
����� ���� �	
	��� �� �	����

������ �� ��������� ������� ��� � !���" ��
�����# ��"

$%&&'()*+,- .' /'&)(*.-
01&23(*.4*+,- '5 /*)'56)%7*

Instituto de Biociências, Letras e Ciências Exatas
Rua Cristóvão Colombo, 2265, 15054-000

São José do Rio Preto - SP - Brasil
Telefone: (17) 3221-2444 - Fax: (17) 3221-2445



����� ���� �	
	��� �� �	����

89:;<= >: ?:@9AB<=C D:E=;F@G<B: 9 H9;:I
>9 ?:C<AJG<:I

K(%'L)*.-(M
NOPQR SOR STUTVWO XPYZ[ STUTVOP[

\]^_`ab^cdc` ebfdcgdh idgh^bfd jklh^m c` n`bog^fd p^hqmrs]bf^fgfm c` t^mu^v]u^dbw x`fadb ` y^v]u^db ezdfdb
yd{|gb c` }~m kmb� cm �^m ia`fm

�,- �-&� .- �%- 0(')-
�� .' /*(+- .' ����



������� �� �� ��������� �� ���������  �¡��¢�£��� � ¤���¥ �� �����¦£��¥§ ¨����©�¥ª «�£��¡� ��¥ ¬����¥ ¬®� ©�¥ª �� ¯�� �����° ±¥�²³ ´µ¶¶¶µ· ¸ ° �� ¹ ·µ �£º���������° »�£���� ¼���½ »�£����½»�¥¥����¾®� ¿£�¥�����À Á Â��½��¥����� ¨¥���Ã�� ��Ã��¥��Ä©Å��� �� Æ�¥ÇÃ��� È��É�Ê³ Ë�¥���Ã�� �� Ì����Í����¥³  ����¥ � «�Í�Á���¥ ¨Î���¥¶���������  �¡��¢�£��� ´ Æ����� �� ¨ÇÃ��¢Ï��� ·¯��ÃÐ��Á�¾®� �� Æ����� Ñ Ò¥¥���Ó���� Ë »�£����½³ » ¼ ËË Ë�¥���Ã��
�� Ì����Í����¥³  ����¥ � «�Í����¥ ¨Î���¥ ËËË ������ �� ��������� �¡��¢�£��� � ¤���¥ �� �����¦£��¥

«»Â Á ÎÎÎ



ÔÕÖ×Õ ØÙÚÛ ÜÝÞÝßàÙ áÙÚ âÝãäÙÚ

å`ma^d cm imf`]u^dh xmædaçf{^um ` è`amb c` imh^]é{^mb

$%&&'()*+,- *ê('&'L)*.* ê*(* -ë)'L+,- .- )ì)4í-
.' /'&)(' '5 /*)'56)%7*î 6('* .' ïL6í%&'
ïêí%7*.*î ð4L)- *- ñL&)%)4)- .' ò%-7%óL7%*&î
ô')(*& ' õ%óL7%*& ö÷*)*& .* øL%ù'(&%.*.'
ö&)*.4*í 0*4í%&)* ú�ûí%- .' /'&ü4%)* ý%íþ-ÿî
õ*5ê4& .' �,- �-&� .- �%- 0(')-�

td]ud ezd{^]dcmad

0(-�� $(� $%5%)*( �-í'ù $%5%)(-ù0(-�'&&-( �%)4í*(ø�ö�0 2 �,- �-&� .- �%- 0(')-K(%'L)*.-(

0(-�� $(� �*í.%( ïL)�L%- /'L'�*))-0(-�'&&-( �%)4í*(ø�0 2 �,- õ*(í-&

0(-�� $(� ïí% /'&&*-4.%0(-�'&&-( ï.ð4L)-ø�ö�0 2 �,- �-&� .- �%- 0(')-

�,- �-&� .- �%- 0(')-î �� .' /*(+- .' �����



ï-& 5'4& *5*.-& ê*%&î �-&� ' K(.6í%*�
ï-& 5'4& %(5,-&î ö.5%í)-Lî �-&�í%*î �(%7* ' öí%�*	�

ï-& 5'4& ü4'(%.-& *5%�-&�

�����



��������������

ï $'4&î ê'í*& -ê-()4L%.*.'& ' ê'&&-*& 'L7*L)*.-(*& ü4' 'L7-L)(- '5 5'4 7*5%Lþ-�
ï 5%Lþ* �*5ìí%*î ê'í- *ê-%-î 7-5ê(''L&,- ' %L7'L)%ù- 7-L)ìL4- ê*(* ('*í%	*+,- .'

5*%& 45* 7-Lü4%&)*�
ï- 5'4 -(%'L)*.-(î 0(-�� $(� $%5%)*( �-í'ù $%5%)(-ùî ê'í- *ê-%-î *5%	*.' ' *4÷ìí%-

.4(*L)' * -(%'L)*+,- .'&)' )(*ë*íþ-�
ï-& ê(-�'&&-('&î 0(-�� $(� ïí% /'&&*-4.% ' 0(-�� $(� ïí*�*7-L' �(% �*L�*î ê'í*&

%Lû5'(*& ' ù*í%-&*& &4�'&)�'& ê*(* '&)* .%&&'()*+,-�
ï /*(%&* .' �-4	* õ-&)* ' �'�%L* .* �%íù* ô*5ëí�5î ê'í*& 7-L)(%ë4%+�'& *- ê('&'L)'

)(*ë*íþ-�
ï-& ê(-�'&&-('& .' �(*.4*+,- ' ê1&2�(*.4*+,-î '5 '&ê'7%*í � 0(-�� � $(� � /*(%*

3-(')' õ*(('(* ïL.(*.'î 0(-�� $(� õí64.%- ï�4%L*í.- ò4		% � 0(-�� � $(� � öí%*L*  *ù%'(
ô%Lþ*('& .' ïL.(*.' ' *- 0(-�� $(� ïí*�*7-L' �(% �*L�*î ê'í* .'.%7*+,-î *)'L+,- '
ù*í%-&-& 'L&%L*5'L)-&�
ï )-.-& -& 7-í'�*& .' �(*.4*+,-î '5 '&ê'7%*í *-& *5%�-& $*L%í-î ô'-L*(.-î �*�*'íî

�-.(%�-î ô')%7%*î /*(7-& !%íí%*5î �þ*%&*î �'L*)* �-&%5'%(' ' ïL.(�%*î ê'í* *5%	*.'
.4(*L)' ü4*)(- *L-& .' 7-Lùìù%-�
ï-& *5%�-& .' ê1&2�(*.4*+,- ïí"L'î õ%L)"*î õ(%&)%*L' /*(%*î ö.4*(.- #7*L')%Lþ*#î

ý6ë%-î ý'(L*L.-î 34%íþ'(5'î$'(-Lî �4L%-(î /*L4'íí*î /*(7-& $'L(%ü4'î /*(7-&!%íí%*5î
/'%('î /%7þ'íí%î /%('í*î �'�%L*î �*L'&&*î!*íí*7' ' *-& .'5*%& 7-í'�*&î ê'í-& 5-5'L)-&
ê*()%íþ*.-& L'&)'& .-%& ûí)%5-& *L-&�
ï- 5-(*.-('& .- òí-7- �ïî .' 5-.- '&ê'7%*í � ï(-í.-î õ*(í-& ï4�4&)-î õ*%-î õþ%7-î

õí*")-Lî ö.4*(.-î 34&)*ù-î �-L*)*&î 0'(.%�,-î �-ë&-Lî �*77*(% ' !%íí%*5 ' * )-.-&
*ü4'í'&î *�('�*.-& ' ù%	%Lþ-&î ü4' &'(,- &'5ê(' í'5ë(*.-& 7-5 54%)- 7*(%Lþ- ê'í-& %L2
'&ü4'7ìù'%& 5-5'L)-& .' *í'�(%*�
ï-& *5%�-& ï.'(ë*íî ô4%& �%7*(.- %�-4(%Lþ-& ' �þ%*�- ê'í* *5%	*.'î *ê-%-î %L7'L)%ù-

' 7-5ê*Lþ'%(%&5-�



ø5 *�(*.'7%5'L)- '&ê'7%*í *-& *5%�-& ïí"L'î ý'(L*L.-î ý6ë%-î 34%íþ'(5' ' /%7þ'íí'
î ê'í-& 5-5'L)-& .' '&)4.- ' .%&)(*+,- L* ú&*í%Lþ*ÿ ' ú7*�'	%Lþ-&ÿ *ê(-ù'%)*.-& L- $õõöî
*L�û&)%*& .%ù%.%.*&î (%&-& &-5*.-&î �(*L.' *5%	*.' ' 45* ê('7%-&* 7-í*ë-(*+,- � ('*í%	*2
+,- .'&)' )(*ë*íþ-�
ï õí�7%* ê'í- *ê-%- ' 7-5ê*Lþ'%(%&5- .-& ûí)%5-& 5'&'&�
ï )-.-& -& 7-í'�*&î ê'&&-*& ' �4L7%-L6(%-& .- ñòñôõö ü4'î .%(')* -4 %L.%(')*5'L)'î

7-L)(%ë4ì(*5 ê*(* * 'í*ë-(*+,- .'&)' )(*ë*íþ-� ö5 '&ê'7%*í *-& �4L7%-L6(%-& .- $õõö
ö&)þ'(î /*(7-& ' Kí�* &'5ê(' 54%)- *)'L7%-&-& ' 7-5ê')'L)'&�
ï õï0ö� ' � ýï0ö�0î ê'í- *4÷ìí%- 'L*L7'%(-�



(%���& /*& * ù%.*î * ù%.*î * ù%.*î
* ù%.* &1 � ê-&&ìù'í ('%Lù'L)*.*� %���&(

ï4)-(*M õ'7ìí%* /'%('í'&
0-'&%*M �'%Lù'L+,-



)��*��

ö&)4.*5-& *í�4L& )1ê%7-& .* �'-(%* .- 0-)'L7%*í ô-�*(ì)5%7-� öL�*)%	*5-& - ê(-ë2í'5* .' 7*(*7)'(%	*( * 5'.%.* .' 'ü4%íìë(%-� 0(-ù*5-& 45 ('&4í)*.- &-ë(' * *&&%L)1)%7*
.* 5'.%.* 7-L)*.-(* .' 	'(-&î *&&-7%*.* 7-5 45* 7í*&&' .' ê-í%L�5%-&�+ÝÕÝ,ßÝÚ-./Ý,×0 ê-)'L7%*í í-�*(ì)5%7-î 5'.%.* .' 'ü4%íìë(%-î ('74ê'(*+,- .* 5'.%.*î*&&%L)1)%7*�



�1������

!' &)4." &-5' ë*&%7 )-ê%7& -� �þ' �þ'-(" -� )þ' ô-�*(%)þ5%7 0-)'L)%*í� !' '5êþ*&%	'
-L )þ' ê(-ëí'5 ë" 7þ*(*7)'(%	%L� )þ' 'ü4%í%ë(%45 5'*&4('� ï ('&4í) -L )þ' *&"5ê)-)%7&
-� )þ' 	'(- 7-4L)%L� 5'*&4(' *&&-7%*)'. 2%)þ * 7í*&& -� ê-í"L-5%*í& %& ê(-ù'.�3×45ÙßáÚ0 í-�*(%)þ5%7 ê-)'L)%*íî 'ü4%í%ë(%45 5'*&4('î ('7-ù'(" -� * 5'*&4('î *&"5ê2)-)%7&�



6*�7���

8 9ãäßÙá:;<Ù ê� ��
= +ßÙ>ßÖ×áÝá×Ú ?×ßÝÖÚ á× @:ã;A×Ú ÜÙÞ>Õ×BÝÚ ê� �C
��� �'5%27-L)%L4%.*.' � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ê� �C
��� ý4L+�'& $*(5�L%7*& � � � � � � � � � � � � � � � � � � � � � � � � � � � � ê� �D
��C �'ê('&'L)*+,- '5 ��(%'& .' ý4L+�'& $*(5�L%7*& � � � � � � � � � � � � � ê���
��� ý1(54í* .' 0-%&&-L � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ê���
��E ïí�4L& �'-('5*& .* �'-(%* .* /'.%.* � � � � � � � � � � � � � � � � � � ê���
��F ý4L+�'& �4ê'(2þ*(5�L%7*& � � � � � � � � � � � � � � � � � � � � � � � � � ê��C

G H +Ùä×ã.ÖÝÕ IÙàÝßJäÞÖ.Ù Ôã×ßàÖÝ × â:ÝÚ +ßÙ>ßÖ×áÝá×Ú ê��F
C�� 0-)'L7%*í ô-�*(ì)5%7- � � � � � � � � � � � � � � � � � � � � � � � � � � � ê��F
C�� öL'(�%* ô-�*(ì)5%7* � � � � � � � � � � � � � � � � � � � � � � � � � � � � ê��K
C�C õ*(*7)'(%	*+,- .* /'.%.* .' öü4%íìë(%- � � � � � � � � � � � � � � � � � ê� CC

C�C�� �'-('5* .* $'7-5ê-&%+,- .' �%'&	 ' 0(%L7ìê%- .* $-5%L*+,- � ê���
C�� ï /'.%.* ö÷)('5*í � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ê���
C�E 0(%L7%ê%- .- /ìL%5- � � � � � � � � � � � � � � � � � � � � � � � � � � � � ê��D
C�F 0(-ëí'5* .' $%(%7þí') ' ý4L+�'& .' 3(''L � � � � � � � � � � � � � � � � ê� E�

L M×.:>×ßÝ;<Ù áÝ N×áÖáÝ ê� EK
��� �'-('5* .* øL%7%.*.' � � � � � � � � � � � � � � � � � � � � � � � � � � � ê� EK
��� õ*(*7)'(%	*+,- .- �4ê-()' .* /'.%.* .' öü4%íìë(%- � � � � � � � � � � � ê� F�
��C 0(-ê(%'.*.'& 3'-5�)(%7*& .- �4ê-()' .* 5'.%.* .' 'ü4%íìë(%- � � � � � ê� F�



��� ö÷'5êí-& .* $')'(5%L*+,- .- �4ê-()' ê*(* 0'&-& õí6&&%7-& � � � � � � ê� O�
����� 0'&-& .' �*7-ë% � � � � � � � � � � � � � � � � � � � � � � � � � � � ê� O�
����� 0'&-& .' ô*�4'((' � � � � � � � � � � � � � � � � � � � � � � � � � � ê� OC

��E �'74ê'(*+,- .* /'.%.* .' öü4%íìë(%- � � � � � � � � � � � � � � � � � � � ê� O�
P Q>ÕÖ.Ý;A×Ú ê� K�

E�� ö÷'5êí-& .' $')'(5%L*+,- .* /'.%.* .' öü4%íìë(%- � � � � � � � � � � � ê� K�
E���� 0'&-& .' �*7-ë% � � � � � � � � � � � � � � � � � � � � � � � � � � � ê� K�
E���� 0'&-& .' ô*�4'((' � � � � � � � � � � � � � � � � � � � � � � � � � � ê� K�

E�� õ-Lù'(�óL7%* .* /'.%.* õ-L)*.-(* .' R'(-& �-(5*í%	*.* � � � � � � � ê� K�
E���� 0-í%L�5%-& ö÷)('5*%& � � � � � � � � � � � � � � � � � � � � � � � � ê� K�

M×S×ßTã.ÖÝÚ UÖVÕÖÙàßWX.ÝÚ ê� ���



YZ

[ \�����*]^�

�6(%-& ê(-ëí'5*& .%�ì7'%& .* �'-(%* .* ïê(-÷%5*+,- ' .* �'-(%* .-& 0-í%L�5%-& K()-�2
-L*%& ' ý4L+�'& ö&ê'7%*%& ü4' ê'(5*L'7'(*5 '5 *ë'()- ê-( 54%)-& *L-&î �-(*5 ('&-íù%.-&
L*& ûí)%5*& .�7*.*&� ø5* .*& 7*(*7)'(ì&)%7*& '5 7-545 .*& &-í4+�'& �-% - 4&- 7(%*)%ù-
.* �'-(%* .- 0-)'L7%*í ô-�*(ì)5%7-� ö&)* .%&&'()*+,- ('í*)* L-&&- '&)4.- &-ë(' *í�4L&
)1ê%7-& �4L.*5'L)*%& .'&)* )'-(%*�

�- &'�4L.- 7*êì)4í- '&)4.*5-& *í�4L& )'5*& .* ïL6í%&' $*(5�L%7* ' .* �'-(%* .*
5'.%.*� ï& L-+�'& ê(%L7%ê*%& .* �'-(%* .- 0-)'L7%*í &'(,- )(*)*.*& L- &'�4L.- 7*êì)4í-�
�*%& 7-L7'%)-& &4(�'5 .' 45 ê(-ëí'5* ü4' )'5 * &'�4%L)' %L)'(ê(')*+,- 'í')(-&)6)%7*M
õ-í-7*5-& 7*(�*& ê-&%)%ù*& 4L%)6(%*& '5 45 7-Lð4L)- 7-5ê*7)- A� �4ê-Lþ*5-& ü4''&)*& 7*(�*& ('ê'í'5 'L)(' &% 7-5 �-(+* ê(-ê-(7%-L*í * 1/|z − t| � �' ê*(* 45* 7'()*7-L'�4(*+,- .-& ê-L)-& - 5ìL%5- .' 'L'(�%* � *)%L�%.-î 'L),- .%	'5-& ü4' L-&&- &%&)'5*

'&)6 '5 'ü4%íìë(%-�
õ-5 %&)- %L)(-.4	%5-& -& 7-L7'%)-& .' ê-)'L7%*í ' 'L'(�%* í-�*(ì)5%7-&î 5'.%.* .'

'ü4%íìë(%- ' &4*& ê(-ê(%'.*.'& &,- �-(L'7%.*& L- &'�4L.- 7*êì)4í-� K ü4*()- 7*êì)4í-
.* .%&&'()*+,- 7-L)�5 ('&4í)*.-& ü4' 7*(*7)'(%	*5 - &4ê-()' .* 5'.%.* .' 'ü4%íìë(%-�
ý%L*í5'L)'î L- ûí)%5- 7*êì)4í-î �-(L'7'5-& *í�4L& '÷'5êí-& -L.' .')'(5%L*5-& '÷êí%7%2
)*5'L)' * 5'.%.* .' 'ü4%íìë(%-� ý-(L'7'5-& * .'5-L&)(*+,- .' 45 ('&4í)*.- %L)'('&&*L)'
&-ë(' * 7-Lù'(�óL7%* .* 5'.%.* 7-L)*.-(* .' 	'(-& .' 45* 7í*&&' .' ê-í%L�5%-&�



Y_

` a��b�������� c����� �� d*�]e��
f��bg�h��

�'&)' 7*êì)4í- %L)(-.4	%5-& 7-L7'%)-& ë6&%7-& .* �'-(%* .* /'.%.* ' ïL6í%&' ý4L2
7%-L*í� �*%& ('&4í)*.-& &,- 'L7-L)(*.-& ê-( '÷'5êí- '5 i��j ' i�Cj�

klm nopqrstuvquwqxyxo
$4(*L)' )-.- - L-&&- )(*ë*íþ- '&)*('5-& )(*)*L.- .' �4L+�'& '5

C := C
⋃{∞} î7-Lþ'7%.* )*5ë�5 7-5 '&�'(* .' �%'5*LL ê'í- �*)- .' - 7-Lð4L)- &'( þ-5'-5-(�- *

'&�'(*
S2 î þ-5'-5-('&5- .*.- ê'í* ê(-ð'+,- '&)'('-�(6'7*� 0-()*L)-

C
� 45 '&ê*+-

)-ê-í1�%7- 7-5 * )-ê-í-�%* %L.4	%.* ê'í- þ-5'-5-('&5-�
z×XãÖ;<Ù ={8{ |�}~ f : X → R� ��� X ⊆ C� ������� � ���� �� ���� �~ ������ f���� �����

lim inf
x→z0

f(x) = lim
r→0

{ inf
x∈Dr(z0)∩X

f(x)},
����Dr(z0) = {z : |z| < r}.
z×XãÖ;<Ù ={={ |�}~ f : K → R

��~ ������ �����~ �� �� ���}���� K ⊂ C � ������
f � ����������~ �� ��������� �� �� ����� x ∈ K � �� ��� α < f(x)� �� ����� ��~����~��~ U ��

x
�~� ��� α < f(y) �~�~ ���� y ∈ U

⋂
K � 
����� ��� f � �����������~ �� ��������� �� K �� ��~ � �����������~ �� ��������� �� ���� ����� �� ����~ ������ f � ����������~ ������������ ��K ��−f � ����������~ �� ����������� K �

�×Ùß×ÞÝ ={8{ |�}~ f ��~ ������ �����~ �� �� ���� D � ����� �~��� ~� ��������
����~����~��
(1) f � ����������~ �� ��������� �� D �
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�4ê-Lþ*5-& ü4' � � &'5%27-L)ìL4* %L�'(%-(5'L)' '5D � �*ë'5-& ü4' f(z0) > f(z0)−εê*(* )-.- ε > 0 � 0-()*L)- ê'í* &'5%27-L)%L4%.*.' %L�'(%-( .' f '5 D ê-.'5-& �*(*L)%(ü4' '÷%&)' 45* ù%	%Lþ*L+* Uz0

)*í ü4' f(y) > f(z0) − ε ê*(* )-.- y ∈ Uz0

� öL),-î '÷%&)'
45 δ

)*í ü4' ê*(* )-.- z ∈ Dδ(z0) ⊂ Uz0

î -L.' Dδ(z0) := {z : |z| < δ} î )'5-& ü4'

inf
z∈Dδ(z0)

f(z) ≥ f(z0) − ε.

ï&&%5î &*ë'L.- ü4' lim inf
z→z0

f(z) = lim
r→0

inf
z∈Dδ(z0)

f(z)
î -ë)'5-&

lim inf
z→z0

f(z) ≥ f(z0) − ε.

ý*	'L.- ε → 0
î -ë)'5-&

lim inf
z→z0

f(z) ≥ f(z0).

0*(* ê(-ù*(5-& * %5êí%7*+,- 7-L)(6(%*î &4ê-Lþ*5-& ü4' f &*)%&�*+* (2)
î 5*& ü4' L,-

&'ð* &'5%27-L)ìL4* %L�'(%-(5'L)' '5 D � öL),-î '÷%&)'5 z ∈ D
'
ε > 0

î )*í ü4'î ê*(* )-.-
δ
î )'5-& f(z) > f(z) − ε ê-(�5 f(z) ≤ f(z) − ε ê*(* )-.- z ∈ Dδ(z)

� ï&&%5î &*ë'L.-
ü4' lim inf

z→z
f(z) = lim

δ→0
inf

Dδ(z)
f(z),

)'5-& ü4' lim inf
z→z

f(z) ≤ f(z) − ε � ý*	'L.- ε → 0
î

7-L7í4ì5-& ü4' lim inf
z→z

f(z) ≤ f(z) - ü4' 7-L)(6(%* L-&&* þ%ê1)'&'� 0-()*L)-î *& þ%ê1)'&'&
.' &'5%27-L)%L4%.*.' %L�'(%-( '&),- &*)%&�'%)*&î .' -L.' 7-L7í4ì5-& ü4' f � &'5%27-L)ìL4*%L�'(%-(5'L)' '5 D �
ï�-(* ù*5-& ê(-ù*( ü4' (1) ⇐⇒ (3)�
�4ê-Lþ*5-& ü4' f &'ð* &'5%27-L)ìL4* %L�'(%-(5'L)' '5 D � �*5-& ê(-ù*( ü4' -

7-Lð4L)- A := {z ∈ D : f(z) > α} � *ë'()-î &'ð* z ∈ A
î 'L),- f(z) > α

î í-�- ê'í*
.''L%+,- .' &'5%27-L)%L4%.*.' %L�'(%-( '÷%&)' 45* ù%	%Lþ*L+* *ë'()* Uz

î '5 )-(L- .' z î)*í ü4' f(z) > α ê*(* )-.- z ∈ Uz
î -4 &'ð*î Uz ⊂ A� 0-()*L)-î A � *ë'()-�

�'7%ê(-7*5'L)'î &'ð* z ∈ D 45 ê-L)- )*í ü4' f(z) > α
%&)- %5êí%7* ü4' - 7-Lð4L)-

A := {z ∈ D : f(z) > α} � L,- ù*	%-î 7-5- ê-( þ%ê1)'&' 'í' � *ë'()-î ë*&)* )-5*(5-&
U = A

L* .''L%+,- .' &'5%27-L)%L4%.*.' %L�'(%-( ê*(* 7-L7í4%(5-& ü4' f � &'5%27-L)ìL4*%L�'(%-(5'L)' L- ê-L)- z � �

�×Ùß×ÞÝ ={={ |� f � ����������~ �� ��������� �� �� ���}���� ����~��� K � �����
f
~���� � ����� �� K �
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z×ÞÙãÚäßÝ;<Ù0 0-( f &'( &'5%27-L)%L4* %L�'(%-(5'L)' '5 45 7-Lð4L)- 7-5ê*7)- K î&'�4' .- �'-('5* ��� %)'5 (3)

î -& 7-Lð4L)-& Un := {z ∈ K : f(z) > −n}, n ≥ 1
&,-

*ë'()-&î ' '&)6 7í*(- ü4' 'í'& �-(5*5 45* 7-ë'()4(* .' K � �'L.- K 7-5ê*7)- 'í' *.5%)'&4ë27-ë'()4(* 'L%)*� 0-()*L)-î f � í%5%)*.* %L�'(%-(5'L)' '5 K �
�'ð*

M = inf
K
f � K& 7-Lð4L)-&

Vn := {z ∈ K : f(z) > M + 1/n}, n ≥ 1

L,- ê-.'5 7-ë(%( K �
$' �*)-î 7*&- 'í'& 7-ë(%&&'5 'L),- 'í'& )*5ë�5 *.5%)%(%*5 45* &4ë27-ë'()4(* 'L%)*î

-4 &'ð*î '÷%&)%(%*5 nj, j = 1, . . . , k
)*í ü4' * �*5ìí%* .-& 7-Lð4L)-& {Vnj

}k
j=1

7-ë(%(%*5
K
î %&)- *7*((')* ü4' ê*(* m > nk

-& 7-Lð4L)-& Vm = Vnk

î *&&%5
f(z) > M + 1/nk

ê*(*
)-.- z ' ê*(* )-.- m > nk

î ê-()*L)- inf
K
f(z) ≥ M + 1/m > M

î - ü4' � 45 *ë&4(.- .'
*7-(.- 7-5 * .''L%+,- .' M � õ-L&'ü4'L)'5'L)'î '÷%&)' z )*í ü4' M ≤ f(z) ≤ M + 1/n
ê*(* )-.- n > 1

î -4 &'ð*î u(z) = M ê*(* ê'í- 5'L-& 45 z ∈ K. �

�×Ùß×ÞÝ ={G{ |� f � ����������~ �� ��������� �� �� ���}���� ����~��� K ��� �������� ��� ��~ � ���� �����~� �� �� �������~ ����°�� ���������� � ������~��
z×ÞÙãÚäßÝ;<Ù0 �*5-& ê(-ù*( ê(%5'%(*5'L)' * &4'7%óL7%*� �4ê-Lþ*5-& ü4' f &'ð*
í%5%)' ê-L)4*í .' 45* &'ü4óL7%* .' �4L+�'& 7-L)ìL4*& ' 7('&7'L)'& fn

� öL),-î ê*(* y ∈ K)*í ü4' f(y) > α
%5êí%7* ü4' lim fn(y) = f(y) > α

'
fn
&,- �4L+�'& 7-L)%L4*&î '÷%&)'5

δ > 0
'
ε > 0

î )*í ü4'î ê*(* |x − y| < δ .'ù'5-& )'( fn(x) > α + ε
î �*	'L.- n → +∞ î

-ë)'5-& ü4' f(x) ≥ α ê*(* )-.- x )*í ü4' |x − y| < δ � 0-()*L)-î &'�4' ü4' f � &'5%27-L)ìL4* %L�'(%-(5'L)' '5 K �
�'7%ê(-7*5'L)'î &'ð* f 45* �4L+,- &'5%27-L)ìL4* %L�'(%-(5'L)' L,- %.'L)%7*5'L)'%�4*í * +∞ � �-5'5-& * &'ü4óL7%* .' �4L+�'&

fn(x) := inf
y∈K

{f(y) + n|x− y|}.

ö&)*& �4L+�'& fn
'&),- ë'5 .''L%.*& 45* ù'	 ü4' K � 7-5ê*7)-�

�*5-& ê(-ù*( ü4' ê*(* ü4*%&ü4'( x, x0 ∈ K
î )'5-&

|fn(x) − fn(x0)| ≤ n|x− x0|.
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$' �*)-î

fn(x) = inf
y∈K

{f(y) + n|x− y|} = inf
y∈K

{f(y) + n|x− x0 + x0 − y|}
≤ inf

y∈K
{f(y) + n|x− x0| + n|x0 − y|}

≤ inf
y∈K

{f(y) + n|x0 − y|}+ n|x− x0| = fn(x0) + n|x− x0|,

' *L*í-�*5'L)' ê-.'5-& ê(-ù*( ü4' fn(x) ≥ fn(x0)−n|x−x0| � $'&)* �-(5*î .*.- 0 < ε
ë*&)* )-5*(5-& 45 δ = ε/n

' 7-L7í4%('5-& ü4' fn
� 7-L)ìL4*� ö fn(x) < fn+1(x)

ê*(*
)-.- x &'�4' .%(')*5'L)' .*& ê(-ê(%'.*.'& .' ìL'5- .' �4L+�'&�
0('7%&*5-& *�-(* ê(-ù*( *ê'L*& ü4' lim fn(x) = f(x).

0*(* )*L)- �*	'L.- y = x
L*

.''L%+,- .' fn
ê-.'5-& ù'( ü4' fn(x) ≤ f(x) ê*(* )-.- n ' x� �'&)* ê(-ù*( ü4'

lim
n→∞

fn(x) ≥ f(x).

$' �*)-î &' f(x) > α
'L),- '÷%&)' 45 .%&7- Dr(x) ⊂ K .' (*%- r ' 7'L)(- '5 x

î
)*í ü4'î f(y) > α, ê*(* )-.- y ∈ Dr(x)

� �*5-& ê(-ù*( ü4' fn(y) ≥ α � ý*	'L.- A =

inf
y∈Dr(x)

{f(y) + n|x− y|} ' B = inf
y∈Dr(x)\K

{f(y) + n|x− y|} )'5-&

fn(x) = min (A,B) .

�-)' ü4' A ≥ infy∈Dr(x){f(y)} > α � ï�-(*î ê*(* y ∈ Dr(x)\K î )-5'5-& n > (M+α)/r
î

-L.'−M � 45 í%5%)' %L�'(%-( ê*(* f '5K î ' 7-L7í4ì5-& ü4' f(y)+n|x−y| > α � 0-()*L)-î
B > α � õ-L&'ü4'L)'5'L)'î fn(x) ≥ α � $'&)* �-(5*î ë*&)* )-5*(5-& α = f(x) − ε

7-5
ε > 0 � ï&&%5î lim

n→∞
fn(x) ≥ f(x) − ε

î �*	'L.- ε → 0
î 7þ'�*5-& * 7-L7í4&,- .'&'ð*.*�

õ-L&'ü4'L)'5'L)'î lim
n→∞

fn(x) = f(x)� õ-L7í4%L.- * .'5-L&)(*+,- .- )'-('5*� �

I×ÞÝ ={8{ |�}~ f ��~ ������ �����������~ �� ��������� �� �� ���}���� X ⊆ C �
������ ~ ������ g(x) = lim inf

y→x
f(y)

�~�®�� � �����������~ �� ��������� �� X ⊆ C �
z×ÞÙãÚäßÝ;<Ù0 �*5-& 4&*( - %)'5 %ë& .- �'-('5* ���� 0'í- �*)- .' f &'( &'5%27-L)ìL4*%L�'(%-(5'L)'î &'�4' ü4' g(x) ≥ f(x)� 0-()*L)-î

lim inf
x→x0

g(x) ≥ lim inf
x→x0

f(x) = g(x0),

7-L7í4%L.- * .'5-L&)(*+,- .- í'5*�
$' 5-.- &'5'íþ*L)'î ê-.'5-& ê(-ù*( ü4' h(x) = lim sup

y→x
f(y)

î � &'5%27-L)ìL4* &4ê'2
(%-(5'L)'�
�×Ùß×ÞÝ ={L{ |� f � �����������~ �� ��������� �� �� ���}���� � ���~��K � ����� f
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� �������~ �� �� ���}����Gδ ⊂ K
����� �� K �

z×ÞÙãÚäßÝ;<Ù0 0-.'5-& &4ê-( ü4' f � í%5%)*.*î 7*&- 7-L)(6(%- ë*&)* *êí%7*(5-& *�4L+,- *(7- )*L�'L)' * f î ê-%& 'í* *%L.* &'(6 45* �4L+,- &'5%27-L)ìL4* %L�'(%-(5'L)'î
45* ù'	 ü4' * �4L+,- *(7- )*L�'L)' � 7-L)ìL4*î &'�4' ü4' * %5*�'5 %Lù'(&* .' 7-Lð4L)-
*ë'()- � *%L.* 45 7-Lð4L)- *ë'()-î %&)- ê-(ü4' {z : arctan(f(z)) > α} = f−1({z : f(z) >

arctan(α)}) ' )'5-& 45* ë%ð'+,- 'L)(' -& ê-L)-& .' .'&7-L)%L4%.*.' .' f ' -& ê-L)-& .'
.'&7-L)%L4%.*.' .' arctan(f)�
$''L%5-& * -&7%í*+,- .' f 7-5-

of(z) := lim sup
w→z

f(w) − lim inf
w→z

f(w),

'L),- ê*(* )-.- m = 1, 2, . . . , - 7-Lð4L)-

Vm := {z ∈ K : of (z) ≥
1

m
}

� �'7þ*.-î ê-%& ê'í- ô'5* ��� of
� &'5%27-L)ìL4* &4ê'(%-(5'L)' ' ê'í- *L6í-�- .- �'-('5*

��� ê*(* �4L+�'& &'5%27-L)ìL4*& &4ê'(%-(5'L)' &'�4' ü4' Vm
� �'7þ*.-� ï%L.* Vm

L,- �
.'L&- '5 ü4*íü4'( &4ë7-Lð4L)- *ë'()- ('í*)%ù*5'L)' * K � 0-%& &' &4ê-(5-& ü4' '÷%&)*
45 *ë'()- U ⊂ K

î )*í ü4'î Vm
&'ð* .'L&- '5K

î 'L),- ê-.'('5-& '&7-íþ'( 45* &'ü4óL7%*
.' ê-L)-& xn ∈ Vn ∩ U � ï&&%5î

of(xn+1) ≥
1

n+ 1
, n ≥ 1,

.' -L.' 7-L7í4ì5-& ü4'
n∑

j=1

of (xj+1) ≥
n∑

j=1

(
1

j + 1

)
.

ô-�-î of
L,- � í%5%)*.* '5K

î 7-L)(*(%*L.- - *L6í-�- .- �'-('5* ���î ê*(* �4L+�'& &'5%2
7-L)ìL4*& &4ê'(%-(5'L)'� 0-()*L)-î - 7-Lð4L)- Vm

)'5 %L)'(%-( ù*	%-î ' &'�4L.- - �'-('5*
.' ò*%('î ü4' ê-.' &'( 'L7-L)(*.- '5 i��î ê*� KOjî ∪∞

m=1Vm
)*5ë�5 )'5 %L)'(%-( ù*	%-�

0-()*L)-îG = (∪∞
m=1Vm)c � 45 7-Lð4L)- Gδ

î .'L&- '5K -L.' f � 7-L)ìL4*� �

K �'-('5* .* �'ê('&'L)*+,- .' �%'&	 7-5- '5 i��î ê*� �KEj ü4' .%	 ü4' )-.- �4L2
7%-L*í í%5%)*.- '5 C(K)

î 7-5 K
7-5ê*7)- .'

C
ê-.' &'( ('ê('&'L)*.- ê-(

Lf =

∫
fdµ

ê*(* *í�45* 5'.%.* .' ò-('í µ � ïí�5 .- 5*%&î * L-(5* .' L 7-%L7%.' 7-5 * 5*&&* )-)*í
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.* 5'.%.* |µ| î * ü4*í � 7þ*5*.* .' ù*(%*+,- )-)*í .* 5'.%.* µ ' � .''L%.* 7-5-

|µ|(E) := sup

{
∞∑

j=1

µ(Ej) : E = ∪∞
j=1Ej, Ei ∩ Ej = ∅ se i 6= j

}
.

ñ&)- ü4'( .%	'( ü4' - .4*í .' C(K)
L*.* 5*%& � .- ü4' - '&ê*+-Mc(K)

î - '&ê*+- .' )-.*&
*& 5'.%.*& 7-5êí'÷*& .' ò-('í .- 7-Lð4L)- K � ï�-(* * )-ê-í-�%* fraca∗ '5Mc(K)

�
* )-ê-í-�%* ü4' .'&7('ù' * 7-Lù'(�óL7%* ê-L)4*í .' �4L7%-L*%& í%L'*('&î -4 &'ð*î .%	'5-&
ü4' µn

∗→ µ
&'

∫
fdµn →

∫
fdµ

ê*(* )-.- f ∈ C(K)� »4*L.- þ-4ù'( 7-Lù'(�óL7%* L'&)' &'L)%.- .%('5-& ü4' -& �4L7%-L*%&7-Lù'(�'5 fracamente∗ � �*í )-ê-í-�%* � * )-ê-í-�%* �'(*.* ê'í* 5�)(%7*

d(µ, ν) :=

∞∑

j=1

1

2j‖fj‖K

∣∣∣∣
∫
fjdµ−

∫
fjdν

∣∣∣∣

-L.' ‖f‖K
.'L-)* * L-(5* 4L%�-(5' .' � ' {fj}∞j=1

� 45 7-Lð4L)- 'L45'(6ù'í ' .'L&-
'5

C(K)� �*í 7-Lð4L)- '÷%&)' ' � 7-L&'ü4óL7%* .- �'-('5* .' �)-L'2!'%'(&)(*&& ü4' .%	ü4' )-.* �4L+,- 7-L)ìL4* '5 45 7-5ê*7)- ê-.' &'( *ê(-÷%5*.- ê-( 45 ê-í%L�5%-î '
'&)' ê-í%L�5%- ê-.' &'( *ê(-÷%5*.- ê-( 45 ê-í%L�5%- 7-5 7-''7%'L)'& (*7%-L*%&� �'L.-
ü4' * 7-Lù'(�óL7%* L* L-(5* %5êí%7* '5 7-Lù'(�óL7%* ê-L)4*í ê-.'5-& .'.4	%( ü4' &'
|µ−µn|(K) → 0

î 'L),- µn
∗→ µ � ïí�5 .%&&-î � ê-&&ìù'í ê(-ù*( ü4' &' )-.* 5'.%.* µn

)'5
&4ê-()' '5 45 7-5ê*7)- K1 ⊂ K

'
µn

∗→ µ
î 'L),- µ )'5 &4ê-()' '5 K1

� ô'5ë(*5-&
ü4' &4ê-()' .' µ � - 7-Lð4L)- .-& ê-L)-& z )*%& ü4' µ(Dr(z)) > 0 ê*(* )-.- .%&7- *ë'()-
Dr(z)

.' (*%- r > 0
' 7-5 7'L)(- '5 z.

ö&)'& &,- )1ê%7-& ë*&)*L)' 7í6&&%7-& .* *L6í%&'
�4L7%-L*í ü4' ê-.'5 &'( 'L7-L)(*.-& '5 i��j�
�×Ùß×ÞÝ ={P %�×Ùß×ÞÝ á× â×Õ×;<Ù á× ¼×ÕÕ4&{ |�}~ {µn}

��~ �������~ �� ����
�~� �������~� �� �� ���}���� ����~��� K ��� �~��~ ���~� |µn|(K)� ����� ��������������~� ��~ ��®�������~ �� {µn} ��� �������� fracamente∗ �~�~ ��~ ����~ µ �
ï .'5-L&)(*+,- .'&)' )'-('5* ê-.' &'( 'L7-L)(*.* '5 i��î ê*�Cj ' i�Fî ê*�C�j�

klk ½wu¾¿oÀ ÁyÂpÃuqsyÀ
$%	'5-& ü4' 45 7-Lð4L)- D ⊆ C

� 45 .-5ìL%- &' 'í' � *ë'()- ' 7-L'÷-�
z×XãÖ;<Ù ={G{ ��~ ������ �� �~����� ��~� u(z) = u(x, y)

�����~ �� �� ������ D
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�� ��~�� �������� � �~��Å��~ �� u ∈ C2 � �~��� ~� ~ ���~��� �� Æ~��~���

uxx(z) + uyy(z) = 0, z ∈ D. %���&
��~ ������ u � �~��Å��~ �� z0

�� � �~��Å��~ �� ��~ ����~��~ ��� ������ �� z0 �Ç���������������� u � �~��Å��~ �� D �� � �~��Å��~ �� �~�~ ����� ��D �
$*.* 45* �4L+,- *L*íì)%7* f î &'�4' .*& 'ü4*+�'& .' õ*47þ"2�%'5*LL ü4' *& �4L+�'&î

u = Re(f) e v = Im(f)
î -4 &'ð*î *& ê*()'& ('*%& ' %5*�%L6(%*& .' f î &,- *5ë*& þ*(5�L%7*&�

I×ÞÝ ={={ |� u � �~��Å��~ �� �� ������D � ����� g(z) := ux(z)− iuy(z) � ~�~����~�� D �
z×ÞÙãÚäßÝ;<Ù0 0'í* 'ü4*+,- .' õ*47þ"2�%'5*LL ù*í'

uxx = −uyy e uxy = uyx.

ï ê(%5'%(* %.'L)%.*.' � &*)%&�'%)* ê*(* )-.* �4L+,- þ*(5�L%7*î ' * &'�4L.* %.'L)%.*.'
&'�4' .- �'-('5* .' �7þ2*(	�
z×XãÖ;<Ù ={L{ �� ������ D � ����������� ������� �� �~�~ ���~ ����~ � ���~�~ γ(t)�� D � ����� ��~ ~���~��� �������~ H : [0, 1] × [0, 1] → D � �~� ���� H(0, t) = γ(t)

�
H(1, t) = p� ���� p � �� ����� ��D �
�×Ùß×ÞÝ ={È{ ��~ ������ u � �~��Å��~ �� �� ������ ����������� ������ ��� �������� ��� ����� ��~ ������ ��������~ f(z)� �~� ��� f(z)

���~ �� ������ �~����� ��
z
���������������� �� �~���� ��� ������� ��D � �� ��~� ����~��� u(z) = Re(f(z))�� D �

z×ÞÙãÚäßÝ;<Ù0 õ-5- -ë&'(ù*5-& *L)'(%-(5'L)' u = Re(f)
� þ*(5�L%7* '5 D

&'
� � *L*íì)%7* '5 D � �'7%ê(-7*5'L)'î &' u � þ*(5�L%7* '5 D

î ê'í- ô'5* ��� g(z) :=

ux(z) − iuy(z)
î .'&.' ü4' D &'ð* &%5êí'&5'L)' 7-L'÷-î � *L*íì)%7* '5 D � ï �4L+,-

F (z) :=

∫ z

z0

g(t)dt

� 45* �4L+,- ü4' )-5* - 5'&5- ù*í-( %L.'ê'L.'L)' .- 7*5%Lþ- ü4' )-5'5-&î ê-%& ê*(*
.-5ìL%-& &%5êí'&5'L)' 7-L'÷-& * %L)'�(*í *7%5* %L.'ê'L.' .- 7*5%Lþ-� ïí�5 .%&&-î F (z)
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� *L*íì)%7* '5 D � öL),-î

F (z) =

∫ z

z0

[ux − iuy][dx+ idy]

=

∫ z

z0

uxdx+ uydy + i

∫ z

z0

uxdy − uydx

= u(z) − u(z0) + i

∫ z

z0

uxdy − uydx.

$'&)* �-(5* u(z) � * ê*()' ('*í .* �4L+,- *L*íì)%7*f(z) := F (z)+u(z0)
'5

D � �

�'
u
� þ*(5�L%7* '5 45 .-5ìL%-D ' f = u+ iv

� *L*íì)%7* '5 D
î 'L),- v � 7þ*5*.-

.' 7-Lð4�*.- þ*(5�L%7- .' u ' f � - 7-5êí'5'L)- *L*íì)%7- .' u '5 D � ï& �4L+�'& v '
f
î &' 'í*& '÷%&)'5î &,- ûL%7*& * 5'L-& .' *.%+,- .' 45* 7-L&)*L)'�
�×Ùß×ÞÝ ={Ï %+ßÙ>ßÖ×áÝá× áÙ ÐÝÕÙß NÛáÖÙ&{ |� u � �~��Å��~ �� �� ���� ~®����
|z − a| < r

� �������~ �� ��� � ����� �����
u(a) =

1

2π

∫ 2π

0

u(a+ r exp (iθ))dθ %���&
�

u(a) =
1

πr2

∫ ∫

|z−a|≤r

u(x, y)dxdy. %��C&
�×Ùß×ÞÝ ={Ñ %+ßÖã.J>ÖÙ áÙ NWBÖÞÙ&{ |� u � �~��Å��~ �� �� ������D � ~����
��� �Ò��� �� ����� �� D � ����� u � �����~��� �� D �
ÜÙßÙÕWßÖÙ ={8{ |� u � �~��Å��~ �� ������ �� �� ����~���K � ������~ ��K � �����
u
~���� ��� �Ò��� � ��� ����� �~ �������~ ��K �

klÓ ÔoÕÂoÀouvy¾Öt op n×ÂqoÀ xo ½wu¾¿oÀ ÁyÂpÃuqsyÀ
ø5* 7-L&'ü4óL7%* .- �'-('5* ��F � - �*)- .' ü4' *& �4L+�'& þ*(5�L%7*&î *&&%5

7-5- *& �4L+�'& *L*íì)%7*&î ê-&&4'5 45* ('ê('&'L)*+,- '5 &�(%'î 7-5- ê-.'5-& ù'( L-&
ê(1÷%5-& )'-('5*&�
�×Ùß×ÞÝ ={Ø{ |�

u(z) � �~��Å��~ �� �� ���� DR(z0)� ����� ������ �����~����
{αn}∞n=0

� {βn}∞n=0 � ���~����� �������~�~�� �~� ��� �~�~ ���� z = z0+reiθ � 0 ≤ r < R,

0 ≤ θ ≤ 2π

u(z) =
α0

2
+

∞∑

n=1

(αn cosnθ − βn sinnθ)rn %���&
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Ù��� ����� �� v(z) � � ���}��~�� �~��Å��� �� u(z) �� DR(z0)� ����� �~�~ ~����~�����~��� β0,

u(z) =
β0

2
+

∞∑

n=1

(βn cosnθ + αn sinnθ)rn. %��E&
Ù�®~� ~� ����� ÚÛ�ÜÝ � ÚÛ�ÞÝ ��������� ��� ��������� �� ���� ���� |z − z0| ≤ ρ < R.

Ù� �����~���� αn � βn
��� �~�~� ���

u(a) =
1

πρn

∫ 2π

0

u(z0 + ρeiθ) cosnθdθ, n = 0, 1, 2, . . . %��F&
u(a) = − 1

πρn

∫ 2π

0

u(z0 + ρeiθ) sinnθdθ, n = 1, 2, . . . %��O&
�~�~ ���� 0 < ρ < R.

�×Ùß×ÞÝ ={8ß{ |� u(z) � �~��Å��~ �� �� ~��� A := {z : R0 < |z − z0| < R1},����� ������ � ��� à��~� ~� �����~���� c� {αn}∞−∞

� {βn}∞−∞,n 6=0� �~� ��� �~�~ z =

z0 + reiθ, R0 < r < R1, 0 ≤ θ ≤ 2π

u(z) = c log r +
α0

2
+

∞∑

n=−∞,n 6=0

(αn cos nθ − βn sin nθ)rn. %��D&

���~ ���� �������� ��� ��������� �� ��~����� ��®���}���� ����~��� �� A �
ï ê*()%( .'&)* �1(54í* ê-.' &'( .'.4	%.- - 7-5ê-()*5'L)- ü4*í%)*)%ù- .' �4L+�'&

þ*(5�L%7*& ê(1÷%5-& * &%L�4í*(%.*.'& %&-í*.*&�
z×XãÖ;<Ù ={P{ 
����� ��� ��~ ����~��~ �� z0 � ���~�~ �� ��~ ��� ������ ~���~� �
����� z0.
�×Ùß×ÞÝ ={88{ |�}~� u

�~��Å��~ �� D′(z0) := {z : 0 < |z − z0| < R} � ÚÛ�áÝ ��~���~���� �� �����
(a)

|�
αn 6= 0 �� βn 6= 0 �~�~ ~���� n ≥ −1� ����� �~�~ ���~ ����~��~ ���~�~ �� z0 �~ ������ u ~���� ����� �� �~����� ��~��

(b)
|�

αn = βn = 0 �~�~ ���� n ≥ −1
�
c 6= 0� �����

lim
z→z0

u(z) =

{
∞ �� c < 0

−∞ �� c > 0.
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klæ ½çÂpwèy xo étqÀÀtu
�×Ùß×ÞÝ ={8={ |� u(z) � �~��Å��~ �� �� ���� ~®���� DR(0) := {z | |z| < R} �
�������~ �� ��� � ����DR(0)� �����

u(z) =
1

2π

∫ 2π

0

R2 − |z|2
|Reiφ − z|2u(Re

iφ)dφ, z ∈ DR(0). %��K&
ïí�45*& ù*(%*+�'& .* L-)*+,- &,- *& .*.*& *ë*%÷-�

u(z) =
1

2π

∫ 2π

0

P (t, z)U(t)dφ

= Re

(
1

2π

∫ 2π

0

t+ z

t− z
u(t)dφ

)
, ê*(* )-.- t = Reiφ. %����&

I×ÞÝ ={G{ ê �à���� �� ������ P (t, z) �~��� ~�
ëÝì P (t, z) > 0 �~�~ |z| < |t|�
ëVì 1

2π

∫ 2π

0

P (t, z)dφ = 1, |z| < R, t = Reiφ;

ë.ì |� U(t) � �����Ò��� �� |t| = R
�
β ∈ [0, 2π],

����� �~�~ �~�~ ε ∈ (0, 1)

lim
z→Reiβ

|z|<R

∫ β−ε

0

P (t, z)U(t)dφ+

∫ 2π

β+ε

P (t, z)U(t)dφ = 0, t = Reiφ.

�×Ùß×ÞÝ ={8G{ |�����~ ���U(t) � �����Ò��� �� |t| = R
� �������~ �� t = Reiα � �����~ ������ u(z) �� ÚÛ�íîÝ � �~��Å��~ �� DR(0)

� �~��� ~�
lim

z→Reiα

|z|<R

u(z) = U(Reiα)

klï ðèñwuÀ òotÂopyÀ xy òotÂqy xy óoxqxy

�'&)* &'+,- *ê('&'L)*5-& *í�4L& )'-('5*& .* )'-(%* .* 5'.%.*î ü4' &,- ë*&)*L)'
('7-(('L)'& *- í-�- .- �(*ë*íþ-î L,- *ê('&'L)*('5-& *& .'5-L&)(*+�'& ê-%& &,- )'-('5*&
7í6&&%7-&î ê-(�5 &4*& .'5-L&)(*+�'& ê-.'5 &'( 'L7-L)(*.*& '5 i�jî iEj ' i��jî ê-( '÷'5êí-�

�'&)* ê*()' X .'L-)*(6 45 '&ê*+- .' 5'.%.*�
�×Ùß×ÞÝ ={8L %�×Ùß×ÞÝ áÝ ÜÙã,×ßàTã.ÖÝ zÙÞÖãÝáÝì{ |�}~ {fn}

��~ �������~
�� ����°�� ������Ò��� �� ���~�� �� ����~X � �~� ����

f(x) = lim
n→∞

fn(x)
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����� �~�~ ���� x ∈ X � |� ����� ��~ ������ �����Ò��� g(x) ��� ������� ~ ����~ µ��� �~��� ~� |fn(x)| ≤ g(x) �~�~ ���� x ∈ X

�
n ∈ N� ����� f � �����Ò��� ��� ������� ~

����~ µ � ∫

X

fdµ = lim
n→∞

∫

X

fndµ.

ÜÙßÙÕWßÖÙ ={={ |�����~ ��� �~�~ ���� t0 ∈ K � ��� K ⊂ X
����~���� ~ ������

f : K → X ×K

z 7−→ f(z, t0)

� �����Ò��� �� X � ��� ������� ~ ����~ µ� ∂f/∂z ����� �� X ×K
� ��� ����~ ��~

������ �����Ò��� g �� X � �~� ����
∣∣∣∣
∂f

∂z
(z, t)

∣∣∣∣ ≤ g(z), (z, t) ∈ X ×K,

������ ~ ������
F (z) =

∫
f(z, t)dµ(t)

� �� �����Ò��� �
dF

dz
(z) =

d

dz

(∫
f(z, t)dµ(t)

)
=

∫
∂f

∂z
(z, t)dµ(t).

�×Ùß×ÞÝ ={8P %�×Ùß×ÞÝ áÝ ÜÙã,×ßàTã.ÖÝ NÙãöäÙãÝì{ |�}~ {fn}
��~ �������~

�� ����°�� ������Ò��� �� ���~�� �� ����~X � �~� ����
(i) 0 ≤ f1(x) ≤ f2(x) ≤ . . . ≤ ∞ �~�~ ���� x ∈ X �

(ii) lim
n→∞

fn(x) = f(x)� ��~��� n→ ∞� �~�~ ���� x ∈ X,

������ f � ������Ò���� �
lim

n→∞

∫

X

fndµ =

∫

X

fdµ ��~��� n→ ∞.

kl÷ ½wu¾¿oÀ nwÕoÂrøyÂpÃuqsyÀ
z×XãÖ;<Ù ={È{ |�}~ f : X → R

��~ ������ �����~ �� ������X ⊂ C � 
����� �����~ � �������~��Å��~ �� X �� f(z) 6≡ +∞ � �~��� ~� ~� ���� �������� �����°���
a) f(z) > −∞ �~�~ ���� z ∈ X �
b) f � �����������~ �� ��������� �� X �
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c) f(z) ≥ 1

2π

∫ π

−π

f(z + reiθ)dθ �~�~ ���� z ∈ X
�
r > 0

�~� ��� � ����Dr(z) := {ω :

|ω − z| ≤ r} ���Ò ������ �� X �
ø5* �4L+,- f � 7þ*5*.* .' ��®��~��Å��~ &' −f � &4ê'(2þ*(5�L%7*�

HVÚ×ß,Ý;<Ù ={8{ 
� �~�� �� f ��� �������~��Å��~� ���� ��� Ú®Ý �~ ������� � ��
ù�����~ Û�ú� ���������� ��� f � ���� �����~� �� ��~ �������~ �� ����°�� �������~�� ����������� |� f � �� �����~� ����� ~ �������~ �~�®�� ���� ��� ���~�~ �����~ � �
ù�����~ �~ Ç���������~ 
���~�~� �~�~��� ��� f � ������Ò����
�×Ùß×ÞÝ ={8È %+ßÖã.J>ÖÙ áÙNJãÖÞÙ&{ |�}~�D

�� ������ ���~�� � g ��~ �������������~��Å��~ �� D � �~� ����
lim inf

z→z′,z∈D
g(z) ≥ m %����&

�~�~ ���� z′ ∈ ∂D � ������ �� g(z) > m �~�~ ���� z ∈ D �� g � �����~����
z×ÞÙãÚäßÝ;<Ù0 0-.'5-& &4ê-(î &'5 ê'(.* .' �'L'(*í%.*.'î ü4'm = 0 � �*5-& 5-&)(*(ü4' g ≥ 0 ê*(* )-.- z ∈ D � �4ê-Lþ*5-& ü4' î*- 7-L)(6(%-î g(z) = −ε < 0 ê*(* *í�45
z ∈ D.

0-( g &'( &'5%27-L)ìL4* %L�'(%-(5'L)'î 7-L7í4ì5-& ü4' - 7-Lð4L)-
E := {z ∈ D : g(z) ≤ −ε}

� 45 7-Lð4L)- �'7þ*.-î 7-5- 7-L&'ü4óL7%* .*& 'ü4%ù*íóL7%*& .- �'-('5* %���&î ' í%5%)*.-
ê-( '&)*( L- %L)'(%-( .- .-5ìL%-D � 0-()*L)-î E � 45 7-5ê*7)- L,- ù*	%-� 0'í- �'-('5*���î &'�4' ü4' g *)%L�' &'4 5ìL%5- L- 7-Lð4L)- 7-5ê*7)- E � õ-L&'ü4'L)'5'L)'î '÷%&)'
45 z0 ∈ E

î )*í ü4'
g(z0) = mg := inf

z∈D
g(z).

0'í* ê(-ê(%'.*.' a) .' �4L+�'& &4ê'(2þ*(5�L%7*& .'ù'5-& )'( mg > −∞ � õ-5- g(z0 +

reiθ) ≥ mg = g(z0)
î &' %L)'�(*(5-& *5ë-& -& í*.-& .'&)* .'&%�4*í.*.' 7-5 ('&ê'%)- *

5'.%.* .' 7-5ê(%5'L)- .' *(7-î 7-L7í4ì5-& ü4'

g(z0) = mg ≤ 1

2π

∫ π

−π

g(z0 + reiθ)dθ

' %&)- 7-L)(*.%	 * ê(-ê(%'.*.' c) .' �4L+�'& &4ê'(2þ*(5�L%7*&� ö&)* 7-L)(*.%+,- %5êí%7*ü4' .' �*)- g(z) ≥ 0 ê*(* )-.- z ∈ D.
ï�-(* .''L%5-& -& 7-Lð4L)-&

A := {z ∈ D : g(z) > 0} ' B := {z ∈ D : g(z) = 0}.
K 7-Lð4L)- A � *ë'()-î ê-%& g � &'5%27-L)ìL4* %L�'(%-(5'L)'� K 7-Lð4L)- B )*5ë�5 �
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*ë'()-î ê-%& ê*(* )-.- z0 ∈ B

'÷%&)' 45 .%&7- *ë'()- Dr(z0)
.' 7'L)(- '5 z0

' (*%- r&4'7%'L)'5'L)' ê'ü4'L- )*í ü4' g(z) = 0 ê*(* )-.- z ∈ Dr(z0)
î -4 &'ð*î Dr(z0) ⊂ B � $'�*)-î &4ê-Lþ*5-& ü4' )*í .%&7- L,- '÷%&)*î 'L),-î ê*(* )-.- r '÷%&)' z = z0 + r1e

iθ0 ∈
A, 0 < r1 < r

î %&)- %5êí%7*î ê'í- �*)- .' �4L+,- g &'( &'5%27-L)ìL4* %L�'(%-(5'L)' ü4''÷%&)' 45 .%&7- Dr̃(z) ⊂ Dr(z0)
7-5 Dr̃(z) ⊂ A

î -4 &'ð*î g(z) > 0, ∀z ∈ Dr̃(z)
� ï&&%5î

ê'í- �'-('5* ���î g � 7-L)ìL4* '5 45 Gδ
.'L&- '5 Dr̃/2(z)

� 0-()*L)-î
1

2π

∫ π

−π

g(z0 + ρeiθ)dθ > 0 = g(z0), 0 < ρ < r,

- ü4' 7-L)(*(%* - �*)- .' g &'( &4ê'(2þ*(5�L%7*� ïí�5 .%&&-î '&)* 7í*(- ü4' A ' B ê*()%27%-L* - .-5ìL%-D î 7-5- 'í' � 7-L'÷- 7þ'�*5-& * 7-L7í4&,- .' ü4' &-5'L)' 45* .*& ê-&&%2
ë%í%.*.'& ê-.' -7-(('(î -4 g(z) > 0 -4 g � 7-L&)*L)'� �

ÔB×Þ>ÕÙ ={8{ |� p > 0
�
F � ~�~����~ �� �� ������D � ����� |F (z)|p � ��®��~��Å��~�� D � ~��� ����� �� F ��� � �����~����� ���~� ����� log |F (z)| � ��®��~��Å��~�

ï ê(%5'%(* ê*()' í'ù* '5 7-L)* ü4' &' F (z)
� *L*íì)%7* 'L),- )*5ë�5 - � * �4L+,-

F (z)p î ê-()*L)- ê'í* ê(-ê(%'.*.' .- ù*í-( 5�.%- )'5-& ü4'

F (z)p =
1

2π

∫ 2π

0

F (z + reiθ)pdθ

*êí%7*L.- - 51.4í- '5 *5ë-& -& í*.- .'&)* %.'L)%.*.' ' 4&*L.- - �*)- .' ü4' | ∫ | ≤
∫
| |7þ'�*5-& *

|F (z)|p ≤ 1

2π

∫ 2π

0

|F (z + reiθ)|pdθ.
0*(* * -4)(* �4L+,- &*ë'5-& ü4' log(F (z))

� þ*(5�L%7* ê(1÷%5- * 45 ê-L)- -L.' F (z) 6=
0 � 0-()*L)- )'5-& * %�4*í.*.' L* .'&%�4*í.*.' .- ù*í-( 5�.%- 'î 7*&- F (z) = 0

î 'L),-
log(F (z)) = −∞ � ï&&%5î * .'&%�4*í.*.' � 1ëù%*�
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û ü a�������g ý����þ����� ÿ������
� 6*�� a��b��������

�'&)* 7*êì)4í- %L)(-.4	%5-& * .''L%+,- .- ê-)'L7%*í í-�*(ì)5%7- ' .- ê(-ëí'5* .'
'L'(�%*� ý-(L'7'5-& )'-('5*& ü4' 7*(*7)'(%	*5 * 5'.%.* .' 'ü4%íìë(%-� �*& .4*& ûí)%5*&
&'+�'& �*í*5-& .- ê(%L7ìê%- .- 5ìL%5- �'L'(*í%	*.-î ê(-ëí'5* .' $%(%7þí') ' �4L+�'& .'
3(''Lî ('í*7%-L*L.- '&)'& 7-L7'%)- 7-5 - ê(-ëí'5* .' 'L7-L)(*( - ê-)'L7%*í .* 5'.%.*
.' 'ü4%íìë(%-�

Ólm étvousqyè �tñyÂ�vpqst
z×XãÖ;<Ù G{8{ |�}~ µ ��~ ����~ �� ����� �����~� ���~ � �� ������� ����~���� |��������~� ���~������ � ������ ���

Uµ(z) =

∫
log

1

|z − t|dµ(t),

���� ~ �����~� � ���~�~ ��®�� C.

ö&)* %L)'�(*í '&)6 ë'5 .''L%.* L* 5'.%.* '5 ü4' *7'%)*5-& ü4' 'í* ê-&&* *)%L�%( -
ù*í-( +∞ �
I×ÞÝ G{8{ Ù ������

∫
min

(
M, log

1

|z − t|

)
dµ(t), %C��&

���M > 0����� ~ �����~� � ���~�~ ��®��C� � �������~ � ��������� ��M � � ����� �~�~� ������~� ���~������ ��~���M → ∞ �
z×ÞÙãÚäßÝ;<Ù0 �*5-& ê(-ù*( ê(%5'%(*5'L)' * 7-Lù'(�óL7%*� �*ë'5-& ü4'

min

(
M, log

1

|z − t|

)
=

1

2
{(M − log |z − t|) − |M + log |z − t||} . %C��&



É�  å§©¢¨¦¤¬ä �§�¬¸�©£¤¦§ Z²
ï&&%5 ê*(* z ' t '÷-& &' )-5*(5-& M > log |z − t| î )'('5-& |M − log |z − t|| = M −
log |z − t| ' |M + log |z − t|| = M + log |z − t| î -4 &'ð*î ê*(* M &4'7%'L)'5'L)' �(*L.'
min

(
M, log

1

|z − t|

)
= − log |z − t|. ï 7-Lù'(�óL7%* .* �4L+,- .''L%.* '5 %C��& ê*(* *

�4L+,- ê-)'L7%*í í-�*(ì)5%7* � 7-L&'ü4óL7%* .- �'-('5* .* 7-Lù'(�óL7%* .-5%L*.*� ï
7-L)%L4%.*.' � 1ëù%*îí'ù*L.- '5 7-L)* * %.'L)%.*.' %C��&î %&)- ê'í- �*)- .' * �4L+,- 51.4í-
&'( 7-L)ìL4*� K �*)- .' &'( 7('&7'L)' � .' �67%í .'.4+,-�

�

�×Ùß×ÞÝ G{8{ Ù ������ ������~� Uµ � �������~��Å��~ �� C
� �~��Å��~ �� �~�~

����� z ��� ����������� ~� ������� �� µ �
z×ÞÙãÚäßÝ;<Ù0 $'ù'5-& ù'(%'7*( ü4' * �4L+,- Uµ &*)%&�*	 )-.-& -& ì)'L& .* .''L%+,-
.' �4L+�'& &4ê'(2þ*(5�L%7*&� K %)'5 *& &'�4' .- �*)- ü4' |z − t| L,- )'L.' ê*(* -%L'L%)-î ê-%& - &4ê-()' .* 5'.%.* � 7-5ê*7)-� 0*(* ê(-ù*( ë& 4&*5-& * %.'L)%.*.' %C��&
' - í'5* *L)'(%-( L- ü4*í ê(-ù*5-& ü4' - ê-)'L7%*í í-�*(ì)5%7- � í%5%)' ê-L)4*í .' 45*
&'ü4óL7%* .' �4L+�'& 7-L)ìL4*& ' 7('&7'L)'&� 0-()*L)- ê'í- �'-('5* ��Cî 7-L7í4ì5-& ü4'
Uµ � &'5%27-L)ìL4* %L�'(%-(5'L)'�
0*(* ê(-ù*( - %)'5 7& ù*5-& ê(-ù*( ê(%5'%(*5'L)' ü4' log(1/|z−t|) � &4ê'(2þ*(5�L%7*'5
C
� 0*(* )*L)-î &*ë'5-& .- ö÷'5êí- ��� ü4'î &'L.- |z− t| *L*íì)%7* 'L),- log |z− t| �&4ë2þ*(5�L%7* ' ê-()*L)- − log |z − t| = log(1/|z − t|) � &4ê'(2þ*(5�L%7*� $'&&* �-(5*î

1

2π

∫ π

−π

log
1

|z + reiθ − t|dθ ≤ log
1

|z − t| , z, t ∈ C. %C�C&
ñL)'�(*L.- *5ë-& -& í*.-& .'&)* %.'L)%.*.' 7-5 ('&ê'%)- * dµ(z)

î ' �*	'L.- 4&- .- �'-2
('5* .' ý4ë%L%2�-L'íí%î - ü4*í ê-.' &'( 4&*.- ê-( µ &'( 'L%)*î 7-L7í4ì5-& ü4'

1

2π

∫
Uµ(z + reiθ)dθ =

∫
1

2π

∫ π

−π

log
1

|z + reiθ − t|dθdµ(t)

≤
∫

log
1

|z − t|dµ(t) = Uµ(z),

- ü4' ê(-ù* * ê(-ê(%'.*.' 7&�
0*(* ê(-ù*(5-& ü4' Uµ(z)

� þ*(5�L%7* L-& ê-L)-& z 6∈ supp(µ)
î ù*5-& 4&*( - �'-('5*

.* 7-Lù'(�óL7%* .-5%L*.*� ý*	'L.- z = x+ iy
)'5-& ü4'

∣∣∣∣
∂(log(1/|z − t|))

∂x

∣∣∣∣ =

∣∣∣∣
−Re(z − t)

|z − t|2
∣∣∣∣ ≤

1

|Re(z − t)| ,

-4 &'ð*î - 51.4í- .* .'(%ù*.* ê*(7%*í � í%5%)*.* ê-( 45* �4L+,- %L)'�(6ù'í 7-5 ('&ê'%)-
* 5'.%.* µ î L* ù*(%6ù'í tî ê-%& z 6= t� ñ&)- %5êí%7* ü4' ê-.'5-& .'(%ù*( &-ë - &%L*í .'%L)'�(*+,-� $' 5-.- *L6í-�-î ê-.'5-& ù'(%'7*( ü4' � ê-&&ìù'í .'(%ù*( 7-5 ('&ê'%)- *
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ù*(%6ù'í y &-ë - &%L*í .* %L)'�(*+,-� ï�-(*

∂2(log(1/|z − t|))
∂x2

=
(Im(z − t))2 − (Im(z − t))2

|z − t|4 ≤ 1

(Re(z − t))2
,

-4 &'ð*î * &'�4L.* .'(%ù*.* 7-5 ('&ê'%)- * x .* �4L+,- log(1/|z−t|) � í%5%)*.* ê'í* �4L+,-%L)'�(6ù'í 1/(Re(z − t))2 î �4L+,- 74ð* %L)'�(*ë%í%.*.' &' ð4&)%'7* ê'í- �*)- .' z 6= t
î ê-%&

z 6∈ supp(µ)
î - 5'&5- &' ù'(%'7* ê*(* * .'(%ù*.* &'�4L.* 7-5 ('&ê'%)- * y � ï&&%5î

ê-.'5-& 7*í74í*( *& &'�4L.*& .'(%ù*.*& .* �4L+,- ê-)'L7%*íî L-& ê-L)-& z 6∈ supp(µ)
î &-ë

- &%L*í .' %L)'�(*+,-� 0-()*L)-î
∆Uµ(z) =

∫
∆

(
log

1

|z − t|

)
dµ(t) = 0.

0-()*L)-îUµ(z)
� þ*(5�L%7* '5

C\supp(µ)� �

�*5-& *�-(* �-(L'7'( - '÷'5êí- .- ê-)'L7%*í í-�*(ì)5%7- .* 5'.%.* .' 7-5ê(%5'L)-
.' *(7- L-(5*í%	*.*� �*í '÷'5êí- � 54%)- %5ê-()*L)' ü4*L.- ü4'('5-& 'L7-L)(*( *
5'.%.* .' 'ü4%íìë(%- ê*(* ê'&-& L* (')* ('*í� �'('5-& %&)- L-& ê(1÷%5-& 7*êì)4í-&�
ÔB×Þ>ÕÙ G{8{ �~�~ �~�~ r > 0

�����

1

2π

∫ 2π

0

log
1

|z − reiθ|dθ =

{
log 1/r �� |z| ≤ r

log 1/|z| �� |z| > r.

0*(* |z| > r
* �4L+,- log(1/|z− t|) � þ*(5�L%7* 7-5- �4L+,- .' t ê*(* |t| ≤ r � ô-�-î* %.'L)%.*.' &'�4' .* ê(-ê(%'.*.' .- ù*í-( 5�.%- ê*(* �4L+�'& þ*(5�L%7*& '5 t = 0 �ï�-(*î ê*(* |z| < r ë*&)* �*)-(*( eiθ ' '&7('ù'(

1

2π

∫ 2π

0

log
1

|z − reiθ|dθ =
1

2π

∫ 2π

0

log
1

|ze−iθ − r|dθ

=
1

2π

∫ 2π

0

log
1

|zeiθ − r|dθ = log
1

r
.

ý%L*í5'L)'î &' |z| = r
î 'L),- ê*(* 0 < ρ < r

î )'5-&î ê'í- �'-('5* .* õ-Lù'(�óL7%*
$-5%L*.*î ü4' ê'í- ü4' 7*í74í*5-& *L)'(%-(5'L)'

1

2π

∫ 2π

0

log
1

|z − reiθ|dθ = lim
ρ→r−

1

2π

∫ 2π

0

log
1

|z − ρeiθ|dθ = log
1

r
.
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�'ð*5
A 45 7-Lð4L)- 7-5ê*7)- .' C

'M(A) - 7-Lð4L)- .*& 5'.%.*& ê(-ë*ë%íì&)%7*&
.' ò-('íî 'L%)*&î ê-&%)%ù*& ' 7-5 &4ê-()' 7-5ê*7)- S '5 A�
ï 'L'(�%* í-�*(ì)5%7* 7-5 ('&ê'%)- * 5'.%.* µ � .*.* ê'í* 'ü4*+,-

I(µ) =

∫ ∫

A

log
1

|z − t| dµ(z)dµ(t),

' * 'L'(�%* .' A ê-(
VA = inf{I(µ) : µ ∈ M(A)}.

ï ü4*L)%.*.' cap(A) = exp(−VA)
('ê('&'L)* * 7*ê*7%.*.' .- 7-Lð4L)- A�

0*(* 45 7-Lð4L)- E ü4*íü4'( * 7*ê*7%.*.' � .''L%.* 7-5-
cap(E) = sup

K⊂E
{cap(K)},

-L.' - sup
� )-5*.- 7-5 ('í*+,- * )-.-& -& &4ë7-Lð4L)-& K 7-5ê*7)-&î )*%& ü4' K ⊂ E �

$%	'5-& ü4' 45* ê(-ê(%'.*.' ù*í' ê*(* úü4*&' )-.- ê-L)-ÿ &' 'í* .'%÷* .' &'( ù'(2
.*.'%(* *ê'L*& '5 45 7-Lð4L)- .' 7*ê*7%.*.' L4í*�

�*5-& 'L4L7%*( ' .'5-L&)(*( 45 )'-('5* ü4' .%	 7-5- &' ('í*7%-L* 7-Lð4L)-& .'
5'.%.* L4í*î ' 7-Lð4L)-& .' 7*ê*7%.*.' L4í*�
�×Ùß×ÞÝ G{={ |�}~� E ⊂ C

�� ����~��� �m(E)
~ ����~ �� Æ�®����� �� ���}���� E�� ��~��� ������

cap(E) ≥
√
m(E)

πe
.

z×ÞÙãÚäßÝ;<Ù0 �*5-& 7-5'+*( .''L%L.- l := m(E) > 0
î ' )-5'5-& r0 =

√
l/π.

ï�-(*î '÷'5-& 45 x ∈ E,
' .''L%5-& - .%&7-
Dr0(x) := {z : |z − x| < r0}.

öL),-î
∫

E

log
r0

|x− t|dm(t) =

∫

E\Dr0(x)

log
r0

|x− t|dm(t) +

∫

E∩Dr0(x)

log
r0

|x− t|dm(t)

≤
∫

E∩Dr0(x)

log
r0

|x− t|dm(t),

-L.' * .'&%�4*í.*.' &' ð4&)%'7* ê'í- �*)- .' ü4'î |t−x| ≥ r0
î ê*(* )-.- t ∈ E\Dr(x)

� 0-(
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7-L&'�4%L)'î L* ê(%5'%(* %L)'�(*í - %L)'�(*L.- � 45* �4L+,- L'�*)%ù*î ' ê-( 7-L&'�4%L)'
* %L)'�(*í )*5ë�5 � L'�*)%ù*�
$' 5-.- &'5'íþ*L)'î )'5-& ü4' '5 Dr0(x)

- %L)'�(*L.- � 45* �4L+,- ê-&%)%ù*� 0-(2
)*L)-î 7-5- E ∩Dr0(x) ⊆ Dr0(x)

î )'5-&
∫

E

log
r0

|x− t|dm(t) ≤
∫

Dr0 (x)

log
r0

|x− t|dm(t).

Kë&'(ù*L.- ü4' r0 �-% '&7-íþ%.- .' 5-.- ü4' m(E) = m(Dr0(x)) = πr2
0

î )'5-& ü4'
∫

E

log
1

|x− t|dm(t) +

∫

E

log(r0)dm(t) ≤
∫

Dr0 (x)

log
r0

|x− t|dm(t) +

∫

Dr0 (x)

log(r0)dm(t).

ô-�-î
∫

E

log
1

|x− t|dm(t) + log(r0)m(E) ≤
∫

Dr0(x)

log
r0

|x− t|dm(t) + log(r0)m(Dr0(x)),

-4 &'ð*î
∫

E

log
1

|x− t|dm(t) ≤
∫

Dr0(x)

log
r0

|x− t|dm(t).

õ*í74í*L.- * %L)'�(*í .- í*.- .%('%)- .* .'&%�4*í.*.'î -ë)'5-&
∫

Dr0 (x)

log
r0

|x− t|dm(t) =

∫ r0

0

r

∫ 2π

0

log
1

|reiϕ|dϕdr

=

∫ r0

0

r

∫ 2π

0

log
1

r
dϕdr +

∫ r0

0

r

∫ 2π

0

log
1

|eiϕ|dϕdr

=

∫ r0

0

r

∫ 2π

0

log
1

r
dϕdr = −2π

∫ r0

0

r log rdr.

0-()*L)-î
∫

E

log
1

|x− t|dm(t) ≤ l

(
1

2
log

πe

l

)
. %C��&

�' .%ù%.%(5-& ê-( l2 *5ë-& -& í*.-& .* .'&%�4*í.*.' ' %L)'�(*(5-& '5 E
7-5 ('&ê'%)- *

5'.%.* m|E/l
î )'('5-&

1

l

∫ ∫

E

log
1

|x− t|

(
dm(t)

m

)(
dm(x)

l

)
≤ 1

l

(
1

2
log

πe

l

)
.
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0-()*L)-î

V ≤
(

1

2
log

πe

l

)
,

'
cap(E) = exp(−V ) ≥ exp

(
1

2
log

πe

l

)
=

√
m(E)

πe
.

HVÚ×ß,Ý;<Ù G{8{ ê ��� ���� ù�����~ ��� �� � ��� ���}����� ����~���� �� �~�~��~�����~� �~�®�� ��� ����~ �� ����� Æ�®����� ���~� ������ ������� �������� ���� � ~���~�~ ��~����� ���}���� �� ����� B � ��� �����m ��~ ����~ �����~� ������� �����
√
m(B) = sup

K⊆B
{
√
m(K) : K

����~���} ≤ √
πe sup

K⊆B
{�~�(K) : K

����~���}
=

√
πe
�~�(B).

ÜÙßÙÕWßÖÙ G{8{ |�}~ µ ��~ ����~ �� ������ �����~ � ���~ � ��� �����~ ���~�����~
���~� �� ��}~� I(µ) < ∞ � ������ �� �� ���}���� �� ����� E ��� �~�~��~�� ���~ ���
�~�®�� ��� ����~ µ(E)

���~�
z×ÞÙãÚäßÝ;<Ù0 ò*&)* *.*ê)*(5-& * .'5-L&)(*+,- *L)'(%-(î ' '&7-íþ'(5-& 45 r0

.' )*í
�-(5* ü4' µ(Dr0(x)) = µ(E)� �*5ë�5 .'ù'5-& -ë&'(ù*( ü4' '5 %C��&î ù*5-& 4&*( - �*)-
.' ü4' * 5'.%.* í-�*(ì)5%7* .' µ � 'L%)*�
ï& '÷)'L&,- �'%)* L* -ë&'(ù*+,- í-�- *ë*%÷- .- �'-('5* C�� )*5ë�5 � ù6í%.*� ò*&)*

*êí%7*(5-& - �'-('5* ���D .' i��î ê*� �Djî ê(* 7-L7í4%( ü4' µ � ('�4í*( %L)'(%-(�
I×ÞÝ G{={ |�}~ µ ∈ M(A) � ������ � ������~� ���~������ �� µ � �~� ���

lim
|z|→∞

Uµ(z) + log |z| = 0.

z×ÞÙãÚäßÝ;<Ù0 �*5-& ê(-ù*( ü4'
Uµ(z) = − log |z| − O(|z|−1),

ü4*L.- z → ∞.

$' �*)-î
Uµ(z) =

∫
log

1

|z|dµ(t) −
∫

log

∣∣∣∣1 − |t|
|z|

∣∣∣∣ dµ(t)

= µ(C) log |z| −
∫

log

∣∣∣∣1 − |t|
|z|

∣∣∣∣ dµ(t)

= log |z| −
∫

log

∣∣∣∣1 − |t|
|z|

∣∣∣∣ dµ(t).
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ïí�5 .%&&-î &' |z| � &4'7%'L)'5'L)' �(*L.'î )'5-&

B := |z|
∫

log

∣∣∣∣1 − |t|
|z|

∣∣∣∣ dµ(t) =

∫
log

∣∣∣∣1 −
|t|
|z|

∣∣∣∣
|z|

dµ(t)

ê'í- �*)- .' ü4' ex ≥ |1 − x|, x ∈ [0, 1]
î &'�4' ü4' ê*(* R � &4'7%'L)'5'L)' �(*L.'

|t|/|z| ∈ [0, 1]
'

B ≤
∫

|z| |t||z|dµ(t) =

∫
|t|dµ(t),

ô-�-î
|B| ≤

∫
|t|dµ(t) ≤M,

ê-%& - &4ê-()' .' µ � 7-5ê*7)-�
0-()*L)-î &' '	'(5-& z → ∞ î &'�4' .%(')*5'L)' ü4'

lim
|z|→∞

Uµ(z) + log |z| = 0. �

z×XãÖ;<Ù G{={ |�}~ A �� ���}���� � ���~��� ��� �~�~��~�� ���~�����~ �����~� Ù������ w : A → [0,+∞) � ��~�~�~ �� ������ ���� ~��������� �� ��~ �~��� ~� ~� ���������°�� ���������

(i) w � �����������~ �������������
(ii) A0 := {z ∈ A : w(z) > 0} ��� �~�~��~�� �����~�

(iii)
|�

A � ���~��� ����� |z|ω(z) → 0 ��~��� |z| → ∞, z ∈ A �

�& ù'	'&î ê-( ü4'&),- .' &%5êí%'7*+,-î ù*5-& 4&*( * �4L+,- Q(z) = − log(w(z)).0-.'5-& .'&)* �-(5* .''L%( - ê(-ëí'5* .' 'L'(�%* 7-5 ê-)'L7%*í í-�*(ì)5%7- ê*(* - 7*&-
'5 ü4' þ6 45 7-(ê- '÷)'(L-�
ï 'L'(�%* í-�*(ì)5%7* 7-5 ('&ê'%)- �5'.%.* µ ' �4L+,- ê'&- w � .''L%.* ê'í* 'ü4*+,-

Iw(µ) =

∫ ∫
log

1

|z − t|dµ(z)dµ(t) +

∫
Q(z)dµ(z),

' * 'L'(�%* .' A ê-(
Vw = inf{Iw(µ) : µ ∈ M(A)}.

ï 5'.%.* µw
ü4' &*)%&�*	 Vw = I(µw)

� 7þ*5*.* .' 5'.%.* .' 'ü4%íìë(%-�
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ÓlÓ �yÂysvoÂq�y¾Öt xy óoxqxy xo ��wqè��Âqt

�'&)* &'+,- ù*5-& '&)*ë'í'7'( 45 %5ê-()*L)' )'-('5* .' 7*(*7)'(%	*+,- .* 5'.%.*
.' 'ü4%íìë(%-�
I×ÞÝ G{G{ |�}~ µ ��~ ����~ �� ����� ��� ��~�� �� ������� ����~��� � �~��~ ���~�
µ(C) = 0� ��� ����������� ��� ������ �� ����~� �����~�� µ = µ1 − µ2 � |�����~~��~ ��� �~�~ ��~ �~� ����~� �����~� µ1

�
µ2
��� �����~ ���~�����~ ���~� ������~ �����~ ���~�����~ ��� ������� ~ µ � ��� ���~��~ � ��~ � ���~ ��� � ������� ��� µ = 0.

z×ÞÙãÚäßÝ;<Ù0 �'ð*5 z1 6= z2
.-%& ê-L)-& .- &4ê-()' .' µ î ' ê*(* R �(*L.' .''L*5-&

* %L)'�(*í
FR(z1, z2) :=

1

2π

∫

|t|<R

1

|t− z1||t− z2|
dm(t)

-L.' m � * 5'.%.* .' ô'ë'&�4' L- êí*L- 7-5êí'÷-� ý*	'L.- * 54.*L+* t = t + z2
'

7*í74í*L.- -ë)'5-&

FR(z1, z2) −
1

2π

∫

|t|<R

1

|t||t− (z1 − z2)|
dm(t) =

1

2π

∫

|t|<R

|t||t− (z1 − z2)| − |t− z1||t− z2|
|t− z1||t− z2||t||t− (z1 − z2)|

dm(t) = O

(
1

R

)
.

�4ë&)%)4%L.- t = reiϕ -ë)'5-&

FR(z1, z2) =
1

2π

∫ R

0

∫ π

−π

1

|reiϕ − z1 + z2|
dϕdr + O

(
1

R

)

=
1

2π

∫ R

0

∫ π

−π

1

|reiϕ − |z1 − z2||
dϕdr + O

(
1

R

)
,

-L.' - )'(5- O(1/R)
%L.'ê'L.' .-& ê-L)-& z1, z2 '&7-íþ%.-&î * * ûí)%5* ê*&&*�'5 &'ð4&)%'7* .'ù%.- * &%5')(%* 'L)(' -& ê-L)-& z1, z2 � ý*+* x := |z1−z2|

'
u = r/x� ï %L)'�(*í*7%5* )-5* * �-(5*

FR(z1, z2) =

∫ R/x

0

1

2π

∫ π

−π

1

|1 − ueiϕ|dϕdu+O

(
1

R

)
.

�' &4ê-(5-& ü4' ê*(* u > 0
î )'5-&

u(2 + u) > −1
'

1 + 1/u > 2.

K ('&4í)*.- .* %L)'�(*+,- '5 �4L+,- .' ϕ 7-5 u '÷- � 45* �4L+,- 'íìê)%7* 7-5êí')*
G(u)

î * ü4*í � %L)'�(6ù'í L- %L)'(ù*í- [0, 2]
î ê-%&

lim
u→1

(u− 1)G(u) = 0
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'

1
� - ûL%7- ê-í- .'&)* �4L+,- L'&)' %L)'(ù*í-î ' &'4& .-%& ê(%5'%(-& )'(5-& L- .'&'L2

ù-íù%5'L)- .* &�(%' .' ô-('L)	 �
1/u+ O(1/u3),

.'ù%.- *- �*)- ü4'
lim

u→∞
uG(u) = 1

'
lim

u→∞
u3 (G(u) − 1/u) = 1/4.

$*ìî * %L)'�(*í *7%5* )-5* * �-(5*

FR(z1, z2) = const. +

∫ R/x

2

1

u
+O

(
1

u3

)
dϕdu+O

(
1

R2

)
,

= const. + logR − log x+O

(
1

R2

)
,

-L.' *& 7-L&)*L)'& *7%5* L,- &,- L'7'&&*(%*5'L)' %�4*%&� ï&&%5î
log

1

|z1 − z2|
= FR(z1, z2) + const.+ logR +O

(
1

R2

)
.

ñL)'�(*L.- * ûí)%5* %.'L)%.*.' 7-5 ('&ê'%)- * dµ(z1)dµ(z2)
' 4&*L.- - �*)- µ(C) = 0

î
-ë)'5-&

I(µ) =

∫ ∫
log

1

|z1 − z2|
dµ(z1)dµ(z2)

=

∫ ∫
1

2π

∫

|t|<R

1

|t− z1||t− z2|
dm(t)dµ(z1)dµ(z2) +O

(
1

R

)
. %C�E&

ïü4% )'5-& * %L)'L+,- .' %Lù'()'( * -(.'5 .' %L)'�(*+,- .'&)* %L)'�(*í� 0*(* )*L)-î ù*5-&
ê(-ù*( ü4' I(µ)

� *ë&-í4)*5'L)' 7-Lù'(�'L)'î -4 'ü4%ù*í'L)'5'L)'î I(|µ|) < ∞.
�'5-&

ü4'

I(|µ|) = const. + ‖µ‖2 logR+
1

2π

∫

|t|<R

(∫
1

|t− z|d|µ|(z)
)2

dm(t) +O

(
1

R

)
.

Kë&'(ù' ü4' -& ê(%5'%(-& )'(5-& L,- .'&*ê*('7'(*5 ê-%& ‖µ‖(C) 6= 0. ñ&)- 5-&)(* ü4' *%L)'�(*í
∫

1

|t− z|d|µ|(z)
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'÷%&)' ê*(* ü4*&' )-.- t� õ-L&'ü4'L)'5'L)'î I(|µ|) � 'L%)*� 0-()*L)-î ê-.'5-& 54.*( *
-(.'5 .' %L)'�(*+,- '5 %C�E&î 7-L7í4%L.- ü4'

I(µ) =
1

2π

∫

|t|<R

(∫
log

1

|t− z|dµ(z)

)2

dm(t) +O

(
1

R

)
.

0-( 7-L&'�4%L)'î �*	'L.- R → ∞ î 7þ'�*5-& '5

I(µ) =
1

2π

∫

C

(∫
log

1

|t− z|dµ(z)

)2

dm(t), %C�F&
' %&)- ê(-ù* ü4' I(µ) ≥ 0.

ï�-(*î &' I(µ) = 0
î 'L),- * %L)'�(*í

H(t) :

∫
1

|z − t|dµ(z) %C�O&
.'ù' &'( 	'(- ê*(* ü4*&'2)-.- tî 45* ù'	 ü4' �4L+�'& 5'L&4(6ù'%& ' ê-&%)%ù*& 74ð* %L)'�(*í&,- L4í*& .'ù'5 &'( L4í*& ê*(* ü4*&' )-.- ê-L)-� 0-(�5î '&)* %L)'�(*í � 7-L)ìL4* ê*(* t�(*L.'� ï&&%5î ê-.'5-& 7-L7í4%( ü4' %C�O& � L4í* �-(* .' 45 7-Lð4L)- 7-5ê*7)-� 0*(*
R
&4'7%'L)'5'L)' �(*L.'î .' )*í �-(5* ü4' H(t) = 0 ê*(* |t| ≥ R

î ù*í'

1

|z − t| = R−1
(
1 − z

R
e−iϕ

)−1/2
(

1 − z

R
eiϕ

)−1/2

= R−1

∞∑

m=0

∞∑

n=0

(−1)1+m

(−1/2

m

)(−1/2

n

)
zmzne−i(m−n)ϕR−m−n.

ñ&)- %5êí%7* ü4' ê*(* R �(*L.' ' k = 0, 1, . . .

0 =
1

2π

∫ π

−π

e−ikϕ

∫
1

|z − Reiϕ|dµ(z)dϕ

= (−1)k
∞∑

m=0

(−1/2

m

)(−1/2

m+ k

)
R−2m−k−1

∫
zmzm+kdµ(z).

0'í- �*)- .-& )'(5-& �-(* .* %L)'�(*í L* &�(%' *7%5* L,- &' *L4í*(î ê*(*R �(*L.'î .'ù'5-&)'(
∫
zmzm+kdµ(z) = 0

ê*(* )-.- m, k ≥ 0 � �-5*L.- - 7-5êí'÷- 7-Lð4�*.-î ê-.'5-& .'.4	%( .%&)- ü4'
∫
zmzjdµ(z) = 0

ê*(* )-.- m, j ≥ 0 � 0-(�5î -& 5-L�5%-& {zmzj}∞m,j=0

�'(*5 45 &4ë'&ê*+- í%L'*( .'L&-
L- '&ê*+- .*& �4L+�'& 7-L)%L4*& L- &4ê-()' .' µ î '&)' ('&4í)*.- � 7-L&'ü4óL7%* .- �'-('5*



É�É 	¬¸¬¦©¢¸¤
¬´Ì§ «¬ �¢«¤«¬ «¢ ��ª¤ä�¸¤§ _±
.' �)-L'2!'%'()(*&& '5 &4* ù'(&,- ê*(* �4L+�'& ('*%&î 7-L&4í)*( iEî ê*�KEj� õ-L&'ü4'L)'2
5'L)'î

∫
hdµ = 0

ê*(* )-.* �4L+,- 7-L)%L4* hî ' %&)- ê(-ù* ü4' µ = 0
&'
I(µ) = 0. �

0.5 1.0 1.5 2.0 2.5 3.0
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14

ý%�4(* �M 3(6'7- .* �4L+,- G(u)�

�×Ùß×ÞÝ G{G{ |�}~ w �� ���� ~�������� �� �� ���}���� � ���~�� A � ��}~ Vw :=

inf{Iw(µ) : µ ∈ M(A)}. ����� �~��� ~� �������� �������~����

(a) Vw � �����
(b) ����� ��~ à��~ ����~ µw ∈ M(A)

�~� ���
Vw = Iw(µw)

� �~� ~��~� µw
��� �����~ ���~�����~ ���~� ��� ��

−∞ <

∫ ∫
log

1

|z − t|dµw(z)dµw(t) <∞;

(c)
ê ���}���� Sw := supp(µw) � ����~���� ���Ò ������ �� A0

� ��� �~�~��~��
�����~�

(d)
Ç����~���

Fω := Vw −
∫
Qdµw

%C�D&
~ �����~��~��

Uµw(z) +Q(z) ≥ Fw
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� ����~���~ �~�~ ���~�� ���� ������ �� A �
(e)

Ù �����~��~��
Uµw(z) +Q(z) ≤ Fw

�~�� �~�~ ���� z ∈ Sw �
(f) �� �~�����~�� �~�~ ���~�� ���� ������ z ∈ Sω �

Uµw (z) +Q(z) = Fw.

ï 7-L&)*L)' Fw
� 7þ*5*.* .' 7-L&)*L)' .' �-ë%L 5-.%'7*.*�

z×ÞÙãÚäßÝ;<Ù0
(a)

�*ë'5-& ü4' w(z) 6= ∞ ê*(* )-.- z ∈ A� �*5ë�5 )'5-& ü4' w &'5%27-L)ìL4*&4ê'(%-(5'L)' ' w � 45* �4L+,- ê'&- *.5%&&ìù'í� 0-()*L)-î � í%5%)*.* &4ê'(%-(25'L)' %L.'ê'L.'L)'5'L)' &' A �-( í%5%)*.- -4 %í%5%)*.-� �' A � í%5%)*.- &'�4'
.%(')*5'L)' .- *L6í-�- .- �'-('5* ��� ê*(* �4L+�'& &'5%27-L)%L4*& &4ê'(%-(5'L)'î
' &'

A
� %í%5%)*.- w(z)|z| → ∞ ü4*L.- |z| → ∞ î .' -L.' &'�4' ü4' w � í%5%)*.-&4ê'(%-(5'L)' '5 A� $' �*)-î .*.- ε = 1

&*ë'5-& ü4' '÷%&)' L )*í ü4'î &' L < |z| î'L),- w(z)|z| < 1 -4 &'ð*î w(z) < 1
L

' &' |z| ≤ L
î 'L),- w � í%5%)*.- ê-%& w �&'5%27-L)ìL4* &4ê'(%-(5'L)' L- 7-5ê*7)- A⋂{z : |z| ≤ L} � 0-()*L)-î * �4L+,-

log[|z − t|w(z)w(t)]−1

� í%5%)*.* %L�'(%-(5'L)' '5 A× A� $' �*)-î .- ü4' -ë&'(ù*5-& *7%5*î 7-L7í4ì5-&ü4' |t|w(z) < 1 ê*(* |z| > L
' L*)4(*í5'L)' 'í' � í%5%)*.- ê(* |z| ≤ L

'î &'L.- M
- í%5%)' &4ê'(%-( ê*(* * �4L+,- ê'&- w î &'�4' ü4'

log[|z − t|w(z)w(t)]−1 ≥ log[(|z| + |t|)w(z)w(t)]−1

≥ log[|z|w(z)w(t)]−1 + log[|t|w(z)w(t)]−1

≥ 2 logM + log[|z|w(z)]−1 + log[|t|w(t)]−1

≥ 2 logM + log[K]−1 + log[K]−1,

-L.' K = min

(
1, sup

|z|≤L

(|z|w(z))

)� õ-L&'ü4'L)'5'L)'î * %L)'�(*í .' 'L'(�%* I(µ)

'&)6 ë'5 .''L%.* ê*(* )-.* 5'.%.* µ ∈ M(A)
'
Vw > −∞.

0*(*
ε > 0, .''L%5-& -& 7-Lð4L)-&

Aε := {z : w(z) ≥ ε}. %C�K&
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öL),-î Aε

� í%5%)*.-î ê-%& 7*&- L,- - �-&&'î * ê(-ê(%'.*.' (iii)
&'(%* 7-L)(*(%*.*�

ô-�-î &'L.- �'7þ*.- ê-( þ%ê1)'&'î Aε
� $*ìî

A0 =
∞⋃

n=1

A1/n.

�'L.- w 45 ê'&- *.5%&&ìù'íîA0
)'5 7*ê*7%.*.' ê-&%)%ù*î ' *&&%5 '÷%&)' 45 n ê*(*

- ü4*í cap(A1/n) > 0 � ñ&)- ü4'( .%	'( ü4' '÷%&)' 45* 5'.%.* .' ê(-ë*ë%í%.*.' µn7-5 &4ê-()' '5 A1/n
)*í ü4'
∫ ∫

log
1

|z − t|dµn(z)dµn(t) <∞.

�- &4ê-()' .' µn
* �4L+,- ê'&- w � í%5%)*.* %L�'(%-(5'L)' ê-( 1/n.

õ-L&'ü4'L)'2
5'L)'î )'5-& )*5ë�5

∫ ∫
log

1

w(z)w(t)
dµn(z)dµn(t) <∞.

0-()*L)- I(µn) <∞ � ï&&%5 Vw = min{I(µ)} ≤ I(µn) <∞. �

(b)
õ-5'+*5-& ê-( *'(5*( ü4'î ê*(* ε > 0

&4'7%'L)'5'L)' ê'ü4'L-
Vw = inf{Iw(µ)|µ ∈ M(Aε)}. %C���&

/-&)(*('5-& ü4' ê*(* ε > 0
&4'7%'L)'5'L)' ê'ü4'L-î

log [|z − t|w(z)w(t)]−1 > Vw + 1
&'

(z, t) 6∈ Aε × Aε.
%C���&

0*(* '&)' ê(-ê1&%)-î � &4'7%'L)' ê(-ù*( ü4'î &' {(zn, tn)}∞n=1

�-( 45* &'ü4óL7%* &*)2
%&�*	'L.-

lim
n→∞

min(w(zn), w(tn)) = 0, %C���&
'L),-

lim
n→∞

log [|zn − tn|w(zn)w(tn)]−1 = ∞. %C��C&
�'5 ê'(.* .' �'L'(*í%.*.'î ê-.'5-& &4ê-( ü4' zn → z, tn → t

ü4*L.- n → ∞,
-L.' z -4 tî -4 *5ë-& ê-.'5 *&&45%( - ù*í-( +∞ � �' z ' t &,- *5ë-& 'L%)-&î 'L),-%C��C& &'�4' .%(')*5'L)' .' %C���&� �' z = ∞ '

t
� 'L%)-î 'L),- .* ê(-ê(%'.*.' (iii)

ê*(* ê'&-& *.5%&&ìù'%& &'�4' ü4'
0 ≤ |zn − tn|w(zn)w(tn) ≤ [|zn| + |tn|]w(zn)w(tn)

= |zn|w(zn)w(tn) + |tn|w(zn)w(tn) → 0
ü4*L.- n→ ∞.
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ïL*í-�*5'L)' &'�4' ü4'î &' t = z = ∞ î 'L),-

0 ≤ |zn − tn|w(zn)w(tn) ≤ [|zn| + |tn|]w(zn)w(tn)

= |zn|w(zn)w(tn) + |tn|w(zn)w(tn) → 0
ü4*L.- n→ ∞.

' %&)- ê(-ù* %C��C&� ï .'&%�4*í.*.' %C���& &'�4' ê'í- �*)- .' ü4'î .*.- Vw + 1 > 0
ê-( %C���& )'5-& ü4' '÷%&)' n0

î )*í ü4'î ê*(* )-.- n > n0
)'5-&min(w(zn), w(tn)) ≤

exp(Vw + 1)
î ' 7-L&'ü4'L)'5'L)' log [|zn − tn|w(zn)w(tn)]

−1 ≥ Vw + 1 �
õ-L&%.'(' - ε > 0 .' %C���&� /-&)(*('5-& ü4' ê*(* )-.* 5'.%.* µ ∈ M(Aε)

7-5
supp(µ)

⋂
(C \ Aε) 6= ∅

'
Iw(µ) < Vw + 1,

'÷%&)' 45* 5'.%.* µ̃ ∈ M(Aε)
)*í ü4'

Iw(µ̃) < Iw(µ). ñ&)- ê(-ù* %C���& 'î *í�5 .%&&-î * %�4*í.*.' Iw(µ) = Vw
� ê-&&ìù'í

&-5'L)' &' * 5'.%.* )'5 &4ê-()' '5Aε
� $' �*)-î ê*(* 45* 5'.%.* µ ü4' &*)%&�*	 *&7-L.%+�'& *7%5*î .''L%5-& * 5'.%.* µ̃ 7-5- µ̃ := (µ|Aε

)/µ(Aε)
' .'ù%.- * .''L%+,-

.' Vw
'
Iw(µ) < Vw + 1

î .'ù'5-& )'(

µ(Aε) + Vwµ(Aε) =

∫

Aε

1 + Vwdµ(z) >

∫

Aε

Iw(µ)µ(Aε)dµ(z)

≥
∫

Aε

Vwdµ(z) = Vwµ(Aε).

0-( 7-L&'�4%L)'î .'ù'5-& )'( µ(Aε) > 0 � ï�-(* .' %C���&î 7-L7í4ì5-& ü4'
Iw(µ) =

∫ ∫

Aε×Aε

log [|z − t|w(z)w(t)]−1 dµ(z)dµ(t)

+

∫ ∫

C2\Aε×Aε

log [|z − t|w(z)w(t)]−1 dµ(z)dµ(t)

> µ(Aε)Iw(µ̃) + (Vw + 1)
(
1 − µ(Aε)

2
)
,

'î &'L.- Iw(µ) < Vw + 1
î -ë)'5-& Iw(µ̃) < Iw(µ).

$'&)* �-(5*î ê(-ù*5-& * *'(5*+,- �'%)* '5 %C���&� ï�-(* ê-.'5-& .' �*)- 7-5'+*(
* ê(-ù* .- %)'5 %ë& .- �'-('5*� 0-( %C���& '÷%&)' 45* &'ü4óL7%* {µn} ⊂ M(Aε)7-5

I(µn) → Vw
ü4*L.- n→ ∞.

õ*.* µn
)'5 &4ê-()' L- 7-Lð4L)- 7-5ê*7)- Aε

� õ-L&'ü4'L)'5'L)'î ê'í- �'-2
('5* .' $'íí"î ê-.'5-& &'í'7%-L*( 45* &4ë2&'ü4óL7%* ü4' 7-Lù'(�' fracamente∗'î &'5 ê'(.* .' �'L'(*í%.*.'î ê-.'5-& *&&45%( ü4' * ê(1ê(%* &'ü4óL7%* 7-Lù'(�'
fracamente∗ ê*(* 45* 5'.%.* µ ∈ M(Aε)

�
�'L.- w &'5%27-L)ìL4* &4ê'(%-(5'L)'î .' *7-(.- 7-5 - *L6í-�- .- �'-('5* ��Cî'÷%&)' 45* &4ë2&'ü4óL7%* {wm} .' �4L+�'& 7-L)ìL4*&î )*%& ü4'î wm+1 < wm, m =
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1, 2, . . . ,
'
wm(z) → w(z)

ü4*L.- m → ∞ ê*(* )-.- z ∈ Aε
� $'&)* �-(5*î ê*(*

)-.- (z, t) ∈ Aε ×Aε
î * �4L+,- 7-L)ìL4*

Gm(z, t) := log

[
max

(
1

m
, |z − t|

)
wm(z)wm(t)

]−1

7-Lù'(�' 5-L-)-L%7*5'L)' ê*(*
log [|z − t|w(z)w(t)]−1 .

0-.'5-& .'&)* �-(5* 4&*( - �'-('5* .* õ-Lù'(�óL7%* /-L1)-L* ê*(* 7-L7í4%(5-&
ü4'

Iw(µ) = lim
m→∞

∫ ∫
Gm(z, t)dµ(z)dµ(t)

= lim
m→∞

(
lim

n→∞

∫ ∫
Gm(z, t)dµn(z)dµn(t)

)

≤ lim
m→∞

(
lim inf
n→∞

∫ ∫
log [|z − t|w(z)w(t)]−1 dµn(z)dµn(t)

)

= lim
n→∞

Iw(µn) = Vw,

-L.'î L* &'�4L.* %�4*í.*.' 4&*5-& - �*)- .' Gm
&'( 7-L)ìL4* 'î &' µn

∗→ µ
î 'L),-

µn × µn
∗→ µ × µ

'5M(Aε × Aε)
� $'&)* �-(5*î µw := µ

� 45* 5'.%.* '÷)('5*í
ü4' ê(-74(6ù*5-&�
ï ê(-ù* ü4' µw

)'5 'L'(�%* í-�*(ì)5%7* 'L%)*î &'�4' .* .'&%�4*í.*.' Iw(µw) ≤ ∞' .- �*)- ü4' w � í%5%)*.* &4ê'(%-(5'L)' '5 Aε
�

0*(* ê(-ù*(5-& * 4L%7%.*.'î &4ê-Lþ* ü4' '÷%&)* µ ∈ M(A)
ü4' )*5ë�5 &*)%&�*+*

Iw(µ) = Vw
� 0(-ù*5-& ü4' -ë(%�*)-(%*5'L)' .'ù'5-& )'( µ ∈ M(Aε)

' ü4' µ )'Lþ*'L'(�%* í-�*(ì)5%7*'L%)*� ï�-(*î &'L.- ü4' (µw−µ)(C) = µw(C)−µ(C) = 1−1 = 0,7*í74í*5-& * 'L'(�%* .*& 5'.%.*& 1
2
(µw −µ)

î L* ê('&'L+* .' 7*5ê- '÷)'(L-î �'(*.-
ê-( w(z)�
Iw(2−1(µw − µ)) :=

∫ ∫
log [|z − t|w(z)w(t)]−1 d

(
2−1(µw − µ)

)
(z)d

(
2−1 (µw − µ)

)
(t)

=

∫ ∫
log |z − t|−1d

(
2−1(µw − µ)

)
(z)d

(
2−1(µw − µ)

)
(t)

+

∫ ∫
log [w(z)]−1 d

(
2−1(µw − µ)

)
(z)d

(
2−1(µw − µ)

)
(t)

+

∫ ∫
log [w(t)]−1 d

(
2−1(µw − µ)

)
(z)d

(
2−1(µw − µ)

)
(t)

=

∫ ∫
log

1

|z − t|d
(
2−1 (µw − µ)

)
(z)d

(
2−1(µw − µ)

)
(t).
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�* ûí)%5* %.'L)%.*.' 4&*5-& - �*)- .' ü4' &' 4&*(5-& * -(.'5 .' %L)'�(*+,- .'
5-.- 7-Lù'L%'L)'î L-& .-%& ûí)%5-& )'(5-& .* &-5*î .' )*í �-(5* ü4' - %L)'�(*L.- .*
ê(%5'%(* %L)'�(*+,- &'ð* 7-L&)*L)'î ê-.'5-& 7-L7í4%( ê'í- �*)- .' (µw − µ)(C) = 0

î
ü4' -& .-%& )'(5-& &,- L4í-&�
õ-L&'ü4'L)'5'L)'î ê'í- ô'5* C�Cî .'ù'5-& )'(

Iw(2−1(µw − µ)) ≥ 0 %C���&
7-5 %�4*í.*.' &'î ' &-5'L)' &'î µw = µ� ïí�5 .%&&- *& &'�4%L)'& %.'L)%.*.'&M

Iw(2−1(µw + µ)) =
1

4

∫ ∫
log [|z − t|w(z)w(t)]−1 dµw(z)dµw(t)

+
1

4

∫ ∫
log [|z − t|w(z)w(t)]−1 dµw(z)dµ(t)

+
1

4

∫ ∫
log [|z − t|w(z)w(t)]−1 dµw(t)dµ(z)

+
1

4

∫ ∫
log [|z − t|w(z)w(t)]−1 dµ(z)dµ(t)

'

Iw(2−1(µw − µ)) =
1

4

∫ ∫
log [|z − t|w(z)w(t)]−1 dµw(z)dµw(t)

− 1

4

∫ ∫
log [|z − t|w(z)w(t)]−1 dµw(z)dµ(t)

− 1

4

∫ ∫
log [|z − t|w(z)w(t)]−1 dµw(t)dµ(z)

+
1

4

∫ ∫
log [|z − t|w(z)w(t)]−1 dµ(z)dµ(t).

õ-L&'ü4'L)'5'L)'î &-5*L.- '&)*& .4*& %.'L)%.*.'& -ë)'5-&

Iw(2−1(µw + µ)) + Iw(2−1(µw − µ)) = 2−1(Iw(µw) + Iw(µ))

= 2−1(Vw + Vw) = Vw,

' 4&*L.- - �*)- .' ü4'
Iw(2−1(µw + µ)) ≥ Vw,

ü4' � 7-L&'ü4óL7%* .* .''L%+,- .' 'L'(�%*î ê-.'5-& 7-L7í4%( ü4'
0 ≥ Iw(2−1(µw + µ)) ≥ 0.
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$*%î

Iw(2−1(µw − µ)) = 0.

0-()*L)-î µw = µ. �

(c)
�* ê(-ù* .' (b)

î ù'(%'7*5-& ü4' Sw ⊂ Aε
'î &'L.-Aε

í%5%)*.-îSw
.'ù' &'( 7-5ê*7)-

' Sw ⊂ A0
� ïí�5 .%&&-î µw

)'5 'L'(�%* í-�*(ì)5%7* 'L%)*� $*ìî Sw = supp(µw) .'ù')'( 7*ê*7%.*.' ê-&%)%ù*�
�

(d)
$''L*

Tw(z) :=

∫
log

1

|z − t|dµw(t) +Q(z), z ∈ A. %C��E&
õ-5- Uµ ' Q &,- �4L+�'& &'5%27-L)ìL4*& %L�'(%-(5'L)'î 7-L7í4ì5-& ü4' Tw(z)

)*52
ë�5 � &'5%27-L)ìL4* %L�'(%-(5'L)'� õ-L&'ü4'L)'5'L)'î - 7-Lð4L)-

E = {z ∈ A : Tw(z) ≤ α}

� �'7þ*.- ê*(* )-.- α ∈ R
� �4ê-Lþ*5-& ü4' - 7-Lð4L)- {z ∈ A : Tw(z) < Fw},-L.' Fw

� * 7-L&)*L)' .' �-ë%Lî )'Lþ* 7*ê*7%.*.' ê-&%)%ù*� öL),-î '÷%&)' 45 %L)'%(-
n0
&4'7%'L)'5'L)' �(*L.'î )*í ü4' - 7-Lð4L)- 7-5ê*7)-

E1 :=

{
z ∈ A : |z| ≤ n0, Tw(z) ≤ Fw − 1

n0

}

*%L.* )'Lþ* 7*ê*7%.*.' ê-&%)%ù*� 0-( -4)(- í*.-î &'L.-
∫
Tw(z)dµw(z) =

∫ ∫
log

1

|z − t|dµw(z)dµw(t) +

∫
Qdµw = Fw,

%C��F&
'÷%&)' 45 7-Lð4L)- 7-5ê*7)- E2 ⊂ Sw

î .%&ð4L)- .' E1
î )*í ü4'

Tw(z) > Fw − 1

2n0
, z ∈ E2,

'
m := µw(E2) > 0.

�*í 7-Lð4L)- '÷%&)'î ê-%&
∫

C

Tw(z)dµw(z) =

∫

E1

Tw(z)dµw(z) +

∫

C\E1

Tw(z)dµw(z), %C��O&
' &'L.- ü4' '5 E1

* �4L+,- .''L%.* '5 %C��E& � 5'L-( -4 %�4*í * Fw − 1/n0
î 7*&-
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- 7-Lð4L)- E2

L,- '÷%&)%&&'î 'L),-
∫

C

Tw(z)dµw(z) ≤
(
Fw − 1

n0

)
µw(E1) +

(
Fw − 1

2n0

)
(µw(C) − µw(E1))

=

(
Fw − 1

n0

)
< Fw,

%&&- 7-L)(*(%* %C��F&�
ï�-(* )-5'5-& σ 45* 5'.%.* 7-5 &4ê-()' '5 E1

î )*í ü4'î I(σ)
� 'L%)- ' σ(E1) =

m� �*í 5'.%.* '÷%&)' 45* ù'	 ü4' cap(E1) > 0
'
E1 ⊂ Aε

ê*(* *í�45 ε > 0.
öL),-î

ê*(* * 5'.%.* 7-5 &%L*í σ1
î .''L%.* '5 A ê-(

σ1 =





σ
'5

E1

µw
'5

E2

0
7*&- 7-L)(6(%- ,

ù'(%'7*5-& ü4' ê*(* δ > 0
&4'7%'L)'5'L)' ê'ü4'L-î * 5'.%.* µw + δσ1 ∈ M(A)&*)%&�*	
Iw(µw + δσ1) < Vw.

%C��D&
$' �*)-î
Iw(µw + δσ1) = Iw(µw) + 2δ

∫
Twdσ1 + O(δ2) ≤ Iw(µw) +

2δm

2n0
+ O(δ2) < Iw(µw)

ê*(* δ ê'ü4'L-� ñ&)- 7-L)(*.%	 * .''L%+,- .' Vw
� 0-()*L)-î - 7-Lð4L)- E )'57*ê*7%.*.' L4í*î - ü4' ê(-ù* - %)'5 %.& .- �'-('5*�

�

(e)
�'ð*

z0 ∈ Sw
' &4ê-Lþ* ü4'

Tw(z0) > Fw,

-L.' Tw

�-% .''L%.* L- %)'5 *L)'(%-(� �'L.- Tw
&'5%27-L)%L4* %L�'(%-(5'L)'î .'

*7-(.- 7-5 * .''L%+,- '÷%&)' 45* ù%	%Lþ*L+* Uz0

'5 )-(L- .' z0 î )*í ü4'

Tw(z0) > Fw + ε, z ∈ Uz0 ∩ Sw
%C��K&

-L.' ε > 0
ü4*íü4'(� ï�-(* 7-5- * 5'.%.* µw

)'5 'L'(�%* í-�*(ì)5%7* 'L%)*î .'
*7-(.- 7-5 - õ-(-í6(%- C��î * .'&%�4*í.*.' .- %)'5 %.&î � ù6í%.* ê*(* ü4*&' )-.-
ê-L)- 7-5 ('&ê'%)- * 5'.%.* µw

� õ-L&'ü4'L)'5'L)'î )'5-&
Fw =

∫
Tw(z)dµw(z) =

∫

Uz0∩Sw

Tw(z)dµw(z) +

∫

S\(Uz0∩Sw)

Tw(z)dµw(z)

≥ µw(Uz0 ∩ Sw)[Fw + ε] + [1 − µw(Uz0 ∩ Sw)]Fw.



É�â � �¢«¤«¬ ��©¸¢£¬ä 
0-()*L)-î

εµw(Uz0 ∩ Sw) ≤ 0.

ï&&%5î
µw(Uz0 ∩Sw) = 0 � õþ'�*5-& * 45 *ë&4(.-î ê-%& &'L.- - 7-Lð4L)- Uz0 ∩Sw('í*)%ù*5'L)' *ë'()- 7-5 ('&ê'%)- *- &4ê-()' Sw

î '&)' .'ù'(%* )'( 5'.%.* ê-&%)%ù*�
ö&)' *ë&4(.- ê(-ù* * *'(5*+,- %'& .- �'-('5*�

�

����� �����
	 	 ����
������� � ���� � !����"��� 	 ��
�#
�	���

�×Ùß×ÞÝ G{L %�×Ùß×ÞÝ áÝ z×.ÙÞ>ÙÚÖ;<Ù á× MÖ×Ú$&{ |� f � ��~ ������ �������~��Å��~ �� �� ������D � ����� ����� ��~ ����~ �����~ λ ��D �~� ��� �~�~ ����
��®�������D ∈ D �~�~ � ��~� D ∈ D ��� ����� ~ ���������~���

f(z) = uD(z) +

∫

D

log
1

|z − t|dλ(t), z ∈ D, %C���&
���� uD � ��~ ������ �~��Å��~ �� D �
�×Ùß×ÞÝ G{P %+ßÖã.J>ÖÙ áÝ zÙÞÖãÝ;<Ù&{ |�}~� µ

�
ν
��~� ����~� �� ����� ���~� �

�����~� ��� ������� ����~��� ��
C� � ������~��� ��� ~ �~��~ ���~� �� ν ��� �����~ ~��

µ � |�����~��� ~��~ ��� µ ��� �����~ ���~�����~ ���~� |� �~�~ ~����~ �����~���
c� ~ �����~��~��

Uµ(z) ≤ Uν(z) + c,

� �Ò��~ �~�~ ��~�� ���� ����� ��� ������� ~ ����~ µ� ����� ~ �����~��~�� � �Ò��~ ������ � ��~�� ���������
Ólæ ð óoxqxy �%vÂopyè

z×XãÖ;<Ù G{G{ ê ����� ������~� �� ��~ ������ f �� �� ���}���� K � �����~�� ����
inf
z∈K

� f(z) � � �~�� �à���� L �~�~ � ��~� ~ ������ f ���~ �~����� ������� �� ��� L������� �� �� ���}���� �� �~�~��~�� ���~� Ù�~���~����� � ������� ������~� �sup
z∈K

�
f(z) � � ����� �à����U �~�~ � ��~� ~ ������ f ���~ �~����� �~���� �� ���U �������
�� �� ���}���� �� �~�~��~�� ���~�
õ-5 '&)*& .''L%+�'& 7-L7í4ì5-&î *)(*ù�& .-& ì)'L& %.& ' %'& .- �'-('5* C�Cî ü4' ù*í'5

*& %.'L)%.*.'&

ú
inf
z∈A

ÿ
(Uσ(z) +Q(z)) ≤ Fw

%C���&
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'

sup
z∈supp(σ)

(Uσ(z) +Q(z)) ≥ Fw.
%C���&

�×Ùß×ÞÝ G{È{ |�}~� w
�� ���� ~�������� � A � �� ���}���� � ���~�� � �� �~�~��~��

�����~� ������ �~�~ ��~����� ����~ σ ∈ M(A)
��� ������� ����~����

�
inf
z∈A

�(Uσ(z) +Q(z)) ≤ Fw
%C��C&

�
sup

z∈supp(σ)

(Uσ(z) +Q(z)) ≥ Fw.
%C���&

|� ������� ��~��~�� �� Úú�ÛúÝ � Úú�ÛÜÝ� ����� σ = µw.

z×ÞÙãÚäßÝ;<Ù0 0(%5'%(*5'L)' &4ê-Lþ*5-& ü4' ê*(* *í�45 L1
î * .'&%�4*í.*.'

Uσ(z) +Q(z) ≥ L1,

&'ð* ù6í%.* ê*(* úü4*&' )-.- ê-L)-ÿ z ∈ A.
öL),-î &-5*L.- ' &4ë)(*%L.- Uµw(z)

L*
.'&%�4*í.*.' *7%5*î ê-( %C���&î )'5-& ü4'

L1 ≤ Uσ(z) − Uµw(z) + Uµw(z) +Q(z) ≤ Fw + Uσ(z) − Uµw (z),

-4 &'ð*î

− Fw + Uµw(z) + L1 ≤ Uσ(z) %C��E&
ê*(* úü4*&' )-.- ê-L)-ÿ z ∈ supp(µw).

0-()*L)-î ê'í- õ-(-í6(%- C�� '&)* .'&%�4*í.*.' �
ù6í%.* ê*(* ü4*&' )-.- ê-L)- 7-5 ('&ê'%)- * 5'.%.* µw

î ê-%& µw
)'5 'L'(�%* í-�*(ì)5%7*

'L%)*� $'&)* �-(5*î ê'í- 0(%L7ìê%- .* $-5%L*+,-î * .'&%�4*í.*.' -7-((' ê*(* )-.- z ∈ C
�

ý*	'L.- z → ∞ ' 4&*L.- - ô'5* C��î -ë)'5-& L1 ≤ Fw.
ñ&)- ê(-ù* %C��C&�

�4ê-Lþ* *�-(* ü4'î ê*(* )-.- z ∈ supp(σ)

Uσ(z) +Q(z) ≤ L2,
%C��F&

7-5 L2 ≤ Fw.
öL),-î L2

� 'L%)- ' *& .'&%�4*í.*.'& %C��F& ' %C���& %5êí%7*5 ü4'
L2 ≥ Uσ(z) − Uµw(z) + Uµw(z) +Q(z) ≥ Fw + Uσ(z) − Uµw (z).
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öü4%ù*í'L)'5'L)'î

− Fw + Uµw(z) + L2 ≥ Uσ(z) %C��O&
ê*(* úü4*&' )-.- ê-L)-ÿ z ∈ supp(σ).

õ-L&'ü4'L)'5'L)'î L2 ≥ Fw.

$*ìî &'
L1 = L2 = Fw

î *& .'&%�4*í.*.'& %C��E& ' %C��O& %5êí%7*5 ü4'
Uσ(z) − Uµw(z) = 0,

%&)- �î
∫
Uσ(z) − Uµw(z)d(σ − µw)(z) = I(σ − µw) = 0.

0-()*L)-î &'�4' .- ô'5* C�C ü4' σ = µw. �

ý-(L'7'('5-& *�-(* 45 )'-('5*î ü4' 4)%í%	*('5-& ê*(* .'.4	%( * 7*ê*7%.*.' ' *
5'.%.* .' 'ü4%íìë(%- .- 7ì(74í- ' .- %L)'(ù*í-�
�×Ùß×ÞÝ G{Ï{ |�}~w �� ���� ~��������� |� σ ∈ M(A)

��� ������� ����~��� � �����~
���~�����~ ���~� Uσ(z) +Q(z) = F �~�~ ���~�� ���� ������ �� ������� �� σ � Uσ(z) +

Q(z) ≥ F �~�~ ���~�� ���� ������ �� A� ����� σ = µw
�
F = Fw.

z×ÞÙãÚäßÝ;<Ù0 ï& &4ê-&%+�'& .- �'-('5* %5êí%7*5 ü4'
ú

inf
z∈A

ÿ
(Uσ(z) +Q(z)) = F

'

ú
sup

z∈supp(σ)

ÿ
(Uσ(z) +Q(z)) = F.

$- �'-('5* C�Fî &'�4' ü4' Fw ≤ F ≤ Fw
� 0-()*L)-î F = Fw

'
σ = µw

�
�

ÔB×Þ>ÕÙ G{={ |�}~ A �� ���� � ���~��Dr(a)� �� �~� r � � ��~ ������ �����~ Cr(a) :=

{z : |z − a| = r}� ��� w ≡ 1 � Ç����~��� dσ = ds/2πr � ���� ds � ~ ����~ ������������ �� ~��� �� Cr(a) � ������ �� ������� ú�í� �����

Uσ(z) =





log
1

r
�� |z − a| ≤ r

log
1

|z − a|
�� |z − a| > r.

ï&&%5î
Uσ � 7-L&)*L)' '5 A

î í-�- ê'í- �'-('5* C�Oî )'5-& ü4' dµA = ds/2πr
î '
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log
1

r
= Fw = log

1

cap(A)
.

0-()*L)-î cap(A) = r. �

ÔB×Þ>ÕÙ G{G{ |�}~ A = [a, b] ⊂ R� ��� w ≡ 1. ������ �����
cap(A) =

b− a

4
e dµA(x) =

1

π

dx√
(x− a)(b− x)

x ∈ [a, b].

$' �*)-î ù*5-& &4ê-(î ê-( ü4'&),- .' &%5êí%'7*+,-î ü4' A = [−1, 1]� �'ð*
dσ(x) =

1

π

dx√
1 − x2

,

' 7*í74í'5-& - ê-)'L7%*í .* 5'.%.* σ

Uσ(z) =
1

π

∫ 1

−1

log
1

|z − x|
dx√

1 − x2
.

ý*	'L.- * 54.*L+* .' ù*(%6ù'í x = cos θ, -ë)'5-&

Uσ(z) =
1

2π

∫ π

−π

log
1

|z − cos θ|dθ.

�*5-& *êí%7*( * )(*L&�-(5*+,- .' �-4&-2&&%

z =
1

2

(
ζ +

1

ζ

)
.

öí* *êí%7* * ('�%,- |ζ | > 1
L* ('�%,-

C \ [−1, 1]
'î - 7ì(74í- 4L%)6(%- L- %L)'(ù*í- [−1, 1]

î
ê'(7-(('L.- - %L)'(ù*í- .4*& ù'	'&� ý*	'L.- t = eiθ î )'5-& ü4'

|z − cos θ| =

∣∣∣∣
1

2

(
ζ +

1

ζ

)
− 1

2

(
t+

1

t

)∣∣∣∣ =
1

2
|ζ − t||ζ−1 − t|.

$*ìî

Uσ(z) =
1

2π

∫ π

−π

log
2

|ζ − t||ζ−1 − t|dθ =
1

2π

∫ π

−π

log 2dθ +
1

2π

∫ π

−π

log
1

|ζ − t|dθ

+
1

2π

∫ π

−π

log
1

|ζ−1 − t|dθ = log 2 + UµC (ζ) + UµC (ζ−1),

-L.' µC
� * 5'.%.* .' 'ü4%íìë(%- .- 7ì(74í-� õ-L&'ü4'L)'5'L)'î ê'í- �*)- .' * %Lù'(&*

.* *êí%7*+,- &'( ζ = z +
√
z2 − 1

' ê'í- '÷'5êí- *L)'(%-(î &'�4' ü4'
Uσ(z) = log 2 + log

1

|ζ | + log 1 = log 2 − log |z +
√
z2 − 1|.

õ-5- L- %L)'(ù*í- [−1, 1] = supp(σ)
î )'5-& |ζ | = 1

î'L),- Uσ(z) = log 2, z ∈ [−1, 1].
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0-()*L)-î ê'í- �'-('5* C�Oî )'5-& ü4'

dσ = dµ[−1,1] e cap([−1, 1]) = exp(− log 2) = 1/2.

õ-5- *êí%7*+,- .-& ('&4í)*.-& *L)'(%-('& .'5-L&)(*('5-& *�-(* 45 )'-('5* ü4'
�-(L'7' 45 í%5%)' %L�'(%-(î ê*(* - &4ê('5- '&&'L7%*í .' ê'&-& ê-í%L-5%*%&�
�×Ùß×ÞÝ G{Ñ{ |�}~� w

�� ���� ~�������� � Pn(z) = zn + an−1z
n−1 + · · · + a0

��
����Å�� �Å��� �� ��~� n � �����

�
sup
z∈Sw

� [w(z)]n|Pn(z)| ≥ exp(−nFw).

z×ÞÙãÚäßÝ;<Ù0 �'ð*5 w̃ := w|Sw
, Ã := Sw

� öL),-î µw̃ = µw.
ïí�5 .%&&-î &' σn

� *
5'.%.* .%&7(')* 7-5 5*&&* 1/n

L-& 	'(-& .' Pn(z)
î )'5-&

Uσn(z) =

∫
log

1

|z − t|dσn(t) =
1

n

n∑

k=1

log
1

|z − zk|
=

1

n
log

1

(
∏n

k=1 |z − zk|)
=

1

n
log

1

|Pn(z)| .

0-()*L)-î *êí%7*L.- - �'-('5* C�Fî *- 7-Lð4L)- Ãî 7-5 * �4L+,- ê'&- w̃ ' * 5'.%.* σn
î

)'5-& ü4'

ú
inf

z∈Sw

ÿ {−1

n
log(|Pn(z)|) − 1

n
log([w(z)]n)} ≤ Fw,

-4 &'ð*î
ú
sup
z∈Sw

ÿ {log(|Pn(z)|[w(z)]n)} ≥ −nFw.

ïêí%7*L.- * �4L+,- '÷ê-L'L7%*í '5 *5ë-& -& í*.-& .* .'&%�4*í.*.'î -ë)'5-&
ú
sup
z∈Sw

ÿ
[w(z)]n|Pn(z)| ≥ exp(−nFw).

Ólï éÂqusqÕqt xt ó�uqpt
�'&)* &'+,- *ê('&'L)*5-& *í�4L& í'5*& ü4' &'(ù'5 .' ê('ê*(*+,- ê*(* * .'5-L2

&)(*+,- .- 0(%L7ìê%- .- /ìL%5- 3'L'(*í%	*.-�
I×ÞÝ G{L{ |�}~�E �� ��®���}����� ���~�� � ������� z0 ∈ C

�
S := {r : r > 0 e Cr(z0)∩

E 6= ∅} � |� L � � ���������� �� S � ����� capE ≥ L/4 �
z×ÞÙãÚäßÝ;<Ù0 �*5-& &4ê-(î &'5 ê'(.* .' �'L'(*í%.*.'î ü4' z0 = 0 � $'L-)'5-&
ê-( m * 5'.%.* .' ô'ë'&�4' '5 R

� õ-L&%.'(' * *êí%7*+,- T : E → [0, L] .''L%.* ê-(
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T (z) = m(S
⋂

[0, |z|])� �'�4' ü4' T � 45* 7-L)(*+,- ë%ð')%ù*î ê-%&
|T (z) − T (w)| = |m(S ∩ [0, |z|]) −m(S ∩ [0, |w|])| ≤ ||z| − |w|| ≤ |z − w|.

�'
σ
� ü4*íü4'( 5'.%.* 7-5 &4ê-()' '5 E

î 'L),- ê-.'5-& .''L%( σ∗ î 7-5 &4ê-()'
L- %L)'(ù*í- [0, L]

î 7-5- σ∗(B) = σ(T−1(B)) ê*(* ü4*íü4'( 7-Lð4L)- .' ò-('í B ⊂ [0, L]��*5-& ê(-ù*( ü4' ü4*íü4'( 5'.%.* µ ∈ M([0, L]) ê-.' &'( -ë)%.* .' *í�45* 5'.%.*
σ
î .* �-(5* 7-5- �-% .''L%.* *7%5*� 0*(* - 7*&- '5 ü4' * 5'.%.* � 45* 5'.%.* .-
)%ê- .'í)* .' $%(*7 7-5 5*&&* '5 45 ê-L)- tî ë*&)* )-5*( σ 7-5- &'L.- * 5'.%.*
.'í)* .' $%(*7 7-5 5*&&* '5 T−1(t)� $'&)* �-(5* ê-.'5-& L-& '&)'L.'( ' .%	'(5-&ü4' * *'(5*+,- � ù6í%.* ê*(* )-.* 5'.%.* .%&7(')*� ï�-(* &'ð* µ 45* 5'.%.* ü4*íü4'(�ö&7-íþ* 45* &'ü4óL7%* .' 5'.%.*& .%&7(')*& µn

7-Lù'(�%L.- fracamente∗ ê*(* * 5'.%.*
µ � 0-( '÷'5êí-î ê-.'5-& )-5*( * 5'.%.*

µn =
n∑

j=0

µ([jL/n, (j + 1)L/n])δjL/n.

öL),-î '÷%&)' 45* 5'.%.* σn ∈ M(E)
)*í ü4' σ∗

n = µ
î ' ê'í- �'-('5* .' $'íí"î ê-.'5-&

&4ê-( ü4' *& 5'.%.*& {σn}
7-Lù'(�'5 ê*(* 45* 5'.%.* σ ∈ M(E)

î ê*&&*L.- * 45*
&4ë&'ü4óL7%* &' L'7'&&6(%-� ñ&)- �'%)-î ù*5-& ê(-ù*( ü4' µ = σ∗.

$' �*)-î &'ð* f ∈
C([0, L])� ï �4L+,- F (z) = f(T (z))

î &'L.- F -ëù%*5'L)' 7-L)ìL4*î ê-&&4% 45* '÷)'L&,-7-L)ìL4* G )-.- - êí*L- 7-5êí'÷- ' ù*í' * �1(54í*
∫
fdσ∗ =

∫
Gdσ = lim

n→∞
Gdσn = lim

n→∞
fdµn =

∫
fdµ.

ô-�-î 7-5- f �-% '&7-íþ%.* .' �-(5* *(ë%)(6(%*î &'�4' ü4' σ∗ = µ.
0-()*L)-î

0*(* )-.* µ ∈ M([0, L]),
'÷%&)' σ 7-5 supp(σ) ⊆ E,

)*í ü4' µ(B) = σ(T−1(B).%C��D&
ï�-(*î &' µ = σ∗ î 'L),- * %L)'�(*í .' 'L'(�%* &*)%&�*	 * .'&%�4*í.*.'

I(σ) =

∫ ∫
log

1

|z − t|dσ(z)dσ(t)

≤
∫ ∫

log
1

|T (z) − T (t)|dσ(z)dσ(t)

=

∫ ∫
log

1

|z − t|dµ(z)dµ(t) = I(µ),

-L.' * ûí)%5* ê*&&*�'5 &'�4' .' %C��D&� õ-L&'ü4'L)'5'L)'î &' )-5*(5-& - ìL'5- .'
*5ë-& -& í*.-& 7-5 ('&ê'%)- * )-.*& *& 5'.%.*& σ ' µ 7-L7í4ì5-& ü4' V[0,L] ≤ VE

� �'�4'



É�' å¸¤¨¦¤Ë¤§ «§ ��¨¤£§ ¯Î
ü4'

cap(E) ≥ cap([0, L]) = L/4.

K í'5* '&)6 ê(-ù*.-�
I×ÞÝ G{P{ |�}~ w ��~ ������ ���� ~��������� �����~ �� Ù � �������~� ������

Uµ
w(z0) ≥ −Q(z0) + Fw, z0 ∈ A.

�� �~�����~�� �� z0 ∈ Sw � �� ����� ������ �� A� ����� Uµ
w(z0) = −Q(z0) + Fw.

z×ÞÙãÚäßÝ;<Ù0 �'5 ê'(.* .' �'L'(*í%.*.' ê-.'5-& &4ê-( ü4' Q(z0) < ∞ î 7*&- 7-L2)(6(%- * 7-L7í4&,- � 1ëù%*� �'ð* ε > 0
' '&7-íþ* δ > 0

)*í ü4'î ê*(* )-.- z ∈ A
7-5

|z − z0| ≤ δ,
)'5-& ü4'

|Q(z) −Q(z0)| < ε. %C��K&
$''L%5-& - 7-Lð4L)-

E := {z ∈ A : |z − z0| < δ e Uµw(z) ≤ −Q(z0) + Fw − ε}.

öL),-î E � �'7þ*.- ê-%& Uµw
� &'5%27-L)ìL4* %L�'(%-(5'L)'� 0-( %C��K& ' ê'í- �'-('5*C�C(d)î 7-L7í4ì5-& ü4' E )'5 7*ê*7%.*.' L4í*� $'&)* �-(5*î ê-.'5-& *êí%7*( - ô'5* C��

ê*(* '&7-íþ'( r ∈ (0, δ)
î )*í ü4'î E⋂Cr(z0) = ∅

� ñ&)- &%�L%'7* ü4'
Uµw(z) ≥ −Q(z0) + Fw − ε, z ∈ Dr(z0).

õ-5- Uµw
� &4ê'(2þ*(5�L%7*î ê-.'5-& 7-L7í4%( ü4'

Uµw(z0) ≥ −Q(z0) + Fw − ε.

ý*	'L.- ε → 0
7þ'�*5-& � 7-L7í4&,- .'&'ð*.*�

�

�- 7*&- 7í6&&%7- '5 ü4' A � 7-5ê*7)- ' w ≡ 1
î - ô'5* C�E %5êí%7* ü4'

UµA(z) = Fw = log
1

cap(A)
%C�C�&

I×ÞÝ G{È %�×Ùß×ÞÝ á× Ô,ÝãÚì{ |�}~ E ��~ ���� �� � ���~��� �� �~�~��~�� ���~�
������ ����� ��~ ����~ ���~ µ ��� ������� ����~���� �~� ���� Uµ(z) ≡ ∞, z ∈ E.Ù��� ����� �� z0 6∈ E � ����� Uµ(z0) <∞

z×ÞÙãÚäßÝ;<Ù0 ñL%7%*í5'L)' ù*5-& &4ê-( ü4' E � 7-5ê*7)-� �*5-& 7-L&)(4%( µ L*
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�-(5*

µ =

∞∑

k=1

ckµEδk
=:

∞∑

k=1

ckµk,
%C�C�&

-L.' {ck} ' {δk} &,- &'ü4óL7%*& ê-&%)%ù*& 7-Lù'L%'L)'5'L)' '&7-íþ%.*& 'î ê*(* 7*.* k î
µEδk

� * 5'.%.* .' 'ü4%íìë(%- .' Eδk

� õ-5- * %�4*í.*.' %C�C�& ð6 L-& �*(*L)' ü4'

Uµ(z) =

∞∑

k=1

ckU
µk(z) =

∞∑

k=1

log
1

cap(Eδk
)
, z ∈ E. %C�C�&

ö&7-íþ'('5-& *& &'ü4óL7%*& {ck} ' {δk} .' 5-.- ü4' %C�C�& &'ð* 7-Lù'(�'L)' ' %C�C�&.%ù'(�'L)'� õ-5-
‖µ‖ =

∞∑

k=1

ck,
%C�CC&

ê('7%&*5-&î ê*(* ü4' %C�C�& &'ð* 7-Lù'(�'L)'î '&7-íþ'( {ck} .' )*í �-(5* ü4' %C�CC& &'ð*7-Lù'(�'L)'î ê-%& %&)- %5êí%7* ü4' %C�C�& � *ë&-í4)*5'L)' 7-Lù'(�'L)' ' 7-5- 7-Lù'(�óL7%*
*ë&-í4)* %5êí%7* '5 7-Lù'(�óL7%* .' &�(%'&î &'�4' ü4' %C�C�& � 7-Lù'(�'L)'� ô-�-î ù*5-&
)-5*(

ck =

(
log

1

cap(Eδk
)

)−1/2

.

�' ê4.'(5-& 5-&)(*( ü4'

lim
δ→0

cap(Eδ) = 0, %C�C�&
'L),- Uµ(z) = ∞ î ê-%& * &�(%' %C�C�&î 7-5 -& ck (s '&7-íþ%.-& *7%5*î &'(6 .%ù'(�'L)'î .'&.'ü4' * &'ü4óL7%* {δk} 7-Lù'(�' ê*(* 0

&4'7%'L)'5'L)' (6ê%.-�
�4ê-Lþ*5-& ü4' %C�C�& L,- &'ð* ù'(.*.'%(*� öL),- '÷%&)' 45* 7-L&)*L)' K ' 45*

&'ü4óL7%* δk → 0
î )*í ü4'

log
1

cap(Eδk
)
≤ K.

0'í- �'-('5* .' $'íí"î '÷%&)' 45* &4ë&'ü4óL7%* .' {µδk
} ü4' 7-Lù'(�' �(*7*5'L)'∗ ê*(*

45* 5'.%.* ν � 0-()*L)-î ê-.'5-& &4ê-(î &'5 ê'(.* .' �'L'(*í%.*.'î ü4' * ê(1ê(%*
µk := µδk

∗→ ν � öL),-î �*	'L.- 4&- .- ô'5* C��î .'.4	%5-&

I(ν) = lim
M→∞

∫ ∫
min

(
M, log

1

|z − t|

)
dν(t)dν(z)

= lim
M→∞

lim
k→∞

∫ ∫
min

(
M, log

1

|z − t|

)
dµk(t)dµk(z)

≤ lim inf
k→∞

I(µk) ≤ K.

�'L.- ü4' ν )'5 &4ê-()' '5 E
î %&)- 7-L)(*.%	 * þ%ê1)'&' .' ü4' cap(E) = 0

î ' '&)*
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7-L)(*.%+,- ê(-ù* ü4' Uµ(z) = ∞ '5

E
î ü4*L.- E � 7-5ê*7)-�

�'
z0 6∈ E

î 'L),- '&)* 7-L&)(4+,- ê-.' &'( &'�4%.* .' 45* )*í �-(5* ü4' z0 '&)'ð* �-(*.- &4ê-()' .' µ. õ-L&'ü4'L)'5'L)' Uµ(z0) < ∞,
' - í'5* '&)6 ê(-ù*.- ê*(* 7-Lð4L)-&

7-5ê*7)-&� ï�-(* 7-L&%.'('5-& - 7*&- �'(*íî ü4*L.- E )'5 7*ê*7%.*.' L4í* ' � 4L%,-
.' �'7þ*.-&� öL),-î E =

⋃∞
j=1Hj

î -L.' 7*.* Hj
� 7-5ê*7)- ' .' 7*ê*7%.*.' 	'(-� $'&)*

�-(5*î ê*(* 7*.*Hj
î '÷%&)' 45* 5'.%.* νj

7-5 &4ê-()' '5 45 7-5ê*7)- '÷*.- %L.'ê'L2
.'L)' .' j )*í ü4' Uνj (z0) <∞ î 5*& Uνj (z0) ≡ ∞ '5

Hj
� ï�-(* ê-.'5-& ù'( ü4' ê*(* *í2

�45* &'ü4óL7%* {αj} )'L.'L.- &4'7%'L)'5'L)' (6ê%.- ê*(* 0
î * 5'.%.* µ :=

∞∑

j=1

αjνj
î &*)2

%&�*	 *& þ%ê1)'&'& .- í'5*î ê(-ù*L.- * '÷%&)óL7%* .* 5'.%.*î ê*(* * ü4*í Uµ(z) = ∞, z ∈
E
'
Uµ(z) = ∞, z 6∈ E � �

�- ê(1÷%5- �'-('5* ù*5-& �*	'( 4&- .- �*)- ü4' �4L+�'& &4ê'(2þ*(5�L%7*& &,- %L2
ù*(%*L)'& ê-( *êí%7*+�'& 7-L�-(5'&î - ü4*í &'�4' .- &'�4%L)' í'5*�
ô'5ë(*L.- ü4' 45* *êí%7*+,- f � 45* *êí%7*+,- 7-L�-(5' &' 'í* ê('&'(ù* )L�4í-&�

I×ÞÝ G{Ï{ |�}~� G
��~ ~���~��� ���� ���� � g ��~ ������ �������~��Å��~ �� ��

������D �~� ��� ImG ⊂ D � ����� ~ ������ g ◦G � �������~��Å��~ �� D �
�×Ùß×ÞÝ G{Ø %+ßÖã.J>ÖÙ áÙ NJãÖÞÙ ?×ã×ßÝÕÖ$ÝáÙì{ |�}~� D ⊆ C

�� ������ � g��~ ������ �������~��Å��~ � ���~�~ �� ��������� �� D
� �~��� ~�

lim inf
z→z′,z∈D

g(z) ≥ m %C�CE&
�~�~ ���~�� ���� ������ z′ ∈ ∂D � |� g ��� � �����~���� ����� g(z) > m, z ∈ D �
z×ÞÙãÚäßÝ;<Ù0 �*5-& &4ê-(î &'5 ê'(.* .' �'L'(*í%.*.' ü4' m = 0

î ' ü4' g L,- &'ð*7-L&)*L)'� ïí�5 .%&&-î .' *7-(.- 7-5 - ô'5* C�Oî ê-.'5-& &4ê-( ü4' D 7-L)�5 45
ê-L)- L- %L'L%)- ' 45* ù%	%Lþ*L+* .'&)' ê-L)-* 7*&- 7-L)(6(%- ë*&)* *êí%7*( * �4L+,-
%Lù'(&* '5 )-(L- .' 45 ê-L)- .' D �
K 0(%L7ìê%- .- /ìL%5- L- �'-('5* ���Fî ê(-ù*.- L- ê(%5'%(- 7*êì)4í-î *'(5* ü4'î

&' 45* �4L+,- &4ê'(2þ*(5�L%7* *)%L�%( &'4 5ìL%5- '5 45 ê-L)- %L)'(%-( .' 45 .-5ìL%-î
'L),- 'í* .'ù' &'( 7-L&)*L)'� ï .%�'('L+* 'L)(' - 0(%L7ìê%- .- /ìL%5- ����F ' - *)4*í
�'L'(*í%	*.-î � ü4' *L)'(%-(5'L)' '÷%�ì*5-& ü4'î inf g(z) > m, ∀z ∈ D

î 'Lü4*L)- ü4'
*�-(* '÷%�%5-& &-5'L)' ü4' %C�CE& ù'(.*.' ê*(* úü4*&' )-.- ê-L)-ÿ z′ ∈ ∂D � õ-L&'2ü4'L)'5'L)'î )'5-& *ê'L*& ü4' ê(-ù*( inf

D
g(z) ≥ 0 �

�'ð*
mg = inf

z∈D
g(z)

' &4ê-Lþ* ü4' mg < 0 � öL),-î
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lim inf
z→

g(z) ≥ g(∞) > mg.
%C�CF&

�'ð*5
∆ - .%&7- 7-L)'L.- ∂D L- &'4 %L)'(%-(î - ü4*í .'L-)*5-& ê-( ∆� 0-( %C�CF& '

- 0(%L7ìê%- .- /ìL%5- ���F &*ë'5-& ü4' '÷%&)' 0 > m1 > mg
)*í ü4'

inf
z 6∈∆

g(z) > m1.
%C�CO&

�'ð*5
mg < m3 < m2 < m1

î '÷*5-& 45 ê-L)- z0 ∈ ∆
⋂
D
7-L&%.'(' - 7-Lð4L)-

E := {z ∈ D : g(z) < m2}.

ø&*L.- * &'5%27-L)%L4%.*.' %L�'(%-( .' g î -ë)'5-& .' %C�CO&î ü4' - �'7þ- .' E '&)6
7-L)%.- '5 (∆

⋂
D)
⋃
∂D � 0-( %C�CE& - 7-Lð4L)- E⋂ ∂D � 7-5ê*7)- ' )'5 7*ê*7%.*.'	'(-* 7-L&'ü4'L)'5'L)' ê'í- ô'5* C�Fî '÷%&)' 45 ê-)'L7%*í Uµ î -L.' µ � 45* 5'.%.*

ê-&%)%ù*î 'L%)* ' .' &4ê-()' 7-5ê*7)-î ü4' )-5* ù*í-( +∞ ê*(* )-.- ê-L)- '5 E
⋂
∂D'

Uµ(z0) <∞ � /*& 'L),- ê*(* )-.- ê-L)- z′ ∈ E
⋂
∂D
î )'5-& ü4'

lim inf
z→z′,z∈D

Uµ(z) = ∞;

7-L&'ü4'L)'5'L)' ê*(* )-.- ε > 0

lim inf
z→z′,z∈D

(g(z) + εUµ(z)) = ∞ %C�CD&
%-ë&'(ù*5-& ü4' g � í%5%)*.* %L�'(%-(5'L)' '5 D&� ö5 -4)(- ê-L)- .' ∂(∆⋂D)

L1&
)'5-&

lim inf
z→z′,z∈D

g(z) ≥ m2.

�*%& ê-L)-& '÷%&)'5 ê-%& E )'5 7*ê*7%.*.' L4í* ' ∂(∆⋂D)
)'5 7*ê*7%.*.' ê-&%)%ù*�

õ-L&'ü4'L)'5'L)'î &' γ � - í%5%)' %L�'(%-( .' Uµ '5 ∆
î 'L),- ê*(* )-.- z′ ∈ ∂(∆

⋂
D)

lim inf
z→z′,z∈D

(g(z) + εUµ(z)) ≥ m2 + εγ ≥ m3
%C�CK&

7-L)*L)- ü4' 0 < ε < (m2 −m3)/|γ|.
$' %C�CD& ' %C�CK&î ù%* - �'-('5* ���Fî ê-.'5-& %L�'(%( ü4'

lim inf
z→z′,z∈D

(g(z) + εUµ(z)) ≥ m3
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'5

∆ ∩D � ý*	'L.- ε → 0
î 'L),- 7þ'�*5-& * g(z0) ≥ m3

î -L.' z0 ∈ ∆ ∩ D �-% )-5*.-
*(ë%)(*(%*5'L)' 7-5- L- ô'5* C�Fî -ë)'5-&

inf
z∈∆-D

g(z) ≥ m3
%C���&

0-(�5 mg < m3
î %C�CO& ' %C���& 7-L)(*.%	 * .''L%+,- .' mg

î ' '&)* 7-L)(*.%+,- ê(-ù* -
ê(%L7ìê%- .- 5ìL%5- �'L'(*í%	*.-�

�

Ól÷ éÂt�èopy xo .qÂqsøèov o ½wu¾¿oÀ xo /Âoou
K 0(-ëí'5* .' $%(%7þí') 7-L&%&)' '5 'L7-L)(*( 45* �4L+,- þ*(5�L%7* L- %L)'(%-( .'

45* ('�%,- D 'î ü4' 7-%L7%.* 7-5 45* �4L+,- .*.* f(z)
î L* �(-L)'%(* .' D � ö5 ('&45-%&)- &%�L%'7* ('&-íù'( * &'�4%L)' ê(-ëí'5*M

{
∆(u(z)) = 0

&'
z ∈ intD

u(z) = f(z)
&'

z ∈ ∂D

ý-(L'7'('5-& 45 )'-('5*î ü4' ('í*7%-L* * &-í4+,- .' 45 7'()- 0(-ëí'5* $%(%7þí')î
7-5 ê-)'L7%*í í-�*(ì)5%7- .* 5'.%.* .' 'ü4%íìë(%-� 0*(* '&)*ë'í'7'( '&)* ('í*+,- .''L%5-&
' .*5-& *í�45*& 7*(*7)'(ì&)%7*& .*& �4L+�'& .' 3(''L�
õ-5'+*5-& .''L%L.- *& &-í4+�'& .' 0'((-L2!%'L'(2ò(%'í-) ê*(* - ê(-ëí'5* .' $%(%7þ2

í')�
�'ð* D ⊂ C

)*í ü4'
C \ D )'Lþ* 7*ê*7%.*.' ê-&%)%ù*î ' &4ê-Lþ* ü4' f � 45* �4L+,-ò-('í 5'L&4(6ù'í ' í%5%)*.*î .''L%.* '5 ∂D � ï& 7í*&&'& %L�'(%-('& ' &4ê'(%-('& .' �4L+�'&7-5 ('&ê'%)- * f '5 D &,- .''L%.*& 7-5-

Hu,D
f := {g : g

� &4ê'(2þ*(5�L%7* ' í%5%)*.* %L�'(%-(5'L)' '5 D, lim inf
z→x, z∈D

≥ f(x)

ê*(* )-.- x ∈ ∂D}

'

Hl,D
f := {g : g

� &4ë2þ*(5�L%7* ' í%5%)*.* &4ê'(%-(5'L)' '5 D, lim sup
z→x, z∈D

≤ f(x)

ê*(* )-.- x ∈ ∂D},

' * &-í4+�'& &4ê'(%-('& ' %L�'(%-('&î ê*(* - ê(-ëí'5* .' $%(%7þí') 7-5 �4L+,- .' �(-L)'%(*
f
î &,- .*.*& ê-(

H
D

f (z) := inf{g(z)|g ∈ Hu,D
f }, z ∈ D,
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'

HD
f (z) := sup{g(z)|g ∈ Hl,D

f }, z ∈ D.

�'
H

D

f ≡ HD
f ,
'L),- '&)*& �4L+�'& .'L-)*.* ê-( HD

f

î * ü4*í � 7þ*5*.* .' 0'((-L2!%'L'(2ò('í-) ê*(* - ê(-ëí'5* .' $%(%7þí') '5 E
7-5 �4L+,- .' �(-L)'%(* f.

�×Ùß×ÞÝ G{8ß{ |�}~� D ⊆ C
�� ������ ���~�� ��}~ �������~ ∂D ��� �~�~��~��

�����~ �� f ��~ ������ �����������~ ������������ �� ���~�~ �� ��������� �� ∂D �|�
u � ��~ ������ �~��Å��~ ���~�~ �� D �~� ��� �~�~ ���~�� ����� z ∈ ∂D

lim
x→z,x∈D

u(x) = f(z),

����� u � ������� �� �������0����������� �� ���®���~ �� 
������ �� D ��� ������
�� �������~ f �
z×ÞÙãÚäßÝ;<Ù0 �*5-& &4ê-( ü4' ∂D � 7-5ê*7)-� õ*&- 7-L)(6(%- ë*&)* *êí%7*(5-&
45* )(*L&�-(5*+,- .' /1ë%4& ü4' í'ù* 45 ê-L)- L- %L'L%)- '5 45 ê-L)- 'L%)-î )*í
)(*L&�-(5*+,- ê('&'(ù* ê(-ê(%'.*.'& .' f ' u � �*5-& 5-&)(*( ü4' u ≡ H

D

f

î * -4)(*
%.'L)%.*.' u ≡ HD

f

)'5 .'5-L&)(*+,- %.óL)%7*�
�'ð*

g ∈ Hu,D
f
45* �4L+,- &4ê'(%-( ü4*íü4'(� öL),-î g − u

� &4ê'(2þ*(5�L%7* ê-(
&'( &-5* .' �4L+�'& &4ê'(2þ*(5�L%7*&î í%5%)*.* %L�'(%-(5'L)' ê'í*& þ%ê1)'&'& &-ë(' u 'î*%L.*

lim inf
z→x,z∈D

(g(z) − u(z)) ≥ f(x) − f(x) = 0, ê*(* ü4*&%2'ù'(" x ∈ ∂D.
õ-L&'ü4'L)'5'L)'î &'�4' .- 0(%L7%ê%- .- /ìL%5- 3'L'(*í%	*.- �'-('5* C�K ü4' g(z) ≥
u(z) ê*(* )-.- z ∈ D. õ-5- )-5*5-& g .' 5-.- *(ë%)(6(%-î * .'&%�4*í.*.'

u ≤ H
D

f , z ∈ D,
� ù6í%.*�

�'5-& ü4' ê(-ù*( &-5'L)' * .'&%�4*í.*.' 7-L)(6(%*� �'ð* z0 ∈ D '÷*.-� �'5-& .'
ê(-ù*( ü4' u(z0) � - ìL'5- .-& ù*í-('& .' g(z0) ê*(* )-.* g ∈ H

D

f
� �4ê-Lþ*5-& ü4'

lim inf
z→x,x∈D

u(z) ≥ f(x)

� ù6í%.* ê*(* úü4*&' )-.- ê-L)-ÿ x ∈ ∂D � �'ð* E ⊆ ∂D - 7-Lð4L)-

E := {x ∈ ∂D : lim inf
z→x,x∈D

u(z) < f(x)}.
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ï'(5*5-& ü4' E � 45* 4L%,- 'L45'(6ù'í .' 7-Lð4L)-& �'7þ*.-&� $' �*)-î ê*(* -7*&- '5 ü4' f � &'5%27-L)ìL4* &4ê'(%-(5'L)'î 7*.* 7-Lð4L)- .* �-(5*

Eε := {x ∈ ∂D : lim inf
z→x,x∈D

u(z) ≤ f(x) − ε}.
� �'7þ*.-î .'ù%.- * ('&4í)*.- *L6í-�- .- �'-('5* ��� ê*(* �4L+�'& &'5%27-L)ìL4*& &4ê'2
(%-(5'L)'� 0-()*L)- E = ∪∞

n=1E1/n
� ï�-(*î &' f �-( &'5%27-L)ìL4* %L�'(%-(5'L)'î 'L),- f� í%5%)' ê-L)4*í .' 45* &'ü4óL7%* .' �4L+�'& 7-L)ìL4*& ' 7('&7'L)'& {fm}∞m=1

� öL),-î &'
.''L%(5-&

Em := {x ∈ ∂D : lim inf
z→x,x∈D

u(z) < fm(x)},
7*.* Em � 4L%,- 'L45'(6ù'í .' 7-Lð4L)-& �'7þ*.-&î ê-%& 7*.* fm

� 7-L)ìL4*� 0-()*L)-î
E = ∪∞

n=1E
m �

öL),-î E � 4L%,- .' 7-Lð4L)-& �'7þ*.-& .' 7*ê*7%.*.' L4í*� õ-L&'ü4'L)'5'L)'î .-ô'5* C�F &'�4' ü4'î '÷%&)' 45* 5'.%.* σ î )*í ü4'î Uσ(z) = ∞ ê*(* )-.- z ∈ E
'

Uσ(z0) <∞ �
�'L.- D í%5%)*.-î ê*(* 7*.* ε > 0

7-L&%.'(' * �4L+,-
gε := u(z) + ε(Uσ(z) −m),

-L.' m � - ìL'5- .' Uσ(z)
'5

∂D � ô-�-î gε
� 45* �4L+,- &4ê'(2þ*(5�L%7*î ê-%& � &-5*

.' �4L+�'& &4ê'(2þ*(5�L%7*&î ' &'�4' ü4' gε
� 45* �4L+,- &4ê'(%-(î %&)- �î gε ∈ H

D

f
�

ý*	'L.-î ε → 0
î 7þ'�*5-& ü4' u(z0) � - ìL'5- .-& ù*í-('& .' gε(z0)

î
ε > 0 � ñ&)- ê(-ù* *

.'&%�4*í.*.' 7-L)(6(%*� ô-�-î u = H
D

f
�

z×XãÖ;<Ù G{L{ |�}~ A ⊆ C
�� ���}���� ����~����

• ê ������ ������� Ω ���~��� ~ A � ~ ���������� ���~�~ �� C \ A�
• ê ���}���� ∂Ω � ��~�~�� �� �������~ ������� �� A �
• ê �������� ������~� ������� �� A � ������ ���� �����C \Ω

� � �����~�� ���
��(A) �

z×XãÖ;<Ù G{P{ |�}~ A �� ���}���� ����~��� � Ω ��� ������ �������� Ù ������ ��2���� ��� ���� �� ������ �� ������ � ~ à��~ ������ gΩ(z,∞)
�� Ω

��� ~� ��������
�������~����

(a) gΩ � �������~��~ � �~��Å��~ �� Ω \ {∞},
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(b) lim
|z|→∞

(gΩ(z,∞) − log|z|) = log
1

cap(A)
,

(c) lim
z→z′,z∈Ω

(gΩ(z,∞)) = 0� �~�~ ���~�� ���� ������ z′ ∈ ∂Ω.

õ-5 -& )'-('5*& 'L4L7%*.-& ' ê(-ù*.-& *L)'(%-(5'L)'î ê-.'5-& ê(-ù*( * '÷%&)óL7%*
' 4L%7%.*.' .*& �4L+�'& .' 3(''L�
ï '÷%&)óL7%* ' 4L%7%.*.' .* �4L+,- .' 3(''Lî '5 7-Lð4L)-& .' 7*ê*7%.*.' ê-&%)%ù*î

ê-.' &'( ê(-ù*.* .''L%L.-2&'
gΩ(z,∞) = −UµA(z) + log

1

capA
.

$' �*)-î (a) &'�4' .- �'-('5* C�C2(e) ê*(* - 7*&- &'5 7-(ê- '÷)'(L-î -4 &'ð*î Q ≡ 0 ��'&)' 7*&-î UµA ≤ log(cap(A))−1 ' * �4L+,- .' 3(''L � L,-2L'�*)%ù* ' þ*(5�L%7*� $'�*)-î * �4L+,- ê-)'L7%*í � þ*(5�L%7* ê*(* z 6∈ supp(µA)� K %)'5 (b)
&' .'ù' *- �*)- ü4'

lim
|z|→∞

Uµ(z) + log |z| = 0,
7-5- L- ô'5* C��� õ-5- UµA = log(cap(A))−1 ê*(* úü4*&'

)-.- ê-L)-ÿ '5 Sw
î ' &'L.- Sw

7-5ê*7)-î )'5-& ∂Ω ⊂ ∂Sw
� 0-()*L)-î .'ù'5-& )'(

lim
z→z′,z∈Ω

(gΩ(z,∞)) = 0
î ê*(* úü4*&' )-.- ê-L)-ÿ z′ ∈ ∂Ω.

K %)'5 7 &'�4'�
0*(* ê(-ù*( * 4L%7%.*.'î &4ê-Lþ*5-& ü4' '÷%&)* g̃ î ü4' &*)%&�*+* )-.*& *& ê(-ê(%'.*.'&

.''L%.*& *7%5*� öL),-î gΩ − g̃
� þ*(5�L%7* ' í%5%)*.* %L�'(%-(5'L)' '5 Ω� ïí�5 .%&&-î

ê'í* ê(-ê(%'.*.' %7&î )'5-& lim
z→z′,z∈Ω

(gΩ(z,∞) − g̃(z)) = 0
î ê*(* úü4*&' )-.- ê-L)-ÿ z′ ∈

∂Ω.
öL),-î ê'í- ê(%L7ìê%- .- 5ìL%5- �'L'(*í%	*.-î &'�4' ü4' gΩ(z,∞) = g̃(z)�

�×Ùß×ÞÝ G{88{ |�}~ w �� ���� ~�������� � E ��~ ���������� ���~�~ ��
C \ Sω.

�����
Uµw(z) − Fw ≡ HE

−Q(z), z ∈ E.

|�� ������~���� E = Ω � ~ ���������� ���~�~ �� C \ Sω,
�����

Uµw(z) − Fw ≡ HΩ
−Q(z) − gΩ(z,∞), z ∈ Ω,

���� gΩ(z,∞)
�����~ ~ ������ �� 2���� �� Ω

��� ���� ��∞.

z×ÞÙãÚäßÝ;<Ù0 �'ð* E * 7-5ê-L'L)' í%5%)*.* .' C \ Sω
� 0'í- �'-('5* C�C%�&î &'�4'

ü4'
lim
z→x

(Uµw (z) − Fw) = −Q(x), ê*(* ü4*&%2'ù'(" x ∈ ∂E.

�'�4L.- - ô'5* C�Eî %&)- ù*í' ê*(* ê-L)-& %L)'(%-('& )*5ë�5� 0-()*L)-î .' *7-(.- 7-5 -
�'-('5* C���î * �4L+,- Uµw (z) − Fw

� &-í4+,- .- ê(-ëí'5* .' $%(%7þí')î 7-5 �4L+,- .'
�(-L)'%(* −Q�
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ï�-(*î 7-L&%.'('5-& - ê(-ëí'5* L* 7-5ê-L'L)' %í%5%)*.* Ω� �'&)' 7*&-î )'5-&

lim
z→x,z∈E

(Uµw(z) + gΩ(x,∞) − Fw) = −Q(x), ê*(* ü4*&%2'ù'(" x ∈ ∂Ω.

ïí�5 .%&&-î Uµw (z) + gΩ(z,∞) − Fw
� þ*(5�L%7* '5 Ω.

0-()*L)-î 4&*L.- L-ù*5'L)' -
�'-('5* C���î 7-L7í4ì5-& * .'5-L&)(*+,- .- )'-('5*�
K ê(-ëí'5* .' $%(%7þí') L,- � - �-7- .'&)' )(*ë*íþ-� öL),-î ê*(* 5*%& .')*íþ'& &-ë('

- 0(-ëí'5* .' $%(%7þí') &4�'(%5-& * ('�'(óL7%* i��j�



¯Ä

3 )��*b���]^� �� 4�����

�'&)' 7*êì)4í- ù*5-& .'&7('ù'( - ê(-7'&&- .* ('74ê'(*+,- .* 5'.%.*î 7-5'+*('5-&
7-5 45 %5ê-()*L)' )'-('5* .' 7-5ê*(*+,- .' 5'.%.*&î ' L*& )(ó& &'+�'& &'�4%L)'&
�-(L'7'('5-& 45* &�(%' .' )'-('5*& ü4' L-& *ð4.*(*5 * 'L7-L)(*( - &4ê-()' .* 5'2
.%.* .' 'ü4%íìë(%-î ê*(* *4÷%í%*( L* 7-5ê(''L&,- .' )*%& �*)-& *êí%7*('5-& '&)'& )'-('5*&
L- ê(-ëí'5* .' 'L7-L)(*( - &4ê-()' .* 5'.%.* .' 'ü4%íìë(%- ê*(* ê'&-& .' �*7-ë% ' ô*2�4'(('� �* ûí)%5* &'+,- �-(L'7'5-& )'-('5*& ê*(* -ë)'L+,- .* 5'.%.* .' 'ü4%íìë(%- *
ê*()%( .' &'4 ê-)'L7%*í�

ælm òotÂopy xy 5uqsqxyxo
z×XãÖ;<Ù L{8{ |�}~ h ��~ ������ ���~�~ �� ��®���}����� ����~���� ��C

�
g ∈ L1[C] �Ù ���������� h ∗ g �� h ��� g � �~�~ ���

h ∗ g :=

∫
h(z − t)g(t)dm(t) %���&

���� dm(t)
�����~ ~ ����~ �� Æ�®����� ��

C �
� ~�~���~����� �� µ � ��~ ����~ �� ������� ����~���� ������� ~ ���������� ~����~ �� h ��� µ ���

h ∗ µ :=

∫
h(z − t)dµ(t) %���&

�×Ùß×ÞÝ L{8 %�×Ùß×ÞÝ áÝ 6ãÖ.ÖáÝá×&{ |�}~� µ
�
ν ����~� �����~� ��� ��������

����~��� �� ��~ �����D ∈ C
��} �� ������~� �~��� ~���
Uµ(z) = Uν(z) + u(z)

�� ��~�� ���� ����� ��� ������� ~ ����~ �� Æ�®����� �� ��~��� ���� u � ��~ �������~��Å��~ �� D. ������ ~� ����~� µ � ν ������� �� D �
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z×ÞÙãÚäßÝ;<Ù0 0*(* ε > 0

&'ð*

Dε := {z ∈ D : dist(z, ∂D) > ε}

χε(z) :=

{
1
&' |z| ≥ ε

0
&'

0 ≤ |z| ≤ ε,'

logε(z) := min

(
log

1

|z| , log
1

ε

)
=






log
1

|z|
&' |z| ≥ ε

log
1

ε

&'
0 ≤ |z| ≤ ε

' )*5ë�5 7-í-7*5-&
µε :=

∫
µ(B − t)χε(t)dm(t),

ê*(* )-.- 7-Lð4L)- .' ò-('í� öL),-î ê*(* '&)* 5'.%.* ù*í'5 *& %.'L)%.*.'&
f ∗ µε = (f ∗ µ) ∗ χε = (f ∗ χε) ∗ µ.

$' �-(5* &%5%í*( .''L%5-& * 5'.%.* νε.

ï�-(* *& þ%ê1)'&'& .- )'-('5* %5êí%7*5 ü4'
Uµε(z) = Uµ ∗ χε(z) = Uν ∗ χε(z) + u ∗ χε(z), z ∈ Dε.

%��C&
ö&)6 7í*(- ü4' u∗χε

)*5ë�5 � þ*(5�L%7* '5 Dε
� �'L.- log | · | ∗χε

7-L)ìL4* '5
C
î 'L),-

Uµε = −(log | · | ∗ χε) ∗ µ
'
Uνε = −(log | · | ∗ χε) ∗ ν,

)*5ë�5 &,- 7-L)ìL4*& '5
C
� ñL)'�(*L.- * %.'L)%.*.' %��C& '5 45 7ì(74í- Cη(ξ), η ≤ ε,

ê'í- ö÷'5êí- C��î )'5-& ü4'
1

2π

∫ π

−π

log
1

|z + ηeiϕ − t|dϕ = logη(z − t).

0'í- �'-('5* .' ý4ë%L%î )'5-& ê-( 45 í*.-
1

2π

∫ π

−π

Uµε−νε(z + ηeiϕ)dϕ = logη ∗(µε − νε)(z), z ∈ Cη(ξ)

' ê-( -4)(- í*.- ê*(*
1

2π

∫ π

−π

Uµε−νε(z + ηeiϕ)dϕ =
1

2π

∫ π

−π

u ∗ χε(z + ηeiϕ)dϕ

= u ∗ χε(z) = Uµε−νε(z) = log0 ∗(µε − νε)(z), z ∈ D2ε.
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�-)' ü4' * &'�4L.* %�4*í.*.' *7%5* &'�4' .* ê(-ê(%'.*.' .- ù*í-( 5�.%- ê*(* * �4L+,-
þ*(5�L%7* u ∗ χε

% -ë&'(ù' ü4' * �4L+,- log0 ∗(µε − νε)
'&)6 ë'5 .''L%.* .'ù%.- * 7-L2

)%L4%.*.' .' Uµε
'
Uνε

5'L7%-L*.* *L)'(%-(5'L)'&�
�4ë)(*%L.- *& .4*& ûí)%5*& �1(54í*&î -ë)'5-&

(log0 − logη) ∗ (µε − νε)(z) = 0

ê*(* )-.- z ∈ D2ε
'

0 < η ≤ ε.
ïêí%7*L.- - 5'&5- ê*(* η ' η1 ≤ ε

' �*	'L.- 45* -4)(*
&4ë)(*+,-î 7-L7í4ì5-& ü4'

(logη1
− logη) ∗ (µε − νε) ≡ 0

'5
D2ε

� $%ù%.%L.- * ûí)%5* 'ü4*+,- ê-( log(η/η1)
' )-5*(5-& - í%5%)' ü4*L.- η → η−1

î
-ë)'5-& .- �'-('5* .* õ-Lù'(�óL7%* .-5%L*.* ü4'

χη ∗ (µε − νε)(z) = 0, z ∈ D2ε,
%���&

ê-%&
lim

η→η−

1

1

log(η/η1)

(
logη1

(z) − logη(z)
)

= χη1(z),

&'L.- ü4'î * '÷ê('&&,- L- í*.- '&ü4'(.- '&)6 'L)(' 0
'

1 ê*(* )-.- 0 < η1 < η.

ï�-(* &'ð* h 45* �4L+,- 7-L)ìL4* ü4' L,- &' *L4í* �-(* .' 45 &4ë7-Lð4L)- 7-5ê*7)-
.' D � öL),-î '÷%&)' 45 ε0 > 0

)*í ü4' h L,- &' *L4í* �-(* .- &4ë7-Lð4L)- 7-5ê*7)-D2ε0 .ö&7-íþ* 0 < η ≤ ε ≤ ε0
*(ë%)(*(%*5'L)'� /4í)%êí%7*L.- %���& ê-( h ' %L)'�(*L.- -('&4í)*.- 7-5 ('&ê'%)- * 5'.%.* .' ô'ë'&�4' '5

C
î -ë)'5-&

∫
h ∗ χηd(µε − νε) = 0.

õ-5- (h ∗ χη)/πη
2 )'L.' 4L%�-(5'5'L)' ê*(* h ü4*L.- η → 0

î ê-.'5-& 7-L7í4%( ü4'
∫
hd(µε − νε) = 0,

%&)- �î
∫
h ∗ χεdµ =

∫
h ∗ χεdµ.

$%ù%.%L.- ê-( πε2 ' *êí%7*L.- * ð4&)%'7*)%ù* *L)'(%-(î -ë)'5-&
∫
hdµ =

∫
hdν.

õ-5- %&)- � ù'(.*.' ê*(* )-.* h 7-5 &4ê-()' 7-5ê*7)- '5D î -ë)'5-& µ|D = ν|D .



â�� 	¬¸¬¦©¢¸¤
¬´Ì§ «§ ¡ªË§¸©¢ «¬ �¢«¤«¬ «¢ ��ª¤ä�¸¤§ ±Z
HVÚ×ß,Ý;<Ù L{8{ ê ������~ ~������ � ��� ��� ��� �� ��� �~�� ~ ������ ������~� ���~ ���~ �� ����°�� � �~�� ��~ �� �~� �~����~� � ���� �~��Å��~�� �~�� ����~�� ���~��~����~� ����� ��� ����������~�~� �~�~ ~ �������~��� �~ ����~�
ælk �yÂysvoÂq�y¾Öt xt nwÕtÂvo xy óoxqxy xo ��wqè��Âqt
0*(* 'L7-L)(*(5-& * 5'.%.* .' 'ü4%íìë(%- ù*5-& �*	'( 4&- .' 45 5�)-.- 7-Lþ'7%.-

7-5- 5�)-.- .' ý-4(%'(î ü4' 7-L&%&)' '5 .')'(5%L*( - &4ê-()' .* 5'.%.* .' 'ü4%íìë(%-
Sω
' 'L),- �*	'( 4&- .' )�7L%7*& .' *L6í%&' þ*(5�L%7*î ê*(* 'L7-L)(*(5-& - ê-)'L7%*í .'

'ü4%íìë(%-î ü4' � * &-í4+,- .' 45 7'()- ê(-ëí'5* .' $%(%7þí')î 7-5- L- �'-('5* C����
0*(* )*L)-î ê('7%&*5-& 'L),- 'L7-L)(*( - &4ê-()'� ý-(L'7'('5-& *í�4L& )'-('5*& ü4'
7*(*7)'(%	*5 - &4ê-()' .* 5'.%.* .' 'ü4%íìë(%- ' *ð4.*(*5 * 'L7-L)(62í-&�
õ-5'+*5-& .''L%L.- 45* %5ê-()*L)' �'((*5'L)* ê*(* )*í�

z×XãÖ;<Ù L{={ |�}~ K �� ����~��� �� A � ê 9�������~� �� :�~�;~��|~< �=~;��~���
� ������ ����

F (K) := log cap(K) −
∫
QdνK

%��E&
���� νK � ~ ����~ �� �����®�� �� K �~�~ � �~�� ��Ò����� �� ��}~� ��� ����� �������
(w ≡ 1) �
K ê(1÷%5- )'-('5*î �-(L'7' 45* 7*(*7)'(%	*+,- .- %Lù1í47(- ê-í%L-5%*í 7-Lù'÷- .-

&4ê-()' .* 5'.%.* .' 'ü4%íìë(%- Pc(Sw).

�×Ùß×ÞÝ L{={ |�}~ w �� ���� ~�������� �� A � ����� �~����

(a) �~�~ ���� ��®���}���� ����~���K ��
A
�� �~�~��~�� �����~� F (K) ≤ F (Sω) �

(b) F (Sw) = F (Pc(Sw)) = −Fw �
(c)

|� ~ ��~��~�� F (K) = F (Sw) �~�� �� ~���� ��®���}���� ����~��� K ⊂ A
��

�~�~��~�� �����~ � ����� Pc(Sw) ⊂ Pc(K)� ��� �� Pc(Sw) � � ����� ��������������~� ������� ��� �~���~ � 9�������~��
(d)

|�
A
��� ������ �~�� � ����������� ������� ����� Sw � � ����� ��®���}���� ���~�~��~�� �����~ �~���~��� � 9�������~��



â�� 	¬¸¬¦©¢¸¤
¬´Ì§ «§ ¡ªË§¸©¢ «¬ �¢«¤«¬ «¢ ��ª¤ä�¸¤§ ±_
z×ÞÙãÚäßÝ;<Ù0 �'ð*5 K ⊂ A 45 7-Lð4L)- .' 7*ê*7%.*.' ê-&%)%ù* ' µw

* 5'.%.* .'
'ü4%íìë(%- 7-(('&ê-L.'L)' * w � ï .'&%�4*í.*.'

Uµw (z) ≥ −Q(z) + Fw

.'ù' ù*í'( ê*(* úü4*&' )-.- ê-L)-ÿ '5 K
'î 7-5- νK

)'5 'L'(�%* í-�*(ì)5%7* 'L%)*î ê'í-
õ-(-í6(%- C�� * ê(-ê(%'.*.' � ù6í%.* ê*(* ü4*&' )-.- ê-L)- 7-5 ('&ê'%)- * 5'.%.* νK

�
ñL)'�(*L.- *5ë-& -& í*.-& .* .'&%�4*í.*.' *7%5*î -ë)'5-&

∫ ∫
log

1

|z − t|dµw(t)dνK(z) ≥ −
∫
Q(z)dνK(z) + Fw,

%��F&
-4 &'ð*î

∫ ∫
log

1

|z − t|dνK(z)dµw(t) ≥ −
∫
Q(z)dνK(z) + Fw,

%��O&
-L.' * 54.*L+* L* -(.'5 .' %L)'�(*+,- &' ð4&)%'7* ê'í- �'-('5* .' ý4ë%L%� �'L.-
UνK (z) ≤ − log(cap(K))

î 7-L7í4ì5-& ü4'
∫

− log(cap(K))dµw ≥
∫
Q(z)dνK(z) + Fw.

%��D&
0-()*L)-î

F (K) ≤ −Fw
%��K&

�'
K = Sw

î 'L),- .* .'&%�4*í.*.' .- �'-('5* C�C %)'5 %'& )'5-&
Uµω(z) +Q(z) ≤ Fw,

-4 &'ð*î

− log(cap(K)) +Q(z) ≤ Fw.

ï ê*&&*�'5 *7%5* &' ð4&)%'7* .'ù%.- * %�4*í.*.' UνK (z) = − log(cap(K)) ê*(* úü4*&')-.- ê-L)-ÿ '5K � ñL)'�(*L.- *5ë-& -& í*.-& *7%5* 7-5 ('&ê'%)- * 5'.%.* dνK
î -ë)'5-&

* .'&%�4*í.*.' 7-L)(*(%* '5 %��K&� �*í �*)- ê(-ù* %*& ' %ë&�
�' ê*(* *í�45K

L1& )'5-& F (K) = −Fw
î 'L),- L-& *(�45'L)-& ê(�ù%-& L,- ê-.'5-&

*45'L)*( - í*.- '&ü4'(.- .' %��D& ' -ë)'5-& %��K&î -4 &'ð*î
UνK (z) = − log(cap(K))

'5 ü4*&' )-.- ê-L)- 7-5 ('&ê'%)- * 5'.%.* µw
� ñ&)- ð6 %5êí%7* ü4' Pc((S)w) ⊂ Pc(K)�
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�- 7*&- -ê-&)- .'ù'5-& )'( 45 z0 ∈ Sw \ Pc(K)

' 45* ù%	%Lþ*L+* Dr(z0)
.' z0 7-5

Dr(z0) ∩ Pc(K) = ∅ � 0'í- ê(%L7ìê%- .- 56÷%5-î UνK
� '&)(%)*5'L)' 5'L-( .- ü4'

− log(cap(K))
'5

Dr(z0)
%-ë&'(ù' ü4' UνK

� þ*(5�L%7* �-(* .' Pc(K)&î ' µw(Dr(z0)) > 0
î

7-L)(*(%*L.- - ü4' �-% .%)- *L)'(%-(5'L)'� ñ&)- ê(-ù* * *'(5*+,- %7&�
ý%L*í5'L)'î * *'(5*+,- %.& &'�4' .- �*)- ü4'î &' A )'5 %L)'(%-( ù*	%- ' 7-5êí'5'L)-7-L'÷-î 'L),- *&&%5 - � Sw

î ' ê-()*L)- Pc(Sw) = Sw. �

K ûí)%5- )'-('5* � %5ê-()*L)' ü4*L.- )(*ë*íþ*5-& 7-5 &4ë7-Lð4L)-& .* (')*î ê-%&
)*%& &4ë7-Lð4L)-& )ó5 7-5êí'5'L)- 7-L'÷- '5

C.

ælÓ éÂtÕÂqoxyxoÀ /otp×vÂqsyÀ xt nwÕtÂvo xy poxqxy
xo o�wqè��Âqt

�×Ùß×ÞÝ L{G{ |�}~ w �� ���� ~�������� �� A
� ����~

Q = − logw �
(a)

|�
Q � �������~��Å��~ �� ������ �� A� ����� Sw ⊂ ∂A �

(b)
|�

A ⊂ R
�
Q � ������~ �� �����~�� I ⊂ A� ����� I ⋂Sw � �� �����~���

(c)
|�

A ⊂ [0,∞)
�
xQ′ � ��������� �� �� �����~�� I ⊂ A� ����� I ⋂Sw � �������~���

(d)
|�
A ⊆ R

�
w � ������� ��� ������� ~ ������ ����� dµw = dµv/2

�
Fw = Fv/2����� v � �� ���� �� A2 := {x2 : x ∈ A} ������ ��� v(x) = (w(

√
x))2 �

z×ÞÙãÚäßÝ;<Ù0 %*& �*ë'5-& .- �'-('5* C�Cî %)'5 (d)
î ü4'

∫
log

1

z − t
dµw(t) +Q(z) ≥ Fw

%����&
ü4*&% 'ù'("22þ'(' '5 A

î '
∫

log
1

z − t
dµw(t) +Q(z) ≤ Fw

ê*(* )-.- z ∈ Sw.

�'
Q
� &4ê'(2þ*(5�L%7* L- %L)'(%-( .'Aî 'L),- -& 5'5ë(-& '&ü4'(.-& .'&)*& .'&%�4*í.*.'&)*5ë�5 &,-î ê-%& * �4L+,- ê-)'L7%*í í-�*(ì)5%7- � &4ê'(2þ*(5�L%7*� 0'í- ô'5* C�E *

.'&%�4*í.*.' %����& � ù'(.*.'%(* ê*(* )-.- ê-L)- %L)'(%-( .' A� ï�-(* %*& &'�4' .-�*)- ü4' 45* �4L+,- &4ê'(2þ*(5�L%7* ü4' L,- �-( 7-L&)*L)' L,- ê-.' *)%L�%( &'4 ù*í-(
56÷%5- '5 45 ê-L)- %L)'(%-(� ï -4)(* ê-&&%ë%í%.*.'î %&)- �î ü4' - í*.- '&ü4'(.- .' %����&
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� 7-L&)*L)' '5 45* 7-5ê-L'L)' 7-L'÷* B .- %L)'(%-( .' Aî %5êí%7* ü4' - ê-)'L7%*í

Uµw (z) =

∫
log

1

|z − t|dµw(t)

)*5ë�5 � 7-L&)*L)' '5 B � 0'í- �*)- .* �4L+,- 7-L&)*L)' &'( þ*(5�L%7* ' .* 4L%7%.*.'�'-('5* .- ��� .'ù'5-& )'( * 5'.%.* µw
7-%L7%.'L)' 7-5 * 5'.%.* L4í* '5 B � ô-�-î *%L)'(&'7+,- B ∩ Sw

� ù*	%*� ö5 -4)(*& ê*í*ù(*&î 7-5- B �-% )-5*.- .' 5-.- *(ë%)(6(%-î
&'�4' ü4' L'Lþ45* 7-5ê-L'L)' 7-L'÷* .- %L)'(%-( .' A %L)'(7'ê)* - &4ê-()' .* 5'.%.*
.' 'ü4%íìë(%-� 0-()*L)-î Sw ⊂ ∂A�

%ë& �4ê-Lþ*5-& - 7-L)(6(%-î ü4' Sw ∩ I L,- � 45 %L)'(ù*í-� öL),-î ê*(* )-.- a, b ∈
Sw ∩ I, 7-5 a < b

î '÷%&)' c ∈ [a, b]
)*í ü4' c 6∈ Sw ∩ I � öL),-î .''L%L.-

G(z) = log 1/|z − t| e F (z) =

∫
G(z)dµw(t) +Q(z)

' 4&*L.- - �*)- .' [a, b]
)'5 7*ê*7%.*.' ê-&%)%ù* ' - �'-('5* C�Cî ê-.'5-& )-5*( c .')*í �-(5* ü4' F (c) ≥ Fw
� õ-L7í4ì5-&î ê'í- �*)- .' G &'( '&)(%)*5'L)' 7-Lù'÷* ' Q &'(7-Lù'÷*î ü4'

G(c) < G(a) +
G(b) −G(a)

b− a
(z − a) %����&

'

Q(c) < Q(a) +
Q(b) −Q(a)

b− a
(z − a). %����&

ñL)'�(*L.- *5ë-& -& í*.-& .' %����& 7-5 ('&ê'%)- * 5'.%.* µw
î -ë)'5-&

∫
G(c)dµw(t) <

∫
G(a)dµw(t) +

z − a

b− a

(∫
G(b)dµw(t) −

∫
G(a)dµw(t)

)
. %���C&

�-5*L.- %����& ' %���C& 7þ'�*5-& *
∫
G(c)dµw(t) +Q(c) <

∫
G(a)dµw(t) +Q(a)

+
z − a

b− a

(∫
G(b)dµw(t) +Q(b) −

∫
G(a)dµw(t) −Q(a)

)

%&)- �î

F (c) < F (a) +
F (b) − F (a)

b− a
(z − a).
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ô-�-î ê'í- �'-('5* C�C ' .- 5-.- 7-5- )-5*5-& a, b, cî 7-L7í4ì5-& ü4'

Fw ≤ F (c) < F (a)

(
1 − z − a

b− a

)
+ F (b)

(
z − a

b− a

)

≤ Fw

(
1 − z − a

b− a

)
+ Fw

(
z − a

b− a

)
.

0-()*L)-î
1 < 1.

ö&)* 7-L)(*.%+,- ê(-ù* - %)'5 %ë& .- )'-('5*î -4 &'ð*î Sw ∩ I )'5 ü4' &'( 45 %L)'(ù*í-�
%7& �* .'5-L&)(*+,- .'&)' %)'5 ù*5-& 4)%í%	*( * 5'&5* L-)*+,- .- %)'5 *L)'(%-(�
ï &'�4%L)' '÷ê('&&,-

xF ′(x) =

∫
x

x− t
dµw(t) + xQ′(x), %����&

� ù'(.*.'%(* '5 )-.- &4ë2%L)'(ù*í- Ĩ ⊆ I
ü4' L,- %L)'(7'ê)' Sw

î ê-%& L'&)' 7*&- &'L.-
x 6= t ê*(* )-.- x ∈ Ĩ

'
t ∈ Sw

î * .'(%ù*.* .- %L)'�(*L.- .* �4L+,- ê-)'L7%*í � í%5%)*.*î -
ü4' ð4&)%'7* - �*)- .' )'(5-& .'(%ù*.- &-ë(' - &%L*í .* %L)'�(*í� õ-5- * �4L+,- x/(x− t)� 7('&7'L)' '5

x ê*(* )-.- t ê-&%)%ù-î 7-L7í4ì5-& ü4' * �4L+,- .' %����& )*5ë�5 �7('&7'L)'� $*ìî 7-L7í4ì5-& ü4' &' F ′(x1) > 0 ê*(* 45 7'()- x1
î ê'í- �*)- .' %����& &'(

7('&7'L)'î 'L),- F ′(x) > 0, x > x1
� ô-�-î '÷%&)'5 .4*& ê-&&%ë%í%.*.'& ê*(* F (x)* -4 'í* �5-L1)-L* '5 I -4 'í* � �4L+,- .'7('&7'L)' *)� 45 7'()- ê-L)- ' 7('&7'L)' * ê*()%( .'&)'

ê-L)-� ï�-(* &4ê-Lþ*5-& ü4' I ∩ Sw
L,- � 45 %L)'(ù*í-� öL),-î '÷%&)'5 a, b ∈ Sw

'
45 7-Lð4L)- B := {x ∈ [a, b] : F (x) ≥ Fw} î 7-L'(* �'-('5* C�C2%'&� ö&)' 7-Lð4L)- B.'ù' )'( 7*ê*7%.*.' ê-&%)%ù*� ô-�-î [a, b] 7-L)�5 45 %L)'(ù*í- [a, b]

î -L.' ê-.'5-& &4ê-(
ü4' a, b 6∈ Sw

î
F (a) ≤ Fw

'
F (b) ≤ Fw

� õ-L&'ü4'L)'5'L)'î ê*(* * ê(%5'%(* ê-&&%ë%í%.*.'
)'5-&

Fw ≤ F (c) < F (a) ≤ Fw, c ∈ B,

- ü4' � 45 *ë&4(.-� 0*(* -& .'5*%& 7*&-& * .'5-L&)(*+,- � *L6í-�*�
%.&�'ð*5 w(x) = (−Q(x)), v(x) = exp(−q(x))� öL),-Q(x) = q(x2)/2 � 0'í- �'-('5*C�Cî )'5-&

Uµv(y) ≥ −q(y) + Fv

ê*(* ü4*&%2'ù'("2þ'(' y ∈ A2 î 7-5 %�4*í.*.' ê*(* ü4*&%2'ù'("2þ'(' y ∈ supp(µw)� õ-í-27*L.- dµ(t) = dµv(t
2)/2

'
y = x2 î %&)- � - 5'&5- ü4'

∫

t≥0

log
1

|x2 − t2|2dµ(t) ≥ −2Q(x) + Fv
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ê*(* ü4*&%2'ù'("2þ'(' x ∈ A

î 7-5 %�4*í.*.' ê*(* ü4*&%2'ù'("2þ'(' x ∈ supp(µ)� /*& µ� ê*(î *&&%5 - í*.- '&ü4'(.- � '÷*)*5'L)'
∫

log
1

|x− t|2dµ(t) = 2Uµ(x).

õ-5- µ )'5 5*&&* )-)*í 1 î * ê*()' %'& .- )'-('5* &'�4' í'ù*L.-2&' '5 7-L)* - �'-('5*C�O�
ÜÙßÙÕWßÖÙ L{8{ |� A � ~ ���� �� �� �à���� k �� �����~��� � w �~��� ~� ��~ �~�
�������~��� �� ��� (b) �� (c)

�� ù�����~ ~������ �� �~�~ �� ��� �����~���� �����
Sω � ~ ���� �� �Ò��� �����~��� � �~�~ ��~ �~� ����������� ��������� ~ ~����~ �~�
����������� �� A � ����~���� ��K � ~ ���� �� �� �à���� ���� �� �����~��� � ���~���
�����������~��� � F (K) = F (Sw)� �����K = Sw �
z×ÞÙãÚäßÝ;<Ù0 ï ê(%5'%(* ê*()' .- �'-('5* � 45* 7-L&'ü4óL7%* %5'.%*)* .-& ì)'L& %ë&
' %7&� 0*(* ê(-ù*( * &'�4L.* ê*()'î &4ê-Lþ*5-& ü4' K � 45* 4L%,- 'L%)* .' %L)'(ù*í-&�'7þ*.-& ' L,- .'�'L'(*.-& ' ü4' F (K) = F (Sw)� K �'-('5* ���2%.& L-& .6 ü4' Sw ⊂ K ��' '&)* %L7í4&,- � ê(1ê(%*î 'L),- '5 *í�45 &4ë%L)'(ù*í- I ⊂ K \ Sw

* .'&%�4*í.*.' ��D
� '&)(%)*� $'&)* �-(5*î ê'(5%)%L.- ü4' νK(I) > 0

î -L.' νK
� * 5'.%.* .' 'ü4%íìë(%- .-

7-Lð4L)- K î )'5-& .'&%�4*í.*.' '&)(%)* '5 %��F&� 0'í* ê(-ù* .- �'-('5* %���&î &'�4' ü4'
F (K) < −Fw = F (Sw)� $*ìî * %�4*í.*.' F (K) = F (Sw)

L,- ê-.' ù*í'(�
õ-5- *êí%7*+,- .'&)' )'-('5*î �-(L'7'('5-& 7-L.%+�'& *L*íì)%7*& ê*(* * í-7*í%	*+,-

.- &4ê-()' .* 5'.%.* .' 'ü4%íìë(%- ü4*L.- - 7-Lð4L)- A ⊂ R
�

�×Ùß×ÞÝ L{L{ |�}~ w �� ���� ~�������� �� �� �����~�� ��~� [c, d]� ���� c ���� ~������ � �~��� −∞ �
d ���� ~����� � �~��� +∞ � |�����~��� ��� Q �����~ ��~ �~�

�������~��� ��� ���� (b) �� (c)
�� ù�����~ Ü�ú� ������ Sω � �� �����~�� [a, b]

� ���~��
� ����� ��} �� ������ �������� �~��� ~����

(i)
|�

b < d� �����
1

π

∫ b

a

Q′(x)

√
x− a

b− x
dx = 1; %���E&

(ii)
|�

a > c� �����
1

π

∫ b

a

Q′(x)

√
b− x

x− a
dx = −1; %���F&

(iii)
|�

b = d� �����
1

π

∫ d

a

Q′(x)

√
x− a

d− x
dx ≤ 1; %���O&
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(iv)
|�

a = c� �����
1

π

∫ b

c

Q′(x)

√
b− x

x− c
dx ≥ −1. %���D&

z×ÞÙãÚäßÝ;<Ù0 0(-ù*('5-& &-5'L)' .-%& .'&)'& ì)'L& ê-%& *& .'5-L&)(*+�'& .-& .'5*%&
&,- &'5'íþ*L)'&� �*5-& .'5-L&)(*( -& ì)'L& %%& ' %%%%&�
0'í- �'-('5* ���î &*ë'5-& ü4'

F (Sw) = F ([a, b]) = max
α,β

F ([α, β]).

�*ë'L.- ü4' * 7*ê*7%.*.' ' * 5'.%.* .' 'ü4%íìë(%- .' 45 %L)'(ù*í- &,-

cap([α, β]) =
β − α

4
, dν[a,b] =

1

π

dx√
(x− α)(β − x)

,

- ý2�4L7%-L*í )-5* * �-(5*
F ([α, β]) = log

β − α

4
− 1

π

∫ β

α

Q(x)dx√
(x− α)(β − x)

�
K ê(-ëí'5* .' 'L7-L)(*( - &4ê-()' L'&)' 7*&- L*.* 5*%& � .- ü4' ('&-íù'( 45 ê(-ëí'5*

&%5êí'& .' 5*÷%5%	*+,- '5
R2 &-ë(' 45 ü4*.(*.- [a, b] × [a, b]�

ý*+*5-& * &'�4%L)' 54.*L+* .' ù*(%6ù'í L* �1(54í* .- ý2�4L7%-L*í
x =

β + α

2
+

(
β − α

2

)
cos θ, 0 ≤ θ ≤ π.

öL),-î

F ([α, β]) = log

(
β − α

4

)
− 1

π

∫ β

α

Q

(
β + α

2
+

(
β − α

2

)
cos θ

)
dθ. %���K&

0-.'5-& 7*í74í*( *& .'(%ù*.*& ê*(7%*%& .'&)* '÷ê('&&,- * .%('%)* 7-5 ('&ê'%)- * β 7-5-&'�4'
∂F ([α, β])

∂+β
=

(
1

β − α

)
− 1

2π

∫ π

0

Q′

(
β + α

2
+

(
β − α

2

)
cos θ

)
(1 + cos θ)dθ

=
1

β − α
− 1

(β − α)π

∫ β

α

Q′(x)

√
x− α

β − x
dx, %����&

-L.'î ê-.'5-& .%�'('L7%*( &-ë(' - &%L*í .' %L)'�(*í ê'í- )'-('5* .* 7-Lù'(�óL7%* 5-L12
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)-L* ê-%&î &' &4ê-(5-& ü4' Q � 7-Lù'÷* -4 xQ′(x)

� 7('&7'L)'î 'L),-
Q(x+ h) −Q(x)

h
↘ Q′(x),

ü4*L.- h→ 0.

�-5*L.- α = a
'
β = b

î &'�4' ü4'î &' b < d

∂F

∂+β
([a, b]) =

1

b− a
− 1

(b− a)π

∫ b

a

Q′(x)

√
x− a

b− x
dx.

ø5 *(�45'L)- *L6í-�- 5-&)(* ü4' * .'(%ù*.* * '&ü4'(.* .' β (∂F ([a, b])/∂−β)
7-2

%L7%.' 7-5 * �1(54í* *L)'(%-( .* .'(%ù*.* * .%('%)*� $'&)* �-(5*î * .'(%ù*.* ê*(7%*í
(∂F [α, β])/∂β

'÷%&)' 'î 7-5- - 56÷%5- � *)%L�%.- ê*(* β = b
î .'ù'5-& )'(

∂F

∂β
([a, b]) = 0.

ô-�-î * %.'L)%.*.' %���E& &'�4' �*7%í5'L)'�
ï�-(* &4ê-Lþ*5-& ü4' xQ′(x)

� 7('&7'L)' '
[c, d) ⊂ [0,∞)� öL),-î Q′ � í%5%)*.* '5

)-.- &4ë2%L)'(ù*í- �'7þ*.- .' (c, d)� õ-L&'ü4'L)'5'L)'î * .'5-L&)(*+,- &'�4' 7-5- L-7*&- '5 ü4' Q � 7-Lù'÷*î ê-(�5 .'ù'5-& 4)%í%	*( - �'-('5* .* õ-Lù'(�óL7%* $-5%L*.**- %Lù�& .- �'-('5* .* õ-Lù'(�óL7%* /-L1)-L*� ï�-(* &' ê-( *7*&-î α = c
î 'L),-

Q(c)
)'5 .' &'( 'L%)- ê-%& 7*&- 7-L)(6(%- cî L,- ê-.'(6 ê'()'L7'( *- &4ê-()' .* 5'.%.*'÷)('5*í� $' �*)-î .' *7-(.- 7-5 * .''L%+,- .' Qî Q(x) < ∞ ê*(* )-.- x� $*ìî &'�4'

.* 7-L&%.'(*+,- ü4' xQ′(x)
� 7('&7'L)'î ü4' Q′(x)(x − c) → 0

ü4*L.- x → c+
'
c > 0

î
'Lü4*L)- ü4' ê*(* c = 0

&'�4' ü4' xQ′(x) ≥ 0 � ö5 )-.- 7*&- &'5ê(' ù*5-& )'( ü4'
Q′(x)(x − c)

� í%5%)*.* '5 *í�45 %L)'(ù*í- [c, b + ε], ε > 0 � 0-()*L)-î ê-.'5-& *%L.**&&%5 *êí%7*( -& 5'&5-& ê(-7'.%5'L)-& .* ê(-ù* *L)'(%-(î *�-(* 4&*L.- - �'-('5* .*
õ-Lù'(�óL7%* $-5%L*.*î ê*(* .'(%ù*( &-ë(' - &%L*í .' %L)'�(*í '5 %����&�
0*(* ê(-ù*( (iii)� �'5-& .' ù'(%'7*( ü4' %����& � ù6í%.* ê*(* β < c� »4*L.- β ↗ c

î
- í*.- .%('%)- )'5 - í%5%)'

G =

(
1

c− α

)
− 1

2π

∫ π

0

Q′

(
c+ α

2
+

(
c− α

2

)
cos θ

)
(1 + cos θ)dθ

=
1

c− α
− 1

(c− α)π

∫ c

α

Q′(x)

√
x− α

c− x
dx,

ï&&%5î
(∂F ([a, b])/∂+β) → G

ü4*L.- β → c−
'î %&)- 5-&)(* ü4' * .'(%ù*.* * '&ü4'(.*

.' F ([α, β])
'5

β = c
'÷%&)' ' � %�4*í * G� �*ë'L.- ü4' '5 β = b - ý2�4L7%-L*í *)%L�'&'4 56÷%5-î .'ù'5-& )'( G ≤ 0

î ' %&)- ê(-ù* * *'(5*+,- %%%%& .- )'-('5*�
ÜÙßÙÕWßÖÙ L{={ |� w = exp(−Q) � �� ���� ~��������� A = R� Q � �~�� Q′ ����� ��
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(0,∞)� � ~ ������ xQ′(x) � �����~ � ��������� �� (0,∞)� ����� Sω = [−a, a] ���� �������� �������� �~��� ~��� ~ ���~���
2

π

∫ 1

0

at
Q′(at)√
1 − t2

dt = 1. %����&
z×ÞÙãÚäßÝ;<Ù0 �'ð* v(x) = w(

√
x)2, x ∈ [0,∞).

öL),-î

q(x) = log(1/v(x)) = log(w(
√
x)2) = 2 log(w(

√
x)) = 2Q(

√
x).

$*ìî ê'í- �'-('5* ��C2%.&î )'5-& ü4'
Sw = {x : x2 ∈ Sv}. %����&

/*%& *%L.*î 7-5- xq′(x) =
√
xQ′(

√
x)
� ê-&%)%ù* ' 7('&7'L)' '5 (0,∞)

î Sv
� 45

%L)'(ù*í-� ö5 ù%&)* .- �'-('5* ���î &'4& ê-L)-& '÷)('5-& &*)%&�*	'5 *& ê(-ê(%'.*.'& %%&
' %%%& .*ü4'í' )'-('5*� /*&î ê*(* -& ê-L)-& '÷)('5-& * '&ü4'(.* .' Sv

* 'ü4*+,- %���F&
L,- ê-.' ù*í'( ê-%& * %L)'�(*í '5 %���F& � ê-&%)%ù*� 0-()*L)-î Sv

� .* �-(5* Sv = [0, a2]�ïí�5 .%&&-î ê*(* - ê'&- v(x)î * 'ü4*+,- %���E& )-5* * �-(5*
1

π

∫ a2

0

q′(x)

√
x

a2 − x
dx =

1

π

∫ a2

0

Q′(
√
x)√

a2 − x
dx = 1.

ý*	'L.- * 54.*L+* .' ù*(%6ù'í at =
√
x -ë)'5-&

2

π

∫ 1

0

atQ′(at)√
1 − t2

dx = 1.

$' %����&î 7-L7í4ì5-& ü4' Sw = [−a, a]î - ü4' ê(-ù* - 7-(-í6(%-� �

ælæ �%opÕètÀ xy .ovoÂpquy¾Öt xt nwÕtÂvo ÕyÂy éoÀtÀ
�è?ÀÀqstÀ

�'&)* &'+,- ù*5-& 'L7-L)(*( - &4ê-()' .* 5'.%.* .' 'ü4%íìë(%- ê*(* -& ê'&-& .' �*7-ë%
' ô*�4'(('�
ïL)'& ù*5-& 'L4L7%*( 45 í'5* ü4' L-& *ð4.*(6 L'&)'& 76í74í-&�

I×ÞÝ L{8{ |� 0 < b2 < b1,
�����



â�â ��¢£Ëä§¶ «¬ +¢©¢¸£¤¨¬´Ì§ «§ ¡ªË§¸©¢ Ë¬¸¬ å¢¶§¶ 	ä>¶¶¤¦§¶ ²Y

•

1

π

∫ π

0

log(b1 ± b2 cos θ)dθ =
1

π

∫ 1

−1

log(b1 ± b2t)√
1 − t2

dt

= log

(
b1 +

√
b21 − b22

)
− log 2; %���C&

•

1

π

∫ π

0

1

b1 ± b2 cos θ
dθ =

1√
b21 − b22

; %����&

•

1

π

∫ π

0

cos θ

b1 ± b2 cos θ
dθ = ±

√
b21 − b22 − b1

b2
√
b21 − b22

. %���E&

@�@�� !���� � �	��A�
K& ê'&-& .' �*7-ë% &,- .* �-(5* w(x) = (1 − x)λ1(1 + x)λ2

7-5 λ1
'
λ2
ê-&%)%ù-& '

A = [−1, 1] í-�-
Q(x) = − log(w(x)) = −λ1 log(1 − x) − λ2 log(1 + x),

' * .'(%ù*.*
Q′′(x) =

λ1

(1 − x)2
+

λ2

(1 + x)2
,

� ê-&%)%ù* L- %L)'(ù*í- (−1, 1)� ô-�-îQ &'L.- 7-Lù'÷* '5 )*í %L)'(ù*í-î - �'-('5* ���2%ë&%5êí%7* ü4' - &4ê-()' Sw
.'ù' &'( 45 %L)'(ù*í-� ï ê(%L7ìê%- 7þ*5*('5-& )*í %L)'(ù*í- .'

[a, b]� �-&&- -ëð')%ù- � .')'(5%L*( -& '÷)('5-& .'&)' %L)'(ù*í-� õ-5- w(1) = w(−1) = 0
î

.'ù'5-& )'(−1 < a < b < 1
î ê-%& * �4L+,-Q(x) = − log(w(x)) <∞ � õ-L&'ü4'L)'5'L)'î

ê-.'5-& 4&*( -& ì)'L& %%& ' %%%& .- �'-('5* ��C 'î &4*& ('&ê'7)%ù*& %.'L)%.*.'& %���E& '
%���F& 7-5- &'�4'

1

π

[∫ b

a

(
λ1

1 − x

√
x− a

b− x

)
dx−

∫ b

a

(
λ2

1 + x

√
x− a

b− x

)
dx

]
= 1

'
1

π

[∫ b

a

(
λ1

1 − x

√
x− a

b− x

)
dx−

∫ b

a

(
λ2

1 + x

√
x− a

b− x

)
dx

]
= −1.
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ý*	'L.- * 54.*L+* .' ù*(%6ù'%& x = (b + a)/2(cos θ)(b − a)/2, 0 ≤ θ ≤ π,

*& �1(54í*&
)-5*5 * �-(5*

λ1

2π

∫ π

0




1 + cos θ

1 −
(
b+ a

2

)
−
(
b− a

2

)
cos θ


 dθ−λ2

2π

∫ π

0




1 + cos θ

1 +

(
b+ a

2

)
+

(
b− a

2

)
cos θ


 dθ =

1

b− a

'

λ1

2π

∫ π

0




1 − cos θ

1 −
(
b+ a

2

)
−
(
b− a

2

)
cos θ


 dθ−λ2

2π

∫ π

0




1 + cos θ

1 +

(
b+ a

2

)
+

(
b− a

2

)
cos θ


 dθ =

−1

b− a
.

ø&*L.- *& %.'L)%.*.'& %����& ' %���E& .- í'5* *L)'(%-(î -ë)'5-&

λ1

(√
1 − a

1 − b
− 1

)
+ λ2

(√
1 + a

1 + b
− 1

)
= 1,

%���F&
λ1

(
1 −

√
1 − b

1 − a

)
+ λ2

(
1 −

√
1 + b

1 + a

)
= −1.

0*(* ('&-íù'(5-& '&)' &%&)'5*î �*	'5-& *& &'�4%L)'& 7-Lù'L+�'& *'5 .' &%5êí%'762í-M
θ1 :=

λ1

1 + λ1 + λ2
, θ2 =

λ2

1 + λ1 + λ2
. %���O&

öL),-î %���F& )-5* * �-(5*

θ1

√
1 − a

1 − b
+ θ2

√
1 + a

1 + b
= 1,

θ1

√
1 − b

1 − a
+ θ2

√
1 + b

1 + a
= 1.

�'&-íù'L.- - &%&)'5* ê*(* 'L7-L)(*( θ1 ' θ2 '5 �4L+,- .' a, bî -ë)'5-&
θ1 =

1

2

√
(1 − a)(1 − b), θ1 =

1

2

√
(1 + a)(1 + b).

�-5*L.- * &-5* ' * .%�'('L+* .-& ü4*.(*.-& .' θ1 ' θ2 î -ë)'5-&
ab = 2(θ2

1 + θ2
2) − 1, a+ b = 2(θ2

2 − θ2
1).

�'&-íù'L.- '&)' &%&)'5*î 7-L7í4ì5-& ü4'

a = (θ2
2 − θ2

1) −
√

∆, b = (θ2
2 − θ2

1) −
√

∆, %���D&
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-L.'

∆ := {1 − (θ1 + θ2)
2}{1 − (θ1 − θ2)

2}.
0-()*L)-î Sw = [(θ2

2 − θ2
1) −

√
∆, (θ2

2 − θ2
1) −

√
∆]� �

@�@�B !���� � C	�D����
K& ê'&-& .' ô*�4'((' &,- .* �-(5* w(x) = xse−λx, A = [0,∞),

7-5 s > 0, λ > 0 �$'&)* �-(5*îQ(x) = λx−s log x
'
Q′′(x) = s/x2 � $*ìî * &'�4L.* .'(%ù*.* .' Q � ê-&%)%ù*' 7-L7í4ì5-& ü4' Q � 7-Lù'÷*� 0-()*L)-î - &4ê-()' Sw

� 45 %L)'(ù*í- - ü4*í 7þ*5*('5-&
'5 ê(%L7ìê%- .' [a, b]� 0*(* s = 0

î .'ù'5-& )'( a = 0
î 7*&- 7-L)(6(%- %&&- 7-L)(*(%*(%*

%���F& L- �'-('5* ��C� 0*(* s > 0
î - �'-('5* ��� L-& .6

F (Sw) = F ([a, b]) = max
α,β

F ([α, β])

-L.' F � - ý2�4L7%-L*í .' /þ*&&*(2�*Eî ' ê-()*L)- .'ù'5-& 5*÷%5%	*( 7-5- �4L+,- .'
α
'
β
î * �4L+,-
G(α, β) = F ([α, β]) = log

β − α

4
− 1

π

∫ β

α

λx− s log xdx√
(x− α)(β − x)

(∗)
= log

β − α

4
− λ

π

∫ π

0

(
β + α

2
+

(
β − α

2

)
cos θ

)
dθ

+
s

π

∫ π

0

log

(
β + α

2
+

(
β − α

2

)
cos θ

)
dθ

L- ê(%5'%(- ü4*.(*L)' .- êí*L- 7-5êí'÷-î -L.' L* %�4*í.*.' (∗) '	'5-& 4&- .* 54.*L+*
.' ù*(%6ù'í 2x = (β + α) + (β − α) cos θ � õ*í74í*L.- *& %L)'�(*%& *7%5* ' 4&*L.- %���C&î
-ë)'5-&

G(α, β) = 2s log

(√
β +

√
α

2

)
− λ

(
β + α

2

)
+ log

(
β − α

4

)
. %���K&

ï 7-L.%+,- L'7'&&6(%* ê*(* ü4' -& ê-L)-& a ' b &'ð*5 ê-L)-& .' 56÷%5-î � ü4' *& .'(%ù*.*&
ê*(7%*%& .'Gî L*& ù*(%6ù'%& α ' β î 7*í74í*.*& L-& ê-L)-& a ' b .'ù'5 &'( L4í*&� õ*í74í*L.-)*%& .'(%ù*.*& '5 %���K& ' %�4*í*L.- * 	'(-î 7þ'�*5-& �

s
√
a(
√
b+

√
a)

− λ

2
− 1

b− a
= 0,

%��C�&
s√

b(
√
b+

√
a)

− λ

2
− 1

b− a
= 0.
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�'�4' .%(')*5'L)' .'&)' &%&)'5* ü4'

√
ab =

s

λ

'
a+ b =

2

λ
(s+ 1),

-4 &'ð*î

a =
1

λ
(s+ 1 −

√
2s+ 1), b =

1

λ
(s+ 1 +

√
2s+ 1). %��C�&

0-()*L)- - &4ê-()' ê*(* -& ê'&-& .' ô*�4'((' &,- -& %L)'(ù*í-&
[
λ−1(s+ 1 −

√
2s+ 1), λ−1(s+ 1 +

√
2s+ 1)

] �
�

ælï ÔoswÕoÂy¾Öt xy óoxqxy xo ��wqè��Âqt
ø5* ù'	 7-Lþ'7%.- - &4ê-()' .* 5'.%.* .' 'ü4%íìë(%- Sω

ê-.'5-& -ë)'( - ê-)'L7%*í
.' 'ü4%íìë(%- Uµω

7-5- &-í4+,- .' 45 7'()- ê(-ëí'5* .' $%(%7þí')� ï&&%5î ê-.'5-& -ë)'(
* 5'.%.* .' 'ü4%íìë(%- µω

* ê*()%( .' &'4 ê-)'L7%*í�
õ-5'+*5-& 7-5 *í�45*& .''L%+�'& .- 76í74í- ù')-(%*í ü4' &'(6 ë*&)*L)' û)%í L-

.'7-(('( .'&)* &'+,-�
z×XãÖ;<Ù L{G{ ê ����~��� Æ~��~�~��∆� � ������ ����

∆F :=
∂2F

∂x2
+
∂2F

∂y2
.

ø5 ('&4í)*.- ü4' &'(6 4)%í%	*.- L'&)* &'+,-î - ü4*í L,- .'5-L&)(*('5-& ê-( &'( 45
('&4í)*.- 7í6&&%7- .* *L6í%&' ù')-(%*íî � - �'-('5* .' 3(''L� ï ù'(&,- ü4' 4)%í%	*('5-& �
45 ê-47- 5*%& �'(*í ê-.' &'( 'L7-L)(*.* '5 i�Ej ' i�j�
�'ð* D 45 *ë'()- 7-5 ë-(.- ∂D .' 7í*&&' C1 î ' &'ð*5 u

'
v
�4L+�'& .' 7í*&&' C2

.''L%.*& '5 45* ù%	%Lþ*L+* .' D � öL),-î
∫

R

(v∆u− u∆v) dm = −
∫

∂R

(
v
∂u

∂n
− u

∂v

∂n

)
ds, %��C�&

-L.'m � * 5'.%.* .' ô'ë'&�4' '5 C
'
∂/∂n

� * .'(%ù*.* .%('7%-L*í L* .%('+,- .* L-(5*í
%L)'(%-( * ∂D �
ø5* 7-L&'ü4óL7%* .'&)' )'-('5* � ü4' &' u ' v �-('5 þ*(5�L%7*&î 'L),- - í*.-'&ü4'(.- .* %.'L)%.*.' %��C�& &' *L4í* -ë)'L.- *&&%5 45* L-ù* %.'L)%.*.'

∫

∂D

v
∂u

∂n
=

∫

∂D

u
∂v

∂n
%��CC&
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�×Ùß×ÞÝ L{P %�×Ùß×ÞÝ á× ?Ý:ÚÚ&{ |�}~ D �� ~®����� ���~�� ��� �������~ C1 � µ��~ ����~ ��� ��~� �� ������� ����~��� � ��}���� �� ∂D. ������

µ(D) =
1

2π

∫

∂D

∂Uµ

∂n
ds.

z×ÞÙãÚäßÝ;<Ù0 ñL%7%*í5'L)' ù*5-& &4ê-( ü4' µ = δz0

7-5 z0 ∈ R � 0-.'5-& ('5-ù'(
45 ê'ü4'L- .%&7- Dr(z0)

.' 7'L)(- '5 z0
' (*%- r î 7-5 r

&4'7%'L)'5'L)' ê'ü4'L-î .'
)*í �-(5* ü4' - .%&7- '&)'ð* %L)'%(*5'L)' 7-L)%.- '5 D � $'&)* �-(5* ê-.'5-& *êí%7*(* �1(54í* .' 3(''L %��C�& L- .-5ìL%- R \ Dr(z0)

7-5 u = U δz0
'
v ≡ 1 � 0'í- �*)- .*&�4L+�'& &'('5 þ*(5�L%7*& )'5-&î ê-( %��CC&î ü4'

∫

∂(D\Dr(z0))

∂U δz0

∂n
= 0. %��C�&

�-)' ü4' ∂(D \Dr(z0)) = Cr(z0)
⋃
∂R � ö5 Cr(z0)

î * .'(%ù*.* L* .%('+,- .* L-(5*í .'
U δz0 = log 1/|z − z0|

� %�4*í * −1/r � õ-L&'ü4'L)'5'L)'î %��C�& %5êí%7* ü4'
∫

∂D

∂U δz0

∂n
ds+

∫

Cr(z0)

∂U δz0

∂n
ds =

∫

∂D

∂U δz0

∂n
ds+

∫

Cr(z0)

−1/rds

=

∫

∂D

∂U δz0

∂n
ds− 2π = 0,

'î 7-L&'ü4'L)'5'L)'î
∫

∂D

∂U δz0

∂n
ds = 2π.

0-()*L)-î

1

2π

∫

∂D

∂U δz0

∂n
ds = 1, %��CE&

' - )'-('5* � ù'(.*.'%(- ê*(* '&)' 7*&- '&ê'7%*í�
$' 5-.- *L6í-�- ê-.'5-& 5-&)(*( ü4' &' µ = δz0

5*&
z0 6∈ D î 'L),-

0 =
1

2π

∫

∂D

∂U δz0

∂n
ds. %��CF&

ï�-(* %L)'�(*L.- *5ë*& *& 'ü4*+�'& %��CE& ' %��CF& 7-5 ('&ê'%)- � 5'.%.* µ L-
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7-Lð4L)- D ' &-5*L.-î 7-L7í4ì5-& ü4'

µ(D) =

∫

D

1

2π

∫

∂D

∂U δz0

∂n
dsdµ(z)

=
1

2π

∫

∂D

∫

D

∂U δz0

∂n
dµ(z)ds

=
1

2π

∫

∂D

∂

∂n

(∫

D

log
1

|z − z0|
dµ(z)

)
ds =

1

2π

∫

∂D

∂Uµ

∂n
ds. �

K ê(1÷%5- )'-('5* L-& �-(L'7' 45* �-(5* ë*&)*L)' &%5êí'& ê*(* 'L7-L)(*( * 5'.%.*
.' 'ü4%íìë(%-� öí* � *êí%76ù'í *ê'L*& * .%&7-&�
�×Ùß×ÞÝ L{È{ |�}~µ ��~ ����~���~� �����~ � �� ������� ����~��� �� ��~��� �������~�~ ��~����� z0 � r > 0� � �~��� ����

L(Uµ; z0, r) =
1

2π

∫ π

−π

Uµ(z0 + reiθ)dθ

����� � � ����� Ù��~� L(Uµ; z0, r)
���� ���� ��~ ������ �� r � � ������������� �~®�����~����� �������~ �� ��~����� ��®������~�� � ���~�� �� (0,∞) � Ù��� �����

lim
r→0

L(Uµ; z0, r) = Uµ(z0).
%��CO&

|�
r � �� �~��� �~�~ � ��~� d

dr
L(Uµ; z0, r)

������ �����
µ(Dr(z0)) = −r d

dr
L(Uµ; z0, r).

%��CD&
�� �~�����~�� ��� � ����~���� �~�~ ���� r > 0� ������ �~�~ ��~ ��~���~�� ������Ò����� �~����� �� r �
z×ÞÙãÚäßÝ;<Ù0 0*(* &%5êí%'7*( ù*5-& )-5*( z0 = 0

' &4ë&)%)4%( L(Uµ; z0, r)
ê-( L(r)�ïêí%7*L.- - �'-('5* .' ý4ë%L%î L* %L)'�(*í ü4' .''L' L(r)

î ' * �1(54í* ê*(* - ê-)'L7%*í
L- .%&7-î 7-5- L- ö÷'5êí- C��î -ë)'5-&

L(r) =

∫
logr(z)dµ(z), %��CK&

-L.'

logr(z) :=

{
log 1/r

&' |z| ≤ r

log 1/|z| &' |z| > r.

�'L.- * �4L+,- *7%5* .'7('&7'L)' 7-5 ('&ê'%)- * r î 7-L7í4ì5-& ü4' L(r)
� L,-2

7('&7'L)'� 0'í* .'&%�4*í.*.' .- ù*í-( 5�.%- ê*(* �4L+�'& &4ê'(2þ*(5�L%7*&î .'.4	%5-&
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ü4' L(r) ≤ Uµ(0)� ïí�5 .%&&-î &'�4' .* &'5%27-L)%L4%.*.' %L�'(%-( .' Uµ ü4'

lim inf
r→0+

L(r) ≥ L(0) =
1

2π

∫ π

−π

Uµ(0)dθ = Uµ(0),

' %&)- ê(-ù* %��CO&�
$* '÷ê('&&,- %��CK&î
L(r + h) − L(r) =

∫

|z|≤r+h

log
1

r + h
dµ(z) +

∫

|z|>r+h

log
1

|z|dµ(z)

−
∫

|z|≤r

log
1

r
dµ(z) −

∫

|z|>r

log
1

|z|dµ(z)

=

∫

|z|≤r

(
log

1

r + h
− log

1

r

)
dµ(z)

+

∫

r<|z|≤r+h

(
log

1

r + h
− log

1

|z|

)
dµ(z)

=

∫

|z|≤r

log
r

r + h
dµ(z) +

∫

r<|z|≤r+h

log
|z|
r + h

dµ(z)

= − log
r + h

r

∫

|z|≤r

dµ(z) −
∫

r<|z|≤r+h

log
r + h

|z| dµ(z), h > 0.

ñ&)- ê(-ù* ü4' L(r)
� *ë&-í4)*5'L)' 7-L)ìL4* '5 ü4*íü4'( &4ë2%L)'(ù*í- [a, b] ⊂ (0,∞)�$'ù%.- *- �*)- ü4' ‖µ‖ log [(r + h)/r] ≤ ‖µ‖h/r î )'5-&

|L(r + h) − L(r)| ≤ log
(r + h)

r
‖µ‖ ≤ h

r
‖µ‖.

�' .%ù%.%(5-& * �1(54í* -ë)%.* *L)'(%-(5'L)' ê-( hî -ë)'5-&
L(r + h) − L(r)

h
= − log

(
1 +

h

r

) 1
h
∫

|z|≤r

dµ(z) −
∫

r<|z|≤r+h

log

(
r + h

|z|

) 1
h

dµ(z).

ïêí%7*L.- - �'-('5* .* õ-Lù'(�óL7%* $-5%L*.*î * .'(%ù*.* * .%('%)* .' L ù*í'
−1

r
µ(Dr(0)).

$' 5-.- *L6í-�-î 4&*L.- *�-(* * �1(54í*
L(r − h) − L(r)

−h =
1

h
log

r − h

r

∫

|z|≤r−h

dµ(z) −
∫

r−h<|z|≤r

1

h
log

r

|z|dµ(z).

'î - �'-('5* .* õ-Lù'(�óL7%* $-5%L*.* ' - �'-('5* .* õ-Lù'(�óL7%* /-L1)-L*î *
.'(%ù*.* * '&ü4'(.* .' L ù*í'
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−1

r
µ(Dr(0)).

$'&.' ü4'î * 5'.%.* .- 7%(74í- ü4' í%5%)*Dr(0)
&'ð* L4í*î 'L),- *& .'(%ù*.*& * '&ü4'(.*

' * .%('%)* 7-%L7%.'5� ï&&%5î 7þ'�*5-& ü4' %��CD& � ù6í%.- '÷7')- '5 45 7-Lð4L)-
'L45'(6ù'í .' (*%-& r � �

�*5-& *ê('&'L)*( *ë*%÷- -& *L6í-�-& �& �1(54í*& .' %Lù'(&,- .' �)%'í)ð'&20'((-L î
7-5- '5 iCjî ' * �1(54í* .' �-&þ-)&&"%î 7-5- �'%)- '5 i�jî )*5ë�5 7-Lþ'7%.* 7-5-
�1(54í* .' 0í'5'íð � öí*& )'5 ê-( -ëð')%ù- .')'(5%L*( * 5'.%.* .' 'ü4%íìë(%- '5 *(7-&�
0*(* )*L)-î L- ü4' &'�4' ü4*L.- L-& ('�'(%(5-& * 45* 74(ù* Γ

î '&)* &'(6 45* 74(ù*
&%5êí'&î -4 &'ð*î &'5 *4)-2%L)'(&'7+�'& ' L,- L'7'&&*(%*5'L)' �'7þ*.*�
�×Ùß×ÞÝ L{Ï{ |�}~ D ��~ ������ ���� � ������~� Uµ � �� ��~��� C2 � ������ µ �~®�����~����� �������~ ��� ������� ~ ����~ �� Æ�®����� ��

C� ~ ��~� �����~��� ���
m� �� ��}~� ���}����� �� ����~ ���~ ��� ������� F ����~ �� Æ�®����� �~�®�� ���
����~ ���~ ��� ������� F ����~ µ � � �~��

dµ = − 1

2π
∆Uµdm.

=������~������ �� �� ��~ ����~��~ �� �� ����� z0 ~ ����~ µ ��� ~ � ���~ dµ(t) =

f(t)dm(t)
�� ~ ������ f � G����� �������~ ��� ������� ~ ��~ �����~��� α > 0

�� �����
z0 � �����∆Uµ(z0)

����� �
f(z0) = − 1

2π
∆Uµ(z0)dm.

ô'5ë(*5-& ü4' 45* �4L+,- f .''L%.* '5 45 .-5ìL%- D � G����� �������~î 7-5('&ê'%)- * 45* 7-L&)*L)' α > 0
î '5 45 ê-L)- z0 ∈ D î &' '÷%&)' 45* ù%	%Lþ*L+* Uz0

'
45* 7-L&)*L)' C î )*í ü4'î

|f(z) − f(z0)| ≤ C|z − z0|, ê*(* )-.- z ∈ Uz0 .

ö5 ê*()%74í*(î ü4*L.- α = 1
* �4L+,- � 7þ*5*.* .' ô%ê&7þ%)	%*L*�

$'L-)*('5-& '&)*& 7í*&&'& .' �4L+�'& ê-(îHα
'

Lip1 �
z×ÞÙãÚäßÝ;<Ù0 ñL%7%*í5'L)' &4ê-Lþ*5-& ü4' L* ('�%,- D - ê-)'L7%*í � .' 7í*&&' C2 î
' ù*5-& ê(-ù*( ü4' dµ|D = − 1

2π
∆Uµdm|D .�-5'5-& 45 &4ë.-5ìL%- D0 ⊂ D î &%5êí'&5'L)' 7-L'÷-î 74ð- ë-(.- � 45* 74(ù* Γ

.' 7í*&&' C1 � �*5-& ê(-ù*( ü4'
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∫

R0

(∆Uµ(t)) log
1

|z − t|dm(t) + 2πUµ(z) %����&
� þ*(5�L%7*� $*ì 4&*L.- -�'-('5* ��� 7-L7í4ì5-& ü4' * 5'.%.* 7-5 &%L*í (2π)−1 (∆Uµ) dm|R0

+

µ
)'5 &'4 &4ê-()' �-(* .' D0

î ê-%& L'&)' 7-Lð4L)- * 5'.%.* µ ù*% 7-%L7%.%( 7-5 * 5'.%.*L4í*� ï&&%5î )'('5-&
dµ|R0

= − 1

2π
∆Uµdm|R0

.

�'ð*
z0 ∈ D0

45 ê-L)- *(ë%)(6(%- 'î ê*(* r > 0
&4'7%'L)'5'L)' ê'ü4'L-î .''L%5-&

Dr = D0 \Dr(z0)
� õ-5 *& �4L+�'& u = Uµ ' v = log 1/|z0 − t| î ê-.'5-& 4&*( - �'-('5*

.' 3(''Lî ê*()%74í*(5'L)' * %.'L)%.*.' %��C�&� 0*(* - í*.- '&ü4'(.- -ë)'5-&
∫

Dr

log
1

|z0 − t|∆(Uµ(t)) − Uµ(t)∆

(
log

1

|z0 − t|

)
dm(t)

(a)
=

∫

D0

log
1

|z0 − t|∆(Uµ(t))dm(t)

−
∫

Dr(z0)

log
1

|z0 − t|∆(Uµ(t))dm(t)

(b)
=

∫

D0

log
1

|z0 − t|∆(Uµ(t))dm(t)

+ O(r2 log 1/r).

-L.' %*& &' ð4&)%'7* ê'í- �*)- .' log 1/|z0 − t| &'( þ*(5�L%7* ê-( &'( ê*()' ('*í .* �4L+,-ü4' � *L*íì)%7* '5 Rr log 1/(z0 − t)
î ' %ë& � 45* '&)%5*)%ù* ë*&'*.* L- ö÷'5êí- %C��&

ê*(* ê-)'L7%*í '5 .%&7-& ' L- ô'5* C��� õ-L&'ü4'L)'5'L)'î - &'�4L.- )'(5- )'L.' *
	'(- ü4*L.- r → 0+ � 0-()*L)-î ('&)* *ê'L*& - ê(%5'%(- )'(5-î ü4' � %�4*í *- ê(%5'%(-
)'(5- .' %����&� ø&*L.- u ' v .''L%.-& *7%5*î - í*.- .%('%)- '5 %��C�& � .*.- ê-(

∫

∂D0

(
v
∂u

∂n
− u

∂v

∂n

)
ds+

∫

Cr(z0)

(
v
∂u

∂n
− u

∂v

∂n

)
ds.

ï ê(%5'%(* ê*(7'í* .* %L)'�(*í *7%5* � 45* �4L+,- þ*(5�L%7* '5 z0
î ê-%& ê*(* )-.-

t 6= z0
î *& �4L+�'& v ' ∂v/∂n &,- þ*(5�L%7*& 7-5- �4L+�'& .' z0 � ï &'�4L.* ê*()' �7-5ê-&)* .' .-%& )'(5-&î 45 )'(5- .* -(.'5 .' O(r log 1/r)

' - &'�4L.- )'(5- �
∫

Cr(z0)

u
∂v

∂n
ds.

õ-5- ∂v/∂n = −1/r
'5

Cr(z0)
î 7-L7í4ì5-& ü4' '&)* %L)'�(*í )'L.' * −2πu(z0)

ü4*L.-
r
)'L.' * 	'(-� 0-()*L)- * �4L+,- '5 %����& � þ*(5�L%7* '5 z0

� õ-5- '&)' ê-L)- �-%
)-5*.- .' 5-.- *(ë%)(6(%-î 'í* � þ*(5�L%7* '5 ü4*íü4'( z ∈ D0

�
�*5-& ê(-ù*( *�-(* * &'�4L.* ê*()' .- )'-('5*� �'ð* f 7-5- L- 'L4L7%*.-� öL2
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),-î f(z0) = (2π)−1∆Uµ(z0)

î L- '÷)'(%-( .- .%&7- Dr(z0)
î - ê-)'L7%*í Uµ � 45* �4L+,-

þ*(5�L%7*� õ-L&'ü4'L)'5'L)'î ê'í- �'-('5* ���î ê-.'5-& &4ê-( ü4' µ � L4í* �-(* .'
Dr(z0)

'Lü4*L)- ü4' '5 Dr(z0)
)'5-& dµ(t) = f(t)dm(t).

�'
f
� 7-L&)*L)' *- í-L�- .'

Dr(z0)
î 'L),- ê*(* )-.- z ∈ Dr(z0)

î -ë)'5-& .- ö÷'5êí- C��î ü4'

Uµ(z) = 2π

(
r2

2
log

1

r
+
r2

4
− |z − z0|2

4

)
f(z0),

�'&)' 7*&- * *'(5*+,- .- )'-('5* � 1ëù%*� �4ë)(*%L.- f(z0)
.' f &' L'7'&&6(%-î

ê-.'5-& &4ê-( ü4' z0 � 45* (*%	 .' f � ö&)' �*)- 5*%& * 7-L.%+,- .' f &'( $-í.'(7-L)ìL4* 7-5 7-L&)*L)' α %5êí%7*5 ü4'

|f(z)| ≤ L|z − z0|α. %����&
�'5 ê'(.* .' �'L'(*í%.*.' ê-.'5-& &4ê-( ü4' z0 = 0 � �'ð*5 z = x+ iy

'
t = u+ iv �öL),-î

∂Uµ

∂x
(z) = −

∫

Dr(0)

f(t)
x− u

|z − t|2dm(t).

Kë&'(ù' ü4' * %L)'�(*í 7-Lù'(�' 45* ù'	 ü4' |x− y| ≤ |z − t| � õ-L&'ü4'L)'5'L)'î

− ∂2Uµ

∂x2
(0) = lim

x→0

∫

Dr(0)

f(t)

(
x− u

|x− t|2 − −u
|t|2
)

1

x
dm(t)

= lim
x→0

∫

Dr(0)

f(t)

(
x2 − u2 + xu

|x− t|2|t|2
)
dm(t). %����&

õ-L&%.'(*('5-& 45 í%5%)' í*)'(*í *ê'L*&� K -4)(- � 7*í74í*.- .' 5*L'%(* *L6í-�-� $''2
L*5-&

ϕ(x, t) =
x2 − u2 + xu

|x− t|2|t|2 =
x2 − u2 + xu

((x− u)2 + v2)(u2 + v2)
.

ø&*L.- * .'&%�4*í.*.' 'L)(' *& 5�.%*& *(%)5�)%7*& ' �'-5�)(%7*& .' Lû5'(-& ê-&%)%ù-&î
-ë)'5-&

|ϕ(x, t)| ≤ 1

2

(
1

((x− u)2 + v2)
+

1

(u2 + v2)

)
.

$'&)* �-(5*î &'

Φ(x, t) := max

{
min

{
ϕ(x, t),

9

u2 + v2

}
,

−9

u2 + v2

}
,

'L),- %&)- &'�4' ü4' Φ
7-%L7%.' 7-5 ϕ ê*(* 7*.* 45 .-& &'�4%L)'& ù*í-('& .' ê*()5')(-&M
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x ≥ 2u ( ê-%& L'&)' 7*&- (x− u)2 + v2 ≥ u2 + v2),

u ≥ 3

2
x ( ê-%& L'&)' 7*&- (x− u)2 + v2 ≥ 1

9
(u2 + v2)),

1

2
< u <

3

2
x
' |v| ≥ x( ê-%& L'&)' 7*&- (x− u)2 + v2 ≥ 1

4
(u2 + v2)).

õ-L&'ü4'L)'5'L)'î Φ
'
ϕ ê-.' .%�'(%( &-5'L)' L* ('�%,- R(x) .')'(5%L*.* ê'í*& .'2&%�4*í.*.'&

1

2
x < u <

3

2
x, |v| < x,

�'&)* ('�%,-î )'5-& ü4' |ϕ− Φ| ≤ |ϕ|. ö&7('ù'L.- ξ = x− u
î )'5-& ü4'

|ϕ(x, t)| ≤ 1

(u2 + v2)
+

(3/2)x

|x/2|2
|ξ|

(ξ2 + v2)
≤ 4

x2
+ 6|x|−1 |ξ|

(ξ2 + v2)
, x ∈ R(x).

ñL)'�(*L.- ' 4&*L.- %����&î ù'5 ü4'
∫

R(x)

|ϕ|dm ≤
∣∣∣∣∣

∫ x

−x

∫ x/2

−x/2

(
4

x2
+ 6|x|−1 |ξ|

(ξ2 + v2)

)
dξdv

∣∣∣∣∣ ≤ 8 + 12π,

%&)- �î
∫

R(x)

|fϕ|dm = o(1).

K ü4' ù'(%'7*5-& *)� *�-(* � ü4'
lim
x→0

∫

Dr(0)

f(t)ϕ(x, t)dm(t) = lim
x→0

∫

Dr(0)

f(t)Φ(x, t)dm(t). %���C&
�- 'L)*L)-î ê-( %����&î )'5-& %%L.'ê'L.'L)'5'L)' .' x& ü4'

|f(t)Φ(x, t)| ≤ 9L|t|α−2.

õ-5- - í*.- .%('%)- .* .'&%�4*í.*.' .''L' 45* �4L+,- %L)'�(6ù'í 7-5 ('í*+,- * m�õ-L&'ü4'L)'5'L)'î ê-.'5-& 4&*( %����& ' %���C& ' - �'-('5* .* õ-Lù'(�óL7%* $-5%L*.*
ê*(* .'.4	%( ü4'

−∂
2Uµ

∂x2
(0) = lim

x→0

∫

Dr(0)

f(t)Φ(x, t)dm(t)

=

∫

Dr(0)

(
lim
x→0

f(t)Φ(x, t)
)
dm(t)

=

∫

Dr(0)

f(t)
v2 − u2

(u2 + v2)2
dm(t).
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$' 45* �-(5* &%5%í*(î ê-.'5-& ê(-ù*( ü4'

−∂
2Uµ

∂y2
(0) = −

∫

Dr(0)

f(t)
v2 − u2

(u2 + v2)2
dm(t).

ï&&%5î
∆Uµ(0) =

∂2Uµ

∂x2
(0) +

∂2Uµ

∂y2
(0) = 0 = −2πf(0)

- ü4' ê(-ù* - )'-('5*�
�

ï�-(* ù*5-& 'L4L7%*( ' ê(-ù*( *í�4L& )'-('5*& .' ('74ê'(*+,- .' 5'.%.*î ê*(* -
7*&- '5 ü4' - &4ê-()' .'&)*& 5'.%.*& �-('5 74(ù*&î )*%& 74(ù*& &'(* &'5ê(' &%5êí'& '
('�4í*('&î &'5 *4)-2%L)'(&'7+�'&� �'7'&&%)*('5-& ê*(* %&)- .' *í�45*& .''L%+�'& 7-5-
&'�4'�
z×XãÖ;<Ù L{L{ 
~�~ ��~ ����~ Γ := Γ(t)

�� ��~��� C1 � �����~�� �� ��}~� Γ′(t) 6= 0 �~�~���� t� ������� � �~�� �������� �� Γ� ���� ����� � ���}���� ��� ������ z � �~� ����
0 ≤ arg

(
z − z0
iΓ′(t0)

)
< π/2

��� Γ(t0) = z0 � �~�~ ������ z0 ��� ��� � ���� ������ ��������� Ù�~���~������ �������� �~�� ����� �� Γ� ��®������� � ����� iΓ′(t0)
��� −iΓ′(t0).

z×XãÖ;<Ù L{P{ 
����� ��� ��~ ������ f : X → C � �~ ��~��� C1+δ ��� δ > 0� �� f ��� �����Ò��� � f ′ ∈ Hδ � ���� Hδ � ~ ��~��� �~� ����°�� G����� �������~� ��� �����~���
δ �
z×XãÖ;<Ù L{È{ 
������ � ���� �����~�����~� ~ �������~ (��������~����� ~ ����~)�� ��~ ������ F � �����~ ��®�� ��~ ����~ Γ� �~ ����~��~ �� �� ����� z0 � ��� Γ

��
��~��� C1+δ � ���� ����� � ����

F (z+
0 ) = lim

z→z0,z∈S
(θ)
+

F (z)( ��������~����� F (z−0 ) = lim
z→z0,z∈S

(θ)
−

F (z)).

�~�� ���� ���� ����~ �~�~ ���� θ� ���� S(θ)
+ (��������~����� S(θ)

− )
�����~� �� ���

����� �� �~�� �������� �� Γ (��������~����� � �~�� ����� �� Γ )� �� ��~� ����� ������ ������ ��� �~� ���� arg (iΓ′(t0)/(z − z0)) = θ �~�~ 0 ≤ θ < π/2 (��������~�����
arg (−iΓ′(t0)/(z − z0)) = θ �~�~ 0 ≤ θ < π/2 )

��� Γ(t0) = z0 �
�×Ùß×ÞÝ L{Ñ{ |�����~ ��� supp(µ)∩D = Γ� ����D = D+ ∪D− ∪Γ � �� ������ � Γ

� ��~ ����~ �� ��~���C1+δ ��� δ > 0 � |�}~ Uµ � ������~� ������ �� C
��� � ���~���� Γ

�
H+(�������� H−)

����°�� ~�~����~�� �����~� �� ������ D+(�������� D−) �������� �� �~�� �������� ��Γ (�������� �~�� ����� �� Γ)� ��� �~��� ��~� ��~� ~Uµ � ������
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�� z0, z1 ∈ Γ

�
z0
������� z1 �� Γ� ~ ����~ �� ���������� �� ~��� µ �� ~��� Γ[z0,z1]����� z0 � z1 � �~�� ���

µ(Γ[z0,z1]) =
1

2πi
{H+(z+

1 ) −H+(z+
0 ) −H−(z−1 ) +H−(z+

0 )}.

HVÚ×ß,Ý;<Ù0 $'ù'5-& -ë&'(ù*( ü4'î .' *7-(.- 7-5 - �'-('5* C��î - ê-)'L7%*í � 45*
�4L+,- þ*(5�L%7* L-& ê-L)-& z 6∈ supp(µ)� ô-�-î - �'-('5* ��F �*(*L)' * '÷%&)óL7%* .'
H±(z)

î ü4' L*.* 5*%& � .- ü4' - 7-5êí'5'L)- *L*íì)%7- .- ê-)'L7%*í Uµ(z)
L-& .-5ìL%-&

D±
�

z×ÞÙãÚäßÝ;<Ù0 K ê-)'L7%*í Uµ(z)
L-& ê-L)-& z 6∈ D

� 45* �4L+,- þ*(5�L%7*î %&&-
&'�4' .- �'-('5* C��� 0-()*L)-î - �'-('5* .* øL%7%.*.' ��� L-& .%	 ü4' ê-.'5-&
%�L-(*( '&)* ê*()' .- ê-)'L7%*íî ê-%& L'&)* ê*()' * 5'.%.* µ 7-%L7%.' 7-5 * 5'.%.* L4í*�õ-L&'ü4'L)'5'L)'î ê-.'5-& &4ê-( ü4' - &4ê-()' .' µ � * 74(ù* Γ�
ö&)*& þ%ê1)'&'& &-ë(' µ %5êí%7*5 ü4' *& �4L+�'& *L*íì)%7*&

H±(z) −
∫

log
1

z − t
dµ(t)

)ó5 ê*()' ('*í L4í*î ' 7-L&'ü4'L)'5'L)' &,- 7-L&)*L)'& '5 D±
('&ê'7)%ù*5'L)'� $'&)*

�-(5*î ê-.'5-& &4ê-( ü4'
H±(z) =

∫
log

1

z − t
dµ(t).

�'ð*5
z0
'
z1
.-%& ê-L)-& '5 Γ

î ' ê*(* θ > 0
î &'ð*

S
(θ)
0,±
-& &')-('& .' D±

î 74ð-& ê-L)-&
z ∈ S

(θ)
0,±

�-(5* )L�4í- θ 7-5 - ('&ê'7)%ù-& ù')-('& iΓ′(t0)
' −iΓ′(t0)

î -L.' Γ(t0) = z0
î

- &')-( S(θ)
1,±

� .''L%.- &%5%í*(5'L)' ê*(* z1. 0*(* 45 h > 0
î '&7-íþ* ê-L)-& Ah ∈ S

(θ)
0,+'

Bh ∈ S
(θ)
0,−

74ð*& .%&))L7%*& .' z0 &'ð*5 5'L-('& .- ü4' hî ' -& ê-L)-& Ch
'
Dh
&,-

'&7-íþ%.-& .' 5-.- &%5%í*( 7-5 ('&ê'%)- *- ê-L)- z1 � õ-L'7)'5-& *%L.*î Dh
'
Ah
ê-(

45 7*5%Lþ- &4*ù' ü4*íü4'( γ+ ∈ D+
î ' .' 5-.- *L6í-�- í%�*5-& Bh

'
Ch
ê-( 45*

74(ù* γ− ∈ D−
� ï�-(* &'ð* γ∗ * 74(ù* �'7þ*.* -(%'L)*.* L- &'L)%.- ê-&%)%ù-î -4 &'ð*î*L)%2þ-(6(%- �-(5*.* ê-( γ+

'
γ−
ð4L)*5'L)' 7-5 -& &'�5'L)-& Ahz0, z0Bh, Chz1, z1Dh.õ-L'(* '�4(* ��

õ-5-
log

(
1

z − t

)
=

∫

γ

(
1

z − u

)
du, t ∈ γ,
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ê*(* ü4*íü4'( 74(ù* γ � $*ìî )'5-& ü4'
H+(Dh) −H+(Ah) −H−(Ch) +H−(Bh) =

∫

Γ

∫

γ∗

1

u− t
dudµ(t) %����&

−
∫

Γ

∫

Ahz0

1

u− t
dudµ(t) −

∫

Γ

∫

z0Bh

1

u− t
dudµ(t)

−
∫

Γ

∫

Chz1

1

u− t
dudµ(t) −

∫

Γ

∫

z1Dh

1

u− t
dudµ(t).

0*(* *& %L)'�(*%& L- &'�5'L)- Ahz0
)'5-& *& &'�4%L)'& '&)%5*)%ù*&M

∫

Ahz0

1

|u− t|d|u| ≤
{

Ch/|t− z0|
&' |t− z0| ≥ h

C + logCh/|t− z0|
&' |t− z0| < h,

ö&)*& '&)%5*)%ù*& &' ë*&'%*5 L- �*)- .' &' '	'(5-& 45 .%&7- '5 )-(L- .' z0 .' (*%- hî'L),- L- ê(%5'%(- 7*&- - %L)'�(*L.- � í%5%)*.- ê-( 1/|t−z0| � öL),-î .' ('&4í)*.- 7í6&&%7-.' 76í74í- 7-5 ù*(%6ù'%& 7-5êí'÷*& L-& .* ü4' * %L)'�(*í � í%5%)*.* ê'í- í%5%)*L)' .-
%L)'�(*L.- 54í)%êí%7*.- ê'í- 7-5ê(%5'L)- .* 74(ù* -L.' '&)*5-& �*	'L.- * %L)'�(*+,-�
�- &'�4L.- 7*&- * %L)'�(*í L- &'�4%5'L)- � 5'L-( .- ü4' * %L)'�(*í L- .%&7-î .' -L.'
&'�4' * .'&%�4*í.*.' *7%5*�

�*& .'&%�4*í.*.'& *7%5*î )'5-& ü4' * 7-L&)*L)' C %L.'ê'L.'L)' .' h ' t ∈ Γ
î 5*&

ê-.' .'ê'L.'( .- θ '÷*.- %L'&)' ê-L)- � ü4' L'7'&&%)*5-& ü4' - ê-L)- Ah ∈ S
(θ)
0,+
&� õ-5-

)'5-& ü4' &4ê-( ü4' Uµ(z0)
� 'L%)-î %&)- �î ü4' log 1/|t − z0|

� %L)'�(6ù'í 7-5 ('&ê'%)-
� 5'.%.* µ î ê-.'5-& .'.4	%( ê'í*& 5'&5*& (*	�'& ü4' '5 z0Bh, Chz1

'
z1Dh

- ù*í-( .*
%L)'�(*í %L)'(%-(

∫

γ∗

1

u− t
du %���E&

� %L)'�(6ù'í 7-5 ('&ê'%)- * dµ(t)� ïí�5 .%&&-î &' '	'(5-& h → 0
î 'L),- -& ê-L)-& Ah

'
Bh
)'L.'5 * z0 ' Dh

'
Ch
)'L.'5 * z1 � õ-5- '5 *5ë-& -& 7*&-& * 7-Lù'(�óL7%* � '5&'L)%.- -ê-&)-î 7-L7í4ì5-& ü4' )4.- &' 7*L7'í*� $*ìî

lim
h→0

∫

Γ

∫

Ahz0

1

u− t
dudµ(t) +

∫

Γ

∫

z0Bh

1

u− t
dudµ(t)

+

∫

Γ

∫

Chz1

1

u− t
dudµ(t) +

∫

Γ

∫

z1Dh

1

u− t
dudµ(t) = 0, %���F&

-L.' &4ê-5-& *ê'L*& ü4' * 7-Lù'(�óL7%* � L,-2)*L�'L7%*í�



â�' Ê¢¦ªË¢¸¬´Ì§ «¬ �¢«¤«¬ «¢ ��ª¤ä�¸¤§ º¯
ý*	'L.- 4&- .* �1(54í*

∫

γ∗

1

u− t
du =

{
2πi

&'
t ∈ γ∗

0
&'

t 6∈ γ∗,

'5 %���E& � 2πi� ý%L*í5'L)'î -ë)'5-& .' %����& ' %���F& ü4'
lim
h→0

(H+(Dh) −H+(Ah) −H−(Ch) +H−(Bh)) = 2πiµ(Γ[z0,z1]).

ï '÷%&)óL7%* .- í%5%)' * '&ü4'(.* 5-&)(* ü4' - í%5%)' L,-2)*L�'L7%*í H±(z±)
'÷%&)' '5

)-.- ê-L)- .' γ î ' -ë)'5-& * �1(54í* 'L4L7%*.* L- )'-('5*
H+(z+

1 ) −H+(z+
0 ) −H−(z−1 ) +H−(z+

0 ) = 2πiµ(Γ[z0,z1]). �

D
h

A
h

B
h

C
h

Γ

z
0

z
1D+

D -

ý%�4(* �M ñ.�%* 3'-5�)(%7* .* $'5-L&)(*+,-

z×XãÖ;<Ù L{Ï{ �� ����� z0 ∈ Γ � �� ����� �� Æ�®����� �� ��~ ������ f �����~ ��
Γ
��� ������� ~ ����~ �� ���������� �� ~��� ds ��

lim
z→z0,z∈Γ

1

s(Γ[z0,z])

∫

Γ[z0,z]

|f(z) − f(z0)|ds = 0.

�- ê(1÷%5- )'-('5* �*('5-& 4&- .' .-%& ('&4í)*.-& ü4' 'L4L7%*('5-& &'5 .'5-L2
&)(*+,-�
�×Ùß×ÞÝ L{Ø %�×Ùß×ÞÝ áÝ ÜÙßß×Ú>ÙãáTã.ÖÝ ×ãäß× @ßÙãä×ÖßÝÚì{ |�}~�D �� ������
����������� ������ � ���~�� �� �������~ Γ

�� f(z)
��~ ~���~��� ���� ���� ��� ~���~

D
�� ���� ���Ò�� � ���~�� |z| ≤ 1 � ������ ���~ ~���~��� ���~ � ������ ��D �� ����

|z| < 1
�

Γ
�~ �������~ �� ���� |z| = 1.

ö&)' )'-('5* ë'5 7-5- &4* .'5-L&)(*+,- ê-.' &'( 'L7-L)(*.* '5 i��î ê*�O�j�
K ê(1÷%5- )'-('5* �-(L'7' 45* 7-L.%+,- ê*(* ü4' - í%5%)' L,-2)*L�'L7%*í '÷%&)*�
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0-(�5 'í' ù'(&* *ê'L*& &-ë(' .-5ìL%-& L- .%&7-� 0*(* .-5ìL%-& D 5*%& �'(*%&î ê-.'5-&
4)%í%	*( - )'-('5* *L)'(%-( ê*(* -ë)'( 45* 7-(('&ê-L.óL7%* 'L)(' - .%&7- ' D �
�×Ùß×ÞÝ L{8ß %@ÝäÙ:ì{ |�}~ f ��~ ������ �~��Å��~ �������~ ��� ���~��~� �����~�� ���� ���Ò��� ������ f ��� ���� �����~�����~� �~�~ ��~�� ���� ����� z �����������~� ������� ���Ò���
ö&)' )'-('5* ë'5 7-5- &4* .'5-L&)(*+,- ê-.'5 &'( 'L7-L)(*.*& '5 iOî ê*��Dj�

ÜÙßÙÕWßÖÙ L{G{ ê ������~�� �� 9~���� ���� ��� �������� �~�~ ��~����� ������ D ���
�������~ Γ �
$' ê-&&' .'&)'& ('&4í)*.-&î '&)*5-& ê(-L)-& ê*(* 'L4L7%*( ' .'5-L&)(*( - ê(%L7%ê*í

('&4í)*.- .'&)* &'+,-�
�×Ùß×ÞÝ L{88{ |�����~��� ��� ~ ���������� �� Sw

��� � ������ D � ��~ ����~ Γ������ C1+δ � ��� δ > 0
� �����~��� ��� n+(z)

�
n−(z) �������� ~ ����~� ~ �������~Ú�������� ~ ����~ Ý �� Γ

�� ����� z ∈ Γ.
|�����~ ��� � ������~� Uµ ∈ Lip1

�� ��~
����~��~ �� Γ � ������ ~ ����~ µ �� Γ � ���~������ ~®�����~����� �������~ ���������� ~ ����~ �� ���������� �� ~��� ds� � ����� ~ ���������~���

dµ = − 1

2π

(
∂Uµ

∂n+
(s) +

∂Uµ

∂n−
(s)

)
ds.

z×ÞÙãÚäßÝ;<Ù0 õ-5'+*5-& -ë&'(ù*L.- ü4'î &' - ê-)'L7%*í Uµ � Lip1
'5 45* ù%	%L2

þ*L+* .' Γ
î 'L),- *& .'(%ù*.*& .%('7%-L*%& .' Uµ L*& .%('+�'& .' n±(z)

&,- 7-L)ìL4*& '5
ü4*&' )-.- ê-L)- z 7-5 ('&ê'%)- * 5'.%.* .' 7-5ê(%5'L)- .' *(7-� $' �*)-î &'ð* ê-('÷'5êí- E ⊂ D 45 .-5ìL%- &%5êí'&5'L)' 7-L'÷- 7-5 �(-L)'%(* .' 7í*&&' C1 î í%5%)*.*
ê-( *í�45 *(7- Γ′ ⊂ Γ .- í*.- '&ü4'(.- 7-5 * ê(-ê(%'.*.' ü4' Uµ � Lip1

'5
E � �'ð*

h 45* �4L+,- *L*íì)%7* '5 E
7-5 ê*()' ('*í %�4*í * Uµ � $- �*)- .' Uµ &'( Lip1

&'�4'
ü4' * .'(%ù*.* .%('7%-L*í .' Uµ � 4L%�-(5'5'L)' í%5%)*.* '5 E � õ-L&'ü4'L)'5'L)'î *&öü4*+�'& .' õ*47þ"2�%'5*LL %5êí%7*5 ü4' h′ � í%5%)*.* '5 E � $'&)* �-(5*î .' *7-(.-7-5 - õ-(-í6(%- ��C - í%5%)' L,-2)*L�'L7%*í .- í*.- '&ü4'(.- '÷%&)' '5 z ê*(* ü4*&' )-.-
ê-L)- z ∈ Γ′ � 0-()*L)-î ê-.'5-& ù'( ü4' '5 )-.- )*í z * .'(%ù*.* L-(5*í ∂Uµ/∂n+'÷%&)' ' � - í%5%)' .* .'(%ù*.* .%('7%-L*í .' Uµ L* .%('+,- .' n+(z)

ü4*L.- z′ → z .'�-(5* L,-2)*L�'L7%*í� �'L.- ü4' E �-% '&7-íþ%.- .' �-(5* *(ë%)(6(%*î * *'(5*+,- L- ü4'
&' ('�'(' * 7-L)%L4%.*.' .* .'(%ù*.* .%('7%-L*í &'�4' '5 ü4*&' )-.- ê-L)- z ∈ D 7-5('&ê'%)- * 5'.%.* .' 7-5ê(%5'L)- .' *(7- ds�
0*(* ê(-ù*( - )'-('5* &-ë(' *& þ%ê1)'&'& *ü4% '&)*ë'í'7%.*&î )-5'5-& .-%& ê-L)-& .'

A,B ∈ Γ
' 7-L'7)'5-& A ' B ê-( .4*& 74(ù*& &4*ù'& .' �-(.*L γ+ ' γ− ê-&%7%-L*.*& .-&
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í*.-& '&ü4'(.-& ' .%('%)-& .' Γ

('&ê'7)%ù*5'L)'� �'ð* z0 ü4*íü4'( ê-L)- .- %L)'(%-( .-*(7- Γ[A,B]
' 7-L&)(4* 45 ê'ü4'L- 7ì(74í- Cr(z0)

.' 7'L)(- '5 z0
.' (*%- r &4'7%'L)'5'L)'

ê'ü4'L- ê*(* ü4' - .%&7- í%5%)*.- ê-( Cr(z0)
'&)'ð* L- %L)'(%-( .* ('�%,- í%5%)*.* ê'í*&

74(ù*& γ+ ' γ− � �'ð*5 C
'
D -& ê-L)-& -L.' - 7ì(74í- Cr(z0)

%L)'(7'ê)* * 74(ù* Γ�$''L%5-& *& 74(ù*& Γ+ ' Γ− î -L.' Γ+ � * 74(ù* �-(5*.* ê'í*& 74(ù*& γ+ -& *(7-& Γ[A,B]
'

Γ[C,D]
' * ê*()' .- 7ì(74í- Cr(z0)

ü4' '&)6 .- í*.- '&ü4'(.- .' Γ� ï 74(ù* Γ− � 7-5ê-&)*
ê'í*& 74(ù*& γ− -& *(7-& Γ[B,D]

'
Γ[B,A]

' * ê*()' .- 7ì(74í- Cr(z0)
ü4' '&)6 .- í*.- .%('%)-

.' Γ� ïí�5 .%&&-î 7þ*5*5-& .' R±
* ('�%,- í%5%)*.* ê'í*& 74(ù*& Γ± � õ-L'(* * '�4(* C�

ý*	'L.- u = Uµ ' v(z) = log 1/|z − z0| î ê-.'5-& -ë)'( .* ý1(54í* .' 3(''L %��C�&ü4'
∫

R+

(v∆u− u∆v) dm = −
∫

Γ+

(
v
∂u

∂n
− u

∂v

∂n

)
ds. %���O&

$' �*)-î &' u �-( .%�'('L7%6ù'í '5 Γ[A,B]
î 'L),- %���O& ê-.' &'( -ë)%.- .* �1(54í* .' 3(''L

%��C�&� $'&)* �-(5*î �*	'L.- 4&- .* 7-L)%L4%.*.' .*& .'(%ù*.*& 'Lù-íù%.*& ë'5 7-5- .-
�*)- .' 'í*& &'('5 í%5%)*.*&î -ë)'5-&

∫

Γ[A,B]

v
∂u

∂n
ds −

∫

Γ[C,D]

v
∂u

∂n
ds

=

∫

Γ+

u
∂v

∂n
ds−

∫

γ+

v
∂u

∂n
ds−

∫

Cr(z0)[C,D]

v
∂u

∂n
ds.

ï �1(54í* 7-(('&ê-L.'L)' ê*(* * ('�%,- R−
�

∫

Γ[A,B]

v
∂u

∂n
ds −

∫

Γ[C,D]

v
∂u

∂n
ds

=

∫

Γ−

u
∂v

∂n
ds−

∫

γ−

v
∂u

∂n
ds−

∫

Cr(z0)[C,D]

v
∂u

∂n
ds,

-L.' -& *(7-& Cr(zo)[C,D]
L*& .4*& �1(54í*& )'5 &'L)%.-& -ê-&)-&� �-5*L.- '&)*& .4*&

�1(54í*& ' �*	'L.- 4&- .- �*)- ü4' '5 Γ
*& .4*& .'(%ù*.*& L-& ê(%5'%(-& )'(5-& L-&

í*.-& .%('%)-& )'5 ù*í-('& -ê-&)-& %∂v/∂n ü4'( .%	'( ü4' * .%('+,- � L* .%('+,- .* L-(5*í%L)'(%-( .' R+
'
R−
î ('&ê'7)%ù*5'L)'î ' '5 Γ

'&)*& .%('+�'& &,- -ê-&)*&&î -ë)'5-&
∫

Γ[A,B]

(
v
∂u

∂n−
+ v

∂u

∂n+

)
ds−

∫

Γ[C,D]

(
v
∂u

∂n−
+ v

∂u

∂n+

)
ds

=

∫

γ+ Hγ−

(
u
∂v

∂n
− v

∂u

∂n

)
ds+

∫

Cr(z0)

(
u
∂v

∂n
− v

∂u

∂n

)
ds, z0 ∈ Γ, %���D&

-L.' L- í*.- '&ü4'(.- *& .'(%ù*.*& ∂v/∂n−
'
∂v/∂n+

.' u &,- L* .%('+,- .* .%('%)* '
.* '&ü4'(.* .' Γ

î 'Lü4*L)- * .%�'('L7%*+,- L- í*.- .%('%)- � 7-5 ('&ê'%)- *& L-(5*%&



â�' Ê¢¦ªË¢¸¬´Ì§ «¬ �¢«¤«¬ «¢ ��ª¤ä�¸¤§ ºº
%L)'(%-('& .*& ('�%�'& R+

⋃
R−.

»4*L.- z0 6∈ Γ
î 'L),- )'5-&

∫

Γ[A,B]

(
v
∂u

∂n−
+ v

∂u

∂n+

)
ds =

∫

γ+ Hγ−

(
u
∂v

∂n
− v

∂u

∂n

)
ds+, z0 6∈ Γ %���K&

K ê(%5'%(- )'(5- L- í*.- .%('%)- .' %���D& � 45* �4L+,- þ*(5�L%7* .' z0 î L* ('�%,-.')'(5%L*.* ê-( γ+
'
γ−
î 'Lü4*L)- ü4'î ê-(

∂v

∂n
(t) = −1

r
, t ∈ Cr(z0),

* &'�4L.* %L)'�(*í '5 %���D& ê-.' &'( '&7(%)* 7-5-
−2πu(z0) + o(1) +O(r log 1/r),

ê-%& - �*)- .' u = Uµ &'( Lip1
%5êí%7* ü4' *& .'(%ù*.*& .%('7%-L*%& &,- í%5%)*.*&� 0'í*

'&)%5*)%ù* ê*(* - ê-)'L7%*í �'%)* L- ô'5* C��î - &'�4L.- )'(5- L* '&ü4'(.* � .* -(.'5 .'
O(r log 1/r)� õ-L&'ü4'L)'5'L)'î ü4*L.- r → 0

î &4ë&)%)4%L.- z0 ê-( z -ë)'5-& * �1(54í*î

Uµ(z) = − 1

2π

∫

Γ[A,B]

(
∂Uµ

∂n−
(s) +

∂Uµ

∂n+
(s)

)
log

1

|z − s|ds+ g(z),

-L.' g � þ*(5�L%7* '5 45* ù%	%Lþ*L+* .- *(7- *ë'()- Γ[A,B]
� 0-()*L)-î * 5'.%.* µ î .'*7-(.- 7-5 - �'-('5* .* øL%7%.*.' ���î � .*.* ê'í* �1(54í*

dµ = − 1

2π

(
∂Uµ

∂n−
(s) +

∂Uµ

∂n+
(s)

)
ds

7-5- *'(5*5-&�
õ-5 %&)- 7-L7í4ì5-& * .'5-L&)(*+,- .- )'-('5*�

γ+
γ-

zz z
0

Γ
+

R
+

R
-

D

A

B

C

D

ý%�4(* CM ñ.�%* .* ñL)'�(*+,- L- �'-('5* ��E

�×Ùß×ÞÝ L{8={ |�����~��� ��� ~ ���������� �� Sw
��� � ������D � ��~ ����~ Γ
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������C1+δ � |�����~��� ���w ��} ~ �������~��~ � ~®�����~����� ������~ ��� �������~ ����~ �� ���������� �� ~��� � ��~ ����~�~ �� =~����I;��J� ���Ò �� Lp(ds) �~�~~���� 1 < p <∞ � ������

dµw(s) = − 1

2π

(
∂Uµw

∂n+

(s) +
∂Uµw

∂n−
(s)

)
ds

���� ∂/∂n±
�����~ ~ �� �����~��� �~� ����°�� ����~� F ����~ γ.



ÄÎ

K �bg���]e��

�'&)' 7*êì)4í- ù*5-& 5-&)(*( *í�45*& *êí%7*+�'& .-& ('&4í)*.-& -ë)%.-& *L)'(%-(2
5'L)'� �* ê(%5'%(* &'+,- 'L7-L)(*('5-& * 5'.%.* .' 'ü4%íìë(%- ê*(* -& ê'&-& .' ô*�4'(('
' �*7-ë%� ö L* &'�4L.* &'+,- �*('5-& - '&)4.- *&&%L)1)%7- .-& 	'(-& .-& ê-í%L�5%-& '÷2
)('5*%&�

ïlm �%opÕètÀ xo .ovoÂpquy¾Öt xy óoxqxy xo ��wqrè��Âqt
ï�-(* ù*5-& �*	'( 4&- .-& )'-('5*& .' -ë)'L+,- .* 5'.%.* .' 'ü4%íìë(%- ê*(* 'L7-L2

)(*( * 5'.%.* .' 'ü4%íìë(%- ê*(* .-%& ê'&-& 7í6&&%7-& .* )'-(%* .' ê-í%L�5%-&î -& ê'&-& .'
�*7-ë% ' ô*�4'(('�
ïL)'& ù*5-& 'L4L7%*( ' ê(-ù*( 45 í'5* ü4' &'(* 4)%í%	*.- ê*(* * .')'(5%L*+,- .*

5'.%.* .' 'ü4%íìë(%- ê*(* -& .-%& )%ê-& .' ê'&-&�
I×ÞÝ P{8{ |�}~� A = [a, b]

�

ζ = ϕ(z) :=

√
z − a+

√
z − b√

z − a−
√
z − b

, %E��&
���� ~ �~� � ���~�~ �� �~�� �� ��� ��~ �� �������~ ���� z �� ������ ������ ~������ �� 2���� ��� ���� �� ����� �����~ �� Ω = C \ A � �~�~ ���

gΩ(z,∞) = log |ϕ(z)| %E��&
z×ÞÙãÚäßÝ;<Ù0 ï .'5-L&)(*+,- &' ë*&'%* L- �*)- .' ü4'

gΩ(z,−∞) = −UµA(z) + log
1

cap(A)
,

7-5- ð6 7-Lþ'7'5-& * 7*ê*7%.*.' .- %L)'(ù*í-î ('&)* 7*í74í*( - ê-)'L7%*í UµA
î ê-(�5

L- ö÷'5êí- C�C 7*í74í*5-& '&)' ê-)'L7%*í ê*(* - 7*&- '5 ü4' - %L)'(ù*í- '(* [−1, 1]�



'�  ��¢£Ëä§¶ «¢ +¢©¢¸£¤¨¬´Ì§ «¬ �¢«¤«¬ «¢ ��ª¤ä�¸¤§ ÄY
0-()*L)-î ê('7%&*5-& *ê'L*& �*	'( 45* 54.*L+* .' ù*(%6ù'í ê*(* -ë)'( E���
L���� !���� � �	��A�
K& ê'&-& .' �*7-ë% &,- .* �-(5* w(x) = (1 − x)λ1(1 + x)λ2

7-5 λ1
'
λ2
ê-&%)%ù-& '

A = [−1, 1]� �-&&- -ëð')%ù- � 5-&)(*( ü4' * 5'.%.* .' 'ü4%íìë(%- ê*(* ê'&-& .' �*7-ë% �
.*.* ê-(

dµw(x) =
1 + λ1 + λ2

π(1 − x2)

√
(x− a)(b− x)dx, a < x < b.

õ-Lþ'7'L.- - &4ê-()' .* 5'.%.* .' 'ü4%íìë(%-î ü4' �-% 'L7-L)(*.- L* �'+,- �����î
ê-.'5-& 'L7-L)(*( - ê-)'L7%*í .' 'ü4%íìë(%- *)(*ù�& .- �'-('5* C���� 0*(* - ê'&- .'
�*7-ë% - ê-)'L7%*í .' 'ü4%íìë(%- � .*.- ê-(

Uµw(z) = g(z) − gΩ(z,∞) + Fw = g(z) − log |ϕ(z)| + Fw,

&'L.- g(z) * &-í4+,- .- ê(-ëí'5* .' $%(%7þí') 7-5 �4L+,- .' �(-L)'%(* −Qî ü4' � .*.*
ê-(

g(z) = h(z) − λ1 log

∣∣∣∣
ζ − ζ1
ζ1ζ − 1

∣∣∣∣− λ2 log

∣∣∣∣
ζ − ζ−1

ζ−1ζ − 1

∣∣∣∣− (λ1 + λ2) log |ζ |,
-L.' ϕ(z)

�-% .''L%.* L- ô'5* E�� ' ζ−1 = ϕ(−1)
'
ζ1 = ϕ(1),

7-5 a, b
'÷)('5-& .-

&4ê-()' .* 5'.%.* .' 'ü4%íìë(%- ü4' �-(*5 'L7-L)(*.-& L* &'+,- ������ ïí�5 .%&&-î
h(z) := λ1 log |1 − z| + λ2 log |1 + z|,

&'L.- g(z) * &-í4+,- .- ê(-ëí'5* .' $%(%7þí') 7-5 �4L+,- .' �(-L)'%(* −Q�
0*(* ê-.'(5-& 4)%í%	*( - �'-('5* ����î )'5-& ü4' 7*í74í*( *& .'(%ù*.*& L*& .%('+�'&

L-(5*%& ∂Uµw/∂n±
� 0(%5'%(*5'L)'î ù*5-& 7*í74í*(

D(z) =
d

dz

{
−λ1 log

(
ζ − ζ1
ζ1ζ − 1

)
− λ2 log

(
ζ − ζ−1

ζ−1ζ − 1

)
− (1 + λ1 + λ2) log(ζ)

}

=
dζ

dz

{
−λ1

(ζ1ζ − 1) − ζ1(ζ − ζ1)

(ζ − ζ1)(ζ1ζ − 1)
− λ2

(ζ−1ζ − 1) − ζ−1(ζ − ζ−1)

(ζ − ζ−1)(ζ−1ζ − 1)
− (1 + λ1 + λ2)

1

ζ

}

=
dζ

dz



−λ1

(
ζ1 − 1

ζ1

)

(ζ − ζ1)
(
ζ − 1

ζ1

) − λ2

(
ζ−1 − 1

ζ−1

)

(ζ − ζ−1)
(
ζ − 1

ζ−1

) − (1 + λ1 + λ2)
1

ζ



 .

%E�C&



'�  ��¢£Ëä§¶ «¢ +¢©¢¸£¤¨¬´Ì§ «¬ �¢«¤«¬ «¢ ��ª¤ä�¸¤§ ÄZ
$' %E��& ù*í'5 *& &'�4%L)'& %.'L)%.*.'&

dζ

dz
=

ζ√
(z − a)(z − b)

, (ζ − ζ±1)

(
ζ − 1

ζ±1

)
=

4(z
−
+ 1)ζ

b− a
,

%E��&
ζ1 −

1

ζ1
=

4
√

(1 − a)(1 − b)

b− a
, ζ−1 −

1

ζ−1

=
4
√

(1 + a)(1 + b)

b− a
,

-L.' * (*ì	 � ê-&%)%ù*� õ-L&'ü4'L)'5'L)'î &4ë&)%)4%L.- %E��& '5 %E�C&î -ë)'5-&

D(z) =
1√

(z − a)(z − b)

[
−λ1

√
(1 − a)(1 − b)

z − 1
+ λ2

√
(1 + a)(1 + b)

z + 1
− (1 + λ1 + λ2)

]
.

ö&)'& ('&4í)*.-&î ð4L)*5'L)' 7-5 -& ù*í-('& .' a, b ü4' -ë)%ù'5-& L* �'+,- �����î 5-&)(*5ü4' D(z)
L,- &' *L4í* L-& ê-L)-& a ' b� $'&)* �-(5*î

D(z) =
1√

(z − a)(z − b)

[
(1 + λ1 + λ2)(z − a)(z − b)

1 − z2

]

%E�E&
= (1 + λ1 + λ2)

√
(z − a)(z − b)

1 − z2
.

ý%L*í5'L)'î &'L.- ∂h/∂n+ = 0

∂Uµw (x)

∂n+

= Re{ lim
z→x,Imz>0

{iD(z)}}

=
1 + λ1 + λ2

1 − x2

√
(x− a)(b− x), a < x < b,

�'L.-
∂Uµw (x)

∂n+
=
∂Uµw (x)

∂n−
,

&'�4'î .- �'-('5* ����î ü4'
dµw(x) =

1 + λ1 + λ2

π(1 − x2)

√
(x− a)(b− x)dx, a < x < b.

L���B !���� � C	�D����
K& ê'&-& .' ô*�4'((' &,- .* �-(5* w(x) = xse−λx, A = [0,∞), -L.' s > 0, λ > 0 �0(-ù*5-& L* �'+,- �����î ü4' - &4ê-()' .* 5'.%.* .' 'ü4%íìë(%- ê*(* ê'&-& .' ô*�4'(('

� 45 %L)'(ù*í- Sw = [a, b]
î ' 7*í74í*5-& -& '÷)('5-& .'&)' %L)'(ù*í-� õ-L&'ü4'L)'5'L)'î



'�  ��¢£Ëä§¶ «¢ +¢©¢¸£¤¨¬´Ì§ «¬ �¢«¤«¬ «¢ ��ª¤ä�¸¤§ Ä_
ê-.'5-& 4&*( - �'-('5* C��� ' 'L7-L)(*( - ê-)'L7%*í .* 5'.%.* .' 'ü4%íìë(%-î ü4' � .*.-
ê-(

Uµw (z) = s log |z| − λRez − s log

∣∣∣∣
ζ − ζ0
ζ0ζ − 1

∣∣∣∣

+ λRe
√

(z − a)(z − b) − (1 + s) log |ζ | + Fw,

-L.' ζ = ϕ(z)
'
ζ0 = ϕ(0).

0-.'5-& 4&*( - �'-('5* C��� ê*(* ê(-ù*( ü4' - ê-)'L7%*í �
.' �*)- .*.- ê'í* �1(54í* *7%5*�
0*(* 7*í74í*( ∂Uµw (x)/∂n+

ù*5-& &4ê-( ü4' s > 0
'î ê(-7'.'5-& 7-5- L- 7*&- .-&

ê'&-& .' �*7-ë%î 7*í74í*L.- ê(%5'%(*5'L)'

H(z) :=
d

dz

{
−s log

(
ζ − ζ0
ζζ0 − 1

)
− (1 + s) log ζ + λ

√
(z − a)(z − b)

}

=
dζ

dz



−s

ζ0 − 1
ζ0

(ζ − ζ0)
(
ζ − 1

ζ0

) − (1 + s)
1

ζ



+

λ

2

(2z − a− b)√
(z − a)(z − b)

. %E�F&
$*& %.'L)%.*.'&

dζ

dz
=

ζ√
(z − a)(z − b)

, (ζ − ζ0)

(
ζ − 1

ζ0

)
=

4zζ

b− a
, ζ0 −

1

ζ0
= −4

√
ab

b− a
,

'L7-L)(*5-&
H(z) =

1√
(z − a)(z − b)

(
λ(z − a)(z − b)

z

)
.

0-()*L)-î )'5-&
∂Uµw (x)

∂n+

= Re{ lim
z→x,Imz>0

{iH(z)}}

= −λ
√

(x− a)(x− b)

x
, a < x < b.

�'L.-
∂Uµw (x)

∂n+
=
∂Uµw (x)

∂n−
,

&'�4'î .- �'-('5* ����î ü4'
dµw(x) = − λ

πx

√
(x− a)(x− b)dx, a < x < b.

ö5ë-(* &4ê-5-& ü4' s > 0
L*& .'(%ù*.*& *7%5*î * �1(54í* 7-L)%L4* ù6í%.* ê*(* -



'�� 	§¨M¢ �̧N¨¦¤¬ «¬ �¢«¤«¬ 	§¨©¬«§¸¬ «¢ O¢¸§¶ P§¸£¬ä¤
¬«¬ Ä
7*&- '5 ü4' s = 0 � 0*(* '&)' 7*&-î )'5-& ü4' a = 0

'
b = 2/λ� ï&&%5î

dµw(x) =
λ

π

√
(2/λ) − x

x
dx, 0 < x < 2/λ.

ïlk �tuQoÂñRusqy xy óoxqxy �tuvyxtÂy xo SoÂtÀ TtÂr
pyèq�yxy

L�B�� !����U
��� �V���
	��
�'&)* &'+,- '&)4.*('5-& * 5'.%.* 7-L)*.-(* .' 	'(-& L-(5*í%	*.* .-& ê-í%L�5%-&

'÷)('5*%&�
õ-5'+*5-& �-(L'7'L.- *í�45*& .''L%+�'& û)'%& L'&)' 7-L)'÷)-�
õ-5- L- 7*&- .*& �4L+�'& .' 3(''L 7-5 ê-í- L- %L'L%)-î ê-.'5-& .''L%( *& �4L+�'&

.' 3(''L 7-5 ê-í- '5 45 Lû5'(- 'L%)- z0 7-5- &'�4'�z×XãÖ;<Ù P{8{ |�}~ G ⊂ C
�� ���}���� ������ �� �~�~��~�� �����~� Ù ������ ��2���� ��� ���� �� ����� z0 ∈ G� �� ����� � � à��~� � ~ ������ gG(z, z0)

�� G
��� ~�

�������� �������~����
(a) gG(z, z0) � �������~��~� �~��Å��~ �� G \ {z0}

� ���~�~ �� ���� ���}���� �~
� ���~ G \ Uz0 � ���� Uz0 � ��~����� ����~��~ �� z0 �

(b) lim
|z|→∞

(gG(z, z0) − log
1

|z − z0|
) � ���~�~ �� ��~ ����~��~ Uz0 \ {z0}�

(c) lim
z→x,z∈G

(gG(z, z0)) = 0� �~�~ ���~�� ���� ������ x ∈ ∂G.

ö&)* �4L+,- ê-.' &'( -ë)%.* * ê*()%( .' 45* �4L+,- 7-5 ê-í- L- %L'L%)-î .* &'�4%L)'
�-(5*M

gG(z, z0) = gG̃(
1

z − z0
,∞),

-L.' G̃ � - .-5ìL%- ü4' &' -ë)�5 7-5- %5*�'5 .' G ê'í* *êí%7*+,- .' /1ë%4& 1/(z−z0)�0*(* .'5-L&)(*(5-& * '÷%&)óL7%* ' 4L%7%.*.' ê*(* 45 .-5ìL%- G &%5êí'&5'L)' 7-L'÷-î74ð* �(-L)'%(* ∂G )'Lþ* 7*ê*7%.*.' ê-&%)%ù*î ê(%5'%(*5'L)' )-5*5-& 45* *êí%7*+,- 7-L2�-(5' ψ ü4' )(*L&�-(5* G &-ë(' - .%&7- 4L%)6(%- í'ù*L.- z0 L* -(%�'5� ö5 &'�4%.*.''L%5-& gG(z, z0) = log(1/|ψ(z)|)� ï �4L+,- gG
.''L%.* .'&)* �-(5*î &*)%&�*	 *& ê(-2

ê(%'.*.'& .''L%.*& *7%5*�
ïë*%÷- �-(L'7'5-& 45 �'-('5* 7-5 45* %5ê-()*L)' ê(-ê(%'.*.' .*& �4L+�'& .'

3(''L�
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�×Ùß×ÞÝ P{8{ �~�~ ����� z, z0 ∈ G� �����

gG(z, z0) = gG(z0, z).

ï .'5-L&)(*+,-î ê-.' &'( 'L7-L)(*.* '5 i�Cj ' i��j�
z×XãÖ;<Ù P{={ |�}~ Pn

�� ����Å�� �� ��~� ��~�~����� n �
z1, z2, . . . , zn

���� ������Ù ����~ ����~���~ �� ����� ����~��~�~ ��� ������� ~� ����Å�� Pn � �����~ ����

νn :=
1

n

n∑

k=1

δzk
,

���� δ � ~ ����~ �� 
�~� ��� �~��~ �� zk.

z×XãÖ;<Ù P{G{ ê ������� ������~� �sup
z∈H

� h(z) � � ����� �à����U �~�~ � ��~� ~ ������
h
���~ �~����� �~���� �� ��� U ������� �� �� ���}���� �� �~�~��~�� ���~�
Ç�� ®~�� ���� � �������� �������� ~ ����~ �� ������� ������~� ���� ������

‖f‖∗H := inf{U : |f(z)| ≤ U
�� ���~�� ���� ������ de H}.

K �'-('5* C�D L-& �-(L'7' 45 í%5%)*L)' %L�'(%-( ê*(* ê'&-& ê-í%L-5%*%&î 7-5- &'�4'M
lim inf
n→∞

(‖wnTn‖∗A) ≥ exp(−Fw).

�'ð*5
Pn
-& ê-í%L�5%-& 5�L%7-& '÷)('5*%& ü4' &*)%&�*	'5

lim
n→∞

(‖wnTn‖∗A) = exp(−Fw), %E�O&
-L.' ‖ · ‖∗ � * L-(5* .- &4ê('5- '&&'L7%*í�
�×Ùß×ÞÝ P{= %I×ÞÝ á× U×ãÚä×Öã-WÝÕÚ/ì{ |�}~ w : A → [0,∞)

�� ���� ~���������|�
Pn � �� ����Å�� �� ��~� �� �Ò��� n �

|w(z)nPn(z)| ≤M, �~�~ ���~�� ���� ������ z ∈ Sw,
%E�D&

����� �~�~ ���� z ∈ C�
|Pn(z)| ≤M exp(n(−Uµw + Fw)). %E�K&

ö&)' � 45 )'-('5* ü4' ù*5-& *.5%)%( &'5 .'5-L&)(*+,-î ê*(* ü4' ê-&&*5-& *L*í%&*(
� 7-Lù'(�óL7%* .* 5'.%.* 7-L)*.-(* .' 	'(-& L-(5*í%	*.* .' ê-í%L�5%-& '÷)('5*%&� 0-(�5
&4* .'5-L&)(*+,- ê-.' &'( 'L7-L)(*.* '5 i��j î i�Cj ' i�Oj�
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�-&&- -ëð')%ù- � '&)*ë'í'7'( &-ë ü4*%& 7-L.%+�'&î * 5'.%.* 7-L)*.-(* .' 	'(-& L-(2

5*í%	*.* νn
7-5 ('&ê'%)- * Pn

î 7-Lù'(�' �(*7*5'L)'∗ ê*(* * 5'.%.* .' 'ü4%íìë(%- µw
�

�×Ùß×ÞÝ P{G{ |�}~� X �� ���� ~�������� �~� ��� Sw � �� ���}���� �� ����~ ���~
��� ������� ~ ����~ �� Æ�®����� �� ��~��� {Pn}

��~ �������~ �� ����Å��� �� ��~�
��~�~����� n �~��� ~����� (Þ�Y) � νn

~ ����~ ����~���~ �� ����� ����~��~�~ �� Pn �
����� ~� �������� ~���~�°�� ��� ����~�������

(a) νn
∗→ µw

��~��� n→ ∞ �~ �������~ fraca∗ �
(b) �~�~ ���~ ���������� ���~�~ E ��

C \ Sw
� ���~ ��®�������~ N �� �à�����

�~���~� �Ò �� z0 ∈ E
� ��~ ��®�������~N1 ⊂ N �~� ���
lim

n→∞,n∈N1

|Pn(z0)|1/n = exp(−Uµw (z0)).
%E���&

ïL)'& .' .'5-L&)(*(5-&î ù*5-& �-(L'7'( *í�4L& í'5*& ü4' &'(,- 4)%í%	*.-& L* .'5-L2
&)(*+,-�
I×ÞÝ P{={ |�}~� w

�� ���� ~��������� {Pn}
��~ �������~ �� ����Å��� �Å����

�� ��~� ��~�~����� n �~��� ~����� (Þ�Y) � νn
~ ����~ ����~���~ �� ����� ����~��~�~

~����~�~� ������ νn(K) → 0 ��~��� n → ∞ �~�~ ���� ��®���}���� � ���~�� K �~
���������� ���~�~ Ω

��
C \ Sw �

z×ÞÙãÚäßÝ;<Ù0 $''L%5-& * �4L+,-
gn(z) =

1

n
log |Pn(z)| −

∫
log |z − t|dµw(t) +

1

n

∑

zn,k∈Ω

gΩ(z, zn,k),

-L.' {zn,k}
&,- -& 	'(-& .' Pn

î
gΩ(z, zn,k)

&,- *& �4L+�'& .' 3(''L 7-5 ê1í-& L-& 	'(-&
.' Pn

'
Ω
� * 7-5ê-L'L)' %í%5%)*.* .'

C \ Sw
� $''L%.* .'&)* �-(5*î gn(z)

� þ*(5�L%7*
'5

Ω
î %L7í4&%ù' L- ∞ î ê-%& * �4L+,- .' 3(''L � þ*(5�L%7* ê-( .''L%+,-î - ê-)'L7%*í� þ*(5�L%7- L-& ê-L)-& ü4' L,- ê'()'L7'5 * Sw

' * ê(%5'%(* �4L+,-î '5ë-(* L,- &'ð*
þ*(5�L%7* L-& 	'(-&î &' 7-5ê-()* *ê(-÷%5*.*5'L)' 7-5- 45* 7-L&)*L)' L'&)'& 	'(-&î
ü4*L.- &-5*.* � �4L+,- .' 3(''L � 0-()*L)-î .- �'-('5* C�Cî %)'5 %'&î .* 0(-ê(%'.*.'
%7& .* .''L%+,- .' �4L+,- .' 3(''L ' .' %E�O&î &'�4' ü4'

lim sup
z→z′,z∈Ω

gn(z) = lim sup
z→z′,z∈Ω

gn(z) +Q(z) −Q(z) ≤ εn

ê*(* úü4*&' )-.- ê-L)-ÿ z′ ∈ ∂Ω
î -L.' εn → 0

ü4*L.- n→ ∞ � 0'í- 0(%L7ìê%- .- /6÷%5-
3'L'(*í%	*.- - ü4*í � 45* ù*(%*+,- .- �'-('5* C�Kî )'5-& gn(z) ≤ εn

'5
Ω� $*ìî .'
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ê'í- �'-('5* E��î &'�4' ü4'

1

n

∑

zn,k∈Ω

gΩ(∞, zn,k) =
1

n

∑

zn,k∈Ω

gΩ(zn,k,∞) ≤ εn,

-4 'ü4%ù*í'L)'5'L)'î

0 ≤
∫
gΩ(z,∞)dνΩ

n (z) ≤ εn,
%E���&

-L.'
νΩ

n :=
1

n

∑

zn,k∈Ω

δzn,k
,

-4 &'ð*î � * ('&)(%+,- .' νn
*- 7-Lð4L)- Ω.

0-()*L)-î
∫
gΩ(z,∞)dνΩ

n (z) → 0, quando n→ ∞.

õ-5- ê*(* )-.- K ⊂ Ω
�'7þ*.-î )'5-& gΩ(z,∞) ≥ C > 0 � öL),-î .'ù'5-& )'( -ë(%�*)-2(%*5'L)'

νn(K) → 0
ü4*L.- n→ ∞. �

I×ÞÝ P{G{ |�}~� w
�� ���� ~��������� {Pn}

��~ �������~ �� ����Å��� �Å����
�� ��~� ��~�~����� n �~��� ~����� (Þ�Y) � νn

~ ����~ ����~���~ �� ����� ����~��~�~
~����~�~� ����� νn(K) → 0� ��~��� n → ∞ �~�~ ���� ��®���}���� ����~��� K �~
���������� ���~�~ E ��

C \ Sw �
z×ÞÙãÚäßÝ;<Ù0 �' E � * 7-5ê-L'L)' í%5%)*.* .' C \ Sw

î 'L),- 7-L&%.'(*5-& - z0 .-%)'5 %ë& .- �'-('5* E�Cî ' &4ë&)%)4ì5-& ∞ ê-( z0 î ' ê(-7'.'5-& 7-5 * .'5-L&)(*+,-7-5- L- í'5* *L)'(%-(� $*ìî ê*(* )-.- N ⊂ N
î '÷%&)'5 45 7-Lð4L)- N1 ⊂ N ' 45

z0 ⊂ E
î )*í ü4'

∫
gE(z, z0)dν

E
n (z) → 0, quando n→ ∞, n ∈ N1,

-L.' νE
n

� * ('&)(%+,- .' νn
*- 7-Lð4L)- E � õ-L&'ü4'L)'5'L)'î νn(K) → 0

ü4*L.-
n→ ∞, n ∈ N1

î &'
K ⊂ E

� 7-5ê*7)-� õ-5- %&&- � ù'(.*.'%(- ê*(* )-.- N ⊂ N
î 'L),-

* &'ü4óL7%* {νn(K)}∞n=1,
)'5 ü4' 7-Lù'(�%( ê*(* 	'(-�

�

z×XãÖ;<Ù P{L{ |�}~ pn(x)
�� ����Å�� �Å��� �� ��~� ��~�~����� n � a �� �à����

������� 
������ � ���}���� ������~�~ �� ����Å�� pn(x)� ���� ����� � ���}����
Ea := {x : |pn(x)| ≤ a}.

K ê(1÷%5- í'5* - ü4*í L,- .'5-L&)(*('5-& L-& .6 45 ù*í-( ê*(* * 7*ê*7%.*.' .-&
7-Lð4L)-& í'5L%&7*)*�
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I×ÞÝ P{L{ |�}~ pn(x)

�� ����Å�� �Å��� �� ��~� ��~�~����� n � ������ ~ �~�~��~���� ���}���� ������~�~ Ea � ���� ������ ~��~� � �~�~ ���
cap(Ea) = a1/n.

ï .'5-L&)(*+,- .'&)' �*)- ê-.' &'( 'L7-L)(*.* '5 i��j�
õ-5 '&)'& í'5*& ê-.'5-& .'5-L&)(*( - �'-('5* E�C�

z×ÞÙãÚäßÝ;<Ù0 0(%5'%(*5'L)'î ù*5-& &4ê-( %ë& ' 7-L7í4%( %*&� �'ð* σ * 5'.%.* í%5%)'îL- &'L)%.- .* 7-Lù'(�óL7%* �(*7*∗ î .*& 5'.%.*& νn
î -4 &'ð*î νn

∗→ σ
î ü4*L.- n→ ∞, n ∈

N ê*(* *í�45 N ⊂ N
� �*5-& ê(-ù*( ü4' σ = µw.

0'í- ô'5* E�Cî σ � 45* 5'.%.* ê(-ë*ë%íì&)%7* .' ò-('í 7-5 &4ê-()' 7-5ê*7)- 'î .-&
í'5*& E�� ' E�Cî supp(σ) ⊆ Sw

� ï&&%5î )'5-&
Uµw(z) − Uνn(z) = Uµw(z) +Q(z) − Uνn(z) −Q(z)

≤ Fw − Uνn(z) −Q(z), ê*(* )-.- z ∈ Sw,

-L.' L* .'&%�4*í.*.' 4)%í%	*5-& - %)'5 %'& .- �'-('5* C�C� ïí�5 .%&&-î
−Uνn(z) −Q(z) =

1

n
log |Pn(z)| +

1

n
log(w(z)n).

ô-�-î .' %E�O&î -ë)'5-&
Uµw (z) − Uνn(z) ≤ εn, εn → 0. %E���&

0-()*L)-î .' *7-(.- 7-5 - 0(%L7%ê%- .* $-5%L*+,-î * ê(-ê(%'.*.' %E���& � ù*í%.* '5
C
�

�'ð*
ε > 0 � �' dist(z,Sw) > 2ε

î 'L),-î .' *7-(.- 7-5 %E���&î
Uµw (z) − Uνn(z) ≤ εn + o(1), εn → 0,

-L.' νn
� * 5'.%.* 7-L)*.-(* .' 	'(-& L-(5*í%	*.*î *&&-7%*.* 7-5 -& 	'(-& .' Pn(x)

ü4'
ê'()'L7'5 *- 7-Lð4L)- E := {z : dist(z,Sw) ≤ ε} î * ü4*í � 45* &4ë&'ü4óL7%* .' νn.0-()*L)-î νn

)*5ë�5 7-Lù'(�' �(*7*5'L)'∗ ê*(* * 5'.%.* σ ü4*L.- n → ∞, n ∈ N �
0-.'5-& 7-L7í4ì( ü4' ê*(* )-.- z 6∈ Sw

Uµw(z) − Uσ(z) ≤ 0. %E��C&
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K í*.- '&ü4'(.- .' %E��C&î .' *7-(.- 7-5 - �'-('5* C��î � 45* �4L+,- þ*(5�L%7*

'5
C \ Sw

î ' .' *7-(.- 7-5 *& þ%ê1)'&'& .- %)'5 %ë& .'ù' )'( *- 5'L-& 45 	'(- '5 )-.*
7-5ê-L'L)' .'

C \ Sw
� õ-L&'ü4'L)'5'L)'î * �4L+,- L- í*.- '&ü4'(.- .' %E��C& *)%L�'

&'4 56÷%5- '5 45 ê-L)- %L)'(%-( * 7*.* 45* .*& 7-5ê-L'L)'& 7-L'÷*& .'
C\Sw

� ô-�-î
)'5-& Uσ(z) = uµw(z) ê*(* )-.- z ∈ C \ Sw

� ñ&)- &%�L%'7* ü4' -& ê-)'L7%*%& 7-%L7%.'5
'5 ü4*&' )-.- ê-L)- 7-5 ('&ê'%)- * 5'.%.* .' ô'ë'&�4'î ê-%& ê-( þ%ê1)'&'î - &4ê-()'
Sw
)'5 5'.%.* L4í*� 0-()*L)-î .' *7-(.- 7-5 - �'-('5* .* 4L%7%.*.' ���î &'�4' ü4'

σ = µw.

�'7%ê(-7*5'L)'î &' &4ê-(5-& ü4' νn
∗→ µw

î .' *7-(.- 7-5 %E�O& ' - �'-('5* E��î
)'5-&

lim sup
n→∞

|Pn(z0)|1/n ≤ exp(−Uµw (z0)), z0 ∈ C. %E���&
�'ð*

E
* 7-5ê-L'L)' í%5%)*.* .'

C \ Sw
� 0*(* ε > 0 .''L%5-& - 7-Lð4L)-

Eε := {z : z ∈ E, dist(z,Sw) > ε},

' *& 5'.%.*&
ν(1)

n :=
1

n

∑

zn,k∈Eε

δzn,k
, ν(2)

n := νn − ν(1)
n ,

-L.' {zn,k}n
k=1

&,- -& 	'(-& .' Pn(z)
'
δz
.'L-)* * 5'.%.* .'í)* .' $%(*7� õ-5- νn

∗→ µw
î

'L),- ν(2)
n

∗→ µw
� 0-()*L)-î
∫

log |z − t|dν(2)
n (t) →

∫
log |z − t|dµw(t), z ∈ Eε.

%E��E&
�*5-& 5-&)(*( ü4'î ê*(* ε > 0 ê'ü4'L-î - 7-Lð4L)- Eε

)'5 5'.%.* ê-&%)%ù* .' ô'ë'&�4'
'5

C
'î ê*(* N ⊆ N

' ê*(* *í�45 z0 ∈ Eε
î )'5-&

lim sup
n→∞n∈N

∫
log |z0 − t|dν(1)

n (t) ≥ 0. %E��F&
ï&&%5î .' *7-(.- 7-5 %E��E& ' %E���&î )'5-&

lim sup
n→∞, n∈N

log |Pn(z0)|1/n − lim sup
n→∞, n∈N

∫
log |z0 − t|dν(1)

n (t)

= lim sup
n→∞, n∈N

∫
log |z0 − t|dνn(t) − lim sup

n→∞, n∈N

∫
log |z0 − t|dν(1)

n (t) = −Uµw(z0),

-4 'ü4%ù*í'L)'5'L)'î

lim sup
n→∞, n∈N

log |Pn(z0)|1/n = −Uµw (z0) + lim sup
n→∞, n∈N

∫
log |z0 − t|dν(1)

n (t).
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ô-�-î

−Uµw(z0) ≤ lim sup
n→∞, n∈N

log |Pn(z0)|1/n ≤ −Uµw(z0).

0-()*L)-î '÷%&)' N1 ⊆ N î )*í ü4' %E���& � ù6í%.-� $'&)* �-(5*î L-& ('&)* ê(-ù*( %E��F&�
�'ð*

qn(z) =
∏

zn,k∈Eε

(z − zn,k).

öL),-î .'L-)*L.- ê-( d - �(*4 .' qn î * .'&%�4*í.*.' %E��F& � 'ü4%ù*í'L)'
lim sup

n→∞, n∈N
|qn(z)|1/n ≥ 1. %E��O&

ï�-(*î )-5'5-& 0 < a < 1
î ' 7-L&%.'('5-& - 7-Lð4L)- í'5L%&7*)*

En,a := {z : |qn(z)| ≤ an}.

$' *7-(.- 7-5 - ô'5* E��î )'5-&
cap(En,a) = an/d.

ï&&%5î ê-.'5-& '&7-íþ'( 45* &'ü4óL7%* .' 0 < an < 1
î 7-5 an → 1−

' 45* &4ë&'ü4óL7%*
.' Lû5'(-& L*)4(*%& N1 ⊆ N .' )*í �-(5* ü4' * &�(%'

∑

n∈N1

[cap(En,an
)]2,

7-Lù%(ð* ' &'4 í%5%)' &'ð* %L�'(%-( � m(Eε)/10
î -L.' 5 .'L-)* * 5'.%.* .' ô'ë'&�4' '5

C
� 0'í- �'-('5* C��î )'5-&

∑

n∈N1

[m(En,an
)] < m(Eε).

0-()*L)-î '÷%&)'5 45 z0 ∈ Eε
î )*í ü4'î z0 6∈ En,an

, e n ∈ N1,
ê*(* - ü4*í %E��O& � ù6í%.*�

õ-L7í4%L.- * .'5-L&)(*+,- .- )'-('5*�
K& ô'5*& E�� ' E�C )*5ë�5 L-& .%	 ü4'î ü4*L.- n → ∞ î -& 	'(-& .- ê-í%L�5%-'÷)('5*í ê'()'L7'5 *- 7-Lð4L)- supp(µw)

î -4 &'ð*î '&)'& í'5*& �-(L'7'5 %L�-(5*+�'&
&-ë(' - 7-5ê-()*5'L)- *&&%L)1)%7- .-& 	'(-& .- ê-í%L�5%- '÷)('5*í�
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i�j ò*()í'î ��3î �þ' öí'5'L)& -� ñL)'�(*)%-L *L. ô'ë'&�4' /'*&4('î ð-þL 2%í'" &
&-L&î%L7� �KKE�

i�j õ-þ'Lî 0� �î KL 3('L#& �þ'-('5î 0(-7''.%L�& -� )þ' ï5'(%7*L /*)þ'5*)%7& �-7%')"î�-í45' ��î L◦�î ��K2���î �KEK�
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