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1. Introduction

It is well known that variational calculus problems may not
have a smooth or even continuous solution. Nevertheless, dis-
continuous solutions may still be of interest from the physical
point of view. Consider the following famous Euler example

o
Minimize / X(O\/1+®)? dt,
JO

subjectto x(0)=ry, x(1)=r>,
x(t) > 0. (M

This is the so-called minimal surface problem. Physically, the
solution x(-) is the shape of a soap bubble or a membrane
stretched over two parallel disks with radiuses r; and r,. The
application of the Euler-Lagrange principle leads to a second order
differential equation and to a boundary-value problem, which does
not have solutions for certain values of ry, r,. The physical meaning
is as follows: if numbers rq, , are sufficiently large relatively to the
distance between the disks, the membrane exists and the surface
of revolution is smooth. But, if we increase the distance between
the disks, the soap bubble stretches and, at some point, blows up.
At that very moment, the smooth and continuous solution fails
to exist. However, it does not mean that a solution x( - ) does not
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exist at all. In this degenerate case, the solution is x(0)=rq,
x(1)=r,, x(t)=0, t (0, 1), and, thus, it exhibits discontinuities.
Consider another famous example, the Dido problem.

1
Maximize / x(t) dt,
0
subjectto x(0)=x(1)=0, x(t)=>0,

'/0] V1+@E)?de=1 2)

Once again, continuous solution fails to exist when the length
of the arc [ is sufficiently large. Dido problem is a typical example
of the so-called isoperimetric problem. The situation in which
there is no solution is fairly common in such kind of problems.

An isoperimetric version of the Euler example is the catenary

1
Minimize / x(O/1+ ) dt,
0

subjectto x(0)=ry, x(t) =0,

/01 V1+E?de=1 3)

The equation of the catenary curve was derived by Leibniz,
Huygens and Johann Bernoulli in 1691. They were the first ones
to find out that this curve is a hyperbolic cosine, and not a
parabola as it had been thought before. The shape of the soap
bubble (1) is, as we see from (3), again a catenary, and Euler was
the first one to prove it by using Variational Calculus. Once again,
this problem naturally allows for discontinuous solutions.

x()=ry,
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Another simple example of an isoperimetric problem is the one
of minimizing the norm of a function in L, over the elements of
the unit sphere in [,

1
Minimize / |x| dt,
Jo
1
subjectto x(0)=0, / %% dt=1. (4)
Jo

The solution does not exist. Indeed the infimum, here, is zero,
but it is not reached due to the integral constraint.

In the framework of his famous program, David Hilbert [18]
suggested (20th problem) to extend the Variational Calculus in
order to cover and to formalize such degenerate situations when
solutions fail to exist, by giving a strict mathematical meaning to
non-smooth and to non-classical solutions as a whole. He
expressed his confidence that every problem in the calculus of
variations has a solution, provided that the term solution is
interpreted appropriately. That spawned a number of theories on
the extension of classic variational calculus by various authors. For
the rich history of this issue, we refer the reader to the article [21],
see also the bibliography therein. Here, we only point out
important contributions made by H. Lebesgue, L. Tonelli, L. Young,
N. Bogolyubov, R. Gamkrelidze, R. Rockafellar, A. loffe, V. Tikho-
mirov, and J. Warga, among others (see references in the above
source for an overview).

So, in the realm of this context, the aim of the current research
is to give a strict mathematical meaning to discontinuous solutions
that may arise in the following optimal control problem

: go(x, v, 1) dt,
Jto
subjectto X =g(x,v,t), telto,t1],
X(to) €A, Xx(t1)eB,
v(t)eV aa.te[ty,tq1],
@(x(t),t) <0 Vtelty, t1], (5)

Minimize

where g, : R" x R x R' 5 R!, g: R" x R x R' >R", and ¢ : R" x
R' - R! are given continuous maps, A and B are given closed subsets
of R", V is a given closed, not necessarily bounded, subset of R and v
(-) is a control function. The function ¢ defines the so-called state
constraints.

In what follows, we associate the control problem (5) an a
priori given scalar function w(¢) : R, - R, which is nonnegative,
increasing and continuous. The purpose of introducing this func-
tion is to characterize the growth of the dynamics at infinity.
Simple examples of w(¢) are: ¢ (linear growth), £ (quadratic
growth), &, ef, etc.

Once w is chosen, assume that the admissible control function
v(t) in (5) is such that the function w(|v|) is integrable. So, when
w(é) =&, vis a L —function, when w(&) = £2, v is a L, —function, etc.
Thus, the function w(¢) determines the class of admissible controls
in (5).

Note that, by setting v =x, all the above examples (1)-(4) fall
within the formulation of (5), with V =R.

To achieve the above goal, we exploit the extension approach of
[13], based on generalized controls, by upgrading it to the case of
discontinuous arcs. The case of continuous arcs, however, is still
encompassed. Ultimately, the proposed extension links the
approach developed by Gambkrelidze with the approaches in
[27,28,30], and by some other authors (see [8,20,23]). Moreover,
it also generalizes the extensions from [5,6,19], performed for
control problems whose dynamics are linear in v, with separated
control variables.

Overall, the line of investigation undertaken here is, of course, a
road well traveled, and based on the so-called “graph completion”
or “discontinuous time variable change” technique combined with

the Gamkrelidze compactification, or convexification, technique.
Besides the above-mentioned sources, our main line of research
also goes along the works in [9,10,12,15-17,24,25,29,32]. This list,
though, is far from being complete.

2. Preliminaries

To treat the extension, it is necessary to compactify the space R
by adding a set S’;’]. called sphere at infinity. “Sphere at infinity”
means that there is a homeomorphism 77 : S, 1 - §*~1, where S*~!
is the unit sphere in R. The compactified space R*:=Rt U S* 1 is
endowed with a natural topology in which any sequence of points
v; € R¥ converges to the point [ e S’;O‘l iff |v;| - oo and

Vi = |vi| - (D) +o(|vi)).

Note that the compact R is topologically equivalent to the closed
unit ball B in R¥ due to the following homeomorphism @, defined by

o) = veRk,

v

1+v/)

and O(v) =1 (v) if ve S 1.
Denote

Vo=l 1 Limsupl .
W% 00 vl

Here |v| Y, o0 means that [v|>oo and ve V.

Now, the set V:=V U V, is compact.

Let us introduce our main hypothesis about the right-hand side
g and function go. Assume that there exists a continuous function
g% R x SK 1 x RIS R,
such that

gx,v,t)
vor-e) @(|V])

=g¥x,et) VxteR"xR!, VeeS T

Then, there is defined a continuous function g : R" x R* x R! > R"
such that

g(x,v,t)
T+w(|v))

and g(x,v,t) =g, I1(v),t), if ve ¥ 1.

In a similar way, assume that there exist a function
g¢R"x ST x R'5R!, and a function gg: R" x R x R! >R
which are defined just as above but using gy instead of g.

We shall use the following assumptions.

g(x,v,t)= if ve Rk,

(H1) Functions g, and g, introduced above do exist. Moreover, the
function g is such that

g(x, v, ) <mx(X)) VX v,t)eR" x V x R,

where « : R 5> R! is such that

X
XD _ const v,
14|

and m is some locally integrable function.
Functions g,and g, are continuously differentiable in x, t for

(H2
all ve R

—

Definition 1. The control problem (5) is said to allow the impulsive
extension of order » provided the hypothesis (H1) is satisfied and at
least one of the functions g or g3 is not a zero function.

It is easy to see that the Euler and Dido problems (1), (2), and
(3) allow extension of linear order ¢ whereas the problem (4)
already requires quadratic growth w(é) = £2.

Consider a scalar Borel measure y : B(T)—[0, +o0), T =[to, t1].
Here, B(T) stands for the s-algebra of Borel subsets of T.
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Denote by D(t; u) the Radon-Nikodym derivative

dr¢
PER=40 Ty

where ¢ is the Lebesgue measure on the real line.
Note that D(-; i) is (¢ +u)-measurable and takes values in [0, 1].
In what follows, a key role will be played by the so-called
discontinuous time-variable change introduced first by H. Lebes-
gue. This variable change is given by the function = : T—[0, c],

a(t) = t—to+pu(to,t]), te(to,t1], n(to)=0, (6)

where c =t —to+ llull. Here llull = u([to, t1]) is the total variation.
It is a straightforward task to derive that there exists an inverse
function (s): [0, c]—T such that

(a) é(s) is monotonically increasing;
(b) 6(s) is absolutely continuous and |0(s)—0(t)| < |s—t| Vs, t;
(c) sy=7Vserl, VY reT, where I, =[z(z"),zn(z )]

Note that the function #(t) maps (#+ u)-measurable sets into #-
measurable sets. Indeed, it follows directly from the definition of =
and from the representation of a set as a union of Borel and zero
measure sets. Therefore, if the set E is (£+u)-measurable, then
0~ 1(E) is measurable. This implies that v(d(s)) is measurable
provided that v(t) is (£+u)—measurable. So, the variable change
can be applied in the integral, i.e.,

t c
/ V() dy = / VOs)M(Os)) ds.
to 0

where m(t) is the Radon-Nikodym derivative of measure y w.r.t.
£+ pu.
We designate the atomic set of 4 by Ds(x) which is given by

Ds(u):={reT: u(r)>0}.

Recall that, due to [13], the generalized control is a weakly
measurable family of probabilistic Radon measures u;:
B(V)—[0,1], t e[to,t1]. “Weakly measurable” means that for any
continuous scalar function h(v, t), the function

(h(v, £), vey= /V hv, ) du

is measurable in t. Similarly, “weakly x-measurable” means that
the above function is y-measurable.

If the set V is compact, then the set of generalized controls is
weakly sequentially compact, [13]. However, if the set V is
unbounded, this is not the case anymore. In what follows, we
shall widely use generalized controls and their properties. The
reader can find more details and information on generalized
controls in [1,2,31], and in the references therein.

3. Extension concept

The extension for problem (5) acquires the form

oty

(P) Minimize / Eox,v,1),dc), 7
to

subject to dx =(g(x,v,t),dc), 8)

X(to) €A, X(t]) €B, (9)

@(x,t) <0, (10

supp(c) = V.

o= {u, v, vgh,

The above formulae and notations require clarification. Next,
we give the necessary definitions.

The symbol ¢ designates generalized impulsive control. By
definition, it consists of the following three components:

® ,,: B(T)—[0, +oc0) which is a non-negative scalar Borel measure;

® . : B(V)—[0, 1] which is a weakly (£ + px)—measurable family of
Radon probabilistic measures concentrated on V, depending on
t € [to, t1], such that

w(|v])

H—T(\vl)ldy[:l aa.t wrt Z+u an

Dt )+ /V

® 1 :B(Vs)—[0,1] which is a family of Radon probabilistic
measures concentrated on V,, depending on s e [0, 1], and on
7 € Ds(u), weakly #-measurable in s for each z € Ds(u).

Above we identify the Borel measure p with its unique Lebes-
gue-Stiltjes extension. In the sequel, “y-measurable” means mea-
surability in the sense of its unique Lebesgue-Stieltjes extension.

Thus, the families of measures {v¢)¢. 1, and {15}, o4, for each
reDs(u), are generalized controls. The family of generalized
controls {5}, < psq is called attached to the control measure u.

The symbolic notation supp(c) c V refers to the above condi-
tions imposed on the supports of v, and ¢Z.

Let us now proceed to the concept of trajectory. Denote by x.(s)
the solution to the attached differential system

X:(8)=A4; - E(x:(5),v,7),15), s€[0,1],
X:(0)=x(z"7),

where A,:=u({z}),7 € Ds(u).

The extended arc x(t), {X.(5)}, < ps) 1S said to be a solution to the
differential equation (8) corresponding to the initial value x4 € A, if
and only if,

t
X(0) = X4 + /t @V, detu)+ Y (1) —x.(0)

teDs(u): t<t
for all t e (tg, t1], and x(tp) = Xa.

By taking into account what has already been introduced, this
definition clarifies the notion of integral in (7):

ty ty
@o(x,v. 1), dey = /t o v. 0. 1) + o)

to

+ X

teDs(u): t<t

1
/ AEo(X:(5), v, ). ).
0

It remains to give a meaning to the state constraints (10). Note
that the state constraints ¢(x, t) < 0 here should be understood in a
wider sense than that of a conventional inequality. This is due to
the presence of the attached family of trajectories x.(s).

Namely,

<0 px(),H)<0 VteT,
pxD=0= P(x.(5),7)<0 Vsel0,1], V 7 e Ds(u).

Problem (P) indeed represents an extension for problem (5)
since for any control v admissible to the problem (5) there is a
control ¢ of the problem (P) such that the corresponding trajec-
tories x( - ) and cost functional values coincide. Indeed, let v( - ) be a
control function for (5). Consider the absolutely continuous Borel
measure

(€)= /C o(VO) dt,  Ce BT,

and take vt =8y a.a.teT, where §, designates Dirac's measure
concentrated at point r e R™. It is clear that

D(t; p) = 1/(A+a(|V(O)]),

and, hence v, satisfies (11).
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Taking into account definition of g :
ot
X(t) = X5+ / @0 v.0),do

8(X(5), v, ¢)
—at /[ L A Bty o )+ e

=X+ K 8(x(¢),v(¢), ¢) ds.

The pair (x,¢) is called control process if (8) holds true. A
control process is said to be admissible if the endpoint con-
straints (9) and state constraints (10) are satisfied. Let us denote
the set of all admissible processes by P. An admissible process
(x*, ¢*) is said to be optimal or a solution to (P) if the least possible
finite value of the integral in (7) over all elements from 7 is
reached by (x*, ¢*).

The extension concept expressed by the problem (P) naturally
generalizes the approaches in [13], [27], and [28], and also the
recently constructed extension in [5] defined for the case of linear
dependence in v. Note that all the examples (1)-(4) considered in
the introduction possess extensions in the framework of the above
proposed approach.

4. Existence theorem

The main goal of any extension undertaken in the optimal
control theory is to ensure the existence of solution for the
extended problem. The following theorem demonstrates consis-
tency of the extension (P) in the just mentioned sense.

Theorem 1. Suppose that the control problem (5) allows the impulsive
extension of order w. Let either the set A or the set B be compact, P # @,
and assume that there exist constants x, and C > 0 such that, for any
(x,¢) € P, where ¢ = {u, v, U5}, at least one of the following conditions is
satisfied:

(@) Il <k [} @o(x.v.1),do)+C;
(b) llull <C.

Then, the problem (P) has a solution.

Proof. The main idea of the proof is to reduce the problem (P) to a
conventional convex control problem by using the discontinuous
time variable change r given by (6) and the “cosmic” variable
change @ (see Section 2).

The variable change 6, though, needs a slight upgrade. Let

w(|V|) -V k
O,V)=— ", R*,
W =Ma+aivy '
and 60,,(v) =1(v) when ve Sk 1.

Consider the conventional optimal control problem with gen-
eralized controls

51
Minimize / (Fox, 1, 2), &) ds,
0

subject to X = (f(x, U, x), &),
x=a, aa.se[0,s1],
x(0)e A, x(s1)€B,
x0)=to, x(s1)=1t1,
p(x,x) <0,
a(s) e[0,1],
a(s)+(ul.&)=1aa.s,
supp(&) <= U Vo se0,s4].

(12)

=Zo(x,0, "W).y, fx,u,) =8(x,6, (u),y),and

Here, fo(x,u, )
U=0,V).

Unlike in the problem (P) which is considered on the fixed time
interval [to, t1], the time s; in (12) is not fixed. The controls in (12)
are a(s), and &, where «a is the usual control (measurable function)
and &; is the generalized control having support in U. Note that the
set U is compact since it is the image of the compact V by the
continuous map 6,,.

Thus, the problem (12) is a conventional autonomous convex
control problem with free time, see [13].

Next we show that the two problems, (P) and (12), are
equivalent. That is, for every process (x,c)e P there exists an
admissible process (%,y,a,&,s1) of the problem (12), such that
the values of the minimizing integrals are equal, and vice versa.

Let (x,c)e P, where ¢={u,vs,2Z}. Consider the discontinuous
time variable change z(t). The inverse to r function is 6(s):
[0,s1]1— T, where we put sy =t —to+ llull.

Let us take

D(H(S) W), if seH(),
a(s) = 0, otherwise,
190(5), if se H(ﬂ),
&= { 9% 5, Otherwise,
N x(0(s)), if seH(u),
X()= x.(C.(s), otherwise,

where 9;,and 9 are generalized controls on U, such that
9(E)=u(6, () V EeBU),

9E)=1i(0, '(E)) VY EeBU),

and H(p) is defined by

S—a(z7)

H(y=[0,511\ U I+ AT

7 e Ds(u)

{e(S)=——~—:T:—[0,1].

Note that the definitions of 9;,and 9, are correct since B(U) =

6,(BV)).
Notice that

o(s)=to+ /0 a(g) dg. (13)

Indeed, by definition, we have
ot ~n(t)
Alto. ) =tto= [ Diowydato) = | Di0(er d.
Jt .

From here, taking into account definitions of «, 9 and also the fact
that z(6(s)) =s whenever z(t) is continuous at the point t = 6(s),
and by putting in the above t = 4(s), we obtain (13).

Thus, y =0.

It is easy to see that thanks to (11) the constraint
a(s)+{ul, &) =1 imposed in (12) is satisfied for a.a. s. It is also
clear that the endpoint constraints and state constraints in (12) are
satisfied.

By performing the variable change in (8) and by taking into
account the trajectory concept, it follows that the arc X(-) satisfies
the dynamical system in (12) together with the collection
(Xa,a,&,51). Also due to the variable change (13), and to the
definition of integral in (7), we have that

(go(xv t),dc) = / FoX(s), u, x(5)), &) ds.

Jto



288 D.Yu. Karamzin et al. / European Journal of Control 20 (2014) 284-291

So, the above constructed process (%, v, a, &, S1) is admissible in
(12). Moreover the cost function takes the same value.

Conversely, let us be given an admissible process (X, y, a, &, S1)
of the problem (12). Let us look at the function y(s) as an inverse
function to a certain discontinuous time variable change
#:T—][0,s1]. The function #(t) is defined uniquely as such a
function satisfying #(y(s))=s, a.a. s such that a(s) >0, #(tp) =0,
#(t;) = sy, and #(t) is right-continuous in (tg, t1). Once # is found,
we obtain the measure u satisfying

#(t)
p(lto. t]) = /O A —-as)) ds.

Let us consider vy =&;), and v =¢&; ), where

E(B)=E00,(F), Y EeB(V),
S =4[ )s+7("):[0,1]-T,
I, =[#("),#z")], 7eDs(u).

Now, the arc x(t)=ZX(#(t)), teT, and x.(s)=X(.(s)) is the
solution to (8). It follows right away from the variable change that
the endpoint and state constraints are satisfied. So, the con-
structed process (x, ¢), where ¢ = {u, v, v} is admissible for problem
(P), and the cost function takes on the same value.

Thus, we have shown that the problems (P) and (12) are
equivalent. Moreover, for the established one-to-one correspon-
dence it holds

si=t;—to+lul. (14)

So, if a solution exists to one of the problems, then it also exists
in the other problem. Let us show that the solution to the auxiliary
problem (12) exists. Since P # @, the set of admissible processes in
problem (12) is not empty either. Consider a minimizing sequence
(Xi, xi» ai, &4, S1,4)- Since the set of generalized controls is weakly
sequentially compact [13], there exists a generalized control ¢ such
that, after passing to a subsequence, & ¢ Similarly, since the unit
ball in I, is weakly sequential compact, after passing to a
subsequence, a; % a.

The notation 55 above stands for weak convergence of controls.

Whatever condition (a) or (b) of the theorem we consider, from
(14), it follows that

0 <ty —tp <sy;<const.

By passing to a subsequence s;;—$; >0, X4;—Xa (OF Xp; —>Xp).
The trajectory (x, y) related to (x4;, @, &) exists on the whole time
interval [0, 5] due to the conditions imposed in hypothesis (H1). It
satisfies the endpoint and state constraints, since (x;, y;)=(x, x), see
[13]. Moreover, it is easy to see that a(s)+(|ul,&)=1 a.a.s.

Due to the weak convergence,

/ Foli, t,x), &y ds— / 1<fo(x,u,z),55> ds.
JO JO

Then the collection (X,y,a,&,S1) represents a solution to (12)
because the sequence (x;,y;, a;, &, S1;) was minimizing. The latter
implies existence of solution to the original problem (P).

The proof is complete. ©

Now, let us make an important note. Since any Borel measure can
be weakly* approximated by absolutely continuous measures, and in
view of the Gamkrelidze approximation lemma (see [13]),! by using

! This lemma, in particular, says that any generalized control can be weakly
approximated by conventional controls, that is, in the sense of weak convergence of
generalized controls.

the discontinuous time variable change (see the proof of the
Theorem 1), and the definition of the generalized impulsive control
¢, it is easy to derive that for any (x, ¢) € P there exists a sequence of
control processes (x;,Vv;) of the problem (5), not necessarily admis-
sible in (5), such that

ty ty a1
/ w(vil) dt— ., / o(xi,v;. ) dt / Eo(x,v. 1), do),
Jt Jto

Jto 0

xi(t)—>x(t) V te(T\Ds(u) U {to} U {t1}, and

lim sup max P, t)<0 vij=1,..,1
i—o0 €
This means that the conditions (a), and (b) of the Theorem 1
will be satisfied as soon as there are positive constants ¢, «x,and C,
and a number i, such that

(a’) ;.‘ wo(|v)) dtgxfti; go(x,v,t)dt+C, or
(b") A,and B are compact, and ffo’ w(jv]) dt < Kffu‘ gix,v,t)dt+C,

where v(t) eV, and x =g(x,v,t) are such that x(tg) € A, max;. ¢’/
x(b),t)<eVj.

Let us go back to the examples given in the Introduction. By
means of what has been proved, the extension (P) is successful for
the problems (1)-(4) in the sense that there exists a solution to the
extended problem. Let us confirm it by using the just derived
conditions (a’) and (b).

Regarding Dido problem (2) and the Catenary problem (3),
it is obvious, because by setting w(&)=¢, v=x, g'(x,v)=v, and
g2(x,v) =/1+v2, we have

1 1 1
/ [v| dtg/ \14+v)2dt= / g2(x,v) dt.
JO 0 JO

Then, the condition (b") guarantees the existence of solution.
For problem (4), the condition (b") works again with w(¢) = &2,
gl(x,v):=v, and g?(x,v) = v?, and, thus, the solution exists.
Regarding the Euler example (1), the existence of solution is
also obvious if an additional constraint x(t)>e, where &> 0, is
imposed. Indeed, this is due to condition (a’) and the estimate

1 1 1
g/ |v\dt§/ e\/l+|v|2dts/ x\/ 1+ % dt.
0 0 0

However, the case x(t) >0 requires additional considerations. It
does not follow from Theorem 1 directly, though can be proved by
writing out the solutions to e-problems and by passing to limit as
e—0.

Thus, we have shown, that thanks to (a’) and (b") and Theorem
1, it becomes possible to a priori guarantee whether the extension
(P) is successful or not, by operating only in terms of the original
problem (5) which is being extended. ©

5. Model example

The classic examples demonstrated in the beginning of the
article are rather simple, though they point out at the theoretical
necessity of a proper extension. Let us provide a more constructive
and less trivial example which, at the same time, connects the
current theory with applied engineering problems. Here, we
improve the example from [5].

Consider a controllable disk which we need to steer while
avoiding undesired rotations. The disk has four small jet-engines
called thrusters as shown at Fig. 1. The angle of each thruster can
be chosen to change the line of propulsion. Therefore, in order to
avoid rotation, all the force lines by each thruster have to intersect
the center of gravity (CG) at any moment in time (see Fig. 2).
Assume now that the CG position is some function of mass m. Fuel



D.Yu. Karamzin et al. / European Journal of Control 20 (2014) 284-291 289

\/

/\

Fig. 1. Disk with four thrusters.

Fig. 2. Angle 0 is restricted by the CG position.

consumption is related to the mass loss. Therefore, the thruster
angles are also functions of mass, 6; = 0;(m).

At each moment in time t, we control the thrusters relative
output p;(t)>0,i=1,2,3,4:

P1+DP2+DP3+ps=1,

and the fuel consumption rate v =v(t) > 0.

Assume that the control function v(t) may take unbounded
values. This is not really achievable in practice, but, in practice, the
values of v can be extremely large, thus justifying the above
considered abstract mathematical model.

In what follows, the propulsion force is assumed to depend
non-linearly on the fuel consumption. This is a quite realistic
assumption. Therefore, we suppose that F; = p;¢(v), where F; is the
propulsion force produced by the i-thruster, and ¢(v) is a certain

non-linear function characterizing fuel consumption at various
engine modes. (Note that ¢ should be continuous.)
Regarding the function ¢, it is natural to assume that
. v
lim v =

k>0,
vooo V

where « is an important characteristic of the jet-engine. For
example, ¢p(v) =xvv2—1,v>1 and 4(v) =0 when ve[0,1].
Let

ki(m,p)=p; cos 61(m)—p, sin 6(m)—ps €OS O3(M)+py Sin G4(m),

ka(m,p) = —p; sin 61(m)—p, €os G2(m)+ps sin O3(M)+p, COs G4(M).

Now, the motion of disc in the Earth's gravitational field is
described by the equations:

X1 =Wy,
Xy =Wy,
ki(m,
w1 =%-¢(V)»
. ko(m,
W) =2(Tp)-¢(V)—g,
m=—v.

By fixing time interval [to, t1], the initial and terminal points
A,and B, and, for example, the initial velocity at A, we obtain a
boundary problem. By minimizing the functional

oty
m(to)—m(t1)=/[ v(t) dt

on the solutions of the boundary problem, we obtain the so-called
fuel minimization problem. Its solution fails to exist in the class of
integrable controls and absolutely continuous trajectories. How-
ever, the solution can be found in the class of generalized
impulsive controls and discontinuous arcs in view of the extension
(P), thanks to Theorem 1 (see the condition (a’) with w(¢) = &). For
this, we only need to ensure existence of at least one admissible
arc.

The position and velocity of the disk may be restricted by some
constraints. For example, the disk cannot fly under the ground.
Thus, x, > 0. It is also clear that the modulus of velocity |w| should
not exceed certain limits due to certain technological restrictions
(air resistance, thermal barrier, etc.). Thus, [w| < C. So, in this way,
the state constraints (10) naturally complement the problem
formulation.

6. Maximum principle

In this section, we provide necessary conditions of optimality in
the form of Pontryagin Maximum Principle for the extended
problem (P).

Let us introduce necessary notations. Let

H:R"x R x R" x R x R! x R! > R!
be the extended Pontryagin function:
HE, v,y 7, 6, 20)=(w, EX, v, 0) = (r, T(x, v, 1)) = 18 (x, V. ),

where
_Op _ op
T,V ty= (X DEX.V. 0+ 520 1)

is the derivative with respect to the control system (see chapter 6 in
[26]).

Let N(x) denote the limiting normal cone to the set C at point x,
in the sense of Mordukhovich [22].

The set of all generalized controls ¢ = {u, v;,2{} defined on VxT
is designated by €.
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Theorem 2. Let (x*, ¢*), where ¢* = (u*, v, v%*), be an optimal process
to problem (P). Assume that the hypotheses (H1), and (H2) are in force.

Then, there exist a number 1° > 0, a vector function of bounded
variation y, together with its attached family v, and a monotonically
decreasing function y, together with its attached family y., where
7 e Ds(u*), such that:

C1 The pair (x*,y) satisfies the generalized Hamiltonian system:

dx* = <ﬁ &, v,y 7, t,20), dC*>
oy
oH
dy = — <ax vy, 7, t,20), dC*>,

on the time interval [ty,t;], whereas for the attached families
X*, w., veDs(u*), on [0, 1], it takes place the differential equations

. oH

* 5 0 T
X;=A.- <_9w XV w Ly, A0), vs*>

. oH o .
l/"[ = _AT : <0X (X;}:v’l//‘r’yr’f’l )9DS*>’

are satisfied on [0,1] with, x,(0)=x(z "), and y,.(0) =w(z " );
C2 The transversality conditions

o
w(to)— 55, fo)y(to) € Na(x5).
Wt~ 220k, () € NG,

where x§ = x*(to), and xj = x*(t1);
C3 The maximum condition

ti t
max / ... do) = / H. 1,10, de*;
t to

o
celul=lgs1 g,

C4 The non-triviality condition
20+ [y (to)l +I(to)| > 0.

Moreover,
conditions:

y(t),and y,(s), teDs(*), satisfy the following

(a) Functions y,y, j=1,...l, are constant on any segment in which
the optimal arc x*(t),and x*(s) belongs to the interior of the set
generated by the jth state constraint.

(b) Functions ¥ are left continuous on the interval (to, t1), and ¥ are
left continuous on the interval (0, 1).

(c) Functions ¥ are decreasing, with ¥/(t;) =0, and . are decreasing,
with y,(0) =y(z7), and 7,(1) =y(z ).

Above, for brevity: in (C1), the dependence of the functions on
t,ands in the functions is omitted, in (C3), the values of
X*(t),w(t),and y(t) replace the omitted arguments. The solutions
to (C1) and the meaning of the integral in (C3) are understood in
the sense defined before, via the attached families (see Section 3).

Proof. Let us provide a sketch of the proof. The full proof contains
rather cumbersome calculations albeit straightforward. Note that
the above Maximum Principle (MP) degenerates. That is, it can be
satisfied by a trivial Lagrange multiplier as soon as one of the
endpoints x§, X belongs to the boundary of the state constraint set
(for the phenomenon of degeneracy see [3] and [4]). Therefore, in
what follows, it is not restrictive to assume that 1/;f(x;“) <0VjlL
As we saw in the proof of Theorem 1, problem (P) turns out to
be equivalent to problem (12). Problem (12) is a conventional
problem in generalized controls and with state constraints. Then,
it becomes possible to apply the MP obtained in [1] to the optimal

process of problem (12). Let (1°,,#) be the Lagrange multipliers
associated with the optimal process of problem (12) by means of
this MP. Here, 7 is the multiplier related to the state constraints. It
is a Borel measure due to the MP in [1] obtained along the
approach of [11]. To proceed to the MP in the form provided in
[14], the following variable change is needed:

_ = 99
o= [ dn wO=p0+050

(For details, see [7].)

The next step is to apply the discontinuous time variable
change to the derived conditions and, as a consequence, obtain
the conditions (C1)-(C4). This part of the argument is carried out
in a standard way (see the proof of Theorem1 in [5]). The proof is
complete. O

Let us now describe the extension and also the extended
solutions to the minimal surface problem (1). Regarding classical
continuous solutions — they are already known - the optimal
arc is the hyperbolic cosine, x(t)=ch(t—1/2), being r;=r;=
(e=1/24e1/2)/2. If the numbers ry,and r, are sufficiently small,
the discontinuous solution is obvious. Indeed, as it was mentioned
in Introduction, it is given by x(0)=ry, x(1)=r, and x(t)=0 if
t €(0,1). However, according to the approach proposed here, the
discontinuous solution is not only the discontinuous trajectory x(t)
itself, but also the attached family of the continuous arcs x.(s),
where s €0, 1], specifying the behavior of the trajectory along the
jumps at points z.

Thereby, let us give the precise extension following (P).

By definition, we have

V142
1+v|’

g(x,v)= To(x.v) =x

v
1+v/
and g(x,v) = + 1, Zo(x,v) =x, if ve S° (i.e., if v= + co). Then, the
optimal generalized impulsive control «¢ is:

u=r180+1261, v =0, v2=5_w, I/;:5+oc-

The optimal trajectory x(t) is

r, t:O,
X =40, te©1), xos)=ri—rs, xi(s)=rs.
ry, t=1.

The form of this solution follows from its geometrical meaning
and the principle of optimality (which says “a piece of optimal arc
is again optimal”). The attached functions xq(s), and x;(s) demon-
strate the linear character of the rupture at the endpoints. On the
other hand, it is a straightforward exercise to make sure that this
solution satisfies the maximum principle stated in Theorem 2.
Indeed, we have

— v V1+v2
Hx vy, 7,20 =+ Y)TM - AOXTIVI’

and therefore, dy = 2%/1T+VvZ/(1+|v|),dc). It is easy to check that
the following multipliers satisfy the Maximum Principle at the
above-mentioned control process:

—r;, t=0,
=1, wt)=<{0, te(0,1),
I, t:],

while y(S) =1r1S—711, y1(S) =138, y(t)=0 V t [0, 1], yo(s) =0, and
71(s)=0. This is due to the fact that the function

v—+1+v2
1+v
is monotonically increasing as v > 0 (we skip the details).
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Regarding this extension of (1), it is also important to note the
following. First notice that the value of the integral in (1) is not
exactly the area of the minimal surface. To be so the value of the
integral in (1) needs to be multiplied by 2z.

Let us compute the value of this integral at the discontinuous
solution pointed out above. By definition, we have:

1 1 1
27;/ Zox,v) dc:27r/ r1Xo(S) dS+277:/ r2X1(S) ds
0 0 0
1 1
=27r/0 r2(1-s) ds+2n/0 r2s ds = ar? 4 ar3.

Thus, the answer is the area of two circles with radiuses
r1,and r,. This is fully consistent with the physical interpretation
of the problem. Indeed, the minimal surface in the discontinuous
case consists of the two disks facing each other plus the segment
[0,1]. The area of the segment is zero, and the area of the disks
amounts exactly to the above value 712 +zr3.

7. Conclusions

Some optimal control problems do not have solution in the
class of classical controls. This suggests the need of a relaxation or
extension of the control problem ensuring the existence of a
solution in some enlarged class of controls. In this article, we
developed an extension for the case in which the control dynamics
are given by

x(t) = g(x(t), v(b), 1),

where the control function v( -) takes its values in some closed set
V, not necessarily bounded. The optimization problem is to
minimize an integral cost functional over arcs satisfying this
equation, where we seek solutions in the extended sense enabling
x(-) to have jumps. To achieve this goal, we exploit the approach
of RV. Gamkrelidze based on the generalized controls. The
proposed extension, however, allows for discontinuous arcs, what
leads to the notion of generalized impulsive control. The fact that V
is not compact requires a certain compactification of the space to
ensure weak compactness of the generalized impulsive controls. In
turn, this is crucial for the existence of solutions. As a result, a
theorem for the existence of solution is obtained. A maximum
principle for constrained impulsive control problems is proved.
Thus, the state constraints are addressed in the impulsive control
context.

Besides, a number of classical examples, such as the “minimal
surface problem”, “Dido problem”, “catenary” and others find
proper extensions in the framework of the approach proposed in
this work.
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