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A short review of the plethysm technique aiming to its application in finding
branching rules for the reduction of an irreducible representation of a group under
the restriction to one of its subgroups is given. The algebraic structure of the
interacting boson model and some of its extensions is given together with the
branching rules needed to classify their basis states, obtained by the use of
plethysms. ©2003 American Institute of Physic§DOI: 10.1063/1.1611265

[. INTRODUCTION

In the study of irreducible representatiofiseps of the full linear group GLG) in n dimen-
sions an important role is played by the so called Schur functiotis. a given irrep{\} of GL(n)
the character of each of its elemetss the Schur functiof\} evaluated with the eigenvalues of
A.

A Schur function is expressed in termsfofhdamental symmetrical quantities, &, , ands; ,*
polynomials inn unknowns that are left invariant under permutations of these unknowns. The
plethysm of Schur functions turned out a powerful tool to determine branching rules for the
reduction of irreps of GL{) subgroups under restriction to some of their subgrdupShe
plethysm operation of Schur functions was discovered by LittleWasda third way of combining
two Schur function to obtain a linear combination of Schur functions of a same degree. With few
exceptiong:”®it remainded almost unknown to physicists due to the great difficulties involved in
its calculation. With the appearence of powerful computers the tedious labor of computing
plethysms was no more a problem and new efforts were made in order to find algorithms for
computing then?:®~13

In most applications to physical problems such as in nuclear strdctarel in the present
work only a particular class of plethysm is needed, namely that in which the left factor is a
symmetric Schur function and in the expansion only those Schur functions with no more than a
given number of rows are considered. In that case, using an induction formula for computing
plethysms with both factors being symmetric Schur functions given in Ref. 13, we developed an
algorithn? to compute plethysms with a symmetric Schur function in the left and all Schur
functions of a given degree at right.

A field in which the plethysm technique can show all its power is the interacting boson model
(IBM) and its generalizations.

The IBM when originally introduced by Arima and lachéftds 1975 takes the nucleons
outside a core of an even—even nucleus couple then into pairs to form bosons with angular
momentum 2¢-bosong and 0&-bosong, no other degree of freedom, besides tlzetomponent
being taken into account. To work in the second quantization formalism they introd(fce 5
d-bosong + 1(for s-bosons) 6 creation and annihilation boson operators. The space of states is
taken as polynomials of degred (number of boson paiysin creation operators acting on a
vacuum realizing in this way the basis states of irreducible symmetric representatior{§)of U
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These bosons interact among themselves by interactions that preserve angular momentum and
number of boson pairs so that their Hamiltonian can be written in terms of Casimir invariants of
U(6) subgroups.

This original verson is nowadays referred to as IBM-1. Some extensions of the model
appearetf in order to account for other degrees of freedom and the inclusion of bosons with other
angular momenta. The unitary group is enlarged and a very rich algebraic structure arises. The
basis states of the irreps of these unitary groups are labeled by labels of irreps of their subgroups
in chains ending with O(3), therotation group in three dimensions. To this end one needs to
know how an irrep of a group branches into irreps of some of its subgroups. We will show in this
paper how plethysms can be used to find these branching rules. Besides, the cases here studied can
serve as examples for applications in other areas.

IIl. SUMMARY OF PLETHYSMS

A partition (\)=(\1,\2, ... ,\,) IS @ set of nonnegative intege(party \; such that\,
+N,+---+N,=n. If, in addition, they satisfj\;=\,=---=\,,, the partition is calledtandard
Since we will deal only with standard partitions we will omit the word standard. Usually in a
partition the null parts are omitted and the repeated ones are exponentiated. We will use greek
letters to denote a partition and italic letters to denote a single part of a partition. To each partition
one associates a Young diagram, an array dfoxes with\; boxes in the first row)\, in the
second and so on. Due to that the nonzero parts of a partition are referreddesaand the
conjugate partition of a given partitiol {,X,, ... Ap,0,...,0) is defined as the partition whose
Young diagram is obtained from that ©0f) by interchange of rows and columns, i.e.,

(N)=(p*p,(p=1)*p-272p, . 22723, 1M 2), 1

Given a set ofn variablesxy,x,, ... X, and a partition(\) of r, the Schur functiofA}
associated to\) is defined a%®

1
M= 1Zd™, @
whereZ is the matrix
Sy 1 0 0
S, Sy 2 0 0
S3 S, S; 3 0 0
Z,= 3
' e e e e e 0 &
Sc.1 Ste2 e e e .Sy r—1
St St e e e . Sy S,
ands;=s;(x1,X,, . .. X,) is the sum ofth powers of each variablg ,x,, . .. X, . In this notation

of Schur function the variables and their numlreiare implied whiler, called itsdegreeg is
obtained byr =N;+Ay+- -+, .
In (2), |Z|™ is the immanant oZ, an extension of the concept of determinant, given by

|Z|()\):; X[)\](P)lelZsz"'erri (4)

where the sum is over all permutatioRs= (p;,p,, . . . ,p;) of the integers 1,2... r andy™(P)
is the character of permutatid? in the irrep[\] of the symmetric grous(r).
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As a consequence of definitig@) a Schur function is an homogeneous polynomial of degree
r in the variablesx;,x,, ... X,, being identically null for partitiong\) of r into more tham
nonzero parts.

Expression2) can be worked out to produce an alternative definftfosf the Schur function

o))

=TT o

where|f;(x;)| denotes the determinant of a mathk with elementsM; ;=f;(x;).

A pair of Schur functiong\ '}, {\"} of degrees’ andr” can be combined into three different
ways to produce linear combination of Schur functidnd’} of degreer™: inner (or direc)
product, outer product and plethysm. These three operations will be denoted, respectively, as

{k’}x{k”}=% a({N AN ={N"H{N"},
{k’}{k”}=% a({NHN P ={N"HINY, (6)

{7\’}®{>\”}=% a({MIN =N H{N"],

where a(---) is a non-negative integer denoting the multiplicity {of”} in the expansion. For
clarity we attach to it an argument denoting the kind of operation that produced it.

In the inner product the degrees of the Schur functions involved are all equat,”izer,’
=r"=n, and the expansion coefficients are the coefficients of reduction of the Kronecker
product ofS(n) irreps[\'] and[\"].

In the outer product one has’=r'+r" and the coefficientsr are obtained by making the
product of a Schur function in variables(,X,, . . . X,) by another in variablesy(,y,, . . . .yn")
and expressing it as a linear combination of Schur functions in variakleg,( . . . ,z,») with
zi=x; for 1<i=n’ and z, ,;=y; for 1<i=<n". Littlewood obtained a procedure to find the
coefficients of the outer product known in the literature as “Littlewood’s rules.”

To define plethysm one needs first to introduce the conceptvafiant matrix

Let T(A) be anmXm matrix whose elements; are given homogeneous polynomials of
degree in the elements oA. Let T(B) be a matrix built with thesamepolynomialst;; now in the
elements oB. If

T(A)T(B)=T(AB) (@)

for any nonsingulamXxm matricesA,B then the matrixT(A) is called an invariant matrief
degreer) of A.

It follows from (7) that, once the set of polynomial is fixed, the set of matrice® "(A)
=T(A) is a representation of Gh.

As the Kronecker product of two representations of a group is also a representation of this
group, the Kronecker product of invariant matrices is also an invariant matrix, in general reduc-
ible. Schut demonstrated thaf A is an nxn matrix, there are as many irreducible invariant
matrices of A of degree r as are the partitions of r with no more than n nonzero parts and the
trace of them are the Schur functions of degree r in the eigenvalues dh@ése irreducible
invariant matrices are then labeled by those partitions and denotéd“byThe details of con-
struction of irreducible invariant matrices can be found in Refs. 16 and 17.

Since an invariant matrix of an invariant matrix is also an invariant matrix of the original
matrix, it can be decomposed into irreducible components
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[Al07] :; KMVA[A]_ (8)

Let us denote by ,, r,, andr,, the degrees ofu}, {v}, and{\}, respectively. Since the
elements ofAl#l are polynom|als of degree, in the elements of and those of Al“!]l"] are
polynomials of degree, in the components 04\ (41 it follows thatry=r,r,

Equation(8) led Littlewood to define a third composition rule of Schur functions denoted by
the symbol® and defined as

(e n=3 K, ©

where the Schur functiong\} and the numerical coefficients, ,, are those given ir(8). This
operation was later on namedethysm
The plethysm operation has the following properfié$:

eduteirh=(nelahais), 10
Nodutih=Nelu =N e, an
(N +Huhol= 3 ath M=o Dk (A, (12

((N—{whelt= 2 (e V= 0hNe e, 13
MeduHrh = e{wh e (), (14
(b= 2 eV PN {hdeh{ube (N, (15

(X}@{u} for r, even,

[{)\}@){M}]T:[{X}@{ﬁ} for 1, odd. (16)

The sum in Eqs(12), (13), and(15) includes the casep\'}={0}=1, {\"}={v} and{\'}
={v}, {\"}={0}=1. Also,r" andr, are the degrees ¢f\"} and{\}.
In Eq. (16) we used the notation

T

> afa®

=3 a{no, 17

—~——

wherea; are numerical factorg\}(" Schur functions and\}(V their conjugate.

A. Special plethysms

The plethysm calculation is, in general, a hard and tedious task. Nevertheless there are special
cases with closed and simple expressions

{(Me{lj={1je{\={}}, (18

{Me{0}={0}, {0}®@{N}=6p 4, {0} 19
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[r/2]

{rie{2}= Zo {2r—2i,2i}, (20)
[(r+1)/2]
fef1y= 2 {2r-(2i-1),2i-1)}, (1)
{2}®{r}:; {A}even’ (22
{138{1}=3 WNeren @3
[r/2]
{1r}®{2}:{12r}+21 (22,1274 1 even, (24)
[ri2]
{1f}®{12}={12f}+21{22i,12f—4i}, r odd, (25)
[(r+1)/2]
{1Ne{1%= 2 {2211 12r=2@-1r " ¢ even, (26)
[(r+1)/2]
{1r}®{2}: Zl {22i71'12r72(2i71)}’ r odd. (27)

Equation(18) follows from plethysms definition while Eq19) is set for consistency. In Eq.
(22) {\}evenmeans partition of 2 with all parts even. Equation23)—(27) follow from conjuga-
tion of Egs.(22), (20), and(21). In Ref. 13 there are formulas for the calculation of plethysms
{\}®{u} when both Schur functions are symmetric or/and antisymmetric. To explain them we
need the following definition: &-border stripof a Young diagram associated to a given partition
(\) is a sequence d& squares in which the first of them is the last one of the first line\pnd
the next square to a given one is the one below it, if it exists, or the one to its left, otherwise.
For example, the three-border strips of $41(321), and (21?) are the squares with the
symbol- in the figures below, respectively,

When{\} and{u} are both symmetric, one has
1 m
nfe{mp= > {nd(nte{m=-k), m=1, (28

with

{n}d) =2 Copuf2}- (29
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In (29) the{»}'’s are all Schur functions of degredx. The coefficient<,, , , are obtained from
the Young diagram associated (@ removing, in sequence k-border strips. If in all steps the
resulting diagram represents a standard partition then

Choko=(—)' (30

with | = (number of lines in thé-border strips)-n. If in some step the resulting diagram does not
represent a standard partition, thép, ,=0. As example, from the figures above one has

Coaaiy=(—)*"?=1, Cogran=(—)""2=—1, Cyz1p212=0.

Equation(28) allows one to relate the plethysm of two symmetric Schur functions with the
plethysms of symmetric Schur functions of smaller degrees. In this way, {spwg{1}={n} as
starting point one computes all the plethysms of typp®{m}. This equation, together with

m—1
{n}@{lm}=<—)”*“{n}@{mHg1 (- Y({nte{kh({n}e{1™ k), (31
m—1
{1"}®{1m}=<—>m*1{1”}®{m}+gl<—)k*1({1”}®{k}><{1"}®{1m*k}>, (32

[{nt®{m}]" for n even,

n —
{17 @{m}= [{n}®{1™]T for n odd 33
allows us to compute plethysms with both Schur functions symmetric and/or antisymmetric.

A very common situation which arises in applications is when one needs to compute
plethysms of a same Schur function by masgmetimes aJlSchur functions of a given degree to
the right.(This is the case of the applications that we will make in Secs. IlI3\VAbr such cases
we proposed in Ref. 5 the following algorithm that allows to compute, in a build up way, all
plethysms{\}®{u}, with {\} a fixed Schur function anflu}, all Schur functions of degreg
once the plethysm&\}®{r} and{\}®{u},, with r'<r have already been computed.

(1) Find all partitions ofr and order them in descending order of all their parts read from left
to right.

(2) For each partition {u}={p1,u2,...,x,0,...,0 perform the outer product
{1, pu2, - -1 me, order the irreps in the reduction as in iteth), then use Eqgs(1l) to
obtain the equation

INe{ut={N@{p1,m, - th—l})({)\}@{Mt})_{ /}Z{ }a({m,,uz, M-

—{u'Hirte{u'}, (39

where the symbok means preceding, following the ordering in itef).

Since {u1, 12, ... -1} and {u} have smaller degree thafu}, the plethysms{\}
Q{p1, Mo,y - - i1t and{\}®{u.} have already been computed in the induction process. On the
other hand, the plethysn{a}®{u’} also have been computed singe’'} precedequ}.

The formulas here given and the above algorithm suffice for calculating all plethysms needed
in this work.

B. Special branching rules

The use of plethysms to compute branching rules is based in the th&orem.
If under the restriction G-H the charactef-1+4 of group G decomposes as
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Fl3=¢a3+ B3+ 4o (35

then the charactef-\ 4 of G decomposes into the charactefp ) of H according to the char-
acters contained in the plethysm

[€ad+eB3+ = +4a¥lafrd (36)

This plethysm can be obtained expressing the charactéesasfdH in terms of characters of
GL(n), computing the resulting plethysms of Gi)( characters and re-expressing the result in
terms of characters dfl in order to obtain the final result.

Using the association irrep> character this theorem gives us the coefficients of the reduction
of the irrepf A4 of G in the direct sum of irreps-45 of H.

To illustrate the use of this theorem, let us consider some general cases that will be used later
on. The first step toward the use of E§6) is to find the decompositio(85). One way of finding
it is by constructing a realization of basis states of irreps and generators of geoapdH.

One such realization is provided by theson calculu® in which a set of boson operatdn§
(creation and b; (annihilation is introduced and the generators and basis states of irreps are
written in terms of them.

The boson operators satisfy the usual commutation relations

[bi.b/1=8;, [b;,bj]=[bf bl1=0, ij=1.2....n, (37)
and theb;’s annihilate the vacuum stat).

For U(n) the generators are realized by

cl=blb;, i,j=12...n, (38)
while the maximum weight basis states of symmetric irffgg, . .. ,00={N} are realized by
N} mw) = —=(b))M)0) (39

W)= (b ,

from which it follows that the basis states of irr¢d of U(n) are realized by
l{1}i)=bl0), i=1,2,...,n. (40)

The generators of U(—1) are theC{ given in Eq.(38) fori,j=1,2,...,n—1. Acting then in(40)
one sees that the df irrep {1} splits into two U —1) irreps{1} and{0} with basis states

[{1}iy=bl10), i=1,2,...,n—1 and |{0})=Db!|0). (41)
Therefore one obtains
{1}={1}+{0} for U(n)DU(n—1). (42
For O(n) the generators aré{=C{—C} and reduction(35) read as
{1}=(1). (43)

[We denote the irreps of unitar§J) and orthogonalO) groups as quantities inside braces and
parentheses, respectivély.

Consider the case in which bJ acts on a vector spac&=£'+E” with dimensionsn’ and
n” such than=n’+n". We then splin into two termsn” andn” and consider U{’) as the group

with generatorsC{,l fori’,j’=1,2,...,n" and U{n") that with generatorﬁ{:: with i”,j"=n’
+1n'+2,...n"+n"=n. The basig40) splits into two
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[{1}i"y=b'|0), i'=1.2,...,n,

T\ — T H/ - ! ! ! " __
l{1}i")=b,,[0), i"=n"+1n"+2,...n"+n"=n, (44

realizing the basis states of irrefis}’{0}"” and{0}'{1}" of U(n")@U(n"), respectively. We then
have

{1}={1}'{0}"+{0}"{1}" for U(n'+n")DU(n")oU(n"). (45)

For the case in which W() acts on a vector spac=£’'®E"” with dimensionsn’ andn” one
uses boson operators with two indices, each one associated to transformations in each subspace,

[bis.b}i1= 85, [bis.bj]=[b}.b}]=0, i,j=1,2,....n", st=12...,n". (46
The basis states of irrefd} are realized by
[{1}is)=bl|0), i=1,2,...,n", s=12,...,n" (47

Since the Uf") generators’!=3blb;s act on the first index and those}=3;b/b;, of
U(n") on the second, one concludes that

{1}={1}'{1}" for U(n'n")DU(n")xU(n"). (48

Using Eq.(42) in Eq. (36), the branching rule for the reduction O U(n—1) is given by
computing the plethysm

(1+Oh e = 3 (NI =DhIe A D0}

=2 a(MH =D (49)

where use was made (f2), (18), and(19). By Littlewood rules, one sees that the Schur functions
that contain{\} in the expansion of its outer product by a symmetric Schur function are {hd%e
satisfying

)\iz)\irz)\i+l1 |:1,2 ..... |_1 (50)

Then one concludes that under restrictiomWp U(n—1) the U(n) irrep {\} reduces as
N=2 D (51)
)\!

where{\'} are the Ua—1) irreps satisfying Eq(50). These are the well knowim-betweeness
conditions introduced by Gelfafitin the labeling of basis states of k) irreps.

To compute the branching of irrda} of U(n’+n") into irreps of Up’)@U(n"), according
to Egs.(36) and(45) we need to compute the plethysm

({1}'{0}"+{0}'{1}”)®{>\}=#EV a({uH{rvi—={MD ({11 {0} ®{up) ({0} {1}"®{r}),
(52)

where use was made of E(.2). Using Eq.(15) one has
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({1 {0} @{u}) = % a({yix{p}—{uh) {1} o{yH({0}"@{p}) ={uHO}={u} (53

using Eqgs.(18) and (19 and the resul{u}x{n}={u} on inner product of Schur functions.
Analogously (0}'{1}")®{v} gives{v} and one concludes that

{)\}:% a({ur{vi—={A){ui'{r}" for U(n"+n")DU(n")@U(n"), (54

{u}" {v}" being irreps of Uf’) and Un"), respectively.
To compute the branching of irrgp} of U(n’n") into irreps of Up’) X U(n"”), according to
Egs.(36) and (48) we need to compute the plethysm,

{1 {1 e{\= ME a({ppx{vi={A) {1 @{u) {1} ®{v}), (55

where use was made of E@.5). Using Eq.(18) one concludes that

{”:;; a({uhx{v—={\D{u}'{r}" for U(n")xU(n"), (56)

{u}" {v}" being irreps of Uf’) and Un"), respectively.

When{\} is a symmetric representation the inner product in 6) requires that the irreps
of U(n’) and Un") be the same.

Equation(43) is of no use for producing branching rules since it gives a trivial result. For this
case one uses the known redtfit.

The charactef\} of U(n) decomposes int®(n) characters(\”) by the relation

=2 | 2 adN N =D |, (57)
N N

where the sum is made in the irrefis’} with even parts
When{\} is a symmetric representation both Schur functi¢xs} and{\"} are symmetric
and Eq.(57) gives

{N}=(N)+(N—=2)+---+(0) or (1) for U(n)DO(n). (58)

We give in Table | the branching rules in the reductiomWpO(n) for the lowest degree
U(n) irreps with no more than three rows.

For small values of some Of) characters in Eq(57) may have more than the allowed
numbei n/2] of rows. In this case, they are worked out usingdified rules® For U(3)D 0" (3),
Eq. (57) and the corresponding modification rules are equivalent toHliett rules’ for the
branching of W3) irrep {f,,f,,f5} into O*(3) irreps ().

(1) Define

AN=f,—f,, wm=f,—fs, A=max\,u), m=min(\,u). (59
(2) Introduce an extra labéd that can assume the values
K=u,u—2,...,0 or 1. (60
(3) To eachK corresponds a set af values

L=K,K+1,... K+\, for K+0,
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TABLE I. U(n)DO(n) branching rules for W) irreps
with no more than three rows and the lowest degrees.

{0}=(0)

{1}=(1)

{2}=(2)+(0)

{17}=(1%

{31=(3)+(1)

{25 =(21)+(1)

{13=(1%)

{4}=(4)+(2)+(0)

{31}=(31)+(2)+(1?)

{2%1=(2%)+(2)+(0)

{212} =(21%)+ (1?)

{5y=(5)+(3)+(1)

{41} = (41)+ (3)+ (21)+ (1)

{32}=(32)+(3)+(21)+ (1)

{312} =(31%)+ (21)+ (13)

{221} =(2°1)+(21)+ (1)

{6}=(6)+(4)+(2)+(0)

{51 =(51)+(4)+(31)+(2)+ (1%

{42}=(42)+ (4)+(31)+(2?) +2(2)+(0)

{3%=(3)+(31)+ (1%

{412} = (42%) + (31)+ (21%) + (1?)

{321} =(321)+ (31)+ (22) + (21%) + (2) +(1?)

{2%1=(2%)+(29) +(2)+(0)

{7} =(M)+(5)+(3)+(1)

{61} =(61)+ (5)+ (41)+(3)+(21)+(1)

{52}=(52)+ (5)+ (41)+(32)+2(3)+(21)+ (1)

{43} = (43)+ (41)+ (32)+(3)+(21)+ (1)

{512} =(51%)+ (41)+ (31%) + (21)+ (1)

{421 = (421)+ (41)+ (32)+ (31) + (221) + (3)+ 2(21)

+(1)

{321} =(321)+(32)+ (31%) + (21)+ (13)

{322} =(32%) +(32)+ (221)+ (3)+(21)+ (1)

{8}=(8)+(6)+(4)+(2)+(0)

{71 =(71)+ (6)+ (51)+ (4)+ (31)+(2)+(1?)

{62} =(62)+ (6)+ (51)+ (42)+2(4)+(31)+ (2% +2(2)
+(0)

L=AA—2,...,0 or 1 fork=0. (62)

The inverse result, that is, the expression ohD¢haracters in terms of those of )(is also
needed. It can be obtained by subtractions using tablesmfQ(n) reductions or by use of the
resulf+?!

(>\)={>\}+Z” ; () 2a({yH b —{\} {7}, (62)

wherer is the degree ofy} and these are taken among the set of Schur functions that in
Frobenius’ notatichassume the form

a+1 a+1l b+1 a+1l b+1 c+1
, : R (63)
a a b a b C
When(\) is symmetric one obtains from E¢(8) and also from Eq(62),
(N)={N}—={N-2} for N=2. (64)

Table B-4 in Ref. 4 gives a list of reductiorie2) for irreps{\} of degree up to 16 and parts
not greater than 4.
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ll. 1IBM-1

In the original IBM, now named IBM-1, the valence nucleons of even—even nuclei are joined
in pairs to form as- or d-boson, without distinguishing protons from neutrons. Then the building
bl(lncl_<s are creations(r,dz) and annihilation ¢,d,) boson operators satisfying the commutation
relations

[ss'1=1, [d,.d},1=8,., mu'=0%1%2, (65)
all other commutators vanishing. In a compact notation one can define, say,
bl with bl=d’ ; for p=1,2,3,45 and bf=s (66)

and analogously fob,, recovering Eq(37). Using linear combinations of creation and annihila-
tion operators that preserve the number of bosons, it is possible to constr(&) Racah tensors
of ranks¢=0,1,2,3,4. Linear combinations of these tensors re&lZehe infinitesimal generators
of U(6) subgroups in the three chains ending with(@)> 0" (2),

/' Ub) D 0°(5) D 0°(3) D 072 (I,
U®B) — SU3) D 0%'(3) D 0%(2) (), (67)
\, O"(6) D 0O'(5) D 0%(3) D 07 (2) ().

With one-index boson operators only symmetrical irreps can be realized. Theri@harep
is {N} whereN denotes the number of bosons.

Let us examine the branching rules in chdinof Eq. (67). The U5) labels are given by the
general resul(51). Then the W5) irrep is symmetrica{ Ny}, whereNy is the number ofl-bosons
and can assume the values

Ng=N,N-1,...,0. (69
Each U5) irrep {Ng4}, being symmetric, branches &8) into O (5) irreps
{Ng}=(Ng)+(Ng=2)+---+(0) or (1). (69)

To find the branching in ®(5)2>0"(3) one observes that the generators @b)Uvere con-
structed only with operatorEtL andd, so one has

(1)=(2) for O*(5)D0"*(3). (70)

According to Eq.(36) the branching of @eneralO" (5) irrep{\} into O*(3) irreps is found
computing the plethysm (2 (\). The charactef2) of O*(3) is given by (2)={2}—{0}. Since
(\) is an O"(5) irrep it has at most two lines, then we expand it using () in terms of Schur
functions with up to two rows:

M= adki+ 2 a, e pa) (72)
k 12
The plethysm (2% (M) is then
@eM=({2}-{0he| X adikd+ % {u.mual

=2 ak[{2}®{k}—{2}®{k—1}1+#2#2 @[ {220 pa o} {2} @ {1 — Lo}

—{2}e{ur, po— 1 +H{2}@ {1 — L~ 1}], (72
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TABLE Il. O*(5)D0"(3) branching rules for O(5) irreps of degrees up to 8.

(0)=(0)

(1)=(2)

(2)=(2)+(4)

(1%)=(1)+(3)

(3)=(0)+(3)+(4)+(6)

(21)=(1)+(2)+(3)+(4)+(5)

(4)=(2)+(4)+(5)+(6)+(8)

(31)=(1)+(2)+2(3)+(4)+2(5)+(6)+(7)

(22)=(0)+(2)+(3)+(4)+(6)

(5)=(2)+(4)+(5)+(6)+(7)+(8)+(10)

(41)=(1)+(2)+2(3)+2(4)+2(5)+2(6)+2(7)+(8)+(9)

(32)=(1)+2(2)+(3)+2(4)+2(5)+(6)+(7)+(8)

(6)=(0)+(3)+(4)+2(6)+(7)+(8)+(9)+(10)+(12)

(51)=(1)+(2)+2(3)+2(4)+3(5)+2(6)+3(7)+2(8)+2(9)+(10)+(11)

(42)=(0)+(1)+2(2)+2(3)+3(4)+2(5)+3(6)+2(7)+2(8)+(9)+(10)

(3%)=(1)+2(3)+(4)+(5)+(6)+(7)+(9)

(7)=(2)+(4)+(5)+(6)+(7)+2(8)+(9)+(10)+ (11)+(12)+(14)

(61)=(1)+(2)+2(3)+2(4)+3(5)+3(6)+3(7)+3(8)+3(9)+2(10)+2(11)+(12)+(13)

(52)=(0)+(1)+2(2)+3(3)+3(4)+3(5)+4(6)+3(7)+3(8)+3(9)+2(10)+ +(11)+(12)

(43)=(1)+2(2)+2(3)+2(4)+3(5)+2(6)+2(7)+2(8)+(9)+(10)+(11)

(8)=(2)+(4)+(5)+(6)+(7)+2(8)+(9)+2(10)+ (11)+(12)+(13)+(14)+(16)

(71)=(1)+(2)+2(3)+2(4)+3(5)+3(6)+4(7)+3(8)+4(9)+3(10)+3(11)+2(12)+2(13)+(14)
+(15)

(62)=(1)+3(2)+2(3)+4(4)+4(5)+4(6)+4(7)+5(8)+3(9)+4(10)+3(11)+2(12)+(13)+(14)

(563)=2(1)+2(2)+3(3)+3(4)+4(5)+3(6)+4(7)+3(8)+3(9)+2(10)+2(11)+(12)+(13)

(49)=(0)+(2)+(3)+2(4)+(5)+2(6)+(7)+(8)+(9)+(10)+(12)

where plethysms with Schur functions associated to nonstandard partitions are disregarded. The
final result is obtained by expressing the Schur functions resulting from plethysms in terms of
0" (3) irreps (L) using Eqs(59)—(61).

In IBM-1 the O"(5) irrep (\) is symmetric, then one uses Eqg1) and (72) with Yy,
=0. The terms withe,, ,,#0 will be used in IBM-2 and 3. In Table Il the G5)>07(3)
branching rules for O(5) irreps with the lowest degrees are given.

Now let us find the branching rules in chdiih) of Eq. (67). To find the decompositio(B5)
for U(6)DSU(3) in chain(ll) one observes that the(8) irreps must have thel() multiplets(2)
and(0) contained in irred1} of U(6) [the reduction U(3D SU(3) has only one S@) irrep with
labels given by Eq(59)]. Using Elliott’s rules(59)—(61) one sees that the(B) irrep must beg2}.
We then have

{1}={21=(2,00 for U(6)DU(3) [or SU3)]. 73

Using Eq.(73) and Eq.(36) one has that the (3)[SU(3)] irreps contained in the irrep\} of
U(6) are

{7\}=% a({2}o N —={up){u}, (74)

where in the plethysms only irreps with no more than three rows are considered and these produce
SU3) irreps (uq— mo,m2—m3) in Elliott’'s notation. Table 1ll presents the branching
U(6)DSU(3) for U6) irreps with no more than three rows and the lowest degrees.

The branching rule in SU(3) 0" (3)D0"(2) is given by Elliott’s rules59)—(61).

Since in IBM-1 the U6) irrep {\} is a symmetric irregN}, the plethysm in Eq(74) is given
by Eq.(22) and one obtains
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TABLE IIl. Branching rules for U(6 D SU(3) for U6) irreps with no more than three rows and lowest degrees.

{0}=(0,0)

{1}=(2,0)

{2}=(4,0)+(0,2)

{1%1=(2,1)

{3}=(6,0)+(2,2)+(0,0)

{21 =(4,1)+(2,2)+(1,1)

{1%1=(3,0)+(0,3)

{4}=(8,0)+(4,2)+ (0,4)+(2,0)

{31} =(6,1)+ (4,2)+(2,3)+(1,2)+(2,0)+(3,1)

{22}=(4,2)+ (0,4)+(2,0)+ (3,1)

{212} =(5,0)+(2,3)+(1,2)+ (0,1)+(3,1)

{5}=(10,0)+ (6,2)+ (2,4)+ (4,0)+(0,2)

{41 =(8,1)+ (6,2)+ (4,3)+ (5,1)+ (2,4)+ (3,2)+ (4,0)+ (1,3)+(2,1)+(0,2)

{32}=(6,2)+ (4,3)+ (5,1)+ (2,4)+ (3,2)+ 2(4,0)+ (1,3)+ (2,1)+(0,2)

{312} =(7,0)+ (4,3)+(5,1)+ 2(3,2)+ (0,5)+ (1,3)+ 2(2,1)+ (1,0)

{221} =(5,1)+ (2,4)+ (3,2)+ (4,0)+ (1,3)+(2,1)+(0,2)

{6}=(12,0)+(8,2)+ (4,4)+(6,0)+(0,6)+ (2,2)+(0,0)

{51} =(10,1)+(8,2)+ (6,3)+ (7,1)+ (4,4)+ (5,2)+ (6,0)+ (2,5)+ (3,3)+ (4,1)+ (1,4)+ 2(2,2)+ (1,1)

{42}=(8,2)+ (6,3)+ (7,1)+ 2(4,4)+ (5,2)+ 2(6,0)+ 2(3,3)+ 2(4,1)+ (0,6)+ (1,4)+ 3(2,2)+ (1,1)+ (0,0)

{412}=(9,0)+ (8,3)+ (7,1)+ 2(5,2)+ (2,5)+ 2(3,3)+ 2(4,1)+ (1,4)+ (2,2)+ 2(3,0)+ 2(0,3)+ (1,1)

{321=(6,3)+(5,2)+(6,0)+ (2,5)+ (3,3)+ (4,1)+ (2,2)+ (3,0)+ (0,3)

{321} =(7,1)+ (4,4)+2(5,2)+ (8,0)+ (2,5)+ 2(3,3)+ 3(4,1)+ 2(1,4)+ 3(2,2)+ (3,0)+ (0,3)+ 2(1,1)

{2%=(6,0)+(3,3)+(0,6)+2(2,2)+ (0,0)

{7}=(14,0)+ (10,2)+ (6,4)+ (8,0)+ (2,6)+ (4,2)+ (0,4)+ (2,0)

{61 =(12,1)+(10,2)+(8,3)+(9,1)+ (6,4)+ (7,2)+ (8,0)+ (4,5)+ (5,3)+ (6,1)+ (2,6)+ (3,4)+ 2(4,2)
+(1,5)+(2,3)+(3,1)+ (0,4)+(1,2)+(2,0)

{52/=(10,2)+(8,3)+ (9,1)+ 2(6,4)+ (7,2)+ 2(8,0)+ (4,5)+ 2(5,3)+ 2(6,1)+ (2,6)+ 2(3,4)+ 4(4,2)+ (1,5)
+2(2,3)+2(3,1)+2(0,4)+ (1,2)+2(2,0)

{512 =(11,0)+ (8,3)+(9,1)+ 2(7,2)+ (4,5)+ 2(5,3)+ 2(6,1)+ 2(3,4)+ (4,2)+ 2(5,0)+ (0,7)+ (1,5)
+3(2,3)+2(3,1)+2(1,2)+(0,1)

IN}= X {2u1.2u0.2us)= 2 (21— p2) 2= 13)), (75)

H1M2i M3 HiM2M3

where (wq,u2,u3) are(standargbartitions ofN into three parts.

The branching for the first link U(6) O™ (6) in chain(lll) is found using Eq(57). Note that
in (57) the branching is for Uf) >O(n) and we need a further reduction @O O" (n). For the
cases treated here thé@and O (6) irreps are the same.

In IBM-1 the U(6) irrep {\} being symmetric implies that E457) has a simple expression:

{N}=(N)+(N=2)+---+(0) or (1) for U(6)DO"(6). (76)

To find the branching rule in the link @6)> 0" (5) one first observes that E(42) gives

(1)=(1)+(0) for O"(6)D0O"(5). (77)
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Next one writes the O(6) irrep (\) in terms of U6) irreps{u}:

(x>=§ a,fu} (78)

and computes the plethysm
(D+0NeMN) =2 a,(D+0)e{ut=2 a, 2 a{v'Hk—{uh{v'}]. (79
" M vk

The resulting W5) irreps are then converted into’@6) irreps by use of Eq(57).
In IBM-1 the O"(6) irrep is symmetric and, in this case, E@8) becomes

(0)={0}, (1)={1} and (k)={k}—{k—2} for k=2 (80)

and Eq.(79) gives

<<1>+<0>)®<k>=p2q [a({pHa}—{k} — a({pHa}—{k—2D{p}. (81)

Expressing{p} in terms of O (5) irreps by means of Eq58) one has the final result
(k)=(k)+(k—=1)+ --- +(0) for O"(6)D0O"(5). (82

For general O(6) irreps (@)= (04,0,,03), computer calculations using EGr9) shows the
branching rule

a1 T2

(0)= 2 X (p1,p2) for O7(6)D0"(5), (83

p1=02 p2=03

the usual inbetweeness conditions for Gelfand labels.

V. IBM-2

In IBM-2 two kinds of bosons are considered, one formed by proton pairs and other by
neutron pairs, denoted by
tooqt Tt _
Ser dnyy S0 d,,, u=0x1*2 m forprotons, v forneutrons  (84)
and similarly for annihilation operators. The commutation relations are the same d$9kq.

concerning angular momentum labels and neutron operators commute with proton operators.
Using the compact notation

b;,a' bp,a! p=m,v, a=12,..,6, (85)
the commutation relations become
(B ’b:’a’]z Spp' Oaar+ [Dpa ’bp’a’]z[b;a =b;’a']=0- (86)

With these operators one constructs operators

Ch e =b! by (87)

pa
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that under commutation close the Lie algebra dfL2). The operatorscgECZg' and cg’
:Cﬁ' generate the Lie algebras of.(6) and U,(6), respectively. We have then a particular case
of the reduction Uf;+n,)DU(n;)@U(n,) studied in Sec. I B. Using the results there obtained
one has the branching rule

M= 2 alVHN =DV AN, for U(12)DU,(6)2U,(6). (89

)\/’)\H

With operatorg84) [or (85)] one can construct only symmetrical irrefds} of U(12) and Eq.
(88) reduces to

N
{N}:k§_)0 {N—K}{k}, for U(12DU(6)2U,(6). (89

The basis states of irreffN} must be also basis states for an irrep dLQ(S), thegroup of
simultaneous rotations of protons and neutrons. This can be achieved bylageeff algebras
in contrast withchains of algebrasn IBM-1.

The simplest lattice is obtained when we use chaing(ll), and(lll) separately for protons
and for neutrons and only in the last step one couplgé3p with O (3) to obtain G, ,(3):

/UL(5)D 0L (5N,

U.(6) —SUL(3) — 07(3)
/ N0 (6)D 0(5)/ \
U(12) 0,:+,(3)D 0. ,2).
\ /U,(5)D 0, (5)\, /
U,(6) —SU,3) - 0,(3)
N0, (6)D> 0,(5
(90)
This is a trivial extension of IBM-1 andl . andL, are coupled to give
L,.,=L.+L,, L,+L,—1,...)L.—L,. (91
Another lattice is
U.(6) U, ,(5)D0,, (5) (1)
\ / \
U.(6) — SU,.,(3) — 05, ,(3)D0;, (2) (lly)
/ \ /
U,(6) 0,+,(6)20,,,(5) (1l y)
(92)

in which the algebras of |[6) and U(6) are joined in the first step. In the first link one has
U.(6)xU,6)—U,.,(6) and the branching rules are given by the Kronecker product(6f U
irreps. In this case, the irreps of (6) and U,(6) are both symmetric by E¢89) and the irreps
of U, ,(6) can have one or two rows. Chaing)l(ll,), and (lll;) are the same &$), (1), and
(Il1) but now the W6), U(5), O"(6), and O (6) irreps can be two-rowed.

Another type of lattice of algebras is obtained by joining the neutron and proton algebras at
the second step:
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U,(6)DU,(5)
N\
U,+.(5)D0;, (5)D0,,,3)D0,,,(2) (I,
/
U,(6)DU,(5)
U,(6)DSUL(3)
N
SU,.,(3)D0;, (3D0,,,(2), (1), (93)
/!
U,(6)DSU,(3)
U,(6)D 0} (6)
.
0,,,(6)D0,,,(5)D20;, (3)D0,, ,(2) (lll,).
/
U,(6)D0; (6)

The branching rules for the irreps of the joined algebras are obtained by Kronecker products
and the resulting irreps can be one- and two-rowed. The Kronecker product expansion of irreps of
unitary groups are given by the outer product of Schur functions:

INArb=2 e ut—{pDiptae . (94)

p

The Kronecker product of @) irreps is done by expressing théBPcharacters in terms of Schur
functions, making the outer products and re-expressing the result in term§)ofi@ps. In Table
IV we give the Kronecker product of ®) irreps with the lowest product degrees.

V. IBM-3

This model was proposed by Elliott and WHitén order to take into account the isospin
degree of freedom. It differs from IBM-2 by the inclusion of a third kind of boson, #@son,
formed by a proton—neutron pair. There are 18 creation operators

st df

mr S

s, dl,, sk odyl (w=0x1%2) (95)

v Yvu

and the corresponding annihilation operators. Operators of different pairs of bosons commute
among themselves while each sety and § satisfies bose commutation relations.
One has again lattices of algebras now starting with

U(18)DU_(6)@U,(6)2U46) (96)

and ending with Q) ,, s(3)20! ,, 52).
By an extension of the calculation done to obtain Exf) one obtains

=3 altuolpl~DDimldoliels for UB2U6)2U6). (@0

Since in IBM-3 the W18) irrep is symmetric, Eq(97) reduces to
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TABLE IV. Kronecker product of @) irreps with lowest
total degrees.

(1)(1)=(0)+ (1% +(2)

(2)(1)=(1)+(21)+(3)

(1%)(1)=(1)+ (13 +(21)

(3)(1)=(2)+(31)+(4)

(21)(1)=(12)+(2)+ (212 + (2%) +(31)

(13)(1)=(1%)+ (21

(2)(2)=(0)+(1%)+(2)+(2%) +(31)+(4)

(1%)(2)=(1%)+(2)+(21%) +(31)

(12)(1%)=(0)+ (1) +(2)+(21%) +(2?)

(4)(1)=(3)+(41)+(5)

(31)(1)=(21)+ (3)+(31%) + (32)+ (41)

(29)(1)=(21)+(2%1)+(32)

(21%)(1)=(1%) + (21)+ (2%1)+(31?)

(3)(2)=(1)+(21)+(3)+(32)+ (41)+(5)

(21)(2)=(1)+(13)+2(21)+(2%1)+ (3)+(31%) +(32)
+(41)

(13)(2)= (13 +(21)+(31?)

(3)(1%)=(21)+(3)+(31%) +(41)

(21)(12)=(1)+ (1%) +2(21)+ (2%21) + (3) +(31%) +(32)

(13(13)=(1)+ (13 +(21)+(2%1)

(5)(1)=(4)+(51)+(6)

(41)(1)=(31)+ (4) + (41%) + (42)+ (51)

(32)(1)=(22) + (31)+ (321)+ (3?) + (42)

(31%)(1)=(21%) + (31)+(321)+ (41?)

(221)(1)=(21%)+ (29 + (2%)+(321)

(4)(2)=(2)+(31)+(4)+(42)+(51)+(6)

(31)(2)=(12)+(2)+ (212 + (2%) +2(31)+(321)+(3?)
+(4)+ (41%) + (42)+ (51)

(29)(2)=(2)+(21%) + (22 + (23) + (31)+ (321)+ (42)

(21%)(2)=(12)+2(21%) + (22)+ (31)+ (321)+ (41%)

(4)(1%)=(31)+ (4)+ (415 +(51)

(31)(12)=(2)+ (212 + (2%) + 2(31)+(321)+ (4) + (41
+(42)

(29)(12)=(19) +(21%) + (29 + (31)+(321)+(3?)

(212)(12)=(1%)+ (2) + 2(21%) + (2%) + (2°) + (31)

+(321)
(3)(3)=(0)+(1%) +(2)+ (2% +(31)+(3%) +(4)+(42)
+(51)+(6)

N N-p
=2 2 {PhAah{N=P=a}; for Un(6)0U,(6)2UK(6). (98)

As in IBM-2, a trivial lattice is obtained joining the three algebras in the first step by the link
UA(6)QU,(6)OUs6)DU 4, 5(6). (99)

In this case we will have a triple Kronecker product of6l irreps and the resulting
U, ..+ 5(6) irreps can be three-rowed. From this point on one follows ch@jngll), and(llIl) in
which the irreps of ) and Q6) can be three-rowed and those ofsDtwo-rowed.

A more interesting lattice, from the physical point of view, is the one that works separately
with space and isospin degrees of freedom and joins then at the end. To this end let us denote
creation and annihilation operators by

b;(’m’ bpfm (p:/n-!vléy m:—e,—e‘i‘l,,f),

or
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b' b, (p=mv5 a=12,..,6) (100

pa? pa

so that the commutation relations read as

[b b;,a,]Iépp/z‘iaa,, [bpa'bp'a’]:[bT b;’a’]ZO' (101)

par pa?

The U18) infinitesimal generators will then be realized by

/0(/_ T
Cha =bybprar, (102
while
6 3
cr'=2 ch® andCl =2 chy (103
a=1 p=1

are generator of the Lie algebras o§(8) (spacé and U;(3) (isospin, respectively.
We then have as first link in this lattice,

U(18)DUg(6) X U(3). (109

The U(18) irrep will be symmetric and, according to E&6), the branching law in Eq104)
will be

{N}= X {ny,nznsbeng,ny nalr, (109

ni,Np,N3

where (11,n,,n3) is a(standard partition of N into three parts.

For Ur(3) one uses the chain{(B)D> 05 (3)D 07 (2) and the branching rule is given by
Elliott’s rules, Eqs.(59)—(61).

From Ug(6) one can follow each of chairib), (11), and(lll) and use the results of Sec. IlI for
three-rowed (6) irreps.

For Ug(6)DUg(5), Egs.(50) and(51) give

f1 f  f3

{f1.fo.0a= > > X {f1.f5.4 (106)

! ! !
f1=t, fo=f3 f3=0

For U(5)D0(5) one uses Ed57) and Table I. The three-rowed'®5) irreps @, ,w,,w3) in
Eq. (57) must be interpreted using the modification rules

(wq,02,)=(wq1,w,), (w1,0,,03>1) disregarded. (207

For O (6)D0"(5) one uses Eq83).
For Ug(6)DSUg(3) one uses Eq.74) where now Schur functionu} with up to three rows
must be considered.

VI. IBM-4

In IBM-4, proposed by Elliott and Evarf$,the bosonic pairs, besides the spatial degree of
freedom, have also spin—isospin degrees of freedom in the combirigtié) T=1 andS=1,
T=0. The model has thus>6=36 bosonic creation operators
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T ; _
b((fm[)(Sn*s)(Tmr) W|th €—0,2, —€$me$f,
S=mg=0, T=1, my=0,=1,
S= 1, mS: O,i 1, T=m-|-=0 (108)
and corresponding annihilation operators. The operators

(€' my)(S'mg(T'my) _ | +
(mg)(Sm9(Tmr) | — D(em)(smg(Tmp)Peermy)(srmy (r7my) (109

generate the Lie algebra of(86) while

(s’m’s)(T'mp= (€mg)(S'my(T' my)’ €’m}= (€' my)(Smg)(Tmy)
Csmy(rmy ;m:( Ciempsmyrmy A€ S%:mr Cimpsmg(rmy (110

generate the Lie algebras oki6) and U (6) in the chain
U(36) DU (6)XUg1(6). (111

An arbitrary irrep of W36) branches into irreps of Y6)xX Ug(6) according to Eq(56).
Since the W36) irreps that one can realize witth08) and(109 are only symmetric ones, E(6)
gives

{N}= ; {uhimtst, (112

where(u) are(standard partitions ofN into six parts. For J(6) one follows chaingl), (Il), and
(111, now with all irreps in their greatest generality.
To treat U;(6) one observes that

00)(1m’ 1 00
Cloo)am’ and o)

generate the Lie algebras og(®) and Y (3) in the link
Ust(6)DUg(3)@U+(3), (113
which allows us to treat spin and isospin separately. The branching rules in this link are given by

Eq. (54):

{”:% a({uH{v}—{(\Diutsivir  for UsH(8)DUg(3)@Ur(3). (114

The simplest case is whei} is symmetric,
N

{N}s7= > {N—k}s{k}t. (119

k=0

The next one is

N—-1 N

IN-13= 3 {k}s{N-K}r+ 2 [{N-Kjs[k-18r+{k-13s[N-K}]. (116

Another chain of interest is
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Ugt(6) DSUs(4) D SUg(2) X SUr(2). (117
To find the reduction35) for this chain one observes that the basis states for iftpmf
Us(6) are

T ; - - — -
{% blem)smyrmpyl0)  With S=Mg=0, T=1, M=0,x1,

S=1, mg=0,+1, T=m;=0. (118

The states with the first and second sets of labels are basis states for{0tef}+ and
{1}<{0}r of SUg(2)XSUr(2), respectively. The U irrep {11} has exactly this S(2)
X SUr(2) reduction, so one has

{1}={11} for Ugy(6)DUg1(4)[SUs+(4)] (119

and according to Eq.36) one has the branching rule

{)\}:% a({l@{uj—{A{u}, for Usy(6)DUs(4)[SUsr(4)], (120

where only the Schur functions with up to four rows are considered in the plethysm. This plethysm
can be computed by use of E@3) as input in the algorithm given in Sec. Il A. In Table V one
gives the branching rules for the reductiog{B6)DUg(4) for Us(6) irreps with the lowest
degrees.

The branching rules for the reduction U@BU(2)x SU(2) are given by Eq(56). Table
11-18 in Ref. 25 gives the branching rules for this reduction f(8)Urreps of degrees up to 10.

VII. IBM-1 G AND F

IBM-1 can be extended by introducing bosons with angular momenta.3,4In order to deal
with states of positive parity only bosons with even angular momenta are introduced. Bosons with
odd angular momenta are used to deal with spectra with even and odd parity levels.

The inclusion of boson pairs of angular momefita4 in IBM-1 gave birth to IBM-1G. In
this model one has the boson creation operators

bem With €=0,2,4, —f<m=<¢ (121)

and the corresponding annihilation operators and the group involved wil(b®.lOne then has
to search for chains ending with*©3)> 0% (2). One ofsuch chains,

U(15DSU(3)D0*(3)D0*(2) (122

was studied in Ref. 26. There, the generators of the Lie algebra ¢8)Sk chain (122 are
realized as

X =17 [d"xd1P+6/7 [gTxg1P,
XP)=\/1/70 {4\7/15 [d"x3+s"xd 1-112/21 [d"xd]?

+361/1/105 [d"xG+g"xd]?-233/7 [g"xG]?1},

where [ T x T2 denotes coupling of ©(3) Racah tensors via Clebsch—Gordan coeffi-
cients to producen components of O(3) tensors of rank andb, as in Ref. 15, is defined by
B{’m:(_)f_mb(i—m-

(123
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TABLE V. Ug(6)DUg1(4) branching rules for Y{6)
irreps with no more than 4 rows and lowest degrees.

{1}={1%

{2}={1+{2%

{17}={21%}

{3}={3%+{2%1%

{213={321+{2%1%}

{13 ={30%+{2%

{4y={4%}+{3%1%} +{2%

{31={431 +{321%} +{32%1}

{22} ={421+ {3212 + {24}

{217} ={4212 +{3?2} +{32%1}

{11 ={32%1}

{5}={3%2% +{4°1%} +{57%

{41 ={541 + {4212} + {4321 +{3%2?}

{32}={532 + {4212} + {4321 +{3%2?}

{312} ={5312} + {422} + {4321 + {42°} +{3°1}

{221} ={5221) +{43%} + {4321 + {3222}

{213} ={4321 +{42%} +{3%1}

{6}={3"}+{4%2%}+{5%1%} +{6%}

{51}={651 + {5212} + {5421 + {4222} + {4FP2}

{42} ={642 +{521%} + {5421 + {531} + 2{422%} + {3

{412} ={6412} +{5%2} + {5421 + {532} + {4231} + {432}

{32y ={63 + {5421+ {432}

{321} ={6321 +{543 + {5421 + {531} + {532}
+{4231}+{4222 + {432}

{31% ={5421 + {532} + {4231} +{43%2}

{28 ={628) + {531} +{4% + {4222} +{3*)

{2212} = {531} + {532} + {4231} + {432}

{7}=1{4%3%}+{5%222} + {6212} +{72}

{61} ={761 +{621%} + {6521 + {5222} + {5432 + {4232}

{52} ={752 +{621%} + {6521 + {6431 + 2{5222}

+{5432 +{4%3?}

{512} ={751%} + {622} + {6521 + {642} + {5231} + {5432
+{53% +{4%2}

{43)={743 +{6521 + {6431 + {5222} + {5432 + {4232}

To find how the W15) irrep{1} branches into irreps of chaid22) one observes that this irrep
has three sub-bases with basis vecﬁrﬁ)},d;lo), annglO) that are left invariant by the action
of generators)(ﬁ}), showing that{1} containsL=0,2,4 multiplets. On the other hand, the gen-
eratorsxif) mix these sub-bases showing that the(3Urrep contained in{1} is irreducible.
Examining theL-content of SW3) irreps of dimension 15 one finds that the irdeld has thesé
multiplets. Therefore one has

{1}={4} for U(15DU(3)[SU3)] (124
in chain(122).

From Eq.(36) one then obtains

{A}=§ a({4}@ N} —{uh{u} for U15DU(3), (125

where in the plethysm only the Schur functidns} with no more than three rows are considered.
As before, only W15) symmetric irreps are realized, so the omdducedplethysms needed are
{4}@{m}. Table VI lists the U(15pSU(3) branching rules for (15) symmetric irreps with
lowest degrees
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TABLE VI. U(15) D SU(3) branching rules for symmetric(Lb) irreps of lowest degrees.

{o}={0}

{1}=(4,0)

{2}=(0,4)+(8,0)+ (4,2)

{3}=(0,0)+(0,6)+ (2,2)+ (3,3)+ (4,4)+ (6,3)+ (8,2)+ (6,0)+ (12,0)

{4Y=2(4,0)+ (0,2)+ (1,3)+ 2(2,4)+ (3,5)+ 2(4,6)+ (12,2)+ 2(8,4)+ (5,1)+ (4,3)+ 2(6,2)+ (8,1)
+(10,0)+ (5,4)+ (7,3)+ (0,8)+ (16,0)+ (10,3)

{5}=2(0,4)+ (2,3)+4(4,2)+ (6,1)+ 3(8,0)+ 2(2,0)+ (3,1)+ 2(8,3)+ (16,2)+ 2(3,4)+ 3(5,3)+ (1,5)
+3(2,6)+2(4,5)+ 4(6,4)+ (14,3)+ (1,8)+ (3,7)+ (5,6)+ 2(7,5)+ (0,10)+ (20,0)+ 2(4,8)+ (6,7)
+2(8,6)+3(10,2)+ (9,4)+ (12,1)+ (11,3)+ (10,5)+ (14,0)+ 2(9,1)+ 2(12,4)+ (7,2)

{6}=2(0,0)+ 2(9,6)+ 4(2,2)+ 4(3,3)+ 7(4,4)+ (6,9)+ 2(5,8)+ 2(1,4)+ 2(4,1)+ 2(2,5)+ 2(5,2)+ 5(6,3)
+4(0,6)+5(6,0)+3(7,1)+7(8,2)+ 2(4,10)+ 2(10, 11+ 4(12,01+ 5(5,5)+ 3(4,7)+ 4(7,4)+ 6(6,6)
+5(9,3)+4(8,5)+2(11,2)+ 5(10,41 3(12,31+ 3(14,2)+ (13,4)1+ 3(12,6)1+ (16, 1)+ (15,3)+ (14,5)
+(18,0)+ (24,0)+ 2(16,4)1+ 3(8,8)+ (18,3)+ (20,2)+ 2(1,7)+ 4(3,6)+ 4(2,8)+ 2(7,7)+ 2(13,1)
+2(11,5)+ (10,7)+2(0,12)+2(3,9)

{7}=5(4,0)+5(9,2)+ 13(8,4)+ 8(7,6)+8(6,8)+ 2(5,10)+ 8(10,3}+ 8(9,5)+ 6(8,7)+ 3(7,9)+ 6(11,4)
+8(10,6)+ 3(9,8)+ 5(12,5)+ 3(11,7)+ 2(13,6)1+ 3(0,2)+ (2,1)+ 3(1,3)+ 3(3,2)+ 9(2,4)+ 4(5,1)
+7(4,3)+11(6,2)+ (28,0)+ 3(1,6)+ 8(3,5)+ 8(5,4)+9(7,3)+5(0,8)+ 4(2,7)+ 12(4,6)+ 9(6,5)
+8(5,7)+4(4,9)+2(3,11)+ (19,3)+ 3(4,12)+ (6,11)+ 3(8,10)+ 2(10,9)+ 5(3,8)+ 5(2,101+ (1,12)
+(24,2)+ (22,3)1+ 6 (8,1)+ 7(10,01+ 5(11, 11+ 9(12,2)+ (0,14)+ 2(20,4)+ 3(14, 1)+ 4(16,0)+ 4(1,9)
+(22,0)+6(13,3)+ 2(15,2)+ 6(14,4)+ 3(16,3)+ 2(17, 11+ 3(18,21+ 2(15,5)+ (17,4)+ 3(12,8)
+2(14,7)+ 3(16,6)+ (18,5)+ (20,1)

In IBM-1F one considers boson pairs with angular momenta 0, 2, and 3 and the resulting
group is U13). For physical reasons it is interesting to single out the bosons with odd angular
momentum and then one will have lattices of groups like

/U(B)D0%(5)  \,

Usd(6) —SU(3) - Ogy(3)
/! \O0"(6)D0"(5) N
U(13) 0"(3)D0"(2)
N /!
Ui(7)D0"(7) D O (3)

(126)

The branching rules for the reduction U(I3W.4(6)@U:(7) are given by Eq(54) that, in
IBM-1F, reduces to

{N}=§ {N=N{{N;} for U(13)DUsy(6)U(7). (127

Since, by Eq.(128), the U4(6) irrep is symmetric, thesd branch in(127) is exactly equal to
IBM-1 up to Qi((3).
The U(7) irrep, being symmetric, produces the branch

{Ng}=(Ny)+(N;=2)+---4+(0) or (1) for Ux7)D0"(7). (128

For the link O' (7)2> 07 (3) one has obviously (1 (3) and the branching rule is obtained by
calculating the plethysm

(3)@(Np)=({3}—{1) @ (N} —{N¢—2})
={3}@{Ne}—({3te{N;— 1) {1}+ ({3}&{N;—2}) ({1} —{0})
+ ({3 {N=3h ({1} —{1%)
— ({3 {N—4ah{1%+ ({3} {N;—5D{1°%}, (129
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TABLE VII. O*(7)D207%(3) branching rules for O(7) symmetric irreps of degrees up to 10.

(0)=(0)

(1)=(3)

(2)=(2)+(4)+(6)

(3)=(1)+(8)+(4)+(5)+(6)+(7)+(9)

(4)=(0)+(2)+(3)+2(4)+(5)+2(6)+(7)+2(8)+(9)+(10)+(12)

(5)=(1)+(2)+2(3)+(4)+3(5)+2(6)+3(7)+2(8)+2(9)+2(10)+ 2(11)+ (12)+ (13)+ (15)

(6)=(0)+2(2)+2(3)+3(4)+2(5)+4(6)+3(7)+4(8)+3(9)+4(10)+2(11)+ 3(12)+2(13)+2(14)
+(15)+(16)+(18)

(7)=2(1)+(2)+3(3)+3(4)+4(5)+4(6)+5(7)+4(8)+6(9)+4(10)+5(11)+4(12)+4(13)+3(14)
+3(15)+2(16)+2(17)+ (18)+ (19)+(21)

(8)=(0)+(1)+3(2)+2(3)+5(4)+4(5)+6(6)+5(7)+7(8)+6(9)+7(10)+6(11)+7(12)+5(13)
+6(14)+4(15)+5(16)+ 3(17)+ 3(18)+ 2(19)+ 2(20)+ (21)+ (22)+(24)

(9)=2(1)+2(2)+5(3)+4(4)+6(5)+6(6)+8(7)+7(8)+9(9)+8(10)+9(11)+8(12)+9(13)+7(14)
+8(15)+ 6(16)+ 6(17)+5(18)+5(19)+ 3(20)+ 3(21)+ 2(22)+ 2(23)+ (24)+ (25)+ (27)

(10)=2(0)+(1)+4(2)+4(3)+6(4)+6(5)+9(6)+8(7)+10(8)+9(9)+ 12(10)+ 10(11)+ 12(12)
+10(13)+ 11(14)+ 10(15)+ 10(16)+8(17)+9(18)+6(19)+7(20)+5(21)+5(22)+3(23)+3(24)
+2(25)+2(26)+ (27)+(28)+(30)

where the plethysm&} ® {m} with negativem’s are taken as null. After computing the plethysms
and the outer products one uses Elliott’s ru/89)—(61) to obtain the finalL; values. Branching
rules for O"(7)2>0"(3) resulting from Eq(129 are given in Table VIl foN=1,2,.. . ,10.

One could obtain thé ; values using the reduction U(D)O"(3) without the intermediate
group O (7). In this case, Eq(35) will be {1}=(3) and the result for (F) symmetric irreps is

3
{Nf}=k§0 2 a({3}@{Nj— K} —{uh{uH1%}, (130

where in the plethysms only Schur functions with up to three rows are considered (3hier&ps
resulting from the Kronecker products must be converted t¢3) using Elliott's rules. Obvi-
ously theL¢ values obtained using Eq€l28) and (129 and Eq.(130 are the same.

VIIl. FINAL COMMENTS

The branching rules for IBM-1 are known in the literature, each one being obtained by a
different method. By the plethysm approach here presented all of them are obtained in a single
unified way and the results obtained are used to other extensions of IBM. For some of these
extensions the branching rules found in the literature are given only for simple cases without an
explanation of how they were obtained, preventing the reader from extending tables when needed.
The material presented in this paper provides to the reader all the material to check our tables and
extend them as long as he needs. Besides, the approach here used can benaypliisdnutandis
on other situations that need the knowledge of branching rules of subgroups 0j.GL(

The tables here presented were obtained by computer programs which, by control, perform
dimension tests. To avoid misprints, the output of these programs are read by another program that
produces the latex source files of the tables.
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