability as in Fig. 5

Fig. 8 Family RB3 of 3D
retrograde symmetric periodic
orbits (a) a0 − i0 and (b) e − i0.
All orbits are simply unstable

4.1 The planar case (i = 180◦)

Concerning motion of mode 2 or 3 our initial conditions,
apart from a0 and e0 which are defined by the grid, are
(�0 = π , M = 0) or (�0 = 0, M = π ). For the circular
problem (e′ = 0) the dynamical map is presented in Fig. 9.
The families of periodic orbits that correspond to circular
motion, RC (mode 0) and R2 (modes 2 and 3) are also pre-
sented with colors indicating their stability. It is clear that
horizontally stable orbits are associated with stable regions
and unstable ones are surrounded by chaotic regions, al-
though for the RC family these chaotic regions are very
fine to be visible in the map. When we consider the ellip-
tic model, only four isolated periodic orbits exists, denoted
by ‘poi ’, i = 1, ..,4. The first is unstable and is located in a
chaotic regime, while the rest ones are stable and are located
inside stable regions. In these regions all resonant angles and
the longitude of perihelion (� ) librate. For the regions A1

(mode-2), only φ2 librates around π . In region C the orbits
are almost circular and no librations occur.

For orbits of mode 1 the dynamical maps are presented
in Fig. 10. The initial conditions are (�0 = 0, M = 0) or
(�0 = π , M = π ). For the circular case (panel a and b)
the characteristic curves of the families RC and R1 are also
shown. We obtain two large stable regions (for � = 0 and
� = π ) which are crossed by the horizontally stable fam-
ily R1. Stable regions of circular motion also exists around
the stable parts of family RC . All these regions survive also
when Jupiter’s eccentricity is taken into account (see panel
c). The wide stable regions (denoted by A0) are character-
ized by librations of resonant angle φ2 around 0.

4.2 The 3D case

By using as a base the maps of planar motion, we set the
inclination i < 180◦ and we get two different configura-
tions for each case (modes-2,3 and mode-1) which are dis-
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Fig. 9 Dynamical maps for planar motion of mode 2 and 3. (a) planar
circular problem (e′ =0). The curves presents the relative families of
periodic orbits and color indicates the stability as in Fig. 2 (b) the same

dynamical map but for the elliptic model (e′ = 0.048). The existed iso-
lated periodic orbits are denoted by poi , i = 1, ..4

Fig. 10 Dynamical maps for planar motion of mode 1. (a) planar circular problem (e′ =0). The curves presents the relative families of periodic
orbits and color indicates the stability as in Fig. 2 (b) zoom of an area of panel a. c) Dynamical map for the elliptic model (e′ = 0.048)

tinguished by the initial value of the mean longitude λ (0 or
π ). Particularly, we present dynamical maps for the inclina-
tions 178◦, 175◦ and 165◦ and for all cases we consider the
elliptic model (e′ = 0.048). The different configurations for
the initial conditions are presented in Table 3. This problem
has also been studied numerically for arbitrary eccentricity
of the planet and at the nominal 1/-1 resonance location by
(Caritá et al. 2022), and their libration modes at Jupiter’s
eccentricity are in agreement with our results.

For the case of modes 2 and 3 the dynamical maps are
presented in Fig. 11. For i0 = 178◦ we can still observe the
stable regions A1 where φ2 librates around π . The same li-

brations are shown in the islands B . The circular orbits al-
most disappeared but reappear for i0 = 175◦. But for this
inclination value the most important dynamical feature is
the appearence of the stability regions D0 and D1 for the
configuration λ0 = π , where ω librates around 0 and π re-
spectively, as in a Kozai resonance. These regions becomes
larger for i0 = 165◦ and λ0 = π . Also, a region E appears
where the angle φ0 librates around π . Instead, for λ0 = 0
chaos dominates but some stable regions (D2) exist where
ω librates around π/2.

The dynamical maps for orbital configurations of mode-
1 are presented in Fig. 12. We observe that the main stable
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Fig. 11 Dynamical maps for the configurations of modes-2 and 3 and for λ = 0 (upper panel), and λ = π (bottom panel)

Table 3 Initial configurations for the dynamical maps of 3D orbits

mode λ0 ω0 Ω0 M0

2,3 0 π/2 3π/2 0

3π/2 3π/2 π

π π 0 0

0 0 π

1 0 0 0 0

π 0 π

π π/2 3π/2 π

3π/2 3π/2 0

regions A0 that exist in the planar case (see Fig. 10c), also
are apparent in the inclined cases but some chaotic zones
seems to penetrate them. For λ0 = 0, regions with librations
of the argument of pericenter ω around 0 and π (regions
D0 and D1, respectively) are generated. For i0 = 175◦, they

exist in the exterior area and, for i0 = 165◦, appear in the
interior area, too. Such librations do not exist for λ0 = π ,
where librations of φ2 around 0 dominates. Also we note
the region E in the map of i0 = 175◦ that shows librations
of angle φ0 around π .

5 An application to the asteroid 514107
Ka’epaoka’awela

The asteroid 514107 Ka’epaoka’awela (or 2015 BZ509) is
a retrograde co-orbital asteroid of Jupiter (Wiegert et al.
2017; Morais and Namouni 2017a). Long term numerical
integrations of clones within the error bars of its fitted or-
bit show that some exhibit stability over the lifetime of
the solar system, while others slowly diffuse towards po-
lar orbits beyond Neptune’s orbit, suggesting that it could
have been captured from interstellar medium (Namouni and
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Fig. 12 Dynamical maps for the configuration of mode 1 and for λ = 0 (upper panel), and λ = π (bottom panel). The crosses in the bottom-right
map indicate potential locations of the asteroid Ka’epaoka’awela (see Sect. 5)

Morais 2018b). Taking its location from NASA JPL’s Hori-
zons ephemeris system 1 and considering as reference plane
the Jupiter’s orbital plane with � ′ = 0 and an epoch where
M ′ = 0 the orbital elements of the asteroid are approxi-
mately a/a′ = 0.986789, e = 0.377, i = 164.432◦, ω =
257.369◦, Ω = 293.805◦ and M = 216.944◦. By integrat-
ing the asteroid’s orbit for 2.3Mys we obtain a bounded
co-orbital evolution since its mean motion is n/n′ ≈ 1 as
it is shown in Fig. 13. At the same figure we obtain that
ω switches from rotations to librations in an irregular way
but there are significant large time spans where librations
takes place either around 0 or π . The resonant angle φ2, al-
though it shows large amplitude librations, there are irregu-
lar episodes of circulation. A similar evolution holds for the
angle φ0 and it is not shown. We note here that some of the
stable clones in (Namouni and Morais 2018a) have ω = 0,π

1https://ssd.jpl.nasa.gov/horizons/.

while others have φ2 = 0 which shows these 2 regions are
close in phase space, also in agreement with the numerical
results for the CR3BP in (Morais and Namouni 2016).

These orbital features, discussed above, indicate the
chaotic nature of the orbit. In the framework of the elliptic
RTBP we computed the maximum Lyapunov characteristic
exponent (MLCE) after a long time integration in order to
estimate the Lyapunov time, tL (Contopoulos 2002). The
corresponding plot is shown in Fig. 14 at which we observe
that the MLCE saturates to the value 1.57 × 10−4 and the
Lyapunov time, which is the inverse of MLCE is tL ≈ 6350
years. This value is typical for prograde inner belt asteroids
(Whipple 1995) but, generally, the dynamical life-time of as-
teroids is quite larger. The case of Ka’epaoka’awela seems
to be similar to 522 Helga asteroid which has tL = 6900
years but its orbit is stable for 10 million years, a phe-
nomenon called ‘stable chaos’ (Milani and Nobili 1992).

https://ssd.jpl.nasa.gov/horizons/
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Fig. 13 The evolution of mean motion, argument of pericenter and resonant angle φ2 along the orbit of Ka’epaoka’awela for about a) 20 Kys b)
2000 Kys

Fig. 14 a) The orbit of Ka’epaoka’awela in the rotating frame for 250 years. Circle A indicates the initial position of the asteroid b) The maximum
Lyapunov characteristic exponent after an integration of 10Mys

In order to identify the location of the asteroid with re-
spect to our dynamical maps we identify along the numeri-
cal integration, with step the Jupiter’s period, the moments
when ψ = ψ0 ± δψ , where ψ indicates the angles, i,ω,Ω
and λ and ψ0 are the values of the particular dynamical map.
Figure 14a shows that the orbit has the shape of a “trisectrix”
shown in Fig. 1f and dynamically follows the orbital config-

uration of mode 1 (see also Morais and Namouni 2017a).
Therefore we examine the case where ψ0 corresponds to
values of the dynamical maps shown in Fig. 12 for i = 165◦.
The projection of the successive moments on the dynamical
maps is shown by crosses in Fig. 12 and are found only for
λ = π . Indeed, it is observed that the asteroid evolves in a
chaotic sea outside the wide stable regions A0. However, it
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passes close to regions D2 and D3 where ω librates around
±π/2. This is an evidence that evolution is affected by the
Kozai-Lidov resonance which is present in the region of 1/-1
resonance as it is shown in Morais and Namouni (2016).

6 Conclusions

In the present paper we studied the dynamics of retrograde
1/-1 mean motion resonance with Jupiter in the framework
of the RTBP. We computed families of periodic orbits and
dynamical maps of stability in order to classify the various
modes of motion that are present.

In the planar model we studied the family of circular ret-
rograde periodic orbits, RC , which is divided in the inte-
rior and the exterior segment (mode-0). The family far from
co-orbital motion is stable but when the resonance is ap-
proached it becomes unstable and we obtain the bifurcation
of the families R2 (interior and exterior) of elliptic orbits,
which for low eccentricities are stable (mode-3). Interior
family R2 continues up to high eccentricities where a stable
part exist (mode-2). Exterior family becomes very unstable
in moderate eccentricities. Family R1 is related to mode-1
orbits and shows stable co-orbital periodic orbits of a trisec-
trix shape in the rotating frame and passes Jupiter twice per
period (one inside and one outside Jupiter).

The circular planar family has four vertical critical orbits
(v.c.o.). One belongs to the interior part and the three ones to
the exterior part. Family R1 has one v.c.o. From these critical
orbits families of 3D retrograde symmetric periodic orbits;
these are: RA1, RB1, RB2, RB3, RB4. The first one, RA1, is
located at a < 1 (interior orbits). All families consist of un-
stable orbits except for the family RB1 which has a stable
part for 180◦ < i < 172.8◦. RA1, RB2 and RB1 are contin-
ued down to i = 0◦ and terminate to Lagrangian points L1,
L2 and L3, respectively. The numerical continuation of RB3

stops at i ≈ 100◦ due to strong instability. Finally, the fam-
ily RB4 is connected with an orbit of the family RB1 and in-
cludes orbits with low eccentricity values (0.00 < e < 0.11).

The unstable periodic motion for 3D orbits indicates the
existence of wide regions in phase space of chaotic motion.
In order to find possible regions of stable motion we com-
puted dynamical stability maps. The grids of initial condi-
tions are defined on the plane (a − e) and chosen in order
represent orbits of all modes. It is shown that chaotic re-
gions dominate for modes 2 and 3 but for i < 170◦ stable
regions appears where the argument of pericenter librates.
For mode-1 orbital configuration and for the planar case we
obtain wide regions of stability where the resonant angle φ2

librates around 0. These regions still exist and dominates
for i < 180◦ around a = 1. It is shown, in agreement with
previous studies, that the asteroid 514107 Ka’epaoka’awela
evolves in orbital mode-1 but outside of the stable area. It

is chaotic with relatively short Lyapunov time but does not
leave the resonant co-orbital motion for at least 10 Mys.
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