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The Gross-Pitaevskii equation for a Bose-Einstein condensate confined in an elongated cigar-shaped trap is
reduced to an effective system of nonlinear equations depending on only one space coordinate along the trap
axis. The radial distribution of the condensate density and its radial velocity are approximated by Gaussian
functions with real and imaginary exponents, respectively, with parameters depending on the axial coordinate
and time. The effective one-dimensional system is applied to a description of the ground state of the conden-
sate, to dark and bright solitons, to the sound and radial compression waves propagating in a dense condensate,
and to weakly nonlinear waves in repulsive condensate. In the low-density limit our results reproduce the
known formulas. In the high-density case our description of solitons goes beyond the standard approach based
on the nonlinear Schrédinger equation. The dispersion relations for the sound and radial compression waves
are obtained in a wide region of values of the condensate density. The Korteweg—de Vries equation for weakly
nonlinear waves is derived and the existence of bright solitons on a constant background is predicted for a
dense enough condensate with a repulsive interaction between the atoms.
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I. INTRODUCTION the assumption that the field variables change slowly along

The formation of Bose-Einstein condensat@ECS in _the trap axis. T_he radial distripution of the BEC dgnsity and
dilute gaseq1-3] has created a field of nonlinear physics Its rad!al veloc[ty are apprquated by real and imaginary
with specific problems. Among the features of BEC in gase$3@ussian functions, respectively, with parameters depending
are the spatial inhomogeneity created by the confining potern the axial coordinate. This approach allows us to reduce
tial, the interplay of coherent and nonlinear phenomena, multhe 3D BEC Lagrangian to an effective 1D one which de-
tispecies condensation, etc. Many of such problems have arends on the axial wave functioki(z,t), the mean conden-
ready been addressed in the current literature. In particulagate radiusb(z,t), and the radial velocity potentiak(z,t).
the condensate oscillations near the center of the trap anthe resulting system of equations for the above three vari-
their free expansion after switching off the trap potentialables, though being rather complicated, has the advantage of
were considered in Ref§4—11. The creation of strongly a dependence on only one spatial coordirralé contains as
elongated“cigar-shapedy traps has made it possible to gen- limiting cases the NLS and the “nonpolynomial interaction”
erate dark12,13 and bright[14,15 solitons in BEC. How-  approximations. The derived effective system allows one to
ever, a theoretical description of the solitons proves to be nghvestigate bright and dark solitons in a wide domain of their
a simple problem. Indeed, the standard reduction of thxistence. In particular, the bright solitons can be considered
Gross-Pitaevski{GP) equation to the one-dimension@D)  right up to the collapse instability threshold. We also study
nonlinear SchrodingeiNLS) equation is justified only under  the linear waves propagating along the condensate with re-
the condition that the axial size of the soluti@iong the trap  pulsive interaction between the atoms. There are two types of
axis) be much greater than its radial size. However, the acwaves: the low-frequency sound wave and the high-
tual solitons observed in experimeftt4,15 have compa- frequency radial compression wave. The dispersion relations
rable axial and radial sizes. An attempt to go beyond théor the linear waves, applicable to the high-density BEC, are
NLS approximation was made in Reffl6] under the as- obtained in the long-wavelength limit. In the next approxi-
sumption that variation of the field variables in the axial mation of a “small but finite” amplitude of the ground-state
direction takes place on a much longer scale than that in thgerturbation we obtain the Korteweg—de Vrig&lV) equa-
radial direction. Therefore the equation with a “nonpolyno-tion for weakly dispersive and nonlinear waves propagating
mial interaction” obtained in Ref16] describes the ground along the condensate. An interesting feature of this equation
state of BECs with repulsive interaction when the above asis that in a high-density BEC the coefficient in the dispersion
sumption is correct but its application to “short” dark or term changes sign. An immediate consequence is that fast
bright solitons is not well justified. solitons of small amplitude, propagating in a repulsive BEC,

In this paper we consider the dynamics of BECs in theare bright rather than dark, contrary to what is usually as-
cigar-shaped trap by means of a variational approach withowumed by analogy between the GP and 1D NLS equations.

Il. GENERAL QUASI-1D EQUATIONS

*Electronic address: kamch@isan.troitsk.ru FOR BEC EVOLUTION

TPresent address: Departamento de Fisica, Universidade Federal The starting point for our consideration is the GP equation
de Alagoas, Macei6 AL 57072-970, Brazil. for the wave functiony of the condensate:
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. ﬁz 1 1 r2 |
Iﬁlﬂt:—EnA¢+ Emwir2¢+ V() + g|¢|2¢, (1) Y= \’,_T(Z,t)e)(%_ m)GX%Ea(Z,t)IJ)‘I’(Z,t).
wherer = x?+y? is the radial coordinatg=4m#%a,/mis the 9

effective nonlinear coupling constart, denotes thes-wave
scattering lengthm is the atomic massy, is the frequency
of atomic oscillations in the radial direction, aitiz) is the
trap potential in the axial direction of a cigar-shaped trap
The condensate wave functignis normalized to the number

Here b(z,t) characterizes the local radius of the condensate
anda(z,t)r gives the local radial velocity. Substitution of Eq.
(9) into Eqg. (4) and the result into Eq.3) with integration
‘over the radial coordinate yield an effective 1D Lagrangian

N of atoms: if . h? 1
Lip= 7 (VW =WV + W7+ “ma? b V[ +V(2)
f 2 2m 2
|f?dr =N. (2 2 2
f h 1 b
X|W[?+ ﬁhﬂ“ Syt + 2—[(@ tafb+ g
The GP equation admits the least action principle formula- & m
tion with the action functional 1, i . .
+ Eazb4 ly? + Eazbz(‘lf\lfz - |. (10
S= | Ldt, L= £ 2zrdrdz, 3 N . , . .
f f m ® To simplify the notation, let us introduce the dimensionless
written under assumption that the condensate motion is axi\farlables
i . o y
ally symmetric, where the Lagrangian density is given by rmwt, z=a,l, V=— b=aw, a= ﬁz
ih o . Rl ) vay a
L= 2 = o) + 5 IVl + Zma, Pyl + V@)
. G=25, (11)
St (4) &
In the dimensionless variables the 1D Lagrangian becomes
It is well known (see, e.g.[17]) that if the linear(1D) 2 [ 1 1
densityn,=[¢| ¢{?27rdr of the condensate is small enough,  £;p= _f{i(uu: -u'u) + 5|u§|2 + §w2|u|2 +V(0)|uf?
ma;
lagn; <1, (5) 4
. +G&+} W2 2+1' —2+ 2W2+\N2 —2
then the 3D GP equation can be reduced to the 1D NLS W2 2:8r ul S\W B W
equation
1 i P
. 2 + _BZW4> uf?+ _,BgWZ(UU -u Ug)] . (12
W= =W+ V@YW + gl gV, (6) 2"t 4 ¢
Thus, in the above reduction, the evolution of BEC is de-
where scribed by the complex longitudinal wave functionZ, 7)
2 and two real functionsy(¢, 7) and 8(Z, 7), corresponding to
g 2h%ag h : . .
Op=7">3 = ,oa; = (7)  the local mean radius of the condensate and its radial veloc-
2ma’ maﬁ Maw ity, respectively. Equations governing the evolution of these

This reduction can be performed, for example, by the variavariables are to be obtained from the action principle
tional method, when under suppositieh) the transversal

degrees of freedom are “frozen” and transverse motion is S:f Ldt=min, L:f L4pd¢, (13
reduced to the ground-state oscillations in the radial direc-

tion. As a result, the condensate wave functiprcan be  with the effective Lagrangian density given by E2). We
factorized as have

1 r2 1 u2u 11 2w (w
- - + U, - V(OU-3G—5 - | 5+ L4+ =
W \’;aieXp< . )\P(z,t). (8) u+ SUy (Hu—-3G— ol w Tl

Its substitution into Eqs(3) and (4) and integration over ‘i‘ﬁ >(|U|2)£_}ﬂzw4

radial coordinate yield an effective 1D Lagrangian and the 2Pt uz 2 ¢

corresponding Lagrange equation f#8(z,t) is Eq. (6) (see,

e.g.,[11]). Here we want to generalize this procedure to the

case wherag|n; ~ 1 and the radial motion of the condensate i

must be taken into account. (W2ul?), + {—wz(uu*g -u'uy) +vv4|u|2,8§] =2pwA|ul?,
Assuming quasi-1D geometry, we approximate the wave 2

function as (15

- éﬁ{ng - |B§WW4‘:| = 0,
(14)
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Wy W w1, u(g, D =e U, WG = o), (29
Towowtowt uPw? ¢ after simple algebra we obtain from Eq44)—16) the sys-
i(uu” - uu, ul? tem
+ (évaﬁﬂg'i' ZG%, (16) 1 0_2
. U§§+<2M—2V(§)—o———ﬁ)u—4GaU3:0,

where the longitudinal wave function is normalized as fol- 7
lows: (24)

1( o U? 1
fIUI2d§=N- (17) —(ﬂ—> —(0'——>U2—2G0'U4=0. (25)

2\ o /g a

Thus, we have transformed the 3D GP equation to a quasiFhe system24) and(25) has the energy functional

1D form for the case of elongated cigar-shaped geometry 5

when the radial distributions of the condensate density and g:f FU2+V(§)U2+ GoU%+ }<0+ 1 + EL)Uz

its radial velocity can be approximated by simple Gaussian 27¢ 2 402
functions. The variables in Eq$14)—(16) depend only on

one spatial coordinate—a strong advantage in numerical _MUZ} de¢. (26)
simulations. Besides that, the syst¢h#)—(16) can be ana-

lyzed analytically in some important limiting casesee be-  pere the integrand can be considered as a Lagrangian with
low). the spatial variable, playing the role of time. It is worth

For some applications it is convenient to cast EQSnoticing that if we introduce instead of an angled by the
(14—~(16) into a hydrodynamiclike form by means of the q|ation

substitution

g o =exp26), (27)
u= \r’;exp(if v(g’,r)dg’), (18) then the energy functional takes the form
1
wherep(£,7) is the density of BEC and(Z,7) denotes its 52[ [E(U§+ U26%) +[V(Q) + cosh B — ) |U?
axial velocity. As a result, we obtain the hydrodynamic sys-
tem: +GefUtde, (28)

1 which is formally an action functional of a particle moving
prt (p(v + EWZ,Bg)) =0, (190 on the plane, where the cougld, ) assumes the role of the
4 polar coordinates and the external potential is

®(U,0) =[u - V(0 - cosh H|U?-GeU%. (29

1( p 2w
v,tov+ V() + 3G<ﬁ) + E(f% - gﬁ + W + —WQ
¢ P o A. Small-density limit
+ Wepe lﬁ?“’A) -0 (20) First of all let us consider the limit of a low density BEC:
2 1
e ¢ IGluz<1. (30)
W, W o, 1 p In the dimensional variables, with account of the estimate
B:= Vvégé - \A—£,4 + # T 1-B2- W +upB, + 2GV74, U?~|¥|%a, ~ma, (wheren, is the longitudinal density of

the condensajecondition(30) coincides with Eq(5). Since
(21)  the characteristic length in the axial direction cannot be less
than unity(i.e.,a, in dimensional unitg we find in this limit

(Wp),+ (WPpv +W'pBy) = 2PWPp. (220 from Eq.(29):
— 2
In the following sections we apply the general quasi-1D o=1+0y, |og ~|GU*<1. (3D
equations to some important particular cases. Taking the estimaté31) into account, we reduce E(R4) to
the standardstationary 1D NLS equation
lll. STATIONARY SOLUTIONS Ug+ 2[u— 1-V()]U - 4GUP= 0. (32)

In a stationary state all velocities are equal to z&r0  Thjs equation has been studied very well and we shall not
=0,8=0), the densityp does not depend on and the con-  consider it any further.

densate wave function({, 7) depends on only through the _ o .

phase factor expiu7), whereu is dimensionless chemical ~ B. Ground state of BEC with repulsive interaction (G>0)
potential. SettingB=0 and introducing the stationary vari- Another important limiting case corresponds to very slow
ablesU(¢) ando(¢) by the formulas dependence of BEC parameters on the axial coordihate

023604-3



A. M. KAMCHATNOV AND V. S. SHCHESNOVICH

that one can neglect the derivatives in E@) and(25). If

we denote byZ the characteristic axial length, then the con-

PHYSICAL REVIEW A70, 023604(2004)

C. Dark solitons in BEC with repulsive interaction
It is well known that the NLS equatioB2) with V()

dition for neglecting the spatial derivatives can be written a3 andG>0 has a dark soliton solution

Z2?2<GoU? (33)

or, in dimensional units, withz~1/a,, G=aJa,, U?
~na; ~Na,/l, o~1, as
a® aN

— <.

12 [ 34

If condition (34) is satisfied, then Eq25) gives the relation
o=(1+2GU»)™72 (35)

equivalent to one obtained in RdfL6]. Substitution of Eqg.
(35) into Eq.(24) and dropping off the derivatives relates the
field U to the external trap:

1+3GU?

- .
V1+2GU?

V() (36)

-

The solution of this equation with respect t yields the
condensate density as a function of the axial coordinate:

{g{u -V + - VO +3f - 1}.
37)

This formula corresponds to the well-known Thomas-Fer
approximation for the condensate density distribution. Th
densityp vanishes at=Z,, where the value of,, is deter-
mined by the equation

m=V(Zy) =1,

1
— 112 —
p())=U =2G

(38)

which gives the relationship betwegnandZ,,,. The comple-
mentary relation betweey,, and u is given by the condition
J p(H)d¢=N, (39

where the integration is taken over region wheee0. These
two relations allow us to expregs and Z,, as functions of
the number of atoms\.

In the low-density limit—i.e. GU?< 1—Eq.(37) reduces
to the usual formula

1
=—[u' -V(©], p=p-1, 40
p=oglw —VOL pi=p (40)
which also follows from the 1D NLS equatiof32) of the
preceding subsection.
For the parabolic potential
wz

V() = %&2, A=—2,

w

(41)

from Eq. (38) we obtain,u’:%)\zgﬁ1 so that Eq.(40) with
account of Eq.(39) yields the well-known expression for
density distribution in the Thomas-Fermi approximation:

xzz&( IS
L 1 —_ _2
4G

m

p(y)=U2= ) {m=(3GN\HM3, (42

U(0) = Uy tanHUpy2GY) 43

under condition(30)—that is, ,u'~GU_£2L< 1. The soliton
width is much greater than unity, (J,VG)>1, and it must

be much less than the longitudinal sizg of the condensate
estimated in the preceding subsection. For BEC confined by
a parabolic trap we havElg~N/§m so that the formulated
condition reads

GN
<— <1,

m

1
- (44)

m

where the left inequality actually coincides with condition
(33) in the small-density limit and the right inequality is
equivalent to EQq.(30). Substitution of{,, from Eq. (42)
yields the applicability condition of the soliton soluti¢h3)

in the form

W <GN<\L (45)

For large enoughN the right inequality in Eq.(45) is
violated and we have to return to the syst@4), (25). Since
the left inequality in Eq(45) is easily fulfilled for a dense
BEC in a cigar-shaped trap, we suppose that the longitudinal

miSize ~ ¢, of the whole condensate is much greater than the
esoliton width. To find the soliton solution we také&{)=0

and require thatl satisfies the following asymptotic bound-
ary conditions:

U —U, at ¢— xoo, (46)
Then Eq.(25) [see also Eq(35)] gives
o— 0= (1+2GUY) ™2 as (— oo, (47)
while from Eq.(24) [see Eq(36)] we find the value ofu:
1+3GU3
- _—_2°=0 (48)

n= .
\r’1+2GU(2)

Thus we arrive at the system

1 o
S S /aN FE 3
U{§+<2,u o= 402)U 4GoU°=0, (49
1( o U? 1
_(g;_) —(0——)U2—2G0U4:0, (50)
2\ o /; o
whose solution minimizes the energy
1 1 1
=] |ZUi+G u4+—( +—+—§->U2— Uz}d,
f[z (PRI TO\TT 6T ag? w7 de
(52)

where u is fixed by the asymptotic valug, of the wave
function as dictated by formul@&t8).

The solution of systen49), (50) was found numerically
and the results are presented in Fig. 1. As we see, even for
relatively small values o), (scaled byyG in the figure the
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density BEC when the standard NLS approximation breaks
down.

D. Bright solitons in BEC with attractive interaction (G<0)

In the small-density limi{30) the condensate with attrac-
tive interaction between the atoms is also described by the
NLS equation(32), now with G<O0. In this case BECs can
be confined in the axial direction of the cigar-shaped trap by
the interatomic interaction only. Supposing the latter, we can

2.0 omit the longitudinal trap potentid({) and obtain the bright
st soliton solution
z
:EY U = Y% (53)
12— coshUo\2/G|2)’
W% 3 whereU, is the amplitude of the soliton connected with the
4 number of atomdN=[U?d¢ by the relation

FIG. 1. The density of the dark soliton soluti¢a and its trans-
verse radiugb) vs the axial distanc& for several values of the
number of atoms in the soliton “hole.”

|2
N:UO @, (54)

andu'=u-1=-G|U3. Then condition30) of applicability

transverse radius of the density distribution changes quit8f the NLS equation can be written in the form

_con5|derably_along the trap axis rather th_an b_emg constant as | = |G|U§ ~(|GIN)2 < 1. (55)

is supposed in the NLS equation approximation. The soliton

width is about unity(in the dimensionless unit$or our nu- It is clear that this condition breaks down for large enough

merical solutions which also contradicts the conditiéd) of ~ number of atom& ~ 1/|G| and one cannot neglect the effect

applicability of the NLS equation. of the atomic interaction on the transverse size of BEC. The
The discrepancy between the improved quasi-1D descripransverse degrees of freedom lead to the collapse instability

tion and the NLS solution can be manifested by comparisoof BEC (see, e.9.[18]), which, as is known, also takes place

of the number of BEC atoms expelled from the dark solitonin BEC confined in a cigar-shaped trap. Numerical results of

“hole,” defined as Ref.[19] indicate that BEC in the cigar-shaped trap collapses

for

Nj, =f (U3-U?)d¢. (52) |GIN > 0.676 (56)

and in this region of parameters the soliton solution ceases to
In Fig. 2 we give the plot of the number of expelled atomsexist. Our quasi-1D approach captures this essential property
versusGUﬁ. It shows very convincingly that the NLS ap- of the attractive BEC, and hence, in our approach, the bright
proximation is quantitatively incorrect outside the regionsoliton solution can be studied in the whole region of its
GU3<1. existence.
We conclude this section by noticing that our quasi-1D We have solved numerically the syste@), (50) with
theory permits one to describe dark solitons in the high-G<0 under the boundary conditions

3 U —0 at (— +oo, (57)

55 In Fig. 3 we show the wave function amplitude and trans-
: verse radius profiles of BEC for several valueg@fN. It is

c 2 _ clearly seen that the amplitude of the soliton increases while
% 1.5 -7 its transverse radius decreases with growth|®fN. For

1 o7 small |G|N the solution is well approximated by the NLS

solution(53), especially the amplitude profile. &At— o the

0.5 radius approaches 1, which corresponds to the small-

oO 05 1 5 amplitude limit when the transverse wave function is given

FIG. 2. The number of atoms in the dark soliton “hole” as a

2
GU,

by the oscillator ground state. Fast decrease @f the cen-
ter of the soliton with growth ofG|N precedes the collapse
instability of BEC.

To clarify the transition to collapse, in Fig. 4 we show the

function of the asymptotic valugU3. The solid line corresponds to dependence ofx on |G|N in our quasi-1D approximation
our quasi-1D approach and the dashed line to the NLSthe solid ling and in the NLS equation cag¢he dashed

approximation.

line). We see thatN/Ju vanishes at
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N =0.25
N = 0.50

(@)

OO

-5 -10 -5 0 5 10 15
1

0.9
2

0.8

(b)
0.7
21510 -5 0 5 10 15

FIG. 3. The wave function amplitud@) and transverse radius

(b) of BECs corresponding to the bright soliton solution &$or
several values ofG|N.

|GIN=0.73, (58)

PHYSICAL REVIEW A70, 023604(2004)

(59

In the presence of a linear wageandw are slightly deviated
from these stationary values, and a wave can be described by
the small variables

Wg: 1+ ZGpO

p'=p—po, W=W-W v, B. (60)

Linearization of the systenil9)—22) with respect to these
small variables leads to the equations

) 1
pr+ Pt 5”0"\’3&: =0, (61)
3G Gpo 1
UT+—p'—2<W +—>w’——p’ +—Ww,,, =0,
w2 % 0T WB T ap P oy
(62
G, 4 1
B~ ng + VTOW - VVSng: 0, (63)
) 1
W, — w8+ ngﬁ“: 0. (64)

We look for a solution of the form(p’,w',v,pB)
cexdi(K{-Q7)], the most interesting limiting cases of
which can easily be investigated. Indeed, in the long-
wavelength limitK <1 we can neglect the terms with higher

which is in reasonably good agreement with the exact 3Qjerivatives. Then Eq64) gives B=w’/wq and the substitu-

critical value given by Eq(56).

Finally, the axial width of our soliton solution is about

unity (i.e., ~a, in the dimensional unijsin qualitative

agreement with the features of bright solitons observed ex-

perimentally in Refs[14,15.

IV. LINEAR WAVES IN CONDENSATE
WITH REPULSIVE INTERACTION

Now let us consider the linear waves propagating along a

tion of this into Eq.(63) yields the equation

, _ %G
T Wg
For low-frequency sound wavf?<4 and we obtairw’

:(G/2W§)p’. Then after elimination of the radial variablgs

andw’ the systen{61)—<63) reduces to a couple of equations
for the longitudinal variables:

w p +4w' =0. (65)

G 2+3Gp,

+— =0. 66
o W(Z)1+2Gpopg (69

pr+ pov =0,

cylindrical condensate; that is, we assume that the wave- ) .
length is much less than the axial size of the condensate sthese lead at once to the expression for the sound velocity:

that the influence of the axial trap can be neglected. 0, Gpy(2+3Gpy
We shall start from equations in the hydrodynamical form Cs= K C= m (67)
(199<22) with V'(£)=0 in Eg. (20). In the stationary state Po
the condensate has constant linear dengjtgnd the trans- In dimensional units we have
verse radiusy, related withpg by the equatiorisee Eq(3
0 Po y q m q( 5)] Gpo - aSW(Z)nl, (68)
1 where
0.75 . n, = mran (69)
=05 is the one-dimensional density in the limit of tight radial
0.5 |GIN = 0.73 trapping (Gpg<<1) and n is the three-dimensional density
' evaluated in the “center of the trap” at0. Thuswy is
0 obtained from the equatiomy=1+2aw3n, which yields

0 02 04 06 08

IGIN Wo = [V1 +(ahy)? + agn; V2. (70)

FIG. 4. The dependence of on |G|N in quasi-1D approxima-
tion (solid line) and in the NLS equation cagdashed ling

Then, in dimensional units, we obtain the following expres-
sion for the velocity of sound propagating along the trap:
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ho\? 2+ 3Gp, turbation of the ground state due to presence of the wave.
Eg: ashy °. (71) Hence, we introduce the series expansions in powets of
ma, 1+Gpg ' P P
In the low-density(tight radial trapping limit we have Gp, p=po+epP+e2p@+ - w=wp+ewP+ WP+ oo
~agn; <1, so that formula71) reproduces the well-known
result(see, e.g., Refg18,20Q) v=eoW+e2p@+ ... g=g328M 4 £5282) 4 ...
- Ao (77)
Cs= 2a,n;. 72
S ma, vZash; ( )

Substitution of these series expansions into Ef9)—<22)
Expression(71) gives dependence of the sound velocity ongives, in the first two orders in powers efof the ground-
the densityn; correct up toGpy~ 1. state formula59), the relationships

Now, if we neglect all derivatives in Eqs(61)—63),

then we obtairp’ =0, v=0; i.e., there is no motion of the gas Wb = G yW=_% B0 = GG (g (79)
along the trap, and E@65) leads to the frequency ngp ’ pop ’ 2wépZ '
01=2 (73 and reproduces the formu(&7) for the sound velocity. The

of compressional oscillations in radial direction. This for- 1ast relevant terms of the expansions in powers pfeld the
mula agrees with the general statemi&, 21,27 that radial ~ €dquations
oscillations of a very elongated condensate has the frequency

0=2w, (in dimensional unitsindependent of interatomic  _ Csﬂ(zlz> + 1 (le)z+ @W(DW(ZD _ ﬁ(p(l)wu))z: iW(ZZ)
interaction. A Wi w3 Wo
Equations(61)—(63) permit us to find corrections to the oG
frequencies in Eqs(67) and (73). We have the following - =2, (79
dispersion relation for the sound waves: Wg
2 2
QZ=C§K2+1 1+ (GPO) [1 3(Gp0) ] K4. (74)

1
A (1+2Gpo)° Pt + @ Up )2+ SpoWeB =~ e — pvy,  (80)

It is worth noticing that the dispersion correction changes its
sign atGpy=3.91 and a higher-order dispersion correction

. . . +
has to be taken into account at this point. oM+ WyP + 6(?’GLL?1)\,\,(1)\,\,(21> - @(p(l)w(l))z
For high-frequency radial compression wave we obtain Wo Wg
2 + 6Gpg + 5(Gpp)? Ll o Y @, 286t D) o
2 0 0” K2 Pzzz+ 5 Wzzz=~C7 + w2
B T G 79 4po T 2Wo ) w5
Naturally, a correction term is not universal and depends on - Ep(zz) (81)
the atomic interaction. w3
which can be considered as a linear system for the variables
V. WEAKLY DISPERSIVE AND NONLINEAR WAVES pZ, w2, v? [we have omitted the equation following from
IN REPULSIVE BECs Eq. (22) which gives the expression f@®? in terms of the

other variablek It is easy to find that the right-hand sides of
gs.(79—<81) are linearly dependent. Hence, for existence
f a nontrivial solution, the left-hand sides must satisfy the
corresponding compatibility condition which with account of

lonAsz:\e/eligﬁV\/ﬂ:rorrr;tf;e zftreeﬁgr:ngwse;;f:é I:/rﬁggjwi\(/)ers Oqus. (78) can be transformed to the KdV equation taking
ong gth propag X ;’Y ._after transition to the “laboratory” reference frame with vari-
finite wavelength we have to take into account the dlsperS|ogbleST ¢ and density disturbange =ep® of the form

correction described by the second term in the dispersion

At last, let us turn to waves of small but finite amplitude
which propagate in repulsive BEC confined in an elongate
cigar-shaped trap.

relation (74). We must also take into account small correc- 1 (Gpo)A(L - 3(Gpo)?)

tion arising due to nonlinear terms in the systéh8)—(22) Py~ Cspp + —{1 3 ]pgg

[with V'(£)=0]. To this end, we use the standard singular 8Cs (1+2Gpo)

perturbation theory(see, e.g.,[23]) and introduce the 3G { (Gpo)? } ‘=0 -

stretched variables i + 2(1+ 2Gpy)? p'pr= (82
T= 83/27', 7= 81/2(§+ CST), (76)

The linear terms here reproduce the first two te(i?® of
corresponding to the slow evolution of the wave in the ref-the expansion of the dispersion relation in power&of his
erence system moving with the sound velodityHeree isa  KdV equation has well-known soliton solutions.

small parameter which characterizes the magnitude of a per- In the low-density limitGpy<1, Eq.(82) takes the form
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3G VI. CONCLUSION

! ! 1 ! ! !
Pz~ Cspp+ g P ™ PP 0, Gpp<<l. (83
S S

The effective one-dimensional system derived in this pa-
per describes the motion of condensate in a wide region of
It is worthwhile to note that this equation can be derivedparameters when the radial distribution has not reached yet
directly from the 1D NLS equatioii6) which is a correct the Thomas-Fermi limit and the characteristic axial dimen-
approximation to the GP equation in this limit. Indeed, thesion is not less than the BEC radius in an elongated cigar-
evolution of a small-amplitude disturbaneéz,t) of the  shaped trap. This system depends only on one spatial coor-
ground state Wy=const—i.e., ¥=[Vy+a(z,t)]exd —iwt dinate, which can greatly simplify numerical simulations of
+i¢(z,t)]—is governed by the KdV equatiasee, e.g.[24]) nonlinear effects in BEC. The advantage of our approach is

illustrated by applications to description of dark and bright

_ %2 39:0%0 solitons in the high density BEC. The one dimensionality of
& =Ct o o B — 880, (84)  the effective system permits one to develop various analyti-

Cs mé ) . . ) .

cal approximations. In particular, the dispersion relations for
sound and radial compression waves are obtained for high-

density BEC. The evolution of small but finite amplitude
perturbations is described by the KdV equation which leads

to qualitatively new behavior of BEC at high enough density:
small-amplitude bright solitons can propagate on a constant
background in a repulsive BEC, whose density is above
some threshold value. This prediction can be verified by ex-

%eriment.

We hope that the quasi-1D theory developed in this paper

| find applications in descriptions of many other nonlinear

whereT; is the dimensional sound veloci{y2). Then the
transformation of this equation to dimensionless unitf)

with account of the relationship’ =2a, Vya between small
disturbances of the density’) and the amplitudéa) repro-
duces Eq(83).

A remarkable feature of Eq82) is the fact that the dis-
persion term changes sign @py,=3.91 while the coefficient
at the nonlinear term is always negative. This means that th
small-amplitude solitons propagating on a constant bad\?vil

ground in repulsive BEC are dark only in the region . . . . ) .
o . processes in the high-density BEC confined in the cigar-
Gpg<3.91 but become bright in the regid@p,=>3.91. Ob- shaped trap—i.e., when the standard one-dimensional non-

\{iously, such beha\(ior is explained physically by Competi'Iinear Schrédinger equation loses its applicability.
tion of two mechan_lsms of energy changes due to Presence niste added in proofRecently we learned that a formula
of the wave—one is caused by the change of the potentlaelquivalent to Eq(37) was obtained in Ref[25]. We are

energy Of. the gas in_ the transverse trap and.anothgr one éﬁateful to Professor L. Salasnich for this remark
related with the nonlinear energy of interatomic gas interac- ' '

tion. Thus, we have found that bright solitons can propagate
along dense enough repulsive BEC confined in a cigar-
shaped trap. These solitons propagate with the velocity close This work was supported by FAPESP and FAPEAL/CNPq
to the speed of sound. grants(Brazil). A.M.K. thanks also RFBR for partial support.
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