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Abstract — Dirac spinors are important objects in the current literature, the algebraic structure
presented in the text-books is a general method to write it, however, not unique. The purpose of
the present work is to show an alternative approach to construct Dirac spinors, considering the
interchange between the Lorentz representation space (1/2, 0) and (0, 1/2) made by the magic of
Pauli matrices and not by parity, as was commonly thought. As is well known, the parity operator
is related with the Dirac dynamics, as can be seen in SPERANCA L. D., Int. J. Mod. Phys. D,
2 (2014) 1444003. The major focus is to establish the relation between the Dirac dynamics with
the parity operator, i.e., the reverse path shown in the paper by Sperancga.

Copyright © EPLA, 2016

Introduction. — It is known that the full Lorentz
group is composed by rotation generators, J, boost gen-
erators, K, and discrete symmetries: parity, P, and time
reversion, or time reflection, 7' [1]. The Dirac spinors are
built within the full Lorentz group, keeping as the trans-
formation law between the spinorial components, left-hand
and right-hand components, the parity symmetry. In
other words, this symmetry is exactly the link element
between both parts of the representation space, i.e., it
connects the subspaces (j,0) and (0, 7). In ref. [2] it was
shown that parity operator, P, in the spin-(1/2) represen-
tation, is given by

(1)

which allows us to derive the Dirac equation from the
space-time symmetries alone.

Nevertheless, there are cases in which the representation
spaces are not connected by discrete symmetries, like in
the Elkos spinors case, proposed in ref. [3]. In this case
the transformation law between the spinorial components
is known as magic of Pauli matrices; this observation was
first made by Ramond in [4], and it reads

Py(p) = m™ ' ,p"0(p),

Q00 = —o*, (2)

where ©, in the spin-(1/2) representation, is given by

@:((1’ —01>.

(3)

The above operator is known as Wigner time reversal
operator.

Following the Elko recipe, we present a set of single
helicity spinors, which endows the magic of Pauli matri-
ces as a crucial link between the representation space, for
this case (1/2,0) and (0,1/2). The relevance of this work
lies in the consequence of the fact that once imposed the
Dirac dynamics for the spinors, it takes us directly to a
relation between the phases and concomitantly the same
relation is observed when it is imposed to the spinors being
eigenspinors of the parity operator. On the other hand, if
the spinors satisfy the Dirac dynamics, accordingly they
are eigenspinors of the parity operator, and as was shown
in [2], the inverse path is valid, too.

This paper is organized as follows: In the next sec-
tion we define dual-helicity spinors as well single-helicity
spinors and we present the right- and left-hand compo-
nents and their respective helicity. In the third section
we analyse the behaviour of the spinors under the action
of the Dirac operator, via two distinct methods, and then
the phases fixation to be coherent with the Dirac dynam-
ics; finally we show that also it satisfies the Klein-Gordon
equation. The fourth section is reserved to ascertain the
action of parity symmetry over the spinors. We construct
the dual spinor in the fifth section aiming to write the
spin sums.

Proposing new spinors. — Motivated by the Elko
theoretical discovery [5], we present here the construction
of a spinor which inherits the same law of transformation
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between the spinorial components, or, in other words, the
magic of the Pauli matrices. Following the same way of
thought used in the Elko construction, we are able to ob-
tain four spinors; two of them are dual-helicity objects
and the remaining two are single-helicity objects. So, we
start by showing the dual-helicity spinors. Basically these
spinors essentially must be recognized as Elko. They are
defined by

{++}(0) = 1997 (0)
Vo= <<2@¢};{”(0> W
{—,—} _ <{®¢2{ }(0)
v <<é@¢*3{ '(0) ?)

where ¢ € C are arbitrary phases. For Elko spinors, the
phases are fixed imposing C" = 41" [3]. For the single-
helicity spinors, we have the following representation:

063 (0
vthH0) = (2 @Zf{_} 0 ) (6)

(0)
(0)
4o ¢06;1(0)
Y=+ 0) = ( 66 (0) ) (7)

the phase ¢ € C represents an arbitrary phase. Using
the magic of the Pauli matrices allows to write, with no
mention of discrete symmetries, a complete set of dual-
and single-helicity spinors. In the present work, our aim
is to use this mathematical device to study the possibility
to construct Dirac spinors, changing the usual link be-
tween the representation space (1/2,0) and (0,1/2), usu-
ally made via parity, but now made by relation (2). In
this fashion, we look forward to understanding the physi-
cal content in this new set of spinors and to studying any
consequence by the absent of discrete symmetry.

Choosing the components to be eigenstates of the helic-
ity operator, ¢ - p, one finds the left-hand spinorial com-
ponentes at the rest frame [3,6],

¢£+}(O) _ (COS(9/2)€

ip/2
sin(0/2)e'/? ) ’ ®

—sin(6/2)e~

ip/2
cos(0/2)e'?/? ) ’ )

1 (0) = m(
and the right-hand components as well

—18in e19/2
g}(O) - ﬁ( iCos((g//22))ei<l5/27 ) ’ (10)

—icos(0/2)e~

) w0/
i (0) = vim —isin(6/2)e'*/? |’ (11)

The mass term is chosen such that in the massless limit
the rest spinors in the representation space (1/2,0) and
(0,1/2) identically vanish, so that there can be no massless
particle at rest [7]. The interaction amplitudes must have

the factor m7, where j is the spin of the particle, in order
for the m — 0 limit be consistent [8].

Regarding the helicity, we have to described the action
of the operator ¢ - p at the spinorial components. Thus,
we can define the following relations:

7 - 06571 (0) = F04;*(0), (12)
7 Oy (0) = 06 (0). (13)

Such relationships are of great importance and will be used
for the scope of this work. Once we had defined above the
action of the operator ¢ - p on the rest frame spinors, one
is able to write the spinors in a boosted frame with an
arbritary momentum. So, the boosted spinors are given
by the action of the boost matrix, as we can see below

K(1/200 g

w{hyih}(p) = < 0 4o(0,1/2) ) w{h’ih}(ox (14)

where the boost matrix components x(1/29 and x(©:1/2)
are the right-hand and left-hand boost operators, respec-
tively. They are defined by [3,9]

E+m o-p
(1/2,0) _ I 1
" 2m <+E+m)’ (15)
E+m o-p
0.1/2) = I- . 1
" 2m ( E—i—m) (16)

In this way, the boosted-frame dual-helicity spinors are
given by

Y (p) E;;lm (1 - E+—m> Y tho), (17)
o) = (1 g2 ) 0

and for the single-helicity case we have

I+p 7P
E+m
WMp)=y/ = — E+mﬂ sp [+,
0 _pE—i—m
(19)

where h stands for {4, F} helicities. So, in this manner, it
is possible to define all the possible spinors in an arbitrary
momentum inertial frame. The Dirac equation can be
derived by simply appealing to the properties of the parity
operator P. So we define such operator to be

Pip(p) = n(—p), (20)
where 7 is an off-diagonal matrix
0 I
= . 21
1=(1 o) (21)
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Then, using (19) and (20), we easily obtain

P =m"ty,p" (22)
The above operator has eigenvalues +1 [2]. Indeed, the
focus of this paper is to find spinors governed by the Dirac
dynamic and then verify its behaviour under the parity
operator, showing the inverse path and the correspondence
between the mentioned method and the method analysed
by Speranga in ref. [2].

Field dynamics. — In this section, our focus is to ver-
ify the dynamic associated to the proposed spinors. The
set of spinors belongs to the Lorentz proper orthochronous
group, formed only by rotation and boost generators; for
this reason the focus is now to evaluate any emergent con-
sequences, if any, carried by the mentioned fact, in the
dynamical interpretation. For this task we start analysing
whether this set of spinors satisfies the Dirac equation and
how the phases must be related and fixed. Finally, we
shall evaluate if it satisfies the Klein-Gordon equation, as
a consistent check.

In order to verify if all the spinors satisfy the Dirac
equation, we employ here two distinct methods. We start
by using the same mathematical construction that was
made in [10] and lastly the second method is the action of
the Dirac operator, 7,p", upon the spinors.

Here we start using the same formalism used in [10],
where the Dirac operator is built starting from a rest frame
spinor and then acting with the boost operator, from (14)
it is known that

E+m
{+7_} e

Y (p) 5

g-p
I+p

« E+m G p w{+,f}(0). (23)

0 I—
pE +m

For didactic purposes, as an example, we use w{+’_}(p)
(see footnote 1)

) £0071(0)
(24)

Pl (p)=

2m a
I-
( E+

where we can easily identify the right-hand component as

(+} :E+m+5~p 06 0 925

k(D) NICETD) )51 ¢ (0), (25)
with the left-hand component

{-} E+m *{ 1

e CLUMMUNNNCD

1n the present approach we use only d){*’*}(p), to simplify the
calculations. The algorithm is identical to the other spinors.

As the next step, we present some useful relations

041 (0) = ~i093 ) (0), (27)
053 (0) = 106, (0). (28)
Inserting the last two relations above in egs. (25) and (26),
it is easy to find
+a-p] (-
R L 3 )
and
- g-p
}{: }( ) = i1 [T] (/ﬁ;}(p)- (30)

The formalism presented in these calculations shows that
egs. (29) and (30) allow to write them in a simple matricial

form,
2”@)) L
{-} o
. (P

—m

m —i&1&5 (po+0 - p)
i£7&2(po—0 - p)
(31)

In order for the last equation to be regarded as a Dirac
equation, we must fix the phases as

&1 = ika.
With this condition, eq. (31) becomes

po+3-9)\ (o5 () )
=0, (33
-m ) < ) %)

(32)

—m
(po— G )
making it possible to write (33) as

(Yup" — mD)ptT~} (p) = 0. (34)

Repeating the same procedure for ¢t} (p), we conclude

& = —i&y, (35)

in this manner

(yup* = mI)p =+ (p) = 0. (36)
The last equation provides to the reader that all ¥ (p) sat-
isfy the Dirac equation, as far as eq. (35) holds. Applying
once again the same procedure in eq. (36), it becomes easy
to verify

(O +m?)p*=F(p) =0, (37)

which reproduces the Klein-Gordon equation annihilating
all %" (p).

As said before, the second method consists in analysing
spinors under the action of the v, p* operator, taking care
of the conditions that govern the phases terms. In this
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way, we operate with v,p* upon the spinors in (6), thus
up T (p) =

0
E~o + o
—po - p

Using egs. (12) and (23
a boosted frame with an arbitrary momentum as

. aA_(p")ee; (o) )
Pt p) = < L )
») &AL (P03 (0)

Now, operating with v,p" over (39) we have

B (E - p)ali (0O} }<o>>
W {+-} — . (40
) <<E+p>aA<p meg ) 1

and we can see that 1/){+’_}(p) is not an eigenspinor of
yup". It is easy to see that the matricial components of
eq. (40) is shifted when compared to (39). To continue
with the calculations, we use the following trick, actually,
we are using the relations between © and the spinorial left-
and right-hand components, given in egs. (27) and (28).
Taking that into account and using the last two relations

above, one is able to write
( & O ) . (41)
=&AL (p")O9R 7 (0),

Firstly, for »{*=}(p), eq. (41) only represents the Dirac
equation, if the following conditions are imposed over the
phases:

0

bo D )] Yt Ip). (39)

), one is able to write the spinor in
2

(39)

yupis A_(pMes; (o)
1

(p) =

&1 =+i&e and & = —i&, (42)
and for 1»{=T}(p), the relation must be set as
§ =—i& and & = +ig], (43)

which is in agreement with first method, thus, showing the
consistency between both methods. As was expected, the
spinors must to satisfy the Klein-Gordon equation, then
we easily conclude

(O +m?)yt"Hp) = 0.

Obviously the last equation is satisfied by the other re-
maining spinors. Thereby, we have shown that both meth-
ods work and are consistent.

(44)

Defining a complete set of spinors via parity op-
erator. — In order to build a complete set for the
spinors, we introduce here the action of the parity op-
erator, as in the Dirac case. In the (1/2,0) & (0,1/2)
representation space, the parity operator reads

P = eiq>70R; (45)

2In order to summarize the notation we deﬁne the boosts opera-

tors so that it reads A4 (p*) = 4/ E+m (1+pZ

E+m )

where the R acts as
R={0—>rm—0,0 > d+m,p—p} (46)

and we consider an arbitraty phase e!®, which will be fixed
if necessary. Thus, we act with the parity operator over

=+ (p),
) 4 A4 (p)09; ) (0)
Pyi=tl(p) = R( ) 47
®) =R gn_ et )

Analysing the action of R over the spinors components,
we have

R} p) = 657 (), (48)
RoH () = 63 (). (49)

Finally, eq. (47) can be expresed as
<—i§5A+<pH>e¢*“< >> (50)
i€ A~ (p)003 T (0)

In order that the spinor in eq. (50) becomes an eigenspinor
of the parity operator, we impose

Pyl p) = e

& = ige’® (51)
and for the other case, 1»{T~}(p), reads
o = —i&ie'®, (52)

fixing e’® = 41 we have positive eigenvalues, so it is easy
then to conclude Pwi)‘} = +1Z)_{F/\}. Now, imposing 1 to
have negative eigenvalues, we must fix e’® = —1, in other
words, Pwi’\} = —wi’\}, then, for the phases of ¥{t—}(p)
we have the condition®

§a =1&3, (53)
and for the other case, »{—}(p), it reads

So, we are able to write a complete set of single-helicity
spinors:

- GA-(p)0s} 7 (0) ) 5
e (—i&m(p“)%%_}*(ﬂ) -

oy = ( &M ()00} )" (0) ) . 6)

€A~ (P00 (0)
both spinors above with positive eigenvalue, and
analogously
. &A- (1001 (0)
v (p) = ( - (57)
&A1 (p")Od) ' (0)

S &AL (P00t }*(0)> 58
o (—z‘ng@u)@w*(m -

3To avoid confusion and to elucidate that the phases are different
from those in the previous analysis, we consider £&; — &3 and &2 —
&4, the same being still valid for the primed phases.
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with negative eigenvalue. In this context we defined a
complete set of eigenspinors of the parity operator, the last
two remaining spinors 1" (p), given in egs. (57) and (58),
both satisfying the dynamics presented in the previous sec-
tion. It is our duty to point out that spinors in egs. (55)—
(58) have a non-unitary transformation, in this sense, they
form a basis playing the role of expansion coefficients of a
quantum field.

Dual construction and spin sums. — In the sec-
ond section, we have constructed all the possible spinors
using the components given in eqs. (8) and (10), the dual-
helicity spinors and the single-helicity spinors. Now, in
this present section, our next task is to use the defined
single-helicity spinors in eq. (6) to find the corresponding
dual (eventually check if it is the same dual as for the
Dirac case as shown in [10]). For this task we shall ap-
ply the same mathematical prescription, a mathematically
rigorous recipe, as adopted recently for the Elko dual con-
struction at [11,12], which can be followed to construct or
define any dual. The quantity " (p)y" (p) must yield an
invariant and real definite norm, in addition it must secure
a positive definite norm for two 1", and negative-definite
norm for the other remaining two. Any other choice be-
comes unjustifiable and forbids a physical and relevant in-
terpretation. After some calculations, we easily conclude

o) = W )], (59)
o5 ) = i o). (60)

The dual spinor obtained is the same as for the Dirac case.
With the dual thus defined, we have now, by construction,
the orthonormality relations given by

O (p)" (p) = +2mdh
O () (p) = —2mot,
DR (P (p) = 0.

Thus, we have defined the dual structure that provides a
complete set of orthonormality relations ensuring a possi-
ble quantization.

The spin sums play a very important role in the
quantum field, they give information about the locality
structure, fermionic statistics and information about the
Feynman-Dyson propagator structure, since this quantity
appears on the core of the quantum field operator. A par-
ticular aspect about the spin sums is that in some cases
they are proportional to the wave operator, as happens in
the Dirac case [3,10]. So, here we will write the spin sums
using the dual structure calculated, in order to obtain rel-
evant information about the field locality structure. Now,
we have a particular case, where the spinor dual structure
matches Dirac’s dual. Therefore, is important to evaluate
the spin sums, and then verify if this amount has the same
structure as it has for Dirac’s case. So, we have

> WL (p) = (yup" +ml),

h={+,F}

(61)

(62)

and
> @) (p) = (yup” —ml). (63)

h={+,F}

Analogously to the Dirac spinors in [10], ¢ (p) can be
interpreted as the bi-spinors u(p) wave function and fol-
lowing the same reasoning for 1" (p), which can be inter-
preted as v(p) wave functions.

In the standard model of particle physics, all the re-
garded spinors are of Dirac, Weyl or Majorana type. Such
spinors obey a first-order derivative field equation. This
characteristic implies a quantum propagator that, for large
momentum, is proportional to p~!'. This asymptotic be-
haviour of the associated propagator results, among other
things, in the fact that mass dimension must be 3/2. Now,
the unique kinematic operator that is satisfied by Elko is
the Klein-Gordon equation, a second-order derivative field
equation. For this case, for a large momentum, the quan-
tum propagator is proportional to 1/p?, contradicting the
previous case. The Klein-Gordon operator is the proper
kinetic operator for Elko fields. We are, therefore, led
to conclude that the mass dimension of the Elko field is
1, rather than 3/2, as would be usually expected for a
fermionic field [13].

Lounesto’s spinors classification and generaliza-
tions. — Consider the Minkowski spacetime (M, ,,,) and
its tangent bundle T'M. Denoting sections of the exterior
bundle by sec A(T M), given a k-vector a € sec A¥(T'M),
the reversion is defined by @ = (—1)!*/2la, whilst the grade
involution reads @ = (—1)¥a, where |k| stands for the
integral part of k. By extending the Minkowski metric
from sec AL(TM) = secT*M to sec A(TM), and consid-
ering ay,az € sec A(V), the left contraction is given by
g(asai,az) = g(ar,aNag). Classical spinors are objects of
the space that carry the usual 7 = (1/2,0) @ (0,1/2) rep-
resentation of the Lorentz group, that can be thought of
as being sections of the vector bundle Pspini3 (M) x, C*.

Given a spinor field ¢ € sec PSpin’f&(M) x, C* the bi-
linear covariants are sections of the bundle A(T'M) [14,15].
Indeed, the well-known Lounesto’s spinors classification
is based upon bilinear covariants and the underlying
multivector structure. The physical nature of the classifi-
cation focuses on the bilinear covariants, that are physical
observables, characterizing the types of fermionic parti-
cles. The observable quantities are given by the following
multivectors:

o = ¢y, w = —"0701238%,
Ju = W’Yo’mw’ Ku = wT70i701237uwa
1 .
S/u/ = 51/)T’7017uu1/}, (64)
where v5 = iv71727s3. The set {1,v;} (where

I € {p,pv,uvp,5} is a composed index) is a basis
for M(4,C) satistying v, v, + oy = 21 1.
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The above bilinear covariants in the Dirac theory are in-
terpreted, respectively, as the mass of the particle (o), the
pseudo-scalar (w) relevant for parity-coupling, the current
of probability (J), the direction of the electron spin (K),
and the probability density of the intrinsic electromagnetic
moment (S) associated to the electron. The most impor-
tant bilinear covariant for our goal here is J, although
with a different meaning. A prominent requirement for
Lounesto’s spinors classification is that the bilinear co-
variants satisfy quadratic algebraic relations, namely, the
so-called Fierz-Pauli-Kofink (FPK) identities, which read

T "
J K"

ot +w? gt = —K,K",
0, JAK = —(w + 070123)8.

(65)

It is worth remarking that the above identities are fun-
damental, not merely for the aims regarding the clas-
sification, but also for asserting the inversion theo-
rem. Within the Lounesto classification scheme, a non-
vanishing J is crucial, since it enables to define the so-
called boomerang [14] which has an ample geometrical
meaning to assert that there are precisely six different
classes of spinors. This is a prominent consequence of the
definition of a boomerang [14]. As far as the boomerang is
concerned, it is not possible to exhibit more than six types
of spinors, according to the bilinear covariants. Indeed,
Lounesto’s spinor classification splits regular and singular
spinors. The regular spinors are those which have at least
one of the bilinear covariants ¢ and w non-null. On the
other hand, singular spinors present 0 = 0 = w, and in
this case the Fierz identities are in general replaced by the
more general conditions [15]

7? =4oZ, Zv,Z=4J,7Z, Zyn23Z = —4wZ,
Z’L.’)/IU,Z = 4SIU,Z, ZZ"}/0123’}/HZ = 4KHZ. (66)

When an arbitrary spinor 7 satisfies 7*1) # 0 and be-
longs to C ® Cl; 3 —or equivalently when nfyy # 0 €
M (4,C)— it is possible to recover the original spinor 1
from its aggregate Z given by

Z =0+ J+1iS + iKypi23 + wyo123 (67)
and the spinor 1 by the so-called Takahashi algorithm [16]
likewise. In fact, the spinor ¢ and the multivector Zn

differ solely by a multiplicative constant, and can be thus
written as

1 A
= ———="7y, (68)
2v/n"y0Zn
where e = 2(nfyZn)~?nTypy € U(1). The Taka-

hashi algorithm reveals the importance of the aggregate.
From the geometric point of view, the following relations
between the bilinear covariants must be fulfilled in order
to ensure that the aggregate be a boomerang: J must be
parallel to K and both are in the plane formed by the
bivector S. Hence, using eq. (67) and taking into account

that we are dealing with singular spinors, it is straightfor-
ward to see that the aggregate can be recast as

Z = J(l +1is + ih70123), (69)
where s is a space-like vector orthogonal to J, and & is a
real number. The multivector as expressed in eq. (69) is
a boomerang [17]. By inspecting the condition Z? = 407
we see that for singular spinors Z? = 0. However, in order
for the FPK identities to hold it is also necessary that
both conditions? J? = 0 and (s + hyo123)? = —1 must be
satisfied. These considerations are important in order to
constrain the possible spinor classes.

Now, let us explicit that from (68) one can see that
different bilinear covariants combinations may lead to dif-
ferent spinors, taking into account the constraints com-
ing from the FPK identities. Altogether, the algebraic
constraints reduce the possibilities to six different spinor
classes, namely:

1) o #£0, w#0;
2) 0 #£0, w=0;
3) 0=0, w#0;
4) 0 =0=w, K#0, S=#0;
5) 0 =0=uw, K=0, S#0;
6) 0 =0=uw, K#0, S=0.

The spinors types (1), (2) and (3), are called Dirac spinor
fields (regular spinors). The spinor field (4) is called flag-
dipole, while the spinor field (5) is named flag-pole [18].
Majorana [19] and Elko [3,17] spinors are elements of the
flag-pole class. Finally, the type-(6) dipole spinors are
examplified by Weyl spinors. Note that there are only
six different spinor fields. To see that, notice that for
the regular case, since J # 0, it follows that S # 0 and
K # 0 as impositions from the identities (65). On the
other hand, for the singular case, the geometry asserts
that J(s + hvo123) = S + K9p213. Aiming to classify the
proposed spinors within the Lounesto classification, to il-
lustrate this general case, we use the spinor w{+’_}(p)
with an arbitrary phase, so in this way one has the 16
bilinear forms given by

o =im({1& — £1€3),
w = -m(& & +&1&3),

Jo = 2F,

Ji = —2psin(0) cos(¢),

Jy = —2psin(f) sin(9),

Js = 2pcos(0),

Ko = —2p,

K, = 2Esin(0) cos(¢), (70)

4We remark that J must be different from zero in the Lounesto
classification.
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Ky = 2Esin(0) sin(¢),

K3 = —2F cos(0),

So1 = im/2(£1&2 + £1€5) sin(6) cos(¢),
So2 = m/2(§7& + &1&3) sin(6) sin(¢),

Soz = m/2(§7& + &1&5) cos(0),

S12 = im/2(&&5 — 1&2) cos(0),

Siz = im/2(&&5 — £1&2) sin(0) sin(¢),
Sag = im/2(&1&5 — £ &2) sin(0) cos(9).

Therefore, without phase fixation this spinor is classified
as type (1) which matches the Dirac spinor. Now, for
the case where we impose that spinors have the same dy-
namic as the Dirac spinors, i.e., £ = i€, we easily find
the following set of real bilinear forms which satisfies the
Fierz identities, given in (65), With these considerations,
we conclude that the proposed spinor with phases fixed,
belongs to type (2) within the Lounesto classification. The
last result shows the possibility to construct Dirac spinors
without reference to the parity operator.

Final remarks. — The purpose of this work was
to show the possibility to construct Dirac spinors,
analogously as was made by Elko, however, in abstain-
ing parity symmetry. It should be mentioned, that in this
context, we do not consider parity symmetry as a cru-
cial link between the Lorentz representation spaces (1/2,0)
and (0,1/2), although this symmetry arises from the re-
quirement to construct a complete set of spinors, such as
u(p) and v(p), for Dirac spinors. It is important to com-
ment about this feature, since we constructed the reverse
path contrasting with the work [2]. Basically, we claim
that independently of choosing P symmetry or the dy-
namics given 7,p", choosing one another comes naturally,
and vice versa. Both are always correlated independently
of the choice.

Guided by the classification for the spinors developed
by Lounesto in [14], the spinors proposed here are clas-
sified as Dirac type (2), when the phases are given by
relations (42) and (43), as was expected. On the other
hand, if the phases are fixed as & = +i and & = Fi, we
obtain spinors that do not satisfy the Dirac dynamic but
belong to type (3) within the Lounesto classification.

We believe that parity symmetry is not a unique link
between representation spaces, we have shown here that
the absence of such link does not affect the field dynamic,
it remains the same as for the Dirac case. In this way, to
conclude this discussion, we have shown that if and only if
the spinor satisfies the Dirac dynamic it is an eigenspinor
of the parity operator, being a counterpart for what was
made in [2].

Finally, it is important to emphasize that the only simi-
larity between the Elko and the Dirac spinors constructed
here is given by the magic of Pauli matrices as a link

for the representation spaces, whilst the crucial differences
are single helicity, mass dimension 3/2, Lorentz-invariant
spin sums and Lounesto classification, contrasting with
the Elko dual-helicity feature, mass dimension 1, non-
invariant spin sums and the Elko spinors do not belong to
the Lounesto classification, as can be seen in detail in [20].
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