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An analytical description of the convergence to the stationary state in period doubling bifurcations for a 
family of one-dimensional logistic-like mappings is made. As reported in [1], at a bifurcation point, the 
convergence to the fixed point is described by a scaling function with well defined critical exponents. 
Near the bifurcation, the convergence is characterized by an exponential decay with the relaxation time 
given by a power law of μ = R − Rc where Rc is the bifurcation parameter. We found here the exponents 
α, β , z and δ analytically, confirming our numerical simulations shown in [1].

© 2015 Elsevier B.V. All rights reserved.
In a recent paper [1], Phys. Lett. A 379 (2015) 1246, the evo-
lution towards the equilibrium was investigated near three types 
of bifurcations for a family of one-dimensional logistic-like map-
pings: (a) transcritical; (b) pitchfork and (c) period-doubling. It was 
shown that, at a bifurcation point, the convergence towards the 
asymptotic state is described by a generalized homogeneous func-
tion with three well defined critical exponents, namely: α, β and z. 
The exponent α is related with the plateau where the initial con-
dition is temporary stationary and is heading the initial condition, 
x(n) ∝ xα

0 for n � nx . The exponent β is a dynamical exponent and 
marks the evolution towards the stationary state. It is an algebraic 
function of the number of iterations of the mapping obtained from 
x(n) ∝ nβ , for n � nx . Finally, the changeover from one regime to 
the other is marked by a crossover exponent given by nx ∝ xz

0. The 
exponents β and z were proved to be dependent on the nonlin-
earity of the mapping while α was universal. All the three critical 
exponents are related among them by a scaling law of the type 
z = α/β .

Near the bifurcation, the evolution towards the fixed point is 
given by an exponential function of both μ = R − Rc , where Rc is 
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the bifurcation parameter and n, hence x(n) ∝ e−n/τ where τ ∝ μδ . 
The exponent δ was obtained to be independent of the bifurcation 
and on the nonlinearity of the mapping, being fixed as δ = −1.

In this Addendum, we complement the description made in 
Ref. [1] and give a mathematical description of how such critical 
exponents α, β and z, as well as δ appear in the period doubling 
bifurcations for a family of logistic-like mappings.

The family of one-dimensional logistic-like mappings, as made 
in Ref. [1], is given by xn+1 = F (R, xn) = Rxn(1 − xγ

n ) where 
γ ≥ 1, R is a control parameter and x is a dynamical variable. 
The fixed point which suffers a period doubling bifurcation is 
x∗ = [1 − 1/R]1/γ . The parameter Rc where the bifurcation hap-

pens is obtained from dF
dx

∣∣∣
x∗ = R − (1 + γ )Rxγ = −1, which marks 

a flip incipient point, leading to Rc = 2+γ
γ .

At a period doubling bifurcation, the periodic orbits are ob-
tained from the second iteration of the mapping, leading to the 
expression

xn+2 = F (2)
R (xn) = R[Rxn(1 − xγ

n )] [1 − [Rxn(1 − xγ
n )]γ ]

. (1)

The idea is to expand Eq. (1) in Taylor series around the bifurcation 
point for the variables xn = x∗ + yn and R = Rc + μ, where yn

corresponds to the distance from the fixed point at the iterated 
nth and μ is the distance, in the control parameter, to where the 
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Fig. 1. Plot of the behaviour of j4, j6, j7 and j8 as a function of γ .

bifurcation happens. Hence we obtain

F (2)
R (xn) = j0 + (xn − x∗) j1 + (R − Rc) j2 + (xn − x∗)2 j3

+ (R − Rc)
2 j4 + (xn − x∗)(R − Rc) j5 +

+ (xn − x∗)3 j6 + (R − Rc)
3 j7

+ (xn − x∗)2(R − Rc) j8

+ (xn − x∗)(R − Rc)
2 j9 + . . . , (2)

where the auxiliary terms are

j0 = F (2)
Rc

(x∗) =
[

2

2 + γ

] 1
γ ; j1 = ∂ F (2)

∂x

∣∣∣∣∣
x∗,Rc

= 1,

j2 = ∂ F (2)

∂ R

∣∣∣∣∣
x∗,Rc

= 0 ; j3 = 1

2

∂2 F (2)

∂x2

∣∣∣∣∣
x∗,Rc

= 0,

j4 = 1

2

∂2 F (2)

∂ R2

∣∣∣∣∣
x∗,Rc

; j5 = ∂2 F (2)

∂x∂ R

∣∣∣∣∣
x∗,Rc

= 2γ ,

j6 = 1

6

∂3 F (2)

∂x3

∣∣∣∣∣
x∗,Rc

; j7 = 1

6

∂3 F (2)

∂ R3

∣∣∣∣∣
x∗,Rc

,

j8 = 1

2

∂3 F (2)

∂x2∂ R

∣∣∣∣∣
x∗,Rc

; j9 = 1

2

∂3 F (2)

∂x∂ R2

∣∣∣∣∣
x∗,Rc

= γ 2.

The expressions for j4, j6, j7 and j8 are extensive and do not 
need to be presented. Instead, their behaviour as a function of γ
allow us to collect the most information on them, as shown in 
Fig. 1. We can see all of them are well defined and smooth. The 
most important information regards, particularly, on the signal of 
j6, which by now is negative. Table 1 presents some numerical 
values of j4, j6, j7 and j8, evaluated at the period doubling bi-
furcation for different values of γ . Because j3 is zero, the Taylor 
expansion was made to higher order terms in (x − x∗) to guaran-
tee a minimal nonlinearity to the difference equation.
Table 1
Table of values for j4, j6, j7 and j8 for different values of γ .

γ 1 2 3 4 5

j4 − 2
9 −

√
2

2 − 9
25

3
√

50 − 8
9

4
√

27 − 25
49

5
√

4802

j6 −18 −32 − 40
3

3
√

50 −40
√

3 −28 5
√

392

j7 − 4
81 −

√
2

4 − 36
125

3
√

50 − 80
81

4
√

27 − 250
343

5
√

4802

j8 3 6
√

2 6 3
√

20 20 4
√

3 15 5
√

112

Considering then the expressions xn = x∗ + yn and R = Rc + μ

and the expansion of F (2)
R (xn), we can rewrite Eq. (1) as

G(yn,μ) = F (2)
R (xn) − F (2)

Rc
(x∗),

∼= yn + μ2 j4 + 2γμyn + y3
n j6 + μ3 j7

+ y2
nμ j8 + ynμ

2γ 2. (3)

Let us start first discussing the properties of the convergence 
to the fixed point exactly at the bifurcation point. This leads to 
μ = 0. Hence we obtain G(yn, 0) = yn + y3

n j6. If we consider here 
the approximation G(yn, 0) − yn ∼= dy

dn = y3 j6, hence we have to 
integrate the following differential equation 

∫ y(n)

y0

dy
y3 = j6

∫ n
0 dn. 

Doing the integration, appropriate simplification and considering 
j6 is negative, we obtain y(n) = y0√

1+2| j6|y2
0n

. From this expres-

sion we can discuss the numerical results obtained from Ref. [1]. 
The first scaling comes from the condition 2| j6|y2

0n � 1. Then we 
obtain y(n) ∝ y0. From the first scaling hypothesis presented in 
Ref. [1], we found y(n) ∝ yα

0 . Therefore α = 1. It is indeed univer-
sal for the family of logistic-like mapping discussed here and does 
not depend on γ . The second scaling is obtained from the con-
dition 2| j6|y2

0n � 1 leading to y(n) ∝ 1√
2| j6|n

−1/2. A second scal-

ing hypothesis discussed in Ref. [1] argues that y(n) ∝ nβ . Hence 
we found analytically β = −1/2. This exponent was obtained 
in Ref. [1] only by numerical simulations as β = −0.49939(7), 
therefore very close to our present finding validating the numer-
ical simulation. Finally, the exponent z comes from the condition 
2| j6|y2

0n = 1. This is the condition leading to the changeover from 
the constant plateau to the regime of decay. Therefore we ob-
tain nx = 1

2| j6|y2
0

∝ y−2
0 . The latest scaling hypothesis discussed in 

Ref. [1] proposes that nx ∝ yz
0. Numerically the result obtained was 

z = −2.001(4), which is remarkably close to our analytical finding 
here.

Given the theory fits well with the numerical simulations for 
μ = 0, let us now discuss the case of μ 	= 0. To do so, we shall con-
sider only the lowest representative term of μ in Eq. (3), leading to 
G(yn, μ) ∼= yn + 2γ ynμ + j6 y3

n . Transforming the equation of dif-
ferences into a differential equation, we have G(yn, μ) − yn ∼= dy

dn =
y(2γμ + j6 y2). The integration to be solved is 

∫ y(n)

y0

dy
y(2γμ+ j6 y2)

=∫ n
0 dn. Doing the integration and grouping the terms properly, we 

obtain

y(n) =
√

2μγ

| j6|

[
1 +

(
2μγ

y2
0| j6|

− 1

)
e−4μγ n

]− 1
2

(4)

To have a better insight in the consequences of Eq. (4), it is 
convenient to expand it in Taylor series. Therefore we obtain

y(n) ∼=
√

2μγ

| j6|

[
1 − 1

2

(
2μγ

y2
0| j6|

− 1

)
e−4μγ n

]
. (5)

Keeping only a linear power of μ, hence disregarding terms 
of the order μ

√
μ, Eq. (5) can be written as y(n) −

√
2γμ
| j6| ∼=√

γμ
2| j | e−4μγ n . Comparing this equation with the simulation dis-
6
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cussed in Ref. [1] we conclude y(n) ∝ e−4γμn hence leading to 
δ = −1, in agreement with the simulation shown in [1].
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