/_\ I P Journal of
Mathematical Physics

Confinuous iteration of dynamical maps

R. Aldrovandi and L. P. Freitas

Citation: Journal of Mathematical Physics 39, 5324 (1998); doi: 10.1063/1.532574

View online: http://dx.doi.org/10.1063/1.532574

View Table of Contents: http://scitation.aip.org/content/aip/journal/jmp/39/10?ver=pdfcov
Published by the AIP Publishing

AIP - Re-register for Table of Content Alerts

Publishing

Create a profile. Sign up today! Y



http://scitation.aip.org/content/aip/journal/jmp?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1774531301/x01/AIP-PT/JMP_ArticleDL_022614/aipToCAlerts_Large.png/5532386d4f314a53757a6b4144615953?x
http://scitation.aip.org/search?value1=R.+Aldrovandi&option1=author
http://scitation.aip.org/search?value1=L.+P.+Freitas&option1=author
http://scitation.aip.org/content/aip/journal/jmp?ver=pdfcov
http://dx.doi.org/10.1063/1.532574
http://scitation.aip.org/content/aip/journal/jmp/39/10?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov

JOURNAL OF MATHEMATICAL PHYSICS VOLUME 39, NUMBER 10 OCTOBER 1998

Continuous iteration of dynamical maps

R. Aldrovandi® and L. P. Freitas®
Instituto de Fsica Tewoica, Universidade Estadual Paulista,
Rua Pamplona, 145, 01405-900c5Raulo SP, Brazil

(Received 10 November 1997; accepted for publication 16 June) 1998

A precise meaning is given to the notion of continuous iteration of a mapping.
Usual discrete iterations are extended into a dynamical flow which is a homotopy
of them all. The continuous iterate reveals that a dynamic map is formed by inde-
pendent component modes evolving without interference with each other. An ap-
plication to turbulent flow suggests that the velocity field assumes nonseparable
values. ©1998 American Institute of Physids$0022-248808)03410-0

I. INTRODUCTION

There are two main approaches to describe the evolution of a dynamical SyBtenfirst has
its roots in classical mechanics—the solutions of the dynamical differential equations provide the
continuous motion of the representative point in phase sp@be. second takes a quite different
point of view: it models evolution by the successive iterations of a well-chosen map, so that the
state is known after each step, as if the “time” parameter of the system were only defined at
discrete valued.It is possible to go from the first kind of description to the second through the
snapshots leading to a Poincarap. Our aim here is to present the first steps into a converse
procedure, going from a discrete to a continuous descriptitite preserving the idea of iteration
This is possible if we are able to “interpolate” between the discrete values in such a way that the
notion of iteration keeps its meaning in the intervals.

lteration is a particular case of function composition: given a basicftwp= f{*(x), its first
iterate isf(?(x)=[fof](x)=f[f(x)], its nth iterate isf(M(x)=f[ f{""V(x)]= "~ Y[ f(x)], etc.
The question is whether or not, given the set of functiSA¥x), an interpolatiorf(?(x) with real
values oft can be found which represents the one-parameter continuous ¢rogemigroup
describing the dynamical flow of the system. In order to dd‘lt, should satisfy the conditions

FOLF 0 ]= O FO(x) = (x), (1.2)
fO(x)=1d(x) = x. (1.2)

We shall find in what follows a map interpolatidf’(x) with these properties. It is a well-
known fact that Taylor serieg(x), g(x) satisfying the condition$(0)=0, g(0)=0, and with
nonvanishing coefficients of are invertible and constitute a group by composifidthe neutral
element is the identity functioe(x) =1d(x) =x and two functiond, g are inverse to each other if
it is true thatf[g(x)]=g[ f(x)]=1d(x) =x. In this caseg=f{~ andf=g{~ (we are taking the
liberty of using the word “function” even for purely formal series and multivalued mapke
clue to the guestion lies in the formalism of Bell polynomials, which attributes to every such
functionf a matrix B[ f], whose inverse represents the inverse function and such that the matrix
product represents the composition operation. In other words, these matrices provide a linear
representation of the group formed by the functions with the operation of composition. Compo-
sition is thus represented by matrix product and, consequently, iterations are represented by matrix
powers. Furthermore, the representation is faithful, and the funti®oompletely determined by
B[f]. Now, in the matrix group there does exist a clear interpolation of discrete powers by real
powers and the inverse way, going from matrices to functions, yields a map interpolation with the
desired properties.

3E|ectronic mail: RA@AXP.IFT.UNESP.BR
YElectronic mail: LFREITAS@IFT.UNESP.BR

0022-2488/98/39(10)/5324/13/$15.00 5324 © 1998 American Institute of Physics



J. Math. Phys., Vol. 39, No. 10, October 1998 R. Aldrovandi and L. P. Freitas 5325

Section Il is a short presentation of Bell polynomials, with only the minimum information
necessary for our present objective. It is shown how a m8{ri§ can be found which represents
each formal serief and that the compositiofrg of two functions is represented by tieght-)
product of the respective matriceBf fog]=B[g]B[f]. The identity matrix corresponds to the
identity function, B[Id]=1, the matrixB[f{™] corresponding to thath iterate,f is the nth
powerB"[ f], and the Lagrange inversé ¥ to a seried is represented by the respective inverse
matrix, B[ f(~2]=B [ f]. The necessity of findinB[ f] for noninteger ‘" leads to the problem
of defining functions of matrices, succinctly discussed in Sec. lll. Given a mBttixere exists a
very convenient basis of projectors in terms of which any functioB fdefined in a simple way.

A method is given to obtain the members of this basis in a closed form, in terms of powRrs of
The procedure is applied to Bell matrices in Sec. IV to obijrf ]=B[ ("] for any value oft,

from which the functiorf("(x) can be extracted and shown to satisfy conditiérty and(1.2). It

turns out that, though it is quite natural to call “time” the continuous labehis “time” is

related to a certain class of flows, among all those leading to a specific PoinapreThere is an

extra bonus: The matrix decomposition in terms of projectors is reflected in a decomposition of the
original map, and of its iterate, into a sum in terms of certain “elementary functions,” each one
with an independent and well-defined time evolution. An application, relating a simplified turbu-
lence model to nonseparable solutions of the double harmonic oscillator, is given in Sec. V.

II. BELL MATRICES

Given a formal series with vanishing constant term,

9(x)= E —xJ (I1.1)

its Bell polynomialsB,,[g] are certain polynomiatsin the Taylor coefficients);, defined by

1
Bnk(911921"'!gn k+1) [ tn [g(t)] ] . (”2)

t=0

Their properties are in general obtained from their appearance in the multinomial theorem, which
reads

1 ” gl . k ” t"
a2 Tt =2 o Bak 91,02, Gnke1)- (11.3)

Depending on the situation, one or another of the notations

Bnd 91=Bnk(91.92,--- 9n-k+1) = Bnilgj} (1.4)

is more convenient. The symb{d;} represents the Taylor coefficient list gf with g; a typical
member. Some properties coming immediately from the multinomial theorem are the following:

Bnil9]=0n, (11.5)
Bnal91=(91)", (11.6)

Bl Cg(t)]=c"Bndg(t)], (11.7)
Bndg(ct)]=c"Bala(t)], (11.8)

wherec is a constant. Given two formal Taylor series,

f(u)= Z J—‘ L= .g—_jti, (11.9)
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their composition

_
FO=[f-gl=flgm]=2, {7 Filfiq] (11.10)

will have the Taylor coefficient§,, given by the Faali Bruno formula,

Fn[f:g]=k§1 fBnid0j}- (11.11)

Other properties can be obtained from the double generating function

n N

eug(t)_lzz s 2 ujBn-[g]. (.12
n=1 N =1 :

Series like(ll.1) constitute a group under the composition operatibrg)(x)=f[g(x)]. The
identity series ‘€” such thate(x) =Id(x) = x plays the role of the neutral element and each series

g possesses an invergé Y, satisfyingg{~Yeg=gog{"Y=e and given by the Lagrange inver-

sion formula. The simplest example of a Bell matrix and its inverse is given by the well-known
case of the Stirling numbers: matrices formed by the first and second kind of Stirling numbers are
inverse to each other, because they correspond to functions inverse to each other. In effect,
consider the series

g(X)=|n(1+X)=jZl( i X!, (1.13)
whose inverse is
. o1
f(uy=e —1:121 j—!uJ. (1.14)

A generating function for the Stirling numbers of the first kigd is
1 ZoxX"
= (In(1+x)*=>D =—s,®. (1.15)
kl n=k n'

It follows from (l1.3) that
Bl IN(1+X)]=Bn(0!,— 11,21, —31,..)=B,{ (=) (- D1}=s,¥. (I.16)

For the Stirling numbers of the second kiBg!), the generating function is

i(e“—l)"=§ u—nS<k> (I1.17)
kl n=k nl n ’ )
from which
Bad€'—1]=Bn(1,1,1,...,2=B,{1}=S,". (11.18)

The inverse property of Stirling numbers3g_; s, S)=45,), the same as

n

kE. Bud IN(1+X)1Byj[e"—1]=6,;. (1.19)
=j

The polynomialsB,,, [ g] are the entries of dower-)triangular matrixB[g], with n as row
index andk as the column index. Froitil.5), the function coefficients constitute the first column,
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so that actualhB[ g] is an overcomplete representativegofFrom (11.6), the eigenvalues d3[ g]

are @,)!. Triangular matrices form a group, of which the set of matricBs,) constitutes a
subgroup. Hereby comes the most fascinating property of Bell polynomials: The mafigés
=(B, g]), with the operation of matrix product, provide a representation of the series compo-
sition group:

B[g]B[f]=B[feg]. (11.20)

It is in reality an antirepresentation because of the inverse order, but this does not represent any
problem. This property comes easily by using twitle3), as

1 R R
H(f[g<t>]>k=g(2 j—;gl)

i=1

o
S I )

n=k

o]

n=k

.
2 57 BinlgIBuf]

tJ
> — > Bi[glBnlfl,

=k J! n=k

from which

j
B[ f(g(t)]= nzk Bin[91Bnil f1, (11.21)

which is just(11.20). Associativity can be easily checked, and it is trivial to see that the “identity”
seriese(x) =x has the representati,,[ e]= &,,, SO thatB[e]=I. The serieg(t) with g,=0

can be attributed to a matrix, but a singular one and, consequently, outside the group. Summing
up, infinite Bell matrices constitute a linear representation of the group of invertible formal series.
If we consider only the firsN rows and columns, what we have is an approximation, but it is
important to notice that the group properties hold at each didérhe general aspect of a Bell
matrix can be illustrated by the cabe=5:

o 0 0

92 0,° 0 0 0
Blgl=| 93 3910, 9,° 0 0 (11.22)

ds 40193+ 30,° 69:°9> 9, 0

s 109203+5010s 15019,°+109,°gs 109:°g, 9,°

The result(11.19) is the best example of the general property
B[f]1B[f{~1]=I. (11.23)
It is evident that, given the seridsits inverse series can be obtained from

B[f{" V=B [f] (11.24)

by simple matrix inversion. The inversion properties of Bell matrices have been used in the study
of cluster expansions for real ga§eecauseB[g<”>]:B“[g], Bell matrices convert function
iteration into matrix power and provide a linearization of the process of iteration.
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Suppose now that we are able to obtain the mafixwith t an arbitrary real number. The
continuous iteration ofj(x) will then be that functiory® such thaB[g{"]=B[g]. By (II.5), its
Taylor coefficients are fixed by?,=B[g"],;=B{g],;. To arrive atB!, let us make a short
preliminary incursion into the subject of matrix functions.

lll. MATRIX FUNCTIONS

Suppose a functiorF(\) is given which can be expanded as a power seR¢x)
=3r_, c(A— o)X inside the convergence circla —\o|<r. Then the functiorF(B), whose
argument is now a giveN X N matrix B, is defined byF(B)==,_, c(B—Xo)¥ and has a sense
whenever the eigenvalues @ lie within the convergence circle. Given the eigenvalues
X1,X2,.... XN, the set of eigenprojectof&;[ B]=|x;)(x;|} constitutes a basis in whidhis written

N
BzEl xZ;[B], (n.1)
=

and the functiorF (B), defined as above, can also be wriftas the matrix

N
F(B>=j§1 F(x;)Z[B]. (I11.2)

Thus, for exampleg —EN,l eiZ; and B"‘—ZN 1 Xj* Zj[B]. The basigZ;[B]} depends orB,
but is the same for every functldﬁ The Z;’ s be5|des being prOJectOI($hat is, idempotents,

=Z;), can be normalized so that ) = 1 for eachj and are then orthonormal by the trace,
tr(Z Z;)= ;. Other properties foIIow easily, for example,[R(B)]= 2 -1 F(x))Z; and
tr[B"Z 1=(x))*. If Bis a normal matrix diagonalized by a matiix UBU~ Bdlagonalv then the
entries ofZ, are given by Z,),s= Urk Uy (no summation, of courge

A set of N powers ofB is enough to fix the projector basis. Using f(B) in (111.2) the power
functionsB°=1, B',B?,... BN, we havel=3\\, Z;; B=3]L, x; Z;; B?=3]L, x%Z;;
B*=3, x*Z;;.. BN 1= EJN,l xN~1z;. For k=N, the BX's are no more mdependent This
comes from the Cayley Hamilton theorérby which B satisfies its own secular equation

A(x)=def{x] —B]=(X—X1)(X—X5)(X—Xz)* - (X—Xp)=0.

A(B)=0 will give BN in terms of lower powers oB, so that the higher powers & can be
computed from the lower powers.

Inversion of the above expressions for the powerB af terms of theZ;’s leads to a closed
form for eachz;,

(B=x1)(B=Xp) - (B=Xj_1)(B=Xj41)"(B=Xn-1)(B—Xy)

4[B]= (X=X (X =X2) (X=X =) (X; =X} 41) (X = Xn— ) (X = XN) (1-3)
The functionF(B) is consequently given by
— Xy
F(B)= 2_ LL[J - Xk’F(xj). (11.4)

Thus, in order to obtaifr(B), it is necessary to find the eigenvaluesBodind the detailed form of

its first (N— 1) powers. Though foN not too large theZ;[ B]'s can be directly computed, we shall

give closed expressions for them. These expressions involve some symmetric functions of the
eigenvalues.

Let us examine the spectrufr,} of B in some more detail. The eigenvalugswill be called
“letters” and indicated collectively by the “alphabetX={x;,X5,X3,....Xx}. A monomial is a
“word.” It will be convenient to consider both the alphabetand its “reciprocal,” the alphabet
X*={X*1,X*,X*3,... X*\} where eachx*;=—1/x;. Notice that taking the reciprocal is an
involution, X** =x. A symmetric function in the variables,,x,,X3,... Xy iS any polynomial
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P(X1,X5,Xz,...,Xy) Which is invariant under all the permutations of thgs. Only one kind of
them will be needed here, thgth elementary symmetric functions¢=sum of all words with
j distinct letters:

ool X]=1(by convention,

o[ X]=X1+ X+ X3+ -+ Xy,

0o X]= XX+ X Xg+ s+ X XNt -+ XoXg+XoXg+ o+ o+ Xy 1 XN

oN[X]=X1XoXg  XN—1XN -

The symmetric functions of andx* are related by

(=) on-i[x]=on[X]aj[x*]. (I1.5)
Their generating function is
N _ N N 1 N
JZO o'j[x]tlzjzl @exgn=11 -ty = "y J]:[1 (X*;—1),

so that

N N
IT x*j=t)=on\[x*12 oj[x]tl.
j=1 j=0

We use the involution property ar(fll.5) to write the general expression

N N N
,-Hl (Xj—t)IO'N[X]J_E::O oj[x*]tjzjzo (=)o [x]tl. (111.6)

The jth eigenvalue is absent in the numerator of expresgid3) for Z;. We shall need some
results involving an alphabet with one missing letter. &gfx] be the sum of alj-products of the
alphabetx, but excludingx; . For exampleaNi[x]zﬂﬁ‘;&i Xk . We put by conventiomry =1 and
find that

k k
lXI= 2 (=)PxPorplx]= 2, (~x) Joy[x]. (I1.7)
In the absence of thih letter, (111.6) becomes
N N
I (=t =onx] X olx* . (111.8)
j=1;j#i j=0
The projectorgll1l.3) are then
N N * k
x.—B 2Z._ Ix*1B
Z/[B]= B _ Zico%glX] (111.9)

= <N K
k=Tk#j Xk—Xj  Zpo o0k X* 1%

clearly written in the basigl,B,B?,...,.BN"1}. In our application to Bell matrices, it will be
convenient to use instead the basB?,...,BN}. This is due to the fact that we shall prefer to
start from the matriXB[ g], corresponding t@, and not from the matrix, corresponding to the
identity function. The mappings of interest, like the logistic map for example, have a gernetal *
aspect and the identity map does not have the same end points: the identity map has Brouwer
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degree 1, while the dynamical maps of interest can be characterized by their degree 0. The
Cayley—Hamilton theorem implieE}\‘:O oj[x*]B'=0, from which we obtain the identitR® as

N
|=—_§‘,l oi[x*1BJ. (111.10)
“

Replacing this identity if{ll1.9), the projectors are recast into another form,

|+ 3000 x* 1BY S {o[x* ] — oy x* T} BX

481 1+ 3o IxE SR {0 1= ol ThxK (I.11)
Using (I11.7) and (lll.5) we get
2 5]- SherlZiso00 oD B SEA(SI300) K Y pABE

SIEAIN=DOY o] SEGIN=D ) (=) oy j[x]

where we have also usef_,{={Z5(x) oj[x* [}=2]55(N—]) (%) oj[x*]. There is a good
immediate check: Replacing by the eigenvalues we find, as expected,

Zi[ %] = ol - (11.13)

The projectors are now clearly in the ba&is B2, ...,BN}. Actually, eachz; is now just that given
in the basig|,B,B2,....BN"1} multiplied by (B/x;): instead of(1l1.3),

(B=x1)(B=x3) - (B=Xj-1)B(B—=Xj11) " (B=Xn-1)(B—Xy)
(X = X1) (X = X2)" (X = Xj = )X} (X = Xj 1)+ (X) = XN 1) (X = XN)

Zj[B]= (I1.14)

The Z;'s and the power®* can be seen as components of two formal column “vectors.” The

linear conditionsB”zE}\‘=1 x;"Z; are then represented by a matix=[x;"],

X X X - X
B! 12 22 32 N2 Zl
BZ Xl X2 X3 XN 22
= 1, (11.15)
BN z
xNoxN xgN XN N
and what we have done has been to obtain its inverse:
N
zi[B]= 2, [A~1]yBX, (111.16)
k=1
2000 M=) oy [x]
A = or— i (11.17)

S A=)~ oy X’

It seems a difficult task to improve the above expressions, as it would mean knowing a closed
analytical expression for the recurrent summation of the fEﬂTﬁé ujoj[x*]. A closed expres-
sion for o[ x* ] would be necessary and, even for the simple alphabet consisting of powers of a
fixed lettera, which we shall find in the application to Bell matrices, this would be equivalent to
solving an as yet unsolved problem in Combinatorics. In effect, in terms of such an aI;{)aja}bet
with N letters, the symmetric function is given by,=SNY*D2q;, \al, where gj
=number of partitions of into k unequal summands, each ogé\. These conditional partition
numbers have the generating functibff_,[1+ua']=1+3; snak=10; kn@'u¥, but have no
known closed expression. They are calculated, one by one, just in this’way.
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Bell matrices are not normal, that is, they do not commute with their transposes. Normality is
the condition for diagonalizability. This means that Bell matrices cannot be put into diagonal form
by a similarity transformation. As it happens, this will not be a difficulty because we know their
eigenvalues. That functions of matrices are completely determined by their spectra is justified on
much more general grounds. Matrix algebras are very particular kinds of von Neumann algebras
and it is a very strong result of the still more general theory of Banach aldébinas functions on
such spaces, as long as they can be defined, are fixed by the spectra. Another point worth men-
tioning is that the infinite Bell matrices which constitute the true, complete representation of the
group of invertible series will belong, as limits fok—o of NXN matrices, to a hyperfinite von
Neumann algebra. Our considerations here are purely formal from the mathematical point of view,
as we are only discussing formal series. We are not concerned with the topological intricacies
involved in the convergence problems, though they surely deserve a detailed study. By the way,
the infinite algebra generated by Bell matrices would provide a good guide in the study of function
algebras with the composition operation.

IV. THE CONTINUOUS ITERATE

We are now in a position to find, given a functignthe matrixB'[g] and its corresponding
function, the continuous iterag?(x). Since many things—thB[g] spectrum, for example—
will depend only on the first-order Taylor coefficient, we shall guta. By (11.6), the letters in
the eigenvalue-alphabet & g] will be simple powers ofx and the alphabea=(al,a?,...,a")
will have the reciprocab*=(—a %, —a?,...,—a V). The matrixA has entries 4;,)=(a'*)
and the projectors

N
zi[B]=k§1 A~ BYg] (IV.1)

now have the coefficients

i 5al179(—)loy_j[a]

S e U T P e

We can verify easily that t7,[B]=1 andBZ,=a'Z;. A consequence of the latter is
f(B)Z;=f(a")z, (IV.2)
whose particular case
Biz,=a'z, (IV.3)

will be helpful later on. To give an idea of their aspect, we show the projector matrices
Z,N[B[g]] for N=3:

1 0 0 0 0 0
Jd2 —02
_— 0 O —_ 1 0
z,®¥= g1(1—91) . Z,%¥=| 01(1-91) ,
39,°+03(1—g;) 0 0 —3g,° 39,
91(1-g1)*(1+g,) 9:°(1-91)° 91(1-9y)
0 0 0
e 0 0 0
39,°—0:03(1-9y) -39z

9:%(1-91)%(1+91) 91(1-9y)
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Because they do not have the fofth22), they cannot be the Bell matrices of any function. They
inherit, however, a good property of the Bell matrices: for elcthe projectors; (N) contain, in
their higher rows, the projecto® for all k<N. The upper-left x 2 submatrices of th&, @)
above are jusg,(?.

We can take the first-column entries of the matfiiX.1) as Taylor coefficients defining the
functions

RM(x)= 2 [z [B1]i1 (IV.4)

N
=2 [A7hg 0], (IV.5)

To each projectoZ; corresponds such an “elementary functioR\)(x), a relationship reflect-
ing in part that between the series and their Bell matrices. Taking the summationRpf &t in
(IV.4) and usingl =3} ; Z;, we find

* r

X
= 21 7 On=X. (IV.6)

r=

2 RMN(x)= 2 {2 Z[B]

Thus, just as the projectors give a decomposition of the identity matrix, the elementary functions
provide a decomposition of the identity function,

N
ld= iZl RN, (IV.7)

Applying to B[ g] the general forn{lll.2) for the function of a matrix, we have

N N
=2 a“Zi[B]szl CMy(1)BX, (IV.8)
where
N
cN ()=, al'tA~L,. (IV.9)

The coefficients of the continuum iterate function

gV(x) = E 9, ‘>— (IV.10)
will be
N N N
9. '=[B'[gll =2, a"[Zi[Bllnn= 2 CM(DBgln= 2, CMi)g, M. (V.11)
Therefore,
N N N
g<t><x>=k21 <:<N)k<t>g<k><x>=k21 E atAY }g“ (X). (IV.12)

Time dependence is factorized in the alternative form

N
g(x) = kZl a"R,M(x). (IV.13)
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One of the announced properti¢s2), follows immediately:g‘®(x) =1d(x). Fort=1, a sugges-
tive decomposition of the function comes up:

N

g(X)=kE aRM(x). (IV.14)
=]

It remains to show thatV.13) does satisfy propertfl.1). Notice first that, from the definition
(IV.4) of R™ and the multinomial theorertil.3),

®
RN (x)]= 2 [Z[B]]rl[g v

= 2 —_B,r[g<‘>][Z[BJ]r1

r=1j>r

X
T 2 BilglZilBlln

I
M s

I
[us

Il
M s

Il
=

[ [BZ];1. (IV.15)

Therefore,

N
9"(g00) =2, a'RM[g"(x)]

o N
X' o,

=2 > a'[B'Z],

r=1 I i=1

[ x’ N .
:E o Btz a" Z;

f=1 I! =1 "

© Xr © Xr , '
=r§=:1 T [B'BY], 1—2 m gttt =g (x),

just the result looked for. Notice also that, usifig.3) and(IV.4) in (IV.15), we obtain
Mg 0 ]=a"RM (%) (IV.16)
and, consequently,
RN (x)]=a IR M (x) =a RN g (x)]. (IV.17)

The function decomposition is preserved in time, as we can write

N N
g<x>=k21 RMg(x)], g<t>(x>=k21 RMIgM(x)]. (IV.18)

All the above expressions hold for each valueNodnd give approximations to that order. Of
course, exact results would only really come out wiker-co. The exact expressions would, as
long as they are defined, take forms like

Rj<x>=k§1 [A La™ ()], (IV.19)
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9(x) = k21 a“Ry(x), (IV.20)
g(x) = ;1 a“'Ry(x). (IV.21)

It is tempting to conjecture that the elementary functiBaplay, in function space and with
the operation of composition, the role of projectors. In fact, this is not so. Their properties mirror
only partially those of the projecto; . If we calculateR;[ R;(x)] using(IV.4) and the multino-
mial theorem, we findR[R;(x)]=R;(x!/j!). The composition gives rise to a change in the
variable. Thus, the function®,; fail even to satisfy the defining idempotent property: in general,
Ri°Ri#R;. An explicit example oR;(x), for which all these properties can be tried out, is given
below[see(V.6)].

We can introduce=In a and rewrite(IV.13) as

><(t)=g<t>(xo)=k§1 e““'Ry(xo), (IV.22)

a decomposition of{V(x) into a sum of modes, each one evolving independently according to
Xi(1) = X%, (0) = 'Ry (Xo). (IV.23)

The imaginary “frequency”’ke plays the role of a “modular Lyapunov exponent” of thh
mode. We have thus a “multi-Hamiltonian” flow(t) with one Hamiltonian for each projector
component: EquationdV.16) and(1V.17) showR,(\) as a representation of the one-dimensional
group engendered by theh dynamical flow

RLIV(x) =R (gD (x)]. (IV.24)

The functiong‘"(x) is actually a Lagrange interpolation in the convenient varialgg)'(
=a', which coincides with the discrete iterates at each integer valtamdkeeps the meaning of
a continuum iterate in betweeh is a homotopy of all the usual discrete iterations. As announced
in Sec. lll, we have used the bagi,B?,B3,...,.B}, instead of{I,B,B?,... BN"1}, because in
the latter the matrix 1"’ would correspond to the identity function Igf=x, which does not have
the same end points of the maps of interest.

The variablet has been given the sense of a “time.” If it is really tingé™(x) will give the
nth point of a Poincaranap. Now, there are in principlénfinitely) many dynamical flows
corresponding to a given Poincareap. The functioy”(x) as given above would correspond to
a class of them, that of the flows with equal intervals of time between successive points on the
Poincaresection. To consider other cases, we recall that any strictly monotonous function of a
first-given “time” is another “time.”

Finally, we cannot resist exhibiting a “thing of beauty.” By the very manner in which it has
been obtained, the expressi@i.12) for the continuum iterate is equivalent to the highly mne-
monic determinantal equation

gP(x) a a a
g?x) a® a* ... .. aN
g®x) a® a® ... ... a%N
—0. (IV.25)
gMx) aV a N2
gPx) at a? ... ... aM

Expansion along the first column or the last row and comparison Ntli1) and (IV.13) will
give determinant expressions f6fV,(t) and RN (x).
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V. AN APPLICATION TO TURBULENCE

Let us describe an application of our basic regiMt21), which shows that a relationship may
exist between harmonic oscillators and turbulence. Consider the special case of the logistic map

g(x)=4x(1-Xx), (V.1)

which is helpful in modeling the velocity field in fully developed turbulerittee “poor man’s
Navier—Stokes equation’'? It takes the interval0, 1] into itself. The coordinate transformation
x'=2x—1,y'=2y—1, takes it into a map—1,1]—[—1,1]. We shall writev(x)=2x—1, in
terms of which the logistic map takes the form

g(x)=21-Ta(2x-1)], (V.2)

whereT,(z) =2z2— 1=cog2 arcosz] is the second-order Chebyshev polynomial of the first kind.
Using v~ Y(u)=3(u+1), we notice that

To(2)=—vogev{~Y(2).
lterating once this expression, we haj@,oT,](z)=—vogev V[ —v]egev{ Y(z). As

v [ —v(u)]=1—u, but g(1—u)=g(u), we arrive atT,?(z)=—vg{?v{"Y(2). In the
same way we obtain theth iterate

T,\"M(2) = —vogMev{~Y(2)=1-2¢"[%(1+2)]. (V.3)

Now, these Chebyshev polynomisishave a very interesting property, easily proved from the
definition: they transform composition into index product:

Tl T2 =T Tnl(2) =Tam(2).

Therefore T,{™(z) = T,n(z) = cog 2" arcosz], and we obtain a closed expression for thiéerate
of g: g{M =0 (" Vo[ —T,n(2)]ov, or

gM(x)=H1—Ton(z)(2x—1)}=3{1—cog 2" arcog2x—1)]}=sir[2" ! arcog2x—1)].
(V.4)

We proceed to find a continuum version of this iterate. The result,
g‘(x)=4{1—cos[2* arcog2x—1)}, (V.5)

can be naively anticipated, but we shall prove it. In the presentaagk the eigenvalue alphabet
is (41,4%,4°,...) andmatrix A "%, in (11.17) is such that .-, A% 4"P= 5[ . We use the second
expression in(V.4) in the form g{™(x) = — (1/2)= =4[ (—)P/(2p)!] 4"P[arcos(Xx—1)]* and
calculate(1V.19):

1 (- k
Rk(x>=n§1 A Hag ()=~ 5 ((2,())! [arcog2x—1)]% (V.6)

[notice that(1V.6) is trivially satisfied. Equation(IV.21) gives then

1 (—)X
(a)(y) = a __ = @ _
g{(x) k};,l 4%R(X) 22'1 (30! [2% arcog2x—1)]%,

which is the same a&/.5).
Let us now recall some facts about the double oscillator. Gkeegoswt andy = cosfiwt),
we have of coursg=T,[x], which solves the differential equation {X?)y”—xy’ —n?y=0.
This leads to the usual, “isolated,” finite Lissajous curves. When the two frequencies are not
commensuratey = cos(wt), the differential equation becomes
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(1-x%)y"—xy'—v?y=0, (V.7)

whose solutiory=cog v arcosx] is not a polynomial in the general case. It is a well-known fact
that, whenw is not a rational number, each one of these transcendental, infinite Lissajous curves is
dense in thex,y) squaret* and that the topology of the space of such trajectories is not even first
separablé®

Now, the related functions

T,a(z)=cog 2% arcog2x—1)]=1—2g*[}(1+2)]

are just the continuum versions of the Chebyshev polynomials obtained¥&n For each value

of a, Tye(2) solves(V.7) with v=2¢, and constitutes one of the Lissajous curves. The continuum
parametera, which can be interpreted as “time” for the logistic map, is a label for Lissajous
curves from the point of view of the double oscillator. It is just the set of its values which
constitutes a nonseparable space: all trajectories avithational are ultimately indistinguishable.
However rough the “poor man’s” model may be, the result suggests that the velocity field in
turbulent flow can assume a large amount of nonseparable values.

VI. CONCLUDING REMARKS

In the passage from functions to Bell matrices, composition is translated into matrix product
and iteration into matrix powers. Continuous powers of matrices have a sound meaning, which is
translated back into continuous iteration and makes of it also a sound concept, respecting proper-
ties (1.1)—(1.2). The usual discrete iterations are thus extended into a continuous flow. The term-
by-term factorization of the andt dependencies af("(x) reveals itself as a decomposition into
independently evolving modes, one for each projector of the corresponding Bell matrix.

Once it is established that iteration can have a continuous meaning and is, furthermore, a
homotopy, new possibilities are made open to study, such as the use of the conservation of degrees
like Brouwer's and Morse’s. It is our contention that, with the continuum version of iterations, it
will be possible to get a better understanding of the detailed unfolding of bifurcations and of the
general relationship between the differential and the mapping approaches to chaotic dynamics.
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