
On some extension of optimal control theory

Dmitry Yu. Karamzin a,b, Valeriano A. de Oliveira a, Fernando L. Pereira c, Geraldo N. Silva a,n

a Instituto de Biociências, Letras e Ciências Exatas, UNESP - Univ. Estadual Paulista, Rua Cristóvão Colombo, N. 2265,
CEP 15054-000, São José do Rio Preto - SP, Brazil
b Computing Centre of RAS, Vavilova Street, 40, 119991, Moscow, Russia
c Faculdade de Engenharia, Universidade do Porto, Rua Dr. Roberto Frias, s/n 4200-465, Porto, Portugal

a r t i c l e i n f o

Article history:
Received 21 April 2014
Received in revised form
15 August 2014
Accepted 29 September 2014
Recommended by J. Tsinias
Available online 23 October 2014

Keywords:
Optimal control
Impulsive controls
Maximum principle

a b s t r a c t

Some problems of Calculus of Variations do not have solutions in the class of classic continuous and
smooth arcs. This suggests the need of a relaxation or extension of the problem ensuring the existence of
a solution in some enlarged class of arcs. This work aims at the development of an extension for a more
general optimal control problem with nonlinear control dynamics in which the control function takes
values in some closed, but not necessarily bounded, set. To achieve this goal, we exploit the approach of
R.V. Gamkrelidze based on the generalized controls, but related to discontinuous arcs. This leads to the
notion of generalized impulsive control. The proposed extension links various approaches on the issue of
extension found in the literature.

& 2014 European Control Association. Published by Elsevier Ltd. All rights reserved.

1. Introduction

It is well known that variational calculus problems may not
have a smooth or even continuous solution. Nevertheless, dis-
continuous solutions may still be of interest from the physical
point of view. Consider the following famous Euler example

Minimize
Z 1

0
xðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð _xÞ2

q
dt;

subject to xð0Þ ¼ r1; xð1Þ ¼ r2;

xðtÞZ0: ð1Þ
This is the so-called minimal surface problem. Physically, the
solution x( � ) is the shape of a soap bubble or a membrane
stretched over two parallel disks with radiuses r1 and r2. The
application of the Euler–Lagrange principle leads to a second order
differential equation and to a boundary-value problem, which does
not have solutions for certain values of r1, r2. The physical meaning
is as follows: if numbers r1, r2 are sufficiently large relatively to the
distance between the disks, the membrane exists and the surface
of revolution is smooth. But, if we increase the distance between
the disks, the soap bubble stretches and, at some point, blows up.
At that very moment, the smooth and continuous solution fails
to exist. However, it does not mean that a solution x( � ) does not

exist at all. In this degenerate case, the solution is xð0Þ ¼ r1,
xð1Þ ¼ r2, xðtÞ ¼ 0, tA ð0;1Þ, and, thus, it exhibits discontinuities.

Consider another famous example, the Dido problem.

Maximize
Z 1

0
xðtÞ dt;

subject to xð0Þ ¼ xð1Þ ¼ 0; xðtÞZ0;Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð _xÞ2

q
dt ¼ l: ð2Þ

Once again, continuous solution fails to exist when the length
of the arc l is sufficiently large. Dido problem is a typical example
of the so-called isoperimetric problem. The situation in which
there is no solution is fairly common in such kind of problems.

An isoperimetric version of the Euler example is the catenary

Minimize
Z 1

0
xðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð _xÞ2

q
dt;

subject to xð0Þ ¼ r1; xð1Þ ¼ r2; xðtÞZ0;Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð _xÞ2

q
dt ¼ l: ð3Þ

The equation of the catenary curve was derived by Leibniz,
Huygens and Johann Bernoulli in 1691. They were the first ones
to find out that this curve is a hyperbolic cosine, and not a
parabola as it had been thought before. The shape of the soap
bubble (1) is, as we see from (3), again a catenary, and Euler was
the first one to prove it by using Variational Calculus. Once again,
this problem naturally allows for discontinuous solutions.
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Another simple example of an isoperimetric problem is the one
of minimizing the norm of a function in L1 over the elements of
the unit sphere in L2

Minimize
Z 1

0
j _xj dt;

subject to xð0Þ ¼ 0;
Z 1

0
j _xj2 dt ¼ 1: ð4Þ

The solution does not exist. Indeed the infimum, here, is zero,
but it is not reached due to the integral constraint.

In the framework of his famous program, David Hilbert [18]
suggested (20th problem) to extend the Variational Calculus in
order to cover and to formalize such degenerate situations when
solutions fail to exist, by giving a strict mathematical meaning to
non-smooth and to non-classical solutions as a whole. He
expressed his confidence that every problem in the calculus of
variations has a solution, provided that the term solution is
interpreted appropriately. That spawned a number of theories on
the extension of classic variational calculus by various authors. For
the rich history of this issue, we refer the reader to the article [21],
see also the bibliography therein. Here, we only point out
important contributions made by H. Lebesgue, L. Tonelli, L. Young,
N. Bogolyubov, R. Gamkrelidze, R. Rockafellar, A. Ioffe, V. Tikho-
mirov, and J. Warga, among others (see references in the above
source for an overview).

So, in the realm of this context, the aim of the current research
is to give a strict mathematical meaning to discontinuous solutions
that may arise in the following optimal control problem

Minimize
Z t1

t0
g0ðx; v; tÞ dt;

subject to _x ¼ gðx; v; tÞ; tA ½t0; t1�;
xðt0ÞAA; xðt1ÞAB;

vðtÞAV a:a: tA ½t0; t1�;
φðxðtÞ; tÞr0 8 tA ½t0; t1�; ð5Þ

where g0 : Rn � Rk � R1-R1; g : Rn � Rk � R1-Rn; and φ : Rn �
R1- Rl are given continuous maps, A and B are given closed subsets
of Rn, V is a given closed, not necessarily bounded, subset of Rk and v

( � ) is a control function. The function φ defines the so-called state
constraints.

In what follows, we associate the control problem (5) an a
priori given scalar function ωðξÞ : Rþ-Rþ which is nonnegative,
increasing and continuous. The purpose of introducing this func-
tion is to characterize the growth of the dynamics at infinity.
Simple examples of ωðξÞ are: ξ (linear growth), ξ2 (quadratic
growth), ξp, eξ, etc.

Once ω is chosen, assume that the admissible control function
v(t) in (5) is such that the function ωðjvjÞ is integrable. So, when
wðξÞ ¼ ξ, v is a L1�function, when wðξÞ ¼ ξ2, v is a L2�function, etc.
Thus, the function ωðξÞ determines the class of admissible controls
in (5).

Note that, by setting v¼ _x, all the above examples (1)–(4) fall
within the formulation of (5), with V ¼R.

To achieve the above goal, we exploit the extension approach of
[13], based on generalized controls, by upgrading it to the case of
discontinuous arcs. The case of continuous arcs, however, is still
encompassed. Ultimately, the proposed extension links the
approach developed by Gamkrelidze with the approaches in
[27,28,30], and by some other authors (see [8,20,23]). Moreover,
it also generalizes the extensions from [5,6,19], performed for
control problems whose dynamics are linear in v, with separated
control variables.

Overall, the line of investigation undertaken here is, of course, a
road well traveled, and based on the so-called “graph completion”
or “discontinuous time variable change” technique combined with

the Gamkrelidze compactification, or convexification, technique.
Besides the above-mentioned sources, our main line of research
also goes along the works in [9,10,12,15–17,24,25,29,32]. This list,
though, is far from being complete.

2. Preliminaries

To treat the extension, it is necessary to compactify the space Rk

by adding a set Sk�1
1 , called sphere at infinity. “Sphere at infinity”

means that there is a homeomorphism Π : Sk�1
1 -Sk�1, where Sk�1

is the unit sphere in Rk. The compactified space R
k≔Rk [ Sk�1

1 is
endowed with a natural topology in which any sequence of points
viARk converges to the point lASk�1

1 iff jvij-1 and

vi ¼ jvij � ΠðlÞþoðjvijÞ:
Note that the compact Rk is topologically equivalent to the closed

unit ball BRk in Rk due to the following homeomorphism Θ, defined by

ΘðvÞ ¼ v
1þjvj; vARk;

and ΘðvÞ ¼ΠðvÞ if vASk�1
1 .

Denote

V1≔Π�1 Limsup
jvj-V 1

v
jvj

0
@

1
A:

Here jvj-V 1 means that jvj-1 and vAV .
Now, the set V≔V [ V1 is compact.
Let us introduce our main hypothesis about the right-hand side

g and function g0. Assume that there exists a continuous function

g1 : Rn � Sk�1 � R1-Rn;

such that

lim
v-Π � 1ðeÞ

gðx; v; tÞ
ωðjvjÞ ¼ g1ðx; e; tÞ 8 x; tARn � R1; 8 eASk�1:

Then, there is defined a continuous function g : Rn � R
k � R1-Rn

such that

gðx; v; tÞ ¼ gðx; v; tÞ
1þωðjvjÞ if vARk;

and gðx; v; tÞ ¼ g1ðx;ΠðvÞ; tÞ, if vASk�1
1 .

In a similar way, assume that there exist a function
g10 : Rn � Sk�1 � R1-R1, and a function g0 : Rn � R

k � R1-R1

which are defined just as above but using g0 instead of g.
We shall use the following assumptions.

(H1) Functions g ; and g0 introduced above do exist. Moreover, the
function g is such that

jgðx; v; tÞjrmðtÞκðjxjÞ 8ðx; v; tÞARn � V � R1;

where κ : R1-R1 is such that

κðjxjÞ
1þjxjrconst 8x;

and m is some locally integrable function.
(H2) Functions g ; and g0 are continuously differentiable in x; t for

all vAR
k.

Definition 1. The control problem (5) is said to allow the impulsive
extension of order ω provided the hypothesis (H1) is satisfied and at
least one of the functions g1 or g10 is not a zero function.

It is easy to see that the Euler and Dido problems (1), (2), and
(3) allow extension of linear order ξ whereas the problem (4)
already requires quadratic growth ωðξÞ ¼ ξ2.

Consider a scalar Borel measure μ : BðTÞ-½0; þ1Þ, T ¼ ½t0; t1�.
Here, BðTÞ stands for the σ-algebra of Borel subsets of T.
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Denote by Dðt; μÞ the Radon–Nikodym derivative

Dðt; μÞ≔ dℓ
dðℓþμÞ;

where ℓ is the Lebesgue measure on the real line.
Note that Dð�; μÞ is ðℓþμÞ-measurable and takes values in ½0;1�.
In what follows, a key role will be played by the so-called

discontinuous time-variable change introduced first by H. Lebes-
gue. This variable change is given by the function π : T-½0; c�,
πðtÞ ¼ t�t0þμð½t0; t�Þ; tA ðt0; t1�; πðt0Þ ¼ 0; ð6Þ
where c¼ t1�t0þ JμJ . Here JμJ ¼ μð½t0; t1�Þ is the total variation.

It is a straightforward task to derive that there exists an inverse
function θðsÞ: ½0; c�-T such that

(a) θðsÞ is monotonically increasing;
(b) θðsÞ is absolutely continuous and jθðsÞ�θðtÞjr js�tj 8s; t;
(c) θðsÞ ¼ τ 8 sAΓτ , 8 τAT , where Γτ ¼ ½πðτ� Þ; πðτþ Þ�.

Note that the function πðtÞ maps ðℓþμÞ-measurable sets into ℓ-
measurable sets. Indeed, it follows directly from the definition of π
and from the representation of a set as a union of Borel and zero
measure sets. Therefore, if the set E is ðℓþμÞ-measurable, then
θ�1ðEÞ is measurable. This implies that vðθðsÞÞ is measurable
provided that v(t) is ðℓþμÞ�measurable. So, the variable change
can be applied in the integral, i.e.,Z t1

t0
vðtÞ dμ¼

Z c

0
vðθðsÞÞmðθðsÞÞ ds;

where m(t) is the Radon–Nikodym derivative of measure μ w.r.t.
ℓþμ.

We designate the atomic set of μ by DsðμÞ which is given by

DsðμÞ≔fτAT : μðτÞ40g:
Recall that, due to [13], the generalized control is a weakly

measurable family of probabilistic Radon measures νt :
BðVÞ-½0;1�, tA ½t0; t1�. “Weakly measurable” means that for any
continuous scalar function hðv; tÞ, the function

〈hðv; tÞ; νt〉≔
Z
V
hðv; tÞ dνt

is measurable in t. Similarly, “weakly μ-measurable” means that
the above function is μ-measurable.

If the set V is compact, then the set of generalized controls is
weakly sequentially compact, [13]. However, if the set V is
unbounded, this is not the case anymore. In what follows, we
shall widely use generalized controls and their properties. The
reader can find more details and information on generalized
controls in [1,2,31], and in the references therein.

3. Extension concept

The extension for problem (5) acquires the form

ðPÞMinimize
Z t1

t0
〈g0ðx; v; tÞ; dc〉; ð7Þ

subject to dx¼ 〈gðx; v; tÞ; dc〉; ð8Þ

xðt0ÞAA; xðt1ÞAB; ð9Þ

φðx; tÞr0;
c¼ fμ; νt ; ντsg; suppðcÞDV :

ð10Þ

The above formulae and notations require clarification. Next,
we give the necessary definitions.

The symbol c designates generalized impulsive control. By
definition, it consists of the following three components:

� μ : BðTÞ-½0; þ1Þ which is a non-negative scalar Borel measure;
� νt : BðV Þ-½0;1� which is a weakly ðℓþμÞ�measurable family of

Radon probabilistic measures concentrated on V , depending on
tA ½t0; t1�, such that

Dðt; μÞþ
Z
V

ωðjvjÞ
1þωðjvjÞ � dνt ¼ 1 a:a: t w:r:t: ℓþμ; ð11Þ

� ντs : BðV1Þ-½0;1� which is a family of Radon probabilistic
measures concentrated on V1, depending on sA ½0;1�, and on
τADsðμÞ, weakly ℓ-measurable in s for each τADsðμÞ.

Above we identify the Borel measure μ with its unique Lebes-
gue–Stiltjes extension. In the sequel, “μ-measurable” means mea-
surability in the sense of its unique Lebesgue-Stieltjes extension.

Thus, the families of measures fνtgtAT , and fντsgsA ½0;1�, for each
τADsðμÞ, are generalized controls. The family of generalized
controls fντsgτADsðμÞ is called attached to the control measure μ.

The symbolic notation suppðcÞ � V refers to the above condi-
tions imposed on the supports of νt ; and ντs .

Let us now proceed to the concept of trajectory. Denote by xτðsÞ
the solution to the attached differential system

_xτðsÞ ¼ Δτ � 〈gðxτðsÞ; v; τÞ; ντs〉; sA ½0;1�;
xτð0Þ ¼ xðτ� Þ;

(

where Δτ≔μðfτgÞ; τADsðμÞ.
The extended arc x(t), fxτðsÞgτADsðμÞ is said to be a solution to the

differential equation (8) corresponding to the initial value xAAA, if
and only if,

xðtÞ ¼ xAþ
Z t

t0
〈gðx; v; ςÞ; νς〉 dðℓþμcÞþ ∑

τADsðμÞ: τr t
ðxτð1Þ�xτð0ÞÞ

for all tA ðt0; t1�, and xðt0Þ ¼ xA.
By taking into account what has already been introduced, this

definition clarifies the notion of integral in (7):Z t1

t0
〈g0ðx; v; tÞ;dc〉¼

Z t1

t0
〈g0ðx; v; ςÞ; νς〉dðℓþμcÞ

þ ∑
τADsðμÞ: τr t

Z 1

0
Δτ〈g0ðxτðsÞ; v; τÞ; ντs〉ds:

It remains to give a meaning to the state constraints (10). Note
that the state constraints φðx; tÞr0 here should be understood in a
wider sense than that of a conventional inequality. This is due to
the presence of the attached family of trajectories xτðsÞ.

Namely,

φðx; tÞr03
φðxðtÞ; tÞr0 8 tAT ;
φðxτðsÞ; τÞr0 8 sA ½0;1�; 8 τADsðμÞ:

(

Problem (P) indeed represents an extension for problem (5)
since for any control v admissible to the problem (5) there is a
control c of the problem (P) such that the corresponding trajec-
tories x( � ) and cost functional values coincide. Indeed, let v( � ) be a
control function for (5). Consider the absolutely continuous Borel
measure

μðCÞ ¼
Z
C
ωðjvðtÞjÞ dt; CABðTÞ;

and take νt ¼ δvðtÞ a:a: tAT , where δr designates Dirac's measure
concentrated at point rARm. It is clear that

Dðt; μÞ ¼ 1=ð1þωðjvðtÞjÞÞ;
and, hence νt satisfies (11).

D.Yu. Karamzin et al. / European Journal of Control 20 (2014) 284–291286



Taking into account definition of g :

xðtÞ ¼ xAþ
Z t

t0
〈gðx; v; ςÞ; dc〉

¼ xAþ
Z t

t0

Z
vAV

gðxðςÞ; v; ςÞ
1þωðjvðςÞjÞ; dδvðςÞ

� �
ð1þωð vðςÞ ÞÞ dς

����
¼ xAþ

Z t

t0
gðxðςÞ; vðςÞ; ςÞ dς:

The pair ðx; cÞ is called control process if (8) holds true. A
control process is said to be admissible if the endpoint con-
straints (9) and state constraints (10) are satisfied. Let us denote
the set of all admissible processes by P. An admissible process
ðxn; cnÞ is said to be optimal or a solution to (P) if the least possible
finite value of the integral in (7) over all elements from P is
reached by ðxn; cnÞ.

The extension concept expressed by the problem (P) naturally
generalizes the approaches in [13], [27], and [28], and also the
recently constructed extension in [5] defined for the case of linear
dependence in v. Note that all the examples (1)–(4) considered in
the introduction possess extensions in the framework of the above
proposed approach.

4. Existence theorem

The main goal of any extension undertaken in the optimal
control theory is to ensure the existence of solution for the
extended problem. The following theorem demonstrates consis-
tency of the extension (P) in the just mentioned sense.

Theorem 1. Suppose that the control problem (5) allows the impulsive
extension of order ω. Let either the set A or the set B be compact, Pa∅,
and assume that there exist constants κ, and C40 such that, for any
ðx; cÞAP, where c¼ fμ; νt ; ντsg, at least one of the following conditions is
satisfied:

(a) JμJrκ
R t1
t0
〈g0ðx; v; tÞ; dc〉þC;

(b) JμJrC.

Then, the problem (P) has a solution.

Proof. The main idea of the proof is to reduce the problem (P) to a
conventional convex control problem by using the discontinuous
time variable change π given by (6) and the “cosmic” variable
change Θ (see Section 2).

The variable change Θ, though, needs a slight upgrade. Let

ΘωðvÞ ¼
ωðjvjÞ � v

jvjð1þωðjvjÞÞ; vARk;

and ΘωðvÞ ¼ΠðvÞ when vASk�1
1 .

Consider the conventional optimal control problem with gen-
eralized controls

Minimize
Z s1

0
〈f 0ðx;u; χÞ; ξs〉 ds;

subject to _x ¼ 〈f ðx;u; χÞ; ξs〉;
_χ ¼ α; a:a: sA ½0; s1�;
xð0ÞAA; xðs1ÞAB;

χð0Þ ¼ t0; χðs1Þ ¼ t1;

φðx; χÞr0;
αðsÞA ½0;1�;
αðsÞþ 〈juj; ξs〉¼ 1 a:a: s;
suppðξsÞDU 8 sA ½0; s1�:

ð12Þ

Here, f 0ðx;u; χÞ ¼ g0ðx;Θ�1
ω ðuÞ; χÞ; f ðx;u; χÞ ¼ gðx;Θ�1

ω ðuÞ; χÞ; and
U ¼ΘωðV Þ:

Unlike in the problem (P) which is considered on the fixed time
interval ½t0; t1�, the time s1 in (12) is not fixed. The controls in (12)
are αðsÞ, and ξs, where α is the usual control (measurable function)
and ξs is the generalized control having support in U. Note that the
set U is compact since it is the image of the compact V by the
continuous map Θω.

Thus, the problem (12) is a conventional autonomous convex
control problem with free time, see [13].

Next we show that the two problems, (P) and (12), are
equivalent. That is, for every process ðx; cÞAP there exists an
admissible process ð ~x; χ; α; ξs; s1Þ of the problem (12), such that
the values of the minimizing integrals are equal, and vice versa.

Let ðx; cÞAP, where c¼ fμ; νt ; ντsg. Consider the discontinuous
time variable change πðtÞ. The inverse to π function is θðsÞ :
½0; s1�-T , where we put s1 ¼ t1�t0þ JμJ .

Let us take

αðsÞ ¼
DðθðsÞ; μÞ; if sAHðμÞ;
0; otherwise;

(

ξs ¼
ϑθðsÞ; if sAHðμÞ;
ϑτζτ ðsÞ; otherwise;

(

~xðsÞ ¼
xðθðsÞÞ; if sAHðμÞ;
xτðζτðsÞÞ; otherwise;

(

where ϑt ; and ϑτs are generalized controls on U, such that

ϑtðEÞ ¼ νtðΘ�1
ω ðEÞÞ 8 EABðUÞ;

ϑτsðEÞ ¼ ντsðΘ�1
ω ðEÞÞ 8 EABðUÞ;

and HðμÞ is defined by

HðμÞ≔½0; s1� n ⋃
τADsðμÞ

Γτ; ζτðsÞ≔
s�πðτ� Þ
ℓðΓτÞ

: Γτ-½0;1�:

Note that the definitions of ϑt ; and ϑs;τ are correct since BðUÞ ¼
ΘωðBðV ÞÞ.

Notice that

θðsÞ ¼ t0þ
Z s

0
αðςÞ dς: ð13Þ

Indeed, by definition, we have

ℓð½t0; t�Þ ¼ t�t0 ¼
Z t

t0
Dðσ; μÞ dπðσÞ ¼

Z πðtÞ

0
DðθðςÞ; μÞ dς:

From here, taking into account definitions of α; θ and also the fact
that πðθðsÞÞ ¼ s whenever πðtÞ is continuous at the point t ¼ θðsÞ,
and by putting in the above t ¼ θðsÞ, we obtain (13).

Thus, χ ¼ θ.
It is easy to see that thanks to (11) the constraint

αðsÞþ 〈juj; ξs〉¼ 1 imposed in (12) is satisfied for a.a. s. It is also
clear that the endpoint constraints and state constraints in (12) are
satisfied.

By performing the variable change in (8) and by taking into
account the trajectory concept, it follows that the arc ~xð�Þ satisfies
the dynamical system in (12) together with the collection
ðxA; α; ξs; s1Þ. Also due to the variable change (13), and to the
definition of integral in (7), we have thatZ t1

t0
〈g0ðx; v; tÞ; dc〉¼

Z s1

0
〈f 0ð ~xðsÞ;u; χðsÞÞ; ξs〉 ds:
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So, the above constructed process ð ~x; χ;α; ξs; s1Þ is admissible in
(12). Moreover the cost function takes the same value.

Conversely, let us be given an admissible process ð ~x; χ; α; ξs; s1Þ
of the problem (12). Let us look at the function χðsÞ as an inverse
function to a certain discontinuous time variable change
~π : T-½0; s1�. The function ~π ðtÞ is defined uniquely as such a
function satisfying ~π ðχðsÞÞ ¼ s, a.a. s such that αðsÞ40, ~π ðt0Þ ¼ 0,
~π ðt1Þ ¼ s1, and ~π ðtÞ is right-continuous in ðt0; t1Þ. Once ~π is found,
we obtain the measure μ satisfying

μð½t0; t�Þ ¼
Z ~π ðtÞ

0
ð1�αðsÞÞ ds:

Let us consider νt ¼ ~ξ ~π ðtÞ, and ντs ¼ ~ξ ~ζτ ðsÞ, where

~ξsðEÞ¼ ξsðΘωðEÞÞ; 8 EABðV Þ;
~ζτðsÞ ¼ ℓð ~ΓτÞsþ ~π ðτ� Þ : ½0;1�- ~Γτ ;

~Γτ ¼ ½ ~π ðτ� Þ; ~π ðτþ Þ�; τADsðμÞ:

Now, the arc xðtÞ ¼ ~xð ~π ðtÞÞ, tAT , and xτðsÞ ¼ ~xð ~ζτðsÞÞ is the
solution to (8). It follows right away from the variable change that
the endpoint and state constraints are satisfied. So, the con-
structed process ðx; cÞ, where c¼ fμ; νt ; ντsg is admissible for problem
(P), and the cost function takes on the same value.

Thus, we have shown that the problems (P) and (12) are
equivalent. Moreover, for the established one-to-one correspon-
dence it holds

s1 ¼ t1�t0þ JμJ : ð14Þ

So, if a solution exists to one of the problems, then it also exists
in the other problem. Let us show that the solution to the auxiliary
problem (12) exists. Since Pa∅, the set of admissible processes in
problem (12) is not empty either. Consider a minimizing sequence
ðxi; χi; αi; ξs;i; s1;iÞ. Since the set of generalized controls is weakly
sequentially compact [13], there exists a generalized control ξ such
that, after passing to a subsequence, ξi-

w
ξ. Similarly, since the unit

ball in L2 is weakly sequential compact, after passing to a
subsequence, αi-

w
α.

The notation-
w

above stands for weak convergence of controls.
Whatever condition (a) or (b) of the theoremwe consider, from

(14), it follows that

0ot1�t0rs1;irconst:

By passing to a subsequence s1;i-s140, xA;i-xA (or xB;i-xB).
The trajectory ðx; χÞ related to ðxA;i; α; ξsÞ exists on the whole time
interval ½0; s1� due to the conditions imposed in hypothesis (H1). It
satisfies the endpoint and state constraints, since ðxi; χiÞ⇉ðx; χÞ, see
[13]. Moreover, it is easy to see that αðsÞþ 〈juj; ξs〉¼ 1 a:a: s.

Due to the weak convergence,Z s1;i

0
〈f 0ðxi;u; χiÞ; ξs;i〉 ds-

Z s1

0
〈f 0ðx;u; χÞ; ξs〉 ds:

Then the collection ðx; χ; α; ξs; s1Þ represents a solution to (12)
because the sequence ðxi; χi; αi; ξs;i; s1;iÞ was minimizing. The latter
implies existence of solution to the original problem (P).

The proof is complete. □

Now, let us make an important note. Since any Borel measure can
be weaklyn approximated by absolutely continuous measures, and in
view of the Gamkrelidze approximation lemma (see [13]),1 by using

the discontinuous time variable change (see the proof of the
Theorem 1), and the definition of the generalized impulsive control
c, it is easy to derive that for any ðx; cÞAP there exists a sequence of
control processes ðxi; viÞ of the problem (5), not necessarily admis-
sible in (5), such thatZ t1

t0
ωðjvijÞ dt-JμJ ;

Z t1

t0
g0ðxi; vi; tÞ dt-

Z t1

t0
〈g0ðx; v; tÞ; dc〉;

xiðtÞ-xðtÞ 8 tAðT n DsðμÞÞ [ ft0g [ ft1g; and

lim sup
i-1

max
tAT

φjðxiðtÞ; tÞr0 8 j¼ 1;…; l:

This means that the conditions (a), and (b) of the Theorem 1
will be satisfied as soon as there are positive constants ε; κ; and C,
and a number i, such that

(a0)
R t1
t0
ωðjvjÞ dtrκ

R t1
t0
g0ðx; v; tÞ dtþC, or

(b0) A; and B are compact, and
R t1
t0
ωðjvjÞ dtrκ

R t1
t0
giðx; v; tÞ dtþC,

where vðtÞAV , and _x ¼ gðx; v; tÞ are such that xðt0ÞAA;maxtATφj

ðxðtÞ; tÞrε 8 j:
Let us go back to the examples given in the Introduction. By

means of what has been proved, the extension (P) is successful for
the problems (1)–(4) in the sense that there exists a solution to the
extended problem. Let us confirm it by using the just derived
conditions (a0) and (b0).

Regarding Dido problem (2) and the Catenary problem (3),
it is obvious, because by setting ωðξÞ ¼ ξ, v¼ _x, g1ðx; vÞ≔v, and
g2ðx; vÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þv2

p
, we haveZ 1

0
jvj dtr

Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þjvj2

q
dt ¼

Z 1

0
g2ðx; vÞ dt:

Then, the condition (b0) guarantees the existence of solution.
For problem (4), the condition (b0) works again with ωðξÞ ¼ ξ2,

g1ðx; vÞ≔v, and g2ðx; vÞ ¼ v2, and, thus, the solution exists.
Regarding the Euler example (1), the existence of solution is

also obvious if an additional constraint xðtÞZε, where ε40, is
imposed. Indeed, this is due to condition (a0) and the estimate

ε

Z 1

0
jvj dtr

Z 1

0
ε

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þjvj2

q
dtr

Z 1

0
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þj _xj2

q
dt:

However, the case xðtÞZ0 requires additional considerations. It
does not follow from Theorem 1 directly, though can be proved by
writing out the solutions to ε-problems and by passing to limit as
ε-0.

Thus, we have shown, that thanks to (a0) and (b0) and Theorem
1, it becomes possible to a priori guarantee whether the extension
(P) is successful or not, by operating only in terms of the original
problem (5) which is being extended. □

5. Model example

The classic examples demonstrated in the beginning of the
article are rather simple, though they point out at the theoretical
necessity of a proper extension. Let us provide a more constructive
and less trivial example which, at the same time, connects the
current theory with applied engineering problems. Here, we
improve the example from [5].

Consider a controllable disk which we need to steer while
avoiding undesired rotations. The disk has four small jet-engines
called thrusters as shown at Fig. 1. The angle of each thruster can
be chosen to change the line of propulsion. Therefore, in order to
avoid rotation, all the force lines by each thruster have to intersect
the center of gravity (CG) at any moment in time (see Fig. 2).
Assume now that the CG position is some function of mass m. Fuel

1 This lemma, in particular, says that any generalized control can be weakly
approximated by conventional controls, that is, in the sense of weak convergence of
generalized controls.
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consumption is related to the mass loss. Therefore, the thruster
angles are also functions of mass, θi ¼ θiðmÞ.

At each moment in time t, we control the thrusters relative
output piðtÞZ0, i¼ 1;2;3;4:

p1þp2þp3þp4 ¼ 1;

and the fuel consumption rate v¼ vðtÞZ0.
Assume that the control function v(t) may take unbounded

values. This is not really achievable in practice, but, in practice, the
values of v can be extremely large, thus justifying the above
considered abstract mathematical model.

In what follows, the propulsion force is assumed to depend
non-linearly on the fuel consumption. This is a quite realistic
assumption. Therefore, we suppose that Fi ¼ piϕðvÞ, where Fi is the
propulsion force produced by the i-thruster, and ϕðvÞ is a certain

non-linear function characterizing fuel consumption at various
engine modes. (Note that ϕ should be continuous.)

Regarding the function ϕ, it is natural to assume that

lim
v-1

ϕðvÞ
v

¼ κ40;

where κ is an important characteristic of the jet-engine. For
example, ϕðvÞ ¼ κ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�1

p
, vZ1 and ϕðvÞ ¼ 0 when vA ½0;1�.

Let

k1ðm; pÞ ¼ p1 cos θ1ðmÞ�p2 sin θ2ðmÞ�p3 cos θ3ðmÞþp4 sin θ4ðmÞ;

k2ðm; pÞ ¼ �p1 sin θ1ðmÞ�p2 cos θ2ðmÞþp3 sin θ3ðmÞþp4 cos θ4ðmÞ:

Now, the motion of disc in the Earth's gravitational field is
described by the equations:

_x1 ¼w1;

_x2 ¼w2;

_w1 ¼
k1ðm; pÞ

m
� ϕðvÞ;

_w2 ¼
k2ðm; pÞ

m
� ϕðvÞ�g;

_m ¼ �v:

By fixing time interval ½t0; t1�, the initial and terminal points
A; and B, and, for example, the initial velocity at A, we obtain a
boundary problem. By minimizing the functional

mðt0Þ�mðt1Þ ¼
Z t1

t0
vðtÞ dt

on the solutions of the boundary problem, we obtain the so-called
fuel minimization problem. Its solution fails to exist in the class of
integrable controls and absolutely continuous trajectories. How-
ever, the solution can be found in the class of generalized
impulsive controls and discontinuous arcs in view of the extension
(P), thanks to Theorem 1 (see the condition (a 0) with ωðξÞ ¼ ξ). For
this, we only need to ensure existence of at least one admissible
arc.

The position and velocity of the disk may be restricted by some
constraints. For example, the disk cannot fly under the ground.
Thus, x2Z0. It is also clear that the modulus of velocity jwj should
not exceed certain limits due to certain technological restrictions
(air resistance, thermal barrier, etc.). Thus, jwjrC. So, in this way,
the state constraints (10) naturally complement the problem
formulation.

6. Maximum principle

In this section, we provide necessary conditions of optimality in
the form of Pontryagin Maximum Principle for the extended
problem (P).

Let us introduce necessary notations. Let

H : Rn � R
k � Rn � Rl � R1 � R1-R1

be the extended Pontryagin function:

Hðx; v;ψ ; γ; t; λ0Þ≔〈ψ ; gðx; v; tÞ〉� 〈γ;Γðx; v; tÞ〉�λ0g0ðx; v; tÞ;
where

Γðx; v; tÞ≔∂φ
∂x

ðx; tÞgðx; v; tÞþ∂φ
∂t
ðx; tÞ

is the derivative with respect to the control system (see chapter 6 in
[26]).

Let NC(x) denote the limiting normal cone to the set C at point x,
in the sense of Mordukhovich [22].

The set of all generalized controls c¼ fμ; νt ; ντsg defined on V � T
is designated by C.

Fig. 1. Disk with four thrusters.

Fig. 2. Angle θ is restricted by the CG position.
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Theorem 2. Let ðxn; cnÞ, where cn ¼ ðμn; νnt ; ν
τn
s Þ, be an optimal process

to problem (P). Assume that the hypotheses (H1), and (H2) are in force.
Then, there exist a number λ0Z0, a vector function of bounded

variation ψ, together with its attached family ψτ , and a monotonically
decreasing function γ, together with its attached family γτ , where
τADsðμnÞ, such that:

C1 The pair ðxn;ψÞ satisfies the generalized Hamiltonian system:

dxn ¼ ∂H
∂ψ

ðxn; v;ψ ; γ; t; λ0Þ; dcn
* +

dψ ¼ � ∂H
∂x

ðxn; v;ψ ; γ; t; λ0Þ; dcn
* +

;

8>>>>><
>>>>>:
on the time interval ½t0; t1�, whereas for the attached families
xnτ ;ψτ , τADsðμnÞ, on ½0;1�, it takes place the differential equations

_xn

τ ¼ Δτ �
∂H
∂ψ

ðxnτ ; v;ψτ ; γτ ; τ; λ
0Þ; ντns

* +

_ψ τ ¼ �Δτ �
∂H
∂x

ðxnτ ; v;ψτ ; γτ ; τ; λ
0Þ; ντns

* +
;

8>>>>><
>>>>>:
are satisfied on [0,1] with, xτð0Þ ¼ xðτ� Þ, and ψτð0Þ ¼ ψðτ� Þ;

C2 The transversality conditions

ψðt0Þ�
∂φ
∂x

ðxn0; t0Þγðt0ÞANAðxn0Þ;

ψðt1Þ�
∂φ
∂x

ðxn1; t1Þγðt1ÞA�NBðxn1Þ;

where xn0 ¼ xnðt0Þ, and xn1 ¼ xnðt1Þ;
C3 The maximum condition

max
cAC: Jμ J ¼ Jμn J

Z t1

t0
〈Hðv; t; λ0Þ; dc〉¼

Z t1

t0
〈Hðv; t; λ0Þ;dcn〉;

C4 The non-triviality condition
λ0þjψðt0Þjþjγðt0Þj40:

Moreover, γðtÞ; and γτðsÞ, τADsðμnÞ, satisfy the following
conditions:

(a) Functions γj; γjτ , j¼1,…,l, are constant on any segment in which
the optimal arc xnðtÞ; and xnτ ðsÞ belongs to the interior of the set
generated by the jth state constraint.

(b) Functions γj are left continuous on the interval ðt0; t1Þ, and γjτ are
left continuous on the interval ð0;1Þ.

(c) Functions γj are decreasing, with γjðt1Þ ¼ 0, and γjτ are decreasing,
with γτð0Þ ¼ γðτ� Þ, and γτð1Þ ¼ γðτþ Þ.

Above, for brevity: in (C1), the dependence of the functions on
t; and s in the functions is omitted, in (C3), the values of
xnðtÞ;ψðtÞ; and γðtÞ replace the omitted arguments. The solutions
to (C1) and the meaning of the integral in (C3) are understood in
the sense defined before, via the attached families (see Section 3).

Proof. Let us provide a sketch of the proof. The full proof contains
rather cumbersome calculations albeit straightforward. Note that
the above Maximum Principle (MP) degenerates. That is, it can be
satisfied by a trivial Lagrange multiplier as soon as one of the
endpoints xn0, x

n

1 belongs to the boundary of the state constraint set
(for the phenomenon of degeneracy see [3] and [4]). Therefore, in
what follows, it is not restrictive to assume that φjðxnl Þo0 8 j; l.

As we saw in the proof of Theorem 1, problem (P) turns out to
be equivalent to problem (12). Problem (12) is a conventional
problem in generalized controls and with state constraints. Then,
it becomes possible to apply the MP obtained in [1] to the optimal

process of problem (12). Let ðλ0; ~ψ ; ηÞ be the Lagrange multipliers
associated with the optimal process of problem (12) by means of
this MP. Here, η is the multiplier related to the state constraints. It
is a Borel measure due to the MP in [1] obtained along the
approach of [11]. To proceed to the MP in the form provided in
[14], the following variable change is needed:

γðtÞ ¼
Z
½t;t1�

dη; ψðtÞ≔ ~ψ ðtÞþγðtÞ∂φ
∂x

ðtÞ:

(For details, see [7].)
The next step is to apply the discontinuous time variable

change to the derived conditions and, as a consequence, obtain
the conditions (C1)–(C4). This part of the argument is carried out
in a standard way (see the proof of Theorem1 in [5]). The proof is
complete. □

Let us now describe the extension and also the extended
solutions to the minimal surface problem (1). Regarding classical
continuous solutions – they are already known – the optimal
arc is the hyperbolic cosine, xðtÞ ¼ chðt�1=2Þ, being r1 ¼ r2 ¼
ðe�1=2þe1=2Þ=2. If the numbers r1; and r2 are sufficiently small,
the discontinuous solution is obvious. Indeed, as it was mentioned
in Introduction, it is given by xð0Þ ¼ r1, xð1Þ ¼ r2 and xðtÞ ¼ 0 if
tAð0;1Þ. However, according to the approach proposed here, the
discontinuous solution is not only the discontinuous trajectory x(t)
itself, but also the attached family of the continuous arcs xτðsÞ,
where sA ½0;1�, specifying the behavior of the trajectory along the
jumps at points τ.

Thereby, let us give the precise extension following (P).
By definition, we have

gðx; vÞ ¼ v
1þjvj; g0ðx; vÞ ¼ x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þv2

p

1þjvj ;

and gðx; vÞ ¼ 71, g0ðx; vÞ ¼ x, if vAS01 (i.e., if v¼ 71). Then, the
optimal generalized impulsive control c is:

μ¼ r1δ0þr2δ1; νt ¼ 0; ν0s ¼ δ�1; ν1s ¼ δþ1:

The optimal trajectory x(t) is

xðtÞ ¼
r1; t ¼ 0;
0; tA ð0;1Þ;
r2; t ¼ 1:

x0ðsÞ ¼ r1�r1s; x1ðsÞ ¼ r2s:

8><
>:

The form of this solution follows from its geometrical meaning
and the principle of optimality (which says “a piece of optimal arc
is again optimal”). The attached functions x0ðsÞ; and x1ðsÞ demon-
strate the linear character of the rupture at the endpoints. On the
other hand, it is a straightforward exercise to make sure that this
solution satisfies the maximum principle stated in Theorem 2.
Indeed, we have

Hðx; v;ψ ; γ; λ0Þ ¼ ðψþγÞ v
1þjvj�λ0x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þv2

p

1þjvj ;

and therefore, dψ ¼ λ0〈
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þv2

p
=ð1þjvjÞ; dc〉. It is easy to check that

the following multipliers satisfy the Maximum Principle at the
above-mentioned control process:

λ0 ¼ 1; ψðtÞ ¼
�r1; t ¼ 0;
0; tAð0;1Þ;
r2; t ¼ 1;

8><
>:

while ψ0ðsÞ ¼ r1s�r1, ψ1ðsÞ ¼ r2s, γðtÞ ¼ 0 8 tA ½0;1�, γ0ðsÞ ¼ 0, and
γ1ðsÞ ¼ 0. This is due to the fact that the function

v�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þv2

p

1þv

is monotonically increasing as vZ0 (we skip the details).
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Regarding this extension of (1), it is also important to note the
following. First notice that the value of the integral in (1) is not
exactly the area of the minimal surface. To be so the value of the
integral in (1) needs to be multiplied by 2π.

Let us compute the value of this integral at the discontinuous
solution pointed out above. By definition, we have:

2π
Z 1

0
g0ðx; vÞ dc¼ 2π

Z 1

0
r1x0ðsÞ dsþ2π

Z 1

0
r2x1ðsÞ ds

¼ 2π
Z 1

0
r21ð1�sÞ dsþ2π

Z 1

0
r22s ds¼ πr21þπr22:

Thus, the answer is the area of two circles with radiuses
r1; and r2. This is fully consistent with the physical interpretation
of the problem. Indeed, the minimal surface in the discontinuous
case consists of the two disks facing each other plus the segment
½0;1�. The area of the segment is zero, and the area of the disks
amounts exactly to the above value πr21þπr22.

7. Conclusions

Some optimal control problems do not have solution in the
class of classical controls. This suggests the need of a relaxation or
extension of the control problem ensuring the existence of a
solution in some enlarged class of controls. In this article, we
developed an extension for the case in which the control dynamics
are given by

_xðtÞ ¼ gðxðtÞ; vðtÞ; tÞ;
where the control function v( � ) takes its values in some closed set
V, not necessarily bounded. The optimization problem is to
minimize an integral cost functional over arcs satisfying this
equation, where we seek solutions in the extended sense enabling
x( � ) to have jumps. To achieve this goal, we exploit the approach
of R.V. Gamkrelidze based on the generalized controls. The
proposed extension, however, allows for discontinuous arcs, what
leads to the notion of generalized impulsive control. The fact that V
is not compact requires a certain compactification of the space to
ensure weak compactness of the generalized impulsive controls. In
turn, this is crucial for the existence of solutions. As a result, a
theorem for the existence of solution is obtained. A maximum
principle for constrained impulsive control problems is proved.
Thus, the state constraints are addressed in the impulsive control
context.

Besides, a number of classical examples, such as the “minimal
surface problem”, “Dido problem”, “catenary” and others find
proper extensions in the framework of the approach proposed in
this work.
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