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Abstract
Using atomistic simulations, we investigate the dynamical behavior of magnetic skyrmions in
dimer and trimer molecular crystal arrangements, as well as bipartite lattices at 3/2 and 5/2 fillings,
under ac driving over a square array of anisotropy defects. For low ac amplitudes, at all fillings
reversible motion appears in which the skyrmions return to their original positions at the end of
each ac drive cycle and the diffusion is zero. We also identify two distinct irreversible regimes. The
first is a translating regime in which the skyrmions form channels of flow in opposing directions
and translate by one substrate lattice constant per ac drive cycle. The translating state appears in
the dimer and trimer arrangements, and produces pronounced peaks in the diffusivity in the
direction perpendicular to the external drive. For larger ac amplitudes, we find chaotic irreversible
motion in which the skyrmions can randomly exchange places with each other over time,
producing long-time diffusive behavior both parallel and perpendicular to the ac driving direction.

1. Introduction

A large variety of dynamic phenomena can emerge for many body systems under dc driving over random or
periodic substrates [1]. Examples of such systems include colloidal particles [2, 3], type-II superconducting
vortices [4, 5], active matter [6], sliding friction [7], and geological systems [8]. The flows may be strongly
disordered or chaotic in the plastic flow regimes but ordered in elastic flow regimes [1]. If ac rather than dc
driving is applied, even in the absence of a substrate it is possible for many body systems to undergo a
transition from reversible behavior, where the particles return to the same positions after each ac drive cycle,
to irreversible behavior, where the particles never return to their original positions. The irreversible flows can
produce long time diffusive behavior even in the absence of thermal fluctuations. The transition from
reversible to irreversible (R-IR) behavior was first studied in detail for periodically sheared colloidal particles
[9], where the net displacement of the particles was measured after each shear cycle. In the reversible regime,
the colloids returned to their initial configuration at the end of each cycle. In the irreversible regime, the
configuration of the colloids changed from one cycle to the next, with the colloids exhibiting chaotic
dynamics and undergoing long-term diffusive behavior after many cycles. Pine et al [9] observed that the
irreversible behavior appeared only above a critical threshold that could be crossed by increasing the colloidal
density and/or increasing the ac amplitude.

In further investigations of the periodically sheared colloidal system, Corte et al [10] found that while the
initial motion is always irreversible, the particles eventually organize into a steady state that may be either
reversible or irreversible, depending on the distance traveled during the shearing process. Notably, the
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number of cycles required to reach this steady state diverges as a power law at a critical point, indicating that
the reversible–irreversible transition is a nonequilibrium phase transition. In the colloidal system, the
behavior becomes reversible when the particles are able to organize into a state where particle–particle
collisions never occur. Additional investigations of R-IR transitions have since been performed in other
systems with much stronger particle–particle interactions, where interactions between the particles remain
important even in the reversible state. These include granular matter [11, 12], dislocations [13, 14],
amorphous solids [15–18], polycrystalline solids [19], type-II superconducting vortices [20–22] and, more
recently, magnetic skyrmions [23].

Previous work on R-IR transitions for superconducting vortices and magnetic skyrmions was performed
under coupling to a randomly disordered substrate. Far less is known about the nature of R-IR transitions for
systems on periodic substrates [24], where commensuration effects can arise when the ratio of the number of
particles to the number of substrate minima is an integer or a rational fraction [1, 25, 26]. For commensurate
conditions, the system generally adopts an ordered structure. This implies that under periodic shearing,
different effects could arise compared to what is found for systems with random disorder. In this work we
study R-IR transitions for magnetic skyrmions subjected to ac driving over periodic substrates for integer
and rational fillings. There are two key differences between this work and previous studies on R-IR
transitions in skyrmion systems [23]. First, we consider a periodic substrate instead of random quenched
disorder. Second, we perform atomistic simulations that capture the internal degrees of freedom of the
skyrmions, rather than using a point particle or Thiele equation approach. The atomistic simulations allow
the skyrmions to change both shape and size.

Magnetic skyrmions are particle-like topologically protected magnetic textures [27, 28] that exhibit many
similarities to overdamped particles. Both minimize their repulsive interactions by forming a triangular
array, can be set in motion by the application of external driving, and can interact with material defects in
several distinct ways [1, 29, 30]. The key difference between skyrmions and other overdamped particles is the
presence of a non-dissipative Magnus force that causes the skyrmions, in clean samples, to move at an angle
known as the intrinsic skyrmion Hall angle, θintsk , with respect to the external driving force [27, 31–34]. This
Magnus force produces richer dynamical behavior, with a greater number of possible dynamical phases, for
the skyrmions compared to other overdamped particles, since the skyrmion motion is not along the drive
direction, but follows a finite angle. The Magnus force can also significantly change the interaction of the
skyrmions with a substrate. In the limit of large Magnus forces, the skyrmion moves parallel rather than
perpendicular to equipotential lines of the substrate potential [35]. For more moderate Magnus forces, the
skyrmion picks up a velocity component that is perpendicular to the substrate force [30]. The rich dynamical
behavior of skyrmions interacting with substrates has been intensively investigated in recent years, and has
been investigated for periodic pinning [35–38], granular films [39, 40], voltage-controlled perpendicular
magnetic anisotropy (PMA) [41, 42], and temperature and magnetic field gradients [43–46]. Different
methods of driving the skyrmions that have been explored include interface guided motion [47], parametric
pumping [48], skyrmion lattice compression [49], pulse current modulation [50], strain driven motion [51],
and motion through interaction with domain walls [52]. Skyrmions are bubble-like objects that can change
shape and size, but most previous studies of R-IR transitions have focused on particles that have a fixed shape
and size.

Recently, Bellizotti Souza et al [53] reported the stabilization of skyrmion molecular crystals on
triangular substrates. The skyrmion molecular crystals exhibited the same ordering as other molecular
crystals found for superconducting vortices [54–56], colloidal particles [57–61], and Wigner crystals [62,
63]. These arrangements of particles are known as ‘molecular crystals’ because, at integer fillings, particles
trapped in individual substrate minima organize into dimer, trimer, and higher-order n-mer arrangements
that can exhibit an overall orientational order [56]. The dynamics of the particles in these dimer, trimer, or
n-mer arrangements could lead to novel behavior at R-IR transitions.

Using atomistic simulations, we simulate the dynamical behavior of different skyrmion molecular crystal
arrangements, including dimers, trimers, and bipartite lattices with 3/2 and 5/2 fillings, under ac driving over
a square array of sites with modified anisotropy. We measure the positions of the skyrmions after each ac
drive cycle. In the irreversible regimes, the skyrmions change positions so that there is a finite long-time
diffusivity, while in the reversible state, the diffusion is zero. At low ac amplitudes, we observe reversible
skyrmion motion for all skyrmion arrangements, but the ac amplitude range over which the motion remains
reversible changes depending on the filling fraction. For higher ac amplitudes, peaks in the y-direction
diffusivity are observed, perpendicular to the driving direction, only for dimer and trimer fillings. At these
peaks, the motion is irreversible since the diffusion is nonzero, and a portion of the skyrmions translate by a
fixed upward or downward amount during each ac drive cycle in the form of an edge current. Even though
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the motion is irreversible, the trajectories are ordered. In this case, there is no net directed motion of
skyrmions since half of the mobile skyrmions are moving in the+y direction and the other half are moving
in the−y direction, so the system is not a ratchet. We also find that by using other fillings or applying even
larger ac drive amplitudes, the skyrmions undergo chaotic irreversible motion with a finite diffusivity that is
much lower than the diffusivity in the irreversible states with directed motion.

2. Methods

We employ atomistic simulations, which track the motion of individual atomic magnetic moments [64], to
model Néel skyrmions in an ultrathin ferromagnetic sample. The sample is of size 84 nm× 84 nm and has
periodic boundary conditions along the x and y directions. The sample anisotropy is given by

K(x,y) = K0
4

[
cos

(
2π x
a0

)
+ cos

(
2π y
a0

)
+ 2

]
, where K0 is the anisotropy depth, a0 = 14 nm is the substrate

lattice constant, and there are Nm = 36 minima of the anisotropy. This produces a substrate consisting of a
periodic square array of defects. We apply a magnetic field perpendicular to the sample along−z at zero
temperature T= 0K.

The Hamiltonian governing the atomistic dynamics is given by [32, 64, 65]:

H=−
∑
i,j∈N

Jijmi ·mj −
∑
i,j∈N

Dij ·
(
mi ×mj

)
(1)

−
∑
i

µH ·mi −
∑
i

K(xi,yi)(mi · ẑ)2 .

The underlying lattice is a square arrangement of magnetic moments with lattice constant a= 0.5 nm. The
first term on the right hand side is the exchange interaction between the nearest neighbors contained in the
set N, with an exchange constant of Jij = J between magnetic moments i and j. The second term is the
interfacial Dzyaloshinskii–Moriya interaction, where Dij = Dẑ× r̂ij is the Dzyaloshinskii–Moriya vector
between magnetic moments i and j and r̂ij is the unit distance vector between sites i and j. The third term is
the Zeeman interaction with an applied external magnetic fieldH. Here µ= h̄γ is the magnitude of the
magnetic moment and γ = 1.76× 1011T−1 s−1 is the electron gyromagnetic ratio. The last term represents
the PMA of the sample, where xi and yi are the spatial coordinates of the ith magnetic moment. Since we are
considering ultrathin films, long-range dipolar interactions are small enough that they can be
neglected [66].

The time evolution for the individual atomic magnetic moments is obtained using the LLG
equation [67, 68]:

∂mi

∂t
=−γmi ×Heff

i +αmi ×
∂mi

∂t
+

pa3

2e
(j ·∇)mi . (2)

Here γ is the electron gyromagnetic ratio,Heff
i =− 1

h̄γ
∂H
∂mi

is the effective magnetic field including all
interactions from the Hamiltonian, α is the phenomenological damping introduced by Gilbert, and the last
term is the adiabatic spin-transfer-torque (STT), where p is the spin polarization, e the electron charge, and j
the applied current density. Use of this STT expression implies that the conduction electron spins are always
parallel to the magnetic momentsm [32, 69]. The non-adiabatic terms can be neglected in this case, since
they do not affect the skyrmion dynamics significantly under small driving forces [31]. The current density j
used in this work has the form j= jcos(2π ft) x̂, where j is the ac amplitude, f is the ac frequency, and t is the
time.

We fix the following values in our simulations: µH= 0.6(D2/J)(−ẑ), α= 0.3, p=−1.0, and
f = 0.1GHz. The material parameters are J= 1meV, D= 0.5J, and K0 = 0.1J. For each simulation, the
system is initialized in one of the configurations illustrated in figure 1. The numerical integration of
equation (2) is performed using a fourth order Runge–Kutta method over 200 ns.

We measure the mean square displacement Rα in each direction, α= x,y:

Rα (n) =
1

Nsk

Nsk∑
i

[(ri (t0 + nT)− ri (t0)) · α̂]
2 (3)

where Nsk is the number of skyrmions in the sample, n is the number of ac drive cycles that have elapsed,
T= 1/f = 10 ns is the ac drive period, and ri is the position of skyrmion i. From Rα, we compute the
effective diffusivity according to Dα = Rα/2t, following the same procedure used in [9, 20].
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Figure 1. Images of the different initial skyrmion lattice arrangements used in this work. The PMA is plotted as a transparency
overlay, with dark regions indicating high PMA. (a) Dimers forming an alternating pattern, or antiferromagnetic pattern, at
Nsk/Nm = 2. (b) Trimers in an alternating column pattern at Nsk/Nm = 3. (c) Bipartite lattice containing monomers and dimers
at Nsk/Nm = 3/2. (d) Bipartite lattice containing dimers and trimers at Nsk/Nm = 5/2.

3. Effective diffusivity

We first analyze how the effective diffusivity changes as the filling and ac amplitude j are changed. As shown
in figure 2(a), for the dimer arrangement at Nsk/Nm = 2, we obtain Dx = 0 and Dy = 0 for ac amplitudes
j⩽ 2.7× 1010Am−2. The absence of diffusion indicates that this is a reversible regime in which the
skyrmions move back and forth under the ac driving, but return to their original positions at the end of each
driving cycle and experience no net motion. An animation of the motion of the skyrmions in this reversible
regime appears in the supplemental material [70]. Over the interval 2.8× 1010 A m−2 ⩽ j ⩽
3.0× 1010 A m−2, Dy increases abruptly to Dy ⩾ 160 nm2 ns−1 while Dx remains at Dx = 0, indicating a net
displacement of individual skyrmions only along the y direction that is described in more detail in section 4.
When j is increased further, Dy drops abruptly back to Dy = 0. For j> 3× 1010Am−2, Dx and Dy are very
small compared to the peak values of Dy; however, they are not equal to zero, indicating that the skyrmions
are in an irreversible state with finite net motion of the skyrmions from cycle to cycle.

We find very different behavior for the Nsk/Nm = 3 trimer state, as shown in figure 2(b). Under very low
ac amplitudes, j⩽ 0.8× 1010Am−2, Dx = Dy = 0. These low ac amplitudes are not strong enough to
dislodge individual skyrmions from the potential minimum in which they are trapped, producing an
oscillation inside the potential minimum with no net translation. A small peak in Dy appears for
j = 0.8× 1010Am−2, indicating a net motion of the skyrmions along the y direction. After this first small
peak at j = 0.8× 1010 A m−2, there are three larger peaks in Dy at j = 1.2× 1010Am−2,
j = 1.8× 1010Am−2, and j = 2.6× 1010Am−2, with Dy returning to Dy = 0 between each peak and Dx

remaining at Dx = 0 throughout the entire current interval. As was the case for the dimer filling, the peaks in
Dy indicate that there is a net displacement of the skyrmions along the y direction only. These peaks have
different Dy values, indicating that different types of motion occur for each peak that is described in greater
detail in section 5. The same is true for the different peak Dy values in figure 2(a). For higher ac amplitudes
of j⩾ 3× 1010Am−2, both Dx and Dy have nonzero values, indicating a chaotic irreversible motion of the
skyrmions.

For the bipartite monomer and dimer lattice at Nsk/Nm = 3/2, figure 2(c) shows that the behavior of Dx

and Dy is much simpler than for the dimer and trimer arrangements. There are no strong peaks in either Dx

or Dy, and over most of the range of ac amplitudes considered here, j< 3× 1010Am−2, Dx = 0 and Dy = 0,
indicating that the motion is reversible. For higher ac amplitude values, the skyrmions begin to move in a
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Figure 2. Diffusivities Dx (black) and Dy (red) vs ac amplitude j at different fillings. (a) Nsk/Nm = 2, the antiferromagnetic dimer
arrangement from figure 1(a). Inset: a blowup of the region spanning 2.7× 1010A m−2 ⩽ j ⩽ 3.1× 1010A m−2.
(b) Nsk/Nm = 3, the alternating column trimer arrangement from figure 1(b). (c) Nsk/Nm = 3/2, the bipartite monomer and
dimer lattice from figure 1(c). (d) Nsk/Nm = 5/2, the bipartite dimer and trimer lattice from figure 1(d). Strong peaks in Dy

appear in panels (a) and (b) for the dimer and trimer arrangements, but are absent for both of the bipartite lattices.

chaotic irreversible fashion. The behavior of the bipartite dimer and trimer lattice at Nsk/Nm = 5/2 in
figure 2(d) is very similar, but has a reduced ac amplitude interval, j⩽ 1.4× 1010Am−2, of reversible
motion. The values of Dx and Dy observed in figures 2(c) and (d) in the irreversible state are similar to the
values of Dx and Dy found in figure 2(b) for chaotic irreversible motion at j⩾ 3× 1010 A m−2. This chaotic
irreversible motion resembles the irreversible flow found at high shear rates for periodically sheared colloidal
systems [9].

4. Dimer peak motion

We now focus on the dynamical behavior of the skyrmions at the dimer filling of Nsk/Nm = 2 in irreversible
states with Dy ̸= 0. Figures 3(a)–(d) and (e)–(h) show the mean square displacement and individual y
trajectories, respectively, for samples at ac amplitudes of j = 2.8× 1010Am−2, j = 2.85× 1010Am−2,
j = 2.875× 1010Am−2, and j = 3× 1010Am−2, which fall within the region of large Dy values in figure 2(a).
The lowest ac amplitude that produces irreversible behavior in figure 2(a) is j = 2.8× 1010 A m−2, and we
present Rx and Ry versus ac drive cycle number n for this ac amplitude value in figure 3(a). Ry increases with
n while Rx remains constant. Both Rx and Ry exhibit a transient behavior for n< 3, during which the
skyrmions adjust themselves to the presence of the ac driving. This transient motion is also visible at small
times t< 20 ns in figure 3(e), where we plot the time dependence of the y position for two selected
skyrmions. The colors of the curves, black for+y and red for−y, indicate the direction of net motion. The
side panel shows the dimer arrangement with skyrmions colored according to their net displacement. Note
that the initial conditions are exactly the same in each case, and only the ac drive amplitude has been
changed. After the transient motion period, all skyrmions from the vertically oriented dimers move along
+y, while all skyrmions from the horizontally oriented dimers move along−y. The+y and−y motions are
out of phase by half of an ac driving period, since during the+x portion of the ac driving cycle, the
skyrmions from the horizontally oriented dimers act as obstacles for the skyrmions from the vertically
oriented dimers. These roles reverse during the−x portion of the ac driving cycle. All of the+y moving
skyrmions are in phase with each other, and all of the−y moving skyrmions are in phase with each other.

For a larger ac drive amplitude of j = 2.85× 1010Am−2, shown in figures 3(b) and (f), the dynamical
behavior remains very similar, but the duration of the transient motion and the net direction of motion of
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Figure 3. (a)–(d) Rx (black) and Ry (red) vs ac drive cycle number n for the Nsk/Nm = 2 dimer arrangement from figure 1(a) at ac
drive amplitudes of (a) j = 2.8× 1010Am−2, (b) j = 2.85× 1010Am−2, (c) j = 2.875× 1010Am−2, and (d)
j = 3× 1010Am−2. Dashed lines are the fitted curves used to compute Dx and Dy. (e)–(h) The y position of two selected
skyrmions versus time in samples with (e) j = 2.8× 1010Am−2, (f) j = 2.85× 1010Am−2, (g) j = 2.875× 1010Am−2, and (h)
j = 3× 1010Am−2. The curves are colored according to the net motion of each skyrmion:+y (black) or−y (red). When the
skyrmion crosses the periodic boundary, the curve jumps from the top to the bottom of the panel or vice versa. Side panels of
(e)–(h) show the dimer arrangement colored according to the net motion of each skyrmion,+y (black) or−y (red). In panel (e),
all vertically oriented dimers have a net+y motion and all horizontally oriented dimers have a net−y motion. In panel (f), the
upper skyrmion of each vertically oriented dimer moves along−y and the lower skyrmion moves along+y, while the left
skyrmion of each horizontally oriented dimer moves along−y and the right skyrmion moves along+y. In panel (g), the motion
is as in panel (f) except that the left skyrmion of each horizontally oriented dimer moves along+y and the right skyrmion moves
along−y. In panel (h) all vertically oriented dimers have a net−y motion and all horizontally oriented dimers have a net+y
motion. An animation showing the skyrmions motion from panels (h) appears in the supplemental material [70].

individual skyrmions changes. Figure 3(b) indicates that the transient motion appears only for n< 2,
corresponding to 10 ns as shown in figure 3(f). As was the case at the lower value of j above, half of the
skyrmions have a net+y displacement and the other half have a net−y displacement, but the spatial
distribution of these displacements is different. For each vertically oriented dimer, the upper skyrmion
moves in the−y direction and the lower skyrmion moves in the+y direction. For each horizontally oriented
dimer, the left skyrmion moves in the+y direction and the right skyrmion moves in the−y direction.

Further increasing the ac amplitude to j = 2.875× 1010Am−2 has little impact on the dynamical
behavior, as shown in figures 3(c) and (g). Now the transient motion extends over the time period n< 3, as
shown in figure 3(c), which corresponds to 20 ns in figure 3(g). There is a subtle change in the spatial
distribution of the skyrmion motion compared to figures 3(b) and (f). For the horizontally oriented dimers,
the left skyrmion now moves in the−y direction instead of the+y direction, and the right skyrmion moves
in the+y direction instead of the−y direction. This subtle change is responsible for the increase in the
duration of the transient motion.

At an ac amplitude of j = 3× 1010Am−2, illustrated in figures 3(d) and (h), the dynamical behavior
changes again. The transient time is almost zero, meaning that skyrmions start to move with their steady
state net y displacement after the first ac cycle. The spatial distribution of skyrmion motion is also different.
All vertically oriented dimers have a net−y displacement while all horizontally oriented dimers have a net
+y displacement. This is opposite from the motion found in figure 3(e) at j = 2.8× 1010Am−2.

For each of the four values of j described above, all of the skyrmions that are moving along+y travel in
phase with each other, and all of the skyrmions that are moving along−y travel in phase with each other.
Additionally, the+y and−y motions have the same average velocity of

∣∣〈vy〉∣∣= 1.4m s−1, which is equal to
translation by one substrate lattice constant per ac cycle,

∣∣〈vy〉∣∣= a0/T. There is, however, no net dc motion
in the sample, since equal numbers of skyrmions translate along+y and−y. An animation showing the
motion of the skyrmions at j = 3× 1010Am−2, with the same coloring conventions from figures 3(e)–(h),
appears in the supplemental material [70]. Development of a detailed theoretical understanding of the
skyrmion flow would be an interesting topic for further study, and could be performed using simplified
models with fewer degrees of freedom, such as particle models that treat skyrmions as rigid bodies.
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Figure 4. (a)–(d) Rx (black) and Ry (red) vs ac drive cycle number n for the Nsk/Nm = 3 trimer arrangement from figure 1(b) at
ac drive amplitudes of (a) j = 1.2× 1010Am−2, (b) j = 1.8× 1010Am−2, (c) j = 2.6× 1010Am−2, and (d)
j = 6× 1010Am−2. Dashed lines are the fitted curves used to compute Dx and Dy. (e)–(g) The y position of three selected
skyrmions versus time in samples with (e) j = 1.2× 1010Am−2, (f) j = 1.8× 1010Am−2, and (g) j = 2.6× 1010Am−2. The
curves are colored according to the net motion of each skyrmion:+y (black),−y (red), and oscillating with no net motion (blue).
When the skyrmion crosses the periodic boundary, the curve jumps from the top to the bottom of the panel or vice versa. Side
panels of (e)–(g) show the spatial distribution of the direction of skyrmion motion. (h) x (black) and y (red) position of a selected
skyrmion versus time for a chaotic irreversible system at j = 6× 1010Am−2. An animation of the skyrmions motion from
panel(e) appears in the supplemental material [70].

5. Trimer peak motion

We now analyze the sharp Dy peaks present in figure 2(b) for the Nsk/Nm = 3 trimer skyrmion arrangement.
We do not specifically treat the small peak at j = 0.8× 1010Am−2, since its value is comparable to the value
found for chaotic motion at larger j and the system exhibits no interesting ordered movement.

The first sharp Dy peak observed in figure 2(b) appears at j = 1.2× 1010Am−2, where
Dy ≈ 130 nm2 ns−1 and Dx = 0. The corresponding values of Rx and Ry are plotted in figure 4(a). Rx remains
constant as n increases, but Ry increases with increasing n, indicating a net skyrmion displacement along the
y direction only. In figure 4(e) we plot the y position as a function of time for three representative skyrmions,
one moving along+y, one moving along−y, and one oscillating with no net motion. The oscillating
skyrmions act as an intermediary to facilitate the+y and−y movement of the other skyrmions. Skyrmions
moving along+y are out of phase by half an ac drive period from skyrmions moving along−y, while the
oscillating skyrmions move in phase with the ac drive. All skyrmions moving in a particular direction are in
phase with each other, meaning that the+y skyrmions are in phase with each other, the−y skyrmions are in
phase with each other, and the oscillating skyrmions are in phase with each other. The transient motion at
this ac amplitude is very brief and lasts only one ac drive cycle, as seen in figure 4(a). The side panel of
figure 4(e) indicates the spatial distribution of the skyrmion motion. In the odd (first, third, and fifth)
columns of trimers, where the trimer tips are oriented upward, the topmost skyrmion moves along−y, the
rightmost skyrmion oscillates, and the leftmost skyrmion moves along+y. In the even (second, fourth, and
sixth) columns of trimers, where the trimer tips are oriented downward, the bottommost skyrmion moves
along+y, the rightmost skyrmion moves along−y, and the leftmost skyrmion oscillates. Viewed clockwise
from the−y skyrmion, the order of motion of the skyrmions in each trimer is−y, oscillate,+y for the odd
columns and−y,+y, oscillate for the even columns.

The second Dy peak occurs at j = 1.8× 1010Am−2, and has a slightly reduced value of
Dy ≈ 110 nm2 ns−1. The plots of Rx and Ry for this current, shown in figure 4(b), have behavior very similar
to that found for the first peak in Dy, with Rx remaining constant as a function of n and Ry increasing with
increasing n. The transient motion lasts for nearly three ac drive cycles, corresponding to approximately
30 ns in figure 4(f). The dynamical behavior of the trimers is very similar to what was shown in figure 4(e),
with each skyrmion exhibiting either+y,−y, or oscillatory motion depending on its position inside the
trimer. The spatial distribution of this motion is modified at this higher value of j, as seen by comparing the
side panels of figures 4(e) and (f). In all columns, whether even or odd, the upper leftmost skyrmion moves
along−y, the upper rightmost skyrmion moves along+y, and the lower leftmost skyrmion oscillates.
Viewed clockwise from the−y skyrmion, the order of motion of the skyrmions in all trimers is−y,+y,
oscillate. The fact that the motion of all trimers synchronizes independent of whether the trimer is in an odd
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or even column could be the reason that the peak value of Dy is somewhat diminished and the transient time
is extended.

The last Dy peak for the trimer arrangement falls at j = 2.6× 1010Am−2, where Dy ≈ 130 nm2 ns−1, a
higher value than what appears for j = 1.8× 1010Am−2. The corresponding Rx and Ry versus n curves
plotted in figure 4(c) are very similar to those found for the other Dy peaks, with Rx remaining constant and
Ry increasing with the number of ac drive cycles. The transient time at this ac amplitude is reduced compared
to the transient time observed in figure 4(b), and lasts for only one ac drive cycle, corresponding to t< 10 ns
in figure 4(g). As with the other peaks in Dy, for the dynamical behavior of the skyrmions we find that each
skyrmion either moves in the+y or−y direction or oscillates about a fixed point. The spatial distribution of
the skyrmion motion, in the side panel of figure 4(g), is different from that at the other peaks in Dy. Trimers
in odd columns exhibit the same ordering found in figure 4(f), with the topmost skyrmion moving along
−y, the lower rightmost skyrmion moving along+y, and the lower leftmost skyrmion oscillating. Trimers in
even columns have an ordering different from that found for other values of j, with the bottommost
skyrmion moving along−y, the upper leftmost skyrmion oscillating, and the upper rightmost skyrmion
moving along+y. Viewed clockwise from the−y skyrmion, the order of motion of the skyrmions is−y,+y,
oscillate for the odd columns and−y, oscillate,+y for the even columns. In both figures 4(e) and (g), where
the order of trimer motion reverses from one column to the next, the Dy peak values are higher compared to
the case in figure 4(f) where all columns have the same order of trimer motion. The average skyrmion
displacement velocities are, however, the same in all cases,

∣∣〈vy〉∣∣= a0/T, meaning that all skyrmions that
undergo a net displacement translate by one substrate lattice constant per ac drive period. This is the same
velocity observed for the dimer system.

Figure 4(d) shows the values of Rx and Ry versus n for the trimer system at j = 6× 1010Am−2. At this ac
amplitude the skyrmions do not exhibit an ordered motion, but instead undergo an irreversible chaotic
motion. Both Rx and Ry increase with increasing n. This is very different from the behavior at peak values of
Dy, where Rx remained constant while Ry increased with increasing n. The values of Rx and Ry for the
disordered or chaotic irreversible motion are two orders of magnitude smaller than the value of Ry that
appears for ordered irreversible motion. This reduction can be seen in figure 2(b), where for ac amplitudes
j⩾ 3× 1010Am−2, the skyrmions exhibit an irreversible chaotic motion with finite Dx and Dy that have
values much smaller than the peak values of Dy that appear for the ordered irreversible motion. The x and y
positions of a representative skyrmion are plotted as a function of time at j = 6× 1010Am−2 in figure 4(h).
The skyrmion motion is chaotic, and the displacement velocity is greatly reduced compared to the velocity
that appears for the irreversible ordered motion. An animation of the motion of the trimers at
j = 3× 1010Am−2 appears in the supplemental material [70].

6. Bipartite lattices

Finally, we analyze the Nsk/Nm = 3/2 bipartite monomer and dimer lattice and the Nsk/Nm = 5/2 bipartite
dimer and trimer lattice in figure 5. The low values of Dx and Dy in figures 2(c) and (d) for both bipartite
lattices indicates that neither undergoes any type of ordered motion, but both show only chaotic irreversible
motion. The Nsk/Nm = 3/2 bipartite lattice first enters the chaotic motion regime at large ac driving
amplitudes, while the Nsk/Nm = 5/2 bipartite lattice already exhibits chaotic motion under low ac drive
amplitudes.

The Rx and Ry versus n curves for the Nsk/Nm = 3/2 bipartite lattice in figure 5(a) both increase with
increasing n. This is the expected behavior for chaotic motion, and matches what was observed in the trimer
system under large ac drive amplitudes in figure 4(d). The values of Rx and Ry are two to three orders of
magnitude smaller than the Ry values that appear during ordered motion, such as in figures 4(a)–(c). We
illustrate the chaotic motion in figure 5(c) by plotting the x and y positions of a selected skyrmion as a
function of time. The skyrmion motion has no well defined behavior, and the skyrmion diffuses through the
sample over time. The same dynamical behavior is observed for the Nsk/Nm = 5/2 bipartite lattice, as shown
in figure 5(b), where both Rx and Ry increase with increasing n, but maintain values that are two to three
orders of magnitude smaller than the values of Ry found for ordered motion. The x and y positions of a
selected skyrmion versus time, plotted in figure 5(d), indicate the presence of chaotic motion. There is
greater variability in the motion as a function of time compared to figure 5(c) due to the higher total filling
fraction in the Nsk/Nm = 5/2 bipartite lattice, which lowers the effective depinning threshold and enables the
skyrmions to diffuse around the sample with higher mobility. Animations showing the chaotic skyrmion
motion for the bipartite lattices at j = 6× 1010Am−2 are available in the supplemental material [70].
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Figure 5. (a), (b) Rx (black) and Ry (red) vs ac drive cycle number n at j = 6× 1010Am−2 for (a) the Nsk/Nm = 3/2 bipartite
monomer and dimer lattice and (b) the Nsk/Nm = 5/2 bipartite dimer and trimer lattice. Dashed lines are the fitted curves used
to compute Dx and Dy. (c), (d) x (black) and y (red) position of a selected skyrmion versus time at j = 6× 1010Am−2 in (c) the
Nsk/Nm = 3/2 bipartite monomer and dimer lattice and (d) the Nsk/Nm = 5/2 bipartite dimer and trimer lattice. Animations
showing the skyrmion motion are available in the supplemental material [70].

7. Summary

Using atomistic simulations, we investigated the reversible and irreversible behavior of ac driven skyrmions
interacting with a periodic substrate for dimer, trimer, bipartite monomer and dimer, and bipartite dimer
and trimer fillings. Under low ac amplitudes, all of the systems exhibit reversible dynamics in which all
skyrmions in the sample return to their starting positions and the long time diffusion both parallel and
perpendicular to the applied ac drive is zero. At larger ac amplitudes for the dimer and trimer systems, we
observe pronounced peaks in the perpendicular diffusion Dy while the parallel diffusion Dx remains zero,
indicating that individual skyrmions are undergoing one-dimensional directed motion along the y direction.
In this ordered irreversible state, the skyrmions move one lattice constant per ac drive cycle in the translating
regimes. For the dimers, half of the skyrmions move along+y and the other half move along−y, while for
the trimers, a third of the skyrmions move along+y, a third move along−y, and the remaining third
undergo confined oscillatory motion, so that there is no net skyrmion motion for either the dimer or trimer
system. Under large ac drive amplitudes, we find irreversible chaotic motion of the dimers, trimers, and
bipartite lattices. During the chaotic motion, the skyrmions diffuse throughout the sample in both the x and
y directions and exhibit the greatest amount of size fluctuations. In the chaotic phases, the displacements
grow diffusively, while in the translating phase, the displacements grow ballistically. Our results suggest a very
precise way of controlling the skyrmion motion under ac driving for different skyrmion arrangements. The
constant ballistic velocity of one substrate lattice constant per ac period can be exploited to construct
spintronic devices in which the skyrmion motion and velocity must be carefully regulated.

One example application of the ordered irreversible regime is a magnetic storage device composed of
skyrmion lanes. In such device, information transport can be achieved by moving skyrmions from one lane
to another via the ordered motion described in this work, since the ordered motion can be precisely
controlled and spans only half of an ac drive cycle, which corresponds to 5 ns. The chaotic irreversible regime
cannot be used for information transport, and can be interpreted as marking the boundary of the useful
operating regime of a device.

A more detailed analysis of the chaotic regime would be an interesting topic for future exploration. For
example, Lyapunov exponents could be measured at different ac amplitudes for the skyrmion arrangements
considered here. Based on our observations, we expect that the Lyapunov exponent would tend to zero in the
reversible and ordered irreversible regimes, but would be large in the chaotic irreversible regime. The
characteristic time to reach a steady state could also be measured, as in Brown et al [23], to characterize
different types of phase transitions. In the ordered irreversible regime, the characteristic time would be short,
but it would diverge as a power law at the transition to the chaotic irreversible regime. Careful measurements
of the exponent describing the power law divergence and the critical current could be performed using a
finite size analysis. We considered a fixed anisotropy defect size in this work, but if the defect size were
changed while the other system parameters were adjusted to maintain the same number of skyrmions per
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defect, we expect that our results would remain robust. If the defect size were changed while holding the
material parameters and applied magnetic field fixed, it is likely that both the skyrmion ground state and the
skyrmion dynamics would change, since it is well known that different defect sizes can influence both the
ground state and the dynamic behavior of overdamped particles [71–74].

Thermal effects, neglected here, can be relevant in actual materials, and have been shown previously to
modify critical driving values and induce creep motion under low drives [75–77]. We expect the ordered
irreversible regime to be robust against thermal fluctuations, although addition of temperature could shift
the critical driving values at which the transition to the chaotic irreversible regime occurs. The chaotic
regime itself should be stable against thermal fluctuations but could show slightly enhanced diffusion of the
particles through the sample. The reversible regime should be stable under mild thermal perturbations, but
strong thermal fluctuations would destroy both the reversible and ordered irreversible regimes.
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