e IET - UNESP

e ® o, INSTITUTO DE FiSICA TEORICA

Phd Thesis IFT-T.001/2026

Linearized S—deformation of ' =4 SYM

Segundo Parra Milidn

Advisor

Andrer Mikhailov

January 2026



Parra Milian, Segundo
P259L Linearized B-deformation of N = 4 SYM / Segundo Parra Milian. — Sao
Paulo, 2026.
77 f.:il. color.

Tese (doutorado) — Universidade Estadual Paulista (Unesp), Instituto de
Fisica Tedrica (IFT), Sao Paulo
Orientador: Andrey Mikhaylov

1. Fisica tedrica. 2. Teoria de Yang-Mills. 3. Supersimetria. I. Titulo

Sistema de geracdo automatica de fichas catalograficas da Unesp. Biblioteca
do Instituto de Fisica Tedrica (IFT), Sdo Paulo. Dados fornecidos pelo
autor(a).




LINEARIZED 3 -DEFORMATION OF N =4 SYM

Tese de Doutorado apresentada ao Instituto
de Fisica Tedrica do Campus de Sao Paulo,
da Universidade Estadual Paulista “Jdlio de
Mesquita Filho”, como parte dos requisitos
para obtencao do titulo Doutor em Fisica,
Especialidade Fisica Tedrica.

Comissao Examinadora:

Prof. Dr. ANDREY YURYEVICH MIKHAYLQOV (Orientador)

Instituto de Fisica Teérica/UNESP

Prof. Dr. GASTAO INACIO KREIN

Instituto de Fisica Tedrica/UNESP

Prof. Dr. NATHAN JACOB BERKOVITS

Instituto de Fisica Tedrica/UNESP

Prof. Dr. EDUARDO CASALI

University of California

Prof. Dr. BRENNO CARLINI VALLILO

Exact Sciences School/Universidad Andrés Bello

Conceito: Aprovado

Séo Paulo, 27 de janeiro de 2026.



To those who have passed away due to Covid-19



Acknowledgments

I thank the Great Spirit for everything.

I thank my family for being present in countless ways throughout these years. A special
thanks to Rosendo — I love you, brother.

I am deeply grateful to Andrei Mikhailov for being my advisor, for his guidance, his
teachings, and his constant support over the years. I also thank him for the kindness of
meeting me at the Barra Funda terminal on my very first night in Sdo Paulo, a gesture 1
will never forget.

I thank the examination committee for their time, careful reading, and valuable
comments, which helped improve the preliminary version of this thesis.

I am extremely indebted to Fernando E. Serna for the countless discussions and shared
moments, for encouraging me in many aspects of life, and for his unwavering support,
especially during the pandemic. We are brothers in every sense.

I am very thankful to Luis Alejo, Luan Koerich, Wei He, Ivan Morales, Johan Renzo,
Gabriel Caro, Carlos Bautista and Emerson Chiquillo for all the moments we shared and
for the many spontaneous discussions that enriched both my work and my life.

I would also like to thank Nathy Rocha and Marcia Vianna for the therapy sessions
and for their invaluable support during difficult times.

I am deeply grateful for having found a family at the Nhanderu Institute. Thank you
all for the support you have given me since the moment I asked for help, for the integrative
therapies, and for the rituals with forest medicine. My sincere thanks to Marcao, Nathy,
Adriano, Tuca, Bruno, Day, Karai, Ricardo, Fabricio, Regina, Keila, Patricia, and Nano.

I thank the IFT community for all these years. Many thanks to Rosane and Luzinete
for their constant assistance with administrative matters. I am grateful to the professors
from whom I had the privilege to learn, and to Dona J6 for preparing coffee every working
day, which made the institute feel like home. I also acknowledge the financial support of
CNPq through grant no. 154704/2014-8.

I am very thankful to the Anshin PoleStudio family. Kbelo, Kaka, and Aura — you
are all amazing. Thank you for the friendship, the trust, and all lessons.

Finally, I thank everyone who, in one way or another, crossed my path and contributed

to this journey.

i



“What we observe is not
nature itself, but nature

exposed to our method of

questioning.”

Werner Heisenberg



Resumo

Esta tese esta dividida em duas partes. Na primeira, estudamos o supermultipleto
das deformagoes § da teoria Supersimétrica N = 4 Yang-Mills (SYM) e comparamos
duas representacoes finitas da algebra superconforme. Na segunda parte, analisamos
as deformacoes f— linearizadas sob uma perspectiva geométrica. Nosso principal
resultado é fornecer uma ponte entre a perspectiva de campo livre, a teoria de
representacao superconforme e a interpretacao geométrica do espago de deformacgoes.

Além disso, revisamos os conceitos utilizados ao longo deste trabalho.

Palavras Chaves: Deformacao-3; Super-Grassmanniano; Supertwistors, Super
Yang-Mills;

Areas do conhecimento: Fisica Tedrica; Teoria de Yang-Mills; Supersimetria.
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Abstract

This thesis is divided into two parts. In the first part, we study the supermultiplet
of f— deformations of N' = 4 Supersymmetric Yang-Mills (SYM) theory and we
compare two finite-dimensional representations of the superconformal algebra. In the
second part, we analyze linearized S—deformations from a geometrical perspective.
Our main result is the explicit construction of a bridge between the free-field per-
spective, the superconformal representation theory, and the geometric interpretation

of the deformation space. We also review the concepts used throughout this thesis.

Keywords: p-deformation; Super-Grassmannian; Supertwistors, Super Yang-Mills;

Areas of knowledge: Theoretical Physics; Yang-Mills Theory; Supersymmetry.
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Chapter 1

Introduction

1.1  Deformations by spacetime-dependent inter-

actions

One crucially important theme in QFT is the deformation by local operators. We

can change the action of a theory by adding an integral of local operator:
S — S+/d4xU(:c) (1.1)

It is usually assumed that all the coupling constants are, indeed, constants. In
particular, U(z) depends on z only implicitly, i.e. through the field operators. For

example:

U(z) = Ap(x)"* (1.2)
A = const (1.3)

But sometimes it is interesting to consider interaction operators with explicit space-
time dependence, i.e. A = A(z).

In particular, in a supersymmetric theory, we can add conformally invariant
S AU (x) with constant A, and then act on it by supersymmetry generators, and then
by conformal transformations. Then, at the linearized level (i.e. small \) way we
will get the whole “multiplet” of deformations. (Although the word “multiplet” is
usually reserved for describing the field components in a supersymmetric theory, we
use it here to describe a representation of the supersymmetry algebra.) We can ask

various questions about such deformations, in particular:
o What is the structure of the “multiplet”. What kind of a representation of the

supersymmetry is it?

« How does the deformation affect the S-matrix? (Is it even possible to define

the S-matrix when the coupling constant is not constant?)
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o What happens when we pass from infinitesimal deformations to finite \?

In supersymmetric theories, these questions are expected to open up a rich
mathematical structure. In this thesis, we will consider the simplest, and in some
sense very fundamental, example. This is the so-called S—deformation of the N' = 4
supersymmetric Yang-Mills theory in four dimensions. We will address the first and

partially second question in this particular example.

1.2 Finite-dimensional deformations of supersym-

metric Yang-Mills

Consider single trace deformations of N' = 4 supersymmetric Yang-Mills theory
(SYM):
Ssym +— SSYM—|—8/d4xU (1.4)

where U is a single-trace operator. According to AdS/CFT [1], they correspond to
some deformations of the Type IIB superstring theory on AdSs x S°. Let us restrict
ourselves to infinitesimal deformations, 7.e. compute only to the first order in the
deformation parameter €. Besides ¢, there are two other parameters: the Yang-Mills
coupling constant gy s and the number of colors N. In this thesis, we will consider
N being very large. As for the gy s, there are two opposite limits: the limit gy3r = 0
of free N' = 4 super Yang-Mills theory (SYM) and the strong coupling limit. In
the weak coupling limit, we can do perturbative calculations in SYM, and in the
strong coupling limit, we can use the superstring theory on the classical supergravity
(SUGRA) background AdSs x S°.

Both SYM theory and superstring on AdSs x S° are invariant under the su-
perconformal group PSU(2,2[4), and it is natural to ask how the deformations of
the form (1.4) transform under this group. In particular, some deformations of the
form (1.4) transform in finite-dimensional representations [2]. As an example of a

finite-dimensional representation, consider U of Eq. (1.4) of the form [2]:
/d4x tr(P; 4 i)™ + cec. (1.5)

where @1, ..., Dg are the scalar fields of the N' = 4-super-Yang-Mills theory. Consider
the linear space of all deformations obtained from Eq. (1.5) by acting with all
possible polynomials of generators of psu(2,2]4). In the free theory, this gives a

finite-dimensional representation. Let us call it Egﬁi



Chapter 1. Introduction 3

Most of finite-dimensional deformations of the free theory combine into infinite-
dimensional representations in the quantum interacting theory. But Ef{ii stays
finite-dimensional. We will call it just Ej,+4. This follows from the finiteness of the
operator tr(®; + i®9)"** and its descendants. Finiteness implies that the conformal
transformations of this operators are same in quantum theory as in classical theory
(no countertems = no anomalous dimension). Therefore, the subspace generated by
acting on Eq. (1.5) with the conformal generators is the same in classical and quantum
theory. In particular, it is finite-dimensional. To generate the full representation, it
remains to act with supersymmetry and superconformal generators. However, those
are nilpotent modulo elements of su(2,2) @ su(4), and therefore cannot change the
property of the representation being finite-dimensional.

We will now argue that E, 4 is isomorphic to the representation Ef{_eﬁ which is
generated by acting with psu(2,2|4) on Eq. (1.5) in the free N' = 4 super-Yang-
Mills theory. Indeed, let us consider the chiral primary representation, which is
defined as the infinite-dimensional representation generated by the local operator
tr(®; + i®2)"4(0) by acting on it with psu(2,2/4). This is a unitary representation.
Let us call it Fj44.

Similarly, there is a free version Fﬁrj‘i which is defined in the same way as Fj, 44,

but in the free theory. We start by pointing out that Fj, 4 is isomorphic to Fﬁﬂﬁi,
because both are highest weight unitary irreducible representations of psu(2,2|4)
with the same highest weight tr(®; 4 i®2)"™*(0). On the other hand, our finite-
dimensional representations E, 4 and Eff_ﬁ are fully determined by Fj, 4 and F,grﬁi,
respectively, in the following way. Elements of E, ;4 are of the form [ d*z p(x) O(z)
where O is an element of F, 4 (a local operator), but inserted at the point x instead
of 0. When we act on [ d*z p(x) O(x) with an element of psu(2,2[4), the result is
determined by how this element acts on O(z), i.e. by the structure of Fj+4. The
isomorphism Fj, 44 — Ff;rfr’i implies a map @ — Of® commuting with the action

of psu(2,2|4). This establishes an isomoprhism E, 4 — EI¢.

1.3 Supermultiplet of f/—deformation

On the string theory side, the f—deformation of the string worldsheet is just

wedge product of two symmetry currents:

/ dzdz B® j, A js (1.6)
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Therefore, the corresponding multiplet is “more or less” the exterior product of two

adjoint representations [3]:

gAg)o
(g g)o (1.7)
g
where we abbreviate:
g = psu(2,2[4) (1.8)
(The constant tensor B® = —B% has two adjoint indices %°, thus it is in g A g.) But

on the field theory side, only the “top” of the supermultiplet is known. It is a cubic

interaction:

[ dx o1 (@) BEY 70l ()0 (2) (1.9)

where B}r(JL is a constant tensor in the top component of the wedge-product in Eq.
(1.7). Tt is far from being obvious, that the action of the superconformal generators
on this “top” component actually generates the full Eq. (1.7). It is not at all clear
why these deformations would transform under superconformal transformations as a
product of two currents. We have proven this, by explicit computation, in [4]. The
computation uses the oscillator formalism (the “doubleton”). Then, in [5], we have
proceeded with studying the properties of the supermultiplet, from the point of view

of supergeometry of harmonic superspace.

1.4 Generalizations of S-matrix?

We have not worked out the appropriate definition of S-matrix in the theory with
spacetime dependent coupling constants, although we think that it might be possible.
Instead, we will simply define the deformation of S-matrix as the evaluation of
the interaction term [ AU(x) on on-shell solutions. As we argued in Section 1.2 the
structure of the representation does not depend on the Yang-Mills coupling constant.
The deformation of the scattering matrix probably does. But, let us continue with
deforming just the free N' = 4 SYM theory. This is already very interesting, and
we can study the effect of Yang-Mills coupling constant later.

In 2+2 dimensions, we can consider free solutions in the form of delta-functions
localized on null-planes. Then, the product of free solutions has compact support,
and therefore the integral [ d*zAU(x) localizes on one point. Therefore the integral
is a well-defined generalized function of those planes. We will compute it for
one particular set of quantum numbers, and conjecture the general formula.

We want to stress, that our computation is somewhat non-standard. Scattering
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amplitudes for the “usual” f—deformation [6] is certainly well-defined, and its
physical meaning is transparent. (Although we are not sure if it has been explicitly
studied in the literature.) But here we go further and study the scattering for the
full supermultiplet of f—deformation, which involves spacetime dependent couplings
in the Lagrangian. We believe that it is physically meaningful, although to the
best of our knowledge has not been done. In any case, we obtain (or at least
conjecture) Section 4.2 some interesting formulas. Moreover, these formulas seem
to generalize rather naturally to other finite-dimensional representations. If we
allow non-constant coupling “constants”, then the space of deformations is very
rich. The f—deformation is just the first in the infinite series of finite-dimensional
representations. We conjecture a formula for the corresponding deformation of the
scattering amplitude for all those deformations Section 4.3.

We will now briefly describe how we have proceeded. We will first remind the

twistor description of the Minkowski space.

1.5 Twistor geometry of Minkowski space

We use the twistor approach, and the closely related oscillator formalism (the
“doubleton”), mostly following [7]. In this approach the four-dimensional space is
realized as the “configuration space” of two-dimensional planes in the four dimensional
“twistor” space T, passing through the origin. Each point of space corresponds to
some 2-plane L C T in the twistor space. Remarkably, this construction defines a
conformal structure; There is a conformal metric on the space of 2-planes. Therefore
the group PGL(4,R) of projective transformations of T is identified with the
conformal group.

The space of planes is called Grassmannian manifold:
M = Gr(2,4) (1.10)

We will now explain how the conformal structure on M arizes. The conformal
structure is metric modulo rescaling. Metric is a section of S>*7*M — the vector
bundle of symmetric rank two tensors in the cotangent space 7*M. One key point

is the identification of 7*M with the tensor product of two spinor bundles:
T*M=8*®S (1.11)

Here S is the “tautological” vector bundle over M; its fiber over L € M is L itself (a
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two-dimensional vector space). Sections of S are spinor fields. The second bundle

St is the space of linear functionals on T which are zero on L:

StcT (1.12)
Y(L) e St e (hr,v) =0 YweL (113)

Eq. (1.11) should be read in the following way. Given ¢ € S and v € ST, we can
construct a linear functional & on 7 M in the following way. An element of T M
is an infinitesimal variation 0L of L. We let our £ € L vary with L. Let 6§ be a

variation of &, “following” the variation of L. We then define:

(a,0L) = (¢, 6€) (1.14)

Notice that §£ is not uniquely defined. In fact we can modify 6§ by adding to it any
vector in L, and the resulting 6§ will still follow § L. However, this ambiguity in 6§
drops out from Eq. (1.14), because of Eq. (1.13).

Consider the one-dimensional subbundle in 7*M:
ALSt @ A’S C SPT*M (1.15)

We define the metric as any section of this subbundle. Since it is one-dimensional,
any two sections are related by rescaling, and therefore define the same conformal

structure.
Given that detS det(T/S) = 1 and det(T/S) = (detS*+)~!, Eq. (1.11) also

implies:
detT* M = (detS)?(detSt)? = (detS)* (1.16)
The scalar field ¢(z) is actually not a scalar, but a density of weight one:

¢ € T'(detS) (1.17)

(Here T'(bundle) denotes the space of sections of a bundle. We do allow generalized-

functions-sections.) And the spinor field, too:

Y € T(S ® detS) (1.18)
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This implies that we have integration densities:

¢t € (detS)* 1.19)
p Ay € (detS)* (1.20)

—~

This proves that [ ¢* and [ ¢ A1) are conformally-invariant deformations of the

action.

1.6 Coherent wave functions

For (A, ) € T, consider the special section of detS, which we call 5( L)
Sy € T(detS) (1.21)

defined so that for all p € T'(detS*) and for all € M:

/(W\)eT fus ) <P(x), 5(u,/\)(x)> = /(u,)\)EL(x) p(x) f(p, ) (1.22)
In coordinates:

S(uny = 02 (1— x)) (1.23)

It is not immediately obvious from the definition, but we can verify that this ¢

satisfies the free wave equation:

v 0 0
B 6B 2 —
e 5ol axﬂgd (p—2X) =0 (1.24)
(We will give an explanation of this fact in Sections 2.2 and 2.3.4 .) We now explain
why the field ¢ defined in Eq. (1.23) is actually a section of detS. This can be seen
as follows. Let us consider the space M, whose points are pairs (x,{E1, Ea2}) where
x is a point of Gr(2,4) and {E1, F2} is a basis in S+ — the space of linear equations

specifying the plane corresponding to x:

=<
~—

By = (pf, A (1.25)
By = (p3.A3) (1.26)

For example, By = (1,0, 2!, 2!?) and Fy = (1,0, 2!, 2?2). Then:

5(M,A)(xaE1>E2) = 5((“}/:”) + ()‘I\l/a )‘)) 5((:“5/7,“) + ()\5/, )‘)) (1~27)
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(This is just the “unfolding” of Eq. (1.23).) Notice that:
ou(z, AE) = |detA|™ ¢, (, B) (1.28)

Therefore ¢ can be seen as a linear function on (detS L)*1. More precisely, there is

a map
u : M — (detSh)* (1.29)
u({FE1,FE2}) =v (1.30)
where (v, E1 A Ep) =1 (1.31)

and ¢ factorizes through this map. This means that we can think of ¢ as a section
of (detSt); let us denote it ¢:

¢ €T ((detSt)) (1.32)
o(x,{E1, E2}) = (u({E1, B2}), é(x)) (133)

In other words:
¢ € T(detSt) = I'(detS) (1.34)

Actually, this is not quite correct, because our ¢, as we have so far defined it,
transforms in |detS|. And we need it to transform in detS. We really need to keep

track of the sign:

dun(, B, By) = s(E1, Ea) 6((py, 1) + (A, A) 6((ps, 1) + (A3, A))  (1.35)

where s(Ej, Ey) is the sign corresponding to the orientation of E1, Fa.

1.7 Harmonic superspace

So far we talked about scalar field and spinor field, but we have not yet discussed
the supersymmetry. But in this thesis we study the N = 4 supersymmetric
Yang-Mills theory. Fortunately, a supersymmetric extension of the twistor theory
has been developed, known as “harmonic superspace”. In this formalism, the twistor

is replaced with super-twistor:

(11, A) — (1A, Q) =2 (1.36)
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where ¢ = (¢!, ¢?,¢3,¢*) are Grassmann odd variables. Together y, A, ( parameterize

the super-twistor space:
ZeT=R*»M (1.37)

Correspondingly, there is a super-analogue of d(, y). This is the product of two
“usual” delta-functions (as in Eq. (1.27)) and two Grassmann-odd delta-functions. A

Grassmann-odd delta-function §(#) is just 6 itself. Therefore we have, schematically:

07(X, B, B0, ¥1,¥2) = ((O1, 1) + (E1, ) + (u1,()) x (1.38)
((®2, 1) + (B2, A) + (u2,())x (1.39)
S((py, 1) + (A, A) + (¢, €))% (1.40)
0((p3, 1) + (A3, 0) + (¢, Q) x (1.41)
where
Ei = (u/, N ¢) (1.42)
Y, = (®ZaEi7ul) (1 43)

are four elements of T* (the dual space to twistors), which vanish on the 2|2-
dimensional space corresponding to X. This is somewhat schematic. The thorough

explanation follows in the body of the thesis Section 4.1. But, importantly:
0z = 0kz (1.44)

for all K € R.

1.8 Evaluation of the interaction on coherent wave

functions

The idea is to “probe” the f—deformation interaction by evaluating it on solutions
of free wave equations. Importantly, the color factor enters through the symmetric
coefficient:

dape = tr(tatpte) (1.45)

Let us consider the solution of the free wave equation, given by the sum of three

delta functions:
¢ = (61(521 + 82522 + 63(523)]\/[ (1.46)
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where M is the color matrix. Since color factor is completely symmetric Eq. (1.45),
it is enough to put the same color matrix M for all three scattering waves. The

solution given by Eq. (1.46) is parametrized by the manifold:
PT x PT x PT (1.47)

These three copies of projective twistor space IPT parametrize Z1, Zs, Z3.

The space of linearized S—deformations, as a representation of psi(4]4), is
parametrized by a matrix B in the antisymmetric product of two adjoint repre-
sentations.

Thus, the evaluation of the interaction gives us a function (actually generalized

function) on the space:
gxg

PT x PT x IPT x (1.48)

which depends linearly on %.

We conjecture the exact expression for this function in Section 4.1.

It should be possible to derive these results using twistor string theory [8], from
a generalization of the results of [9], [10], [11]. Notice that twistor string theory
requires complex twistor suprspace CP3‘4, while for our considerations here real

twistors RP?* are enough (cp. Section 3.2 of [8]).

1.9 Notations
e (a), (b), (¢) — Gauge indices,
e u, v four dimensional spacetime indices,
« AB,C,... = 1, 2, 3, 4 — internal SU(4) symmetry indices
e D, = 0, %igymA, denotes the covariant derivative,
o fabe = Tr(TL[Th, Te])
o dope = Tr(To{Ty, Tc})
e ot = (=1,0%) with o; being the Pauli matrices, and 5# = (-1, —0")
e V: vector bundle and &y, vector bundle over M

o Ber: Berezinian
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e SDet: SuperDeterminant

o (Ber V)™, (BerV)": the line bundle dual to Ber V



Chapter 2

The Supertwistor space and the supercon-

formal algebra

This chapter introduces the geometric preliminaries underlying the twistor formu-
lation of N/ = 4 supersymmetric Yang Mills theory. In the section 2.1, we review the
superconformal algebra, with emphasis on gl(4]|4, R) and their realizations in oscilla-
tor and twistor representations. In section 2.2, we review the supergrassmannian
Gr(2|2,4/4) and its relation with the harmonic superspace. Finally, in section 2.3
we review the AV = 4 SYM field theory, the field content and composite operators
are written in oscillator representation. To end this chapter, we review how solutions

of free classical super-Maxwell equations from twistor space can be written.

2.1  Four dimensional Supertwistors and the su-

perconformal algebra

At four dimensions and N' = 4, we will denote the supertwistor space T = R4/4.

Elements of T are vectors Z parametrized by even Ao, & and odd ¢!

Z = (4 han¢') (2.1)

where « = 1,2, & = 1,2and I = 1,...,4. T in Eq. (2.1) means transposition,
since we think of Z as a "column vector".

The above supertwistor variables are related to the superspace coordinates
at, 9o 0% by

pd = 2%\, +65¢7 and ¢/ = 679\, (2.2)

12
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2.1.1  About Signature and Superconformal Group

For a real-valued action, the signature of spacetime and the supersymmetry

algebra are correlated. This fact was discussed by Beisert [12]

1. In the 1+ 3 signature, the spacetime symmetry algebra is sl(2,C) and the
internal space symmetry algebra is su(4). The superconformal group is the

real form PSU(2,2|4) of PSL(4[4) [8].

2. In the signature 2 + 2. The spacetime symmetry algebra is sl(2,R) x sl(2,R),
and the internal space symmetry algebra is sl(4,R). Therefore, the super-
conformal group is the real form PSL(4|4,R) of PSL(4|4). This signature is

often used in twistor theory [8].

3. In the Euclidean signature, the spacetime symmetry algebra is su(2) x su(2)
and the conformal group is the real form SO(1,5) of SL(4)

We work with finite-dimensional representations and the corresponding deforma-
tions of the action. The formal expression for the deformations does not depend on
the signature of spacetime. We choose the 2 4 2 signature, where we can use some
special wavefunctions, which allow us to probe the interaction term and relate it to
a geometrical construction.

A further simplification arises from the fact, in this signature, the reality conditions
for symmetry generators in matrix representation become particularly simple: all
matrix entries can be taken to be real.Therefore, it is convenient to work with
the 2 + 2 signature, where conjugations does not play a role [12], leading to a
completely real formulation of the theory. From now, we refer to PSL(4]4,R) as the

superconformal group and psl(4[4,R)) as the corresponding superconformal algebra.

2.1.2 The superalgebra psi(4]4,R)

Let us start with the superalgebra gi(4]4), its generators include

7z = {laﬁy lf7 TI4B7 Poacrs kda? Dv Ba C|QAOU q:;la SAa) S%}? (23)
where 17, lf, 4 are the sl(2) x s1(2) and sl(4) rotations, respectively. pag, qaa, G4

Aa

are the (super)translation generators and k%®, s 34 are the (super)conformal

generators. As well as the dilatation generator D, the outer derivation B and
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the central charge C'. The commutation relations of these generators are left to
Appendix A.

The superalgebra psi(4]4) is obtained from gl(4[4) as follows. The generator B
does not appear in the right hand side of the commutation relations of the generators
of gl(4/4). So, it can be dropped. This leads to sl(4]|4) superalgebra. Moreover,
when restricting to representations with vanishing central charge C' the resulting

algebra is pgl(4/4). Combining both facts we get the psl(4|4) algebra.

2.1.3 Action of GL(4]4,R) transformations on twistors

The twistor vector space T is a fundamental representation of GL(4]|4,R). We
have:

GL(4|4)/center = PGL(4]4) = PSL(4]4,R) x U(1)5 (2.4)

The u(1) g acts as follows:

—Lyxa O4x4
BZ = Z (2.5)
O4xa Lixa
In terms of the parametrization (2.1):
0 0 0
B = —uq —\“ g 6

B is the hypercharge generator of the algebra. The generators of psl(4[4, R) in terms
of supertwistor variables (2.1) are first-order differential operators [8], and are left to

the appendix section A.2.

2.1.4 The superalgebra psi(4]4) in oscillator representation

The oscillator representation was introduced for the first time by Bars et. al. [13]
in order to construct unitary irreducible representations of non-compact supergroups
G.

The key idea of the oscillator representation consists to identify a compact sub-
group H of G and construct the unitary irreducible representations(UIR) of G in
terms of finite dimensional unitary representations of H [13, 14, 15]. Gunaydin and
Marcus[15] used this method to construct UIR of U(2,2]4).
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For an oscillator representation of the generators of gl(4]4, R), two sets of bosonic

oscillators and one set of fermionic oscillators are introduced
(a®,al), (0%,0L), and (ca,c™) (2.7)

with a, & = 1,2 and A = 1,2, 3,4. These set of oscillators obey the commutation

relations
[aa,aE] = 0%, [bd,bg] = 5d5 {ca,cB} =6,5. (2.8)

The gl(4]4, R) generators can be written as products of two oscillators. The super-

charges are expressed as

+ SAa At o A CATbL’

JAa = caal, = o, @, = and 5§ = by (2.9)

The other generators are listed in the appendix section A.1. The oscillator repre-
sentation is related to supertwistors Z, by using the parametrization in Eq.2.1 this

relation can be written

a;r) — Ap, bY — pu, and A4 oA, (2.10)

and so on.

2.2 The Supergrassmannian Gr(2|2,4|4)and the Har-

monic Superspace

The supergrassmannian Gr(2|2,4[4) parametrizes (2|2)-dimensional subspaces in-
side the (4|4)-dimensional superspace. The embedding of such subspaces is described

by a supermatrix,
M = (2.11)

where A, D are 2 x 4 even matrices. And, B, C are 2 x 4 odd matrices. It seems,

that in order to parametrize Gr(2|2,4/4), we need 16|16 coordinates, but these system
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coordinate is redundant. A GL(2|2) transformation gauge away and we are left
with a 8|8 dimensional space. Points of Gr(2|2,4[4) are 2|2— planes L. They are

parametrized by coordinates z, 6,0, u

0 1 212 g2 6? 522 5% 5?1 Ty 2% 6%
M = = (2.12)

1
0 0 o 0% wul wl ul oul Oy 09 up’

00 602 02 u? ud u} u?

The eight v} in Eq.(2.12) are redundant, only four of them are useful, i.e.

1 0 ud uj 1 ud 0 uf ul us 10
Y Y Y etc (2 '13)
0 1 ud uj 0 w3 1 u} uf w3 0 1

The coordinates 6% in Eq(2.12) can be one of the following chooses

) ) ) , etc.
00 03 0% 0 05 0 0% 005 63 0) |67 93 0 0
(2.14)
The condition Z € L, is given by
p& 4+ 22N, +0%¢! = 0 and 69\, +uT¢t = 0 (2.15)

meaning that each set of vectors in Eq.(2.12) has zero scalar product with the vector
Z in Eq.(2.1). The harmonic superspace (4,2,2) can be seen as the supergrass-
mannian Gr(2]2, R4*). Following" [7], we will think about the four-dimensional

N = 4 harmonic superspace as a Grassmannian manifold M = Gr(22, R4|4), which

talthough with our choice of signature we cannot directly use complex geometry; we will replace
complex analyticity with some polynomiality condition.
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parametrizes subspaces R22 ¢ R4,
Gr(2/2, R4|4) generalize the idea of classical planes and provides a geometric
structure for studying supersymmetric theories

There are some vector fields whose flows do not change L, for example:

: 0 .0 s 0 0
Aler - al ~ a2 ~_ Qali 16
(892-0[“ ol Tt e T 8u{> (216)
_ 0 i 0 0
A O 4 — 04— +ub— :
L (KA%LAJF K8§f+uK3u£) (2.17)

for any constant A’ and Ag . This can be used to put ;o = 0:

011 =019 =02 = 09 = 0 (2.18)

To summarize:
twistors = T = R4 (2.19)
spacetime = M = Gr(2(2,T) (2.20)

The fiber of Sy over L C M is L itself. This means that Sys is a 2|2 -dimensional
tautological vector bundle over M.

Also, PT will denote the projective supertwistor space, i.e. Z modulo rescaling:
Z ~ K.

2.2.1 The Berezinian of a Vector Bundle V

For any vector bundle V', we define the line bundles BerV and |Ber| V.Sections
of BerV are functions of the bases of the fiber V', satisfying the property:

o({mfes}) = SDetm o({er}) (2.21)

A B

where for a supermatrix m =

¢ D

SDet m = det(A— BD™'C) (det D)™ (2.22)
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Similarly, section of |Ber|V satisfy:

o({mfes}) = sign(det A) SDetm o({er}) (2.23)

The characteristic property of |[Ber|V is that a section of |Ber| V defines an operation

of integration along the fiber:

functions on V
functions

. i) (2.24)

with compact support 24
on the base

on each fiber V

It seems logical to call sections of Ber V ”integral forms on the fiber”, and section of
|Ber| V "volume elements on the fiber”. Notice that |[Ber|Sy; = (|Ber|(T/SM))71 =
|Ber|(T/Syr) = |Ber|Si;. Those four vectors listed in Eq. (2.12) are the basis of
St

2.3 The NN = 4 SYM field theory

The gauge field theory with the maximal amount of supersymmetry in four
dimensions is the N/ = 4 SYM field theory[16]. Its field theory content are two
degrees of freedom for the gauge field A;(f), six for the scalar fields gbffj)g, in total eight
bosonic degrees of freedom. It matches with the eight fermionic degrees of freedom

wg(c) and @gﬁ All are in the adjoint representation of the gauge group.

From the gauge field Al(fb) are constructed the covariant derivative D, and the
field strength F, ,E‘;) The action of this field theory is given by

/d4 FW( a) 4 ED ¢AB(G)DM¢E:)B + wg‘)(—,ul) ¢(G)A
+ £gYMfabcz/zO““ ol g{é” FabeFaaes PO 6P 005
\/5 ~(a B
- TQYMfabc%AMB(b)wg( )), (2.25)

where gy s is a mass dimensionless coupling constant. Each term in the action is

mass dimensionless. This can be seen by assigning the standard mass-dimensions to
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the fields

[A,] = [oaB] = 1, WA] = [Y4] = = (2.26)

Therefore, it is said that the action (2.25) is scale invariant. Moreover, in a gauge
theory that possesses scale invariance. The Poincaré group and scale invariance
combine into a larger symmetry group: the conformal group. Even more, the
conformal group and supersymmetry combine to form the superconformal group.
Local operators of N' = 4 SYM field theory are arranged in multiplets of the
superconformal algebra psl(4]|4,R) [17]. The components of the NV = 4 SYM field
theory are listed in Table 2.1[18]

Table 2.1: Components of the N' = 4 SYM field theory.

Field sl(2,R)@®sl(2,R) si(4,R)

okl [k, k+ 1] [0,0,1]
e k41, k] [1,0,0]
O fup [k + 2, k] [0,0,0]
O f. [k, k + 2] [0,0,0]
ok pAB [k, k] [0,1,0]

2.3.1 The N =1 superfield formalism and its deformation

The N/ = 4 SYM field theory can not be written in terms of the off-shell formalism
of superfield. However, it admits a formulation in terms of N' = 1 language. The
field content is combined as follow: one of the four fermions is combined with the
gauge field to form the vector superfield and the remaining fermions are combined
with three complex scalar, to form three chiral superfield ®°. The superpotential W

is given by

_ QYM\/§
Y

where ® with i = 1, 2, 3 denotes the three chiral superfields. In this formulation,

% ijifabc DLDI D, (2.27)

the original R symmetry is broken down to SU(3) x U(1).
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In this thesis we are interested in studying deformations of this field theory. To
begin with, we start with the deformation studied by Leigh and Strassler [6]. They
consider deformations of the superpotential (2.27), the new superpotential is given
by

1 o
Whi=1 = Wy=1 + ghijkdab@z@icb’z, (2.28)

where dgpe = Tr(T4{T},Tc}) and h;jj, being totally symmetric. The deformation at

linear order in h;;?, the action is

1 c
s = Sheey - 1 [ B duct @O ol +he. (2.29)

where ij\r/ei 4 denotes the action of N =4 SYM in the free field theory. The coupling

BEJIWJJ)V] is related to the coupling h;j in Eq. (2.28) by

B[mn] — hz‘jlelmn, (2.30)

[MN]
1J

with latin indices running from 1 to 3. The coupling B( ) obeys the tracelessness

condition [3]

(IN) = 0, (2'31)

this condition is crucial for matching two different representations of the psi(4]4, R)

algebra.

2.3.2 N =4 SYM fields in Oscillator Representation

Solutions of free SYM theory can be written in the oscillator representation. Let
be |0) an invariant non-physical vacuum under psl(4[4,R). It is annhilated by c4,

b% and a® [15]. This means
cal0) = a®0) = b40) = 0. (2.32)
The scalar fields 48 are defined by

1B = 41P)0), (2.33)

2Throughout this thesis, we refer to this deformation as the S-deformation
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The spinor fields 1[15 and 1574 in the oscillator representations are obtained from

Eq.(2.33) by applying the supersymmetry generators g4, and gAY, respectively:

1
¢£ = aLcTD|O), Ve = géMNBDb(ECTNCTBCTD|0>. (2.34)

The self-dual and anti-self-dual of the field strength are given by

fas = akaflo) and (2.35)
- 1
fap = EEABDEbde-cATcBTcDTcET\m = bgbg(cT)‘l\O), (2.36)

However, in gauge theories we need to write down composite operators, which are
products of solutions of the free theory. Those of interest for us are those who are
single trace composite operators.The following notation will help us to write single

trace operators in oscillator representation
1. If )1 and 19 are fermions then | @ Yy = %(wl ® g — 1o ®1h1), 3
2. if 91 and ¢9 are bosons then ¢ e ¢po = %((ﬁl ® P2 + P2 ® ¢P2), and
3. if ¢ is boson and 1) is fermion then ¢ e ¢ = %(gzﬁ@q/; +Y®RP).

The deformation in Eq. (2.29) in the oscillator representation is given by

3
) [ MN]g (IJ
olsl = /d4x I1 R(])BEIJ) ]‘FEM])\T]’ (2:37)
j=1

where the index j denotes in which singleton representation the RU) = e*%pggx"ﬂw

translation operator acts, with ‘I’gj}v} given by

1J

TEM])\T] = “?1(;(]’@ ° aé}c“)\@ o cxnircclt|0). (2.38)

Eq. (2.37) is invariant under conformal transformation k2. When dealing with
signature 1+ 3, the hermitian conjugate of (2.37) should be considered, in our

notation it reads

3
O[B] = / diz Hl / DB T (2-39)

3e means the super-symmetrized tensor product.
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where

1J 1 / ’ /
ZEM]N) = ﬁEMUVWENU/V/W/bJ[[iCTUCTVCTW|0> ° b;] CTU CTV CTW ’O> L CTICTJ‘()).

(2.40)

2.3.3 Oscillator and Twistors

The on-shell ' = 4 SYM fields can be assembled in one on-shell superfield
Y (A, 11,m)[19]

- - 1 - 1 ~ ~
Y(Z) = J+nad? + EUAUBQbAB + gnAanceABCDwD +mnamsnaf.  (2.41)

Notice that f and f are independent of the Grassmann variables . The on-shell

superfield Y(Z) in twistor languague [20, 21] is given by

d
Y(2) = 2m'/C % s Patnat™)52 s\, — pa), (2.42)
s
where §2(\) = §(\1)d()\2) with the §'(y) denoting the delta function on the

complex plane. For details and a derivation of Eq. (2.42) we refer to Appendix C of
Ref. [20].

The spacetime dependence of the on-shell fields is recovered by the Penrose
transform, for a review on this topic we refer to Appendix A of Ref. [8]. The scalar
field 4B (z) is given by

/D)\ 99 vz

, 2.
Tna 9n (2.43)

n=0

where DA = 22 d)‘a . We list in the Table 2.2 the on-shell fields of ' =4 SYM in
both oscillator representatlon and supertwistors,

By using supertwistors Eq. (2.37) is given by

oB = [d H /DA B (2.44)
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Table 2.2: On-shell fields of N' = 4 SYM in both oscillator representation and
supertwistors.

Fields Oscillators Twistors
D D )
WP (z) Ral,tP|0) I DX Aq 8177133{(2)(”:0
@Z_JMd(I) EMNBDR[)ECTNCTBCTD|O> EMNBDID)\ wia an%an%an%Y(Z)’n:O
fap () Ral,a}|0) S DX Aadg Y(2)],—
7 tot 4 o o (o)
Fap(x) RbSb) (CT) 10) I DA g i (377) Y(2) -
where TEJ{;J)V] reads as
TE]{ZJ)V] = EMNAB
AW S| A Syt v
om n=0 oy n=0 9N Onp n=0
(2.45)

We see that Eq. (2.44) is finite on-shell. We can evaluate it on the product of three
off-shell fields and the integral is convergent. This means that Eq. (2.44) defines an

element of the dual space to the tensor product of three singleton representations.

2.3.4 Solutions of free classical super-Maxwell equations

from twistor space

In the free field limit a classical solution of the super-Yang-Mills theory with

]RNXN

gauge group U(N) can be obtained as an matrix A € whose entries are

classical solutions of the super-Maxwell equations. For our purpose it is enough to

consider free solutions of the form:

solution of N x N

super-Maxwell equations matrix
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We will explain the correspondence between solutions of free classical super-Maxwell

equations on M and sections of (|Ber| S M)_1 which are polynomial in the coordinates
I

u! defined in Eq. (2.12). The choice of coordinates u! is somewhat arbitrary, but

the statement of polynomial dependence does not depend on it.

Let us pick a section
oceTl ((|Ber| SM)_l) (2.47)

which is a polynomial in u, where I'(line bundle) denotes the space of sections.
The condition that ¢ is annihilated by the vector fields defined in Eq. (2.17)
with Af( satisfying A}é = 0 implies that it can depend on # and u only through the
expressions 90‘[1u§], 9211928 and u[llui] Since, we require o to be a polynomial in wu,
it must be then a polynomial of these three expressions. Moreover, o should have
charge 2 under rescaling of (0, u) i.e. (0,u) — ¢(0,u) ; therefore this polynomial is

actually a linear function:
o= QCXDQZ]BF;rﬂ (z,0) + Qa[lui]‘lfé (z,0) + u[jlu?]] &7 (z,0) (2.48)

Consider the condition that ¢ does not change when we add to first and second
vectors of the basis of Eq. (2.12) a linear combination of the third and fourth vectors.

It implies that o should be annihilated by the following vector fields V" :

Vo =0 (2.49)

where V" = eamajaa + u}”aza, (2.50)
1

the expansion of left hand side of Eq. (2.49) in powers of 6 implies constraints on the

superfields F;ﬁ(x, 0), ¥/ (x,0) and ®'/(x,0). Let us see in detail this statement

1. At the zeroth order in 6, the term that contributes is

m a N
UPU/[I]-U?]] aggqﬂ(x,e) (2.51)

the vanishing of Eq (2.51), requires?

0 ~ 0 ~
— @' (2,0) = ———@"1(2,0 .
89% (‘T’ ) 89[653 (x7 ) (2 52)

4A fully antisymmetric tensor Tgy. satisfies, i.e. T = %(Ta[bc] + Thyjca) + Tefan))
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2. At the linear order in 6, we have
2 8 1 2 8 ~
_ mea[lu}ag?xld( 9)+9am [ }a — IJ(:E,Q) (2'53)
Notice that the product of two u7* can be decomposed as
upu’y = em”uﬁug}} —l—uE?Inu?}; (2.54)
using Eq. (2.54) in u?u?, we yield
[1, 2] 0 w7 5 0 I/ A (1 2) 0 w7 ~
0 U U (— aéﬁ‘lfa] (x,0) + 8xaé‘¢ (, 0)) — 0ot ag((i]qfa)(x’ 7)
(255)
vanishing of Eq. (2.55), implies
0 ~
¥ (2.0) =0 (2.56)
(I
0 ~ 0 ~
o, Yol (@,0) = 5 5 @' (2,0) (2.57)
3. The terms that contribute at second order in 6 are
0 ~ . 0 ~
”Wauemae F 5 (x,0) + 079! Uz]a 75 Yo (2.0) (2:58)
Using, the fact that the product of two 6’s can be written
1,2
0502 = eaad [0y + 050 (2.59)
Eq. (2.58) can be written as
ng2s (9 AR
u'rolle (890‘ (2, 0) axd(a‘l’ﬁ)(x,e)>
0 ~
+ umplll1g2)12] ( aﬂ@quzé( 9)) (2.60)
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This is only zero when both terms vanish separately,

0 ~ 0 ~
a @ a
Bf)x‘m é(a:,&) =0 (2.62)

4. At third order in 6, the term that contributes is

am 8
gomgPltgle Foaa Eop(.0). (2.63)

the vanishing of this expression implies that 5 %% 1:+ (x f) must be totally

symmetric in «, 5, p, and therefore

(o 0
B@xaaFﬂt’( 0)=0 (2.64)

Therefore, Eq.(2.49) implies the set of Eqns

a (9 N
€ BagjaaFg;(x,H) =0 (2.65)
I
%Fa;a(%e) e B)(x,0) (2.66)
0 ~
a/J’ J —
axaa‘l’ﬂ(a:, 0) (2.67)
i.\fg)(x, f) =0 (2.68)
o8¢,
0 ~ 0 ~
— ¥/l L .
O w11/ 7 O <11 &
= (7,0) = —== (z,0) (2.70)
0%, o7,

Proposition 1. Components of the 0-expansion of superfields ®'7(x,0), ¥ (x,0)
and F(jﬁ (2,0) can be expressed through solutions of free super-Mazwell theory.

Proof. From Eq(2.52) we can see that,

g g @ (@) = o0
00y 997, 097, 007 00¢

(2,0) = 0 okoY @) (2,0) =0,

(2.71)
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this implies that the expansion of ®!7 (z, 9~) in powers of # terminates at second

order
0 no 7, 1 o]
®'(2,0) = ¢ (2) + P04 (0) + 5 T0Y F () (2.72)

There is no symmetric combinations of I and .J on the # expansion, since 9 ®!7 (z, 5)

is given by

~ 1
0ea @ (2,0) = Duae™ (1) + T pDaatlis (v) + 560800 fp5(x).

(2.73)
therefore Eq (2.56),(2.57) yields to
~ ~ 1 ~ ~
¥ (2.0) = 0(x) + 070000 (2) + OB Tp00 0550 (4)
1
T3 el TPRgay, ‘9@8 (6 pg)( z). (2.74)
This solution exists when the Maxwell and Dirac equations
aoz[o'c&ﬁ']Q = 0 and 8a[afp]5 =0 (2.75)

are satisfied. Taking the {9 ~= of Eq(2.74)
~ o 1 e )] ~
035¥ (2, 0) = 850 (x) + 0795500a0" (x) + §GUPQ9?9?D3553@(WB)Q($)
1 . .
+ ﬁel IR0 0002055006 50 (). (2.76)
This determines the expansion of F,z(z, )

Fop(x, f) = fap(@) + aﬁ'ﬁwi(@") + é?aﬁ'ﬁaad@”(x)
1 < 7 . 1 w65 76 .
+ 56”1’991 0703500 (ap0 () + ie”PQe, 0508055000 pe) ()
(2.77)

In addition to Eqns(2.75), also
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must hold. O

To conclude, o is given by Eqn. (2.48) where F;’B (z,0), ¥5,(x,0) and ®,(z,0)
are given by Eqns. (2.77), (2.74) and (2.72), respectively.



Chapter 3

The supermultiplet

The supermultiplet of S-deformation is presented in this chapter from a field
theory perspective. We use the oscillator representation to convey these findings.
At linear level, it is known that ‘I’E]{j}\” and Z%\ﬁ\,) are in the wedge product of two

copies of the

(gNg)o (3.1)

representation of psi(4|4,R) [3]. And, its dual in the string theory side is given by

cT(Ic[M A CTJ)CN]. (3.2)

We recall that, at linear order, the f—deformation is given by

Sactormed = O[B] + O[B] where O[B / d'z By ]‘[ RUY( and
" [IJ .
O[B] = / By H RU with
j=1
1
sz{jz)v} B 5“?10T(I|0>'@T]CU 0) @ exrnvire™ et [0) and (3-3)
1J 1 ’ / /
ZEM}N) = ﬁeMUVWeNU/V/W/bJ{icTUcTVcTW 0) o bg} UtV W 0) o et 0)

(3-4)

29
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3.1 First order at Supersymmetry Generators

Let Q be any supersymmetric generator in the superconformal algebra, our interest
is to compute the action of Q on Sqeformed, 1-¢- DSdeformed = QO[B] + QO[B].

3
; MN] A (1) ~(MN) A [IJ
QSdeformed = /d4$j];[1 R(]) (B([IJ) ]QT[MN] + B[IJ] QZEM}N)>’ (35)
where Q takes the form

Q = _%$QQ[Q>pQQ] + Qv (3'6)

the first term in Eq (3.6) comes from the commutation relation between Qs and

RU). In Table 3.1 is listed the four supersymmetric generators Q and Q

Table 3.1: The supersymmetric generators Q and Q

Q Q

qAp qAp

7 aj
Ap i

a0~y + 5
(1.)

3.1.1  The action of Q on Y

The action of 9 on ‘I’Ezj\j])\,]

2.8 and the following equalities

is computed using the commutation relations in Eq

epctAetl|o) = s5'etll o) (3.7)

cpc B el 10y = gacEelE |0y — CTA(S%(CTL] |0) . (3.8)
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And, from the Table 3.1 we first need to compute

L B L wd S o)

1. The action of g4, on TEZI\ZZ)V]’ ie. qu‘Yf]I\jj)\,], reads

1J L/ o1
QAPTEMJ)V] = 2(252 anaTl |0) o ag]c“) 0) @ exrnvienc et |0)

+2aE1CT(I 0) @ T] ct’) |0>‘€AMNLCLLCTL|O>), (3.10)

where we have used the oscillator algebra and

EMNKLCA (CTKCTL |0>) = EMNKLéLlKCTL] |0> = QEAMNLCTL |0> (3.11)

2. The action of (j;} on \FEJI\/}T)] Le. q; TEMJ)V]’ reads

vl

1
Th) = 5 (2 bhaly 4l 0 o alyc) 0) o cxpnicretSel® o)

+ ath(I |0) ® ag]cw) |0) @ eMNKLchTAcTKcTL |0) ) (3.12)

3. The action of éi on TfJ{;IIJ)\f} ie. 5;4‘1’%]{;])\,} is zero. This fact comes from the

(1J)

oscillator algebra, since there is no b' on ‘I’[ MA]"

4. The action of s4? on ‘YEM J)V} ie. sAp‘I’E]IV‘[]])V.] reads

Ay = 2( At [0) o afy 1) |o>.eMNKLcTKcTL|o>>. (3.13)

By using equations (2.33),(2.34) and (2.35), properties of €e4pop and following the
Table 3.1, the results in equations (3.10), (3.12), and (3.13) in field representation
are listed in the Table 3.2

3.1.2 The action of Q on ZE;}]]N)

When dealing with the signature 1 4 3, the hermitian conjugate must be consid-

ered. The results of this section cover this issue. From Table 3.1, we first need to
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Table 3.2: The action of Q on TEJ{ZJ)\]]

= 1J
Q QTEMJ)V]
Q10 20 f05) a + eanen bl vy 0k
%4 26 1¢ ,lvbz] ¢MN + 6 ¢[1 %] pr

st~ a0 (20,0600 oarn + AU VY Far ) +2 8,040 ar

S —Lxrh (25A fp[lwg} SN + EAMNL@/)UI%] ?ﬂf)
compute
CIAPZEI]\?N)? _AZE\Z]N), giz‘glj\j]]\[y and SAPZE%]N) (314)

1. To begin with, ¢ APZ%\?N) is expressed as

1J IJ
QAPZEM]N) = CAC‘L (ZEM]N))
1
(3,) Tar 3 EMUVWENUV/W!

X <65%aLbEcTV0TW 0) bT]cTU/cTV/cTW/ |0> o el 0)

etV e o) @ etV o) @ 5 alc 7 0) ) (3.5)

2. The action of q[f;‘ on ZH{? N)? ie. CIAZE\Q]]N)

[1J] T 1A (1]
T Z(r) = bye <Z<MN>)
1

= WGMUVWENU/V’W’

X <2b;bJ[riCTAcTUcTVcTW 0) o b% AUV W 10) o el |0)

-+ bEcTUcTVcTW |0) ® bTQ] AU AV AW |0) ® bECTAchT'] 0) ) (3.16)
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3. The action of 51@4 on Zg\ﬁvy ie. 3 ZE?\?N)

s yl17] 1
SaZ(n) = 31)2 Tang OEMUVWENU'V/ W

< (5%5[@1J%TW 0) @ bl el e 0) o o 17 |o>) (3.07)

[1J]

4. The action of s on ZEIZ.\Z]N) is zero, since there is no af’s in Z(MN)'

The results in Eqgs. (3.15), (3.16) and (3.17) in field representation are listed in the
Table 3.3, where we have used equations (2.33), (2.34), and (2.35)

Table 3.3: The action of Q on ZEU] N)

Q Q [J]

qAp 204011 0mU PN + @M[i%]zvé[i%’]

a5 2f5110 0Py 0" + €A D11 s v P

s — g (2fp[1\5(4M?ﬁN)\z] 17 + ePAL Dy by D)

& g (25,4 oD o’ + QEM[N/_JQ}MK%J]) + 204 Saru 8 Py’

3.2 Second order at supersymmetry generators

The action of two supersymmetric generators Q on Sgeformed, 1-€- @291 Sdeformed;

reads

5 B
Q21 Seformed = /d% [1RY (5 ( 19291T[MN IJ] M 0,0,% U] )) 7
j=1

where Q291 has the form

1 . . .
Q29 = —ZBQQOL’W[Q%IDQQ] (91, Pues] — %xwaQ[Ql,pww] + Q204
—1*“[Qa, Pus] Q1. (3.19)
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There are sixteen products of Q291 in equation (3.19), and are listed in Table 3.4.

As we can see, the elements in Table 3.4 are combinations of Q209;, i.e.

BO A =P B
dBo9Ap, Qg qp ) P’ SBSA7 QBQQp ) Qp qAp, S pqp ) Squ )

B A -p A A -B Bp =0
gQA/h SBqu7 4dBwS p7 SBS pv qBQSA7 st p7 qg SA7 S pSA (3’20)

3.2.1  The action of 9,0, on ‘FEJI\Z)V]

To begin with, recall that EZ‘FE]I\;])V] = 0. Therefore, we have the following

straightforward results
i, 1J _B - —0 =
QBPSZ‘PEMJ)V] =0 = QESATE )} = BpSA\PfM])\r] = S%’ A\FE )] (3-21)

The remaining products in Eq.(3.20) are computed below, where the relations of

commutations in Eq.-(2.8) and

FASU ciL] FACHEGK] FA L

EMNKLC = E€EMNKLC = 2epMNBLC (3.22)

were used.

1. qBQqu‘PE]{j])\,} is obtained by acting with ¢p, on the right-hand side of Eq.

(3.10), and making use of the commutation relations in Eq. (2.8). The result

is given by
1J L/ o J
QBQQAPTEM J)V} T2 (25&1 aZaL 0) @ al]aé 55 10) @ carnicrc et o)
I
- 45,(4 aj:‘ﬂ |0) @ GT]C“) 10) ® egnrnvrabett |0)

+ 465 abal, 0) @ afic!”) 0 o eansnpafc! [0)

+2 a7 (0) o af ) \0>°€ABMNapaL!0>). (3.23)

The field-theory expression corresponding to Eq. (3.23) is given by

QBQQApTE]{ZJ)V] = 25g5é)fp[1f2]g¢MN - 2€MNBpr[1|5£1]¢Q?/J§

+ 2€MNALfQ[1|6(BJQ/}|Q¢pL + GMNABib[(f%]])fpg (3-24)
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Table 3.4: Two supersymmetric generators Q and 9,04

Q 0,0

dBo qAp dBoeqAp
4Bo C?},A 4Bodj
a5 qap 5 a4,
A @ T
P a —507q5a; + sP0 )
52 a5 — 52, Gl + 5%%4
sBe qAp _%xgw(jg‘JAp + SBQQAp
5% qap —La%qp,q0, + F5q4,
5% sAp _ixgpxpququf} — %:cpwE%(jﬁ — %waqBWSAp + §%SA”
apy s —LaPYqp 08 4 qpes’’
4Bo 5?4 _%xprBQQAp + Qng?q
qp s —52 Gl + qf s
i —50 T 040+ 15
$BO  (Ap _i ngpwqéBq£ _ %xpw Beqf}l Zxaw(jB Ap 4 ¢BOGAp
sBr 5?4 _%ng'xwﬁngAw 0 sBPg 4, — %xpgq'géi + sBpé?;l

O 1 0pwi | ol 2 RO Y R g
g 3% —17%1%7qBeqan — 52 5pqan — 52°PqBLE ) + 35
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2. b _A‘YEM ])\,} is obtained by acting with qﬂ on the right-hand side of Eq. (3.12),

using the commutation relations in Eq. (2.8), and is given by
ng_ TEM])V] = 9 (2 b;bg J[fl TB TA T ‘0) OCLT]C ’0> ® EMNKLCTKCTL |O>
-2 bLaLCTACT(I 0) o aT}bT. A etB0) o enrvienc™ et |0)

— 20 aEL et 0) o aT}cTJ) |0) o eMNKLbECTBCTKCTL 0)
+ 2 aEL bletBetl (o) o aT}cT‘]) |0) o eMNKLbI!cTAcTKcTL 0)
+ a[ (|0) o aT] )10) o GMNKLbT bgcTBcTAcTKcTL |0) ).

(3-25)

The field-theoretic form of Eq. (3.25) is

(jg(j TE )] - ZEPBA(Ialmlﬁpﬂ'wé)(ﬁMN — 20, 1¢A(18 5'¢J)B¢MN
— 28 1¢A I¢2 5 ¢Pﬂ + 28]3[1¢B Ipo] 6 wpa
+¢ % SN T (3.26)

where 5]]\%1\,, which is antisymmetric in M and N, follows from

5[5;\24]\]] = GMNKLEBAKL. (327)
3. s BQSAP‘I’EU)] The action of s%¢ on the right-hand side of Eq. (3.13), using
Eq. (2.8), yields
sPeshry (1) = (25{ I |0) 0 68¢1Bel”) 0) o epppere el |o>).
(3.28)
The field-theory expression corresponding to Eq. (3.28) is given by
sPestrg il = — 200680467 oy (3-29)

4- qBoT5 ‘PEMJ)V} is obtained by acting with ¢, on Eq. (3.12), using Eq. (2.8)
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and Eq. (3.8)

4BoT4 IPEMJ)V] = (2bT Ta fd |O>oaT]cT‘] 10) @ exrnvine et |0)
+ 2blal At |

0) e KL 0)
2bT T AT 0) o
T

CLT} T(S ‘O) ® CNMNKILC
ane alyc )10 o exsnicrds abet™ [0)
+ QaLaErl(SB 0) ®a, c]L |0) o eMNKLbIMcTAcTKCTL |0)
+ aLcT(I |0) o aT]cTJ 0) o eMNKLaLbI;(SécTKcTL |0)

K
— aLcT([ |0) o a2]c 7 |0) e eMNKLangcTAég A 0) ) (3.30)
The result in Eq. (3.30), expressed in the field representation, is given by

= 20} gai/f 1/12 S + 20516 f3),0 58 — 28@[1¢A(I¢%)EMNBL¢QL
+ 2fg[11/)2] B Sy iNUPa + ?ﬁ[l %] S BpadrN — w[(lll/);]])€MNBLaga¢AL (3.31)

5. ngAPTEJI\/:f]])V}’ is computed by acting with g on Eq. (3.10) and using the
commutation relations in Eq. (2.8), is given by
_ 1J 1
quQAP‘FEMJ)V] = (2(51(4 CLTbJr [ TB |0> [} aT]c ’0> [ ] EMNKLCTKCTL ‘O)
— 28afa 1 0) @ GT]bT et 10) o enrnicret™ et |0)
- 25&1 apa[l 0) o az]cw |0) o eMNKLbT- Bt KL 0)

+4 aJ[rlbj;c]LBcT([ |0) oaT]cT‘] 0) o eAMNLa]L )

+ 2 aJ[rlcT(I 0) @ Cl;]CT 0) o EAMNLa;r)bECTBcTL |0) > (3-32)
The result in Eq. (3.32), expressed in the field representation, is

o = a5 o
26Af 1% (5 NUPa + 2eanNLOg 1¢B I% %

¢BL.

+ EAMNLw[l %] ey (3-33)

6. SBPQ_&ATEJ{;J)V]' Applying sBP to the right-hand side of Eq. (3.12) and using
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relations in Eq. (2.8) yields to

sBrad TEMJ)\’] = (QbTéf’ fB AU ]0>oaT]c 0) o exrnvire et |0)
—2bJr J[r HAe T 0) o (5’)}0“)0 0) ® enrnvrrc Xt |0)

+ 257,cBel 7 0) o afycl) |o>.EMNKngcTAcTKCTLm)).

(3-34)
The field-representation form of Eq. (3.34) is
sBr A‘{’EMJ)V] = 26” PBA( pra@ﬁp OMN — a[1¢A(I¢J)B5§]¢MN
+ 20f ¢B %2 A D pa. (3-35)

7. 8 'QB ‘é‘I’E )] The action of 5% on Eq. (3.12), together with the commutation

relations in Eq. (2.8) and Eq. (3.22), gives qua‘I’E )]

1 .
5%67 ‘I’E )] =3 26&5][524@{[10“[] |0) oag]c“) 10) o exrnrcrc et |0)

1
+ 5410*(1 10) o a;] )10) @ exrnir020act K L |0)
+ aJ[rlcT(I 10) o a;]c 10) @ exrn i 5OLcAcT|0) . (3.36)

In field-theoretic form Eq. (3.36) reads

5% _équMj)\/'} = 25§5£§4¢[(f}%]])¢MN + 15[(51/1;})5515%@\41\7
+ ¢E{¢§]})5§€MNKB¢AK- (3-37)

8. sBeg APTE]{ZJ)V] proceeds by applying s%¢ to Eq. (3.10) and using the commuta-
tion relations in Eq. (2.8)
1J 1 I
BQqu‘I’EM])V] = - (2 51(4 5fpaE1)CTB 0) o a;cT‘]) 0) o exrvire et |0)
-2 551 apa L 10) e (SQ]CTJ)CTB 0) e enrnvrrc Xt |0)
+4 6P AtT0) e aT}cT‘] 10) ® eansvrale™[0)

+2 aECT 0) OaT At o) °€AMNL5QCTBCTL |0>>' (3-38)
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which, in field-theoretic form, is given by

Peqarinng = 208,000 vis oy — 26467 £,1165 6w

+ 259(15 11/12 eAMNLYY +¢ 1/12 EAMNL5Q¢ BL(3.39)

——

9. §%QAPT ]IV‘[]])V] starts from Eq. (3.10), we act with 5% and use Eq. (2.8)

E%qAPTEJI\ZJ)V] =0, (340)

this result arises because (3.10) contains no b' oscillators.

10. qusAp‘I’EJIV‘[]])\,] follows from acting with ¢p,, on Eq. (3.13) and using Egs. (2.8)
and (3.11)
1J
qusAp‘I’EM])V] 5 (2@T 5[ sy ]O) o aT )10) o enrvic e et |0)

+ 2(5f) TA T |0> oa a |0> OGMNKLCTKCTL |O>

+ 45[p TA Jr |0> o CLT}CTJ |O> [ EMNKBGLCTK |0>) (341)
Eq (3.41) when written in the field representation is given by

QBwSAp‘YEM])\[} = 25p 53 Y 1/)|2 onn + 207 153 5[p1f2 WwPMN

- 26{1¢A Ty envprol. (342)
11. sBsAp‘I’EM])\,] follows from applying SB to Eq. (3.13) and using Eq. (2.8)

s =0, (3-43)

this result follows directly from the absence of any b term in Eq. (3.13).

12. qB AP‘I’EM ])V] is derived by acting with qp on Eq. (3.13) and using commutation

relations in Eq. (2.8)

qB AplIJ’(

[ ])\/'] <2bT5p B TA T |0> OaT]CTJ |0> OGMNKLC]LKCTL |0>

[°
— 25f) At |0) @ aT bT-cTJ 2 10) @ exrnvicrc et |0)

— 287, Mt |o>.aT]cTJ ’O>‘€MNKLb£CTBCTKCTL|O>> (3-44)
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Eq. (3.44) expressed in the field representation, is

(?,}')BSA’)TEEJ)V] = 25ﬁ|€PBA(%Pp¢|Q PMN — 25ﬁ¢A(132]p¢J)B¢MN
— 28,4 Ty 65 B (345)

Using the operator combinations in Table 3.4, we compute the corresponding ac-

tions on ‘I’EZI\ZZ)V] The explicit results, given in Eqgs. (3.24), (3.26), (3.29), (3-31),

(3-33), (3-35), (3-37), (3-39), (3.40), (3.42), (3.43), and (3.45) are collected and

summarized in Table 3.5 below

Table 3.5: The action of 9297 on ‘FE]IQ]])\]]

QU DY),

qBe 4Ap 25%5é)fp[1fz}g¢MN - 2€MNBpr[1|5£1[¢‘Q¢£ +

2€MNALfQ[1|5(BJ¢|€2w£ + 6MNAB¢[(1I¢;}) fPQ

ame @ 20500 oun  + 20u00M fy 0 o~
28@[1¢A(I¢QJ})€MNBL¢QL + 2fg[1¢§f5é)5ﬂ‘§l\ﬂ/7pa +

IP[(ll 1/12‘]})%89@(251\41\7 — 1/1[(1] %]]) ernNBLIa

B aa 200805 vonn  — 208 fp0y.00P0un -
204 ) i idra +  2eanuniOand®luylvlk  +

eAMN L] Uy Dpa BT
af a4 26PBA(I@0’¢[1|QZP/B¢|Q¢MN - 28@[1¢A(162]/3¢J)B¢MN -
20,1005 08B bpy  + 0ypP U AR+

iy OBA T
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QU DY),

sBr g4 —éx”ﬂ<2€PBA(I%[1|1/7P,3¢|‘2¢MN —
2%#”@ Bw%w - 2aa[1¢A<fw§>5ﬂwpg +
287, e PAL ’wpawmqsm — 20,967 Bég]quN +
26p (bB I¢2 Nz/_}Pd

2 g —x@@(%B O0st 0 brrn + 20,16V o 57 brrn —
2050 %} eMNBLYS  + 2fg[1¢2] ?@fﬁxﬂﬁpa +
¢(I¢§7 )5§aga¢MN - ¢[(1I ?/f;]])GMNBLaga(éAL) -
2025wl ouy  + olluyolohonn
@/)[1 %} 5§€MNKB¢AK

sP2 qa, Qﬂfga(Qapa?ﬂ%(SA ¢‘2)¢MN - 251(4]fp[182]a¢J)B¢MN —
208 fuvg) ofhidre +  2eanuniOand®luylvk  +
vl vy 0,0t )  + 200 0] 6£{w|‘?¢>MN -
25£1I¢J)pr[15§]¢MN + 259 P [% eAMNLYY +
w[(llwg})ﬁAMNL(SgWBL

5% qu, —3% w9<25A5 fopifopPmn — 2€MNBpr1\5A¢|2¢ +

2€MNALfQ[1|5B wm W+ GMNABIDU %} fpg)



Chapter 8. The supermultiplet

42

QU DY),

sho % koo (26 0e0 [l oarw +
20, 1¢A o) SRouy — 20ap0M 0 envprvl
2/, mz] P Tee vl Waéagmm -
Ui vy eanpropmet’) — jart (20005 w0 onn +
w{ wdtsponn  + ollug)sl eMNKB¢AK) -

s (20, o e wloun + 20008080 fyuoun
25ﬁ¢‘4 [%} €MNBL%J)

qpe s —ixpd‘( 55 ga?b(l]%])chN + 2aa[1¢A(If2 S5 dun —
204 1<Z5 w GMNBL% + 2fg11/12 DoPATps +
w % 53 DpaPMN — — 1?[(1[%] eMNBLI " ) +
207,0 05 S ]¢é)¢M + 2¢A(15}?5[p1f2]g¢MN -
25p ¢A I% eMNBLVE

e 5 —éxpp(25£{5?fp[1f2]g¢MN - QEMNBpr[H(Sg@Z)‘Qwé +
2emNALS Q[1|5g¢|‘2 wh+ GMNAB@D[(lj 1/5]})]1 pg)

Q_g s _éxpd<2€PBA(Iaa[1|&p5¢|Q¢MN -
2041910y 30" Bonn — 23@[1¢A(I¢§])5ﬂ§v@5p5 +
3,3[1¢B(11/);]]) 5PA Tpa I ¢(I%] 5A faﬁ) n
25P PBA prﬁwp (bMN 26P (bA(Ia (bJ B¢MN _
25[71¢A I¢2 5PB ¢Pﬂ

@ e (2000 v oun — 264 £n0e0”" Bony -
20 ) 05 Bra 4 2eanniOandUun)vl  +

EAMNH/)[({ %J]) 3pa¢BL>
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QU DY),

(B0 Ap _lexeﬁxpa(QGPBA(Iad[1|¢PB¢Q¢MN _
28@[1¢A(182}5¢J)B¢MN - 23@[1¢A([%]})51@§V@Pﬁ +
A v S S o ) B

Lapd (25[91|€PBA(IT/_JP@¢‘2 OMN -

20,6007 P Honn + 200650y oA Tra) —
%x0d (25f)1| GPBA(I@PM/J[;? OMN -
20,610 0e0" Boan — 200wy o dea) ~
25,0504 6D B parn

sPe 5?4 _%xg%pé (28pd¢ﬁ5g¢éﬁ¢MN -
25541pr[162}a¢J)B¢MN - 25%@[1%’]])51\’}%%3@ +
QEAMNL%[MB(I%J])%: + EAMNL@D[(ll ¢§]])3pa¢BL) —
s (200l ol ugjony — 20867 B ppohonn +
25[91 ¢B(I¢§]]) eAMNLUY + 10[(1[ 1/6]])€AMNL5§¢BL>

o s koo (200067 fyut g0 -
2€MNBpr[1\5,(4[¢|Q¢£ + QEMNALfQ[l\(s(BIwg1/)£ +
EMNABQ/}[({Iwg]) fpg)

3.2.2 The action of 9,90, on ZE%]N)
We start this section by recalling that sAPZ%j]N) = 0. Consequently, one
obtains the following straightforward results
Aps I _  _ B ApyllJ]  _ BO Apy[IJ]  _ p Apyl[l]
4BoS pZ(MN) =0=4q;s pZ(MN) = 575 pZ(MN) = §s pZ(MN)' (3.46)

The remaining products in Eq. (3.20) are evaluated below. Besides the relations

listed in Egs. (2.8), (3.7),(3.8), (3.11), and (3.22), the following additional identities
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are needed in this section

TUCTVCTW ’O>) TVCTW ’0>

exuvwes (e = Bepvywige (3-47)
B (cTAcTUcTVcTW |0>) = 5[§lCTU}CTVCTW |0) + CTACTUCHW(SE] |0) (3.48)
TALU AV W |0>)

UV AW 10) — 3654tV W |O>)

A
EMUVWCB (C = EMUVW (530

(3-49)

1. Starting from (3.15), we act with the supersymmetry generator ¢p,. As a

result, qpyq APZEI]\Z]N) in oscillator representation is given by

1J 1
qBQquZEM]N‘) BREIE Tar s EMUVWENUV!W!

X (6(5%@%% T(S W] |0) o bg]cTU/cTV,cTW/ 0) o ¢ |0)

+6 - 36UaTbJ[r.cTVCTW 0) @ aTbT]éU/cTV/CTW/ 0) o el )0)

— 664 afbl; ! ™ 10) o b VeV e 0) o o 5alct’] 0)

+6aTbg s8cV e 10) @ bT U AV W \o>.5[ afct?10)

+ bECTUCTVCTWm) bT] TU AV TW’|0>. o] La 0) )
(3-50)

Translating into the field-theoretic representation, result in Eq. (3.50) reads

QBQCJA,)ZE%]N) = — 20,110y apw ()20 — 20,110 410 SN BS"
+ 25p[1\¢A(M15N)\2]5g%] - 25Q[1|¢B(M@5N)\2]5K%J]
+ Prij Py fopd07. (3-51)

2. Starting from the expression in Eq. (3.16), we act with q‘f. This yields qg,
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which explicitly reads

B -A|IJ 1
C]fQ,?ZEM}N) = B2 g EMUVWENUVIW

y (sz bhcmcwcwcw 0) o bTQ] LBV GV A (0) o (el (o)
- ZbEbJ[ricTAcTUcTVcTW 0) o b% AUV W |0) o bECTBcT[ICTJ} |0)
+ szbgicTBcTUchTW 0) o bg} AUV W 0) o bEcTAcTIcU |0)
+ bJ[ficTUCTVCTW 0) o bg] AUV W0y @ bEbEcTBcTAc“c“ 0) )
(3-52)

Passing to the field-theoretic representation, the result obtained in (3.52) takes

the form

g CYAZEU] N) _25A oy f 1f2 o' — PBUf [ Ml/}N )[2] ¢P9

+ 2674 o 08 s bor + Bpi e Tos (3-53)

[1J]

3. Acting with generator 5% on (3.17). The resulting expression E%EI%Z( MN) reads

oI
SBSAZ‘(MN) = §€MAVW€NBV’W’

x (5ﬁCTVcTW 0) o 851" 0) o ¢l [0) ) (3.54)

The field-theoretic form of Eq. (3.54) is

Sy = —20%0 6aaonpo”. (3.55)

4. We start from the relation in Eq. (3.16) and act with ¢p,. This leads to the
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expression qBqulZE%]N), explicitly

1
B0, ZE 7 N) T EReMUvWeNT VI

X (26§a2b;bﬁcwcwcTW |0) o bg] AV VW 0) @ et |0)
- 65gazb;bgicTAchcTW |0) o bg]cTU Vet 10Y o et e |0)
+ 6b;r~)b][LiCTACTUCTVCTW |0) o bg]azég/cTV/cTW/ 0) o e el )0)
— Qb;bgicTAcTUcTVcTW |0) o bg] AUV W |0) o a£5gcT‘ﬂ 0)
+ GaEbE(SchcTW |0) o bg] AU AV W 0) o b;{)cTAcTICT‘] |0)
+ bgicTUcTVcTW 0) o bTQ} ATV W 0) o aZb;(SﬁchU |0)
! !/ ! J
+ bgicTUcTVcTW 0) o bTQ} ATV W 0) o azb;cTAcﬂléB] |0) )
(3-56)

In the field-theoretic formulation, the oscillator expression in Eq. (3.56) reads

B0} ZE /) Ny = 2050050111y 38"+ 200001105 0 D) 210"
+25 1 Fo(105,08) 59" 26(‘pr[1\%>\2]5¥¢§]
— 20,1108 Py 2€ By + Py 2 0800p0"
+ Dy dapd 65 (3-57)

5. We proceed by acting with cjf on Eq. (3.15). This operation produces

q‘f q APZE%]N)’ whose oscillator representation is

_ 1J 1
QEQApZEM}N) SNENE T EMUVWENUVIW!

( 604 a TbTb][L ABeVetW (0 o bT]CTU/cTV/cTW/ 0) o ¢l ]0)
+ 635 bl el e [0) 0 b bl el eV e 0) @ el o)
— 605 afpl ™V ™ |0) o bT 107V W 10y o bt Bt et Jo)
+ 25pfc el VelV W [0y 0 b VeV T o) o liafict1|0)
+ bl Vet e 10) @ bl UV W j0) @ afplietBol{ e o) )

(3.58)
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When rewritten in the field-theory language, the expression in Eq. (3.58)

becomes
T QAPZE%/_I]}N) = — 20,50 p1 04 (a0 0" — 20,10 (a1 080"
+ 20,16 APy Pape?”" + 2100 By 4 )
+ ﬁ[i\(M@N)m]apWB[‘]fﬂ- (3-59)

6. We proceed by acting with s%” on Eq. (3.16). This operation produces

SBP%AZE%]N)’ whose oscillator representation is

sPegiETy) =0, (3.60)

this result arises because (3.16) contains no a' oscillators.

7. Starting from Eq. (3.16), the action of the generator SB yields qu ZE /] N

whose oscillator representation is given by

o A|IT 1
S%CIAZEM]N) = WEMUVWENU’V’W’

0t
< (29l

SBctAV et 0) o bTQ] AUV W 0) o el |0)

sactleVeW0) o bg] AU V' AW 10) o el )0)
— 63,0,
+ 60fpT M eVl e (0) 0 58 55 etV W j0) @ 1l o)
+ 6075V e [0) 0 b etV TV 0) @ bl At o)
+ b?icTUcTVcTW 10) e bg]cTU VAW (0) 0 695ACTICTJ 0)

+ b?icTUcTVcTW 10) .bg]CTU’CTv’CTw’ 10) e 59 tA “5 |0>>

(3.61)

where the factor 5(@pr1) originates from the action

b (b*b* |0)> = 62l 10y (3.62)
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The field-theoretic representation of Eq. (3.61) is

SRRy = 20808, B e 0" + 208010 PO B 0"
+ 2fp[15§}5flM¢N)B¢IJ - 25[91|¢B(M1/7N)\2]€PAU1/7;>P
+ Py Py 09086™ + 15[1|(M1/7N)\2]5§¢A“5§- (3.63)

8. From Eq. (3.15), the action of the generator s2¢ leads to sBQquZg\j]N), whose

oscillator realization is

1J 1
BQQApZEM}N) = GReMuvweNuviw

X (65%5§bgicTBchcTW |0) o bTQ] AUV W 0) o ¢ |0)
+ bEcTUcTVcTW 0) o b%cTU/cTV/cTWI |0) ® 5§CTB51[L{CT‘” 0) )
(3-64)

The field-theoretic realization of the result in Eq. (3.64) is
B 1J 7 PB 7 1J 7 7 B[I5J
QQApZEM]N) = — 20201105 oDy 0" = 8P (D 30" 57 (3.65)

9. Considering the expression in (3.15), acting with 5% produces §%QAPZE§\£N)‘

Its oscillator realization is

_0 Z[U] . 1
SBAAp&=(MNY T (3172 Tan2 EMUVWENU'VIW!

X (12(5%@2(5%(%5”/ |0) o bg]cTU,cTV/cTW, 10) o ¢ |0)
+ 1809 al bJ[r- Vet o) e 59]5U/CTV/CTWI 0) o ¢ |0)

+ 65505V e [0) 0 b A AV A |0y o 61 af 1] |o>> (3.66)

The field-theoretic realization of the result in Eq. (3.66) reads

E%QApZE%N) = 251|1/1 a2 — 20,0 6awéN B5|2]¢

—20 1|¢B MUNY) 5 @DJ (3.67)

1J

10. Considering the expression in (3.17), acting with ¢p, produces qBQEiZE%]N).
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Its oscillator realization is

IJ 1
QBQSAZ‘E ] N) = 3 EMUVIWENU'VIW

X (25%5[9- al (%CTW 0) bT]CTUIcTV/cTW/ 0) o ¢l )0)
+38400c!Ve™ [0) o b aloly IV ™ [0) o el J0)

— (ﬁéﬁcwcTW |0) o b;]cTU AV W |0) ® agéBcTJ] |0) ) (3.68)

In the field-theoretic formulation, Eq. (3.68) reads

QBQSAZEIJ] Ny = 2%[/5@1152] veyapwd' — 25?1‘¢A(M|a\2]g¢|N)B¢IJ

+ 25Q‘¢A M3 B% : (3-69)

11. From the expression given in Eq. (3.17), acting with q}? yields cjf EiZEIJ\j]N). In

the oscillator representation, this is

_ 1J 1
Q,?SAZEM]N) = 31)? Tars OEMUVWENUTYVIWY

X (5%“ (5[@- BV 0) o bT]cTU/cTV/cTW/ 10) o ¢ |0)

+ 5U5[Q AV AW 10) bT bT B TU’ ﬂ/’ TW’ 10) ol 10)

- 5%5ECTV0TW |0) ® bg]cw AV W |0) ® b;CTBC]L[CTJ |0) >
(3-70)

The corresponding field-theoretic expression associated with Eq. (3.70) is given
by
_B-o<v|1J T T ) )
a; SIQLXZEM}N) = — 20pp0rOnypdf) 0" — 204007 a0
+ 20 AP0 Prpe” (3.71)

12. We conclude by actingr with s%” on Eq. (3.17), obtaining sB/’é%ZE%]N), which

in oscillator representation is given by

BpSAZEM]N) =0, (3-72)

this result arises since no a' oscillators appear in the expression (3.17).
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Employing the operator combinations of Table 3.4, we evaluate their action on £ U

The resulting expressions, given in Eqs. (3.51), (3.53), (3-55), (3-57), (3-59), (3.60),

(3.63), (3.65), (3.67), (3.69), (3.71), and (3.72), are compiled in Table 3.6.

Table 3.6: The action of 92091 on ZEIMHN)

0 o ®oxl

aBe  4Ap  —20,10y €apw 0" -
20,110 a2 PNy BT + 28p[1|¢A(M¢N)|2}5gwgﬂ —
20,1165 P08 + D1 fordd O

GBo T 2050001 P29+ 200501 P05 00PN 20"
24 Fndeomp™ = W Ty nmdnts  —
20,1105 Pnye T lps Dyt 0p0ess’ +
Dy D) 0opd 1 03

@5 aap —2000p 040" = 20,11 0a0e Flapomy "+
20,116 40PN 2y Pape T + 2Fy1108, Py divy +
Bty 290 P 6

q_gB q;l 26( fp[1f2]g¢ — 2B f [ MwN wP.Q +
2e PAIJf [1] M¢N )|2] ¢pP+¢1| M¢N |2]€ Iprg

sBp q;),‘l _%xp (2(5( fp[1f2 50 IJ _ PBIJJF‘ WSAM@EN '&Pg"f‘

2e" Fu1 100 Onya9sp + P Py €” Ulfpg)
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Qo BTy,

5 @ it (25§3gp@/7[1|(M15N)|2}¢” +
200 1|p5PAM15N |2]¢I + 2524pr[162]@¢]\7)3¢]] -
265 o119 |2]5B¢g — 20,1108y e M bpy  +
Dy 059ep0"  + iﬁ[n(Ml/_fN)Q]agpchWﬁ) +
28500 w1 Py + 2600 P50 P+
2F,10500,0n 80" — 208 Opdnyp el +

DO 102 A6™ + Dy Py 020 o7y

sBe qqu, —éﬂﬁgp( - 20p50p[1) 0y M@DN ya10" -
20,110 Fgp0m) "+ 20,118 a0 Pn) Do +
2fp[1|5ng¢N)|g]5g¢g] + PN |2]5pp¢B[J5Q> -
2080 p( 0B vy 21877 — 0893 Py @ P8

5% aap —éxg@( - 20,110y €apw (PN 20" -
20,(1104005903) 50"+ 20110400 P05 Y0  —
20,1105 PN 0 v+ 15[1|<M¢7N>|2]f@p555§> +
25[91‘¢E/6(M|ABW¢|N)\2]¢U —23p[1|¢A(M¢N)B5|QQ]¢” -
25[Q1‘¢B(M&N)|Q]5g¢g]

S —}lxé’%”w(25§3gw15[1|(M15N)|2]¢” +
2005011 POp PNy 28" + 2000 Fuf105,08) 80" —
208 Fo P dBve = 20udm0edmp e Vrs +
i) 9 080000™  + @[i(MQ/_JN)|2]3gw¢AU5£> —
a7 (20400 By e Py ¢ +

25€w&[1)|P55€M&N)\2] o'+ 20k 564M¢N.)B¢I T
20008 ¥n)2e M dor + Dy dboget
¢[1<M¢N>|2155¢A“5§>
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52

2 9 2T,

qpe s —éxpp(25§39p@/7[1|(1\/1151v)|2]¢” +
269/)1; 1|P5PAMQZN |2]¢I + 25€pr[182}g¢N)B¢IJ -
265 o119 |2]5B¢g — 20,1108y e M bpy  +
Vi () 2105000 W[H(M@NMQJ%WAU%])

e 34 —éfﬁpp( - 20,110y €apw (s 0"

20,110 a3 0N 50T + 28p[1|¢A<M15N)|2}5g¢§ -
239[1\¢B(M¢N)|2]5g¢‘p]] + 15[1|(M1/7N)|2]fgp555§> +
20y 0fi sy neanapwd’? — 2006402000 p8" +
25ﬁ‘¢A(M%5N)|2]5g¢g]

g s —zxpp(%( My Foti 0™ — 26 Fory 600y Ppo +
2e PAUf 1| M¢N 191 0P + Vi (P €” Ufpg)

@ _éf’;pp( - 20060 p1 04 (A Oy 219" -
20,1119 A fi21oOy @™+ 20511040009 Proe” P +
2fg[i|55\4¢1\7)|2]5£¢g] + PPy p@be[stﬁ) +
—2¢P9555\4¢N)[25f]¢1 — 204 M5B f 50" +
20 APy p0f P pse” P!

SBG SAp _4x991.pp<2514 Bf 1f2 —

2ePBIT [0 MQ/JN 3 ¥py + 2¢ A”fg[iﬁggM?/_JN)m]iﬁpP +
zz[uMzzN)mﬁBA”fpg)
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2 9 2T,

s s —3196”%“9( = 20up0pp 0t -
20,1104 F 298"+ 20,110 40P 2 0ppe” P +
2F 0B Prdand  + %5[1|<M@5N>|2}3MP¢B[J5Q) -
La? ( - 25£1EP[1|5§(B;\41;N) 510" -
Ll e”lo7) - o -
20pp0 4 2050 = 2040008 0f a0 +
2¢A(M@5N)[25%@5Pp€PBU>

S —ifﬁgpmpé( - 28p[1|¢gV€ABW(M?EN)|2]¢U —

20,110 420Ny BT + 23p[1|¢A(M@5N)|2}51[§%ﬂ -
20,119B(MVUN |2]5ng] + QZ[H(M@Z_)N”Q]préK(Sﬁ) -
(25[”1/) euaBw 29" —
2ap[1\¢A<M¢N>Bé|Q]¢” = 28, i u v ) -
5% (2¢g/ 5€1¢2}(N€M)ABW¢U —
259‘\(1514 M50 N pe™ 26f1|¢A(M?/7N)|2]51[3]¢g]> +
259 o5 1PadN) O

3.3 Third order at supersymmetry generators

The results of the previous section show that the computation of descendants of

O[B] and O[B] can be systematically extended to higher orders in the supersym-

metry generators. However, the commutation relations in Eq. (2.8) enforce specific

symmetries already at second order in the supersymmetry generators. Let us explain
this fact below

3.3.1 Symmetry of QQ‘FE]{;}V]

1. Symmetry in ququ‘Yfzj\j])\,]. Recall the result given in Eq. (3.24)
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QBQQApTE]I\j])V] = 25%&? foi1f2109MN — 2N BL Y, p[1|5£{¢£¢5

+ 26MNALfQ[1|5g¢|Q¢£ + GMNABw[(f%]])fpg (3-73)

Antisymmetrization in A and B is achieved by applying #5584 to both sides.
And using the bellow equalities

ERSBA(S(Ié]? —0

A
I I I
B\ npLoY = —SFSA Y = (6 0%, 07 + 6% 85 00 + 613 65,58
I I I
SBA\ Ly = 0SB0y = (5806%,07 + o%6% 68 + ol 05,0804
J 1
Uiy = gea”"
5P eynap = =205y = —20(3,0% (3-74)
We conclude that
ERSBAQBQQA;)‘IJF]{ZJ)V} = 0 + traces, (375)
. I . [MN]
where traces encodes terms proportional to d;,, which leads to B( M) = 0
2. Symmetry in cjg qg“f’fﬁj)\,] Recall the result obtained in Eq. (3.26)
B -Ag(1J - J
Bl v = 2P0 adpguinfor — 20610 0y6" P
J - J -
— 20306 103) 58 Bebp s + 205,07 03 6Tk B
I,J 7
+ w{l wsz% af- (3.76)

The following relations must be taken into account when antisymmetrizing

with respect to A and B on both sides of the above equation

PBAI PI
€ERSBAE = JRg

€RSBASNN = €RSBAS|\ON| = €RsBINON = —€RSBIMON]

€rsBAONN = €RSBAS(NON] = —€psaNOn = €rsAMON] (3.77)



Chapter 8. The supermultiplet 55

the first term in (3.26) reduces to
P(I - J
25Ré aa[ﬂﬁpﬁ'i/’p%MN, (3-78)

the second term in (3.26) vanishes, since ad[lgbA(I 62] ng‘] )B is symmetric in A
and B. The third and fourth term in (3.26) gives

T J
QERSA[MwN](Bao})[1¢A(1w2])- (3-79)
This leads to
ERSBAng'ﬁ‘FEﬁ])V] = 0+ traces. (3.80)
. Symmetry of s? QSAP‘I’E]{;])V]. We recall the result presented in Eq. (3.29)
1J
SBQSA”‘I’EM])\,] = —2565§}¢A(I¢J)B¢MN (3.81)
ERSBASBQSAPTFJI\ZJ)V} = —26655]GRSBA¢A(I¢J)B¢MN = 0, the last equality

follows from gzﬁA(I 7B = ¢B & o! )A. Therefore,

1J
ERSBASBQSA”‘I’EM])V] = 0. (3.82)

3.3.2 Symmetry of QQZE\?N)

1.

Symmetry in QBQQAPZEIJE}N)' Recall the result given in Eq. (3.51)

QBQQA,)ZE%V) = = 2eapw ity Oy — 20,100, En) 50"
+ 3p[1¢A(M¢N)|2]5g¢g] - 39[1¢B(M25N)2}55%J]
+ P Fopd1 67 (3-83)

Upon antisymmetrization in A and B, the second term in Eq. (3.51) vanishes

since the expression 8p[1¢ Al M0Q|2] [0) N) o'’ is symmetric under the exchange
of A and B. The third and fourth term leads to

_€PTB[11/}£30)&¢B(M¢N)B_ (3.84)
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Therefore,

[17]

EPTABC]BQC]A/)Z(MN) = (0 4+ traces (3-85)

2. Symmetry in g, qAZE /] N We now recall the result in Eq. (3.53), which

serves as the starting point for the following analysis.

CIBQ_AZEI]J]N) _25A 5 N i fa 01— 2P E 15 MNP

+ 26" i o by dor + Pibyne” M Fro o (3.86)

The following relations must be considered when antisymmetrizing in A and B

on both sides of the equation above

ersape P aYy = — ofkhal = —ofonoll - ohodsy — soy o}
ersapetMISE = shonol + sEow 6w + 5hoy oy
ersapePA = — 26Kk = —aits] (3.87)

So, we get the preliminary result

ERSABC_IQ P ZE J] N) = 25%5? fp[ﬂ/_’ﬁ](N@/_)M)@ + 25g5§ fg[iﬁzz](N%EM)p
— 265 530110 Dpay Fpo + traces (3.88)

and using EBQQZ/B(N'(EM)Q = 3050 (n¥ar). We conclude that,
€rsaBdy T, ZE ] Ny =0 (3-89)

3. Symmetry in EPBE%ZEI]\;]N). Recall the result obtained in Eq. (3.55)

N, 1J 1 34 b of 137!
STy = seavwenpyave S35V e! W gl
= 20f, 65 dnadn o'’ (3-90)

Upon antisymmetrization in A and B, we conclude that

RSBASPBS ZE ] N = =0 (3.91)

since ¢ A0NB is symmetric under the exchange in A and B.
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The geometrical point of view

The aim of this chapter is to present results appeared in Ref. [5]. In Section 4.1,
we introduce coherent wavefunctions solutions to free theory. In Section 4.2, we

define 552(1) 7. (Z) as cornerstone for constructing the cubic deformation operator

(2)
evaluated on free solutions; its linearity in £ ® £ and its symmetry under the exchange

of arguments are demonstrated. Finally, in section 4.3 we discuss extensions to other

finite-dimensional representations.

4.1 Coherent wavefunctions in free theory

We will now discuss a special family of solutions of free equations, which form an

orbit of PSL(4]4).

For every point Z € T we define a generalized function section of (|Ber| Syr) ™" (see
Eq. (2.47)), which we call §z. By definition dz(X), for a fixed 2|2-dimensional
X C T, is the delta-function of the condition that Z € X. More precisely (here

I'(line bundle) denotes the space of sections):

07 €T (]Ber[ SM)—l

such that Vs € T (|Ber| Sys) :

[, FO(X),52(x) = [ s(X)1(2). (41)

zeX

Here the integration on the left hand side uses the canonical measure on T,
QO = P d*udc (4.2)

and the integration measure on the right hand side is the integration along the fiber

of Sys defined by the volume element s (Section 2.2.1). In coordinates (2.1), (2.12):

62(X) = (07" Ao +uf'¢") 6(@*Na + p® + 87¢T) (4-3)

57
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So defined 07 (X), as a function of X € M (or rather a section of the line bundle
(|Ber| S )_1 over M), encodes a solution of N' = 4 super-Maxwell equations of motion
as described in Chapter 2

To determine the corresponding scalar, electromagnetic and spinor fields, we
write dz(X) as a sum of expressions with definite values of the R charge, which

corresponds to twice the power of (:

00107 fup 071072 N N50% (1 + M) (4.4)
ool o 072N C7 8+ 2N (4.5)
upude’ s upui ¢ ¢T0% (p+ x ) (4.6)

P w0 dpa ¢ ufuifi ¢ 0a6% (u + 2N (4-7)
(4-8)

eUKLu}uaé?(égfaB : u}u%g?{gg(I(JCKCLﬁd%éz(u + )

4.2 Beta deformation of the free Yang-Mills ac-
tion

We want to characterize a deforming operator [ d*z U in Eq. (1.4) by its value on
free solutions. In particular, we are interested in the case of f—deformation, which
corresponds to deforming the action by an expression cubic in the elementary fields

[4]. Let us evaluate the corresponding U on the formal sum of three coherent states:

(21024, (X) + 26, (X) + €307, (X)) M (4.9)

with bosonic nilpotent coefficients® €1, €2, £3, where M is some N x N-matrix (see Eq.
(2.46)). As we explained in Chapter 1, linearized f—deformations are parametrized
by B € (g Ag)o/g. We consider the case when B is a decomposable tensor, i.e. is
of the form B = &£ A & where £ is an odd element of g. The condition of zero internal

commutator (the subindex 0 in (g A g)o) means that £ should be nilpotent. We claim

1“Nilpotent” means satisfying e? = £2 = 5% = 0. To the best of our knowledge, the idea to

use nilpotent coefficient was first suggested in [22]. The authors of [22] constructed a solution
of classical field equations, which they called “perturbiner”. Our use of nilpotent coefficients is
slightly different; we take a solution of the free field equations in the form of Eq. (4.9) and evaluate
some [ d*z U on it. We need the nilpotence of coefficients to avoid considering the square of
delta-function.
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that the result of evaluation of [ d*z U on the free solution given by Eq. (4.9) is:
4 — € 3
/d U = e1e9e3 52(1)7Z<2)(Z(3)) trM (4.10)

where 552(1),2(2)(2(3)) is defined by Eq. (4.15). In fact, our Eq. (4.15) works for
any nilpotent £ € TIT, PSL(4[4,R); this includes odd elements of psi(4]4,R) as
well as linear combinations of even elements of psi(4]4, R) with Grassmann odd

coefficients?.

(At the same time, on the string theory side the integrated vertex operator of the

worldsheet sigma-model for this particular B is [3]:
Uads = /jafa A G (4.11)

Here j, is the Noether current on the worldsheet, a one-form.)

4.2.1 Definition of 562(1),2(2)(2)

Let us pick two points3 in PT: [Z(;)] and [Z(5)]. Let { € g be an odd nilpotent
element of g = psi(4|4,R). We can represent & as a 4|4 x 4|4-supermatrix, which

we also denote &.
§ = , & = (4.12)

Since ¢ is nilpotent as an element of psi(4]4,R), the square of this matrix is propor-

tional to the unit matrix:
& =cl (413)

where ¢ is some number. We assume that £ is nondegenerate, in the following sense:

either ¢ # 0, or if ¢ = 0 then Ker{ = Im¢&. Let us consider a 2|2-dimensional plane

2Since we work with coherent states, we are into supergeometry/supermanifolds; we have to use
a “pool” of constant Grassmann odd parameters [23].

3Strictly speaking, it is not appropriate to think about “points of a supermanifold”. It is better
to say that, for an arbitrary supermanifold S, we pick two arbitary morphisms Zy S —PT

and K S — PT [24]. For our purposes, it is enough to take S = RYK for large enough K.
Technically, we just allow all our twistors to depend on K constant Grassmann odd parameters.
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L generated by Z(yy, Z(3), {Z(1) and £Z(y)
L = RZ(l) + RZ(Q) + RfZ(l) + RfZ(Q) (4.14)

Let us define 5%(1) Z) (Z), essentially a delta-function of Z, in the following way. For
any test function f € C*°(T):

'3
L, s %5002 (D) £(2)

— fa1Z) + a2 Zp) + 0120 + 0762 5)  (415)

The integration on the left hand side uses the canonical measure Q = d? d?ud*¢
on R** (the “S” in “PSL(4]4)”). The integral on the right hand side uses the integral
form on L canonically defined by &

Proposition 2. Fq. (4.15) implies that 6%(” Z(2>(Z) is a linear function of ERE. It
has weight zero in Z and also in both Zy and Zy); in other words, for k € R:

3 _ <€ & Y
6Z(1),Z(2)(/{Z) - 5/@Z(1>,Z(2>(Z) — 52(1),/£Z(2)(Z) = 52(1),Z<2)(Z) (4]_6)

Proof. First equality follows from the fact

/Z€R4l45%(1),z(2)(mz)f(2) = /Z R445§()Z()(Z)f(f)
= /deAdaQ 821822 (alZ<)+a2Z +:, §Z() +¢2€Z<2>)
= deal/\dGQ (‘32188@@2 faZpy + asZs + ! €2 +@ZQ§Z(2)), (4.17)
where a1 = 2L, Gy = %2, Pl = %1 and ? = %2 . Since, the Ber of the

Jacobian of these transformations is equal to one. We can write the above equality

as

kZ) f(Z), (418)
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Therefore, 5§Z(1)7 Zo (kZ) = 552(1), Z(z)(Z ). Second and third equality, follows from

0 0 1 9
= /R2 day A dag 901 902 flaraZpy + a2 Zg) + 9 alZ) + 1" BEZ ()
0 0
:/ adamﬁdazwla—&zﬂ 124y + @229 + €21y + D2 Z ()
_ 3
Therefore, 5£Z<1),Z(2)(Z) = 552(1),HZ(2)(Z) = 552(1%2(2)(2). O

Moreover, the equalities in Eq(4.16) of Proposition 2 can be generalize by doing
the fOHOWiIlg transformations Z(l) = OéZ(l) + 52(2) and Z(Z) = ’7Z(1) —|— 5Z(2)

(11201) + a2Z2) + V"6 200y + 1762 5) )
= /R2 dai A das 7i f(al(aZ + BZ ) + CLQ(’}/Z(l) + 5Z(2))
+ PrE(aZyy + BZw) + (v Z0) + 52(2))>

= /R2 day A dagy ((ala +a2v)Zqy + (@18 + a20) Z(y)

o 0

g1 og7 !
+ (o + 302, +(6w1+5¢2)€Z(2))

_ / Ber(Jac) ™ déiy A diiy —o f(dlZ( | aaZ) + D2, +zz2gz(2)>

(4.20)

01p1 0?2

where @1 = aai +yag, do = Bap+daz, Y1 = ot + % Py = Byl + §?



Chapter 4. The geometrical point of view 62

and Ber(Jac)™! = 1 since
a v 0 0
g o 0 0
Ber(Jac) = Ber = 1 (4.21)
0 0 a v
00 3 9
£ — 5
Therefore, 52(1)72(2) = 5Z(1>,Z(2)'

Equivalently, we can define 5£Z(D, Zis (Z) as follows:

5%(1),2(2>(Z) = (4.22)
= /R2 day A day wla?p? SU(Z — a1 Z(y) — a2 Z9) — V' EZ(1) —V*EZ ).
4.2.2 Orientation of L,y and discontinuity of 5%(1)’42)
In order to integrate an integral form:
day A das 831 e flarZ 1) + agZ9) + 0 €20y + V*EZ)) (4.23)

over a supermanifold L (Eq. (4.14)), we need an orientation of its body L,q = R2.
This R? is generated by Z1y and Z(gy. Therefore, we need to know which ba-
sis has positive orientation: {Z(y), Z(9)} or {Z(9), Z(1)}? A comparison with ex-
plicit calculation in Section 4.2.5 shows that the orientation is determined by
the sign of eaﬁ)\(l)a/\(z)ﬁ. This sounds like a contradiction, because eo‘ﬂ)\(l)a)\@)ﬁ
is not conformally invariant. However, the sign of e A(1)aA(2)p 1s invariant un-
der infinitesimal conformal transformations. Explicit calculation in Section 4.2.5
shows that (552(1)7 Z) (Z), as a function of Z(1y and Zy), has a discontinuity when
eaﬁ)\(l)a)\@)ﬁ = 0. The limit at the discontinuity is proportional to §(2) (A — arA(1) —
a2 (), but the sign in front of s\ - a1A(1) — a2 (9)) depends on whether we are
approaching from EaﬁA(l)a)\(Q)B > 0 or from Eaﬂ)\(l)a)\(Q)ﬁ < 0.

This can be explained as follows. We interpret the four-dimensional spacetime as
the real Grassmannian: R?2Uoo = Gr(2,4) (Section 2.2). For the Yang-Mills action
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to be conformally invariant, the scalar field should transform as a section of (BerS) !,
and spinors as sections of S ® (Ber S)~! (chiral) and S+ ® (Ber S)~! (antichiral),
where S is the tautological vector bundle of Gr(2,4) (like Sps of Section 2.2 but
without “super-"). However, the 6z of Section 4.1 gives sections of (...) ® |Ber|™!
instead of (...) ® Ber™! (Section 2.2.1). We would be able to cast sections of [Ber| ™!
as sections of Ber™ !, if we provided an orientation of S. But this is only possible
locally. In fact, we can provide orientation of the fiber of S over all x except at
infinity. This is acceptable for our computation, because the integral [d*z U in
Eq. (1.4) is supported on a single point x € R*? determined by the intersection
of the planes 1) — Az = 0 and p) — Agyz = 0. But when we consider the
case when )\(1) — )\(2), the intersection point z goes to oo, where the orientation is
undefined, essentially because ||z||? = det 2 can be positive or negative depending

on how z — co. This leads to the discontinuity of 6% 7y Zis )(Z ).

4.2.3 Symmetry of (5%(1)’2(2)(Z)

The defining Eq. (4.15) implies that 5%(1) Zo) (Z) is symmetric under the exchange
Z(1) > Z(2)- In fact it is symmetric under arbitrary permutations of Z, Z(y), Z(9).

This can be proven as follows:

s (7 — a1Zy — a2Z 9y — 01€Z1) — 2l Z(a)) (4.24)
1
= sign(a1)5(4l4) (al - ¢1fZ — Z(l) — 4a1 iim&z( P ¢ gz/}géZ >

= sign(a) x
x 5 ( — Z) + a1 Z = (a7 tag — ay iec) Zig) — a7 i€ —

— (ay "o — af2a2¢1)§Z(z)>' (4.25)
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In Eq. (4.25) above, we have used the equalities below:
ailly ¢ B
ai + 1€ = , SDet(a; +¢1&) = 1 (4.26)
1 C ally
I —ay'y1 B
(Is + ay '918) ™! = = IIs —ay '¥n€ (4.27)
—a; 'O Iy
In Eq. (4.25), we obtain the following change of variables:
a; = afl, (4.28)
a2 = —aj'as + aj *P1ibac, (4.29)
J1 = —ay ¢, (4-30)
Py = ay *azr — aj s, (4-31)

So, the Jacobian associated with the above change of variables is given in the

supermatrix m:

A B —ay? 0

m = , where A =
C D afzag—Qaf?’wlwgc —al_l

-3
0 0 2a7 "

B — s O =
—ay e —aj e —2ai agh +ay *Pe ay e
—al_Q 0

and D = (4-32)

ay 25 —al_l
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We can see that SDet(m) = 1, since

BDT'C = = : (4-33)
2a; Shotprc + aj Phripac 0

And, using Eq. (2.22). Therefore,

1
SDet (i) = —gdet = 1 (4-34)
1

In the integral [g2 daj A das 8%}1(%2 is equivalent to the exchange! Z < 7.

4.2.4 The case when £ A ¢ corresponds to zero deformation

Suppose that & A € belongs to the denominator of Eq. (1.7):

ENE=NDC) =D 0% Aty (] (4.35)

for some ¢ € psl(4]4), and C® the inverse of the Killing metric. We know from [3]
that such & A € should correspond to zero deformations. We will now prove that for
such £ Eq. (4.15) indeed evaluates to zero.

Let us enumerate the basis vectors of T: {e1, ea, €3, e4, f1, f2, f3, fa} where e are
even and f are odd. Without loss of generality, let us assume that Zy = el and
Z () = e2. (In other words, we choose a basis so that the first two elements are Z ;)
and Z(y).)

Let us first consider the case when ( is even:

1
C =€, X GVb — 1(521 (436)

4The sign factor sign(ay) is compensated by the possible difference of sign between B )\(1) a)‘(Q) 3
and eaﬁ)‘(l)a)‘@)ﬁ' This sign determines the orientation of R? which is needed to integrate daj A das.
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where eV, fV are elements of the dual basis and 1 = 3, e, ® e'¢. In this case:
C

4

1 1
A =X (ea Qev — 4531> A (ec ®eb — 4521> +odd A odd (4-37)
c=1

The odd A odd terms do not contribute to the computation. Also, the subtractions

do not contribute to the computation, because the integral of Eq. (4.22):

/da A da? 01 Zy) + a2y + 0 61 Z ) + 0262 ) (4.38)

awlanf(

is zero when either & or & is proportional to 1 (for example, when & = a1, the
dependence on 1! can be removed by shifting a' — a! — wla). Let us pick a pair of

fermionic constants € and n from the pool[23]; we are evaluating:

o 9 &
/deal/\dag wlawZZf(ael—l—aeg—l—

0! (edfeq + ndfec) +uP(edea +nhed)) (439

This integral is equal to zero. In fact, each term in 221:1 vanishes separately. Indeed,
when ¢ is 3 or 4 it is proportional to n> = 0. If ¢ is 1 or 2, we can shift the
integration variable a' or a? to eliminate the dependence on 7; then the integral
becomes proportional to €2 = 0.

Now consider the case when ( is odd:

¢ =fa® eVt (4-40)

MO = (e YA (ccwe = 100) + (fa ¥ = 101 A (e ™) (400

Again, the second term does not contribute to the computation. The contribution of

the first term is:
/ dai A da2ii > f(alel + a’ey + (4.42)
R2 oYl Onp? 4 '
+ 0105 Fu+ maber) + V(05 u+ moec))

The terms with ¢ equal 3 or 4 are zero, being proportional to n? = 0. When c is 1 or

2, we can eliminate the dependence on 7 by shifting a, and then we are left with, for
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example, when ¢ = 1:
[ dar nday s 055 f(aler + aes ' ) (1.43)
R? DT 92 &
This integral is zero, because the integrand does not depend on 2.

4.2.5 Deformation of the form [ ¢y

To prove our claim that the evaluation of the deforming operator on the free

solution given by Eq. (4.9) is indeed 5%(1) 2. (Z), we will consider a particular case

(2)
when the test function f(Z) of Eq. (4.15) is:

F(Z) = A (N ) Peepeq (4-44)

Eq. (4.10) implies that evaluation of [,_paju 5€Z(1)7Z(2>(Z) f(Z) with such f(Z)

corresponds to the substitution instead of the term proportional to €3 in Eq. (4.9)

of the following solution of the linearized equations of motion (cp. Eq. (4.6)):

prx(z) = /dQ)\dQH Ark (A, )8 (g + 2A) (4-45)
b=P9=Ft=F =0 (4-46)

Let us choose both & and & as “rotations of S°7, i.e.:

(&1 /&)1 = BEL (4.47)
with other components of £; A &2 all zero.

Eq. (4.15) implies that [, g 652(”72 (Z) f(Z) equals to:

()

Apq(aM Ay + aP A gy, aV iy + 0l o)) PRI BEEC 1) 12y sdat) A dal)

(4-48)
The same result is obtained by evaluating the deformation term in the Lagrangian

[4],

R2

/d433€”KLSOIJ($)B£CL“)¢(1)Pa($W(2)QB(l’)ﬁdﬂ (4-49)

where ¥ 4)ar () = Aa)al(aycd” (11(a) + A0 4))- (4.50)
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This establishes the contact with the description of the supermultiplet on the
field theory side obtained in [4]; matching of other states follows from applying

supersymmetry?.

Fourier transform into the usual momentum space We will use now the

notations of [8]. Following the prescription in [8], let us substitute in Eq. (4.45):

A1 (A, 1) = 0*(A = A(q)) exp (M(m) Coyr€oyx (4.51)
and then multiply by the Fourier transform factor exp (_iﬂ(l)j‘(l) —ifi(2) ~(2)) and
integrate over p (1) and fi o). Then Eq. (4.48) gives:

/da1 A dCL2 (52 ()\(0) — a(1)>\(1) — CL(2)/\(2)) X (452)

x8% (Aay =M 0)) 6 (M) — X)) Coyplioee”™ ™ BEsC) )

This is equal to:

1 < (A2 Noy) + ) <~ (A1) \o)) )
= ()\ — =) 62 [ Xioy — A X
(A1)s A@2)) @) A2y, Ay © @) (A1), A2)) (©)
X C(o)PC(o)QEPQRSBJI%{qCu)1C(2)J (4-53)

Remember [8] that the momenta of the scattering particles are p(;)q = S‘(i)a)‘(i)o'r
Eq. (4.53) can be interpreted as a deformation of the three-point scattering amplitude.
It is a generalized function with support on 5\(1), 5\(2) and 5\(0) being all collinear to

each other.

4.3 Other finite-dimensional representations

It is likely that the expressions 5%1’ Z (Z) will serve as building block for evaluation

of deformations corresponding to other finite-dimensional representations. It was

5Vanishing of deformations corresponding to the denominator in Eq. (1.7) was not proven in [4].
It follows from Section 4.2.4 that such deformations would vanish when evaluated on (4.9). This
should imply that the deformation is acually zero, although we do not have a rigorous proof.
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conjectured in [2] that deformations of the form:
/d4x po(x) tr(Py +id9) () | /d4x p1(z) tr(Dy + D) () ,
/d4x pa(x) tr(Py +i®2)%(z), ... (4.54)

where p,, are some special polynomial functions described in [2] generate finite-

dimensional representations of g corresponding to supersymmetric Young diagrams:

: , . ... (455)

and their transposed. An element of such a representation is a super-traceless tensor
B with 2(n + 2) lower indices and 2(n + 2) upper indices. The symmetry type
of the lower indices is determined by the lower portion of the Young diagrams,

and of the upper indices by the upper portion. For example, the Young diagram
EDH (“case n = —17) corresponds to the tensors of the form ng symmetric in ab

and antysymmetric in cd, while E‘I‘ corresponds to the tensors of the form ng

antisymmetric in ab and symmetric in cd. When all indices a, b, ¢, d are fermionic,

E‘:D gives BYY, = B, = — Bl (see Eq. (4.49)).
Consider the tensor B = £82("+2) where ¢ is an odd nilpotent element of g. Let

us apply the Young symmetrizer corresponding to:

n+2

(56)

—
n+2

We conjecture that the evaluation of the deformation on the coherent state (as in
Eq. (2.46)):
(51521 (X) + 52522 (X) +..t 8n+452n+4 (X)) M (4'57)
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gives 5621 i tTM n+4 where:

5%1,...,Zn+4 = 5%1,22(Z3)5%2,23(Z4) T 5%n+2,zn+3(zn+4) (4.58)

We leave the verification of this statement for future work. The symmetry of 65217.“7 Zn
under permutations of Z; can be proven as in Section 4.2.3.
Let us prove that Eq. (4.58) depends on £ A--- A& only through its Young

projector. To start, notice that each 5€Zn Z7L+1(Zn+2) depends on & A ¢ via the

projector D:E ¢®¢&. (In other words, the lower through ¢ [(cagfl]) .) This follows from
the fact that 6§Zn7Zn+1 (Zn+2) = 0 when ¢ is degenerate, dim im & = 1 (this follows
» depends on € A--- AE

n

from the definition Eq. (4.15)). This implies that 5%1’”"2
only through:

S R i (4:59)
But this is not all, there are more projectors. Let us consider the special case
n = 0. Let us write 5%1,Z2,ZS,Z4 as 5622723 (21)5%223 (Z4). The indices ¢; and cg both
contract with Zo, therefore they enter symmetrized. The indices d; and ds also enter
symmetrized, because they both contract with Z3. Therefore, the £ A& A E A E enters

only through the projector to EBEE' In general, £"2("+2) enters only through the
projector of Eq. (4.56).
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Conclusion

In this thesis, we studied the 3— deformations of N' = 4 SYM from two per-
spectives: representation theory and supergeometry. Our analysis was motivated
by understanding finite- dimensional representations of the superconformal algebra,
which play a central role in AdS/CFT.

The first part of the thesis focuses on the supermultiplet structure of the
f—deformation. We started from the known cubic interaction Eq. (2.29), we
systematically generated its descendants by explicit action of the supersymme-
try generators by working within the oscillator representation of the superconformal
algebra psi(4]4,R). While, the realization of f—deformation is associated with
the wedge product of two adjoint representations of the superconformal algebra is
manifest on the string-theory side. It was far from obvious in the field-theory side,
we have shown that the field-theory deformation indeed organizes itself into this
representation.

In the second part of the thesis, we turned to a geometric interpretation of
linearized f—deformations, using the language of supertwistors, supergrassmannians,
and harmonic superspace. Within this framework, four-dimensional spacetime is
reinterpreted as a Grassmannian of (2|2)—planes inside the supertwistor space
T = R* and the basic fields of N = 4 SYM appear as sections of vector bundles
over this manifold.

One of the main achievements of this geometric analysis is the identification
of linearized S—deformations with specific distributional Dirac delta 5%(1)7 Zo) (Z).
By evaluating the deformation interaction on solutions of the free super-Maxwell
equations, we obtained explicit expressions that encode the deformation as a gen-
eralized function on the product of projective supertwistor spaces and the space of
deformation parameters.

One immediate extension for future research would be to study whether the
geometric picture developed here can be promoted beyond the linearized regime.
Another direction of research is the systematic exploration of other finite-dimensional

superconformal representations and their associated spacetime-dependent deforma-

71
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tions. Finally, the understanding whether the present results can be connected with

twistor-string theory would be desirable.



Appendix A

The algebra psi(4]4, R)

The relations of commutation of the generators of Lorentz rotations and internal

a ja A

R-symmetry {4, 5B with any generator J is given by

1 1
15, To) = 03T — Q%ajg, 15, T = —5§JO‘ + 5550‘jg, (A1)
y . 1. o A
U5, Te) = 05T =505 0o 1I5,T°) = 04T+ 50877, (A.2)
1 1
[r's, JIp] = _5[)4\7B+Z5AB«7D> 'y, TP] = 51?714—15%71) (A.3)

The another commutation relations are given by

(52 pac] = 02¢2, [5%,pac] = 02qaa; (A.g)
[k, i) = agsA, [k9, qap] = 0959 (A.5)
{040,453} = 08pac, {5758} = opke (A.6)

The non-vanishing relations of comutations reads as follows

[k, pos] = 6513 + 0%, + 6569D (A7)
1
{s"% ap,} = G5y + 05 + 50505 (D—C) (A.8)
T ja s L
(34,45} = o4l —5Bri+5555§ (D+0) (A.9)

A.1  Oscillator representation of psi(4/4, R) super-
algebra

The generator of translations pag and conformal transformations k% are:

Pac = alb! kA = b (A.10)

a~ o)
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The dilatation generator reads as follows
i v Ly
D =1 + §a,ya, + §b,yb s (A.ll)

and the sl(2) x sl(2) and sl(4) rotation generators are

lg* = a}_jaa — ;%aaﬁ;cﬂ,
Y = bl - ;%%W,
riy = Mg — ié%cTDcD. (A.12)
Also, there are two gl(1) generators
cC = 1- ;agcﬂ + ;bgbﬁ — ;CTDCD
B = ;aL v — ;bzlﬂ, (A.13)

which are the central charge and outer derivation, respectively. All fields in N’ = 4
SYM are uncharged with respect to the central charge C, therefore it can be set to
zero. This procedure leads to pl(4[4,R). Removing the generator B leads to the
sl(4]4,R) algebra. Dropping both B and C' generators out lead to the psi(4|4,R)
algebra.

A.2 Twistor representation of psi(4|4, R) superal-
gebra

The si(2), sl(2), and sl(4) rotation generators are given by

o 1 )

[ Y— 5} A.

© TN 270N, (A-14)
y .9 1. .0

lOt — ai.—* Q pi. A

g T H oub 2%” P (A.15)
' :gAi—laA p 9 (A.16)

acB ~ 4°B> ¢D
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The generator of translations pag, conformal transformations k¢ and the super-

charges are given by

Pac = )\aal;io'm koo = ﬂ’d% (A17)
QAa = )\O‘BCLA’ SAa = CA% (AIS)
G = oo 34 = 1% (A.19)
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