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Institute of Theoretical Physics and Astronomy, 2600 Vilnius, Lithuania

~Received 25 February 2003; accepted 2 July 2003!

A short review of the plethysm technique aiming to its application in finding
branching rules for the reduction of an irreducible representation of a group under
the restriction to one of its subgroups is given. The algebraic structure of the
interacting boson model and some of its extensions is given together with the
branching rules needed to classify their basis states, obtained by the use of
plethysms. ©2003 American Institute of Physics.@DOI: 10.1063/1.1611265#

I. INTRODUCTION

In the study of irreducible representations~irreps! of the full linear group GL(n) in n dimen-
sions an important role is played by the so called Schur functions.1–3 In a given irrep$l% of GL(n)
the character of each of its elementsA is the Schur function$l% evaluated with the eigenvalues o
A.

A Schur function is expressed in terms offundamental symmetrical quantities ai , hi , andsi ,4

polynomials inn unknowns that are left invariant under permutations of these unknowns.
plethysm of Schur functions turned out a powerful tool to determine branching rules fo
reduction of irreps of GL(n) subgroups under restriction to some of their subgroups.4,5 The
plethysm operation of Schur functions was discovered by Littlewood6 as a third way of combining
two Schur function to obtain a linear combination of Schur functions of a same degree. Wit
exceptions,4,7,8 it remainded almost unknown to physicists due to the great difficulties involve
its calculation. With the appearence of powerful computers the tedious labor of comp
plethysms was no more a problem and new efforts were made in order to find algorithm
computing them.5,9–13

In most applications to physical problems such as in nuclear structure5,7 and in the presen
work only a particular class of plethysm is needed, namely that in which the left factor
symmetric Schur function and in the expansion only those Schur functions with no more t
given number of rows are considered. In that case, using an induction formula for comp
plethysms with both factors being symmetric Schur functions given in Ref. 13, we develop
algorithm5 to compute plethysms with a symmetric Schur function in the left and all Sc
functions of a given degree at right.

A field in which the plethysm technique can show all its power is the interacting boson m
~IBM ! and its generalizations.

The IBM when originally introduced by Arima and Iachello14 is 1975 takes the nucleon
outside a core of an even–even nucleus couple then into pairs to form bosons with a
momentum 2(d-bosons! and 0(s-bosons!, no other degree of freedom, besides theirz-component
being taken into account. To work in the second quantization formalism they introduce 5~for
d-bosons! 11(for s-bosons)56 creation and annihilation boson operators. The space of stat
taken as polynomials of degreeN ~number of boson pairs! in creation operators acting on
vacuum realizing in this way the basis states of irreducible symmetric representations of~6!.
52960022-2488/2003/44(11)/5296/24/$20.00 © 2003 American Institute of Physics
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These bosons interact among themselves by interactions that preserve angular moment
number of boson pairs so that their Hamiltonian can be written in terms of Casimir invarian
U~6! subgroups.

This original verson is nowadays referred to as IBM-1. Some extensions of the m
appeared15 in order to account for other degrees of freedom and the inclusion of bosons with
angular momenta. The unitary group is enlarged and a very rich algebraic structure arise
basis states of the irreps of these unitary groups are labeled by labels of irreps of their sub
in chains ending with O1(3), therotation group in three dimensions. To this end one need
know how an irrep of a group branches into irreps of some of its subgroups. We will show in
paper how plethysms can be used to find these branching rules. Besides, the cases here stu
serve as examples for applications in other areas.

II. SUMMARY OF PLETHYSMS

A partition (l)[(l1 ,l2 , . . . ,ln) is a set of nonnegative integers~parts! l i such thatl1

1l21¯1ln5n. If, in addition, they satisfyl1>l2>¯>ln , the partition is calledstandard.
Since we will deal only with standard partitions we will omit the word standard. Usually
partition the null parts are omitted and the repeated ones are exponentiated. We will use
letters to denote a partition and italic letters to denote a single part of a partition. To each pa
one associates a Young diagram, an array ofn boxes withl1 boxes in the first row,l2 in the
second and so on. Due to that the nonzero parts of a partition are referred to asrows and the
conjugate partition of a given partition (l1 ,l2 , . . . ,lp,0, . . ., 0) is defined as the partition whos
Young diagram is obtained from that of~l! by interchange of rows and columns, i.e.,

~ l̃ !5~plp,~p21!lp212lp, . . . ,2l22l3,1l12l2!. ~1!

Given a set ofn variablesx1 ,x2 , . . . ,xn and a partition~l! of r , the Schur function$l%
associated to~l! is defined as4,6

$l%5
1

r !
uZr u [l] , ~2!

whereZ is the matrix

Zr5S s1 1 0 0 . . . . . . . . . 0

s2 s1 2 0 . . . . . . . . . 0

s3 s2 s1 3 0 . . . . . . 0

. . . . . . . . . .. . . . . . . . . . 0

sr 21 sr 22 . . . . . . . . . . . . s1 r 21

sr sr 21 . . . . . . . . . . . . s2 s1

D ~3!

andsi[si(x1 ,x2 , . . . ,xn) is the sum ofi th powers of each variablex1 ,x2 , . . . ,xn . In this notation
of Schur function the variables and their numbern are implied whiler , called itsdegree, is
obtained byr 5l11l21¯1l r .

In ~2!, uZu(l) is the immanant ofZ, an extension of the concept of determinant, given by

uZu(l)5(
P

x [l]~P!z1p1
z2p2

¯zrpr
, ~4!

where the sum is over all permutationsP5(p1 ,p2 , . . . ,pr) of the integers 1,2,. . . ,r andx [l] (P)
is the character of permutationP in the irrep@l# of the symmetric groupS(r ).
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As a consequence of definition~2! a Schur function is an homogeneous polynomial of deg
r in the variablesx1 ,x2 , . . . ,xn , being identically null for partitions~l! of r into more thann
nonzero parts.

Expression~2! can be worked out to produce an alternative definition6,9 of the Schur function

$l%5
u~xi !

l j 1n2 j u
u~xi !

n2 j u
, ~5!

whereu f j (xi)u denotes the determinant of a matrixM with elementsMi , j5 f j (xi).
A pair of Schur functions$l8%, $l9% of degreesr 8 andr 9 can be combined into three differen

ways to produce linear combination of Schur functions$l-% of degreer-: inner ~or direct!
product, outer product and plethysm. These three operations will be denoted, respectively

$l8%3$l9%5(
l-

a~$l8%3$l9%→$l-%!$l-%,

$l8%$l9%5(
l-

a~$l8%$l9%→$l-%!$l-%, ~6!

$l8% ^ $l9%5(
l-

a~$l% ^ $l9%→$l-%!$l-%,

wherea~¯! is a non-negative integer denoting the multiplicity of$l-% in the expansion. For
clarity we attach to it an argument denoting the kind of operation that produced it.

In the inner product the degrees of the Schur functions involved are all equal, i.e.,r-5r 8
5r 95n, and the expansion coefficientsa are the coefficients of reduction of the Kroneck
product ofS(n) irreps @l8# and @l9#.

In the outer product one hasr-5r 81r 9 and the coefficientsa are obtained by making the
product of a Schur function in variables (x1 ,x2 , . . . ,xn8) by another in variables (y1 ,y2 , . . . ,yn9)
and expressing it as a linear combination of Schur functions in variables (z1 ,z2 , . . . ,zn-) with
zi5xi for 1< i<n8 and zn81 i5yi for 1< i<n9. Littlewood obtained a procedure to find th
coefficients of the outer product known in the literature as ‘‘Littlewood’s rules.’’

To define plethysm one needs first to introduce the concept ofinvariant matrix.
Let T(A) be anm3m matrix whose elementst i j are given homogeneous polynomials

degreer in the elements ofA. Let T(B) be a matrix built with thesamepolynomialst i j now in the
elements ofB. If

T~A!T~B!5T~AB! ~7!

for any nonsingularm3m matricesA,B then the matrixT(A) is called an invariant matrix~of
degreer ) of A.

It follows from ~7! that, once the set of polynomialt i j is fixed, the set of matricesD T(A)
[T(A) is a representation of GL(n).

As the Kronecker product of two representations of a group is also a representation
group, the Kronecker product of invariant matrices is also an invariant matrix, in general r
ible. Schur1 demonstrated thatif A is an n3n matrix, there are as many irreducible invarian
matrices of A of degree r as are the partitions of r with no more than n nonzero parts an
trace of them are the Schur functions of degree r in the eigenvalues of A. These irreducible
invariant matrices are then labeled by those partitions and denoted byA[m] . The details of con-
struction of irreducible invariant matrices can be found in Refs. 16 and 17.

Since an invariant matrix of an invariant matrix is also an invariant matrix of the orig
matrix, it can be decomposed into irreducible components
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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@A[m] # [n]5(
l

klmnA[l] . ~8!

Let us denote byr m , r n , and r l , the degrees of$m%, $n%, and $l%, respectively. Since the
elements ofA[m] are polynomials of degreer m in the elements ofA and those of@A[m] # [n] are
polynomials of degreer n in the components ofA[m] , it follows that r l5r mr n .

Equation~8! led Littlewood6 to define a third composition rule of Schur functions denoted
the symbol^ and defined as

$m% ^ $n%5(
l

klmn$l%, ~9!

where the Schur functions$l% and the numerical coefficientsklmn are those given in~8!. This
operation was later on namedplethysm.

The plethysm operation has the following properties:4,6,8

$l% ^ ~$m% ^ $n%!5~$l% ^ $m%! ^ $n%, ~10!

$l% ^ ~$m%6$n%!5$l% ^ $m%6$l% ^ $n%, ~11!

~$l%1$m%! ^ $n%5 (
l8l9

a~$l8%$l9%→$n%!~$l% ^ $l8%!~$m% ^ $l9%!, ~12!

~$l%2$m%! ^ $n%5 (
l8 l9

~2 !r 9a~$l8%$l9%→$n%!~$l% ^ $l8%!~$m% ^ $l̃9%!, ~13!

$l% ^ ~$m%$n%!5~$l% ^ $m%!~$l% ^ $n%!, ~14!

~$l%$m%! ^ $n%5 (
l8 l9

a~$l8%3$ l9%→$n%!~$l% ^ $l8%!~$m% ^ $ l9%!, ~15!

@$l% ^ $m%#T5H $l̃% ^ $m% for r l even,

$l̃% ^ $m̃% for r l odd.
~16!

The sum in Eqs.~12!, ~13!, and ~15! includes the cases$l8%5$0%[1, $l9%5$n% and $l8%
5$n%, $l9%5$0%[1. Also, r 9 and r l are the degrees of$l9% and $l%.

In Eq. ~16! we used the notation

F(
i

ai$l%( i )GT

5(
i

ai$l%( i )̃, ~17!

whereai are numerical factors,$l%( i ) Schur functions and$l% ( i )̃ their conjugate.

A. Special plethysms

The plethysm calculation is, in general, a hard and tedious task. Nevertheless there are
cases with closed and simple expressions

$l% ^ $1%5$1% ^ $l%5$l% , ~18!

$l% ^ $0%5$0%, $0% ^ $l%5d$l%,$r l%$0%, ~19!
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$r % ^ $2%5 (
i 50

[ r /2]

$2r 22i ,2i %, ~20!

$r % ^ $12%5 (
i 51

[( r 11)/2]

$2r 2~2i 21!,~2i 21!%, ~21!

$2% ^ $r %5(
l

$l%even, ~22!

$12% ^ $r %5(
l

$l%eveñ, ~23!

$1r% ^ $2%5$12r%1 (
i 51

[ r /2]

$22i ,12r 24i%, r even, ~24!

$1r% ^ $12%5$12r%1 (
i 51

[ r /2]

$22i ,12r 24i%, r odd, ~25!

$1r% ^ $12%5 (
i 51

[( r 11)/2]

$22i 21,12r 22(2i 21)%, r even, ~26!

$1r% ^ $2%5 (
i 51

[( r 11)/2]

$22i 21,12r 22(2i 21)%, r odd. ~27!

Equation~18! follows from plethysms definition while Eq.~19! is set for consistency. In Eq
~22! $l%even means partition of 2r with all parts even. Equations~23!–~27! follow from conjuga-
tion of Eqs.~22!, ~20!, and ~21!. In Ref. 13 there are formulas for the calculation of plethys
$l% ^ $m% when both Schur functions are symmetric or/and antisymmetric. To explain them
need the following definition: ak-border stripof a Young diagram associated to a given partiti
~l! is a sequence ofk squares in which the first of them is the last one of the first line of~l! and
the next square to a given one is the one below it, if it exists, or the one to its left, otherw

For example, the three-border strips of (412), ~321!, and (2212) are the squares with th
symbol " in the figures below, respectively,

When $l% and $m% are both symmetric, one has

$n% ^ $m%5
1

m (
k51

m

$n%~xk!~$n% ^ $m2k%!, m>1, ~28!

with

$n%~xk!5(
n

Cn,k,n$n%. ~29!
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In ~29! the$n%’s are all Schur functions of degreenk. The coefficientsCn,k,n are obtained from
the Young diagram associated to~n! removing, in sequence,n k-border strips. If in all steps the
resulting diagram represents a standard partition then

Cn,k,y5~2 ! l ~30!

with l 5(number of lines in thek-border strips)2n. If in some step the resulting diagram does n
represent a standard partition, thenCn,k,y50. As example, from the figures above one has

C2,3,$412%5~2 !42251, C2,3,$321%5~2 !522521, C2,3,$2212%50.

Equation~28! allows one to relate the plethysm of two symmetric Schur functions with
plethysms of symmetric Schur functions of smaller degrees. In this way, using$n% ^ $1%[$n% as
starting point one computes all the plethysms of type$n% ^ $m%. This equation, together with

$n% ^ $1m%5~2 !m11$n% ^ $m%1 (
k51

m21

~2 !k11~$n% ^ $k%!~$n% ^ $1m2k%!, ~31!

$1n% ^ $1m%5~2 !m11$1n% ^ $m%1 (
k51

m21

~2 !k11~$1n% ^ $k%!~$1n% ^ $1m2k%!, ~32!

$1n% ^ $m%5H @$n% ^ $m%#T for n even,

@$n% ^ $1m%#T for n odd
~33!

allows us to compute plethysms with both Schur functions symmetric and/or antisymmetric
A very common situation which arises in applications is when one needs to com

plethysms of a same Schur function by many~sometimes all! Schur functions of a given degree t
the right.~This is the case of the applications that we will make in Secs. III–VII.! For such cases
we proposed in Ref. 5 the following algorithm that allows to compute, in a build up way
plethysms$l% ^ $m%r with $l% a fixed Schur function and$m%r all Schur functions of degreer ,
once the plethysms$l% ^ $r % and$l% ^ $m% r 8 , with r 8,r have already been computed.

~1! Find all partitions ofr and order them in descending order of all their parts read from
to right.

~2! For each partition $m%5$m1 ,m2 , . . . ,m t,0, . . . ,0% perform the outer produc
$m1 ,m2 , . . . ,m t21%$m t%, order the irreps in the reduction as in item~1!, then use Eqs.~11! to
obtain the equation

$l% ^ $m%5~$l% ^ $m1 ,m2 , . . . ,m t21%!~$l% ^ $m t%!2 (
$m8%a$m%

a~$m1 ,m2 , . . . ,m t21%$m t%

→$m8%!$l% ^ $m8%, ~34!

where the symbola means preceding, following the ordering in item~1!.
Since $m1 ,m2 , . . . ,m t21% and $m t% have smaller degree than$m%, the plethysms$l%

^ $m1 ,m2 , . . . ,m t21% and$l% ^ $m t% have already been computed in the induction process. On
other hand, the plethysms$l% ^ $m8% also have been computed since$m8% precedes$m%.

The formulas here given and the above algorithm suffice for calculating all plethysms n
in this work.

B. Special branching rules

The use of plethysms to compute branching rules is based in the theorem.4

If under the restriction G→H the character@–1 #– of group G decomposes as
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@–1 #–5 ~–a !–1 ~–b !–1 ¯ 1 ~–v !–, ~35!

then the character@–l #– of G decomposes into the characters(–r )– of H according to the char-
acters contained in the plethysm

@ ~–a !–1 ~–b !–1 ¯ 1 ~–v !– # ^ @–l #–. ~36!

This plethysm can be obtained expressing the characters ofG andH in terms of characters o
GL(n), computing the resulting plethysms of GL(n) characters and re-expressing the result
terms of characters ofH in order to obtain the final result.

Using the association irrep↔ character this theorem gives us the coefficients of the reduc
of the irrep @–l #– of G in the direct sum of irreps (–r )– of H.

To illustrate the use of this theorem, let us consider some general cases that will be use
on. The first step toward the use of Eq.~36! is to find the decomposition~35!. One way of finding
it is by constructing a realization of basis states of irreps and generators of groupsG andH.

One such realization is provided by theboson calculus18 in which a set of boson operatorsbi
†

~creation! and bi ~annihilation! is introduced and the generators and basis states of irreps
written in terms of them.

The boson operators satisfy the usual commutation relations

@bi ,bj
†#5d i j , @bi ,bj #5@bi

† ,bj
†#50, i , j 51,2,. . . ,n, ~37!

and thebi ’s annihilate the vacuum stateu0&.
For U(n) the generators are realized by

C i
j5bi

†bj , i , j 51,2,. . . ,n, ~38!

while the maximum weight basis states of symmetric irreps$N,0, . . . ,0%[$N% are realized by

u$N%m.w.&5
1

AN!
~b1

†!Nu0&, ~39!

from which it follows that the basis states of irrep$1% of U(n) are realized by

u$1% i &5bi
†u0&, i 51,2,. . . ,n. ~40!

The generators of U(n21) are theC i
j given in Eq.~38! for i , j 51,2,. . . ,n21. Acting then in~40!

one sees that the U(n) irrep $1% splits into two U(n21) irreps$1% and $0% with basis states

u$1% i &5bi
†u0&, i 51,2,. . . ,n21 and u$0%&5bn

†u0&. ~41!

Therefore one obtains

$1%5$1%1$0% for U~n!.U~n21!. ~42!

For O(n) the generators areL i
j5C i

j2C j
i and reduction~35! read as

$1%5~1!. ~43!

@We denote the irreps of unitary~U! and orthogonal~O! groups as quantities inside braces a
parentheses, respectively.#

Consider the case in which U(n) acts on a vector spaceE5E 81E 9 with dimensionsn8 and
n9 such thatn5n81n9. We then splitn into two termsn8 andn9 and consider U(n8) as the group

with generatorsC i 8
j 8 for i 8, j 851,2,. . . ,n8 and U(n9) that with generatorsC i 9

j 9 with i 9, j 95n8
11,n812, . . . ,n81n95n. The basis~40! splits into two
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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u$1% i 8&5bi 8
† u0&, i 851,2,. . . ,n8,

u$1% i 9&5bi 9
† u0&, i 95n811,n812, . . . ,n81n95n, ~44!

realizing the basis states of irreps$1%8$0%9 and$0%8$1%9 of U(n8)�U(n9), respectively. We then
have

$1%5$1%8$0%91$0%8$1%9 for U~n81n9!.U~n8!�U~n9!. ~45!

For the case in which U(n) acts on a vector spaceE5E 8^ E 9 with dimensionsn8 andn9 one
uses boson operators with two indices, each one associated to transformations in each su

@bis ,bjt
† #5d i j dst , @bis ,bjt #5@bis

† ,bjt
† #50, i , j 51,2,. . . ,n8, s,t51,2,. . . ,n9. ~46!

The basis states of irrep$1% are realized by

u$1% is&5bis
† u0&, i 51,2,. . . ,n8, s51,2,. . . ,n9. ~47!

Since the U(n8) generatorsC i
j5(sbis

† bjs act on the first index and thoseCs
t 5( ibis

† bit of
U(n9) on the second, one concludes that

$1%5$1%8$1%9 for U~n8n9!.U~n8!3U~n9!. ~48!

Using Eq.~42! in Eq. ~36!, the branching rule for the reduction U(n).U(n21) is given by
computing the plethysm

~$1%1$0%! ^ $l%5 (
l8l9

a~$l8%$l9%→$l%!~$1% ^ $l8%!($0% ^ $l9%)

5 (
l8n9

a~$l8%$n9%→$l%!$l8%, ~49!

where use was made of~12!, ~18!, and~19!. By Littlewood rules, one sees that the Schur functio
that contain$l% in the expansion of its outer product by a symmetric Schur function are those$l8%
satisfying

l i>l i8>l i 11 , i 51,2,. . . ,i 21. ~50!

Then one concludes that under restriction U(n).U(n21) the U(n) irrep $l% reduces as

$l%5(
l8

$l8%, ~51!

where$l8% are the U(n21) irreps satisfying Eq.~50!. These are the well knownin-betweeness
conditions introduced by Gelfand19 in the labeling of basis states of U(n) irreps.

To compute the branching of irrep$l% of U(n81n9) into irreps of U(n8)�U(n9), according
to Eqs.~36! and ~45! we need to compute the plethysm

~$1%8$0%91$0%8$1%9! ^ $l%5(
mn

a~$m%$n%→$l%!~~$1%8$0%9! ^ $m%!~$0%8$1%9^ $n%!,

~52!

where use was made of Eq.~12!. Using Eq.~15! one has
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~~$1%8$0%9! ^ $m%!5(
gr

a~$g%3$r%→$m%!~$1%8^ $g%!~$0%9^ $r%!5$m%$0%5$m% ~53!

using Eqs.~18! and ~19! and the result$m%3$n%5$m% on inner product of Schur functions
Analogously ($0%8$1%9) ^ $n% gives $n% and one concludes that

$l%5(
mn

a~$m%$n%→$l%!$m%8$n%9 for U~n81n9!.U~n8!�U~n9!, ~54!

$m%8,$n%9 being irreps of U(n8) and U(n9), respectively.
To compute the branching of irrep$l% of U(n8n9) into irreps of U(n8)3U(n9), according to

Eqs.~36! and ~48! we need to compute the plethysm,

~$1%8$1%9! ^ $l%5(
mn

a~$m%3$n%→$l%!~$1%8^ $m%!~$1%9^ $n%!, ~55!

where use was made of Eq.~15!. Using Eq.~18! one concludes that

$l%5(
m,n

a~$m%3$n%→$l%!$m%8$n%9 for U~n8!3U~n9!, ~56!

$m%8,$n%9 being irreps of U(n8) and U(n9), respectively.
When $l% is a symmetric representation the inner product in Eq.~56! requires that the irreps

of U(n8) and U(n9) be the same.
Equation~43! is of no use for producing branching rules since it gives a trivial result. For

case one uses the known result.4,6

The character$l% of U(n) decomposes intoO(n) characters(l9) by the relation

$l%5(
l9

F(
l8

a~$l8%$l9%→$l%!G ~l9!, ~57!

where the sum is made in the irreps$l8% with even parts.
When $l% is a symmetric representation both Schur functions$l8% and $l9% are symmetric

and Eq.~57! gives

$N%5~N!1~N22!1¯1~0! or ~1! for U~n!.O~n!. ~58!

We give in Table I the branching rules in the reduction U(n).O(n) for the lowest degree
U(n) irreps with no more than three rows.

For small values ofn some O(n) characters in Eq.~57! may have more than the allowe
number@n/2# of rows. In this case, they are worked out usingmodified rules.20 For U(3).O1(3),
Eq. ~57! and the corresponding modification rules are equivalent to theElliott rules7 for the
branching of U~3! irrep $ f 1 , f 2 , f 3% into O1(3) irreps (L).

~1! Define

l5 f 12 f 2 , m5 f 22 f 3 , l̄5max~l,m!, m̄5min~l,m!. ~59!

~2! Introduce an extra labelK that can assume the values

K5m̄,m̄22, . . . ,0 or 1. ~60!

~3! To eachK corresponds a set ofL values

L5K,K11, . . . ,K1l̄, for KÞ0,
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L5l̄,l̄22, . . . ,0 or 1 forK50. ~61!

The inverse result, that is, the expression of O(n) characters in terms of those of U(n) is also
needed. It can be obtained by subtractions using tables of U(n).O(n) reductions or by use of the
result4,21

~l!5$l%1(
h

F(
g

(2) r /2a($g%$h%→$l%G$h%, ~62!

where r is the degree of$g% and these are taken among the set of Schur functions tha
Frobenius’ notation4 assume the form

S a11
a D , S a11 b11

a b D , S a11 b11 c11

a b c D , . . . . ~63!

When ~l! is symmetric one obtains from Eq.~58! and also from Eq.~62!,

~N!5$N%2$N22% for N>2. ~64!

Table B-4 in Ref. 4 gives a list of reductions~62! for irreps$l% of degree up to 16 and part
not greater than 4.

TABLE I. U( n).O(n) branching rules for U(n) irreps
with no more than three rows and the lowest degrees.

$0%5(0)
$1%5(1)
$2%5(2)1(0)
$12%5(12)
$3%5(3)1(1)
$21%5(21)1(1)
$13%5(13)
$4%5(4)1(2)1(0)
$31%5(31)1(2)1(12)
$22%5(22)1(2)1(0)
$212%5(212)1(12)
$5%5(5)1(3)1(1)
$41%5(41)1(3)1(21)1(1)
$32%5(32)1(3)1(21)1(1)
$312%5(312)1(21)1(13)
$221%5(221)1(21)1(1)
$6%5(6)1(4)1(2)1(0)
$51%5(51)1(4)1(31)1(2)1(12)
$42%5(42)1(4)1(31)1(22)12(2)1(0)
$32%5(32)1(31)1(12)
$412%5(412)1(31)1(212)1(12)
$321%5(321)1(31)1(22)1(212)1(2)1(12)
$23%5(23)1(22)1(2)1(0)
$7%5(7)1(5)1(3)1(1)
$61%5(61)1(5)1(41)1(3)1(21)1(1)
$52%5(52)1(5)1(41)1(32)12(3)1(21)1(1)
$43%5(43)1(41)1(32)1(3)1(21)1(1)
$512%5(512)1(41)1(312)1(21)1(13)
$421%5(421)1(41)1(32)1(312)1(221)1(3)12(21)

1(1)
$321%5(321)1(32)1(312)1(21)1(13)
$322%5(322)1(32)1(221)1(3)1(21)1(1)
$8%5(8)1(6)1(4)1(2)1(0)
$71%5(71)1(6)1(51)1(4)1(31)1(2)1(12)
$62%5(62)1(6)1(51)1(42)12(4)1(31)1(22)12(2)

1(0)
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III. IBM-1

In the original IBM, now named IBM-1, the valence nucleons of even–even nuclei are jo
in pairs to form as- or d-boson, without distinguishing protons from neutrons. Then the build
blocks are creation (s†,dm

† ) and annihilation (s,dm) boson operators satisfying the commutati
relations

@s,s†#51, @dm ,dm8
†

#5dmm8 , m,m850,61,62, ~65!

all other commutators vanishing. In a compact notation one can define, say,

br
† with br

†5dr23
† for r51,2,3,4,5 and b6

†5s† ~66!

and analogously forbr , recovering Eq.~37!. Using linear combinations of creation and annihi
tion operators that preserve the number of bosons, it is possible to construct O1(3) Racah tensors
of ranks,50,1,2,3,4. Linear combinations of these tensors realize15,22 the infinitesimal generators
of U~6! subgroups in the three chains ending with O1(3).O1(2),

↗ U~5! . O1~5! . O1~3! . O1~2! ~ I!,

U~6! → SU~3! . O1~3! . O1~2! ~ II !,

↘ O1~6! . O1~5! . O1~3! . O1~2! ~ III !.

~67!

With one-index boson operators only symmetrical irreps can be realized. Then the U~6! irrep
is $N% whereN denotes the number of bosons.

Let us examine the branching rules in chain~I! of Eq. ~67!. The U~5! labels are given by the
general result~51!. Then the U~5! irrep is symmetrical$Nd%, whereNd is the number ofd-bosons
and can assume the values

Nd5N,N21, . . . ,0. ~68!

Each U~5! irrep $Nd%, being symmetric, branches as~58! into O1(5) irreps

$Nd%5~Nd!1~Nd22!1¯1~0! or ~1!. ~69!

To find the branching in O1(5).O1(3) one observes that the generators of U~5! were con-
structed only with operatorsdm

† anddm so one has

~1!5~2! for O1~5!.O1~3!. ~70!

According to Eq.~36! the branching of ageneralO1(5) irrep $l% into O1(3) irreps is found
computing the plethysm (2)̂(l). The character~2! of O1(3) is given by (2)5$2%2$0%. Since
~l! is an O1(5) irrep it has at most two lines, then we expand it using Eq.~62! in terms of Schur
functions with up to two rows:

~l!5(
k

ak$k%1 (
m1 ,m2

am1 ,m2
$m1 ,m2%. ~71!

The plethysm (2)̂ (l) is then

~2! ^ ~l!5~$2%2$0%! ^ F(
k

ak$k%1 (
m1 ,m2

$m1 ,m2%G
5(

k
ak@$2% ^ $k%2$2% ^ $k21%#1 (

m1m2

am1m2
@$2% ^ $m1 ,m2%2$2% ^ $m121,m2%

2$2% ^ $m1 ,m221%1$2% ^ $m121,m221%#, ~72!
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where plethysms with Schur functions associated to nonstandard partitions are disregarde
final result is obtained by expressing the Schur functions resulting from plethysms in ter
O1(3) irreps (L) using Eqs.~59!–~61!.

In IBM-1 the O1(5) irrep ~l! is symmetric, then one uses Eqs.~71! and ~72! with am1 ,m2

50. The terms witham1 ,m2
Þ0 will be used in IBM-2 and 3. In Table II the O1(5).O1(3)

branching rules for O1(5) irreps with the lowest degrees are given.
Now let us find the branching rules in chain~II ! of Eq. ~67!. To find the decomposition~35!

for U(6).SU(3) in chain~II ! one observes that the U~3! irreps must have the (L) multiplets~2!
and~0! contained in irrep$1% of U~6! @the reduction U(3).SU(3) has only one SU~3! irrep with
labels given by Eq.~59!#. Using Elliott’s rules~59!–~61! one sees that the U~3! irrep must be$2%.
We then have

$1%5$2%[~2,0! for U~6!.U~3! @or SU~3!#. ~73!

Using Eq.~73! and Eq.~36! one has that the U~3!@SU~3!# irreps contained in the irrep$l% of
U~6! are

$l%5(
m

a~$2% ^ $l%→$m%!$m%, ~74!

where in the plethysms only irreps with no more than three rows are considered and these p
SU~3! irreps (m12m2 ,m22m3) in Elliott’s notation. Table III presents the branchin
U(6).SU(3) for U~6! irreps with no more than three rows and the lowest degrees.

The branching rule in SU(3).O1(3).O1(2) is given by Elliott’s rules~59!–~61!.
Since in IBM-1 the U~6! irrep $l% is a symmetric irrep$N%, the plethysm in Eq.~74! is given

by Eq. ~22! and one obtains

TABLE II. O1(5).O1(3) branching rules for O1(5) irreps of degrees up to 8.

(0)5(0)
(1)5(2)
(2)5(2)1(4)
(12)5(1)1(3)
(3)5(0)1(3)1(4)1(6)
(21)5(1)1(2)1(3)1(4)1(5)
(4)5(2)1(4)1(5)1(6)1(8)
(31)5(1)1(2)12(3)1(4)12(5)1(6)1(7)
(22)5(0)1(2)1(3)1(4)1(6)
(5)5(2)1(4)1(5)1(6)1(7)1(8)1(10)
(41)5(1)1(2)12(3)12(4)12(5)12(6)12(7)1(8)1(9)
(32)5(1)12(2)1(3)12(4)12(5)1(6)1(7)1(8)
(6)5(0)1(3)1(4)12(6)1(7)1(8)1(9)1(10)1(12)
(51)5(1)1(2)12(3)12(4)13(5)12(6)13(7)12(8)12(9)1(10)1(11)
(42)5(0)1(1)12(2)12(3)13(4)12(5)13(6)12(7)12(8)1(9)1(10)
(32)5(1)12(3)1(4)1(5)1(6)1(7)1(9)
(7)5(2)1(4)1(5)1(6)1(7)12(8)1(9)1(10)1(11)1(12)1(14)
(61)5(1)1(2)12(3)12(4)13(5)13(6)13(7)13(8)13(9)12(10)12(11)1(12)1(13)
(52)5(0)1(1)12(2)13(3)13(4)13(5)14(6)13(7)13(8)13(9)12(10)11(11)1(12)
(43)5(1)12(2)12(3)12(4)13(5)12(6)12(7)12(8)1(9)1(10)1(11)
(8)5(2)1(4)1(5)1(6)1(7)12(8)1(9)12(10)1(11)1(12)1(13)1(14)1(16)
(71)5(1)1(2)12(3)12(4)13(5)13(6)14(7)13(8)14(9)13(10)13(11)12(12)12(13)1(14)

1(15)
(62)5(1)13(2)12(3)14(4)14(5)14(6)14(7)15(8)13(9)14(10)13(11)12(12)1(13)1(14)
(53)52(1)12(2)13(3)13(4)14(5)13(6)14(7)13(8)13(9)12(10)12(11)1(12)1(13)
(42)5(0)1(2)1(3)12(4)1(5)12(6)1(7)1(8)1(9)1(10)1(12)
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$N%5 (
m1 ,m2 ,m3

$2m1,2m2,2m3%[ (
m1m2m3

~2~m12m2!,2~m22m3!!, ~75!

where (m1 ,m2 ,m3) are ~standard!partitions ofN into three parts.
The branching for the first link U(6).O1(6) in chain~III ! is found using Eq.~57!. Note that

in ~57! the branching is for U(n).O(n) and we need a further reduction O(n).O1(n). For the
cases treated here the O~6! and O1(6) irreps are the same.

In IBM-1 the U~6! irrep $l% being symmetric implies that Eq.~57! has a simple expression

$N%5~N!1~N22!1¯1~0! or ~1! for U~6!.O1~6!. ~76!

To find the branching rule in the link O1(6).O1(5) one first observes that Eq.~42! gives

~1!5~1!1~0! for O1~6!.O1~5!. ~77!

TABLE III. Branching rules for U(6).SU(3) for U~6! irreps with no more than three rows and lowest degrees.

$0%5(0,0)
$1%5(2,0)
$2%5(4,0)1(0,2)
$12%5(2,1)
$3%5(6,0)1(2,2)1(0,0)
$21%5(4,1)1(2,2)1(1,1)
$13%5(3,0)1(0,3)
$4%5(8,0)1(4,2)1(0,4)1(2,0)
$31%5(6,1)1(4,2)1(2,3)1(1,2)1(2,0)1(3,1)
$22%5(4,2)1(0,4)1(2,0)1(3,1)
$212%5(5,0)1(2,3)1(1,2)1(0,1)1(3,1)
$5%5(10,0)1(6,2)1(2,4)1(4,0)1(0,2)
$41%5(8,1)1(6,2)1(4,3)1(5,1)1(2,4)1(3,2)1(4,0)1(1,3)1(2,1)1(0,2)
$32%5(6,2)1(4,3)1(5,1)1(2,4)1(3,2)12(4,0)1(1,3)1(2,1)1(0,2)
$312%5(7,0)1(4,3)1(5,1)12(3,2)1(0,5)1(1,3)12(2,1)1(1,0)
$221%5(5,1)1(2,4)1(3,2)1(4,0)1(1,3)1(2,1)1(0,2)
$6%5(12,0)1(8,2)1(4,4)1(6,0)1(0,6)1(2,2)1(0,0)
$51%5(10,1)1(8,2)1(6,3)1(7,1)1(4,4)1(5,2)1(6,0)1(2,5)1(3,3)1(4,1)1(1,4)12(2,2)1(1,1)
$42%5(8,2)1(6,3)1(7,1)12(4,4)1(5,2)12(6,0)12(3,3)12(4,1)1(0,6)1(1,4)13(2,2)1(1,1)1(0,0)
$412%5(9,0)1(6,3)1(7,1)12(5,2)1(2,5)12(3,3)12(4,1)1(1,4)1(2,2)12(3,0)12(0,3)1(1,1)
$32%5(6,3)1(5,2)1(6,0)1(2,5)1(3,3)1(4,1)1(2,2)1(3,0)1(0,3)
$321%5(7,1)1(4,4)12(5,2)1(6,0)1(2,5)12(3,3)13(4,1)12(1,4)13(2,2)1(3,0)1(0,3)12(1,1)
$23%5(6,0)1(3,3)1(0,6)12(2,2)1(0,0)
$7%5(14,0)1(10,2)1(6,4)1(8,0)1(2,6)1(4,2)1(0,4)1(2,0)
$61%5(12,1)1(10,2)1(8,3)1(9,1)1(6,4)1(7,2)1(8,0)1(4,5)1(5,3)1(6,1)1(2,6)1(3,4)12(4,2)

1(1,5)1(2,3)1(3,1)1(0,4)1(1,2)1(2,0)
$52%5(10,2)1(8,3)1(9,1)12(6,4)1(7,2)12(8,0)1(4,5)12(5,3)12(6,1)1(2,6)12(3,4)14(4,2)1(1,5)

12(2,3)12(3,1)12(0,4)1(1,2)12(2,0)
$512%5(11,0)1(8,3)1(9,1)12(7,2)1(4,5)12(5,3)12(6,1)12(3,4)1(4,2)12(5,0)1(0,7)1(1,5)

13(2,3)12(3,1)12(1,2)1(0,1)
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Next one writes the O1(6) irrep ~l! in terms of U~6! irreps $m%:

~l!5(
m

am$m% ~78!

and computes the plethysm

~~1!1~0!! ^ ~l!5(
m

am~~1!1~0!! ^ $m%5(
m

amF (
n8,k

a~$n8%$k%→$m%!$n8%G . ~79!

The resulting U~5! irreps are then converted into O1(5) irreps by use of Eq.~57!.
In IBM-1 the O1(6) irrep is symmetric and, in this case, Eq.~78! becomes

~0!5$0%, ~1!5$1% and ~k!5$k%2$k22% for k>2 ~80!

and Eq.~79! gives

~~1!1~0!! ^ ~k!5(
p,q

@a~$p%$q%→$k%!2a~$p%$q%→$k22%!#$p%. ~81!

Expressing$p% in terms of O1(5) irreps by means of Eq.~58! one has the final result

~k!5~k!1~k21!1 ¯ 1~0! for O1~6!.O1~5!. ~82!

For general O1(6) irreps (s)5(s1 ,s2 ,s3), computer calculations using Eq.~79! shows the
branching rule

~s!5 (
r15s2

s1

(
r25s3

s2

~r1 ,r2! for O1~6!.O1~5!, ~83!

the usual inbetweeness conditions for Gelfand labels.

IV. IBM-2

In IBM-2 two kinds of bosons are considered, one formed by proton pairs and othe
neutron pairs, denoted by

sp
† , dp,m

† , sn
† , dn,m

† , m50,61,62, p for protons, n for neutrons ~84!

and similarly for annihilation operators. The commutation relations are the same as Eq~65!
concerning angular momentum labels and neutron operators commute with proton operato

Using the compact notation

br,a
† , br,a , r5p,n, a51,2,. . . ,6, ~85!

the commutation relations become

@bra ,br8a8
†

#5drr8daa8 , @bra ,br8a8#5@bra
† ,br8a8

†
#50. ~86!

With these operators one constructs operators

C ra
r8a85bra

† br8a8 ~87!
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that under commutation close the Lie algebra of U~12!. The operatorsCa
a85C pa

pa8 and C” a
a8

5C na
na8 generate the Lie algebras of Up(6) and Un(6), respectively. We have then a particular ca

of the reduction U(n11n2).U(n1)�U(n2) studied in Sec. II B. Using the results there obtain
one has the branching rule

$l%5 (
l8,l9

a~$l8%$l9%→$l%!$l8%p$l9%n for U~12!.Up~6!�Un~6!. ~88!

With operators~84! @or ~85!# one can construct only symmetrical irreps$N% of U~12! and Eq.
~88! reduces to

$N%5 (
k50

N

$N2k%p$k%n for U~12!.Up~6!�Un~6!. ~89!

The basis states of irrep$N% must be also basis states for an irrep of Op1n
1 (3), thegroup of

simultaneous rotations of protons and neutrons. This can be achieved by use oflattice of algebras,
in contrast withchains of algebrasin IBM-1.

The simplest lattice is obtained when we use chains~I!, ~II !, and~III ! separately for protons
and for neutrons and only in the last step one couples Op

1(3) with On
1(3) to obtain Op1n

1 (3):

↗Up~5!. Op
1~5!↘

Up~6! →SUp~3! → Op
1~3!

↗ ↘Op
1~6!. Op

1~5!↗ ↘
U~12! Op1n

1 ~3!. Op1n
1 ~2!.

↘ ↗Un~5!. On
1~5!↘ ↗

Un~6! →SUn~3! → On
1~3!

↘On
1~6!. On

1~5!↗
~90!

This is a trivial extension of IBM-1 andLp andLn are coupled to give

Lp1n5Lp1Ln , Lp1Ln21, . . . ,uLp2Lnu. ~91!

Another lattice is

Up~6! Up1n~5!.Op1n
1 ~5! ~ I1!

↘ ↗ ↘
Up1n~6! → SUp1n~3! → Op1n

1 ~3!.Op1n
1 ~2! ~ II 1!

↗ ↘ ↗
Un~6! Op1n

1 ~6!.Op1n
1 ~5! ~ III 1!

~92!

in which the algebras of Up(6) and Un(6) are joined in the first step. In the first link one h
Up(6)3Un(6)→Up1n(6) and the branching rules are given by the Kronecker product of U~6!
irreps. In this case, the irreps of Up(6) and Un(6) are both symmetric by Eq.~89! and the irreps
of Up1n(6) can have one or two rows. Chains (I1), (II1), and (III1) are the same as~I!, ~II !, and
~III ! but now the U~6!, U~5!, O1(6), and O1(6) irreps can be two-rowed.

Another type of lattice of algebras is obtained by joining the neutron and proton algeb
the second step:
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Up~6!.Up~5!

↘
Up1n~5!.Op1n

1 ~5!.Op1n
1 ~3!.Op1n

1 ~2! ~ I2!,

↗
Un~6!.Un~5!

Up~6!.SUp~3!

↘
SUp1n~3!.Op1n

1 ~3.Op1n
1 ~2!, ~ II 2!,

↗
Un~6!.SUn~3!

Up~6!.Op
1~6!

↘
Op1n

1 ~6!.Op1n
1 ~5!.Op1n

1 ~3!.Op1n
1 ~2! ~ III 2!.

↗

~93!
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Un~6!.On
1~6!

The branching rules for the irreps of the joined algebras are obtained by Kronecker pro
and the resulting irreps can be one- and two-rowed. The Kronecker product expansion of irr
unitary groups are given by the outer product of Schur functions:

$l%p$m%n5(
r

a~$l%$m%→$r%!$r%p1n . ~94!

The Kronecker product of O~6! irreps is done by expressing the O~6! characters in terms of Schu
functions, making the outer products and re-expressing the result in terms of O~6! irreps. In Table
IV we give the Kronecker product of O~6! irreps with the lowest product degrees.

V. IBM-3

This model was proposed by Elliott and White23 in order to take into account the isosp
degree of freedom. It differs from IBM-2 by the inclusion of a third kind of boson, thed-boson,
formed by a proton–neutron pair. There are 18 creation operators

sp
† , dp,m

† , sn
† , dn,m

† , sd
† , dd,m

† ~m50,61,62! ~95!

and the corresponding annihilation operators. Operators of different pairs of bosons com
among themselves while each setp, n andd satisfies bose commutation relations.

One has again lattices of algebras now starting with

U~18!.Up~6!�Un~6!�Ud~6! ~96!

and ending with Op1n1d
1 (3).Op1n1d

1 (2).
By an extension of the calculation done to obtain Eq.~54! one obtains

$l%5 (
m,s,r

a~$m%$s%$r%→$l%!$m%p$s%n$r%d for Up~6!�Un~6!�Ud~6!. ~97!

Since in IBM-3 the U~18! irrep is symmetric, Eq.~97! reduces to
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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$N%5 (
p50

N

(
q50

N2p

$p%p$q%n$N2p2q%d for Up~6!�Un~6!�Ud~6!. ~98!

As in IBM-2, a trivial lattice is obtained joining the three algebras in the first step by the

Up~6!�Un~6!�Ud~6!.Up1n1d~6!. ~99!

In this case we will have a triple Kronecker product of U~6! irreps and the resulting
Up1n1d(6) irreps can be three-rowed. From this point on one follows chains~I!, ~II !, and~III ! in
which the irreps of U~5! and O~6! can be three-rowed and those of O~5! two-rowed.

A more interesting lattice, from the physical point of view, is the one that works separ
with space and isospin degrees of freedom and joins then at the end. To this end let us
creation and annihilation operators by

br,m
† , br,m ~r5p,n,d, m52,,2,11, . . . ,, !,

or

TABLE IV. Kronecker product of O~6! irreps with lowest
total degrees.

(1)(1)5(0)1(12)1(2)
(2)(1)5(1)1(21)1(3)
(12)(1)5(1)1(13)1(21)
(3)(1)5(2)1(31)1(4)
(21)(1)5(12)1(2)1(212)1(22)1(31)
(13)(1)5(12)1(212)
(2)(2)5(0)1(12)1(2)1(22)1(31)1(4)
(12)(2)5(12)1(2)1(212)1(31)
(12)(12)5(0)1(12)1(2)1(212)1(22)
(4)(1)5(3)1(41)1(5)
(31)(1)5(21)1(3)1(312)1(32)1(41)
(22)(1)5(21)1(221)1(32)
(212)(1)5(13)1(21)1(221)1(312)
(3)(2)5(1)1(21)1(3)1(32)1(41)1(5)
(21)(2)5(1)1(13)12(21)1(221)1(3)1(312)1(32)

1(41)
(13)(2)5(13)1(21)1(312)
(3)(12)5(21)1(3)1(312)1(41)
(21)(12)5(1)1(13)12(21)1(221)1(3)1(312)1(32)
(13)(12)5(1)1(13)1(21)1(221)
(5)(1)5(4)1(51)1(6)
(41)(1)5(31)1(4)1(412)1(42)1(51)
(32)(1)5(22)1(31)1(321)1(32)1(42)
(312)(1)5(212)1(31)1(321)1(412)
(221)(1)5(212)1(22)1(23)1(321)
(4)(2)5(2)1(31)1(4)1(42)1(51)1(6)
(31)(2)5(12)1(2)1(212)1(22)12(31)1(321)1(32)

1(4)1(412)1(42)1(51)
(22)(2)5(2)1(212)1(22)1(23)1(31)1(321)1(42)
(212)(2)5(12)12(212)1(22)1(31)1(321)1(412)
(4)(12)5(31)1(4)1(412)1(51)
(31)(12)5(2)1(212)1(22)12(31)1(321)1(4)1(412)

1(42)
(22)(12)5(12)1(212)1(22)1(31)1(321)1(32)
(212)(12)5(12)1(2)12(212)1(22)1(23)1(31)

1(321)
(3)(3)5(0)1(12)1(2)1(22)1(31)1(32)1(4)1(42)

1(51)1(6)
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bra
† , bra ~r5p,n,d, a51,2,. . . ,6! ~100!

so that the commutation relations read as

@bra ,br8a8
†

#5drr8daa8 , @bra ,br8a8#5@bra
† ,br8a8

†
#50. ~101!

The U~18! infinitesimal generators will then be realized by

C ra
r8a85bra

† br8a8 , ~102!

while

Cr
r85 (

a51

6

C ra
r8a and C” a

a85 (
r51

3

C ra
ra8 ~103!

are generator of the Lie algebras of US(6) ~space! and UT(3) ~isospin!, respectively.
We then have as first link in this lattice,

U~18!.US~6!3UT~3!. ~104!

The U~18! irrep will be symmetric and, according to Eq.~56!, the branching law in Eq.~104!
will be

$N%5 (
n1 ,n2 ,n3

$n1 ,n2 ,n3%S$n1 ,n2 ,n3%T , ~105!

where (n1 ,n2 ,n3) is a ~standard! partition of N into three parts.
For UT(3) one uses the chain UT(3).OT

1(3).OT
1(2) and the branching rule is given b

Elliott’s rules, Eqs.~59!–~61!.
From US(6) one can follow each of chains~I!, ~II !, and~III ! and use the results of Sec. III fo

three-rowed U~6! irreps.
For US(6).US(5), Eqs.~50! and ~51! give

$ f 1 , f 2 , f 3%5 (
f 185 f 2

f 1

(
f 285 f 3

f 2

(
f 3850

f 3

$ f 18 , f 28 , f 38%. ~106!

For U(5).O(5) one uses Eq.~57! and Table I. The three-rowed O1(5) irreps (v1 ,v2 ,v3) in
Eq. ~57! must be interpreted using the modification rules

~v1 ,v2,1![~v1 ,v2!, ~v1 ,v2 ,v3.1! disregarded. ~107!

For O1(6).O1(5) one uses Eq.~83!.
For US(6).SUS(3) one uses Eq.~74! where now Schur functions$m% with up to three rows

must be considered.

VI. IBM-4

In IBM-4, proposed by Elliott and Evans,24 the bosonic pairs, besides the spatial degree
freedom, have also spin–isospin degrees of freedom in the combinationS50, T51 andS51,
T50. The model has thus 636536 bosonic creation operators
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

186.217.234.225 On: Tue, 14 Jan 2014 15:18:32



en by

5314 J. Math. Phys., Vol. 44, No. 11, November 2003 Castilho Alcarás et al.

 This article is copyrig
b(,m,)(SmS)(TmT)
† with ,50,2, 2,<m,<,,

S5mS50, T51, mT50,61,

S51, mS50,61, T5mT50 ~108!

and corresponding annihilation operators. The operators

C
(,m,)(SmS)(TmT)
(,8m,8)(S8mS8)(T8mT8 )

5b(,m,)(SmS)(TmT)
† b(,8m

,8)(S8m
S8)(T8m

T8 ) ~109!

generate the Lie algebra of U~36! while

C
(SmS)(TmT)
(S8mS8)(T8mT8 )

5(
,m,

C
(,m,)(SmS)(TmT)
(,m,)(S8mS8)(T8mT)8 and C”

,m,

,8m,85 (
SmSTmT

C
(,m,)(SmS)(TmT)
(,8m,8)(SmS)(TmT)

~110!

generate the Lie algebras of UST(6) and UL(6) in the chain

U~36!.UL~6!3UST~6!. ~111!

An arbitrary irrep of U~36! branches into irreps of UL(6)3UST(6) according to Eq.~56!.
Since the U~36! irreps that one can realize with~108! and~109! are only symmetric ones, Eq.~56!
gives

$N%5(
m

$m%L$m%ST, ~112!

where~m! are~standard! partitions ofN into six parts. For UL(6) one follows chains~I!, ~II !, and
~III !, now with all irreps in their greatest generality.

To treat UST(6) one observes that

C(00)(1m)
(00)(1m8) and C(1m)(00)

(1m)(00)

generate the Lie algebras of US(6) and UT(3) in the link

UST~6!.US~3!�UT~3!, ~113!

which allows us to treat spin and isospin separately. The branching rules in this link are giv
Eq. ~54!:

$l%5(
mn

a~$m%$n%→$l%!$m%S$n%T for UST~6!.US~3!�UT~3!. ~114!

The simplest case is when$l% is symmetric,

$N%ST5 (
k50

N

$N2k%S$k%T . ~115!

The next one is

$N21,1%5 (
k51

N21

$k%S$N2k%T1 (
k52

N

@$N2k%S$k21,1%T1$k21,1%S$N2k%T#. ~116!

Another chain of interest is
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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UST~6!.SUST~4!.SUS~2!3SUT~2!. ~117!

To find the reduction~35! for this chain one observes that the basis states for irrep$1% of
UST(6) are

(
,m,

b(,m,)(SmS)(TmT)
† u0& with S5MS50, T51, MT50,61,

S51, mS50,61, T5mT50. ~118!

The states with the first and second sets of labels are basis states for irreps$0%S$1%T and
$1%S$0%T of SUS(2)3SUT(2), respectively. The U~4! irrep $11% has exactly this SUS(2)
3SUT(2) reduction, so one has

$1%5$11% for UST~6!.UST~4!@SUST~4!# ~119!

and according to Eq.~36! one has the branching rule

$l%5(
m

a~$11% ^ $m%→$l%!$m%, for UST~6!.UST~4!@SUST~4!#, ~120!

where only the Schur functions with up to four rows are considered in the plethysm. This ple
can be computed by use of Eq.~23! as input in the algorithm given in Sec. II A. In Table V on
gives the branching rules for the reduction UST(6).UST(4) for UST(6) irreps with the lowest
degrees.

The branching rules for the reduction U(4).SU(2)3SU(2) are given by Eq.~56!. Table
11-18 in Ref. 25 gives the branching rules for this reduction for U~3! irreps of degrees up to 10

VII. IBM-1 G AND F

IBM-1 can be extended by introducing bosons with angular momenta 3,4, . . . . Inorder to deal
with states of positive parity only bosons with even angular momenta are introduced. Boson
odd angular momenta are used to deal with spectra with even and odd parity levels.

The inclusion of boson pairs of angular momenta,54 in IBM-1 gave birth to IBM-1G. In
this model one has the boson creation operators

b,m with ,50,2,4, 2,<m<, ~121!

and the corresponding annihilation operators and the group involved will be U~15!. One then has
to search for chains ending with O1(3).O1(2). One ofsuch chains,

U~15!.SU~3!.O1~3!.O1~2! ~122!

was studied in Ref. 26. There, the generators of the Lie algebra of SU~3! in chain ~122! are
realized as

Xm
(1)5A1/7 @d†3d̃#m

(1)1A6/7 @g†3g̃#m
(1) ,

~123!
Xm

(2)5A1/70 $4A7/15 @d†3 s̃1s†3d̃ #m
(2)211A2/21 @d†3d̃#m

(2)

136A1/105 @d†3g̃1g†3d̃#m
(2)22A33/7 @g†3g̃#m

(2)#%,

where @T(k1)3T(k2)#m
(k) denotes coupling of O1(3) Racah tensors via Clebsch–Gordan coe

cients to producem components of O1(3) tensors of rankk and b̃, as in Ref. 15, is defined by
b̃,m5(2),2mb,2m .
hted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
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To find how the U~15! irrep $1% branches into irreps of chain~122! one observes that this irre
has three sub-bases with basis vectorss1u0&,dm

1u0&, andgm
1u0& that are left invariant by the action

of generatorsXm
(1) , showing that$1% containsL50,2,4 multiplets. On the other hand, the ge

eratorsXm
(2) mix these sub-bases showing that the SU~3! irrep contained in$1% is irreducible.

Examining theL-content of SU~3! irreps of dimension 15 one finds that the irrep$4% has theseL
multiplets. Therefore one has

$1%5$4% for U~15!.U~3!@SU~3!# ~124!

in chain ~122!.
From Eq.~36! one then obtains

$l%5(
m

a~$4% ^ $l%→$m%!$m% for U~15!.U~3!, ~125!

where in the plethysm only the Schur functions$m% with no more than three rows are considere
As before, only U~15! symmetric irreps are realized, so the onlyreducedplethysms needed ar
$4% ^ $m%. Table VI lists the U(15).SU(3) branching rules for U~15! symmetric irreps with
lowest degrees

TABLE V. UST(6).UST(4) branching rules for UST(6)
irreps with no more than 4 rows and lowest degrees.

$1%5$12%
$2%5$14%1$22%
$12%5$212%
$3%5$32%1$2212%
$21%5$321%1$2212%
$13%5$313%1$23%
$4%5$42%1$3212%1$24%
$31%5$431%1$3212%1$3221%
$22%5$422%1$3212%1$24%
$212%5$4212%1$322%1$3221%
$14%5$3221%
$5%5$3222%1$4212%1$52%
$41%5$541%1$4212%1$4321%1$3222%
$32%5$532%1$4212%1$4321%1$3222%
$312%5$5312%1$422%1$4321%1$423%1$331%
$221%5$5221%1$432%1$4321%1$3222%
$213%5$4321%1$423%1$331%
$6%5$34%1$4222%1$5212%1$62%
$51%5$651%1$5212%1$5421%1$4222%1$4322%
$42%5$642%1$5212%1$5421%1$5321%12$4222%1$34%
$412%5$6412%1$522%1$5421%1$5322%1$4231%1$4322%
$32%5$632%1$5421%1$4322%
$321%5$6321%1$543%1$5421%1$5321%1$5322%

1$4231%1$4222%1$4322%
$313%5$5421%1$5322%1$4231%1$4322%
$23%5$623%1$5321%1$43%1$4222%1$34%
$2212%5$5321%1$5322%1$4231%1$4322%
$7%5$4232%1$5222%1$6212%1$72%
$61%5$761%1$6212%1$6521%1$5222%1$5432%1$4232%
$52%5$752%1$6212%1$6521%1$6431%12$5222%

1$5432%1$4232%
$512%5$7512%1$622%1$6521%1$6422%1$5231%1$5432%

1$533%1$432%
$43%5$743%1$6521%1$6431%1$5222%1$5432%1$4232%
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In IBM-1F one considers boson pairs with angular momenta 0, 2, and 3 and the res
group is U~13!. For physical reasons it is interesting to single out the bosons with odd an
momentum and then one will have lattices of groups like

↗U~5!.O1~5! ↘
Usd~6! →SU~3! → Osd

1 ~3!

↗ ↘O1~6!.O1~5! ↗ ↘
U~13! O1~3!.O1~2!

↘ ↗
Uf~7!.O1~7! . Of

1~3!

.

~126!

The branching rules for the reduction U(13).Usd(6)�Uf(7) are given by Eq.~54! that, in
IBM-1F, reduces to

$N%5(
Nf

$N2Nf%$Nf% for U~13!.Usd~6!�Uf~7!. ~127!

Since, by Eq.~128!, the Usd(6) irrep is symmetric, thesd branch in~127! is exactly equal to
IBM-1 up to Osd

1 (3).
The Uf(7) irrep, being symmetric, produces the branch

$Nf%5~Nf !1~Nf22!1¯1~0! or ~1! for Uf~7!.O1~7!. ~128!

For the link O1(7).O1(3) one has obviously (1)5(3) and the branching rule is obtained b
calculating the plethysm

~3! ^ ~Nf !5~$3%2$1%! ^ ~$Nf%2$Nf22%!

5$3% ^ $Nf%2~$3% ^ $Nf21%!$1%1~$3% ^ $Nf22%!~$12%2$0%!

1~$3% ^ $Nf23%!~$1%2$13%!

2~$3% ^ $Nf24%!$12%1~$3% ^ $Nf25%!$13%, ~129!

TABLE VI. U(15).SU(3) branching rules for symmetric U~15! irreps of lowest degrees.

$0%5$0%
$1%5(4,0)
$2%5(0,4)1(8,0)1(4,2)
$3%5(0,0)1(0,6)1(2,2)1(3,3)1(4,4)1(6,3)1(8,2)1(6,0)1(12,0)
$4%52(4,0)1(0,2)1(1,3)12(2,4)1(3,5)12(4,6)1(12,2)12(8,4)1(5,1)1(4,3)12(6,2)1(8,1)

1(10,0)1(5,4)1(7,3)1(0,8)1(16,0)1(10,3)
$5%52(0,4)1(2,3)14(4,2)1(6,1)13(8,0)12(2,0)1(3,1)12(8,3)1(16,2)12(3,4)13(5,3)1(1,5)

13(2,6)12(4,5)14(6,4)1(14,3)1(1,8)1(3,7)1(5,6)12(7,5)1(0,10)1(20,0)12(4,8)1(6,7)
12(8,6)13(10,2)1(9,4)1(12,1)1(11,3)1(10,5)1(14,0)12(9,1)12(12,4)1(7,2)

$6%52(0,0)12(9,6)14(2,2)14(3,3)17(4,4)1(6,9)12(5,8)12(1,4)12(4,1)12(2,5)12(5,2)15(6,3)
14(0,6)15(6,0)13(7,1)17(8,2)12(4,10)12(10,1)14(12,0)15(5,5)13(4,7)14(7,4)16(6,6)
15(9,3)14(8,5)12(11,2)15(10,4)13(12,3)13(14,2)1(13,4)13(12,6)1(16,1)1(15,3)1(14,5)
1(18,0)1(24,0)12(16,4)13(8,8)1(18,3)1(20,2)12(1,7)14(3,6)14(2,8)12(7,7)12(13,1)
12(11,5)1(10,7)12(0,12)12(3,9)

$7%55(4,0)15(9,2)113(8,4)18(7,6)18(6,8)12(5,10)18(10,3)18(9,5)16(8,7)13(7,9)16(11,4)
18(10,6)13(9,8)15(12,5)13(11,7)12(13,6)13(0,2)1(2,1)13(1,3)13(3,2)19(2,4)14(5,1)
17(4,3)111(6,2)1(28,0)13(1,6)18(3,5)18(5,4)19(7,3)15(0,8)14(2,7)112(4,6)19(6,5)
18(5,7)14(4,9)12(3,11)1(19,3)13(4,12)1(6,11)13(8,10)12(10,9)15(3,8)15(2,10)1(1,12)
1(24,2)1(22,3)16(8,1)17(10,0)15(11,1)19(12,2)1(0,14)12(20,4)13(14,1)14(16,0)14(1,9)
1(22,0)16(13,3)12(15,2)16(14,4)13(16,3)12(17,1)13(18,2)12(15,5)1(17,4)13(12,8)
12(14,7)13(16,6)1(18,5)1(20,1)
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where the plethysms$3% ^ $m% with negativem’s are taken as null. After computing the plethysm
and the outer products one uses Elliott’s rules~59!–~61! to obtain the finalL f values. Branching
rules for O1(7).O1(3) resulting from Eq.~129! are given in Table VII forN51,2,. . . ,10.

One could obtain theL f values using the reduction U(7).O1(3) without the intermediate
group O1(7). In this case, Eq.~35! will be $1%5(3) and the result for U~7! symmetric irreps is

$Nf%5 (
k50

3

(
m

a~$3% ^ $Nf2k%→$m%!$m%$1k%, ~130!

where in the plethysms only Schur functions with up to three rows are considered. The U~3! irreps
resulting from the Kronecker products must be converted to O1(3) using Elliott’s rules. Obvi-
ously theL f values obtained using Eqs.~128! and ~129! and Eq.~130! are the same.

VIII. FINAL COMMENTS

The branching rules for IBM-1 are known in the literature, each one being obtained
different method. By the plethysm approach here presented all of them are obtained in a
unified way and the results obtained are used to other extensions of IBM. For some of
extensions the branching rules found in the literature are given only for simple cases with
explanation of how they were obtained, preventing the reader from extending tables when n
The material presented in this paper provides to the reader all the material to check our tab
extend them as long as he needs. Besides, the approach here used can be applied,mutatis mutandis
on other situations that need the knowledge of branching rules of subgroups of GL(n).

The tables here presented were obtained by computer programs which, by control, p
dimension tests. To avoid misprints, the output of these programs are read by another progr
produces the latex source files of the tables.
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