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We show that the method based on the tensor coupling of an appropriate family of isovector ex-
citation operators to the parent isospin multiplet can be used to advantage for the correct treat-
ment of the isospin degree of freedom in nonisoscalar nuclei. This method is applicable to any iso-
vector excitation operator and for parent states which need not be of the closed subshells type. As
an illustration we apply it to the study of the Gamow-Teller transition strength in *°Zr.

I. INTRODUCTION

The dynamical violation of isospin invariance in nuclei
is associated with the Coulomb interaction between pro-
tons. However, since the strong nucleon-nucleon in-
teraction conserves isospin, this violation can be disre-
garded in a first approximation. In fact, Bohr and Mot-
telson demonstrated that the isospin impurities in
ground states of nuclei, even the heavy ones, where the
Coulomb interaction plays a relatively important role, do
not exceed a few tenths of a percent.1 As a consequence,
the nuclear spectrum tends to split into isospin multi-
plets. A well known manifestation of this effect is the
fragmentation of the dipole resonances in nuclei with a
neutron excess and, consequently, nonzero ground state
isospin.2 This phenomenon, though hard to detect ex-
perimentally, is predicted to be a general feature of iso-
vector resonances.

Most of the theoretical investigation of the distribu-
tion of the transition strength of giant resonances is done
by diagonalizing the Hamiltonian in the subspace of
one-particle—-one-hole (1p-1h) excitations of nuclei with
a closed subshells ground state, chosen for the parent
state. This is the so called Tamm-Dancoff approxima-
tion (TDA). However, for Ns%Z nuclei and isovector
excitations, the resulting states do not have, in general,
good isospin. In this framework, the isospin invariance
can be restored by taking into account appropriate 2p-2h
and 3p-3h excitations, as done in Refs. 3 and 4.

Taking advantage of the simplifying features of these
configurations, those authors first determine, in each
case, which isospin multiplets will appear. When all
multiplets exist, standard techniques of Racah algebra
are used to construct the good isospin states. In the
remaining cases, the authors make use of excitation
operators which do not have good isospin, leading to the
necessity of alternative techniques to construct the good
isospin states.

The main purpose of this paper is to show that the
technique of Racah coupling can be used, to advantage,
in all cases. We not only show how to construct good
isospin states but we also give criteria to decide, a priori,
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which excited isospin multiplets exist in each case. We
find this method simpler and more transparent than the
previous ones,>* with the additional advantage that it
can be used for any isovector excitation operator and for
parent states which need not be of closed subshells type.
The same point of view was adopted by Rowe and Ngo-
Trong in the general context of their tensor equations of
motion technique.’

Our paper is organized as follows: in Sec. II we
present the method to construct good isospin states,
based on the tensor coupling of an isovector excitation
operator to the parent isospin multiplet. As in Refs. 3
and 4, we give criteria to decide a priori which excited
isospin multiplets exist in each case and show how to re-
late the reduced matrix elements of an isotensor operator
between good isospin states to its matrix elements be-
tween the doorway states, i.e., the states resulting from
the action of each component of the isovector excitation
operator on the parent state. We also present TDA-type
equations conserving isospin but effectively involving
only the excitations of the parent state.

As an illustration of the method, in Sec. III, we apply
it to the study of the Gamow-Teller transition strength
in %°Zr, taking for parent state not just the closed sub-
shells configuration but also the 2p-2h
(m1gq,,)*(m2p 5 )? configuration.

II. THEORY

A. Construction of good isospin basis

In order to keep the discussion in the most general
terms possible, we shall assume about the parent state
(P;ToT,) only that it has good isospin Ty=MN —2Z)
and, furthermore, is a state with maximum alignment in
isospin; that is,

T, |P;TyTy)=0, (1
where T, is the isospin raising operator. By successive
applications of the isospin lowering operator 7' _ on the
parent state, followed by normalization, we can con-
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struct the whole set of analog states |P;T0MTO>, with
MTO:TO,TO—I, ..., —T,, which form the parent iso-
spin multiplet. We are interested in the excited states
resulting from an isovector excitation of this multiplet,
represented by a certain family of excitation operators
0,,, , with m_=+1, 0, and —1, which form an isospin
standard tensor of rank 1.

The doorway states, Oy |P;ToTy), O | P;ToTy),
and O,_, |P;T,T,), are the main components of the
excited states of interest. However, they are not
sufficient, in general, to build states with good isospin.
In fact, those are given by

| TM )= (1Tom My—m_ | TMp)

m

XolmTIP;TO’MT_mT> ’ ()

where (1Tym Mpr—m_|TM;) are Clebsch-Gordan
(CG) coefficients. The isospin T of the excited states can
in general take the values T=T,+1, Ty, and Ty—1. It
may, however, happen, depending on the structure of
the parent state and/or the nature of the excitation con-
sidered, that some of these isospin values do not occur,
in which case the corresponding states defined in Eq. (2)
are identical to zero. The equation, however, has gen-
eral validity and can be inverted by making use of the
orthonormality properties of the CG coefficients, to give

OlmT | P;TOMT())
=§(1T0mTMTO|TMT0+mT)|T,MTO-f—mT) )
Before proceeding, we write down, for future use, the

explicit form of Egs. (2) and (3) for the states of interest.
These are

| To+1,To+1)=0,, | P;T,T,) , 4
T 1/2
0
| To+1,Ty) = To+1 011 |P;To,To—1)
0
1 172
m 010 |P,T0T0> 5 (5)
172
1
|T0T0>= m O“|P;T0,T0—1)
0
To 1/2
T+ Oy | P;ToTo) , (6)
0
| To+1,Ty—1)
To(2Ty—1) ”20 BT T2}
T (Ty+1)(2Ty+1) 1 [PiTo. To—
4T 172
0
P;T,,Ty—1
T nensn | CelPTeTo—l)
1 172
T ner,en | O 1BTeTo) s O
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2T0__1 172
|T07T0_1>= m 011|P;T0,T0—2)
To—1
—WOIMP;TO,TO_U
1/2
1
To+1 O,_,|P;T,T,) ,
and
‘To—l,To_l)
1 1/2
=7 oo | OulPiTeTo—2
To(2Ty+1) 1| 0 To—2)
2T, —1 172
~ | Toargrn | CwlBTeTo=D
2T0—1 172
T2t 11 O,_,|P;T,Ty) ,
0

for the excited basis states with good isospin,

O, |P;ToTy)=|To+1,Ty+1),
1 1/2
Oy | P;ToTy) = T +1 | To+1,Ty)
0
172
TO
T +1 JTOTO>’
0
and
O,_,|P;T,T,)
1/2
_ 1 | To+1,Ty—1)
(To+1(2To+1) or o
1 172
- Ty, To—1
T0+1 | 0 0 )
2To—1 | Ty—1,Ty—1)
2T +1 [ To=1To—17,
for the doorway states, and
T 1/2
0,,|P;Ty,Ty—1)= Toil | To+1,T)
1
+ Toil | ToTo)
Oy |P;Ty, Ty—1)
47, v Ty+1,Ty—1)
= ety | | TotbTo-
T,—1
—_— | Ty, To—1)
[ToTo+ 1y | 1070
2T, —1

172
R Ty—1,To—1),
T0(2T0+1)l [ To=LTo—1)

(13)

(14)
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and
O, |P;Ty, Ty—2)
T,(2T,—1) |7
= Torvergrn | TotbTo=D
2T,—1 |7 T 1)
t\TTern | [ TeTo
1 172
+ [m lTO—l,T0—1> s (15)

for the remaining basis states. These equations show
clearly that the doorway states do not, in general, have
good isospin and, in order to construct pure isospin
states, we need to expand the set of basis states to in-
clude, besides the doorway states, the auxiliary
states O, | P;Ty,To—1), Oy |P;Ty,Ty—1), and
0, |P;Ty,Ty—2).

We want to establish now simple criteria to decide
which values of the isospin T of the excited multiplets
do effectively occur in each possible case. We note first
of all that, if the doorway state O, , | P;T,T,) was
zero, then all the three excited isospin multiplets would
be zero, as follows from Eq. (12), if one remembers that
the three states on the right-hand side of this equation
are orthogonal to each other. This would imply that all
the basis states given in Egs. (10)-(15), including the
doorway states, would also be zero and we would have
no excited state of the kind at all. We shall, therefore,
assume that

O, ,|P;T,Ty)+0 . (16)

There are, then, three separate cases to consider.?

First case: T, O,_, | P;TyTy)=0. It follows immedi-
ately from this equation that the doorway state
O, ,|P;T,T,) has T =T,—1. Furthermore, commut-
ing the two operators acting on the parent state in the
above equation one sees that it is equivalent to

0, |P;TyT,)=0, (17)

where use has been made of Eq. (1). This in turn im-
plies, through Eq. (11), that the excited multiplets with
T=Ty,+1and T =T, are zero. Thus, the only possible
isospin value is T'=T,—1 and the corresponding state,
constructed in the usual way as indicated in Eq. (2), is
given, from Eq. (12), by

2T +1
2T, —1

172

| To—1,Ty—1)= O,_,|P;TyTy) . (18)

In the present case, therefore, the isovector excitation
can only reach states in the nuclide (N —1,Z + 1), where
N and Z are, respectively, the neutron and proton num-
bers in the parent nuclide. The subspace of excited
states of the kind considered here is one-dimensional, the
state vectors given in Egs. (10), (11), and (13) are zero,
and those given in Egs. (12), (14), and (15) form an over-
complete basis, being related to each other as follows:

172

! 0, (|P;T,T,) (19

010|P;T0,T0—1>=—~ l"ﬁ

and

0, |P;Ty,Ty—2)=

1 172
ml—)] O,_,|P;ToTy).

(20)

Second case: T, O,_, |P;TyTy)+0 and T%0,_, | P;
T,T,)=0. The first condition is equivalent to

O | P;ToTy)+0 . 1)

The second one implies that the above state has T =T,
and is equivalent to

011 |P;TOT0>=0 . (22)

This means, in view of Eq. (10), that | To+1,To+1) is
zero. Consequently the multiplet with T =T+ 1 does
not appear in this case and the excitation cannot reach
states in the nuclide (N +1,Z —1). Since | To+1,T,)
must also be zero, Eq. (5) shows that there is the follow-
ing linear dependence between the basis vectors for the
nuclide (N, Z):

172

04, |P;To,Ty—1)=— _Tl- Oy |P;ToTo) . (23)
0

Furthermore, Eq. (11) gives directly
172

Ty+1
|T0T0)=—[ 2 O, | P;ToTy) , (24)
0

guaranteeing the occurrence of the multiplet with
T =T, in view of Eq. (2.1). Making use, now, of the
fact that the state vector given in Eq. (7) is zero one gets

0, | P;Ty, To—2)

4 1/2
= — 2’1_'0—“1 010|P;T0,T0——1)
1 1/2
— == P;T,T 25
T0(2T0‘—1) Ol—ll »40 0) ’ ( )

showing that the basis for the nuclide (N —1, Z +1) is
overcomplete. Since the multiplet with T =T, has been
shown to occur in the present case, the state
| Ty, To—1) is necessarily nonzero and, introducing Eq.
(25) into Eq. (8), one gets for it

172
T,+1
| Ty;Ty—1)=— °T Oy | P;Ty,Ty—1)
0
(T +1)1/2
—-—"T——o,_,1P;T0T0>, (26)
0

which, as it should be, is the analog of the state (24).
There is, however, no guarantee that the multiplet of iso-
spin Ty —1 will also occur. The condition for this to be
the case is, as can be seen in Eq. (12), that the projector
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onto the subspace of isospin Ty,—1 applied to
O,_,|P;T,T,> gives a nonzero state. This is

equivalent, as can be seen from Egs. (11) and (12), to say-
ing that O,_, | P;TyT,) should not be merely the ana-
log of O,y | P;T¢T,). Assuming that this supplementa-
ry condition holds, | Ty—1,T,—1) will be nonzero and,
introducing Eq. (25) into Eq. (9) one gets

| To—1,Ty—1)
2er1 |
—_ m OIO‘P;TO’TO_1>
To+1 [2Ty+1 |'?
Ty |27,—1 O,_1|P;ToTy) . 27)

In summary we conclude that in the present case the
multiplet with T=T,+1 does not occur, the excited
multiplet with T =T, necessarily occurs and the one
with T=T,—1 will occur provided the above men-
tioned supplementary condition is satisfied.

Third case:

T,0,__|P;ToTy)+#0
and
T%20,_, | P;TTo)+#0 .

The above conditions are equivalent to
Oy | P;TyTy )0 (28)
and
0, |P;TyTy)+#0, (29)

meaning, together with (16), that all three doorway
states are nonzero. Condition (29) guarantees, in view of
Eq. (4), that the multiplet with T =T+ 1 will appear in
this case, and we will have an excited state in the nuclide
(N +1,Z —1). Coming to the nuclide (N,Z), the state
| To+1,T, ), given in Eq. (5), is necessarily nonzero. As
in the previous case one needs an extra condition to
guarantee the occurrence of the other multiplet. Thus,
state | ToT,) will be nonzero only if the projection of
O, |P;TyTy) onto the subspace of isospin T, is
nonzero. Similarly to the previous case this is equivalent
to the statement that O,y | P;T(T,) should not be mere-
ly the analog of O, | P;T,T,). Finally, getting to the
nuclide (N —1,Z +1), the states |Ty+1,T,—1) and
| Ty, To—1) are nonzero, assuming for the latter that
the supplementary condition above is satisfied. Again,
to guarantee the occurrence of the 7 =T,—1 multiplet

J
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one has to impose the same supplementary condition as
in the second case. Now, however, as can be seen from
Egs. (10)-(12), this means that O,_, | P;T,T,) cannot
be written as a linear combination of the analog of
O, | P;T,Ty) and the double analog of Oy, | P; T T, ).

The above scheme for the determination of the non-
vanishing excited isospin multiplets resulting from a
given isovector excitation and parent state, satisfying
Egs. (1) and (16), is summarized in Table I.

B. Norms and matrix elements

The states we have been dealing with are not neces-
sarily normalized. Their norms, however, can all be
written in terms of those of the three doorway states,
whose squares we shall denote by £(m ) in the following;
ie.,

Em )=(P;T Ty |0}, O, |P;T,Ty) . (30)

To see this, we start by noticing that the Wigner-
Eckart theorem assures us that we can write the follow-
ing expressions for the overlaps of the states defined in
Eq. (2):

(TM; | T'M;) =818 (7). 31

’
Y vl

We, then, make use of this result to compute the norms
of the states defined in Egs. (10)—(12) and invert the re-
sulting equations to get, for the normalization constants,

MnTy+1)=E(1), (32)
1 To+1
n(T0)=—}:§(1H— T, £(0), (33)
and
n(TO——l)zT—O(—Z—]I:O_—I)é”(l)
2T, +1 2Ty +1
~Toar, 8Ot D G

Since the norm of any state of interest can be written in
terms of the normalization constants 7(T), they can also
be written in terms of §(m ).

We turn our attention now to the calculation of the
reduced matrix element of an isotensor operator Wim » of

isospin rank t, between the parent and the good isospin

basis states defined in Eq. (2). Making use of standard
procedures of Racah algebra one gets

(T|W,|P;To)=V2T +1 3 (=) "W20 L 1W (11T, T;0T)(P; T, ||(O X W,)e||P; T4 (35)
2]

where W (1tT,T,;0T) is a Racah recoupling coefficient, 51,,,7 is the tensor adjoint operator defined by

1+mr

Oim =(=)""70,_,, )",

(36)

and the multiplication sign ( X ) indicates tensor coupling, i.e.,

(—0_1 X Wt )OmeE z(ltm‘rme_mr I 6m9)51mTWt,m8—mT .

me

37
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TABLE I. Scheme for determination of existing excited isospin multiplets. In all cases O,_, | P)s<0, where | P) is the parent

state.
Existing
excited
Defining Equivalent isospin
Case conditions conditions multiplets Required supplementary conditions
First T,0,_,|P)=0 O, |P)=0 Ty—1
Second T,0,_,|P)#0 O, |P)#£0 To ,
T30, ,|P)=0 0, |P)=0 To—1 0|~1|P>757—2;T0‘010|P>
Third To+1
T,0,_,|P)+0 Oy | P)£0 T, Oy 1P>¢m0n |P)
T
2 _ P — -_ -
T%0,_,|P)s0 0, |P)+0 To—1 O, | >#\/2T0010|P> 2T0(2T0+1)0”|P>
One has, furthermore,
— (2T, +1D'? 1
(P;To||(O, X W)lIP; Ty )= 0 S (=) "1t —mm, | 00)P;ToTo | O]y Wi | P5ToTo) , (38)

(To08T 0| ToT,) <

which, inserted into Eq. (35), leads to the result

r+T0—

(T||W,|P;Ty)=(—)

m,

where

T+0+m‘

Pr(1TytTym) =3 (—) “To[(2T, +1)(20+
0

The above equations are equivalent to the analogous
ones obtained in Refs. 4 and 5. In particular, the trans-
formation coefficients defined in Eq. (40) are identical to
the ones introduced in Ref. 4. However, we give in the
next section a simple technique to obtain their numerical
values without having to perform the tedious calcula-
tions indicated in that equation. )

An important point to notice in Egs. (30)-(34) and
(39) is that, even though the correct treatment of isospin
requires, in general, the extension of the basis to include,
besides the doorway states, the auxiliary states given in
Egs. (13)—(15), all calculations (norms and matrix ele-
ments) can be performed in a way that involves only the
parent and the doorway states. This is of great practical
value because, in a specific calculation in which the
doorway states involved at most n-particle—n-hole
configurations, the auxiliary basis states would involve,
in general, up to (n +42)-particle—(n +2)-hole
configurations [cf. Egs. (13)-(15)], which, were it not for
the point just mentioned, would considerably increase
the computational task. This point has already been
made in Refs. 4 and 5 in the special case of parent states
with closed subshells and excitation operators of
particle-hole type. What we have shown here is that this
result depends only on the fact that the parent state has

VAT 13 Pr(1Tg;tTo;m, ) P;ToT, | Ol Wim, | P5ToTo) (39)

D]'V2W (14T, Ty;6T) (e —mym, | 60) (40)
S OT T I (T0T 0 | ToTy)

good isospin and on the isotensor nature of the excita-
tion operator.

C. TDA equations

In a TDA type calculation, the excited states of in-
terest can be reached though several excitation opera-
tors, O,,, (a), which in general can have different iso-

T

tensor ranks. For instance, in a one-particle—one-hole
calculation, isovector and isoscalar operators would ap-
pear. From the point of view of isospin, the isoscalar
case is trivial. On the other hand, other isotensor ranks
can be treated similarly to the isovector case. With
these remarks in mind, we shall include explicitly, in the
following, isovector excitations only, since in our paper
the emphasis is on the technique for constructing good
isospin states. However, this might be appropriate in a
realistic situation depending on the value of the final iso-
spin.

We write, then, for the excited basis with good isospin

|a; TM ;)
=3 (Tom Mpr—m | TM7)O0y, (a)|P;ToMr—m ),

m.

(41)
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in analogy to Eq. (2). The rest of the preceding discus-
sion can be applied to each excitation separately.
In the Tamm-Dancoff approximation, the excited

states, labeled by n,

[n;TM7) =3 X(a;nT) |a;TM7) , (42)
and the corresponding excitation energies E(n7T) are
determined by diagonalizing the (isoscalar) nuclear Ham-

iltonian H in the subspace spanned by the excited basis
given in Eq. (41); that is, by solving the TDA equation

S (a;T||H|a';T)X (a';nT)
=E(nT) Y (a;T|la';T)X (a';nT) . (43)
<
The summation over a should run only over the transi-

tions which can lead to the given isospin, 7T, according
to the discussion of subsection A. We are assuming that
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TABLE II. Values of the transformation -coefficients
Pr(1Ty;1Ty;m ).
m. +1 0 -1
T
To+1 1 0 0
1 Ty+1 .
T —_ _— 0
© T, T,
_ 1 2T, +1 2T, +1
o~ To(2Ty—1) T To(2Ty,—1) 2T,—1

the excited basis states are orthogonal to the parent iso-
spin multiplet and are not coupled to it by the nuclear
Hamiltonian.

The reduced matrix elements appearing above are in
turn given by

(T TY=(—)"T Ny T)0,(a)||P; Ty )
=V2T +13 Pr(1Tg;1Tg;m ) P; Ty Ty | Oy ()70, (@) | P3ToTy) (44)
and
(o;T||H|la";T)=(— )HT(’AT(a;T||(H01(a’))||P;T0)
=V2T +13 Pr(1Tg;1Tg;m ) P; T, T, | Oy, (@)'HO,,, ()| P;T,T,) , 45)

r

where, in both cases, we have made use of Eq. (39).

As a byproduct we notice that, comparing Eq. (44) for
a=a' with Egs. (32)-(34), one can read off the explicit
expressions for the transformation coefficients. Those
are listed in Table II.

III. APPLICATION

As an illustration of our method we are going to dis-
cuss the unperturbed Gamow-Teller transitions in *°Zr.
In an unperturbed calculation each many-particle
configuration is an eigenstate of the unperturbed Hamil-
tonian. Therefore, in this case, it is meaningful to in-

I

clude only those configurations which carry Gamow-
Teller strength.

The Gamow-Teller transition operator transforms as a
tensor of rank 1 both with respect to rotations in posi-
tion spin as in isospin spaces, and is given by

m A
Gin? =3 &1y (KN, (k) (46)
k=1

where 61ma(k) and 7, (k) are the standard spherical

components of the Pauli spin matrices and the isospin
operators, respectively, for the kth nucleon. Alternative-
ly, one has, in second quantized form,

Gim® =38, , 8 [(2), + 12, + DI W (L1, js bjaf xbhine 47)
rs

where the multiplication sign indicates, here, tensor cou-
pling with respect to both position spin (upper indices)
and isospin (lower indices). The operator

(48)

t_ ot
4r =AQq n,1,j,m,

[

creates a neutron (g, =+ 1) or proton (g, = — ) in state
r and b: is related to the destruction operator by

g 1/24q,+j,+m
bT i —( — s s s ) 49
qsnsls-/sms ( ) 4N ls-’s —mg ( )

so that it have the transformation properties of a stan-
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(b) IP; 2p-2h>

FIG. 1. Configurations for the ground of *°Zr. Particles are
represented by crosses (X ) and holes by open circles (O). A
bar connecting two particles or two holes indicates that the
pair is coupled to J7=0". For each such pair a normalization
factor equal to 1/V'2 is understood.

dard tensor in position-spin and isospin spaces.
It is clear from Eq. (47) that the appropriate set of ex-
citation operators for this problem is

Oy (s—r:lm,)=(axbHine (50)

which can also be written in the form

(afxbhiT7=—(al, xbl)"" (51)
1 1
(afxbf)u')""=—‘/l—5[(a1,><bzs)lm"—(aj,,xbjm) "1,
(52)
and
1
(atxbhme=(al bt )", (53)

where we have explicitly performed the tensor coupling
with respect to isospin. The operators labeled by = (pro-
tons) or v (neutrons) appearing on the right-hand side of
these equations are directly related to the ones defined in
Egs. (48) and (49), except that they are tensors in
position-spin space only.

The experimental evidence indicates that the ground
state of *°Zr is well represented by a linear combination
of the closed subshells configuration, | P;0) [Fig. 1(a)],
and the 2p-2h configuration (wlg,,,)%(m2p5)?, | P;2p-
2h) [Fig. 1(b)], with comparable probabilities.® Choos-
ing the former as the vacuum, the latter is given, with
the correct normalization, by

2645
I I .
—x— — | —o— _
T | v T
(a) 992 Y9r2 (b) 97/, Gg, (€) 95 9gy2
me =1 m,=0 me == 1

FIG. 2. Doorway states for the Gamow-Teller and related
transitions based on the closed subshells parent configuration,
| P;0). The single-particle levels are the same as those of Fig.
1. Each figure corresponds to a state written down in second
quantized form with particle and hole creation operators ap-
pearing in the same order as the corresponding crosses and
open circles are read from the figure, i.e., from left to right and
from top to bottom

| P;2p-2h)
1.t t 003 1 t 00 .
_7(0"39/2 89,2 P12 Xbﬂpl/z) ‘P’()) :
(54)
Of course, both configurations have J7=0% and

Toy=My =5. Since this is an unperturbed calculation,

we will consider separately the action of the excitation
operators on each one of these two configurations, taken
as parent states, and determine, for each case, the possi-
ble isospin values according to the discussion of Sec.
ITA. We will also give explicit expressions for the door-
way states.

For the transitions based on | P;0) the results of this
discussion are summarized in Table III and we shall give
no further detail here, since in this case, our method is
equivalent to the one of Refs. 3 and 4.7 The nonzero
doorway states are

T T lm, .
(039/2 ngwz -7 P;0),

1
(a]  xb] )77 |P;0),

81,2 89,2
and

+

toyime o,
4 Xbl )07 | P;0) .

a
( 89,2

A pictorial representation of these states is shown in Fig.
2.

TABLE III. Classification of Gamow-Teller transitions in *°Zr based on | P;0) according to iso-
spin structure following the discussion of Sec. I A. Also tabulated are the squared norms of the
doorway states, £(m ), and of the good isospin states, 7( 7).

Values of &§(m )

Values of n(T)

m., T
Transition —1 0 +1 4 5 6 Case
1g9,,— 189, 1 0 0 u 0 0 First
1892187, 1 T 0 1 2 0 Second
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For the transitions based on |P;2p-2h ), we notice
first of all that the relevant ones, i.e., those whose excita-
tion operators satisfy (16), are (i) 2p;,—2p;,, (i)
189,,— 1892, (il) 2p;3,,—2p, 5, and (iv) 1gg,,—1g7,;.
We proceed to discuss each one of them in detail.

(i) Transition 2p,,,—2p,,,. It is easily seen from Fig.
1(b) that

(@] xb! oo |P;2p-2h)=0, (55)

(V) [SV)
since this J =1 excitation is possible neither for neutrons
(2p, 5 level is totally filled) nor for protons (2p,,, level
is empty). Therefore it belongs to the first case of Sec.
IT A and the only possible isospin multiplet is the one
with T =T, —1=4. The only nonzero doorway states is
(ay ,Xb) );"¢|P;2p-2h), which is pictorially
represented in Fig. 3(a). Its norm, V'E(—1), can be
directly computed from the above expression, and that
of the good isospin state, V'1(4), can be obtained from
Eq. (34). The results are summarized in Table IV.

(ii) Transition 1g4,,— 184 ,,. Similarly to the previous
case one has

(a] xb!

89,2 89,2

ﬁén" | P;2p-2h) =0, (56)

since two protons in the same level cannot have J =1
The transition belongs to the first case and only the
T =4 multiplet occurs. The only nonzero doorway state
is ((1;9/2 ><bé;r9/2 )irZ‘{ | P;2p-2h), which is represented in
Fig. 3(b). Its norm, which must be directly computed,
and that of the good isospin state, obtained from Eq.
(34), are given in Table IV.
(iii) Transition 2p,,,—2p,,,. We notice, first of all,
that
() xbf 7 |P;2p2h)=0, (57)
since the 2p,,, level is completely filled with neutrons
(Fig. 1b). On the other hand, the doorway state with
m =0 is different from zero, since the neutron transition
is possible. We are dealing therefore with a transition
belonging to the second case studied in Sec. II A. The
supplementary condition is satisfied, since the doorway
state with m_= —1 is clearly seen to be different from
the analog of the one with m_=0. Therefore, the iso-
spin multiplets are the ones with 7T =T,=5 and
T=T,—1=4. The  nonzero  doorway  states
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P o [ R — LT
— [ | = e
Reap l =|--| L[5
|- e
ooy S v | = v o
(@)p,, Py, (b1, Gy (€)g5,,9,, (9) 95, 0y,
m,=-1 m=-1 m=+1 m=-1

JE— |

=F L IE A

T i T

[ A Y

— — Vg ——
fe) P33Py (d Pz P2 i Yo7z 9772

m, =0 my=-1 m.=0

FIG. 3. Doorway states for the Gamow-Teller and related
transitions based on the two-particle-two-hole parent
configuration | P;2p-2h). The single-particle levels and con-
ventions are the same as those of Figs. 1 and 2.

t o b, t
(ap”2 X?’[;yz )10 ° | P;2p-2h) and (ap”2
xb! ){_9 | P;2p-2h) are shown in Figs. 3(c) and 3(d),

P32
respectively. All norms of interest are given in Table IV.

(iv) Transition 1g5,,—1g7,,. In this case the door-
way state with m_= 41 is nonzero, since there are pro-
tons in the g4,, level and no neutrons in the g,,, level
[Fig. 1(b)]. The transition belongs, therefore, to the
third case of Sec. II A. The supplementary conditions
are fulfilled, since (i) the doorway state with m_=0 is
obviously different from the analog of the one with
m_=+1, and (ii) as can be easily seen, the doorway
state with m_= —1 cannot be written as a linear com-
bination of the double analog of the doorway state with
m_=+1 and the analog of the one with m_=0. As a
consequence, the three isospin multiplets, i.e., those with
T =4, 5, and 6, appear. The doorway states

+
81,2

1m
Xbe 1 °|P;2p-2h) ,

a
( 89,2

im

(a]  Xb] )| P;2p-2h) ,

87,2 89,2
and

t t
(ag7/z ><b39/2

im
);_¢ | P;2p-2h)
are shown in Figs. 3(e)-3(g). Norms are given in Table
Iv.

To end this section we discuss the computation of the

TABLE 1IV. Classification of Gamow-Teller transitions in **Zr based on | P;2p-2h) according to
isospin structure following the discussion of Sec. Il A. Also tabulated are the squared norms of the
doorway states, §(m ), and of the good isospin states, 5(7T).

Values of &(m )

Values of n(T)

m, T
Transition —1 0 +1 4 5 6 Case
2p12—2p1p2 1 0 0 > 0 0 First
189,189, $ 0 0 e 0 0 First
2p32—2p1p2 1 3 0 1 3 0 Second
189, — 187, 1 3 1 Z iz + Third
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TABLE V. Unperturbed distribution of strength for
Gamow-Teller and related transitions starting from |P;0)
configuration of *°Zr.
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TABLE VI. Unperturbed distribution strength for Gamow-
Teller and related transitions starting from |P;2p-2h)
configuration of *°Zr.

Transition S ,(,,Ol (s—r;T) Transition N ,‘,,OT’ (s—r;T)
(s—r) T m,.=—1 m_=0 m,.=+1 (s—r) T m.=—1 m,=0 m,=+1
1g9,,—189,2 4 %5 2p12—>2p1 2 4 %
1g9,2—187,2 4 8 1g9,2—189,2 4 %4‘
5 5 3 2
Total strength 15 L 0 32210 4 El .
5 s 3
189,2— 187, 4 %
5 136 136
135 287 16
6 7 7 5
unperturbed distribution of Gamow-Teller strength
based on each of the two parent configurations in °°Zr  Total strength Bl 2 3

mentioned above. Quite generally, the transition
strength from the parent state |P;T,T,) to the final
state | f; Ty, To+m,), in the residual nucleus, is defined
as

Sm (f3T)= | {f;T,To+m |Glp |P;ToTo) |*,  (58)

where the matrix element is reduced with respect to an-
gular momentum only. We are considering the case of
parent nucleus with angular momentum J,=0. Other-
wise, for unpolarized targets, the above expression
should be divided by 2J,+1. The total transition
strength is then given by

Sp. =35, (f;T). (59)
LT

It can be easily shown that it satisfies the following non-
energy-weighted sum rule

S_I—S+1=%(N—Z). (60)

This is exact and should hold even in an approximate
calculation as long as the model space for the residual
nucleus contains all the doorway states as in the present
case. More specifically, it must contain the state result-

ing from the action of the Gamow-Teller operator, Eq.
(47), on the parent state. Since our interest here is mere-
ly to illustrate our method we shall not worry about the
well-known problem of the quenching of the Gamow-
Teller strength.

In an unperturbed calculation we take as final states of
the residual nucleus their good isospin states obtained as
discussed in Sec. II A. That is, we write for each transi-
tion s —r

|f’T’T0+mT>: 1 ) |s—>r;T,T0+mT>,

Va1
(61)

where the state vector on the right is constructed as
shown in Eq. (41) and the factor in front of it takes care
of normalization. One gets, for the unperturbed transi-
tion strengths,

Spl(s —>r;T)=8, , 8; ; 3(2j, + 1(2j,+ DW(S11,j,;3j (1 Tom To | T,To+m V(s —r;T) . (62)

The results of this calculation, taking the closed sub-
shells and the 2p-2h configurations in °°Zr as parent
states, are listed in Tables V and VI, respectively. One
can check that the sum rule, Eq. (60), is satisfied in both
cases. For a parent state of the general form

|P)=a |P;0)+b | P;2p-2h) , (63)

the unperturbed transition strengths would be given by
the averages of the corresponding results for each of the
two parent configurations with weights |a |%and |b |2

IV. SUMMARY AND CONCLUSIONS

We applied the method based on the tensor coupling
of the excitation operators to the parent isospin multi-
plet’ to the study of isovector excitations in N=£Z nu-
clei. This approach is completely general, since no re-
striction is made on the nature either of the parent state
or of the excitation operator. We have shown that this
method applies even when some of the possible excited
isospin multiplets do not occur. What happens in such
cases is that some of the states Oy, |P;T0MT0>, Eq.
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(3), are either linearly dependent or have zero norm.
(See discussion of the first and second cases in Sec. IT A.)
However, the good isospin states are correctly given by
Eq. (2) in all cases. We give general criteria, which de-
pend only on the properties of the doorway states with
respect to isospin, that make it possible to decide, in
each specific case, which excited isospin multiplets will
effectively appear. We also show how to express the
relevant matrix elements of operators of physical interest
in terms of excitations of the parent state only, and give
explicit expressions for the geometrical coefficients need-
ed for the computation of these matrix elements.

Our methods for the treatment of isovector excita-
tions, which adopt a different point of view, have already
appeared in the literature.>* However, they can be used
only for parent states with closed subshells and excita-
tion operators of particle-hole type, in which case the re-
sults are identical to ours.” Nonetheless, despite the gen-
eral character of our method, we find it conceptually
more transparent and computationally simpler to use.
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In the interest of clarity, we limited our considerations
here to isovector excitations. However, the treatment of
the isospin degree of freedom for isoscalar excitations is
trivial, as is clear from our discussion. Therefore, exci-
tations which are a mixture of isovector and isoscalar
components would present no problem to the application
of our method. It is also clear how to generalize it to in-
clude isotensor excitations of higher order, which would
be of relevance, for instance, to the study of A-hole exci-
tations.’

As a simple illustration of the power of our method
we applied it to the discussion of the Gamow-Teller
transition strength in °°Zr, including in the parent state
a configuration which is not of the closed subshells type.
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