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An exactly solvable quantum field theory (QFT) model of Lee type is constructed to study how neutrino
flavor eigenstates are created through interactions and how the localization properties of neutrinos follows
from the parent particle that decays. The two-particle states formed by the neutrino and the accompanying
charged lepton can be calculated exactly as well as their creation probabilities. We can show that the
coherent creation of neutrino flavor eigenstates follows from the common negligible contribution of
neutrino masses to their creation probabilities. On the other hand, it is shown that it is not possible to
associate a well-defined “flavor” to coherent superpositions of charged leptons.
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I. INTRODUCTION

In recent times the neutrino oscillation phenomenon was
established as an example where the coherent creation of a
superposition of mass eigenstates, which is called a “fla-
vor” eigenstate, tagged by the accompanying charged
lepton, leads to an interference among those mass eigen-
states inducing the flavor oscillation. We will choose to
refer to those specific superpositions of mass eigenstates as
neutrino flavor states because there is no well-defined
flavor charge operator to which we can associate flavor
quantum numbers. Moreover, we will try to show that the
concept of flavor for neutrinos is an approximate notion.

In this article a Lee-type model is devised to investigate
the neutrino flavor creation problem. The Lee model [1,2]
is an example of a simple quantum field theory (QFT)
which is exactly soluble but it still requires wave function
and charge renormalization to make the model meaningful.
Such features allied to strong conservation laws enable us
to solve the model completely for each sector invariant by
the conservation law. Another unique feature of this model,
which will be explored here, is that it permits the study of
unstable particles in an exact way [3]. The modifications
performed here consist of replacing the fields N, 6, V by [;,
vj, m, where the unstable fermion V in the original model
is replaced by the scalar boson 7 and other fields are
replaced accordingly. Thus this model will be used to
mimic the decay 7= — [, v, where a = e, pu.

The decay process 7 — [;v;, i, j = 1, 2, has four kine-
matical decay channels available for two neutrino families.
The channel 7 — [;v (I, = e), with arbitrary neutrino
content, is, however, very suppressed with respect to the
dominant 7 — L,v (I, = u) because of helicity suppres-
sion in weak decays. The model devised here does not
account for this helicity suppression, giving comparable
branching ratios for the production of both charged lep-
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tons. However, comparable branching ratios for different
charged leptons accompanied by neutrinos exist in nature
[4]: (@ K} — 7 e*v, (40.53%) and K) — 7 u"v,
(27.02%), (b) K* — 7’e*v, (498%) and K' —
™ utv, (3.32%), and (¢) W — I,v,. The last process
is also effectively a two body decay kinematically analo-
gous to the pion decay.

In the aforementioned processes we could in principle
observe the interference among neutrinos produced jointly
with different charged leptons such as 7 — [;v| and 7 —
l,v,. Why is this kind of interference not observed? We
will try to address this question within this Lee-type model
keeping in mind a fictitious pion decay without helicity
suppression, with comparable branching ratios to decay
into different charged leptons. Previous discussions about
the possibility of charged lepton flavor oscillations exist in
the literature [5,6] but we should remark that the question
raised previously is more general in the sense that we could
observe the interference of the channels by observing the
neutrinos and not the charged leptons. On the other hand,
there is also the interesting possibility that neutrino oscil-
lations could be suppressed by small momentum or energy
uncertainties [7,8].

A thorough study of the mixing phenomenon, either in
the bosonic or fermionic case, was already performed in
QFT by Blasone and Vitiello (BV) [9]. Despite that, the
role played by the interaction which generates the mixing
was not completely carried out, although an analysis of
flavor states emerging from pion decay is shown in
Ref. [10]. In an almost free QFT, BV analyzes the effects
of mixing and seeks what should be the flavor states for
neutrinos. What emerges from that study is the possibility
to define two types of unitarily inequivalent states con-
structed from two distinct vacua: a usual vacuum and a
mixed vacuum. They use the mixed vacuum and obtain a
different neutrino oscillation phenomenon. The choice of
the vacuum, however, does not seem to be unique. The
study of a Lee-type model presents two advantages with
respect to the BV approach: (i) the interaction responsible
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by flavor mixing can be taken into account exactly and
(i1) the free states are unitarily equivalent to exact states of
the total Hamiltonian. The point (ii) means we do not have
to choose between two unitarily inequivalent sets of states
but at the same time we cannot study in this type of model
the consequences of such phenomenon, which might be
present in more realistic QFTs.

Another distinctive approach to treat neutrino oscilla-
tions in a rigorous manner was extensively reviewed in
Ref. [11], where the so-called external wave packet ap-
proach was analyzed. Although, the first QFT treatment of
neutrino oscillations was given in Ref. [12]. In the external
wave packet approach, the nonobservability of neutrinos
through direct detection was translated into the formalism
by treating them as internal Feynman propagators connect-
ing the creation and detection processes. Some unclear
aspects of such an approach were clarified in Ref. [13].
One of them concerned the possibility that some nonphys-
ical contributions, such as below threshold neutrino detec-
tion, could be present in the formalism and would have to
be removed by hand [13]. Such an approach could account
for the localization aspects of the creation and detection
processes [14—16] but the meaning of what would be the
intermediate neutrino flavor states could not be investi-
gated. Another attempt to define neutrino flavor states in
QFT can be found in Ref. [17]. One can also find attempts
to describe neutrino oscillations in relativistic quantum
mechanics [13,18].

The two goals of this article consist of providing an
exactly solvable model to study (a) how neutrinos are
created through interactions, and (b) how the localization
of neutrinos follows from the parent pion properties. As is
usually adopted in rough estimates, the wave packet size of
the daughter particles is considered to be 1/I" [5,7], where
I' is the decay width of the parent particle. This model
provides exactly such a relation. We can also calculate the
two-particle state composed by the charged lepton and the
neutrino that is created from pion decay. This calculation is
an attempt to properly define a flavor state for neutrinos.
We will see that the coherent creation of neutrino flavor
states is a consequence of the common negligible kine-
matical contribution of the different neutrino mass eigen-
states to their creation probabilities (amplitudes). We will
also study the meaning of defining a different flavor state to
charged leptons as the coherent superposition that accom-
panies a neutrino mass eigenstate such as v, for instance.
We will conclude that the concept of flavor associated with
such superposition states cannot be properly defined.

The outline of the paper is as follows. In Sec. II we
introduce the model and calculate the relevant eigenstates
of the total Hamiltonian. In Sec. III we study how the
concept of neutrino flavor emerges from the calculations
and derive the localization properties of the decaying
states. The discussions are made in Sec. IV and some
detailed or additional calculations are shown in the
appendices.
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II. THE MODEL
The free Hamiltonian of the model is defined by

Ho = [ @katG0AG) + b1, [ &pb] ()bi(p)

+ f d*pE;(p)aj (p)a;(p), (1)

where

Ej(p) = \/Pz + m?, 2

and A, b;, and a; are, respectively, the annihilation opera-
tors of the fields 7, /;, and v modelling (unrealistically)
the decay 7 — [;v;. The summation over repeated indices
are implicit. We will restrict ourselves to two families
which means li = ll’ lz (l] =e, 12 = ,LL) and Vj = Vi, Vy
correspond to the two neutrino mass eigenstates. Extension
to three neutrino families is straightforward. The fixed bare
energies of the fields 7 and [/; corresponding to their
masses t, M; mean this model treats the static and recoil-
less limit of 77 and /;. The momentum though is conserved.
The neutrinos, on the other hand, obey the relativistic
energy dispersion relation (2). The creation and annihila-
tion operators satisfy

[AKk), AT (k)] = 8°(k — k), 3)
{bi(p), b! ()} = 5,8 (p — p), )
{a;(p), al (p)} = 5,;,8°(p — p). (5)

The spin indices are suppressed.
We define the Fourier transform of the fields to be

eip~x

) = [ @pbie. g ©)
eik~x
7(x) = [ PRAK) )
_ d3p . eip-x
Vi(X) = fﬁ[ai(p’ ”)”i(P)W
+al(p, r)ncCW(p)Lm], ®)
i i (277_)3/2

where u!(p), r =1, 2, are Dirac spinors normalized as
ui’*(p)uf(p) = 2E;(p)d,, while uj, r =1, 2, are the cor-
responding spinors for fermions at rest properly normal-
ized to uST uy = 6,,. Expression (8) corresponds to the
usual Majorana type fermion expansion where 7. is a
phase factor appearing in the charge conjugation
transformation.
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The interaction Hamiltonian is chosen to be

Hy = go [ @Sl 00U, 0 ) f(x ) + He

©))

= gUj; f & pd®p'bl (p, )m7(p")al (p', )A(p + p')
+ H.c, (10)
where {U;;} corresponds to the mixing matrix, V;i) refers

to the creation part of expansion (8), and
1 /(@)
3/2
Q2m) ,2 E; (p')

Using the Dirac representation for gamma matrices, C =

n7(p’) = neuy! Cl(p!). (11

+
iv2Y0, uh = e, [19], and u$ (p) = %”o’ we ob-
tain

_iﬂc((’ : PO'z)rs

The function f represents a ‘““form factor” necessary to
regularize the expressions in the Lee model [2]. For con-
sistency reasons to be discussed later it also has to be
smooth, analytic, approximately flat for energies much
lower than the cutoff scale, but falling off not so rapidly
above the cutoff scale. In addition, the Lee model may
violate unitarity if the coupling constant is above a critical
value [2]. We assume the coupling constant is below the
critical value thus avoiding such a situation. Nevertheless,
the case of an unstable parent particle can be properly
described in the unitary regime [3].

There are two charges Q;, O, that are conserved and
within those sectors of fixed charges we can find the
explicit eigenstates of the whole Hamiltonian

7 15(p) = mcug! Cul'(p) = (12)

H=H,+H,. (13)

The two charges are

0, = [@at@0at + 3. [ & phl @) 14)

0: =3 [ &plb @) - al @@} (15)

In the sector containing one 7 [(Q;, @,) = (1,0)] and
one pair of /;, v; [(Q), Q») = (1,0)] we can calculate the
exact eigenstates of H in terms of the following eigenstates
of Hy:

| = f Bl () | 7(K)), (16)
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|Z;(r), v;(p', ) = f & pip(p + PP, r), v; (', 5))o,
(17)
where

|7(k))o = AT(k)I0), (18)

|1i(p. 1), (D', $))o = b (p, r)al (p', 5)I0),  (19)

and |0) is the vacuum state of H,, and of H as well [20]. The
function ¢, is an arbitrary function controlling the pion
momentum distribution. The subscript O indicates the
states correspond to eigenstates of H,, i.e., bare states.
Then we find the eigenvalue equations

Hilmh = oy [ & pnp @O0, 2,0, Do 20)

Hlll (l") V; (p: S)>() - gOUU"?] (p/)|7T>() (21)

The eigenstate of H with energy (mass) E . correspond-
ing to a dressed state of |7), can be found if we discover
the function y in

im =10+ 3 [ @), e 22

ijrs

From the eigenvalue equation

Hl|m) = E_|m), (23)
we obtain
goUl,n”(p’)
N = ] 24
and ho(E,) = 0 where
hO(E’]T) = E7T M + ¢0(E7r) (25)

The function ¢, is defined as

[ @)U,
¢0(E)—g02fd3 ’ E(E)E = 0

We assume there is only one root for Eq. (25) which defines
the pion mass M, i.e., the energy of the dressed state | 7).
Therefore we could have written the bare pion mass w as

m=M;+du, (27)
where
Sp = ¢o(M;) (28)

is the mass counterterm.
We can simplify

bo(E) = YOZ|UU|2¢~>;(E - M,), (29)
ij

where
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_ &
=5 (30)
and
y o0 f2(E)
() = [m, dEE = E=m) L= 6D

The intermediate steps to reach Eq. (29) can be found in

Appendix A. We should emphasize, however, that the

principal value is understood in Eq. (31) if x > m; [3].
To have an unstable pion we should have [3]

ho(My + my) <0 (32)

for My = min(M;) and m; = min(m;). This condition im-
plies that

MW>M1+m1. (33)

These conclusions follow from ¢@y(—o0) =0 — €,
dgo(x)/dx >0 for x <m, + M, and ¢y(x) >0 for x —
m; + M, — €, which assures h(x) is a monotonically in-
creasing function for x < M; + m;. Equation (32) guaran-
tees that the root of iy(E) = 0, the pion mass, is above the
threshold M| + m,, leading thus to Eq. (33). It can be also
seen from Eq. (31) that for x > M, + m;, ¢o(x) may
continue increasing but it starts to decrease when x is
greater than the cutoff scale of f. In addition we will
assume all the decaying channels are open, i.e., M, >
m, + M,. Intermediate cases can be handled with appro-
priate care.

If condition (33) is satisfied, Eq. (22) does not define a
meaningful expansion although the norm is finite

(mlm) = hy(M ) = 1+ ¢4(M ), (34)

with A{(x) = dhg(x)/dx. For stable pion, the norm (34) is
used to (re)normalize the pion state since the expression in
Eq. (34) diverges when there is no cutoff, i.e., f(E) = 1. It
means there is no stable dressed pion state and the only
stable eigenstates of H in this sector (one 7 or one pair of
l;, v;) are the scattering states containing one /; and one v;.
These states complete the Hilbert space in this sector. This
is proved in Appendix B.

The scattering states, eigenstates of H, can be calculated
from the expansion

|1(r), v(p, 5)) = |1;(r), v;(p, $))o
+[ Pl (0 (), vy (', s
+ 2, B3 (p)l 7, (35)

if we find the functions a and Zé/ ZB. The eigenvalue
equation

Hlli(r)) Vj(p: S)> =

leads to

(M; + E,/‘(P))”i(”), Vj(p) s)),  (36)
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(M; + E;(p) — My — E;(p))als7 (p, D)
= g2 B (@)1 (Ui, (37)
(M; + E;(p) — M, — 812y B (p)

= gon}"(PU}; + go]d3 Qs Uy (38)

Inverting Eq. (37) using the incoming ( + ) or outgoing
( — ) wave boundary conditions, we obtain
2023 B () m (0 Uy
M; — My + E;(p) — Ey(p') + ie
(39)

a”™ r’s’(*) _
a;is (pp) =

Equation (38) yields

gon(PIU;;

1/2 prs(*) _
2By ) = Ep) o)

(40)

Notice that the domain of the function Ay was extended to
the complex numbers, hence satisfying the property
ho(E * i€) = hy(E) + éFO(E), (41)

where

To(E) = yo > |U,I*TH(E — M), (42)

ij

f'j(x) =270(x — m;)(x — mj)‘[xz — m?fz(x). (43)

Therefore

277%
) = o
o ’ ho(M; + E;(p) * ie)
7 () n* (p')
M[ + Ej(p) - Ml'/ - Ej/(pl) + l.E.
(44)

Despite the divergence in Eq. (34), we can still define the
approximate pion state

;' (p")
= (| —ooU:: | &3p' J
70 = Cllmlo = sy [ &9y

X|1i(r), v;(P', $))ol, (45)

with M being the root of Eq. (25). Such state can be
properly normalized if A # 0. That this state is not an exact
eigenstate of H is proved in Appendix D. If we expand the
state (45) in terms of the scattering states (35), we can see
how this state can be seen as an approximate resonant state
corresponding to the pion that decays.

We calculate, for outgoing states, with superscript ( — )
suppressed,
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@), vi(p. )Ty = 2, B (p), (46)

(Li(r), v;(p, )L (r), v (D', $))o
= 63([) - p/)‘srr’gss"sii’ 8jj” (47)

which yield
im) = €3 [ & plt), (.9

gOUz]T]] (P)
hO(M +E; +ie)M; +E; — M, —i})

X [=id+ ¢o(M;) — oM, +iA)] (48)

For small A, ie., |A| < T'o(M,)/2¢y(M,), we can ap-
proximate

7)) = —i/\[1 n 1ﬂ(qu)]l/z

2|Al Z[ﬂpl’”i(’”), vi(p, 5))

ljnjs(p)
h(M +E; +16)(M +E; =M, —iA)

PHYSICAL REVIEW D 78, 033008 (2008)

We have defined the renormalized coupling constant

g = Zi/ 8o Or Yy =2y (50)

which defines the “renormalized” functions I', ¢ obtained
by replacing vy, by y in I'y, ¢, thus multiplicatively, while

WE) = Z,hy(E). 51)

The renormalization constant is

1

=14+ ¢i(M,) = =80 (52)

Since the scattering states |/;(r), v;(p, s)) are eigenstates

(49)  of the total Hamiltonian H with energy E = M; + E;(p),
we can easily compute
|
—iErt
- (53)

- M) (= . T(E)
<m|m(t)>—)\2[1 o ] [mM ae E

where |7,(0)) = e~ "'|m)), $2(E) = $(E) —
¢' (M )(E — M) and Eq. (42) were used.

If the functions I'(E), ¢ (E) vary more slowly than E near
E=M,, we can approximate I'(E) = I'(M,) and if
M, > M; + m; we can replace the lower limit of the
integral in Eq. (53) by —oo:

) r, 1 |
~ o~iMst] | + 7] [ I t/2 _ -7 —|/\|t]
(54)
A>T, e iM =T/t (55)
where
I, =TM,). (56)

Equation (55) expresses the usual exponential decay law
with decay rate I' . This result is an indication that the
approximate state |7, ) in Eq. (45) represents appropriately
a resonant pion state that decays into |/;(r), v;(p, 5)) states
independently of the arbitrary parameter A. If we had
calculated Eq. (54) for a state analogous to Eq. (45) but
with approximate energy very different from M, we would
obtain a decaying amplitude in Eq. (55) with decay rate
primarily given by |A| > I (see proper discussion in
Ref. [3]). It is important to remark that |A| should be also
sufficiently small to allow Eq. (41) when € is replaced by

[(E - M, + ¢P(E))

2 1)
+ 5EIE - M,)? + 2]

A. Combining |A| > T, and |A| <T,/2¢'(M,), it is
necessary that ¢'(M,) < 1.
The emission spectrum of /;, v; is given by

[KE:(r), v; (@, $)lmr (> = 1C7(p, VI, (57)

where
r, /2
C” , A —iA 1+ ==
(. 4) = l[ 2|A|]

gU;in7(p)
h(M +E;+ie)M; +E;— M, —i})

(58)

is the expansion coefficient in Eq. (49). We can see

” [d3p|c (p, )P —z[

(39)

The function W;;(E, A) is the emission probability for 7 —

l;v;, per unit energy, with neutrino energy E, summed over

spins:

W(E)

Wij(E_Mi: A) = T(E)

yIH(E = M)IU P

(60)

The total emission probability is
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1 I'(E) X1+ T,/2|Al]
27 W2(E) + TXE)/4 (E — M_)? + A2

WA(E) = (61)

which approximates the usual Breit-Wigner distribution in
the A > I limit, within the approximations A(E) = E —
M, and I'(E) =

1 r

- . (62)

W(E) = 2w (E—M) +T2/4

From probability conservation we have

D W(E — M;, A) = W,(E). (63)
ij

The energy E in W, (E) refers to the total energy of the pair
[+ v

We can see the pion state is a resonant state by calculat-
ing the scattering cross section of /;¥; — [v, irrespective of
the final product flavors and spins and averaged over initial
spins:

d ag | U i '|2
— v E I A —
aq v = B = (E— M)? —m?
~ T
X yI'}(E — Mi)ZW(E), (64)
where E = E; + M; corresponds to the total energy of the
incident particles. The kinematics is totally determined
because the energy of /; and 7 are fixed. The difference
between the initial and final momenta (velocities) of neu-
trinos has to be taken into account to obtain the appropriate
cross section obeying
Z d_a' (ij—
a0

1:E) = S TEWE) o syt -

(65)

The presence of W(E) guarantees the resonance for E =
M

T

III. FLAVOR (EIGEN)STATES

In the previous section we have seen, from the QFT
point of view, it makes more sense to calculate transition
probabilities (amplitudes) with respect to the state
|;(r), v;(p, 5)) that has definite energy E;(p) + M; and
thus are mass eigenstates. What wee see in the actual
pion decay, however, is not 7 — [;v;, i, j = 1, 2, but m —
l,v,, with a definite flavor o = ¢, u. For the charged
leptons the terminology flavor is clear and coincides with
the mass eigenstates /; = [,. For neutrinos what character-
izes a flavor state depends on the accompanying charged
lepton.

Let us define flavor states as

|loz(r)) V,B(p’ S)> = 6aiUBj|li(r)) Vj(pJ S)>,
a, B =e u. (66)

PHYSICAL REVIEW D 78, 033008 (2008)

Let us then calculate

2

[le vp@N A = 5 Caj(p)eMaEye)E

(67)

4 7 (p)
—iE;t UT . J
e U)p W(E; + M, + ie

=8

|268
|

already in the A > I', limit. If we take the m; — O limit
(E; — E, = |pl) in the terms except in the exponent we
arrive at

W(E,)

(Lo, (P TA()I? = 47lplE,’

aB( ) (69)

where

, 2
P op(0) = | Y U, e Uy, I , (70)
J

and W, (E) is W,;(E) in the m; — 0 limit and with |U,;|?
factored out. We see the probability of finding the flavor
state (66) from pion decay decouples into the usual oscil-
lation probability times the emission probability 7 — [, v
irrespective of the neutrino flavor.

The concept of neutrino flavor states emerges from
Eq. (69) taking ¢t =0 (or r << oscillation period), for
which we obtain

TD(,B([ =~ O) = 6(13. (71)

Therefore only a neutrino of flavor « is produced jointly
with the charged lepton of flavor «. If we try to calculate
the creation probability for the equally possible superpo-
sition state, corresponding to a neutrino mass eigenstate
accompanied by a superposition state of charged leptons,

I ZUTBUiy vi(p)lm(1) 2, (72)

we see it does not decouple and since the masses M; have
different kinematical contributions, there is no way to
define a superposition state of charged leptons associated
with a neutrino mass eigenstate v, for instance. Stated
differently, the transition probability (72) is not equal to
0pj for t = 0, not even approximately.

The definition of the neutrino flavor state in Eq. (66) was
justified only a posteriori as the state that accompanies a
definite charged lepton. In this model, however, we could,
in principle, calculate the more interesting quantity

<li(r): Vj(x) S)|7T)L(t)> = \I’;;(X: t)e_iMil: (73)

where
1), v,(x, ) = [ &p )3/2|1(r>v<p,s>> (74)

This “wave function” squared (Wi (x, 1)|?) would give us
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the probability density of finding the neutrino v; in the
position x at time ¢ jointly with a charged lepton /;. The
exact information of W7¥(x, 1) allow us to expand

|7, (2)) = dex\P’S x, )e” ™M 1,(r), v;(x, 5)). (75)

ijrs

Equation (75) characterizes completely how the neutrinos
and charged leptons arise from pion decay. Although the
spatial information of the charged lepton is not determined
or calculable in this model.

The exact Fourier transform necessary to compute
Eq. (73) is very difficult to be performed analytically but
a rough approximate calculation can be performed. We
find, in the limit [A| > T,

12.¢

kG

v = [dpeBOCp) s a6

O 1/2 (0 - X0>)
L_yu, I (E))—F=——

Vazr o, 0 2
X [9(7_)eiﬁ,~ref(m/2)n + 9(T+)efiﬁjref(F,,/2)u]’
(77)

where

o (78)
r = |x| and the bar in © j» Dj» and E ; denote, respectively,
the velocity, momentum, and energy of »; when E =
M, — M;, which corresponds to the kinematics of 7 —
l;v; with 7, [; at rest. The detailed calculation of Eq. (77) is
carried out in Appendix C.
We can verify the normalization of Eq. (77):
Y [ axvyxor = 21U, PTHE)
rs ™
|
X|1+4—"e " ~'sin(p;v;1) |
Pj

(79)

Equation (79) guarantees that

[d3x|‘I’” x, D)|? = (80)

ij,rs

forr> 1/T, or z < 1. Therefore, the total probability is

conserved by the approximation. One cannot, however,
recover the flavor oscillation phenomenon from the ap-
proximate wave function (77) because the phase is com-
mon to all states /;v; with fixed i. Numerical studies can be
performed to test the accuracy of the approximation,
although appropriate care should be taken with the enor-
mous difference between the scales of m; and M, M;.
To visualize the localization aspects of the neutrinos
created, we can calculate the radial probability density

PHYSICAL REVIEW D 78, 033008 (2008)

for the creation of neutrinos v; at radius r and time 7 jointly
with [;,

pyn0 =3 [a0rlvpol s

= leljlzf](MW — Ml.)l_}i[g(T_)e—F,,T_ + 0(T+)€_F7TT+
J
+20(7,.)0(7_) cos([)jr)e‘rw’], (82)

For > 1/T",,, we see only the first term containing 7_
contributes. Thus p;;(r, #) has a triangular shape with an
abrupt peak in r = v;7 and an exponential tail for r < v,t,
being negligible for r > v;z. The neutrino is then roughly
localized in the region v;(t — 1/T';) = r = v;t. The size
of the wave packet is roughly ©;/T", as is usually assumed
in rough estimates [5,7].

The most faithful state that we can construct to describe
the neutrino flavor states created from pion decay jointly
with a charged lepton /; with momentum q and spin r is

M@ () =3 [ & piata Dl By, p.5),

gU;in%(p)
h(M,-—i—E](p)—i-ze)

X [1— e~ iMa=M=E)r

e T=/2] (83)

where ¢ is the function appearing in the definitions (16)
and (17), corresponding to the pion momentum wave
function. In the limit # > I',, we can approximate n; —
0 in all factors except in the exponent since m; << Ipl, M;,
M ... Equation (83) becomes

eMo(tia nlm0) = 3 [ punta+p)
Jis

X e EPIY|vi(p, $))
gn"(p)

. 84
h(M; + |p| + ie) 84
We could then write, for t = 0,
lala. N0 = 3 [ @ piata + plva(e. o
gn"(p)
85
h(M, + |p| + ie)’ (85)
where [, = [,, M; = M, and
|Va(p1 S)>O = ZUajlyj(p’ S)>0- (86)
J

If we impose ¢,(p) = 83(p) we obtain exactly q = —p
for the momenta of the charged leptons (q) and neutrinos
(p)- In general, the presence of the function ¢, ensures
momentum conservation and forces the amplitude (83) to
be appreciable only around q = —p where p has magni-
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tude satisfying E;(p) =~ M, — M;. Equation (83) also
clarifies the contribution of the intrinsic momentum uncer-
tainty Ap (intrinsic of ¢ ) of the parent particle that is
inherited by the daughter particles, apart from the contri-
bution of the decay width I' : the smallest between I' . and
A p dominates. Other transition amplitudes of |7(¢)) with
respect to the free states |7), and |/;(r), ;(p, 5))y can be
found in Appendix E. One can identify some similarity
with the Wigner-Weisskopf approximation used in systems
with couplings between discrete and continuum energy
levels.

IV. DISCUSSIONS

One knows neutrino flavor oscillation ceases when
quantum coherence is lost due to the lack of spatial overlap
among the mass eigenstates that compounds the flavor state
neutrinos v, [21,22]. The characteristic time (distance)
scale for such a phenomenon to occur is usually very large
for neutrinos and is given by 6x/Awv,;, where dx is the
characteristic spatial size of the neutrino wave packets and
Av;; is the velocity difference of the »; and »; that com-
pound the flavor state. In this model, in the pion rest frame,

Neutrino flavor oscillation occurs because the neutrinos
produced in channels 7 — l,v; and © — [,v, interfere
coherently and remain interfering in the same region of
space as long as t < 8x;/Av;;. But what prevents the
channels 7 — [;v; and 7 — [,v, from interfering? For
real pion decays such interference is not observable even in
principle since these two channels have very different
probabilities to occur because of helicity suppression in
weak decays. In this model, however, the branching ratios
are comparable and may mimic other real decays.

One should notice that the neutrinos created in channels
7 — l,v; and m — [,v, for example, may have signifi-
cant spatial overlap. We see that Ay v(m;) defined as

Ayv(my) = 0,(M,) — 0,(M>), (83)
may be of order of
A, v(M;) = 0,(M;) — 9,(M)), (39)

unless the neutrino masses are nearly degenerate Amfj <
m3, m3. We use the notation ©;(M,) instead of ©; through-
out this discussion to avoid ambiguities. It means that the
noninterference of these channels is probably due to the
charged leptons, but its detailed account deserves further
study. Simple calculations show [5] that the big mass
difference between charged leptons make them lose spatial
coherence over a distance of atomic length or less for most
decaying processes. Is this loss of spatial coherence re-
sponsible for the incoherence of the channels with definite
flavor /; = e or I, = u? Another possibility is that the

detection of charged leptons is what makes the coherent

PHYSICAL REVIEW D 78, 033008 (2008)

superposition of the four channels 7 — Liv;, i, j =1, 2,
reduce into two incoherent 7 — [; v and m — [, v quantum
processes. These two explanations are, however, very dis-
tinct since the former is detection independent while the
latter is detection dependent.

Concerning the absence of the interference between the
channels 7 — [,v and 7 — [,v, there is one ingredient
that could play an important role, i.e., the spatial entangle-
ment. This question, however, cannot be discussed within
this model due to the lack of spatial entanglement between
l;, in the static limit, and »;.

Another known situation when neutrino oscillations can
be suppressed is the case when it is possible to probe the
neutrino kinematical quantities with enough precision to
single out one neutrino mass eigenstate that is being cre-
ated in the process [7]. In the language of this article it
means all the four pion decay channels proceed incoher-
ently. Such suppression, of course, can be induced by
localization properties of the source or detector that pro-
duces and detects the neutrinos [14]. Conditions necessary
for neutrino oscillation can be analyzed, for instance,
within a realistic QFT description [16]. In that case, the
condition for neutrino oscillation requires [Eq. (4.7) of
Ref. [16]]

2
am” v, (90)
2E,
if the intrinsic momentum spread of the decaying particle,
apart from the decay width I', is small compared to its
mass. Condition (90) is exactly the condition necessary to
prevent one from knowing which neutrino mass eigenstate
is being created [7], when the momentum uncertainty is of
the order of I', which is also the case of this work. Notice,
however, that in this work we do not treat the propagation
of neutrinos but rather focus the attention on the creation
process. Surprisingly, condition (90), with < instead of
=, is exactly what is needed to guarantee, initially, ap-
proximate neutrino flavor definition. Such analysis in-
volves estimating the first flavor violating term of
Eq. (68) that follows after Eq. (69).

Therefore, the study of this Lee-type model sheds light
on the question of what is a superposition state of definite
flavor. We could confirm, within this model, the result that
once the channels with charged leptons with definite
masses are singled out, coherent creation of neutrino flavor
states is allowed because the kinematical contributions
from each neutrino mass eigenstate to their creation prob-
abilities are negligible. Therefore the creation probability
amplitudes of neutrinos are mostly independent of neutrino
masses (mass differences to be precise), enabling the de-
coupling of Eq. (69) into the creation probability times the
flavor conversion probability. The conversion probability,
however, depends crucially on the tiny neutrino mass
differences. The neutrino flavor states », can be created
jointly with the charged lepton /; = [, and the wrong flavor
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is initially absent. On the other hand, if we try to calculate,
as in Eq. (72), the creation probability of the coherent
superposition of charged leptons jointly with the neutrino
vy, for instance, there is no meaning to attribute the name
flavor for that superposition of charged leptons because
such flavor is not created in an unambiguous manner but
both the correct and the wrong flavors would be created
initially.

To be extremely precise, the notion of neutrino flavor
states rely on the approximation of negligible neutrino
masses, as could be seen in Eq. (69). For that reason, there
is a negligible probability to create the wrong flavor v,, for
example, jointly with the charged lepton [, = w. Such
probability is calculable but negligible because of the
proportionality to the neutrino masses. Such flavor indef-
initeness due to the neutrino mass differences can be also
seen in other attempts to exactly define what is a neutrino
flavor state such as in Refs. [9] or [17]. The exact definition
is always blurred by the differences in the kinematical or
dynamical factors that depend, strictly speaking, on the
neutrino masses, that in turn, cannot be factored out as a
common factor. For example, the spinorial character of
neutrinos prevent even a description as simple as a mixed
free second quantized theory to provide exact initial
neutrino flavor definition [13]. Another simple treatment
that leads to initial flavor violation is the adoption of gen-
eral kinematical conditions when scalar wave packets are
used [23].

To summarize, we could confirm two aspects, within a
Lee-type model: (a) the spatial size of the neutrinos pro-
duced through a decaying particle with decay rate I" is v/I"
for the parent particle at rest. This relation is commonly
used in estimates of the neutrino wave packet sizes but this
model provides an explicit example satisfying such rela-
tion. (b) The coherent creation of neutrino flavor states is
possible because the kinematical contribution of neutrinos
to their creation probabilities are negligible, allowing one
to define the flavor state as a superposition of mass eigen-
states in the expected way. We should remark that the
second conclusion is, in principle, applicable to more
realistic decays because the main ingredient is universal:
neutrino mass differences, compared to the charged lepton
mass differences, contribute negligibly to their creation
probabilities.
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APPENDIX A: THE FUNCTION ¢,

The function ¢ appearing in Eq. (26) can be written in
the following simple form:

PHYSICAL REVIEW D 78, 033008 (2008)

];Z'(P)|Ui'|2
- 3 J j
2 4 2 2
_ 80 e p*f(p) Ul
27 ijo PE(E +m) M, + E, — E,
(A1)
= nS f " dEO(E — m)W[E> — nid(E — m))f(E)
ij Jmj
U1
M,+E-E, (A2)
(A3)

= 702|Uij|2d~’j(E7r - M,).
ij

In Eq. (A1) we have assumed the cutoff function is iso-
tropic f(p) = f(Ipl), [p| = p. In addition, it is assumed in
Eq. (A2) that f is a function of E only, i.e., f(p)—
f(E;(p)). We used Egs. (30) and (31) and

p f(pl)

n;(p) = Pk Jz_jbjjm(_i%)(ﬁ CO0)
(A4)
%"75“@”2 =2(f;(p))?, (A5)
where
f ) = 1) (A6)

P JIE;

If we extend the variables to small complex values, we
obtain

b j(x xie)=;(0) = éfj(x), (A7)

where

fj(x) =270(x — m;)(x — mj),/xz . mjz- 2(x).  (AS8)

We see T ;(x) = 0 for all x while f’}(x) = 0 for x > m; and
x much lower than the cutoff scale of f, assuming f is a
smooth function on that region.

APPENDIX B: COMPLETENESS OF THE STATES
|li(r)) Vj(p) s)>(t)

We prove here the states |/;(r), v;(p, s))®) in Eq. (35)
complete the Hilbert space in the sector of one 7 or [;v;.
We calculate
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Y [ & plli, v )l v,
ij
— Clmolml + z [ & plls, 1,0l ;D)
[ Pad o, vy @NoAsy (@ @olli 7))
ij,i'j'

" z f BByl v/ @)ool + He,  (BI)

The spin indices are suppressed. We get

C= ZzZ/d3p|Bi,;(p)l2, (B2)
ij

Al’]’ l”]”(q’ q/) = [ Qi l’]'(ql’ q) + a?’j’yiﬁj//(q: (l/)

+ Z fd pal]l] (p’ Q)a?j,,-//ju(l’y ql)]r
(B3)

By /(Q) = 21/2,3/ (q) + Z fd3pZ;/2B?j(p)aij,i’j’(pr Q).
ij

(B4)
The first coefficient yields
=2 [ dplp,oP (B5)
Uz rs 2
_ Z f lgoUijn’ ()l : E6)
b IhO(M,- + E;(p) + ie)l
Yo o F (E M; )lUljl
== dE B7
7 Juom B2 i ior 7
7 Iuy+m |ho(E + i€)]?
1 o0 1 1
=—— dE - B9
27 M;+m, [ho(E + ZE) ho(E - ZE)] ( )
1 dz
=—— | —/~ B10
21ri ]Pho(z) ( )
=1. (B11)

The contour P is a path along the real axis coming from oo
to m; + M, below the real axis then going from m; + M,
to oo over the real axis. If the contour is closed with the aid
of a very large circle, the integral over the closed contour is
zero due to the absence of poles. The integral over the
circle is equal to 1 due to hy(z) ~ z.
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We obtain Ay (g, q') = 0 from

Z[d paut/j/(p’ q)a'ljl//j//(p, /)

IBZ (P)'zgo”? (‘I)TI ”(q )U’ ’U// //
_ d3 Z51Bi 7
[

M;+ Ej(p) — My — Ej(q) + i€
1
X . (B12)
M; + E;j(p) — My — E;n(q) — i€
( 1) dz
= U’ ’Ur/ il
= 8om (@@ Up 5— e
1 1
X - .
7 — Mi’ — E]/(q) +ie 7z — Mi” - E]”(q) — l€
(B13)
_ —8gm/(@n;@)Ui; Uy
(Mi + E] (q) Mi” E)//(q/) - 16)

1 1
X —
I:hO(Mi’ + Ej/(q) - IG) h’O(Mi” + Ej//(q) + lE)]

(B14)
= — a;'k’j’,i”j" (q, q/) alu]// l/]/(q/, q) (BIS)
Analogously one can prove

APPENDIX C: CALCULATION OF EQ. (77)
The gap between Eqgs. (76) and (77) is filled by

Wi (x, t)—(2 )3/2[ dpn*(px A)4T7Ti<sm(rpr)>

e —i(M;+E;(p)t

>< —)
h(E; + M; + i€)

(CDH

_4m Uy / dE “(pR) e iE!
X) COS — =
ir QPP v, 1 PR COSPT TR Ey
(C2)
2 dE N
\/—— lj/ —W;S(ij)
m;+M; U;
e —iEt
X cospr——————, (C3)
TE-M,+il,
2\/;7.‘ —zM t
zl—r l/zUzﬂ?,Y(P,X)

./

E) )% (C4)

IR
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To get to Eq. (C1) we made use of

[ pup@ers = [“apnppz)
0

i or r

47 0 (sin(pr))

(C5)

To get to Eq. (C2) we neglected the nonradiative term
containing 2 and used the change of variables p = |p| —
E=E;(p) + M;. We also used the shorthands p; =

(E.
E — M;. To get to Eq. (C3) we approximate
WE +ie)~E— M, + %rﬁ, (C6)
by Taylor expanding around E = M. Notice that

h(M,) = 0and h'(M,) = 1. The use of the approximation
(C6) requires

(M) < 1, |" (ML < 1. (C7)

In Eq. (C4) we approximated £ = M, — M; in the
whole integrand, except in the exponentials and in the
term ', It is assumed that these functions vary slowly
in the interval E =~ M, = T',. For p; in the cosine we
approximated

pi=pjt—, (C8)

S =

where E is obtained from the shift £ — E + M, compared
to Eq. (C3). It is also assumed that

M,n._rﬂ.zmj'i_Mi, (C9)

which allows us to replace the lower limit of the integral by
—oo without changing the integral appreciably. At last,
Eq. (77) is recovered by using the integral

o o—iEt
f dE = —2mif(t)e M, A >0,

C10
E+iA (10)

computed in the complex plane closing the contour on the
upper or lower half plane.

APPENDIX D: APPROXIMATE EIGENSTATE

We can see the state in Eq. (45) cannot be an exact
eigenstate of the total Hamiltonian H by calculating the
eigenvalue equation, analogous to Eq. (25), with the com-
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plex eigenvalue

E,=M,_+ i\ (D1)

We thus obtain

M, + i)+ ¢o(M, + id) = 0. (D2)

The real part is just Eq. (25). The imaginary part yields

1 Ty r
|)\|=_ 0( 77') _ 7

21+ M, 27 (D3)

which can never be satisfied because of the minus sign.
Therefore, if both |A| and T', are small, the state (45)
represents an approximate eigenstate of H.

APPENDIX E: WIGNER-WEISSKOPF
APPROXIMATION

We can compare the results of Eq. (55) with the tran-
sition probabilities with respect to the free (bare) states.
Such transition amplitudes resemble the Wigner-
Weisskopf approximation [24] employed in atomic
physics.

For the transition amplitude of the approximate pion
state to the free pion we obtain

2,7 (mlm() = (m ()l (0) (ED)
~ e—i(M,—iI‘,,/Z)r’ (E2)
where the factor Z; (172) i necessary from renormalization.

For the transition amplitude of the approximate pion
state to the free /;v; states we obtain

olli(r), v(p, )| 7(1))

= C;;(p)[e‘i<M:+Ef)’ +h(M; + E; + ie)

3 [ap JCrwre
Mi' +E/_MI_EJ_IE

] (E3)

r’s/, l'/j/

~ C{;(p)e_i(M"_'—Ef)t[l _ e—i(M,,—M,-—E,-)te—(FW/2)t]' (E4)

Equations (E2) and (E4) illustrate clearly the irreversible
probability flow from the free state |7),Z~(!/?) to the free
states |1;(r), v;(p, 5))o-
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