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The Gross-Pitaevskii equation for a Bose-Einstein condensate confined in an elongated cigar-shaped trap is
reduced to an effective system of nonlinear equations depending on only one space coordinate along the trap
axis. The radial distribution of the condensate density and its radial velocity are approximated by Gaussian
functions with real and imaginary exponents, respectively, with parameters depending on the axial coordinate
and time. The effective one-dimensional system is applied to a description of the ground state of the conden-
sate, to dark and bright solitons, to the sound and radial compression waves propagating in a dense condensate,
and to weakly nonlinear waves in repulsive condensate. In the low-density limit our results reproduce the
known formulas. In the high-density case our description of solitons goes beyond the standard approach based
on the nonlinear Schrödinger equation. The dispersion relations for the sound and radial compression waves
are obtained in a wide region of values of the condensate density. The Korteweg–de Vries equation for weakly
nonlinear waves is derived and the existence of bright solitons on a constant background is predicted for a
dense enough condensate with a repulsive interaction between the atoms.
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I. INTRODUCTION

The formation of Bose-Einstein condensatessBECsd in
dilute gases[1–3] has created a field of nonlinear physics
with specific problems. Among the features of BEC in gases
are the spatial inhomogeneity created by the confining poten-
tial, the interplay of coherent and nonlinear phenomena, mul-
tispecies condensation, etc. Many of such problems have al-
ready been addressed in the current literature. In particular,
the condensate oscillations near the center of the trap and
their free expansion after switching off the trap potential
were considered in Refs.[4–11]. The creation of strongly
elongated(“cigar-shaped”) traps has made it possible to gen-
erate dark[12,13] and bright[14,15] solitons in BEC. How-
ever, a theoretical description of the solitons proves to be not
a simple problem. Indeed, the standard reduction of the
Gross-Pitaevskii(GP) equation to the one-dimensionals1Dd
nonlinear SchrödingersNLSd equation is justified only under
the condition that the axial size of the solution(along the trap
axis) be much greater than its radial size. However, the ac-
tual solitons observed in experiment[14,15] have compa-
rable axial and radial sizes. An attempt to go beyond the
NLS approximation was made in Ref.[16] under the as-
sumption that variation of the field variables in the axial
direction takes place on a much longer scale than that in the
radial direction. Therefore the equation with a “nonpolyno-
mial interaction” obtained in Ref.[16] describes the ground
state of BECs with repulsive interaction when the above as-
sumption is correct but its application to “short” dark or
bright solitons is not well justified.

In this paper we consider the dynamics of BECs in the
cigar-shaped trap by means of a variational approach without

the assumption that the field variables change slowly along
the trap axis. The radial distribution of the BEC density and
its radial velocity are approximated by real and imaginary
Gaussian functions, respectively, with parameters depending
on the axial coordinatez. This approach allows us to reduce
the 3D BEC Lagrangian to an effective 1D one which de-
pends on the axial wave functionCsz,td, the mean conden-
sate radiusbsz,td, and the radial velocity potentialasz,td.
The resulting system of equations for the above three vari-
ables, though being rather complicated, has the advantage of
a dependence on only one spatial coordinatez. It contains as
limiting cases the NLS and the “nonpolynomial interaction”
approximations. The derived effective system allows one to
investigate bright and dark solitons in a wide domain of their
existence. In particular, the bright solitons can be considered
right up to the collapse instability threshold. We also study
the linear waves propagating along the condensate with re-
pulsive interaction between the atoms. There are two types of
waves: the low-frequency sound wave and the high-
frequency radial compression wave. The dispersion relations
for the linear waves, applicable to the high-density BEC, are
obtained in the long-wavelength limit. In the next approxi-
mation of a “small but finite” amplitude of the ground-state
perturbation we obtain the Korteweg–de Vries(KdV) equa-
tion for weakly dispersive and nonlinear waves propagating
along the condensate. An interesting feature of this equation
is that in a high-density BEC the coefficient in the dispersion
term changes sign. An immediate consequence is that fast
solitons of small amplitude, propagating in a repulsive BEC,
are bright rather than dark, contrary to what is usually as-
sumed by analogy between the GP and 1D NLS equations.

II. GENERAL QUASI-1D EQUATIONS
FOR BEC EVOLUTION

The starting point for our consideration is the GP equation
for the wave functionc of the condensate:
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i"ct = −
"2

2m
Dc +

1

2
mv'

2 r2c + Vszdc + gucu2c, s1d

wherer =Îx2+y2 is the radial coordinate,g=4p"2as/m is the
effective nonlinear coupling constant,as denotes thes-wave
scattering length,m is the atomic mass,v' is the frequency
of atomic oscillations in the radial direction, andVszd is the
trap potential in the axial direction of a cigar-shaped trap.
The condensate wave functionc is normalized to the number
N of atoms:

E ucu2dr = N. s2d

The GP equation admits the least action principle formula-
tion with the action functional

S=E Ldt, L=E L 2prdrdz, s3d

written under assumption that the condensate motion is axi-
ally symmetric, where the Lagrangian density is given by

L =
i"

2
scct

* − c*ctd +
"2

2m
u¹cu2 +

1

2
mv'r2ucu2 + Vszducu2

+
g

2
ucu4. s4d

It is well known (see, e.g.,[17]) that if the linears1Dd
densityn1=e0

` ucu22prdr of the condensate is small enough,

uasun1 ! 1, s5d

then the 3D GP equation can be reduced to the 1D NLS
equation

i"Ct = −
"2

2m
Czz+ VszdC + g1Ducu2C, s6d

where

g1D =
g

2pa'
2 =

2"2as

ma'
2 , a' =Î "

mv'

. s7d

This reduction can be performed, for example, by the varia-
tional method, when under supposition(5) the transversal
degrees of freedom are “frozen” and transverse motion is
reduced to the ground-state oscillations in the radial direc-
tion. As a result, the condensate wave functionc can be
factorized as

c =
1

Îpa'

expS−
r2

2a'
2 DCsz,td. s8d

Its substitution into Eqs.(3) and (4) and integration over
radial coordinate yield an effective 1D Lagrangian and the
corresponding Lagrange equation forCsz,td is Eq. (6) (see,
e.g.,[11]). Here we want to generalize this procedure to the
case whenuasun1,1 and the radial motion of the condensate
must be taken into account.

Assuming quasi-1D geometry, we approximate the wave
function as

c =
1

Îpbsz,td
expS−

r2

2b2sz,tdDexpS i

2
asz,tdr2DCsz,td.

s9d

Here bsz,td characterizes the local radius of the condensate
andasz,tdr gives the local radial velocity. Substitution of Eq.
(9) into Eq. (4) and the result into Eq.(3) with integration
over the radial coordinate yield an effective 1D Lagrangian

L1D =
i"

2
sCCt

* − C*Ctd +
"2

2m
uCzu2 +

1

2
mv'

2 b2uCu2 + Vszd

3uCu2 +
g

4pb2ucu4 +
"

2
atb

2ucu2 +
"2

2m
FS 1

b2 + a2b2 +
bz

2

b2

+
1

2
az

2b4Ducu2 +
i

2
azb

2sCCz
* − C*CzdG . s10d

To simplify the notation, let us introduce the dimensionless
variables

t = v't, z= a'z, C =
u

Îa'

, b = a'w, a =
b

a'
2 ,

G =
as

a'

. s11d

In the dimensionless variables the 1D Lagrangian becomes

L1D =
"2

ma'
3 F i

2
suut

* − u*utd +
1

2
uuzu2 +

1

2
w2uuu2 + Vszduuu2

+ G
uuu4

w2 +
1

2
btw

2uuu2 +
1

2
Sw−2 + b2w2 + wz

2w−2

+
1

2
bz

2w4Duuu2 +
i

4
bzw

2suuz
* − u*uzdG . s12d

Thus, in the above reduction, the evolution of BEC is de-
scribed by the complex longitudinal wave functionusz ,td
and two real functions,wsz ,td andbsz ,td, corresponding to
the local mean radius of the condensate and its radial veloc-
ity, respectively. Equations governing the evolution of these
variables are to be obtained from the action principle

S=E Ldt = min, L=E L1Ddz, s13d

with the effective Lagrangian density given by Eq.(12). We
have

iut +
1

2
uzz − Vszdu − 3G

uuu2u
w2 −

1

2
F 2

w2 +
wzz

w
+ Swz

w

−
i

2
bzw

2D suuu2dz

uuu2
−

1

2
bz

2w4 −
i

2
bzzw

2 − ibzwwzG = 0,

s14d

sw2uuu2dt + F i

2
w2suuz

* − u*uzd + w4uuu2bzG = 2bw2uuu2,

s15d
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bt =
wzz

w3 −
wz

2

w4 +
wz

w3

suuu2dz

uuu2
+

1

w4 − 1 −b2 − bz
2w2

+
isuzu

* − uuz
*d

2uuu2
bz + 2G

uuu2

w4 , s16d

where the longitudinal wave function is normalized as fol-
lows:

E uuu2dz = N. s17d

Thus, we have transformed the 3D GP equation to a quasi-
1D form for the case of elongated cigar-shaped geometry
when the radial distributions of the condensate density and
its radial velocity can be approximated by simple Gaussian
functions. The variables in Eqs.(14)–(16) depend only on
one spatial coordinate—a strong advantage in numerical
simulations. Besides that, the system(14)–(16) can be ana-
lyzed analytically in some important limiting cases(see be-
low).

For some applications it is convenient to cast Eqs.
(14)–(16) into a hydrodynamiclike form by means of the
substitution

u = Îr expSiEz

vsz8,tddz8D , s18d

wherersz ,td is the density of BEC andvsz ,td denotes its
axial velocity. As a result, we obtain the hydrodynamic sys-
tem:

rt + XrSv +
1

2
w2bzDC

z

= 0, s19d

vt + vvz + V8szd + 3GS r

w2D
z

+
1

2
S rz

2

4r2 −
rzz

2r
+

2

w2 +
wzz

w

+
wzrz

wr
−

1

2
bz

2w4D
z

= 0, s20d

bt =
wzz

w3 −
wz

2

w4 +
wzrz

w3r
+

1

w4 − 1 −b2 − bz
2w2 + vbz + 2G

r

w4 ,

s21d

sw2rdt + sw2rv + w4rbzdz = 2bw2r. s22d

In the following sections we apply the general quasi-1D
equations to some important particular cases.

III. STATIONARY SOLUTIONS

In a stationary state all velocities are equal to zerosv
=0,b=0d, the densityr does not depend ont, and the con-
densate wave functionusz ,td depends ont only through the
phase factor exps−imtd, wherem is dimensionless chemical
potential. Settingb=0 and introducing the stationary vari-
ablesUszd andsszd by the formulas

usz,td = e−imtUszd, w2sz,td = 1/sszd, s23d

after simple algebra we obtain from Eqs.(14)–(16) the sys-
tem

Uzz + S2m − 2Vszd − s −
1

s
−

sz
2

4s2DU − 4GsU3 = 0,

s24d

1

2
SszU

2

s
D

z

− Ss −
1

s
DU2 − 2GsU4 = 0. s25d

The system(24) and (25) has the energy functional

E =E F1

2
Uz

2 + VszdU2 + GsU4 +
1

2
Ss +

1

s
+

sz
2

4s2DU2

− mU2Gdz. s26d

Here the integrand can be considered as a Lagrangian with
the spatial variablez playing the role of time. It is worth
noticing that if we introduce instead ofs an angleu by the
relation

s = exps2ud, s27d

then the energy functional takes the form

E =E F1

2
sUz

2 + U2uz
2d + fVszd + cosh 2u − mdGU2

+ Ge2uU4dz, s28d

which is formally an action functional of a particle moving
on the plane, where the couplesU ,ud assumes the role of the
polar coordinates and the external potential is

FsU,ud = fm − Vszd − cosh 2ugU2 − Ge2uU4. s29d

A. Small-density limit

First of all let us consider the limit of a low density BEC:

uGuU2 ! 1. s30d

In the dimensional variables, with account of the estimate
U2,uCu2a',n1a' (wheren1 is the longitudinal density of
the condensate), condition(30) coincides with Eq.(5). Since
the characteristic length in the axial direction cannot be less
than unity(i.e.,a' in dimensional units), we find in this limit
from Eq. (25):

s = 1 +s1, us1u , uGuU2 ! 1. s31d

Taking the estimate(31) into account, we reduce Eq.(24) to
the standard(stationary) 1D NLS equation

Uzz + 2fm − 1 −VszdgU − 4GU3 = 0. s32d

This equation has been studied very well and we shall not
consider it any further.

B. Ground state of BEC with repulsive interaction „G.0…

Another important limiting case corresponds to very slow
dependence of BEC parameters on the axial coordinatez so
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that one can neglect the derivatives in Eqs.(24) and(25). If
we denote byZ the characteristic axial length, then the con-
dition for neglecting the spatial derivatives can be written as

Z−2 ! GsU2 s33d

or, in dimensional units, withZ, l /a', G=as/a', U2

,n1a',Na' / l, s,1, as

a'
2

l2
!

aN

l
. s34d

If condition (34) is satisfied, then Eq.(25) gives the relation

s = s1 + 2GU2d−1/2, s35d

equivalent to one obtained in Ref.[16]. Substitution of Eq.
(35) into Eq.(24) and dropping off the derivatives relates the
field U to the external trap:

m − Vszd =
1 + 3GU2

Î1 + 2GU2
. s36d

The solution of this equation with respect toU2 yields the
condensate density as a function of the axial coordinate:

rszd = U2 =
1

2G
H1

9
hm − Vszd + Îfm − Vszdg2 + 3j2 − 1J .

s37d

This formula corresponds to the well-known Thomas-Fermi
approximation for the condensate density distribution. The
densityr vanishes atz=Zm where the value ofZm is deter-
mined by the equation

m − VsZmd = 1, s38d

which gives the relationship betweenm andZm. The comple-
mentary relation betweenZm andm is given by the condition

E rszddz = N, s39d

where the integration is taken over region whererù0. These
two relations allow us to expressm and Zm as functions of
the number of atoms,N.

In the low-density limit—i.e.,GU2!1—Eq. (37) reduces
to the usual formula

r >
1

2G
fm8 − Vszdg, m8 = m − 1, s40d

which also follows from the 1D NLS equation(32) of the
preceding subsection.

For the parabolic potential

Vszd =
1

2
l2z2, l =

vz

v'

, s41d

from Eq. (38) we obtainm8= 1
2l2zm

2 so that Eq.(40) with
account of Eq.(39) yields the well-known expression for
density distribution in the Thomas-Fermi approximation:

rszd = U2 =
l2zm

2

4G
S1 −

z2

zm
2 D, zm = s3GNl−2d1/3. s42d

C. Dark solitons in BEC with repulsive interaction

It is well known that the NLS equation(32) with Vszd
=0 andG.0 has a dark soliton solution

Uszd = U0 tanhsU0
Î2Gzd s43d

under condition(30)—that is, m8,GU0
2!1. The soliton

width is much greater than unity, 1 /sU0
ÎGd@1, and it must

be much less than the longitudinal sizezm of the condensate
estimated in the preceding subsection. For BEC confined by
a parabolic trap we haveU0

3,N/zm so that the formulated
condition reads

1

zm
2 !

GN

zm
! 1, s44d

where the left inequality actually coincides with condition
(33) in the small-density limit and the right inequality is
equivalent to Eq.(30). Substitution ofzm from Eq. (42)
yields the applicability condition of the soliton solution(43)
in the form

Îl ! GN! l−1. s45d

For large enoughN the right inequality in Eq.(45) is
violated and we have to return to the system(24), (25). Since
the left inequality in Eq.(45) is easily fulfilled for a dense
BEC in a cigar-shaped trap, we suppose that the longitudinal
size ,zm of the whole condensate is much greater than the
soliton width. To find the soliton solution we takeVszd=0
and require thatU satisfies the following asymptotic bound-
ary conditions:

uUu → U0 at z → ± `. s46d

Then Eq.(25) [see also Eq.(35)] gives

s → s0 = s1 + 2GU0
2d−1/2 as z → ± `, s47d

while from Eq.(24) [see Eq.(36)] we find the value ofm:

m =
1 + 3GU0

2

Î1 + 2GU0
2
. s48d

Thus we arrive at the system

Uzz + S2m − s −
1

s
−

sz
2

4s2DU − 4GsU3 = 0, s49d

1

2
SszU

2

s
D

z

− Ss −
1

s
DU2 − 2GsU4 = 0, s50d

whose solution minimizes the energy

E =E F1

2
Uz

2 + GsU4 +
1

2
Ss +

1

s
+

sz
2

4s2DU2 − mU2Gdz,

s51d

where m is fixed by the asymptotic valueU0 of the wave
function as dictated by formula(48).

The solution of system(49), (50) was found numerically
and the results are presented in Fig. 1. As we see, even for
relatively small values ofU0 (scaled byÎG in the figure) the
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transverse radius of the density distribution changes quite
considerably along the trap axis rather than being constant as
is supposed in the NLS equation approximation. The soliton
width is about unity(in the dimensionless units) for our nu-
merical solutions which also contradicts the condition(44) of
applicability of the NLS equation.

The discrepancy between the improved quasi-1D descrip-
tion and the NLS solution can be manifested by comparison
of the number of BEC atoms expelled from the dark soliton
“hole,” defined as

Nh =E sU0
2 − U2ddz. s52d

In Fig. 2 we give the plot of the number of expelled atoms
versusGU0

2. It shows very convincingly that the NLS ap-
proximation is quantitatively incorrect outside the region
GU0

2!1.
We conclude this section by noticing that our quasi-1D

theory permits one to describe dark solitons in the high-

density BEC when the standard NLS approximation breaks
down.

D. Bright solitons in BEC with attractive interaction „G,0…

In the small-density limit(30) the condensate with attrac-
tive interaction between the atoms is also described by the
NLS equation(32), now with G,0. In this case BECs can
be confined in the axial direction of the cigar-shaped trap by
the interatomic interaction only. Supposing the latter, we can
omit the longitudinal trap potentialVszd and obtain the bright
soliton solution

Uszd =
U0

coshsU0
Î2uGuzd

, s53d

whereU0 is the amplitude of the soliton connected with the
number of atomsN=eU2dz by the relation

N = U0Î 2

uGu
, s54d

andm8=m−1=−uGuU0
2. Then condition(30) of applicability

of the NLS equation can be written in the form

um8u = uGuU0
2 , suGuNd2 ! 1. s55d

It is clear that this condition breaks down for large enough
number of atomsN,1/uGu and one cannot neglect the effect
of the atomic interaction on the transverse size of BEC. The
transverse degrees of freedom lead to the collapse instability
of BEC (see, e.g.,[18]), which, as is known, also takes place
in BEC confined in a cigar-shaped trap. Numerical results of
Ref. [19] indicate that BEC in the cigar-shaped trap collapses
for

uGuN . 0.676 s56d

and in this region of parameters the soliton solution ceases to
exist. Our quasi-1D approach captures this essential property
of the attractive BEC, and hence, in our approach, the bright
soliton solution can be studied in the whole region of its
existence.

We have solved numerically the system(49), (50) with
G,0 under the boundary conditions

Uszd → 0 at z → ± `. s57d

In Fig. 3 we show the wave function amplitude and trans-
verse radius profiles of BEC for several values ofuGuN. It is
clearly seen that the amplitude of the soliton increases while
its transverse radius decreases with growth ofuGuN. For
small uGuN the solution is well approximated by the NLS
solution(53), especially the amplitude profile. Atz→ ±` the
radius approaches 1, which corresponds to the small-
amplitude limit when the transverse wave function is given
by the oscillator ground state. Fast decrease ofw in the cen-
ter of the soliton with growth ofuGuN precedes the collapse
instability of BEC.

To clarify the transition to collapse, in Fig. 4 we show the
dependence ofm on uGuN in our quasi-1D approximation
(the solid line) and in the NLS equation case(the dashed
line). We see that]N/]m vanishes at

FIG. 1. The density of the dark soliton solution(a) and its trans-
verse radius(b) vs the axial distancez for several values of the
number of atoms in the soliton “hole.”

FIG. 2. The number of atoms in the dark soliton “hole” as a
function of the asymptotic valueGU0

2. The solid line corresponds to
our quasi-1D approach and the dashed line to the NLS
approximation.
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uGuN > 0.73, s58d

which is in reasonably good agreement with the exact 3D
critical value given by Eq.(56).

Finally, the axial width of our soliton solution is about
unity (i.e., ,a' in the dimensional units) in qualitative
agreement with the features of bright solitons observed ex-
perimentally in Refs.[14,15].

IV. LINEAR WAVES IN CONDENSATE
WITH REPULSIVE INTERACTION

Now let us consider the linear waves propagating along a
cylindrical condensate; that is, we assume that the wave-
length is much less than the axial size of the condensate so
that the influence of the axial trap can be neglected.

We shall start from equations in the hydrodynamical form
(19)–(22) with V8szd=0 in Eq. (20). In the stationary state
the condensate has constant linear densityr0 and the trans-
verse radiusw0 related withr0 by the equation[see Eq.(35)]

w0
4 = 1 + 2Gr0. s59d

In the presence of a linear waver andw are slightly deviated
from these stationary values, and a wave can be described by
the small variables

r8 = r − r0, w8 = w − w0, v, b. s60d

Linearization of the system(19)–(22) with respect to these
small variables leads to the equations

rt8 + r0vz +
1

2
r0w0

2bzz = 0, s61d

vt +
3G

w0
2 rz8 − 2Sw0 +

Gr0

w0
3 Dwz8 −

1

4r0
rzzz8 +

1

2w0
wzzz8 = 0,

s62d

bt −
2G

w0
4 r8 +

4

w0
w8 −

1

w0
3wzz8 = 0, s63d

wt8 − w0b +
1

4
w0

3bzz = 0. s64d

We look for a solution of the formsr8 ,w8 ,v ,bd
~expfisKz−Vtdg, the most interesting limiting cases of
which can easily be investigated. Indeed, in the long-
wavelength limitK!1 we can neglect the terms with higher
derivatives. Then Eq.(64) givesb=wt8 /w0 and the substitu-
tion of this into Eq.(63) yields the equation

wtt8 −
2G

w0
3 r8 + 4w8 = 0. s65d

For low-frequency sound waveV2!4 and we obtainw8
=sG/2w0

3dr8. Then after elimination of the radial variablesb
andw8 the system(61)–(63) reduces to a couple of equations
for the longitudinal variables:

rt8 + r0vz = 0, vt +
G

w0
2

2 + 3Gr0

1 + 2Gr0
rz8 = 0. s66d

These lead at once to the expression for the sound velocity:

cs =
V

K
, cs

2 =
Gr0s2 + 3Gr0d
s1 + 2Gr0d3/2 . s67d

In dimensional units we have

Gr0 = asw0
2n1, s68d

where

n1 = pa'
2 n s69d

is the one-dimensional density in the limit of tight radial
trapping sGr0!1d and n is the three-dimensional density
evaluated in the “center of the trap” atr =0. Thus w0 is
obtained from the equationw0

4=1+2asw0
2n1 which yields

w0 = fÎ1 + sasn1d2 + asn1g1/2. s70d

Then, in dimensional units, we obtain the following expres-
sion for the velocity of sound propagating along the trap:

FIG. 3. The wave function amplitude(a) and transverse radius
(b) of BECs corresponding to the bright soliton solution vsz for
several values ofuGuN.

FIG. 4. The dependence ofm on uGuN in quasi-1D approxima-
tion (solid line) and in the NLS equation case(dashed line).
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c̃s
2 = S "

ma'

D2

asn1
2 + 3Gr0

1 + Gr0
. s71d

In the low-density(tight radial trapping) limit we haveGr0
,asn1!1, so that formula(71) reproduces the well-known
result (see, e.g., Refs.[18,20])

c̃s =
"

ma'

Î2asn1. s72d

Expression(71) gives dependence of the sound velocity on
the densityn1 correct up toGr0,1.

Now, if we neglect allz derivatives in Eqs.(61)–(63),
then we obtainr8=0, v=0; i.e., there is no motion of the gas
along the trap, and Eq.(65) leads to the frequency

V = 2 s73d

of compressional oscillations in radial direction. This for-
mula agrees with the general statement[18,21,22] that radial
oscillations of a very elongated condensate has the frequency
V=2v' (in dimensional units) independent of interatomic
interaction.

Equations(61)–(63) permit us to find corrections to the
frequencies in Eqs.(67) and (73). We have the following
dispersion relation for the sound waves:

V2 = cs
2K2 +

1

4
F1 +

sGr0d2f1 − 3sGr0d2g
s1 + 2Gr0d3 GK4. s74d

It is worth noticing that the dispersion correction changes its
sign atGr0>3.91 and a higher-order dispersion correction
has to be taken into account at this point.

For high-frequency radial compression wave we obtain

V2 = 4 +
2 + 6Gr0 + 5sGr0d2

s1 + 2Gr0d3/2 K2. s75d

Naturally, a correction term is not universal and depends on
the atomic interaction.

V. WEAKLY DISPERSIVE AND NONLINEAR WAVES
IN REPULSIVE BECs

At last, let us turn to waves of small but finite amplitude
which propagate in repulsive BEC confined in an elongated
cigar-shaped trap.

As we know from the preceding section, linear waves of
long wavelength propagate with the sound velocitycs. For
finite wavelength we have to take into account the dispersion
correction described by the second term in the dispersion
relation (74). We must also take into account small correc-
tion arising due to nonlinear terms in the system(19)–(22)
[with V8szd=0]. To this end, we use the standard singular
perturbation theory(see, e.g., [23]) and introduce the
stretched variables

T = «3/2t, Z = «1/2sz + cstd, s76d

corresponding to the slow evolution of the wave in the ref-
erence system moving with the sound velocitycs. Here« is a
small parameter which characterizes the magnitude of a per-

turbation of the ground state due to presence of the wave.
Hence, we introduce the series expansions in powers of«:

r = r0 + «rs1d + «2rs2d + ¯ , w = w0 + «ws1d + «2ws2d + ¯ ,

v = «vs1d + «2vs2d + ¯ , b = «3/2bs1d + «5/2bs2d + ¯ .

s77d

Substitution of these series expansions into Eqs.(19)–(22)
gives, in the first two orders in powers of« of the ground-
state formula(59), the relationships

ws1d =
G

2w0
3rs1d, vs1d = −

cs

r0
rs1d, bs1d =

Gcs

2w0
4rZ

s1d, s78d

and reproduces the formula(67) for the sound velocity. The
last relevant terms of the expansions in powers of« yield the
equations

− csbZZ
s1d +

1

w0
3wZZZ

s1d +
20

w0
2ws1dwZ

s1d −
8G

w0
5 srs1dws1ddZ =

4

w0
wZ

s2d

−
2G

w0
4 rZ

s2d, s79d

rT
s1d + svs1drs1ddZ +

1

2
r0w0

2bZZ
s1d = − csrZ

s2d − r0vZ
s2d, s80d

vT
s1d + vs1dvZ

s1d +
6s3Gr0 + 1d

w0
4 ws1dwZ

s1d −
6G

w0
3 srs1dws1ddZ

−
1

4r0
rZZZ

s1d +
1

2w0
wZZZ

s1d = − csvZ
s2d +

2s3Gr0 + 1d
w0

3 wZ
s2d

−
3G

w0
2 rZ

s2d, s81d

which can be considered as a linear system for the variables
rZ

s2d, wZ
s2d, vZ

s2d [we have omitted the equation following from
Eq. (22) which gives the expression forbs2d in terms of the
other variables]. It is easy to find that the right-hand sides of
Eqs. (79)–(81) are linearly dependent. Hence, for existence
of a nontrivial solution, the left-hand sides must satisfy the
corresponding compatibility condition which with account of
Eqs. (78) can be transformed to the KdV equation taking
after transition to the “laboratory” reference frame with vari-
ablest, z and density disturbancer8=«rs1d of the form

rt8 − csrz8 +
1

8cs
F1 +

sGr0d2s1 − 3sGr0d2d
s1 + 2Gr0d3 Grzzz8

−
3G

csw0
2F1 +

sGr0d2

2s1 + 2Gr0d2Gr8rz8 = 0. s82d

The linear terms here reproduce the first two terms(74) of
the expansion of the dispersion relation in powers ofK. This
KdV equation has well-known soliton solutions.

In the low-density limitGr0!1, Eq. (82) takes the form
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rt8 − csrz8 +
1

8cs
rzzz8 −

3G

cs
r8rz8 = 0, Gr0 ! 1. s83d

It is worthwhile to note that this equation can be derived
directly from the 1D NLS equation(6) which is a correct
approximation to the GP equation in this limit. Indeed, the
evolution of a small-amplitude disturbanceasz,td of the
ground state C0=const—i.e., C=fC0+asz,tdgexpf−ivt
+ ifsz,tdg—is governed by the KdV equation(see, e.g.,[24])

at − c̃saz +
"2

8m2c̃s

azzz−
3g1DC0

mc̃s

aaz = 0, s84d

where c̃s is the dimensional sound velocity(72). Then the
transformation of this equation to dimensionless units(11)
with account of the relationshipr8>2a'C0a between small
disturbances of the densitysr8d and the amplitudesad repro-
duces Eq.(83).

A remarkable feature of Eq.(82) is the fact that the dis-
persion term changes sign atGr0=3.91 while the coefficient
at the nonlinear term is always negative. This means that the
small-amplitude solitons propagating on a constant back-
ground in repulsive BEC are dark only in the region
Gr0,3.91 but become bright in the regionGr0.3.91. Ob-
viously, such behavior is explained physically by competi-
tion of two mechanisms of energy changes due to presence
of the wave—one is caused by the change of the potential
energy of the gas in the transverse trap and another one is
related with the nonlinear energy of interatomic gas interac-
tion. Thus, we have found that bright solitons can propagate
along dense enough repulsive BEC confined in a cigar-
shaped trap. These solitons propagate with the velocity close
to the speed of sound.

VI. CONCLUSION

The effective one-dimensional system derived in this pa-
per describes the motion of condensate in a wide region of
parameters when the radial distribution has not reached yet
the Thomas-Fermi limit and the characteristic axial dimen-
sion is not less than the BEC radius in an elongated cigar-
shaped trap. This system depends only on one spatial coor-
dinate, which can greatly simplify numerical simulations of
nonlinear effects in BEC. The advantage of our approach is
illustrated by applications to description of dark and bright
solitons in the high density BEC. The one dimensionality of
the effective system permits one to develop various analyti-
cal approximations. In particular, the dispersion relations for
sound and radial compression waves are obtained for high-
density BEC. The evolution of small but finite amplitude
perturbations is described by the KdV equation which leads
to qualitatively new behavior of BEC at high enough density:
small-amplitude bright solitons can propagate on a constant
background in a repulsive BEC, whose density is above
some threshold value. This prediction can be verified by ex-
periment.

We hope that the quasi-1D theory developed in this paper
will find applications in descriptions of many other nonlinear
processes in the high-density BEC confined in the cigar-
shaped trap—i.e., when the standard one-dimensional non-
linear Schrödinger equation loses its applicability.

Note added in proof.Recently we learned that a formula
equivalent to Eq.(37) was obtained in Ref.[25]. We are
grateful to Professor L. Salasnich for this remark.
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