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ABSTRACT

Signal processing models and artificial intelligence algorithms have benefited from the
advance of Quantum Computing. Nevertheless, just modest possibilities have been
seen in that sense for speech and voice analysis. Thus, the intention of the au-
thor of this dissertation is to investigate whether Quantum Machine Learning models
might perform well in classifying Parkinsonian speech. Particularly, since the speech
database used in the experiments produced just a few features, available current quan-
tum models are feasible for the proposed approach. The results, up to this point, stim-
ulate further investigation and suggest prominent perspectives.

Key-words: Quantum machine learning. Parkinson’s disease. Digital signal process-
ing. Voice analysis



RESUMO

Modelos de processamento de sinais e algoritmos de inteligência artificial se benefi-
ciaram com o avanço da Computação Quântica. No entanto, apenas possibilidades
modestas foram vistas nesse sentido para a análise da fala e da voz. Assim, a in-
tenção do autor desta dissertação é investigar se os modelos de Aprendizado de
Máquina Quântica podem ter um bom desempenho na classificação da fala parkin-
soniana. Particularmente, como o banco de dados de fala utilizado nos experimentos
contém poucas características, os modelos quânticos atuais disponíveis são viáveis
para a abordagem proposta. Os resultados, até aqui, estimulam futuras investigações
e sugerem perspectivas proeminentes.

palavras-chave: Aprendizado de máquina quântica. Doença de Parkinson. Proces-
samento de sinais digitais. Análise de voz
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Chapter 1

Introduction

Since Parkinson’s disease was discovered in 1817 by James Parkinson, the first

doctor who profoundly studied it, there has been a tremendous progress. As mankind’s

scientific knowledge gradually evolved, neuroscience has been able to incorporate dif-

ferent ideas coming from multiple areas. With novel digital speech processing (DSP)

and machine learning models, new and non-invasive diagnoses for neurodegenerative

diseases have become possible, as shown in [1, 2, 3]. In those papers, we observe

that handcrafted feature extraction strategies can detect Parkinson successfully.

Concomitantly with the deep learning revolution, the new field of quantum physics

emerged, originating the quantum computation and the quantum information theory.

They expanded previous possibilities, including new ways of transmitting, storing, and

processing information [4, 5, 6]. In spite of the considerable growth of that field, pro-

cessing large amounts of quantum information is still a difficult task. Indeed, environ-

ments interact with data and, thus, sustainably blocking undesirable interactions for

thousands of qubits is still a pursuit of the scientific community. Given this scenario, a

new promising possibility have arisen recently: the noisy intermediate-scale quantum

(NISQ) devices [7]. In contrast to early quantum algorithms, when dealing with NISQ

devices, only hundreds of noisy qubits are required. Although universal quantum com-

puting for NISQ devices does not yet exist, specific computing tasks can be operated

on such platforms. An important example is the method adopted in this dissertation,

i.e., the variational quantum algorithms (VQA) [8] that can deal with practical prob-

lems such as combinatorial optimization and machine learning. VQA is built through a

properly parameterized operation whose parameterization is obtained by means of a

9
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classical computer.

Consequently, the author of this dissertation is inspired by recent results sug-

gesting a connection between alpha-synuclein (αsyn) [9, 10] and deterioration of some

speech parameters, considering a zebra finch (a bird breed) neural model [11], which

is similar to the human pathway. This could lead to the possibility of early Parkinson’s

diagnosis with non-invasive methods that require only ordinary speech recordings, by

using smartphones, for instance. We specifically discuss how VQAs compare against

classical machine learning methods, when features coming from nonlinear dynamical

systems theory are used.



Chapter 2

Theoretical Background

2.1 Parkinson’s Disease (PD)

Parkinson’s Disease (PD) was first medically studied in 1817 by James Parkin-

son, where pathological symptoms were described as a “shaking palsy” since they

were characterized by involuntary shaking movements, diminished muscular power,

and even affected intellectual functions, just to cite a few [12]. Nowadays, we know it is

a neurodegenerative disease associated with the loss of dopaminergic neurons [13].

One major symptom of PD is bradykinesia [14], characterized by slowness or

reduction in both automatic and intentional movements, such as blinking and trying to

grab a glass of water. Another known problem is dyskinesia [15], which by definition is

the erroneous involuntary motion in people, however, unlike bradykinesia, dyskinesia

is not a symptom of the disease itself but a consequence of some medications used

for treatment of the disease.

In this dissertation, speech impairment symptoms are the focus. As to be ex-

plained in subsection 2.2.1, new studies have found evidence of linkings between early-

stage Parkinson’s disease and speech disorders [11]. From this and the development

of both ML and QML, in the future, a first screening stage could be performed in fast

and non-invasive ways, just requiring speech recordings, such as those coming from

smartphones.

11
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2.1.1 Causes of Parkinson

Frédéric Lewy discovered in 1997 a major breakthrough: Lewy bodies [16]. They

are abnormal protein aggregates that develop inside nerve cells, primarily in the brain.

The principal consitutuent of Lewy bodies is a protein called α-synuclein, which is found

in all neurons and is involved in maintaining synaptic function [16], although its exact

functions are still unknown. However, when α-synuclein accumulates and forms aggre-

gates, it can lead to the formation of Lewy bodies, which are in turn associated with

several neurodegenerative diseases, including, PD and dementia with Lewy bodies

(DLB) [17]. Depending on where those bodies accumulate, different symptoms may

occur. In general:

1. sleep problems, depression, bladder disregulation, unstable temperature control,

and blood pressure problems are linked to the presence of Lewy bodies in the

brain stem.

2. the traditional motor symptoms such as tremor, muscle rigidness or slowness are

associated with the presence of Lewy bodies in the substantia nigra.

3. memory, spatial navigation, planning, multitasking, delusions, and anxiety disor-

ders can arise when Lewy bodies aggregate in the cortex, which is responsible

for cognition.

Also, several lines of evidence suggest a deep connection between Lewy bodies

and Parkinson’s disease:

1. Genetic factors: Mutations in the SNCA gene [18], which encodes the α-synuclein

protein, have been linked to familial forms of PD [10, 18]. These mutations can

lead to an overproduction of α-synuclein or the production of a misfolded protein,

both of which can promote the formation of Lewy bodies [9].

2. Spreading of pathology: Recent studies have shown that α-synuclein aggregates

can spread from one neuron to another, leading to the propagation of Lewy body

pathology throughout the brain [19]. This spreading may contribute to the pro-

gression of PD symptoms and the involvement of different brain regions over

time.
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3. Cellular dysfunction: The accumulation of α-synuclein and the formation of Lewy

bodies can disrupt various cellular processes, such as protein degradation, mi-

tochondrial function, and synaptic transmission, ultimately leading to neuronal

dysfunction and death [20].

4. Inflammation: The presence of Lewy bodies can trigger an inflammatory re-

sponse in the brain, which may contribute to the neurodegenerative process in

PD [21].

2.1.2 α-synuclein and speech impairment

Studying vocal impairments in PD has been challenging due to the lack of well-

defined circuitry in rodent models. For this reason, in a recent research work [11], a

male zebra finch bird model was used to study vocal changes due to the overexpres-

sion of SNCA human gene in the α-fetoprotein (AFP) region of the brain. The major

results are:

1. soluble αsyn expression is positively correlated with song production.

2. αsyn overexpression changes the acoustic structure of song depending on sylla-

ble type.

3. αsyn overexpression leads to changes in self-similarity of syllables depending on

syllable type.

In other words, it was hypothesized that overexpression of the human wild αsyn

gene in the so-called area X of the male birds - which is located in the basal ganglia and

is directly linked to their singing ability [22] - leads to poorer quality syllables, similar to

vocal abnormalities observed in individuals with PD. This motivates our work to develop

non-invasive computational diagnostic methods that can be used in the future to assess

patients with potentially early stages of the disease.

2.1.3 The main treatments used in the XIX century

Since the first essay from James Parkinson until almost a century later, the main

therapies for parkinsonian patients were physical-based [12]. Jean-Martin Charcot was
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a doctor from the 1800s that extensively studied and spread information about Parkin-

son’s disease, making important contributions to our understanding of the pathology

[23]. He had tried testing his patients with multiple pharmacological compounds [23],

without success, leading him to state, ipsis litteris:

Everything, or almost everything, has been tried against this disease. Among

the medicinal substances that have been extolled and which I have myself

administered to no avail, I need only enumerate a few.

Having given up on trying medicinal substances for finding an optimal strategy

against that disease, Charcot decided to focus on physical treatments. He noticed that

patients who went through horse and train rides had diminished symptoms afterwards.

This lead him to design an electrically-powered vibratory device that gave periodic

mechanical stimulus. Later, a vibratory helmet was proposed by one of his students,

Gilles de la Tourette, as in Figure 1. Some other treatments used at that time also

included spa therapy and hydrotherapy [12].

Figure 1: [left]: the chair proposed by Charcot to emulate a rhythmic movement in the
Parkinsonian patients; [right]: a vibratory Helmet proposed by Guilles de la Tourette,
one of his students. Image found in [24]

.

2.1.4 Levodopa and dopamine-based therapies

The first production of dopamine dates back to 1910. It was synthesized by

G. Barger and J. Ewens [12]. Later, however, Arvid Carlsson [25] discovered it to

be an independent neurotransmitter in the brain - an observation that would make a
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tremendous contribution to neuroscience as we know today. In the late 1950s, Carlsson

et. al [26] also discovered that akinetic effects of reserpine - a chemical that induces

parkinsonian features [27, 28] - could be reversed through intravenous injection of the

dopamine precursor: 3,4-dihydroxyphenylalanine (DOPA).

Hornykiewicz, in 1959, together with Herbert Ehringer, conducted studies [29]

on the dopamine distribution in post-mortem brains, concluding that dopamine was

severely reduced in the caudate and putamen in patients with PD, compared to the

healthy ones. With these observations in hand, and having received a supply of Lev-

odopa from Hornykiewicz, Birkmayer, for the first time, started trials in parkinsonians,

injecting it in them intravenously, and then stated [29]:

Bed-ridden patients who were unable to sit up, patients who could not stand

up when seated, and patients who when standing could not start walk-

ing performed all these activities with ease after L-dopa [levodopa]. They

walked around with normal associated movements and they could even run

and jump. The voiceless, aphonic speech, blurred by pallilalia and unclear

articulation, became forceful and clear as in a normal person (Birkmayer

and Hornykiewicz, 1961).

The interest of researchers in dopamine at that time, however, would only grow

when George Cotzias proposed, in 1967, the first clinically efficient oral treatment of

DOPA that is still used nowadays. On a side note, it is also interesting to see how early-

stages medicine might also have benefited from Levodopa, as Masabaldi Pacana - a

plant that contains beans of Mucuna Pruriens which naturally contains Levodopa - was

the main therapy used at that time by the Indians [30] for treating a condition thought

to potentially be what we know today as PD.

Finally, the motivation of this work is to study how quantum machine learning

can be used for non-invasive diagnosis of PD through speech. Given the introduction

to PD and its pathological effects on speech, classical machine learning first will be dis-

cussed in the next section, before discussing further quantum computing and quantum

machine learning.
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2.2 Classical Machine Learning

For all models explained in this section, we shall mathematically represent the

dataset as D = {(xi, yi) | xi ∈ R
n, yi ∈ {0, 1}}. Here, xi is known as a feature vector, with

n dimensions, where each of its components are its features; in the same context, yi

represents the class (binary, in this case) of xi. Finally, the task at hand is to classify

each new data point x (patient’s speech extracted features) as being either 0 (healthy)

or 1 (pathological).

2.2.1 K-Nearest Neighbors (KNN)

Starting with one of the most traditional machine learning algorithms, the KNN is

presented here [31]. Given a new data point x j from a dataset S , the model calculates

its closest K nearest neighbors, using some distance function (usually Euclidean):

d(xi, x j) =

√√ n∑
p=1

(xp
i − xp

j )2 (2.1)

After computing all distances d(·, j), the closest K neighbors classes to x j are

selected:

f : N→ S , f (k) =


max S , k = 1,

max{s : s ∈ S , s < f (k − 1)}, k > 1
(2.2)

g : N→ S , g(k) =


arg max S , k = 1,

arg max{s : s ∈ S , s < f (k − 1)}, k > 1
(2.3)

ψ = {yg(i)}, i ∈
K⋃

i=1

{g(i)}, (2.4)

where xp
i represents the p-th component of xi. The y j label is predicted, then, according

to the majority boolean function:

⟨y1, . . . , yn⟩ = Majority (y1, . . . , yn) =
⌊
1
2
+

(∑n
i=1 yi

)
n

⌋
. (2.5)

In this function, in case of a draw, it favors ones.
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2.2.2 Logistic Regression

Logistic Regression (LR) is a statistical method for analyzing a dataset in which

there are one or more independent variables that determine an outcome [32]. The

outcome is measured with a dichotomous variable (in which there are only two possible

outcomes). It is used to predict a binary outcome (1 / 0, yes / no, parkinsonian / healthy)

given a set of independent variables.

The logistic regression model is given by the following equation:

P(Y = 1|X) =
1

1 + e−(β0+β1X1+β2X2+...+βnXn) ,

where:

• P(Y = 1|X) is the probability of the outcome being 1 (success) given the values

of the independent variables X1, X2, ..., Xn.

• β0 is the intercept term, which represents the log-odds of the outcome when

all independent variables are equal to zero.

• β1, β2, ..., βn are the coefficients of the independent variables X1, X2, ..., Xn, which

represent the change in the log-odds of the outcome for a one-unit increase in the

corresponding independent variable.

The logistic function can be written as:

f (x) =
1

1 + e−x .

The logit function, which is the inverse of the logistic function, is given by:

logit(P) = log
P

1 − P
= β0 + β1X1 + β2X2 + ... + βnXn.

To estimate the coefficients β0, β1, ..., βn, we use the method of maximum likelihood

estimation (MLE). The likelihood function for logistic regression is given by:

L(β) =
n∏

i=1

Pyi
i (1 − Pi)1−yi

where:

• Pi = P(Y = 1|Xi) is the probability of the outcome being 1 for the i-th observa-

tion.
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• yi is the actual outcome for the i-th observation (either 0 or 1).

The goal of MLE is to find the values of β0, β1, ..., βn that maximize the likelihood

function. This is typically done using numerical optimization techniques, such as gra-

dient descent [33] or the Newton-Raphson method [34].

In our tests, we use the Limited-memory Broyden–Fletcher–Goldfarb–Shanno

(LBFGS - quasi-Newton) algorithm [35]. This is an unconstrained non-linear optimiza-

tion algorithm, and the main idea is to approximate the Hessian matrix using a limited

amount of memory, instead of storing the entire matrix. This makes it more scalable

and efficient for high dimensional problems.

2.2.3 Multilayer Perceptron (MLP)

Input Layer ∈ ℝ⁵ Hidden Layer ∈ ℝ⁸ Output Layer ∈ ℝ¹

Figure 2: Multilayer Perceptron with one input layer, one hidden layer, and one output
layer. Source: created by the author.

A Multilayer Perceptron (MLP) [32], a class of feedforward artificial neural net-

works, is a finite acyclic graph composed of multiple layers (neurons, or nodes) linked

by weighted connections, which nowadays uses backpropagation [36] and optimization

algorithms [37, 38] to find its optimal weights and biases during training by minimizing
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the cost function. It has flexible architecture consisting of an input layer, one or more

hidden layers, and an output layer. These models have been widely and successfully

used in many applications, e.g.: in image and speech recognition [39, 40, 41], natural

language processing [42, 43], among many other. The equations for an MLP can be

described as follows:

1. Weighted sum of inputs:

Each neuron computes a weighted sum of its inputs. Let xi be the input values,

wl
i j be the weights connecting layer l−1 to layer l; zl

j, the weighted sum for neuron

j in the l-th layer; and finally, bl
j, the bias associated to neuron j in layer l. Then,

the weighted sum can be represented as:

zl
j =

n∑
i=1

wl
i jxi + bl

j.

2. Activation function:

An activation function is applied to the weighted sum to introduce non-linearity

into the model. This is an extremely important step needed for MLPs to have uni-

versal function approximation capacity [44]. Common activation functions include

the sigmoid function, hyperbolic tangent (tanh), and Rectified Linear Unit (ReLU).

Let ŷl
j be the output of neuron j in layer l after applying the activation function f (·).

Then, the following holds:

ŷl
j = f (zl

j).

3. Loss function:

To train the MLP in a supervised fashion, a loss function is used to measure

how good the model’s predictions are, usually by some difference between the

predicted output and the true target values. Standard loss functions include the

mean squared error (MSE) for regression tasks and the cross-entropy loss for

classification tasks. Let tk be the true target value for output neuron k, and L be

the loss function. If some given MLP has l layers, then, the empirical loss can be

represented as:
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L =
c∑

j=1

L(ŷl
j, t j),

where j is the number of output neurons in the last layer l.

4. Backpropagation:

To update the weights of the MLP, the backpropagation algorithm is used. It

computes the gradient of the loss function with respect to each weight by using

the chain rule of calculus. The weights are then updated using gradient descent

or other optimization algorithms. Formally, the weight correction ∆wl
i j can be

written as [32]:

∆wl
i j = η δ j(n) ŷli(n), (2.6)

where δ j(n) is called the local gradient, and can be found by applying the chain

rule [32].

This process is repeated for multiple epochs (iterations through the entire dataset)

until the network converges to a solution with minimal test error.

A very interesting property in MLPs is explained by the Universal Approximation

Theorem [44], which states that any continuous function can be approximated to an

arbitrary degree of precision by some neural network with a single hidden layer, al-

though it does not provide any orientation on finding the optimal network parameters,

nor does it specify the number of neurons required in the hidden layer. It just states

that such a network exists. Achieving better convergence, generalization, choosing the

right inductive bias in the architecture, are all current topics of research on their own.

2.2.4 Support Vector Machine (SVM)

The main idea behind Support Vector Machines [45] is to find the optimal hyper-

plane that separates the data points of different classes with the maximum margin. The

margin is defined as the distance between the hyperplane and the closest data points,

which are called support vectors. The larger the margin, the better the generalization

of the classifier.

Given a set of training data points {(xi, yi)}Ni=1, where xi ∈ R
d is a feature vector

and yi ∈ {−1, 1} is the corresponding class label, the goal of SVM is to find the optimal
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hyperplane that separates the data points of different classes. The hyperplane can be

represented as:

wT x + b = 0

where w ∈ Rd is the weight vector and b ∈ R is the bias term, which controls the shift

from the origin. The decision function for a new data point x is given by:

f (x) = sign(wT x + b). (2.7)

To find the optimal hyperplane, we need to maximize the margin, which is given

by:

margin =
2
∥w∥

. (2.8)

Maximizing the margin is equivalent to minimizing the norm of the weight vector ∥w∥.

This can be formulated as the following optimization problem:

min
w,b

1
2
∥w∥2

subject to yi(wT xi + b) ≥ 1, i = 1, . . . ,N

This is a convex quadratic optimization problem with linear constraints, which

can be solved using the method of Lagrange multipliers. The Lagrangian function is

given by:

L(w, b,α) =
1
2
∥w∥2 −

N∑
i=1

αi[yi(wT xi + b) − 1], (2.9)

where α = (α1, . . . , αN) are the Lagrange multipliers. To find the optimal solution,

we need to minimize L with respect to w and b, and maximize it with respect to α. Our

original problem can be restated as:
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p∗ = min
w,b

max
α≥0

L(w, b,α). (2.10)

Where p∗ is a reference to the optimal solution of the primal problem (our original

optimization problem). It happens that by changing the order of this min-max problem,

we have a new perspective:

d∗ = max
α≥0

min
w,b

L(w, b,α). (2.11)

Here, d∗ now is the solution to what is called the dual problem, and when the

primal problem obeys the so-called Slater’s conditions [46] (which happens for the SVM

primal objective), then strong duality holds, and we say that d∗ = p∗. Essentially, we are

left with an optimization problem in terms of α at the end, and this brings advantages,

in this new point-of-view: the use of kernels, as we will see. Taking the derivatives of L

with respect to w and b, and setting them to zero, we get the following conditions:

∂L

∂w
= w −

N∑
i=1

αiyixi = 0,

∂L

∂b
=

N∑
i=1

αiyi = 0.

Substituting these conditions back into the Lagrangian, we obtain the dual problem:

max
α

W(α) =
N∑

i=1

αi −
1
2

N∑
i=1

N∑
j=1

αiα jyiy jxT
i x j

subject to
N∑

i=1

αiyi = 0

αi ≥ 0, i = 1, . . . ,N.

This is a convex quadratic optimization problem with linear constraints, which can be

solved using quadratic programming techniques, like the Sequential Minimal Optimiza-

tion (SMO) [47]. Once the optimal Lagrange multipliers α∗ are found, the optimal weight

vector and bias term can be computed as follows:
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w∗ =
N∑

i=1

α∗i yixi

b∗ = yk − w∗T xk for any k such that α∗k > 0.

The support vectors are the data points xi for which α∗i > 0. The decision function for a

new data point x can be written in terms of the support vectors as:

f (x) = sign

 N∑
i=1

α∗i yixT
i x + b∗

 .
In the case of non-linearly separable data, the dual formulation allows for a

clever trick, so that the SVM algorithm can be extended by using feature maps ϕ :

Rn → Rd (where usually d >> n) to map the input data points into a higher-dimensional

space, where they become linearly separable. In the primal form, these high dimen-

sional vectors have to be computed explicitly, but this demands too much complexity,

becoming unfeasible in pratice. In fact, sometimes ϕ might be an infinite-dimensional

feature map, like the Gaussian Radial Basis Function (RBF) Kernel [45]. In the dual for-

mulation, however, this is mitigated by the use of a kernel function K(xi, x j) = ϕ(xi)Tϕ(x j)

to implicitly compute the inner product between the transformed data points ϕ(xi) and

ϕ(x j) in a higher-dimensional space without ever having to calculate the feature maps

directly. This is very powerful, and some popular kernel functions, like the Gaussian,

are defined as:

1. Gaussian RBF Kernel:

Feature map: ϕ(x) = e−γ∥x∥
2, where γ > 0 is a parameter.

Kernel function: K(x, y) = e−γ∥x−y∥2

2. Laplacian Kernel:

Feature map: ϕ(x) = e−γ∥x∥, where γ > 0 is a parameter.

Kernel function: K(x, y) = e−γ∥x−y∥

3. Sigmoid Kernel:

Feature map: ϕ(x) = tanh(γx + c), where γ > 0 and c is a constant.

Kernel function: K(x, y) = tanh(γ⟨x, y⟩ + c)
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The dual problem can then be reformulated, in terms of the kernels, as:

max
α

W(α) =
N∑

i=1

αi −
1
2

N∑
i=1

N∑
j=1

αiα jyiy jK(xi, x j)

subject to
N∑

i=1

αiyi = 0

αi ≥ 0, i = 1, . . . ,N.

And the decision function for a new data point x in the kernelized SVM is given

by:

f (x) = sign

 N∑
i=1

α∗i yiK(xi, x) + b∗
 .

Now that classical machine learning models were briefly discussed, we present

some popular optimization algorithms in the next subsection.

2.2.5 Optimization methods

Here we will discuss briefly some supervised optimization methods used both in

classical machine learning and quantum machine learning:

Stochastic Gradient Descent (SGD): to start with, the SGD [37] is an optimiza-

tion algorithm used to minimize an objective function that is written as a sum of differ-

entiable functions. It is widely used to this day for training neural networks. The main

idea of this technique is to update the model’s parameters iteratively using a random

subset of the training data, instead of the entire dataset, which requires less memory

complexity, hence making it computationally more efficient than the standard Gradient

Descent (GD) algorithm, especially for large-scale and high-dimensional problems.

The main equations for SGD are the objective function, the gradient approxima-

tion, and the update rule: first of all, let’s consider an objective function J(θ) that we

want to minimize, where θ represents the model’s parameters. The objective function

can then be written as a sum of differentiable functions:

J(θ) =
1
N

N∑
i=1

L(yi, f (xi, θ)).

Here, N is the number of training examples, L(yi, f (xi, θ)) is the loss function that mea-
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sures the discrepancy between the true label yi and the model’s prediction f (xi, θ) for

the i-th training example (xi, yi).

In Gradient Descent, we update the model’s parameters by moving in the direc-

tion of the negative gradient of the objective function with respect to the parameters:

θt+1 = θt − η∇J(θt)

where η is the learning rate, and ∇J(θt) is the gradient of the objective function at the

current parameter values θt. Computing the gradient requires calculating the average

of the gradients of the loss function for all training examples:

∇J(θt) =
1
N

N∑
i=1

∇L(yi, f (xi, θt)).

However, in Stochastic Gradient Descent, we approximate the true gradient by com-

puting the gradient of the loss function for a random subset of the training data, called

a mini-batch:

∇J(θt) ≈
1
M

M∑
i=1

∇L(yi, f (xi, θt)),

where M is the size of the mini-batch, and M ≪ N. The mini-batch is randomly sampled

at each iteration, which introduces some noise in the gradient estimation. This noise

can help escape local minima and converge faster to the global minimum.

The update rule for Stochastic Gradient Descent is:

θt+1 = θt − η
1
M

M∑
i=1

∇L(yi, f (xi, θt)).

Adaptive Moment Estimation (ADAM): The ADAM [38] method is an adaptive

learning rate optimization algorithm designed for training deep neural networks, and

has succesfully been used in many works, like in large language model training (GPT-

3) [42], in vision transformers [41] and also in split-attention networks [39]. It combines

the advantages of two popular optimization techniques: AdaGrad and RMSProp. This

method computes adaptive learning rates for each parameter by considering the first

and second moments of the gradients.

Given the loss function L(θ), where θt is the parameter vector at discrete-time t,
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then the moments are estimated as follows:

1. First moment estimation:

ADAM maintains an exponentially decaying average of past gradients, which is

similar to momentum. The first moment mt is updated as follows:

mt = β1mt−1 + (1 − β1)
∂L
∂ωt

(2.12)

Here, mt and mt−1 are the first moments at time steps t and t− 1, respectively, and

β1 is the exponential decay rate for the first moment estimates.

2. Second moment estimation:

ADAM also maintains an exponentially decaying average of past squared gradi-

ents, which is similar to RMSProp. The second moment vt is updated as follows:

vt = β2vt−1 + (1 − β2)
(
∂L
∂ωt

)2

(2.13)

Where vt and vt−1 are the second moments at time steps t and t − 1, respectively,

and β2 is the exponential decay rate for the second moment estimates.

3. Bias correction:

Since both mt and vt are initialized as zero vectors, they are biased towards zero,

especially during the initial time steps. To counteract this bias, we perform bias

correction for both first and second moment estimates:

m̂t =
mt

1 − βt
1
, (2.14)

v̂t =
vt

1 − βt
2
. (2.15)

Now, m̂t and v̂t are the bias-corrected first and second moment estimates, respec-

tively, and t is the current time step.

4. Parameter update:
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Finally, we update the parameters using the bias-corrected first and second mo-

ment estimates:

θt+1 = θt −
αm̂t
√

v̂t + ϵ
.

Here, θt+1 is the updated parameter vector, α is the learning rate, and ϵ is a small

constant to prevent numerical errors, that is, division by zero (usually set to 10−8).

In summary, ADAM adapts the learning rate for each parameter by considering

the first and second moments of the gradients. It combines the advantages of AdaGrad

and RMSProp, making it suitable for training deep neural networks.

2.2.6 Validation metrics

Having reliable and robust statistical measures of the machine learning model

performance is necessary, and for a medical dataset, specifically, the right measures

should be selected very carefully, since true/false positives/negatives have each differ-

ent relevances depending on the pathology in analysis. To put into context:

1. Cost of False Positives: in medical applications, false positive predictions can

have significant consequences, such as unnecessary treatments, interventions,

or further testing. These can lead to increased healthcare costs, patient anxiety,

and potential harm to patients.

2. Cost of False Negatives: on the other hand, false negatives predictions can

also be devastating: it is enough to imagine that, by a false negative mistake, a

classifier sends home a patient with some specific cancer which, if treated right,

leads to a complete cure, but if not, leads to certain death.

3. Imbalanced Datasets: medical datasets often exhibit class imbalance, where

the number of instances of one class (e.g., pathological patients) is significantly

lower than the number of instances of the other class (healthy ones, for example).

In such cases, "naive" statistical measures, like accuracy alone, are bad indica-

tors of performance, since it does not look into true/false positive/negative rates,

as will be explained further.
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Thus, having the right measures is extremely important for medical applications,

as it avoids common statistical pitfalls. These measures are known as validation met-

rics in the machine learning jargon. Here is an overview of such metrics used in this

study:

1. Accuracy: accuracy is a simple metric that calculates the proportion of correct

predictions out of the total predictions made. In medical dataset classification

tasks, it is vital to ensure the model can accurately identify the existence or

nonexistence of a medical condition. However, it can be deceptive in cases with

imbalanced datasets, where the number of instances of one class significantly

outweighs the other. In this case, a high accuracy might indicate that a model is

biased towards the majority class.

Accuracy =
Number of Correct Predictions

Total Number of Predictions
=

T P + T N
T P + T N + FP + FN

. (2.16)

2. Recall: Also known as sensitivity or true positive rate (TPR), recall measures

the proportion of true positive predictions out of all actual positive instances. In

medical dataset classification tasks, recall is essential as it evaluates the model’s

ability to correctly identify positive cases, such as patients with a specific disease,

minimizing false negatives. Due to the severe consequences of false negatives in

medical applications, recall is very often prioritized over other metrics. Formally,

it is written as:

Recall =
T P

T P + FN
. (2.17)

3. Specificity: the true negative rate (TNR), or specificity, is the ratio of the number

of negative instances correctly classified to the total number of actual negative

instances. It measures how good is the capacity of a model to identify negative

instances (e.g., healthy patients). Mathematically:

Specificity =
T N

T N + FP
. (2.18)
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Although recall is often overlooked in medical classification tasks, a model with

high TNR is also desirable, to avoid "false alarms" and unnecessary treatments.

4. Precision: defined as the ratio of true positive predictions (TP) to the total num-

ber of positive predictions made by the classifier, which includes both true positive

predictions (TP) and false positive predictions (FP), precision is important to min-

imize the cost of false positive predictions. It is mathematically defined as:

Precision =
TP

TP + FP
. (2.19)

5. F1-score: F1-score is the harmonic mean of precision and recall, providing a

single metric that balances both false positives and false negatives. It is partic-

ularly valuable when dealing with imbalanced datasets. In medical dataset clas-

sification tasks, F1-score is an important metric as it helps assess the trade-off

between precision and recall, ensuring a good balance between identifying true

positive cases and minimizing false positives and false negatives. The F1-score

is defined as:

F1-Score = 2 ·
Precision · Recall
Precision + Recall

=
2 · T P

2 · T P + FP + FN
. (2.20)

F1-score is particularly useful in situations where there is an uneven class distri-

bution, such as medical datasets, as it seeks a balance between precision and

recall. A high F1-score indicates that the model has both high precision and high

recall, a good indicator. So, in our experiments, for simplicity, we make use both

of accuracy and F1, to capture more nuanced information about our models.

2.2.7 K-fold cross validation

The main idea of K-fold cross validation is to have a more robust estimation of

a model’s predictive performance, especially when the dataset size is small [48]. This

technique enhances the reliability of performance estimation by dividing the dataset

into K equally sized subsets or "folds" and training and evaluating the model K times,

using different folds as validation sets and the remaining K-1 folds as training sets.

The K-fold cross validation process consists of the following steps:
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1. Partition the dataset into K equally sized subsets (folds): The dataset is randomly

divided into K subsets, ensuring each data point belongs to only one fold. The

value of K depends on the dataset size and the balance between computational

cost and estimation accuracy, with common choices being 5 or 10.

2. Perform K iterations of model training and evaluation: For each iteration (i =

1, 2, ...,K), the model is trained using data from K − 1 folds and evaluated on the

remaining fold, which acts as the validation set. This ensures each data point is

used once in the validation set and K − 1 times in the training set.

3. Compute performance metrics: Metrics such as accuracy, precision, recall, or

F1-score are calculated for each iteration based on the model’s predictions on

the validation set, estimating the model’s generalization to unseen data.

4. Average the performance metrics: After completing all K iterations, the perfor-

mance metrics are averaged to obtain a single performance estimate for the

model. This average performance is considered a more reliable indicator of the

model’s true performance, as it is less influenced by the specific choice of training

and validation sets.

5. Model selection and hyperparameter tuning: K-fold cross validation can be em-

ployed to compare different models or fine-tune hyperparameters of a single

model. By comparing average performance metrics across various models or

hyperparameter settings, the best-performing model or settings can be selected.

The primary benefit is a more accurate and reliable performance estimate com-

pared to a single train-test split, as it minimizes the effect of random data variations.

However, this method also increases computational costs, as the model must be trained

and evaluated K times. Despite this limitation, K-fold cross validation remains a popular

and widely used technique for model evaluation and selection in machine learning and

statistics.

After the explained introduction to the classical machine learning methods used

in this work, and before diving further into the realm of quantum machine learning, a

brief introduction to the principles of quantum mechanics and quantum computing are

given in the next section.
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2.3 Introduction to Quantum Computing

Qubits - quantum bits - are two-level systems that leverage quantum effects,

such as superposition and entanglement, to store and process information [6]. Just like

regular bits are the atomic units of classical computation, qubits are the analogous for

quantum computing. But, different from classical bits, they can exist in infinite states of

superposition, that is, like being both 0 and 1 units of classical information at the same

time. To begin our discussion, we introduce the mathematical background needed to

describe these systems.

2.3.1 Dirac notation

A discrete quantum system with n distinguishable states is represented by a

unit vector in a complex vector space Cn, where the n distinguishable states form an

orthonormal base in this space. From now on, we also introduce the Dirac’s braket

notation, a specific way of representing vectors [6]. In this notation, we can say that a

vector a ∈ V, where V is a vector space, can be represented as :

| a⟩ =



a1

a2
...

an


, (2.21)

which is also called the ket. On the other hand, bras are linear maps from V to C, and

they belong to the space V∗ dual to V. A simple way of interpreting the bras, is that

they are the transpose conjugate of their corresponding kets, i.e:

⟨a |=
(
a∗1, a

∗
2 . . . , a

∗
n
)
. (2.22)

2.3.2 Matrix operations

To define some important operations on matrices, we start with the following:

adjoint(A†) and trace(Tr(A)), where A ∈ M(Cd) is a complex matrix. The adjoint opera-
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tion, then, is defined as taking the transpose of the complex conjugate of A:

A∗(i, j) = (A(i, j))∗, AT (i, j) = A( j, i), A† = (A∗)T , (2.23)

while the trace is defined as the linear map Tr : L(Cd) → C. This operation sums the

diagonal entries of A:

Tr(A) =
d∑

i=1

A(i, i). (2.24)

One interesting property of the trace that often comes in hand is that it is cyclic:

for example, for three matrices A, B,C ∈ M(Cd), then Tr(ABC) = Tr(CAB) = Tr(BCA).

From this, it holds that even if A and B do not commute (AB , BA), the traces of their

products are equal: Tr(AB) = Tr(BA).

2.3.3 Inner & outer product

In quantum computing, inner and outer products play a crucial role in the ma-

nipulation and understanding of quantum states and operations. These products are

used to describe the relationships between quantum states, as well as to perform cal-

culations on quantum systems. Here, we will elaborate on the importance of inner and

outer products in quantum computing.

Inner Product:

The inner product is a binary operation that takes two vectors and returns a

scalar. In quantum computing, it is used to calculate the probability amplitudes and

the probability of measuring a specific state. Given two vectors |ψ⟩ and |ϕ⟩, the inner

product is denoted as ⟨ψ|ϕ⟩ and is defined as:

⟨ψ|ϕ⟩ =
∑

i

ψ∗i ϕi, (2.25)

where ψ∗i is the complex conjugate of the i-th component of the vector |ψ⟩.

The importance of the inner product in quantum computing lies in its ability to:

1. Determine the probability amplitudes of states and transitions: The inner

product of two quantum states gives the probability amplitude of transitioning from one

state to another. This is important for understanding the dynamics of quantum systems.

2. Determine the orthogonality of quantum states: If the inner product of two
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quantum states is zero, the states are orthogonal, which means they are independent

and can be used as a basis for a quantum system.

3. Measure the similarity between quantum states: The inner product is also

used to quantify the similarity between two quantum states. A larger inner product

indicates a higher degree of similarity.

Outer Product:

The outer product is a binary operation that takes two vectors and returns a

matrix. In quantum computing, for example, it is very often used to describe quantum

gates and also density matrices, which are used to describe mixed quantum states

and are essential for understanding the behavior of open quantum systems. Given two

vectors |ψ⟩ and |ϕ⟩, the outer product is denoted as |ψ⟩⟨ϕ| and is defined as:

|ψ⟩⟨ϕ| =



ψ1

ψ2
...

ψn


(
ϕ∗1 ϕ∗2 · · · ϕ∗n

)
(2.26)

Essentially, inner and outer products are fundamental in the context of quantum

computing, as they allow for the manipulation and understanding of quantum states,

similarities and operations.

2.3.4 Eigenvectors & eigenvalues

For any given matrix A ∈ L(Cd), an eigenvector is a special nonzero type of

vector that satisfies:

A|ψ⟩ = λ|ψ⟩. (2.27)

Where λ ∈ C is known as its corresponding eigenvalue. Eigenvalues and eigen-

vectors play a crucial role in quantum computing, as they are fundamental to the un-

derstanding of quantum systems and their behavior. Eigenvalues and eigenvectors of

operators (matrices) provide valuable insights into the properties of quantum systems

and the transformations they undergo. As an example, the eigenvalues of a unitary

matrix have a magnitude of 1, which means that the action of operator preserves the

norm of the state vector. This property is crucial for maintaining the probabilistic inter-
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pretation of quantum states.

As will be discussed further in the postulates of quantum mechanics, the state

of a quantum system is represented by a vector |ψ⟩ in a complex Hilbert space. The

evolution of this state is governed by the Schrödinger equation [49]:

iℏ
d
dt
|ψ(t)⟩ = H|ψ(t)⟩, (2.28)

where H is the Hamiltonian operator, which represents the total energy of the system,

and ℏ is the reduced Planck constant. The Hamiltonian is a Hermitian matrix, which

means that its eigenvalues are real and its eigenvectors form an orthonormal basis for

the Hilbert space.

Eigenvalues and eigenvectors of the Hamiltonian also have a direct physical

interpretation: the eigenvalues represent the possible energy levels of the system,

and the eigenvectors represent the corresponding stationary states. When a quantum

system is in a stationary state, its energy is constant, and its state vector evolves only

by a phase factor:

|ψ(t)⟩ = e−iEnt/ℏ|ψn⟩, (2.29)

where En is the eigenvalue corresponding to the eigenvector |ψn⟩.

2.3.5 Spectral decomposition

Given the review on outer products, eigenvectors and eigenvalues at hand, then

any normal matrix (when A†A = AA†) can be decomposed in terms of its eigenvalues

and eigenvectors:

A =
d∑

i=1

λi|λi⟩⟨λi|. (2.30)

This is known as the spectral decomposition (or eigendecomposition, alterna-

tively).

2.3.6 Operators

In the context of Quantum Mechanics, the operators are linear maps that act

on the quantum states, represented by complex vectors [6]. These maps have an
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equivalent matricial representation. There are three types of operators:

1. Hermitian operators: In quantum mechanics, a Hermitian operator is a linear

operator that satisfies a specific condition known as Hermiticity. Let Â be a Her-

mitian operator. Then, the Hermiticity condition states that the operator must

satisfy the following property:

Â† = Â,

where Â† represents the Hermitian adjoint of Â. The Hermitian adjoint of an

operator is obtained by taking the complex conjugate of its transpose. That is:

Â† = AT∗. This condition ensures that the eigenvalues of a Hermitian operator are

real, and the corresponding eigenvectors are orthogonal. In other words, if Â is a

Hermitian operator and λ is an eigenvalue of Â, then λ is a real number, and the

eigenvectors corresponding to different eigenvalues are orthogonal.

Hermitian operators represent physical observables [6], like position, momentum,

energy, and angular momentum. The eigenvalues of these operators correspond

to the possible outcomes of measurements of the corresponding observables,

while the eigenvectors represent the states of the system into which the wave-

function collapses after the measurement. As will be seen in the fundamental

postulates of quantum mechanics, each eigenstate has an associated eigen-

value, which is outcome observed with some probability after the measurement.

Another important property to say is that the Hermiticity of operators ensures

that the expectation values of observables are real. The expectation value of an

observable Â in a quantum state ψ is given by:

⟨Â⟩ = ⟨ψ|Â|ψ⟩.

Since the Hermitian adjoint of Â is equal to Â†, the expectation value can be

written as:

⟨Â⟩ = ⟨ψ|Â†|ψ⟩ = ⟨ψ|Â|ψ⟩∗.

This shows that the expectation value is a real number.
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2. Positive semi-definite operators: these are Hermitian operators that have non-

negative eigenvalues [6]. They play a fundamental role in the description of phys-

ical systems. Formally, an operator A acting on a Hilbert space H is positive

semi-definite if it satisfies the following conditions:

(a) Hermiticity: A = A†.

(b) Non-negativity of eigenvalues: All eigenvalues λi of A are non-negative, i.e.,

λi ≥ 0.

The positive semi-definite property of an operator A has important implications in

quantum mechanics. For instance, it guarantees that the expectation value ⟨A⟩

of A in any quantum state is non-negative. This property arises from the non-

negativity of eigenvalues, as the expectation value can be expressed as a sum of

the eigenvalues weighted by the probabilities of measuring those eigenvalues.

Furthermore, positive semi-definite operators are closely related to observables

in quantum mechanics. An observable is represented by a Hermitian operator,

and if this operator is positive semi-definite, it corresponds to a physical quantity

that can be measured in a quantum system. The eigenvalues of the operator

represent the possible outcomes of the measurement, and the eigenvectors cor-

respond to the states in which the measurement yields a definite value.

Positive semi-definite operators also find applications in the study of entangle-

ment and quantum information theory. For example, the density matrix, which de-

scribes the statistical properties of a quantum system, is a positive semi-definite

operator. The positivity of the density matrix ensures that the probabilities of

different outcomes are non-negative, and it allows for the calculation of various

entanglement measures and quantum correlations.

3. Unitary operators: Unitary operators preserve the lengths of vectors upon which

they act in a vector space. They are used to describe quantum states and trans-

formations. In the context of quantum mechanics, unitary operators are crucial

because they preserve the probability interpretation of quantum states. The evo-

lution of any closed quantum system over time is described by a unitary operator,

for example. Mathematically, an operator U is said to be unitary if it satisfies two

conditions:
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(a) It is invertible, meaning there exists another operator U−1 such that UU−1 =

U−1U = I, where I is the identity operator.

(b) Its inverse is equal to its adjoint (or conjugate transpose), i.e., U−1 = U†.

Unitary operators also have the property that their eigenvalues are complex num-

bers of absolute value 1, and different eigenvectors corresponding to distinct

eigenvalues are orthogonal.

2.3.7 States & Hilbert spaces

From this, the inner-product between two vectors |a⟩, |b⟩ ∈ V allows for the

notion of angles between vectors, and norms, and it is given by:

⟨a | b⟩ = a∗1b1 + a∗2b2 + . . . a∗nbn. (2.31)

More formally, an inner-product on a complex vector space V (·, ·) : V × V → C that, for

each u, v,w ∈ V and α, β ∈ C:

1. (⃗v, v⃗) ≥ 0, and (⃗v, v⃗) = 0 if and only if v⃗ =
−→
0 ;

2. (αu⃗ + βv⃗, w⃗) = α(u⃗, w⃗) + β(⃗v, w⃗);

3. (⃗v, w⃗) = (w⃗, v⃗)

4. v⃗, w⃗ are said to be orthogonal if the inner product (⃗v, w⃗) = ⟨v|w⟩ = 0.

Such a vector space, equipped with an inner product, is an inner product space. A

Hilbert space, then, is just an inner product space which is complete under its induced

norm.

Back to the qubits, considering it is physically realised as an electron in a simple

hydrogen atom, then we know it can be in the ground-state, represented by |0⟩ =

 1

0

,
in the excited state, |1⟩ =

 0

1

, and in infinite possible linear combinations of |0⟩, |1⟩,

that is:

|ψ⟩ = α|0⟩ + β|1⟩ α, β ∈ C and |α|2 + |β|2 = 1,
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where |ψ⟩ is said to be the state of the qubit, and α and β are called probability am-

plitudes. Also, in note how {|0⟩, |1⟩} form an orthonormal basis in C2. In general, the

principal desirable properties of qubits are interference, superposition, entanglement

and measurement.

2.3.8 Classical probabilities

In Kolmogorov’s original formulation of 1933 [50], the mathematical theory of

probability gained a unified formulation, since a universal structure of a probability

space (Ω,Σ,P) was introduced, along with its axioms. In this framework, Ω is a set,

Σ is a σ-algebra of subsets of sets of Ω, where Ω itself is an element, and P is a

function Σ→ [0, 1] satisfying the following criteria:

1. normalisation:

P(Ω) = 1 (2.32)

2. additivity :

A ∩ B = ∅ =⇒ P(A ∪ B) = P(A) + P(B) (2.33)

3. continuity :

A1 ⊂ A2 ⊂ A3 ⊂ · · · =⇒ P

 ∞⋃
n=1

An

 = lim
n→∞
P (An) . (2.34)

In this framework, Ω is interpreted as the set of all possible outcomes from the

experiment; Σ is the collection of events, or statements - a set of yes/not questions -

about the outcomes; given any event A, then, P(A) is the probability that A will occur.

If (Ai)i ∈ I is said to be an independent collection of events when, for all finite J ⊂ I, the

following holds:

P

⋂
i∈J

Ai

 =∏
i∈J

P (Ai) (2.35)

Finally, the Weak Law of Large Numbers states that, if {A1, A2, ..., AN} are all

independent with probability p, then for any ϵ > 0:

lim
n→∞
P

[∣∣∣∣∣1nKn − p
∣∣∣∣∣ < ε] = 1,

Kn(ω) := #
{
j ∈ {1, 2, . . . , n} | ω ∈ A j

}
.

(2.36)
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The interpretation is that, after many trials of the same experiment, the success

rate, i.e, the ’yes’ rate, for A becomes each time closer to its true probability p. This

allows us to empirically measure probabilities.

2.3.9 Quantum Probabilities

One of the most important discoveries in Quantum Theory was made by John

Bell in his famous paper [51], while working at CERN. His paper confirms Quantum

Theory, showing that there is no classical description for it, and eliminating hidden

variable theories. Hence, the classic kolmogorovian definition of probabilities has to be

redefined to fit the framework of quantum mechanics:

1. the sample space η is now the set of all possible one-dimensional projections of

a *-algebra A of operators on a Hilbert space H . So, each event is a closed

subspace of H .

2. the probability function P : η→ [0, 1] must be σ-additive.

Essentially, a quantum probability distribution is described by a density operator,

which is a Hermitian, positive semidefinite operator with unitary trace. This is also

known as a quantum state. To see the analogy between these properties and classical

distributions, let’s see the properties:

1. Hermiticity: as was seen, the hermiticity condition ensures that the operator is

equal to its transpose conjugate. As a consequence, its eigenvalues are always

real. This is analogous to the fact the probabilities are always real values, not

complex.

2. Positive semidefinite: remembering that an operator f : V → V is positive

semidefinite if ⟨v, f v⟩ ≥ 0, v ∈ V, which intuitively means that f does not cause

vectors to point in an opposite direction, then it preserves the probabilistic inter-

pretation of states. In other words, probabilities are always greater than or equal

to zero.

3. Unitary trace: finally, the trace of an operator is equal to the sum of its diagonal

entries, and also of its eigenvalues. If trace must be unitary, then the analogy is

that classical probabilities in a distribution always sum up to 1.
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The interesting part is that every classical probability distribution defines a quan-

tum state, and also every quantum state defines a classical distribution.

2.3.10 Quantum Gates

Quantum gates are the building blocks of parametrized quantum circuits, in the

sense that they perform the most elementary operations on the qubits, just like classical

logic gates operate on classical bits. The main differences are the use of quantum

effects, as explained before, which have no classical counterpart: superposition and

entanglement. Another difference lies on the fact that these operations are reversible,

differently from the classical regime. It is a consequence of Schrodinger’s equation that

the time evolution of a quantum system is always governed by unitary linear operators.

This means that if U is such an operator, then U† = U−1. One simple example is the

Pauli-X gate, which is the analogous to the classical NOT gate. It is written as:

X =

0 1

1 0


This has the effect of changing a spin-up to a spin-down and vice-versa. Other

extremely important gate is the Hadamard, which puts the initialised qubits into a state

of equal superposition, and is written as:

H =
1
√

2

1 1

1 −1


Besides these, there exists Toffoli gates, Pauli-Y and Pauli-Z gates, among

many others. It is important to mention the universality of quantum computing: this

means that any unitary transformation can be approximated to an arbitrary error de-

gree. A very simple example of a 2-qubit gate is the CNOT:

Here, the CNOT gate is represented by a control qubit (the top line with a dot) and a

target qubit (the bottom line with a plus inside a circle). The control qubit is connected
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to the target qubit by a vertical line, indicating that the state of the target qubit is flipped

depending on the state of the control qubit.

2.3.11 Universality

The Solovay-Kitaev theorem is a fundamental result in quantum computing that

provides a method for approximating any unitary operation using a finite set of universal

quantum gates [52]. This theorem is important because it shows that any quantum

computation can be efficiently approximated using a small set of gates, which is crucial

for the practical implementation of quantum algorithms on quantum hardware.

The theorem can be stated as follows:

Theorem (Solovay-Kitaev): Let G be a finite set of unitary gates that generates

a dense subset of the unitary group U(d). Given any unitary operator U ∈ U(d) and any

ϵ > 0, there exists an algorithm that outputs a sequence of gates g1, g2, . . . , gm ∈ G such

that ∥∥∥∥∥∥∥U −
m∏

i=1

gi

∥∥∥∥∥∥∥ ≤ ϵ, (2.37)

where ∥·∥ denotes the operator norm. Moreover, the length of the sequence m is poly-

nomial in log(1/ϵ) and log d.

The proof of the Solovay-Kitaev theorem is based on the idea of recursive ap-

proximation. The algorithm starts with a rough approximation of the target unitary U

using the gates in G, and then iteratively refines the approximation by concatenating

and simplifying sequences of gates. The key insight is that the error in the approxi-

mation decreases exponentially with the number of iterations, while the length of the

sequence grows only polynomially.

The Solovay-Kitaev algorithm can be summarized as follows:

1. Find a rough approximation V0 of U using the gates in G.

2. For each iteration k = 1, 2, . . . , n:

(a) Find a sequence of gates S k that approximates the operator

UV†k−1.

(b) Set Vk = S kVk−1.
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3. Output the final sequence Vn.

The main technical challenge in the algorithm is to efficiently find the sequence S k

in step 2a. This can be done using a combination of techniques, such as nearest-

neighbor search in the Cayley graph of G and precomputed lookup tables for short

sequences.

The Solovay-Kitaev theorem has important implications for the design of quan-

tum computers and the development of quantum algorithms. It shows that any quantum

computation can be efficiently approximated using a small set of universal gates, which

simplifies the task of building quantum hardware and designing quantum algorithms.

Moreover, the theorem provides a concrete method for compiling quantum circuits,

which is an essential step in the process of implementing quantum algorithms on real

quantum devices.

Now that the introduction to quantum computing was given, it is equally impor-

tant to understand the fundamental postulates of quantum mechanics before proceed-

ing.

2.4 The Postulates of Quantum Mechanics

2.4.1 Postulate 1: Individual Quantum Systems

The first postulate of Quantum Mechanics states that the state of a quantum

system is completely described by a wave function, denoted as ψ(r, t), which is a

complex-valued function of position r and time t. The wave function contains all the

information about the system and its evolution in time. The square of the magnitude of

the wave function, |ψ(r, t)|2, represents the probability density of finding the particle at

position r and time t. Mathematically, this can be written as:

P(r, t) = |ψ(r, t)|2. (2.38)

In the context of Quantum Computing, the first postulate is applied to qubits,

which are the basic units of quantum information. A qubit is a quantum system that

can exist in a superposition of two basis states, usually denoted as |0⟩ and |1⟩ - known
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as the computational basis. The state of a qubit can be represented by a wave function

as follows:

|ψ⟩ = α|0⟩ + β|1⟩. (2.39)

Here, α and β, known as probability amplitudes, are complex numbers such that |α|2 +

|β|2 = 1. The probabilities of measuring the qubit in the |0⟩ and |1⟩ states are given by

|α|2 and |β|2, respectively.

Although the theory of quantum computing, so far, uses qubits in its majority, it

is also possible to define other entities of quantum information. A qutrit is a three-level

quantum system, for example, for which its state can be represented as follows:

|ψ⟩ = α|0⟩ + β|1⟩ + γ|2⟩, (2.40)

where |0⟩, |1⟩, and |2⟩ are the basis vectors of the associated Hilbert (state) space,

and α, β, and γ are its corresponding probability amplitudes, such that normalisation

requires that |α|2 + |β|2 + |γ|2 = 1.

It is possible to go even further by defining a qudit as a d-level quantum system,

which can be represented by a d-dimensional Hilbert space. The state of a qudit can

be written as:

|ψ⟩ =

d−1∑
i=0

αi|i⟩, (2.41)

and the same conditions of normalisation required for qubits and qutrits follow here.

Quantum computing exploits the principles of quantum mechanics, such as su-

perposition and entanglement, to perform computations that are infeasible for classical

computers. Quantum algorithms are designed to manipulate qubits and their wave

functions in such a way that the desired computational result can be obtained with high

probability upon measurement. The first postulate of quantum mechanics is crucial

in understanding and designing quantum algorithms, as it provides the foundation for

representing and manipulating quantum states.

2.4.2 Postulate 2: Quantum Operations & Observables

One natural question to ask is: what kind of operations can be realised on a

qubit? It happens that nature only allow for unitary transformations on qubits - except
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for measurements. The second postulate describes the nature of quantum mechanical

operators and how they relate to observable systems:

every measurable physical quantity is mathematically described by an operator

acting on the state space of the corresponding system, and this operator is known as

an Observable. This operator is always linear and Hermitian.

Physical Observable Operator
Position x̂

Momentum p̂ = −iℏ ∂
∂x

Energy Ĥ = p̂2

2m + V(x̂)
Angular Momentum L̂ = x̂ × p̂

Spin Ŝ
Time Reversal T̂

Table 2.1: Some examples of physical observables and their corresponding operators.

To put into context, the table 2.1 shows some examples of physical observables

and their associated operators. So, an operator is a mathematical entity that pulls

information from the wavefunction, revealing properties of the quantum mechanical

system. The fact that an observable must be Hermitian comes from the fact that the

resultt of a measurement in real life are real values. This leads to the next postulate.

2.4.3 Postulate 3: Measurement

The third postulate states that only the eigenvalues of the quantum mechanical

operator are possible to be measured. So, if the eigenstates of an observable M are

ψ1, ψ2, . . . , ψn with real eigenvalues λ1, λ2, . . . , λn, then the Quantum Theory states that

only {λi, i ∈ {1, . . . , n}} can be physically observed in an experiment.

General formalism

Quantum measurements are a collection of operators {Mm} that act on the state

space of the system to be measured, where m represents the outcome that may occur

in the experiment. Letting |ψ⟩ be the state of the system right before the measurement,
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then the probability that result m is observed is given by:

p(m) = ⟨ψ|M†mMm|ψ⟩ (2.42)

and the state of the system after the measurement is:

|ψ′⟩ =
Mm|ψ⟩√
⟨ψ|M†mMm|ψ⟩

. (2.43)

It is important to note that all measurement operators must satisfy the complete-

ness relation: ∑
m

M†mMm = I, (2.44)

which comes from the fact that probabilities sum to one. To contextualize, if a single

qubit on a state |ψ⟩ = α|0⟩ + β|1⟩ is measured in the computational basis, then the

measurement operators corresponding to each observable, respectively, are given by

M0 = |0⟩⟨0| and M1 = |1⟩⟨1|. If one wanted to know the probability of having 1 as

outcome, then:

p(1) = ⟨ψ|M†1 M1|ψ⟩ = ⟨ψ|M1M1|ψ⟩ = ⟨ψ|M1|ψ⟩ = |β|
2,

and similarly it is for calculating the probability of a collapse in the |0⟩ state.

Projective measurements

A projective measurement (PVM) [6] is a set of projectors B = {Πi}
m
i=0 such that∑m

i=0Πi = I, where this last condition is the completeness relation. When each Πi is

rank one, that is, Πi = |ψi⟩⟨ψi|, then it is said that B models a measurement in the basis

{|ψi⟩}. In the context of quantum machine learning, very often measurements are made

in the computational basis B = {|0⟩⟨0|, |1⟩⟨1|}.

Positive-Operator Valued Measure (POVM)

A Positive-Operator Valued Measure (POVM) [6] is a set of operators {Ei} on a

Hilbert space H that satisfies the following conditions:

1. Each Ei is a positive semi-definite operator, i.e., for all ψ ∈ H , ⟨ψ|Ei|ψ⟩ ≥ 0.
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2. The operators {Ei} sum up to the identity operator on H , i.e.,
∑

i Ei = I.

In the context of quantum mechanics, a POVM can be seen as a generalization

of a PVM. One important difference is that the number of measurement operators N in

PVMs is at most the dimension of the Hilbert space associated with the corresponding

quantum mechanical system, since they are all orthogonal. This is not necessarily true

for POVMs, since they need not be orthogonal.

2.4.4 Postulate 4: Expected values

The sheer act of observing a quantum system irreversibly collapses its state, and

it does so in a probabilistic way (with quantum probabilities, as we will see). Suppose

we have the same state |ψi⟩ as in equation (2.39). Then, as already explained, the

coefficients α and β are complex numbers C, called probability amplitudes, and they

must obey the following relation:

|α|2 + |β|2 = 1 (2.45)

Now, The probability of collapse into the state |0⟩ is given by |α|2, and alterna-

tively, the collapse into |1⟩ has probability |β|2. In general, the following postulate holds:

When a measurement of some observable A in a generic state |ψ⟩ is made, the

probability of seeing one of its eigenvalues λi is given by the inner product between |ψ⟩

and the associated eigenstate |λi⟩, that is, |⟨λi|ψ⟩|
2.

2.4.5 Postulate 5: Evolution of a system in time

The evolution of a closed system (isolated) from the state |ψ0⟩ at time t0 to the

state |ψ⟩ at time t is described by a unitary operator Ut,t0:

|ψ⟩ = Ut,t0 |ψ0⟩. (2.46)

The temporal evolution operator is a matrix that describes how the quantum

state evolves over time. This same matrix is unitary, and hence it is always true that
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Ut,t0U
†
t,t0 = I, being I the identity matrix. In an isolated system, the temporal evolution

operator is described in terms of another operator, called the Hamiltonian H. The

Hamiltonian is an observable whose eigenvalues correspond to the allowed energies of

the system. When H is time-independent, then the temporal evolution operator is given

by U(t, t0) = e
−i
ℏ H(t−t0). This solution is found by solving the well-known Schrödinger’s

equation:

HΨ(r, t) = iℏ
∂Ψ

∂t
. (2.47)

This is a linear partial differential equation that describes how a quantum state evolves

over time.

2.4.6 Postulate 6: Composite Systems

The state space of a composite physical system is given by the tensor product

of the state space of each component (subsystem) in the system. So, for n systems

enumerated from 1 to n, having the system i in the state |ψi⟩, the state space of the

composite system is written as:

|ψ0⟩ ⊗ |ψ1⟩ ⊗ · · · ⊗ |ψn⟩ = |ψ0⟩|ψ1⟩ . . . |ψn⟩ = |ψ0ψ1 . . . ψn⟩ (2.48)

When a quantum system is in a mixture of states, there is no state vector that

correctly describes the system, and instead the density operator formalism is used.

Instead, suppose that the system is in one of many possible states |ψi⟩ with probability

pi. Then the set {p[, |ψi⟩} is called an ensemble of pure states. In this case, the system

is described by the density matrix as:

ρ =
∑

i

pi|ψi⟩ ⟨ ψi|

From this, it is also possible to reformulate the postulates in terms of the density

operator formalism.



2.5 Quantum Hardware 48

2.5 Quantum Hardware

2.5.1 DiVicenzo’s criteria

Before going into further details about types of quantum hardware, it is important

to observe that, in 2000, DiVicenzo made a list of desirable features an ideal Quantum

Computer should display [5]. They are:

1. a scalable physical system with well-characterized qubits: as we already saw,

qubits are two-level systems that leverage quantum effects. The first criterion for

a good quantum computer is that these systems should be well-defined, and if

the qubit has more than two possible levels - i.e. besides the ground-sate and

the first excited sate - these should be designed such that the probability of going

into a state higher than the first excited one is very small.

2. qubit initialization to a simple fiducial state, like |000...⟩: the capacity of qubits to

be initialized in the same state repeatedly is desired. The first reason is straight-

forwards, since we wish the registers to have a known value before any compu-

tation. Another reason for this lies in the need for quantum error, since it needs a

continuous supply of low-entropy states, like |0⟩.

3. long coherence times: quantum systems are extremely sensitive, such that their

desired quantum effects can only hold for so long in the presence of external

noise. The best Quantum Computer should have its qubits holding these quan-

tum properties as long as it can, so more quantum operations can be done. Also,

as argued in the introduction of this work, as of today, we are living on the NISQ

era. So, this is still a challenge given the current quantum hardware architectures

available today, but we have seen some promising works in this direction.

4. universal set of gates: quantum operations are the building block of quantum al-

gorithms, and consequently of all Quantum Machine Learning models. Generally,

as explained before, quantum algorithms consist of a sequence of unitary trans-

formations, and it is desired that in a Quantum Computer, one can approximate

any unitary transformation up to an arbitrary error degree. For this purpose, we

say a universal set of gates should exist in such an architecture.
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5. Measurement of individual qubits: there should be a way to efficiently measure

the output of the quantum computations.

With this criteria in hands, we briefly illustrate next a traditional example of quan-

tum hardware, the so-called ion traps.

2.5.2 Ion traps

Physically, quantum circuits can be realised through different technologies. The

most classical one is that of ion trapping. What makes this an attractive option is that

ions can be confined to a small location in space using electromagnetic fields. The

first ion-trap was proposed in 1953 by Wolfgang Paul [53], which is nowadays also

known as a Paul-trap. Ion trapping is also widely using in fabrication of high-precision

atomic clocks. In theory, an ion should be trapped in a potential. However, Earnshaw’s

theorem [54] states that it is impossible to confine a charge in three dimensions using

static potentials. Instead, the potential becomes a saddle, where the ion is trapped in

one direction, but ends up scaping in the perpendicular direction. What’s possible to

do, however, is to rotate this potential at the right frequency, so that the wall ’generated’

confines the ion in all directions. It can be shown that the correct rotating electric

potential is given by:

Φ =
1
2

(
uxx2 + uyy2 + uzz2

)
+

1
2

(
vxx2 + vyy2 + vzz2

)
cos(ωt + ϕ), (2.49)

where ux, uy, uz, vx, vy, vz are potential energies in x, y, z; ϕ is a phase factor; and finally,

all these variables have to be tuned accordingly to the ion’s mass and charge, and the

potential’s angular frequency ω.

Once the ion system is trapped, to perform operations on it, then, photons are

shot at the system, so it can go from the ground-state to the excited state. From the

first DiVicenzo’s criterion, we would also like as many qubits as possible in a Quantum

Computer, so one ion alone is not enough. To realise this, ionic chains (which is a

one-dimensional array) can be used. The problem is that shooting photons may cause

relative motion between the ions, so undesired interactions may happen. To overcome

this, we can leverage the Mossbauer effect: ions placed in a sufficiently spaced array

are cooled down until their motion becomes quantized. When photons are shot, all
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ions recoil together [6], eliminating the unwanted interactions.

The Hamiltonian that describes the electron in the trapped ion is approximately

given by:

Ĥ =
ℏΩ

2

(
S +eiφ + S −e−iφ

)
(2.50)

where S + and S − are matrices described by:

S + =

 0 0

1 0

 , S − =

 0 1

0 0

 . (2.51)

For the time-independent hamiltonian, a qubit starting in the ground state evolves

to the following time-dependent state, according to Schrödinger’s equation, seen be-

fore:

|ψ(t)⟩ = e−iĤt/ℏ|g⟩. (2.52)

By solving this equation, it can be shown that the unitary transformation pro-

duced by a laser pulse of amplitude B, duration t, and phase ϕ on an ion with magnetic

moment µm is given by:

U(Ω, φ, t) =

 cos
(
Ωt
2

)
−i sin

(
Ωt
2

)
e−iφ

−i sin
(
Ωt
2

)
eiφ cos

(
Ωt
2

)
 , (2.53)

where ω is called the Rabi frequency. From the equation above, we can see that any

arbitrary X and Y rotations can be done by setting φ = 0 or φ = π
2 . Thus, the fourth

criterion is met, and a universal set of single-qubit gates can be created by adjusting

the phase and duration of the light pulses.

2.6 Quantum Machine Learning

2.6.1 Quantum Neural Network (QNN)

Variational circuits, also known as “parameterized quantum circuits”, are quan-

tum algorithms that depend on free parameters. Most of hybrid quantum-classical

algorithms rely on these circuits. The key idea of the variational circuit is to optimize

those parameters according to a cost function [55]. Like standard quantum circuits,
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they consist in three ingredients:

1. preparation of a fixed initial state.

2. a quantum circuit parametized by a set of free parameters θ.

3. the measurement of an observable at the output, that may be made up from local

observable itens for each or a subset of wires in the circuit.

The general structure of a Variational Quantum Circuit is shown in Figure 3,

where U(x) is the data encoding block which is predefined and static. It should be

designed considering the nature of the problem and, thus, it is a crucial part in the

architecture. Φ(θ) represents the tunable part, which will be optimized, usually based

on a classical optimization algorithm such as gradient descent, stochastic gradient de-

scent or particle swarm optimization. These parameters can be seen as the weights in

the classical neural networks. In this work, gradient descent was used.

A variety of results has shown that Quantum Variational Circuits are more ex-

pressive when compared to conventional neural networks in respect to the number of

parameters [56, 57, 58]. Furthermore, successful experiments have shown that these

circuits have multiple applications, such as function approximation [59], classification

[60, 61, 62], generative modeling [63, 64], deep reinforcement learning [65], and trans-

fer learning [66].

Figure 3: Simple quantum variational circuit architecture. Diagram taken from [67].

A number of researchers are still trying to understand, however, in which cases
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can QNNs display better generalization over classical machine learning models. In this

direction, some interesting studies are starting to pave the way [68, 67].



Chapter 3

The Proposed Approach

Here we will go through the data used in this study, along with all the extracted

features available, that are further embedded in our quantum circuits for classification.

3.1 Data & Acoustic features

In this work we use the same data as in [69]. It is composed of 195 sustained

vowel phonation recordings from 31 subjects, being 23 affected by PD and 8 healthy.

On average, six phonations were recorded for each subject, ranging from 1 to 36 sec-

onds in time-length. The subjects ages ranged from 46 to 85 years, and time of diag-

nosis, from 0 to 36 years.

The handcrafted acoustic features used in the proposed approach are now

briefly explained. The main motivation to choose handcrafted features over deep

learned ones is due to the fact that at the time this dissertation is being written, we are

in the NISQ era, as explained in subsection 2.5. Since we still have very few number

of qubits to run experiments with, we limit ourselves to a fine selection of handcrafted

features only.

To begin with, [70] considers we have three types of speech signals: type I are

those quasi-periodic; type II includes those which show some degree of dynamical

changes, such as different frequencies, and in type III we have signals that have no

kind of periodic pattern. This original classification was designed considering signals

generated by deterministic processes. In [71], however, the authors argue that speech

53
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samples in clinical settings are often quite noisy, and thus it is better to treat them as

stochastic. In [72], a new category is introduced for these signals, which they call type

IV.

As one of the most traditional features, jitter is measured as the perturbation in

pitch period or, equivalently, changes that occur in the fundamental frequency (F0). Dif-

ferently, shimmer is another measure based on the perturbation in the signal amplitude.

One challenge with these features is that they assume a deterministic (and periodic)

generating process, thus only suited for type I voice signals, and also cannot capture

breath noise, a common characteristic among pathological speech found in clinical

settings. Nonetheless, they have been widely used in the literature [73, 74, 75, 76] for

discriminating pathological from normal speech, and thus we also consider them in this

study.

Other traditional features used in this study were average, maximum, and mini-

mum in F0; noise-to-harmonic and harmonic-to-noise ratios, abbreviated as NHR and

HNR, respectively. These last features capture the proportion of noise, i.e., breathi-

ness, for instance, in the content of the voice signal.

Other methods that also rely on linear assumptions about the signals include the

Discrete Fourier Transform and cepstral analysis, Specifically, they assume the signal

has (quasi)periodicity, linearity, determinism or Gaussianity. Although they have their

use, for clinical data, there is a better mathematical framework to work with: the theory

of Nonlinear Dynamical Systems. Here, measures of chaos have been proposed as

features for discrimination between healthy and disordered speech. Well-known exam-

ples are Lyapunov exponents [77], correlation dimension (D2) [78]. These tools are

excellent, as they are suited to handle nonlinearities (which is most observed in clinical

data), but another challenge is that for very noisy and breathy speech samples, these

measures can fail, as they require the attractor - a region in phase space to which our

dynamical system tends to evolve in time, regardless of the initial conditions - not to be

destroyed by the noise.
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To capture both deterministic and stochastic effects of speech, the authors of

[71] model this problem by using Langevin dynamics in order to describe the equation

of motion generating the speech signal. At any time t ∈ R, the state of the system is

given by the vector u(t) ∈ Rd. The Langevin equation [78] reads as:

u̇ = f (u(t)) + ϵ(t), (3.1)

where ϵ is a stochastic-forcing vector, representing the breathiness effects - caused

by the inability of proper closing the vocal folds, so that air has to escape through a

partial opening, causing turbulent airflow[79] - and f (u) effectively models the deter-

ministic governing dynamics of the speech. From this, the concepts of periodicity and

aperiodicity can be seen as special cases of recurrence in the phase space, where

recurrent orbits are those that return to a specific region of the space after some time.

Mathematically, phase space recurrence can be defined as:

u(t) ⊂ B(u(t + δt), r). (3.2)

Where B(u, r) is a ball of radius r around point u in phase space, and δt is the

period it takes a trajectory to return to this region, called the recurrence time. From this,

periodicity is seen as a special case when r = 0 and δt is always the same for all t ∈ R;

that is, a trajectory returns to the exact same point after some regular period of time δt.

For aperiodic but recurrent signals, we relax this condition by saying their trajectories

return to the same region after δt, but not necessarily the same point; that is, r > 0.

Although the reconstructed state space has rich structural information about the

governing dynamics, all we have to start with is a time-series measurement, that is,

the speech itself. Now, Takens’ theorem states that information in hidden variables of a

dynamical system can be preserved in a time-series measurement [80], and by obeying

the necessary conditions, a diffeomorphism between a delay embedded attractor and

the attractor in original coordinates can be obtained. This means that information about

the governing dynamics is preserved through the time-series, and thus we can use this

information to classify parkinsonian and healthy subjects. This motivates the use of

features based on recurrence analysis, such as the recurrence period density entropy
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(RPDE), introduced in [71]. To start with, say there is some measurement function

h : Rd → R that makes the signal, such that:

sn = h(u(n∆t)). (3.3)

This assumes that at each instant ∆t, there is a corresponding d-dimensional

state vector u(n∆t) that is projected to a single real scalar via h(u), where n is the

discrete-time step. There are different methods for reconstructing the state space.

The one used in this research work and in [71] was introduced by the authors of [81],

optimizing m and τ. These parameters have important effects: for very small τ, for

instance, they lead to noisy recurrences, whereas too large values end up making

recurrences difficult to detect. Thus values should be carefully selected. There are

also other methods, such as False Nearest Neighbors, which is not used since it needs

deterministic assumptions [78, 81]. From this, a time delayed embedding vector of size

m can be built as follows:

sn = [sn, sn−τ, sn−τ, ..., sn−(m−1)τ]T , (3.4)

where τ is the time delay, and m is the embedding dimension.

To further extract the features from the signal time recurrence, the method of

close returns [82] is used, considering both deterministic and stochastic speech sig-

nals. Here, a closed ball B(sn0 , r) is centered around sn0, with r > 0. The trajectory of the

initial state vector sn0 is forwarded in time until it leaves the ball, i.e., sn0 , sn0+1, ..., sn0+k,

where n0 + k, with k > 0, is the discrete-time step where it leaves B - or formally:

||sn0 − sn0+k||l2 > r. Finally, the recurrence time T is one such that ||sn0 − sn0+T ||2 ≤ r, i.e.,

the number of discrete-time steps it takes for the trajectory to return to the ball. The

recurrence time is taken for all sn, and then a histogram is formed as R(T ), so that by

normalising it, we have:

P(T ) =
R(T )∑Tmax
i=1 R(i)

, (3.5)

where Tmax is the maximum recurrence time found in the embedded space. In the

end, we have a probability distribution P of n discrete values. This is known as the
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recurrence time probability density. From this, we can exploit one idea: to extract the

uncertainty contained in this probability distribution of recurrence times - on average,

we expect pathological signals to fail periodicity more and exhibit chaotic effects, thus

very different recurrence times δt should appear in the density. On the other hand,

healthy signals are expected to have more regular δt, thus less information is present in

their recurrence time distribution. From the well-known Shannon’s definition of entropy,

the RPDE can then be defined as:

RPDE =
n∑

i=1

P(i) ln P(i). (3.6)

This measure is good because it basically ranks different types of signals based on

their period uncertainty, ranging from the most regular ones - type I - to those that are

very breathy, and thus corrupted by noise - type IV.

Finally, the last features used the speech signals are the Detrended Fluctuation

Analysis[71] (DFA), used for capturing the the stochastic self-similarity of the speech,

related to the noise component in our Langevin equation, ϵ(t), and the Pitch-Period

Entropy (PPE) [69], which measures the extent of non-Gaussian fluctuations in the

sequence of relative semitone pitch period variations.

To summarize, in practice, the speech signals lie on a spectrum: on one hand,

almost perfectly periodic signals, and on the other, very noisy, breathy, and stochastic

ones. Since there is no perfect measure suited for all types mentioned, we use all the

ones explained before, so multiple types of signals are covered, as listed before. The

detailed list of these features is listed in Table 3.1.
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Feature Description
F0 Average vocal fundamental frequency
Fhi Maximum vocal fundamental frequency
Flo Minimum vocal fundamental frequency
Jitter (%) jitter as a percentage
Jitter (Abs) absolute jitter in microseconds
Jitter (DDP) Average absolute difference of differences between cycles, divided by the average period
RAP Relative Amplitude Perturbation
PPQ five-point Period Perturbation Quotient
Shimmer local shimmer
Shimmer (dB) local shimmer in decibels
Shimmer (APQ3) Three point Amplitude Perturbation Quotient
Shimmer (APQ5) Five point Amplitude Perturbation Quotient
Shimmer (DDA) Average absolute difference between consecutive differences between the amplitudes of consecutive periods
APQ 11-point Amplitude Perturbation Quotient
NHR Noise-to-Harmonics ratio
HNR Harmonics-to-Noise ratio
RPDE Recurrence Period Density Entropy
DFA Detrended Fluctuation Analysis
D2 Correlation dimension
PPE Pitch Period Entropy

Since the number of features is very high, and we use angle encoding for the

parametrized circuits - which requires a number of qubits proportional to that of features

- we first fixed a number of 6 qubits in our experiments, and then performed a sliding

window over the features presented above (given the respective order that the features

were presented).

3.2 Implementation

All the quantum models were implemented in Pennylane [83]. The first block

of the code for the variational circuit used is shown below on a bottom-up approach,

by first defining the types of layers that will be used in out circuit - Hadamard layers,

y-rotations and entangling layers:

1 import pennylane as qml

2 import numpy as np

3 import torch

4 import torch.nn as nn

5

6 def H_layer(nqubits):

7 """Layer of single-qubit Hadamard gates.

8 """

9 for idx in range(nqubits):
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10 qml.Hadamard(wires=idx)

11

12

13 def RY_layer(w):

14 """Layer of parametrized qubit rotations around the y axis.

15 """

16 for idx, element in enumerate(w):

17 qml.RY(element, wires=idx)

18

19

20 def entangling_layer(nqubits):

21 """Layer of CNOTs followed by another shifted layer of CNOT.

22 """

23 # In other words it should apply something like :

24 # CNOT CNOT CNOT CNOT... CNOT

25 # CNOT CNOT CNOT... CNOT

26 for i in range(0, nqubits - 1, 2): # Loop over even indices:

i=0,2,...N-2↪→

27 qml.CNOT(wires=[i, i + 1])

28 for i in range(1, nqubits - 1, 2): # Loop over odd indices:

i=1,3,...N-3↪→

29 qml.CNOT(wires=[i, i + 1])

The next part is the quantum node, which is the heart of our model, as it per-

forms all the quantum operations based on the layer definitions showed in the last step:

25 @qml.qnode(dev, interface="torch")

26 def quantum_net(q_input_features, q_weights_flat, q_depth,

n_qubits):↪→

27 """

28 The variational quantum circuit.

29 """

30

31 # Reshape weights
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32 q_weights = q_weights_flat.reshape(q_depth, n_qubits)

33

34 # Start from state |+> , unbiased w.r.t. |0> and |1>

35 H_layer(n_qubits)

36

37 # Embed features in the quantum node

38 RY_layer(q_input_features)

39

40 # Sequence of trainable variational layers

41 for k in range(q_depth):

42 entangling_layer(n_qubits)

43 RY_layer(q_weights[k])

44

45 # Expectation values in the Z basis

46 exp_vals = [qml.expval(qml.PauliZ(position)) for position in

range(n_qubits)]↪→

47 return tuple(exp_vals)

Then, we dress our quantum circuit in a torch-like format:

1 class PQC(nn.Module):

2 """

3 Torch module implementing the *dressed* quantum net.

4 """

5

6 def __init__(self, q_depth, n_qubits, q_delta):

7 """

8 Definition of the *dressed* layout.

9 """

10

11 super().__init__()

12 self.n_qubits = n_qubits

13 self.q_depth = q_depth
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14 self.q_params = nn.Parameter(q_delta *

torch.randn(q_depth * n_qubits))↪→

15 self.post_net = nn.Linear(n_qubits, 2)

16

17 def forward(self, input_features):

18 """

19 Defining how tensors are supposed to move through the

*dressed* quantum↪→

20 net.

21 """

22

23 # obtain the input features for the quantum circuit

24 # (normalization required)

25 q_in = torch.tanh(input_features) * np.pi / 2.0

26

27 # Apply the quantum circuit to each element of the batch

and append to q_out↪→

28 q_out = torch.Tensor(0, n_qubits)

29 q_out = q_out.to(device)

30 for elem in q_in:

31 q_out_elem = quantum_net(elem, self.q_params,

self.q_depth, self.n_qubits).float().unsqueeze(0)↪→

32 q_out = torch.cat((q_out, q_out_elem))

33

34 # return the two-dimensional prediction from the

postprocessing layer↪→

35 return self.post_net(q_out)

Finally, we have our training function:

1 import torch

2 import numpy as np

3 from sklearn.metrics import f1_score

4
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5 device = 'cpu'

6

7 def train_model(model, dataloaders, dataset_sizes, batch_size,

criterion, optimizer, num_epochs):↪→

8 # best_model_wts = copy.deepcopy(model.state_dict())

9 best_acc = 0.0

10 best_loss = 10000.0 # Large arbitrary number

11 best_acc_train = 0.0

12 best_loss_train = 10000.0 # Large arbitrary number

13 # print("Training started:")

14

15 for epoch in range(num_epochs):

16

17 # Each epoch has a training and validation phase

18 for phase in ["train", "validation"]:

19 if phase == "train":

20 # Set model to training mode

21 model.train()

22 else:

23 # Set model to evaluate mode

24 model.eval()

25 running_loss = 0.0

26 running_corrects = 0

27

28 # Iterate over data.

29 n_batches = dataset_sizes[phase] // batch_size

30 it = 0

31 for inputs, labels in dataloaders[phase]:

32 batch_size_ = len(inputs)

33 inputs = inputs.to(device)

34 labels = labels.to(device)

35 optimizer.zero_grad()

36
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37 # Track/compute gradient and make an optimization

step only when training↪→

38 with torch.set_grad_enabled(phase == "train"):

39 outputs = model(inputs)

40 _, preds = torch.max(outputs, 1)

41 loss = criterion(outputs, labels)

42 if phase == "train":

43 loss.backward()

44 optimizer.step()

45

46 # Print iteration results

47 running_loss += loss.item() * batch_size_

48 batch_corrects = torch.sum(preds ==

labels.data).item()↪→

49 running_corrects += batch_corrects

50 print(

51 "Phase: {} Epoch: {}/{} Iter: {}".format(

52 phase,

53 epoch + 1,

54 num_epochs,

55 it + 1

56 ),

57 end="\r",

58 flush=True,

59 )

60 it += 1

61

62 # Print epoch results

63 epoch_loss = running_loss / dataset_sizes[phase]

64 epoch_acc = running_corrects / dataset_sizes[phase]

65 epoch_f1 = f1_score(labels.cpu(), preds.cpu(),

average='weighted')↪→

66 print(
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67 "Phase: {} Epoch: {}/{} Loss: {:.4f} Acc: {:.4f}

F1: {:.4f} ".format(↪→

68 "train" if phase == "train" else "validation

",↪→

69 epoch + 1,

70 num_epochs,

71 epoch_loss,

72 epoch_acc,

73 epoch_f1

74 )

75 )

76

77 # Check if this is the best model wrt previous epochs

78 if phase == "validation" and epoch_acc > best_acc:

79 best_acc = epoch_acc

80 best_f1 = epoch_f1

81 if phase == "validation" and epoch_loss < best_loss:

82 best_loss = epoch_loss

83 if phase == "train" and epoch_acc > best_acc_train:

84 best_acc_train = epoch_acc

85 if phase == "train" and epoch_loss < best_loss_train:

86 best_loss_train = epoch_loss

87

88 Update learning rate

89 if phase == "train":

90 scheduler.step()

91

92 return best_acc, best_f1

With this, we define our quantum model, which will have 1 qubit per feature, and

all the results of our experiments are presented in the next section.
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Tests and Results

In table 4.1, the results of the performance metrics are shown for all models

used in this study.

Table 4.1: Average results on hold-out test set

for the aforementioned models against the dataset.

The abbreviated feature names mean - where

some features have MDVP, meaning that they

were extracted using the Kay Pentax multidimen-

sional voice program [69]: F_0: "MDVP:Fo(Hz)",

F_1: "MDVP:Fhi(Hz)", F_2: "MDVP:Flo(Hz)", F_3:

"MDVP:Jitter(%)", F_4: "MDVP:Jitter(Abs)", F_5:

"MDVP:RAP", F_6: "MDVP:PPQ", F_7: "Jitter:DDP",

F_8: "MDVP:Shimmer", F_9: "MDVP:Shimmer(dB)",

F_10: "Shimmer:APQ3", F_11: "Shimmer:APQ5",

F_12: "MDVP:APQ", F_13: "Shimmer:DDA", F_14:

"NHR", F_15: "HNR", F_16: "RPDE", F_17: "DFA",

F_18: "spread1", F_19: "spread2", F_20: "D2", F_21:

"PPE"

Algorithm Accuracy F1-score Features

Support Vector Machine 0.841026 0.811661 F_1, F_2, F_3, F_4, F_5, F_6

Continued on next page
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Table 4.1: Average results on hold-out test set for the

aforementioned models against the dataset. The ab-

breviated feature names mean: F_0: "MDVP:Fo(Hz)",

F_1: "MDVP:Fhi(Hz)", F_2: "MDVP:Flo(Hz)", F_3:

"MDVP:Jitter(%)", F_4: "MDVP:Jitter(Abs)", F_5:

"MDVP:RAP", F_6: "MDVP:PPQ", F_7: "Jitter:DDP",

F_8: "MDVP:Shimmer", F_9: "MDVP:Shimmer(dB)",

F_10: "Shimmer:APQ3", F_11: "Shimmer:APQ5",

F_12: "MDVP:APQ", F_13: "Shimmer:DDA", F_14:

"NHR", F_15: "HNR", F_16: "RPDE", F_17: "DFA",

F_18: "spread1", F_19: "spread2", F_20: "D2", F_21:

"PPE"

Algorithm Accuracy F1-score Features

K-Nearest Neighbors 0.869231 0.866572 F_1, F_2, F_3, F_4, F_5, F_6

Multilayer Perceptron 0.764103 0.673225 F_1, F_2, F_3, F_4, F_5, F_6

Logistic Regression 0.835897 0.803514 F_1, F_2, F_3, F_4, F_5, F_6

Quantum Neural Network 0.753846 0.675395 F_1, F_2, F_3, F_4, F_5, F_6

Support Vector Machine 0.828205 0.791630 F_2, F_3, F_4, F_5, F_6, F_7

K-Nearest Neighbors 0.887179 0.882961 F_2, F_3, F_4, F_5, F_6, F_7

Multilayer Perceptron 0.753846 0.655925 F_2, F_3, F_4, F_5, F_6, F_7

Logistic Regression 0.820513 0.779972 F_2, F_3, F_4, F_5, F_6, F_7

Quantum Neural Network 0.758974 0.663761 F_2, F_3, F_4, F_5, F_6, F_7

Support Vector Machine 0.735897 0.639130 F_3, F_4, F_5, F_6, F_7, F_8

K-Nearest Neighbors 0.802564 0.791208 F_3, F_4, F_5, F_6, F_7, F_8

Multilayer Perceptron 0.743590 0.634238 F_3, F_4, F_5, F_6, F_7, F_8

Logistic Regression 0.743590 0.634238 F_3, F_4, F_5, F_6, F_7, F_8

Quantum Neural Network 0.769231 0.685551 F_3, F_4, F_5, F_6, F_7, F_8

Support Vector Machine 0.748718 0.649504 F_4, F_5, F_6, F_7, F_8, F_9

K-Nearest Neighbors 0.810256 0.798252 F_4, F_5, F_6, F_7, F_8, F_9

Continued on next page
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Table 4.1: Average results on hold-out test set for the

aforementioned models against the dataset. The ab-

breviated feature names mean: F_0: "MDVP:Fo(Hz)",

F_1: "MDVP:Fhi(Hz)", F_2: "MDVP:Flo(Hz)", F_3:

"MDVP:Jitter(%)", F_4: "MDVP:Jitter(Abs)", F_5:

"MDVP:RAP", F_6: "MDVP:PPQ", F_7: "Jitter:DDP",

F_8: "MDVP:Shimmer", F_9: "MDVP:Shimmer(dB)",

F_10: "Shimmer:APQ3", F_11: "Shimmer:APQ5",

F_12: "MDVP:APQ", F_13: "Shimmer:DDA", F_14:

"NHR", F_15: "HNR", F_16: "RPDE", F_17: "DFA",

F_18: "spread1", F_19: "spread2", F_20: "D2", F_21:

"PPE"

Algorithm Accuracy F1-score Features

Multilayer Perceptron 0.743590 0.634238 F_4, F_5, F_6, F_7, F_8, F_9

Logistic Regression 0.743590 0.634238 F_4, F_5, F_6, F_7, F_8, F_9

Quantum Neural Network 0.748718 0.654244 F_4, F_5, F_6, F_7, F_8, F_9

Support Vector Machine 0.743590 0.634238 F_5, F_6, F_7, F_8, F_9, F_10

K-Nearest Neighbors 0.748718 0.740761 F_5, F_6, F_7, F_8, F_9, F_10

Multilayer Perceptron 0.743590 0.634238 F_5, F_6, F_7, F_8, F_9, F_10

Logistic Regression 0.743590 0.634238 F_5, F_6, F_7, F_8, F_9, F_10

Quantum Neural Network 0.761538 0.689904 F_5, F_6, F_7, F_8, F_9, F_10

Support Vector Machine 0.743590 0.634238 F_6, F_7, F_8, F_9, F_10, F_11

K-Nearest Neighbors 0.741026 0.726394 F_6, F_7, F_8, F_9, F_10, F_11

Multilayer Perceptron 0.743590 0.634238 F_6, F_7, F_8, F_9, F_10, F_11

Logistic Regression 0.743590 0.634238 F_6, F_7, F_8, F_9, F_10, F_11

Quantum Neural Network 0.758974 0.678940 F_6, F_7, F_8, F_9, F_10, F_11

Support Vector Machine 0.743590 0.634238 F_7, F_8, F_9, F_10, F_11, F_12

K-Nearest Neighbors 0.758974 0.748896 F_7, F_8, F_9, F_10, F_11, F_12

Multilayer Perceptron 0.743590 0.634238 F_7, F_8, F_9, F_10, F_11, F_12

Continued on next page
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Table 4.1: Average results on hold-out test set for the

aforementioned models against the dataset. The ab-

breviated feature names mean: F_0: "MDVP:Fo(Hz)",

F_1: "MDVP:Fhi(Hz)", F_2: "MDVP:Flo(Hz)", F_3:

"MDVP:Jitter(%)", F_4: "MDVP:Jitter(Abs)", F_5:

"MDVP:RAP", F_6: "MDVP:PPQ", F_7: "Jitter:DDP",

F_8: "MDVP:Shimmer", F_9: "MDVP:Shimmer(dB)",

F_10: "Shimmer:APQ3", F_11: "Shimmer:APQ5",

F_12: "MDVP:APQ", F_13: "Shimmer:DDA", F_14:

"NHR", F_15: "HNR", F_16: "RPDE", F_17: "DFA",

F_18: "spread1", F_19: "spread2", F_20: "D2", F_21:

"PPE"

Algorithm Accuracy F1-score Features

Logistic Regression 0.743590 0.634238 F_7, F_8, F_9, F_10, F_11, F_12

Quantum Neural Network 0.743590 0.634238 F_7, F_8, F_9, F_10, F_11, F_12

Support Vector Machine 0.743590 0.634238 F_8, F_9, F_10, F_11, F_12, F_13

K-Nearest Neighbors 0.766667 0.741828 F_8, F_9, F_10, F_11, F_12, F_13

Multilayer Perceptron 0.743590 0.634238 F_8, F_9, F_10, F_11, F_12, F_13

Logistic Regression 0.743590 0.634238 F_8, F_9, F_10, F_11, F_12, F_13

Quantum Neural Network 0.743590 0.647926 F_8, F_9, F_10, F_11, F_12, F_13

Support Vector Machine 0.743590 0.634238 F_9, F_10, F_11, F_12, F_13, F_14

K-Nearest Neighbors 0.779487 0.763256 F_9, F_10, F_11, F_12, F_13, F_14

Multilayer Perceptron 0.743590 0.634238 F_9, F_10, F_11, F_12, F_13, F_14

Logistic Regression 0.743590 0.634238 F_9, F_10, F_11, F_12, F_13, F_14

Quantum Neural Network 0.751282 0.665970 F_9, F_10, F_11, F_12, F_13, F_14

Support Vector Machine 0.743590 0.634238 F_10, F_11, F_12, F_13, F_14, F_15

K-Nearest Neighbors 0.751282 0.752653 F_10, F_11, F_12, F_13, F_14, F_15

Multilayer Perceptron 0.743590 0.634238 F_10, F_11, F_12, F_13, F_14, F_15

Logistic Regression 0.756410 0.662281 F_10, F_11, F_12, F_13, F_14, F_15

Continued on next page
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Table 4.1: Average results on hold-out test set for the

aforementioned models against the dataset. The ab-

breviated feature names mean: F_0: "MDVP:Fo(Hz)",

F_1: "MDVP:Fhi(Hz)", F_2: "MDVP:Flo(Hz)", F_3:

"MDVP:Jitter(%)", F_4: "MDVP:Jitter(Abs)", F_5:

"MDVP:RAP", F_6: "MDVP:PPQ", F_7: "Jitter:DDP",

F_8: "MDVP:Shimmer", F_9: "MDVP:Shimmer(dB)",

F_10: "Shimmer:APQ3", F_11: "Shimmer:APQ5",

F_12: "MDVP:APQ", F_13: "Shimmer:DDA", F_14:

"NHR", F_15: "HNR", F_16: "RPDE", F_17: "DFA",

F_18: "spread1", F_19: "spread2", F_20: "D2", F_21:

"PPE"

Algorithm Accuracy F1-score Features

Quantum Neural Network 0.746154 0.652346 F_10, F_11, F_12, F_13, F_14, F_15

Support Vector Machine 0.743590 0.634238 F_11, F_12, F_13, F_14, F_15, F_16

K-Nearest Neighbors 0.776923 0.767036 F_11, F_12, F_13, F_14, F_15, F_16

Multilayer Perceptron 0.743590 0.634238 F_11, F_12, F_13, F_14, F_15, F_16

Logistic Regression 0.735897 0.656995 F_11, F_12, F_13, F_14, F_15, F_16

Quantum Neural Network 0.746154 0.642767 F_11, F_12, F_13, F_14, F_15, F_16

Support Vector Machine 0.743590 0.634238 F_12, F_13, F_14, F_15, F_16, F_17

K-Nearest Neighbors 0.851282 0.847908 F_12, F_13, F_14, F_15, F_16, F_17

Multilayer Perceptron 0.743590 0.634238 F_12, F_13, F_14, F_15, F_16, F_17

Logistic Regression 0.733333 0.645755 F_12, F_13, F_14, F_15, F_16, F_17

Quantum Neural Network 0.743590 0.638180 F_12, F_13, F_14, F_15, F_16, F_17

Support Vector Machine 0.846154 0.827473 F_13, F_14, F_15, F_16, F_17, F_18

K-Nearest Neighbors 0.869231 0.865369 F_13, F_14, F_15, F_16, F_17, F_18

Multilayer Perceptron 0.746154 0.643789 F_13, F_14, F_15, F_16, F_17, F_18

Logistic Regression 0.805128 0.759730 F_13, F_14, F_15, F_16, F_17, F_18

Quantum Neural Network 0.743590 0.634238 F_13, F_14, F_15, F_16, F_17, F_18

Continued on next page
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Table 4.1: Average results on hold-out test set for the

aforementioned models against the dataset. The ab-

breviated feature names mean: F_0: "MDVP:Fo(Hz)",

F_1: "MDVP:Fhi(Hz)", F_2: "MDVP:Flo(Hz)", F_3:

"MDVP:Jitter(%)", F_4: "MDVP:Jitter(Abs)", F_5:

"MDVP:RAP", F_6: "MDVP:PPQ", F_7: "Jitter:DDP",

F_8: "MDVP:Shimmer", F_9: "MDVP:Shimmer(dB)",

F_10: "Shimmer:APQ3", F_11: "Shimmer:APQ5",

F_12: "MDVP:APQ", F_13: "Shimmer:DDA", F_14:

"NHR", F_15: "HNR", F_16: "RPDE", F_17: "DFA",

F_18: "spread1", F_19: "spread2", F_20: "D2", F_21:

"PPE"

Algorithm Accuracy F1-score Features

Support Vector Machine 0.871795 0.863158 F_14, F_15, F_16, F_17, F_18, F_19

K-Nearest Neighbors 0.920513 0.920371 F_14, F_15, F_16, F_17, F_18, F_19

Multilayer Perceptron 0.741026 0.637262 F_14, F_15, F_16, F_17, F_18, F_19

Logistic Regression 0.807692 0.784380 F_14, F_15, F_16, F_17, F_18, F_19

Quantum Neural Network 0.748718 0.650302 F_14, F_15, F_16, F_17, F_18, F_19

Support Vector Machine 0.884615 0.879381 F_15, F_16, F_17, F_18, F_19, F_20

K-Nearest Neighbors 0.905128 0.903961 F_15, F_16, F_17, F_18, F_19, F_20

Multilayer Perceptron 0.741026 0.640477 F_15, F_16, F_17, F_18, F_19, F_20

Logistic Regression 0.820513 0.809241 F_15, F_16, F_17, F_18, F_19, F_20

Quantum Neural Network 0.746154 0.642767 F_15, F_16, F_17, F_18, F_19, F_20

From this, we can see that the so-called Quantum Neural Networks can achieve

good performance as discriminators for pathological speech, comparable to well-established

machine learning models, even when limited to a small number of qubits. While the K-

Nearest Neighbors model slightly outperformed the Quantum Neural Network in terms

of accuracy at 0.77 vs 0.75, the Quantum Neural Network achieved a higher F1-score

of 0.66 compared to 0.63 for the other models. It is important to notice that our aim in

this study was not to try to demonstrate any kind of "quantum supremacy" over classical
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machine learning models, since quantum machine learning is still in the early stages

of its development, but rather to show that it is possible to use this class of models

in medical applications. In our case, it is the classification of impaired parkinsonian

speech, and the results are comparable to classical models, as stated before.



Chapter 5

Conclusion and Future Work

In this work, quantum machine learning for parkinsonian speech detection was

explored with good and comparable results to classical machine learning. In modern

approaches, the speech feature extraction is usually automated using deep neural net-

works, trading many times explainability for generalization. Despite the limitations of

current quantum computers, the results represent a first step, demonstrating useful

medical applications of this new class of models. As quantum computing technologies

continue to scale up the number of high fidelity qubits, improving critical factors, like

coherence time and error correction, we posit hope that this new generation of models

will have great results, potentially surpassing classical ones.

Regarding the main difficulties, since the field of quantum computing is in its

birth and large-scale access to quantum hardware is not still available, we have to stick

to simulators, which require high time complexity, and hence a low number of qubits for

the experiments. On the good side, lots of frameworks are constantly being developed,

which began with low-level ones - just like the beginning of classical computing, when

Assembly and C were the top languages, used for almost every application - and now

other frameworks that allow for higher-level implementations, like Pennylane.

For conclusion and future directions of work, one interesting approach to see

is when a post-NISQ era comes, and with this, robust hardware with large number of

qubits to use. Then, much wider/deeper quantum models could be used for the new

task at hand, possibly removing the need for handcrafted feature engineering. Other

line of research is to tackle possible symmetries in speech data as an effective inductive

bias in the parametrized circuits, or even to discover hidden symmetries with them.
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