
UNIVERSIDADE ESTADUAL PAULISTA “JÚLIO DE MESQUITA FILHO”
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ABSTRACT

Computational modeling plays a crucial role in applied science and engineering, offe-

ring valuable insights into the behavior of structures and mechanical systems. However,

the complexity and significant execution time required for these models can limit their

applicability in real-world scenarios. To mitigate these challenges, metamodeling, or sur-

rogate modeling, provides a practical solution by substituting the complex model with

a simplified function that mimics its behavior, thereby substantially reducing evaluation

time. One widely applied method is Gaussian Process Regression (GPR), also known as

Kriging, which has proven effective in various structural health monitoring applications.

However, achieving accurate predictions for damage-sensitive variables often requires ex-

tensive historical data or well-calibrated structural models, which can be costly. Thus,

this dissertation proposes applying the co-Kriging method, a multivariate extension of

ordinary Kriging that leverages the covariance between two or more related datasets, ma-

king it particularly advantageous when the co-variable is more economical to measure

than the target variable. This work presents two distinct applications: the first focuses

on a concrete bridge, using natural frequencies under different temperature conditions

to develop the co-Kriging model; the second application pertains to composite structu-

res, where simulated Lamb wave data is combined with experimental tests to detect and

quantify delamination in laminates. In both applications, the co-Kriging method show-

cased its reliability and superiority over Kriging, offering an efficient means of enhancing

prediction accuracy while minimizing data acquisition costs.

Keywords: co-Kriging; gaussian process regression; Structural Health Monitoring (SHM);

composite laminates; damage quantification



RESUMO

A modelagem computacional desempenha um papel crucial nas áreas de ciência apli-

cada e engenharia, proporcionando conhecimentos valiosos sobre o comportamento de

estruturas e sistemas mecânicos. No entanto, a complexidade e o tempo significativo ne-

cessários para a execução desses modelos podem limitar sua aplicabilidade em cenários

reais. Para mitigar esses desafios, a metamodelagem, ou modelagem substitutiva, oferece

uma solução prática ao substituir o modelo complexo por uma função simplificada que

imita seu comportamento, reduzindo substancialmente o tempo de avaliação. Um dos

métodos amplamente aplicados é a Regressão po Processo Gaussiano (Gaussian Process

Regression - GPR), também conhecida como Kriging, que se mostra eficaz em diversas

aplicações de monitoramento de integridade estrutural. Entretanto, obter predições pre-

cisas para variáveis senśıveis a danos frequentemente requer uma grande quantidade de

dados históricos ou modelos estruturais bem calibrados, o que pode ser oneroso. Assim,

esta dissertação propõe a aplicação do método de co-Kriging, uma extensão multivariada

do Kriging ordinário que aproveita a covariância entre dois ou mais conjuntos de dados

relacionados, sendo especialmente vantajoso quando a co-variável é mais econômica de me-

dir do que a variável-alvo. Este trabalho apresenta duas aplicações distintas: a primeira

enfoca uma ponte de concreto, utilizando frequências naturais sob diferentes condições

térmicas para desenvolver o modelo de co-Kriging; a segunda aplicação refere-se a estru-

turas em material compósito, onde dados simulados de ondas Lamb são combinados com

testes experimentais para detectar e quantificar a delaminação em laminados. Em ambas

as aplicações, o método de co-Kriging evidenciou sua confiabilidade e superioridade em

comparação ao Kriging, oferecendo um meio eficiente de melhorar a precisão das predições

ao mesmo tempo em que minimiza os custos de aquisição de dados.

Keywords: co-Kriging; regressão por processo gaussiano; Monitoramento de Integridade

Estrutural; compósitos laminados; quantificação de danos
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1 INTRODUCTION

This chapter outlines the subject of this master’s dissertation. Firstly, Section 1.1

presents the motivation for conducting this research. Sections 1.2 and 1.3 address this

work’s objectives and achieved contributions, respectively. Finally, Section 1.4 indicates

the organization of the chapters in this work.

1.1. MOTIVATION

Computational modeling is essential in science and engineering, especially for

analyzing the behavior of complex mechanical systems and structures. However, the

computational demands associated with high-fidelity models often restrict their practi-

cal application, especially in real-time scenarios. Surrogate modeling, or metamodeling,

has emerged as a solution to mitigate these challenges by approximating complex mo-

dels with simplified functions that capture essential behavior and significantly reduce

evaluation time. Gaussian Process Regression (GPR), known as Kriging, is a prominent

surrogate modeling method extensively applied in structural health monitoring (SHM)

to detect and assess structural damage. This probabilistic approach enables confidence

interval estimation, facilitating the integration of uncertainties in damage identification

applications. For example, Paixão et al. (2021) applied the ordinary Kriging method to

quantify the delamination area in composite materials. In contrast, Pavlack et al. (2022)

demonstrated the effectiveness of this strategy in studying debonding defects in composite

wind turbine blades by enhancing Kriging through the use of polynomial chaos expansion

(Lüthen; Marelli; Sudret, 2021).

While the studies mentioned have been effective in SHM, one of its limitations is

its dependency on extensive, high-quality data, which can be costly to acquire. Accurate

predictions for target variables in SHM applications often require substantial historical

data or a well-calibrated structural model, which can be resource-intensive. For instance,

Silva, Figueiredo and Moldovan (2022) highlighted the challenge of gathering sufficient

experimental data to capture a bridge’s temperature variations over a year. Moreover,

constructing a robust model typically demands costly instrumentation and skilled profes-

sionals to ensure the reliability of the monitoring data.

In this scenario, we address these challenges by applying the co-Kriging method,
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which takes advantage of the covariance between two or more related datasets (Forrester;

Sóbester; Keane, 2008). Co-Kriging builds on traditional Kriging by combining data from

at least two sources with differing acquisition costs. The more expensive dataset typically

originates from laboratory experiments or detailed functional tests, while the more eco-

nomical data is obtained from simpler and less calibrated numerical or analytical models

(Gratiet; Garnier, 2014). By incorporating this additional information from less costly

co-variables, co-Kriging can significantly enhance predictions for the primary variable. As

the less expensive data is often more readily available in larger quantities (Xiao et al.,

2018), co-Kriging addresses data limitations by merging a smaller set of high-cost data

with a larger volume of lower-cost data, ultimately improving prediction accuracy and

reducing experimental demands (Gratiet; Garnier, 2014).

Therefore, within this work’s scope, this dissertation aims to apply a co-Kriging

procedure in two practical applications in SHM. The first application involves a regres-

sion analysis of a bridge’s natural frequency variations in response to climatic changes.

In contrast, the second focuses on quantifying delamination damage in a carbon-epoxy

composite plate. In both cases, a limited amount of experimental data was combined with

a larger set of numerical simulations derived from finite element (FE) models. The re-

sults showcase that co-Kriging, by integrating low-cost numerical data with experimental

information, substantially enhances both damage detection and quantification accuracy,

as well as reliability in SHM applications.

1.2. OBJECTIVE

This study aims to implement and evaluate the co-Kriging approach in structural

health monitoring applications while comparing its performance against traditional Kri-

ging models. The research focuses on two specific cases: assessing the natural frequency

variations of a bridge due to climatic changes and quantifying delamination damage in a

carbon-epoxy composite plate.

1.3. MAIN CONTRIBUTIONS

The key contributions of this dissertation are:
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• Exploration of the viability and application of the co-Kriging method in the field of

SHM;

• Comprehensive study and review of both Kriging and co-Kriging methods;

• Demonstrative examples of co-Kriging applications across varied scenarios (an arti-

cle was published in the Structural Health Monitoring Journal - “Co-Kriging stra-

tegy for structural health monitoring of bridges” (Novais; Silva; Figueiredo, 2024));

• Introduction of a novel methodology for quantifying delamination in laminates by

leveraging the advantages of the co-Kriging approach.

1.4. OUTLINE

The work is organized as follows:

Chapter 1: Introduction - Presents the study’s motivation, objectives, and contribu-

tions.

Chapter 2: Metamodeling with Kriging and Co-Kriging - Furnishes a thorough

overview of Kriging and co-Kriging as metamodeling strategies, emphasizing their

versatile applications.

Chapter 3: Experimental Application of co-Kriging for Bridge Monitoring -

Presents an overview of techniques that integrate hybrid datasets for SHM in bridge

applications. This chapter further showcases the findings of applying a co-Kriging

technique to enhance damage detection in a real structure.

Chapter 4: Co-Kriging for Delamination Quantification in Laminates - Provi-

des a literature review and theoretical background on composite materials and SHM

methodologies for laminates, emphasizing the importance of these materials and the

essential role of SHM techniques. This chapter further details the experimental se-

tup and methodologies employed to evaluate a carbon-epoxy composite plate under

various conditions, offering insight into the practical applications of SHM in dela-

mination detection and monitoring.

Chapter 5: Final Remarks - Wraps up the key takeaways, provides insights into po-

tential future research directions, and highlights the main academic contributions.
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Appendix A: Implementation of co-Kriging regression in MATLAB - provides

an implementation of the co-Kriging regression in MATLAB, featuring a practical

example that illustrates the estimation of a mathematical function.



20

2 METAMODELING STRATEGIES FOR FUNCTION APPROXIMATION:

KRIGING AND CO-KRIGING

This chapter provides a comprehensive overview of Kriging and co-Kriging metho-

dologies in metamodeling, highlighting their applications in various fields. Section 2.1

introduces the concept of metamodeling, emphasizing the significance of Kriging as a sta-

tistical method for interpolating complex functions and its extension to machine learning

tasks. In Section 2.2, the co-Kriging technique is explained, showcasing its ability to

enhance interpolation by incorporating additional co-variables and its utility in scenarios

involving both expensive and cheap data points. A practical comparison of Kriging and

co-Kriging is illustrated with a single-variable function example in Section 2.3, showca-

sing the improved prediction performance of co-Kriging even with limited, expensive data.

In Section 2.4, co-Kriging regression is introduced as an adaptation that accommodates

noisy data and regression tasks. Finally, Section 2.5 presents an overview of the chapter’s

findings. Overall, these sections elucidate the versatility and advantages of Kriging and

co-Kriging in modeling different functions across some applications.

2.1. KRIGING

Computational models are essential in applied science and engineering, providing

valuable insights. However, their utility is often associated with high complexity and

significant execution time requirements. To address these challenges, metamodeling—or

surrogate modeling—offers an effective strategy for economizing computational time and

resources by replacing a complex model with a metamodel. This simplified function ap-

proximates the behavior of the original model while being much faster to evaluate. One

widely used method in this field is Kriging, or Gaussian process regression, a statistical

technique for interpolating complex functions using Gaussian processes to provide accu-

rate estimates across various functions. Originally developed in the 1950s when Krige

applied it to spatial interpolation in geostatistics (Krige, 1951), the method was later

formalized by Matheron in the 1960s (Matheron, 1963), and has since evolved beyond

geostatistics to encompass metamodeling and computer experiments. Notably, Sacks et

al. (1989) demonstrated Kriging’s effectiveness in modeling input/output relationships for

computationally expensive models, cementing its place as a powerful tool in a range of
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fields.

Gaussian processes, a component of Kriging, gained renewed attention in the mid-

2000s for their applications in machine learning, particularly in regression and classifi-

cation tasks. This resurgence was driven by the introduction of GP-regression, which

accommodates noisy data (Rasmussen; Williams, 2006). For a comprehensive introduc-

tion to Kriging as a metamodeling tool, readers can refer to Santner, Williams and Notz

(2003), while Rasmussen and Williams (2006) presents a similar exploration of Kriging’s

use as a regression and classification tool. The Kriging prediction is created from a mean

base term βTf(x) (or the mean value of the Gaussian distribution) plus a zero mean,

unit-variance, stationary Gaussian process Z(x,Ω), as follows (Santner; Williams; Notz,

2003; Forrester; Sóbester; Keane, 2007):

Y = MK(x) = βTf(x) + σ2Z(x,Ω) (2.1)

where M(x) is the model output and σ2 is the variance of the Gaussian process.

The stationary Gaussian process Z(x,Ω) represents the local features of f around

the n sample points. It is characterized by a correlation function (ψ or R(x, x′, θ)) and

its hyper-parameters θ. The correlation function, as it suggests, describes correlations

between a random variable from the model output Y(x) at the point to be predicted

(x(n+1)) and at the sample data points (Forrester; Sóbester; Keane, 2007). The Gaussian

kernel function is the most commonly employed choice for constructing Kriging models in

engineering design. However, it is important to emphasize that the choice of the optimal

kernel function is closely tied to the problem at hand. Thus, correctly selecting an appro-

priate kernel is essential in achieving the highest possible approximation accuracy (Palar;

Shimoyama, 2018). For example, Stein (2012) suggests using the Matérn kernel func-

tion over the Gaussian function, as the excessive smoothness exhibited by the Gaussian

function tends to be impractical for numerous real-world processes.

The covariance function generally describes the degree of similarity between exis-

ting observations and new data points. Consequently, input points near each other will

likely display similar outputs or responses. Several kernel functions are present in the

literature, including Linear, Exponential, Gaussian (referred to as squared exponential),

and Matérn autocorrelation functions, as follows (Lataniotis et al., 2022):
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• Linear:

R(x, x′; θ) = max
(

0.1 − |x− x′|
θ

)
(2.2)

• Exponential:

R(x, x′; θ) = exp
[
−|x− x′|

θ

]
(2.3)

• Guassian (or squared exponential):

R(x, x′; θ) = exp
−1

2

(
|x− x′|

θ

)2
 (2.4)

• Mátern:

R(x, x′, θ, v) = 1
2v−1Γ(v)

(
2
√
v

|x− x′|
θ

)
)v

Kv

(
2
√
v

|x− x′|
θ

)
)

(2.5)

where x and x′ are a pair of one-dimensional input, θ is the correlation function scale

parameter, v ≥ is the shape parameter, Γ is the Euler’s Gamma function, and Kv is the

modified Bessel function of the second kind.

Forrester, Sóbester and Keane (2007) also introduces the Kriging kernel, which

holds significant value in surrogate-based optimization problems:

ψ(x(i), x(j)) = exp
(

−
k∑

l=1
θl

∣∣∣x(i)
l − x

(j)
l

∣∣∣pl

)
(2.6)

where pl represents a hyper-parameter that acts as a determining factor for the smoothness

level in function approximation, and θ is a hyper-parameter that indicates the rate at

which the function changes as a new point deviates from a previous observation. Higher

and lower θ values indicate the function’s active or inert behavior along dimension j. A

more detailed discussion about Kriging and other surrogate models is given by Forrester,

Sóbester and Keane (2007) and Rasmussen and Williams (2006).

In this study, the UQLab software was employed to derive Kriging metamodels.

In scenarios involving the propagation of uncertainties, UQLab proves to be a robust

tool for effectively tackling such challenges. Built upon the Matlab framework, UQLab

offers an extensive arsenal of types of analysis and integrated algorithms. It consists

of open-source scientific modules that work together with UQLabCore to handle the

process of uncertainty propagation. This includes techniques like Monte Carlo sampling,

sensitivity analysis, and reliability analysis (which calculates probabilities of rare events).

The framework also supports creating surrogate models using methods, including Kriging

(Marelli; Sudret, 2014).
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2.2. CO-KRIGING

Co-Kriging represents an extension of ordinary Kriging, wherein additional obser-

ved variables, known as co-variates, are utilized to enhance the precision of interpolating

the primary variable of interest. These co-variates often exhibit correlations with the va-

riable being modeled. Unlike regression and universal Kriging methods, co-Kriging does

not necessitate the availability of secondary information at all prediction locations. These

co-variates may be measured at the same points as the target variable (co-located sam-

ples), at distinct locations, or even at a combination, as shown in Figure 1. A prevalent

application of co-Kriging arises when the co-variable is more cost-effective to measure

than the target variable (Stein; Corsten, 1991).

Figure 1 – Variable measurement locations for co-Kriging strategy.

variable of interest

co-variable

same points distinct locations

X

Y

X

Y

Source: Prepared by the author.

A larger volume of this cheap data can be combined with a limited quantity of cos-

tly data, thereby enriching the precision of a surrogate model for the higher-cost function.

To effectively utilize the less expensive data, it is necessary to develop a corrective pro-

cedure that characterizes the disparities between the less expensive and more expensive

functions. A complete discussion of this strategy is provided by Forrester, Sóbester and

Keane (2007). In this work, co-Kriging will be applied in all cases to correlate two sets of

data: cheap data (denoted by Xc) and expensive data (denoted by Xe). Its formulation

begins with the concatenation of the sample locations, as follows:
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X =

 Xc

Xe

 =



x(1)
c

...

x(nc)
c

x(1)
e

...

x(ne)
e


(2.7)

Similar to the concept in Kriging, the value assigned to a specific point within

the domain X is approached as if it were an instance of a Gaussian random variable.

Consequently, in the context of co-Kriging, an analogous stochastic field is encountered:

Y =

 Yc(Xc)

Ye(Xe)

 =



yc(x(1)
c )

...

yc(x(nc)
c )

ye(x(1)
e )

...

ye(x(ne)
e )


(2.8)

When one knows the value of an expensive output interpolation at any new x

point being predicted from the method ye(x(i)), it is assumed that no further information

can be extracted from the less expensive dataset. In simpler terms, the assumption is

that the costly data is entirely accurate, and any inaccuracies are attributed to the cheap

data, which is a Markov property (see Equation 2.9) (Kennedy; O’Hagan, 2000). This

principle is fundamental to the co-Kriging method, as it enables the effective integration

of data with differing levels of fidelity by appropriately modeling their covariance. The

assumption of zero covariance between distinct points suggests that the expensive data

are conditionally independent of the cheaper data, except at shared sampling locations

(Forrester; Sóbester; Keane, 2007). Figure 2 illustrates this concept, showing that the

confidence interval goes to zero at points where the actual values of the function, which

is being estimated, are known.

cov
{
ye(x(i)), yc(x)|yc(x(i))

}
= 0, ∀x ̸= x(i) (2.9)

In essence, the co-Kriging strategy approximates the expensive code by combining

the cheap code multiplied by a scaling factor ρ’ with a Gaussian process denoted as Zd(·),
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Figure 2 – Representation of the confidence interval convergence at known points from
the Markov property.

Confidence Interval

Observations

Co-Kriging prediction

Source: Prepared by the author.

which captures the distinction between ρ’Zc(·) and Ze(·):

Ze(x) = ρ’Zc(x) + Zd(x) (2.10)

Due to the correlation of multiple sets of data, co-Kriging involves a more complex

covariance matrix in comparison to ordinary Kriging, as follows:

C =

 σ2
c Ψc(Xc,Xc) ρ’σ2

c Ψc(Xc,Xe)

ρ’σ2
c Ψc(Xe,Xc) ρ’2σ2

c Ψc(Xe,Xe) + σ2
dΨd(Xe,Xe)

 (2.11)

Here, Ψ denotes a correlation matrix between the expensive and cheap datasets

(with a similar structure to Equation 2.6). There are four hyperparameters to calculate

(θc, θd, pc, and pd) along with a scaling factor ρ’, which can be estimated using maximum

likelihood estimates (MLEs) (Forrester; Sóbester; Keane, 2007). The subscripts c and d

refer to the hyperparameters associated with the cheap dataset and the difference between

the cheap and expensive datasets. The hyperparameters θ control the rate at which

the function changes as the input x deviates from a known data point, determining the

correlation length or the rate of correlation decay with distance. Parameters pc and pd

influence the smoothness of the function approximation; for instance, a very low p value

(e.g., p = 0.1) suggests a minimal immediate correlation between two points, implying a

near discontinuity between y(x(i)) and y(x). Finally, ρ’ acts as a scaling factor, adjusting

the overall scale of the model (Forrester; Sóbester; Keane, 2007; Forrester; Sóbester;

Keane, 2008).
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The hyper-parameters associated to the cheap data (θc and pc) can be found by

maximizing the following equation:

−nc

2 ln(σ̂2
c ) − 1

2 ln |det(Ψc(Xc,Xc))| (2.12)

where (1 is an n× 1 column vector of ones)

µ̂c = 1Ψc(Xc,Xc)−1Yc

1Ψc(Xc,Xc)−11
(2.13)

and

σ̂2
c = (Yc − 1µ̂c)T Ψc(Xc,Xc)−1(Yc − 1µ̂c)

nc

(2.14)

Estimating the hyper-parameters for the cheap data is essential to obtain the values

of θd, pd, and ρ’ (related to the difference model). The scaling factor ρ’ can be estimated

by:

d = Ye − ρ’Yc(Xe) (2.15)

where Yc(Xe) are the values of the cheap data at locations common to the expensive data

(co-located samples). If the values of Yc are unknown at Xe, one needs to calculate the

values of Ŷc(Xe) from the Kriging estimator (Equation 2.1) to estimate ρ’. By maximizing

the following equation, θd and pd can be found:

−ne

2 ln(σ̂2
d) − 1

2 ln |det(Ψd(Xe,Xe))| (2.16)

where

µ̂d = 1Ψd(Xe,Xe)−1d
1T Ψd(Xe,Xe)−11

(2.17)

and

σ̂2
d = (d − 1µ̂d)T Ψd(Xe,Xe)−1(d − 1µ̂d)

ne

(2.18)

By implementing the co-Kriging strategy, one aims to discover a function that

predicts the value of expensive data at any given new point x. Simplifying this concept,

a predictive point can be understood as an interpolator of the expensive data, as follows:
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ŷe(x) = µ̂+ cT C−1(Y − 1µ̂) (2.19)

where µ̂ denotes the estimated mean of the process, c represents the covariance vector

between the point x and the sampled points, and 1 denotes a column vector of ones, as

given below:

µ̂ = 1T C−1Y/1T C−11 (2.20)

and

c =

 ρ̂’σ̂2
c Ψc(Xc, x

(n+1))

ρ̂’2σ̂2
c Ψc(Xe, x

(n+1)) + σ̂2
dΨd(Xe, x

(n+1))

 (2.21)

where σ̂2
c represents the variance associated with the cheap data, and σ̂2

d is the variance

related to the difference model. Notably, the circumflex symbol indicates estimated or

predicted values of variables, specifically marking maximum likelihood estimates, which

are approximations of the mean, variance, or other parameters obtained through the MLE

approach. This notation distinguishes between the true values of variables and their

estimated or predicted counterparts (Forrester; Sóbester; Keane, 2007). For instance,

in Equation 2.19, ŷe(x) denotes an estimate of the expensive dataset, as opposed to the

actual value, ye(x).

Therefore, from Equation (2.19), an interpolator for the expensive data is obtained,

which is very similar to the ordinary Kriging interpolator unless the presence of cheap

data. The estimated mean-squared error in the predictor is given as follows:

s2(x) = ρ̂’2σ̂2
c + σ̂2

d − cT C−1c (2.22)

The co-Kriging model functions as an interpolator for Ye. Consequently, when

evaluated at the locations of the expensive samples, its error is anticipated to be zero. In

the subsequent section, an illustrative example will be provided, followed by a comparative

discussion on the performance of both Kriging and co-Kriging methods.

When implementing this technique, an essential factor is evaluating whether the

covariate dataset enhances the prediction of the target variable. Forrester, Sóbester and

Keane (2007) recommend calculating a correlation coefficient between the two datasets
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involved in the analysis. Practically, this involves testing the model using a test dataset

of size nt along with a corresponding set of predictions, as outlined below:

r2 =
 cov(y, ŷ)√

var(y) var(ŷ)

2

(2.23)

=

 nt
∑nt

i=0 y
(i)ŷ(i) −∑nt

i=0 y
(i)∑nt

i=0 ŷ
(i)√[

nt
∑nt

i=0 y
(i)2 − (∑nt

i=0 y
(i))2] [

nt
∑nt

i=0 ŷ
(i)2 − (∑nt

i=0 ŷ
(i))2]


2

(2.24)

The correlation coefficient is particularly valuable because it assesses the relati-

onship between the two datasets independently of their scale differences. In essence, it

emphasizes comparing the shapes or patterns of the data distributions rather than their

absolute values. This characteristic is especially advantageous when evaluating models of

varying fidelity, where the objective is to identify a low-fidelity model that can reliably

predict the location of optima, even if it does not accurately capture the exact values.

Generally, an r2 value greater than 0.8 indicates that the surrogate model possesses good

predictive capabilities. In the next section, an example using a mathematical function

will be presented to enhance clarity and facilitate the understanding of the method.

2.3. COMPARISON BETWEEN BOTH STRATEGIES USING A ONE-VARIABLE

FUNCTION AS AN EXAMPLE

In the provided scenario, a mathematical function represents the expensive es-

timator for a set of points, denoted as fe. The expensive function takes the form

fe(x) = 3 sin(8x) + (2x)3 and is evaluated at only four points (simulating a situation

with limited information about the variable of interest), resulting in Xe = [0, 0.4, 0.6, 1].

Figure 3 illustrates the target function to be estimated and the four expensive points (ye)

sampled along this curve to train the metamodels.

The UQLab (Marelli; Sudret, 2014) software was used to obtain the Kriging meta-

model of the expensive function fe, and the results are illustrated in Figure 4. A Kriging

prediction based on the data points ye yields an insufficient approximation, due to the

limited number of points used to capture the correlations. By increasing the dataset size,

Kriging can improve performance, as shown in Figure 5. However, acquiring a comprehen-

sive and representative dataset can be expensive and challenging in numerous real-world
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Figure 3 – Expensive data of the one variable function example.

Source: Prepared by the author.

scenarios, as discussed in Section 1.1.

Figure 4 – Kriging prediction through expensive points ye.

Source: Prepared by the author.

In another scenario, a new mathematical function is introduced into the dataset

to exemplify the cheap data, denoted as fc. The cheap function is defined as fc(x) =

0.5fe +10(x−0.5)−5, and it is assumed that it can be calculated at a considerably larger
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Figure 5 – Kriging prediction increasing the number of ye points.

Source: Prepared by the author.

number of points, represented by Xc = [0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1]. Figure

6 portrays the positions of the expensive and cheap points (ye and yc), along with their

respective functions.

Compared to the performance of Kriging, co-Kriging predictions remain remar-

kably closer to the expensive function fe, even with a small dataset comprising the ye

points. This is achieved by leveraging additional, less accurate points from fc. Despite

the significant differences between the two functions, a straightforward relationship has

been identified between the cheap and expensive datasets. As a result, the co-Kriging

method effectively approximates the curve, as illustrated in Figure 7.

The co-Kriging model operates as an interpolator for Ye. As a result, when eva-

luated at the locations of the expensive samples, the expected error is zero, as shown in

Figure 7, where the gray-colored area approaches zero. However, this is not entirely valid

in a real-world scenario, as uncertainties are inherently present. Rather than obtaining

a single, precise value, we observe measurements revealing variations around this value,
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Figure 6 – Cheap and expensive data of the one variable example.

Source: Prepared by the author.

Figure 7 – Comparison of Kriging and co-Kriging predictions through the one variable
function example.

Source: Prepared by the author.

indicating a range or dispersion rather than an exact point, necessitating adjustments in

the co-Kriging model to account for such variability.
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2.4. CO-KRIGING REGRESSION

In practical applications, it is essential to recognize that unknown factors often arise

when employing experimental methods and other approaches, introducing uncertainties

that may result from measurement errors or model simplifications. To account for these

uncertainties, the co-Kriging interpolation formulation presented in Section 2.2 can be

adapted to regress each analysis, effectively filtering any noise in the data. In noise-

free conditions, the predictor captures the mean and variance of a Gaussian process,

accurately interpolating the provided design points. Conversely, when noise is present,

the predictor operates as a regression model, adapting to the inherent noise in the data

and accommodating it effectively (Lataniotis et al., 2022).

Different levels of filtering may be necessary for specific analyses. For instance,

information obtained from a basic low-fidelity computer code may exhibit inherent smo-

othness, reducing the need for regression. In contrast, noise may become evident when

combined with a detailed high-fidelity analysis, requiring filtering through regression. Si-

milarly, a simplified model represented on a considerably coarser mesh may necessitate

more extensive regression than required for the comprehensive high-fidelity code (Forres-

ter; Sóbester; Keane, 2007).

Forrester, Sóbester and Keane (2007) introduces then an enhanced formulation of

co-Kriging, referred to as co-Kriging regression, which incorporates two new regression

constants, denoted as λc and λe, associated with the cheap and expensive datasets, res-

pectively. These constants are added to the leading diagonal of the correlation matrices,

resulting in a new covariance matrix C (Equation 2.11), as follows:

C + λ =


σ2

c

{
Ψc(Xc,Xc) + I(nc×nc)λc

}
ρ’σ2

c

Ψc(Xc,Xe) +

 0(nc−ne)×ne

I(ne×ne)

λc


ρ’σ2

c {Ψc(Xe,Xc)} ρ’2σ2
c

{
Ψc(Xe,Xe) + I(ne×ne)λc

}
+
(
0(ne×nc−ne)I(ne×ne)

)
λc
}

+σ2
d

{
Ψd(Xe,Xe) + I(ne×ne)λe

}


(2.25)

where I is an identity matrix and 0 a zero matrix.

The constants λc and λe are determined alongside the other hyper-parameters by

maximizing Equations 2.12 and 2.16. In this new approach, the co-Kriging estimator

(regression predictor) and its estimated mean-squared error become:
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ŷe,r
(
x(ne+1)

)
= µ̂+ cT(C + λ)−1(Y − 1µ̂), (2.26)

s2
r (x) = ρ̂’2σ̂2

c λ̂c + σ̂2
dλ̂e − cT(C + λ)−1c (2.27)

It is important to note that the subscript r indicates a regression process. When

comparing the new predictor to the previously discussed object (refer to Equation 2.19),

the primary distinction lies in the updated covariance matrix C, which now incorporates

the two new parameters λ. Unlike the scenario in Equation 2.22, where the interpolation

error approaches zero at the sample points, the regression error does not exhibit this beha-

vior. In cases where fc and fe are obtained through deterministic computer experiments,

it is possible to recover the estimated error and predictor by removing the noise filtering

error.

In the following example, an expensive function fe = x sin(x) is considered, in-

corporating a noise component to simulate outcomes from a physical experiment. This

noise is generated by adding random values from a normal distribution with zero mean

and 20% of the original function’s standard deviation to the initial results. The cheap

function is defined as fc(x) = 0.4 fe(x)−7 and is treated as deterministic, evaluated using

a straightforward computer model. Figure 8 illustrates the distribution of observations

from both the cheap and expensive functions.

Figure 8 – Cheap and expensive data of the co-Kriging regression example.

Source: Prepared by the author.
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In areas with a sufficient density of sampled points, the Kriging prediction performs

effectively and aligns with the expensive dataset. However, as previously mentioned, in re-

gions with limited point coverage, the accuracy of the Kriging estimation is compromised.

This is illustrated in Figure 9.

Figure 9 – Performance of Kriging regression using expensive observations.

Source: Prepared by the author.

Metamodels were trained using 20 data points from the expensive function fe and

50 data points from the cheap function fc, followed by validation with an additional 100

data points (not used in the training phase). Co-Kriging regression leverages information

from the cheap dataset, enabling it to produce improved estimates compared to regular

Kriging, particularly in regions where there is limited information about the model being

estimated, as illustrated in Figure 10. In this scenario, noise was incorporated solely

into the outputs of the expensive data, as this error is linked to data quality rather than

the model’s accuracy. However, this approach can be extended to scenarios where noisy

responses are present in the cheap, expensive, or both datasets, as will be discussed in

the next chapter of this work, involving the dataset from a concrete bridge.

The MATLAB code used to generate the results presented in this section can be

found in Appendix A for readers interested in understanding its operational implementa-

tion. It is important to note that, unlike Kriging, the co-Kriging method is not available

in UQLab. To integrate co-Kriging with appropriate weighting, a custom code was deve-

loped for use within this platform. While co-Kriging is implemented in Forrester, Sóbester

and Keane (2007) as an interpolator for the variable of interest, the regression method,
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Figure 10 – Performance of co-Kriging regression combining both expensive and cheap
datasets.

Source: Prepared by the author.

which accounts for uncertainties in the measured observations by incorporating regression

constants, is not part of its implementation and was instead developed by the authors.

2.5. PARTIAL REMARKS

Kriging and co-Kriging formulations were presented in this chapter as powerful te-

chniques for interpolation and regression tasks, offering accurate approximations of functi-

ons. Co-Kriging enhances interpolation precision by incorporating additional co-variables,

proving particularly beneficial for scenarios with costly evaluations. The co-Kriging re-

gression formulation addresses noise and uncertainty while highlighting its capability to

improve predictions by leveraging expensive and cheap model information. It ultimately

contributes to more efficient decision-making processes in diverse fields, especially when

the co-variable is more cost-effective to measure than the target variable.
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3 EXPERIMENTAL APPLICATION OF A CO-KRIGING STRATEGY FOR

STRUCTURAL HEALTH MONITORING OF BRIDGES

This chapter presents co-Kriging as a strategy to enhance the structural health

monitoring of bridge structures through a hybrid approach. The results discussed in this

section were published in the journal Structural Health Monitoring under the title “Co-

Kriging strategy for structural health monitoring of bridges” (Novais; Silva; Figueiredo,

2024).

The study focuses on capturing the correlation between natural frequencies and

temperature variations. by combining numerical data from a finite element model with

experimental data. The development of a co-Kriging model is showcased to improve

damage detection performance, yielding superior results compared to traditional approa-

ches and achieving high accuracy even when trained with a smaller subset of experimental

data supplemented by abundant numerical data. Section 3.1 presents a brief review of

techniques that combine hybrid datasets for structural health monitoring applications in

bridges and how the current work proposes a novel approach to enhance data integration

and damage detection. Section 3.2 provides insights into the Z24 bridge, a post-tensioned

concrete box girder framework in Switzerland, serving as a significant case study in SHM.

Section 3.3 presents the outcomes for the Z24 bridge, comparing the results obtained by

Silva, Figueiredo and Moldovan (2022) (using a GPR model) with the co-Kriging perfor-

mance. Finally, Section 3.4 outlines this chapter’s remarks, and discussions are initiated

regarding possible alternative approaches or future works.

3.1. PROBLEM STATEMENTS AND PROPOSED FRAMEWORK

Bridges play a key role in our society. However, their structural deterioration over

time has increased the need for bridge owners and authorities to develop reliable methods

for continuous assessment of structural conditions (Wenzel, 2008). Such assessment is cru-

cial for optimizing maintenance and preventing potential bridge collapses. Over the past

thirty years, structural health monitoring has emerged as a strategy for identifying da-

mage through statistical pattern recognition (SPR) approaches (Figueiredo; Brownjohn,

2022).

The SPR framework aims to differentiate patterns or structural changes associated



37

with undamaged conditions—considering operational and environmental variations—from

those linked to damage. This process starts with collecting response data and culminates

identifying damage to evaluate the bridge’s structural state. Within this framework,

data-driven approaches have been developed to address the challenges posed by the lack

of reliable physics-based methods and the limited availability of long-term experimental

datasets necessary to fully characterize bridge behavior (Farrar; Worden, 2013). Unlike

physics-based methods, which rely on inverse problem-solving techniques, data-driven

approaches use statistical models to directly interpret physical phenomena from response

data (Paixão et al., 2021; Pavlack et al., 2022; Vadyala et al., 2022; Fan; Li; Hao, 2021).

One widespread method for these statistical models, which may be particularly

relevant in the application of structural health monitoring for bridges, is Kriging. This

approach provides a probabilistic framework for damage identification (Rytter, 1993), spe-

cifically for detecting damage and estimating its extent in the context of SHM applications.

However, as discussed throughout this work, a limitation remains: acquiring a represen-

tative data set for understanding correlations through Kriging. Collecting such data can

become prohibitively expensive, mainly when there is a lack of prior monitoring data or

a clear understanding of the critical damage and its correlation with damage-sensitive

feature variations. For example, Silva, Figueiredo and Moldovan (2022) demonstrated

the challenge of obtaining enough experimental data to capture a bridge’s temperature

variations over an entire year, which requires costly instrumentation and the involvement

of qualified professionals to collect adequate monitoring data.

Acknowledging the challenges, the SHM community is increasingly adopting hybrid

datasets—combinations of numerical and experimental data (Malekzadeh; Atia; Catbas,

2015; Figueiredo et al., 2019; Svendsen et al., 2023). Data derived from numerical models,

obtained through analytical methods or finite element models simulating system outputs,

offer a promising solution by highlighting modifications in damage-sensitive features that

correspond to increasing damage intensity. This approach has shown promise in enhancing

the performance of classifiers and regression-based machine learning algorithms, ultima-

tely leading to more precise and cost-effective solutions. However, it is essential to ensure

that these models are robust and regularly updated to maintain accuracy, which can be

resource-intensive and presents challenges for professionals in structural health monito-

ring.

Recently, Silva, Figueiredo and Moldovan (2022) demonstrated the integration of
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natural frequencies obtained from a numerical FE model with those derived from experi-

mental data collected from a concrete bridge. This hybrid dataset was utilized to develop

a Kriging model to improve regression curve estimation. However, the GPR model applied

a single kernel function for estimation and did not account for two distinct probability

distributions in the data learning process for regression. In this context, the proposal is

to enhance regression curve estimation using the co-Kriging technique. It balances two

datasets based on their characteristics (higher and lower fidelity) and quantities (numeri-

cal data being more abundant and experimental data being more limited). The primary

contribution of this application example is to highlight the effectiveness and practicality

of co-Kriging in the field of bridge structural health monitoring, further showcased using

benchmark datasets from the Z24 bridge, a prestressed concrete structure that has been

extensively monitored over the course of a year. While it shares similarities with other

studies that utilize hybrid datasets for training regression models, this work introduces

an innovative approach by incorporating a model that captures the differences between

numerical and experimental data. This distinction underscores co-Kriging’s potential to

enhance regression accuracy, particularly in complex scenarios where data sources may be

limited or costly. Figure 11 presents the comprehensive framework utilized in this study.

The process begins with data acquisition, which involves collecting costly experi-

mental data from a real bridge structure while generating cheap numerical data from a

finite element model. The experimental data, obtained through rigorous testing, offers

high fidelity and reliability concerning the structural health of the analyzed bridge. Howe-

ver, the high costs and logistical challenges associated with these tests limit the quantity

of experimental data that can be gathered. In contrast, numerical data from simulations

can be produced in large quantities at a relatively low cost and effort. Although these

numerical data points are generally less reliable and of lower fidelity than experimental

data, their abundance provides a wealth of information that can improve the model’s

overall accuracy.

Following data acquisition, the next phase is data preprocessing, which involves

evaluating the quality and compatibility of the datasets. This step is essential to ensure

that both the high-fidelity experimental and abundant lower-fidelity numerical data are

suitable for integration. Preprocessing may include filtering noise, aligning data to a

common temporal or spatial resolution, and addressing gaps or inconsistencies. Effective

preprocessing enhances the coherence between the datasets and prepares them for seamless
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Figure 11 – Flowchart illustrating the proposed framework for enhanced bridge structural
health variables predictions using a Co-Kriging strategy.
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Source: Prepared by the author.

integration into the co-Kriging model.

Once the data has been preprocessed, the next step is to optimize the hyperpara-

meters of the co-Kriging model. This tuning process is vital to balancing the influence

of the expensive experimental data with the cheaper numerical data, ensuring that the

model effectively utilizes the strengths of both data types.

At the heart of this framework is the development of the co-Kriging model. By

merging both experimental and numerical datasets, the co-Kriging model considers the

covariance between them, significantly improving the prediction of the target variable.

This integration allows for more accurate and reliable predictions essential for effective

structural health monitoring. Ultimately, the co-Kriging model serves as a tool for making

informed decisions regarding the analyzed bridge’s structural health and maintenance

requirements. The model’s superior prediction capabilities enhance the decision-making

process, facilitating timely and accurate identification of potential issues and their severity.
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3.2. Z24 BRIDGE CASE STUDY: ANALYSIS OF EXPERIMENTAL AND NUME-

RICAL DATA AVAILABILITY

The Z24 bridge (Figure 12) was a post-tensioned concrete box girder structure

in Switzerland, featuring two side spans measuring 14 m each and a central span of

30 m. The Z24 bridge is a noteworthy case in the SHM community, as it represents

a structure subjected to realistic progressive damage tests and various environmental

conditions before its complete demolition. For further details on the description of this

bridge, the reader is referred to the work discussed by Maeck and Roeck (2003).

Figure 12 – Z24 bridge benchmark including the front view (bottom) and a cross-section
of the girder, highlighting the locations where temperature measurements
were taken (top-right).

Source: Adapted from Maeck and Roeck (2003).

A continuous long-term monitoring plan was conducted on the bridge from Novem-

ber 11, 1997, to September 10, 1998, during which vibration data were collected. Sensors

were strategically installed along the bridge span to monitor environmental parameters

like temperature, humidity, and wind speed. Concurrently, eight accelerometers recorded

structural responses hourly for 11 minutes. In the final month (August 4 to September

10, 1998), progressive damages were intentionally introduced to the bridge in preparation

for its demolition (Peeters; Roeck, 2001; Reynders; Roeck, 2009).

Feature extraction was conducted to estimate the Z24 bridge’s natural frequencies

hourly, using these as sensitive indicators of structural integrity. Between November 11,

1997, and August 10, 1998, the bridge was undamaged, influenced by operational and
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environmental conditions with temperatures spanning from −10◦C to 35◦C. Throughout

this period, 4,955 hourly frequency samples were recorded, with peaks in natural frequen-

cies observed at low temperatures, likely due to changes in the asphalt layer that increased

the bridge’s stiffness and altered its dynamic properties (Reynders; Roeck, 2009). In the

final monitoring phase, from August to September 10, 1998, progressive damage was in-

tentionally introduced to the bridge. Figure 13 illustrates the dataset for the first two

natural frequencies over the entire monitoring period.

Figure 13 – Correlation of the first two natural frequencies versus ambient temperature
under undamaged conditions.

Source: Prepared by the author.

Starting on August 4, 1998, a controlled campaign was initiated to progressively

damage the bridge. This process included installing hydraulic jacks into the Koppigen pier

to induce settlement and tilting by removing approximately 0.4 meters of concrete (Maeck;

Roeck, 2003). Throughout the tests, the pier was supported by steel sections designed

to mimic the stiffness of the original concrete. Hourly measurements were collected using

a network of accelerometers (Bud et al., 2022). Additional scenarios were simulated to

assess various potential conditions, including concrete spalling, abutment landslides, hinge

failures, anchor head malfunctions, and tendon ruptures. However, these scenarios are

not discussed here, as they had minimal or negligible impact on bending stiffness (Maeck;

Roeck, 2003) (the testing procedures followed the sensor network paradigms described by

Figueiredo et al. (2011)). Table 1 provides an overview of the first six scenarios in the
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monitoring program (Silva; Figueiredo; Moldovan, 2022), and Figure 14 shows the dataset

of the first two natural frequencies, comparing the bridge in healthy and damaged states.

Table 1 – Damage progression scenarios for the Z24 bridge in 1998.

Reference Date Scenario
1 04.08 Undamaged
2 09.08 Settlement system installation
3 10.08 Settlement of pier, 20 mm
4 12.08 Settlement of pier, 40 mm
5 17.08 Settlement of pier, 80 mm
6 18.08 Settlement of pier, 95 mm

Source: Prepared by the author.

Figure 14 – First two natural frequencies of the Z24 bridge under healthy and damaged
conditions.

Source: Prepared by the author.

To enhance and complement the experimental data, a finite element model of the

Z24 bridge was developed using CSi Bridge, a commercial finite element software. This

model produced numerical samples of the bridge’s natural frequencies across a tempe-

rature range from −10◦C to 40◦C. The design focused on simplicity and computational

efficiency, primarily using beam elements for the structural components, although shell

finite elements were employed for the abutment slabs and foundation blocks. Rigid links

connected these elements, and elastic supports represented the soil-structure interface
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under the foundations. The model also explicitly incorporated the asphalt layer, which

significantly affects stiffness and natural frequencies, represented as beam elements linked

to the girder with rigid connections. This modeling approach aimed to align experimen-

tal findings with numerical simulations. For further details about the numerical model,

readers can refer to Silva, Figueiredo and Moldovan (2022) and Bud et al. (2022).

3.3. CO-KRIGING METHOD FOR DAMAGE DETECTION IN THE Z24 BRIDGE

CONSIDERING TEMPERATURE EFFECTS

The analysis presented in this section builds upon the research conducted by Silva,

Figueiredo and Moldovan (2022), which focused on examining the correlation between

the natural frequencies and temperature variations of the Z24 bridge. This study cre-

ated a hybrid dataset by integrating numerical data from a finite element model with

experimental measurements. The implemented model provided supplementary data for

the undamaged structure across a wide range of temperature variations that were not

captured experimentally. A Kriging metamodel was developed to facilitate damage de-

tection using three different training strategies: the first utilized only experimental data,

the second relied solely on numerical data, and the third combined both experimental

and numerical observations. The findings indicated that the hybrid approach yielded the

best results in terms of binary classification, as measured by the number of false positi-

ves and false negatives. However, the GPR model constructed by the authors performed

the integration of the hybrid datasets without differentiating between them. In this way,

this new approach enhances classification performance for damage detection in the Z24

bridge by employing a co-Kriging method, treating the experimental data as the more

costly, high-quality data, while the data derived from the FE model is considered the less

expensive, lower-quality data.

The one-year monitoring of the Z24 bridge yielded 4,955 frequency samples, while

the finite element model produced 14,096 samples (for simplicity, this analysis focuses on

the second natural frequency). However, only 150 samples were randomly selected from

the total to represent the expensive data, while 400 samples were chosen to represent

the more abundant, cheaper data. Figure 15 displays both the cheap (numerical) and

expensive (experimental) data used to implement the co-Kriging strategy.

To evaluate the classifier’s performance, the model was tested with 200 new healthy
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Figure 15 – Hybrid data of the relationship between 2nd natural frequency and ambient
temperature in the healthy condition.

Source: Prepared by the author.

samples not part of the training phase, alongside 200 damaged samples sourced from the

experimental data (the FE model was not employed to generate damaged samples for

training). Figure 16 shows the classification performance of the co-Kriging model trained

with hybrid training data.

Figure 16 – Co-Kriging model performance trained with numerical and experimental sam-
ples and tested with a database including healthy and damaged scenarios.

Source: Prepared by the author.

As noted by Silva, Figueiredo and Moldovan (2022), the hybrid approach outper-

formed models trained solely on numerical or experimental data regarding binary clas-

sification, particularly regarding the number of false positives and false negatives. The
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co-Kriging method further improved these results, achieving even better outcomes in bi-

nary classification, as shown in Table 2. Specifically, it reduced the Type II error from 4%

to 2.5%. It is important to emphasize that this classification considers two types of errors:

Type I error, which occurs when a test incorrectly indicates the presence of a condition

or attribute (commonly referred to as the false alarm or false positive rate - FPR), and

Type II error, which arises when a test incorrectly suggests the absence of a condition

or attribute (known as the miss rate or false negative rate - FNR), as follows (Fawcett,

2006; Taha; Hanbury, 2015):

FPR = FP
FP + TN (3.1)

FNR = FN
FN + TP (3.2)

where FP represents the number of false positives (instances where the test mistakenly

identifies the presence of a condition), TN denotes the number of true negatives (instances

where the test accurately identifies the absence of a condition), FN signifies the number of

false negatives (instances where the test incorrectly identifies the absence of a condition),

and TP indicates the number of true positives (instances where the test correctly identifies

the presence of a condition). In this study, these classifiers focus on determining the

presence or absence of damage in the structure being analyzed.

Table 2 – Classification performance for damage detection using all four approaches re-
garding Type I and Type II errors.

Training Strategy Type I
error (%)

Type II
error (%)

Experimental data 8 3
Numerical data 19.5 0

Hybrid data: Kriging 5.5 4
Hybrid data: co-Kriging 5.5 2.5

Source: Prepared by the author.

The co-Kriging method offers advantages that extend beyond improved binary

classification performance. For instance, co-Kriging was trained using only 150 experi-

mental samples, compared to 400 samples for training the traditional Kriging model. This

efficiency is particularly significant, as obtaining experimental samples can be costly and

labor-intensive. The co-Kriging method’s ability to perform effectively with limited data-
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sets makes it well-suited for real-world applications where data collection is constrained,

positioning it as a practical solution in scenarios with limited training data.

3.4. PARTIAL REMARKS

The Z24 bridge in Switzerland was the subject of study in this chapter, examining

its natural frequencies in correlation with temperature variations throughout the year. Co-

Kriging has demonstrated superior performance to ordinary Kriging, reducing the Type

II error from 5.5% to 2.5%, even when trained with a smaller subset of experimental data,

complemented by abundant numerical data from a finite element model. This approach

represents an economical and effective solution, especially when collecting experimental

data is resource-intensive and challenging. Additionally, it is suggested to implement the

co-Kriging method to compare various numerical models with varying levels of calibration

and fidelity. The aim is to explore how this approach could improve regression accuracy

by incorporating data from a simpler, more efficiently evaluated model as co-variables.
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4 CO-KRIGING MODELING FOR DELAMINATION QUANTIFICATION IN

LAMINATES

This chapter provides a theoretical background on structural health monitoring

methodologies for damage quantification in composite materials, specifically laminates.

Section 4.1 emphasizes the significance of composite materials in engineering, their vul-

nerability to damage, and the importance of SHM techniques. Various SHM methods

are discussed, including GPR, with co-Kriging proposed for damage quantification. Next,

Section 4.2 addresses delamination damage in composites, focusing on the role of Lamb

waves in detecting this effect within such structures. Following this, Section 4.3 provides

an overview of autoregressive models and their utility in extracting damage-sensitive fea-

tures, and Section 4.4 discusses the proposed Mahalanobis Squared Distance for structural

condition classification. Then, Section 4.5 outlines the methodology employed for damage

detection and quantification in a composite plate using co-Kriging. Further, Section 4.6

details the hybrid dataset used in this work, integrating experimental and numerical data

under various conditions, including delamination. Section 4.7 showcases the results achi-

eved in detecting and quantifying delamination through co-Kriging. Finally, Section 4.8

concludes with key insights and opens a discussion on potential alternative approaches

and directions for future work.

4.1. INSIGHTS INTO STRUCTURAL HEALTH MONITORING FOR COMPOSITE

MATERIALS: TECHNIQUES AND STOCHASTIC APPROACHES

Composite materials have become essential in modern engineering and manufac-

turing. They are created by combining different phases at the macroscopic level, leading

to enhanced performance compared to their components. As a result, these synthesi-

zed materials frequently exceed traditional materials’ mechanical, thermal, and electrical

properties (Daniel; Ishai, 2006). Over the past few decades, the utilization of composite

materials has experienced significant growth, driven by industries such as aerospace, au-

tomotive, agriculture, civil engineering, and renewable energy. The request for composites

lies in their superior properties to metallic materials, such as high strength, stiffness, low

density, and excellent corrosion resistance (Ghrib et al., 2019). Notably, materials like

carbon fiber-reinforced polymers offer exceptional mechanical properties.
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However, due to their complex internal structure, often anisotropic, and their vul-

nerability to various types of damage, such as matrix cracking, delamination, debonding,

etc., identifying and predicting failure in composite materials has become challenging.

Consequently, structures are often over-designed to avoid catastrophic failures, leading

to increased costs (Saxena et al., 2011). Effective damage detection and prediction tech-

niques, like structural health monitoring, ensure composite structures’ safe and reliable

performance, enable timely maintenance and repair strategies, and maximize their cost-

efficiency in various engineering and industrial sectors. Numerous SHM techniques for

composite materials have been documented in the literature, employing various tech-

nologies such as ultrasonic inspection, imaging methods, acoustic emission, fiber optic

sensors, piezoelectric lead zirconate titanates (PZTs), and laser vibrometry (David-West

et al., 2017; Yuan; Wang; Chen, 2020). In the past two decades, special SHM techniques

based on active-sensing guided waves have garnered considerable attention, particularly

for composite structures, owing to their heightened sensitivity to early-stage damage. On

the other hand, these active-sensing SHM methods still encounter significant challenges

due to their susceptibility to operating and environmental conditions.

It is important to highlight that most damage quantification techniques are deter-

ministic, lacking confidence intervals for estimating damage size and relying on extensive

data from a population of identical structures to accommodate varying conditions (Amer;

Kopsaftopoulos, 2019). However, this limitation can be overcome by adopting a stochas-

tic approach to estimate damage size, offering a more precise and robust prediction while

minimizing the data requirements in this context (Corbetta et al., 2018). A stochastic

procedure that can address this issue is the construction of surrogate models, a widely

employed strategy in science and engineering to describe physical phenomena (Franzoi et

al., 2022).

One prominent and widely used method is Kriging, which allows for incorpora-

ting uncertainties in the model, enabling the quantification of confidence intervals for the

predictions (Fuentes et al., 2014). This strategy has proven effective in many SHM ap-

proaches in composites, as discussed by Paixão et al. (2021) and Pavlack et al. (2022), for

example. In the first one, the authors proposed a data-driven approach using stochastic

modeling and GPR to quantitatively assess delamination damage in composite materials.

The main objective was to determine whether there is an imminent structural failure or if

the system can continue to operate under monitoring to track the damage progression and
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its impact on structural safety. Auto-regressive models were applied to extract damage-

sensitive features from Lamb wave signals, while the Mahalanobis squared distance was

used to compute damage indices. The GPR effectively accommodated uncertainties as-

sociated with the damage indices and the affected area, resulting in smooth and accurate

predictions for both simulated and actual delamination damage. In the second one, Pa-

vlack et al. (2022) showcased the potential of using GPR in the complex geometry of

wind turbine composite blades with debonding defects, improving Kriging with polyno-

mial chaos expansion (PCE) (Lüthen; Marelli; Sudret, 2021). The study demonstrated

that the PCE method effectively captures the global behavior of the computational model,

while Kriging captures local variations, resulting in a more robust PC-Kriging approach

for obtaining metamodels. Additionally, the PC-kriging trend curve consistently reflec-

ted a monotonic increase in damage indices, indicating promising outcomes for damage

quantification.

However, while the studies mentioned have brought significant insights, the same

limitation remains (refer to Section 3.1). In practice, conducting experimental tests to

study damage mechanisms such as fiber breaking, matrix micro-cracking, delamination,

and adjacent layers, debonding can be costly. This issue could be addressed by imple-

menting the co-Kriging strategy. By integrating a co-variable that encloses information

regarding the damage, researchers can construct a relevant model that simulates fracture

mechanisms in laminates and correlates with the target variable. This incorporation al-

lows for numerical simulations to assemble co-variable data, which can then be utilized

in the prediction process.

Building upon the damage modeling methodology for composite materials esta-

blished by Ladevèze et al. (2000), which introduced a mesoscale model to accurately

depict interlaminar damage and delamination under dynamic loading using an explicit

method, this study proposes a simplified approach to simulate delamination scenarios of

varying extents using a composite plate model. However, the innovation of this work lies

in its ability to simulate these delamination damage scenarios in a simplified manner. The

model is not calibrated and produces approximate signal patterns corresponding to diffe-

rent levels of delamination without necessarily providing precise measurements. It aims to

balance low-cost numerical simulation data with a small amount of experimental data by

considering the kernels in Kriging. Specifically, the goal is to enhance delamination area

estimation by integrating experimental data, which can be challenging to quantify, with
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numerical data from a finite element model. The following section will address delami-

nation more effectively by investigating its effects on composites and exploring detection

and monitoring techniques.

4.2. STRUCTURAL HEALTH MONITORING USING LAMB WAVES FOR DELA-

MINATION DETECTION IN COMPOSITE STRUCTURES

Delamination is a critical issue in composite structures, as it severely compromi-

ses their strength and is often a primary factor in structural failure (Larrosa; Lonkar;

Chang, 2014). This failure mode is particularly concerning due to the relatively weak

interfaces between the layers of composite laminates (Latifi; van der Meer; Sluys, 2015).

Delamination occurs when the layers within a composite separate, typically triggered by

matrix cracking, bending cracks, and shear cracks. This type of damage significantly re-

duces the compressive strength of the laminate, ultimately leading to failure through buc-

kling. Therefore, effective management and understanding of delamination are essential

for maintaining the structural integrity and reliability of composite materials subjected

to impacts (Safri; Sultan; Jawaid, 2019).

Paixão et al. (2021) demonstrated that delamination damage in composites, si-

mulated by the application of an industrial adhesive putty to the surface of a composite

plate, reduces the signal amplitude and causes a shift in the phase during guided wave

propagation. An even more pronounced attenuation of the amplitudes was observed as

the area covered by the adhesive increased, as illustrated in Figure 17. Similarly, Lee et

al. (2011) reported that the addition of localized mass introduces changes in the damping

characteristics of the plate, which are associated with energy dissipation effects. In real

delamination scenarios, the separation between layers leads to interlayer displacement,

accompanied by contact and friction between the detached regions, resulting in dissi-

pative effects. In this work, the adhesive mass was intentionally used to simulate these

dissipative effects caused by delamination, providing a controlled way to study the impact

of such damage on guided wave propagation in composite structures. The experimental

results showcased in Figure 17, which serve as a foundational reference for this study,

are derived from the CONCEPT dataset (CarbON-epoxy CompositE PlaTe) (Silva et al.,

2021; Paixão et al., 2021; Paixão; Silva; Figueiredo, 2020; Silva, 2018). For a detailed

overview of the experimental setup and data processing, please refer to Section 4.6.
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Figure 17 – Effects of delamination damage on output signals from a composite plate.

Source: Prepared by the author.

Numerous researchers have extensively studied and validated the use of active

sensing with Lamb waves for diagnosing delamination in composite structures, often em-

ploying PZT sensors. These sensors, attached to the structure, propagate Lamb waves

through the material being analyzed, and damage identification is achieved by analyzing

the waves captured by multiple PZT sensors. Several studies have confirmed the effective-

ness of this method for damage detection and localization (Yuan, 2016; Tian; Yu; Leckey,

2015; Figueiredo et al., 2011; Mitra; Gopalakrishnan, 2016). Lamb waves, also known as

plate waves, are guided waves that propagate between two parallel surfaces in plate-like

structures (Ihn; Chang, 2004). They are particularly prevalent in thin, plate-like mate-

rials, where they are confined and channeled by their upper and lower free surfaces. In

finite bodies, various wave modes exist, and their propagation characteristics are influ-

enced by factors such as entry angle, frequency, and the structure’s geometry (Su; Ye,

2009). Building on this, active structural health monitoring systems that utilize interro-

gative Lamb waves offer an effective solution, combining cost efficiency with the ability to

monitor large areas from a single position (Gresil et al., 2013). The inherent properties of

Lamb waves—such as their capacity for long-distance propagation and high sensitivity to

changes in structural integrity—make them particularly valuable for SHM methodologies

(Dworakowski et al., 2015). A wealth of literature illustrates how changes in the received

Lamb wave signals, affected by structural damage, can be utilized for monitoring purposes

(Dworakowski et al., 2015).

Toyama, Noda and Okabe (2003) demonstrated that transverse cracking and de-
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lamination reduce the structure’s stiffness and influence the propagation velocity of the

symmetric mode S0 in cross-ply laminates. In another study, Ramadas et al. (2009) in-

vestigated the interaction of the anti-symmetric mode A0 with symmetric delamination,

observing a mode conversion from A0 to S0 as the wave passed through the damaged

region. They suggested estimating the delamination size by measuring the time-of-flight

between the through-transmitted mode-converted signals. Nevertheless, it is worth noting

that Lamb waves present multiple modes of propagation and are influenced by various

interference sources, including high-frequency ambient noise, low-frequency structural vi-

bration, temperature fluctuations, operational variability, and material inhomogeneity

and anisotropy (Su; Ye, 2009). Consequently, constructing a robust SHM method relies

on extracting damage features with reduced sensitivity to interference sources or imple-

menting sophisticated compensation techniques, considering the intricate complexity of

Lamb wave propagation.

Numerous damage features have been documented in the literature, leveraging va-

riations in wave attenuation, time-of-flight, reflection, time-frequency analysis, and other

time-domain characteristics (Dworakowski et al., 2015; Figueiredo et al., 2012). For ins-

tance, Dworakowski et al. (2015) introduced an innovative structural health monitoring

approach tailored to aircraft structures utilizing Lamb waves. This method involved

integrating piezoelectric sensors within the aircraft sheathing to generate Lamb waves,

facilitating the monitoring of the integrity of complex parts. Various damage indices were

successfully computed by analyzing the ultrasonic signals captured from these sensors.

Similarly, in their research on damage detection in composite plates, Figueiredo et al.

(2012) employed autoregressive models with exogenous inputs in the time domain to mo-

del the data gathered by piezoelectric active sensors, using the parameters of these models

as damage-sensitive features. Furthermore, Silva (2018) demonstrated that a simple auto-

regressive model, identified using Lamb waves, could effectively predict wave propagation

under varying temperature conditions for composite structures. In a recent study, Paixão

et al. (2021) investigated the detection and localization of damage in a carbon-fiber epoxy

laminated composite plate, specifically focusing on the progressive propagation of delami-

nation under varying temperature conditions. To accomplish this, autoregressive models

were employed to extract damage-sensitive features from Lamb wave signals, while the

Mahalanobis squared distance was utilized to calculate damage indices. Additionally,

the researchers trained and applied a GPR model within the same structure to predict
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intermediaries’ delamination areas.

4.3. DAMAGE SENSITIVE FEATURE EXTRACTION USING AUTOREGRESSIVE

MODELS

In recent years, vibration-based damage identification methods have gained signifi-

cant attention due to their simplicity of operation and clear physical interpretation (Spen-

cer; Ruiz-Sandoval; Kurata, 2004; Alvandi; Cremona, 2006; Chao; Loh, 2013). These

methods aim to extract damage-sensitive features from the structural vibration response,

enabling the identification, localization, and evaluation of damage severity (Tang et al.,

2020). One popular approach for extracting damage-sensitive features is the autoregres-

sive model (AR). Lynch (2004) demonstrated that the AR coefficients are associated with

the inherent characteristics of a structure, achieved by implementing Z-transformation

on the AR model equation. This significant advancement has provided a solid basis for

utilizing AR model-based methods in damage identification.

Autoregressive models are a linear predictive modeling technique designed to fore-

cast a signal sample based on previous samples, using the AR parameters as coefficients.

Typically, the modeling of an AR model involves three primary steps: a) determining the

model order, b) estimating the model parameters, and c) evaluating the model’s validity

(Jonathan; Kung-Silk, 2008). When a model expresses a time series x(k) as a linear com-

bination of past nr-th samples and a white noise or residual error with zero mean e(k), it

is called an AR model (Kitagawa, 2010; Gandhi, 2015),

x(k) = e(k) +
nr∑

r=1
arx(k − r) (4.1)

where ar are the AR coefficients. The residual error in an AR model represents the

portion of the signal that remains unexplained by the linear combination of the model’s

explanatory variables. It is assumed to be an independent random variable. When the

AR model is properly identified, the residual error follows a normal distribution with a

mean of 0 and a variance of σ2 (Kitagawa, 2010).

In SHM applications, AR models can be employed as a damage-sensitive feature

extractor through two approaches: a) using the residuals errors e(k), and b) using the

AR parameters ar. The first approach involves utilizing the AR model, with parameters
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estimated from the baseline condition, to forecast the response of data acquired from a

potentially damaged structural condition. The residual error is calculated as the difference

between the measured and predicted signals. This approach assumes that damage can

cause either linear deviations or nonlinear effects in the signal. Consequently, the baseline

linear model may no longer accurately predict the response of the damaged structure. The

second approach involves fitting an AR model to signals obtained from undamaged and

damaged structural conditions. In this particular approach, the AR model parameters

are used as the damage-sensitive features, and a multivariate classifier is then employed

to distinguish between different damage classes. (Figueiredo, 2010).

To identify an appropriate AR model, it is necessary to first select its order, which

is initially unknown. Several techniques to address this problem can be found in the

literature. Still, two of them gain prominence in SHM approaches: the Akaike information

criterion (AIC) and Bayesian information criterion (BIC). The AIC (Akaike, 1974) is a

well-known technique used for model selection based on in-sample fit to estimate the

likelihood of a model to predict or estimate future values. A good model is characterized

by having the minimum AIC among all the other models. The BIC (Stone, 1977) is

an alternative criterion for model selection that provides a measure that considers both

model fit and model complexity. Lower values of AIC or BIC indicate a better fit of the

model while taking into account its complexity (Mohammed; Naugler; Far, 2015).

Autoregressive models can be mainly employed as damage-sensitive features in two

distinct ways: by utilizing the residual errors e(k) and the AR coefficients ar (Figueiredo,

2010). Numerous statistical features are available in the literature, which are employed

to capture alterations in the distribution of coefficients and residual errors. In a healthy

structural condition, an AR model will identify a measured signal from the Lamb wave

propagation, which will represent the baseline condition. Suppose a new signal from

a baseline condition is accurately identified, and the signal has no significant changes.

In that case, the AR coefficients (AB) should remain almost constant, and the residual

errors in this baseline condition (eB) should exhibit a white noise process. On the other

hand, if the AR model identifies a new, different, and unknown condition using the same

previously selected order nr, the new AR coefficients (Aident) and the residual errors will

consequently be different. This is because the signal carries new information, indicating

that the structure is no longer in the initial condition. The two damage-sensitive features

utilized in this work were proposed by Sohn and Farrar (2001) and later implemented by
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Paixão et al. (2021), which are given by: a) the ratio between the variance of the residual

errors,

X1 = σ2(eident)
σ2(eB) (4.2)

where eident and eB are the vectors that include all samples of residual errors obtained from

the AR models identified under both the unknown and baseline conditions, respectively;

b) the ratio between the variance of the AR coefficients,

X2 = σ2(Aident)
σ2(AB) (4.3)

where Aident and AB are the vectors that include all samples of the coefficients obtained

from the AR models identified under both the unknown and baseline conditions, respec-

tively. With this feature space constructed using both damage-sensitive features X1 and

X2, as depicted in Figure 18, a new procedure can be implemented to calculate damage

indices for classifying the structural conditions.

Figure 18 – Illustration of feature space.

Healthy

Damaged

Source: Prepared by the author.

4.4. DAMAGE INDICES FOR STRUCTURE CONDITION CLASSIFICATION

The proposed damage index in this work is based on the Mahalanobis Squared

Distance (D2 or MSD), a scalar measure used for detecting outliers in multivariate data

(WORDEN; MANSON; FIELLER, 2000). Mahalanobis distance is a well-defined distance

metric that quantifies the distance between two points in a feature space that consists

of two or more variables (Zhou et al., 2015). This distance serves multiple purposes,
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including spectral matching, outlier detection during calibration or prediction, and iden-

tification of extrapolation issues during analyses (Mark; Workman, 2018). This approach

combines two damaged features into a bi-variate feature space. The MSD is then uti-

lized with a machine-learning algorithm to measure the distance from the centroid of a

well-known cluster of points to any other point in the bi-variate space. The Mahalanobis

Squared Distance is defined as follows (Zhou et al., 2015):

D2 = DI = (X − Z̄)T Σ−1(X − Z̄) (4.4)

where X is the test matrix containing a percentage of features associated with a baseline

condition in conjunction with the damage conditions, Z̄ is the mean vector, and Σ is the

covariance matrix of the training matrix from the features in the baseline condition.

This approach establishes a relationship between the proposed index and another

parameter (specifically the delamination area in this study), as shown in Figure 19. Sub-

sequently, a regression process can be implemented to quantify the damage’s extent and

obtain a confidence interval for the assessment.

Figure 19 – Illustrative example of damage feature extraction using autoregressive models
combined with Mahalanobis Distance for damage classification.

Source: Prepared by the author.

4.5. PROPOSED FRAMEWORK

This work introduces a co-Kriging model that integrates a hybrid dataset for de-

tecting and quantifying damage in a laminated composite structure. Figure 20 illustrates
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the comprehensive framework employed in this study.

Figure 20 – Graphical abstract depicting the proposed framework for cost-effective da-
mage detection and quantification in composites utilizing hybrid data in a
co-Kriging regression model.
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The process begins with integrating experimental data from a composite material

plate, regarded as high fidelity, alongside numerical simulations derived from a finite

element model, considered low fidelity. Damage-sensitive features are extracted from these

datasets using autoregressive models, generating damage indices based on variations in

the amplitude and phase of the measured signals. The co-Kriging model is then employed

to correlate high- and low-fidelity data, enhancing predictions related to the delamination

area. Following this, the predictive model is validated with new input data to assess its

effectiveness in detecting and quantifying the extent of damage. With the established

damage indices, this method lays the foundation for informed decision-making regarding

the structural integrity of the analyzed component, facilitating reliable and cost-effective

monitoring of composite structures.
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4.6. HYBRID DATASET FOR CO-KRIGING: EXPERIMENTAL AND NUMERICAL

DATA

4.6.1 Expensive data - experimental setup

The experimental setup in this work involves a carbon-epoxy composite plate from

the CONCEPT dataset1 (CarbON-epoxy CompositE PlaTe) (CarbON-epoxy CompositE

PlaTe) (Silva et al., 2021; Paixão et al., 2021; Paixão; Silva; Figueiredo, 2020; Silva,

2018). This laminated plate consists of ten layers with fibers oriented along the plate

borders directions (0◦ and 90◦). The plate dimensions are 500 × 500 × 2 mm3. It was

mounted with free boundary conditions to enhance consistency and minimize operational

variability. Figure 21 presents a schematic overview of the experimental setup.

Figure 21 – Schematic representation of CONCEPT.

Source: Adapted from Paixão et al. (2021).

Four PZT transducers, known as SMART Layer from Accelent Technologies, were

integrated into the composite plate for instrumentation purposes. Each transducer mea-

sures 6.35 mm in diameter and 0.25 mm in thickness. Among these transducers, PZT 1

was employed as the actuator. It applied a tone burst input signal consisting of five cycles

at 35 V amplitude and a central frequency of 250 kHz. Then, the outputs are collected

at PZT 2, PZT 3, and PZT 4 at a sampling rate of 5 MHz, with all channels measu-

red in synchronization. Data acquisition was controlled by LabVIEW using a National

Instruments NI USB 6353N (NIDaq) and a Keysight DSO7034B oscilloscope. The plate
1 https://github.com/shm-unesp/DATASET PLATEUN01

https://github.com/shm-unesp/DATASET_PLATEUN01
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was subjected to controlled temperature testing inside a Thermotron thermal chamber.

Seven temperature levels ranging from 0°C to 60°C with a 10°C variation were evaluated.

Figure 22 illustrates the experimental setup used in the experiment.

Figure 22 – Schematic representation of CONCEPT.

Source: Prepared by the author.

To simulate damage, an industrial adhesive putty was applied to the plate surface,

introducing a localized mass change that mimics variations in plate damping, similar

to delamination observed in composite structures (Lee et al., 2011). The putty-covered

area was incrementally expanded for progressive damage representation while maintaining

a consistent circular shape and weight. For each damage state, 100 consecutive output

signals were collected. Figure 23 presents experimental signals recorded under undamaged

and damaged conditions for different temperature values.

As discussed in Section 4.2, the impact of simulated damage on a composite ma-

terial plate affects wave propagation by causing a decrease in signal amplitude as the

damaged area increases. This also leads to increased local damping, resulting in greater

wave attenuation (Lee et al., 2011). Additionally, researchers in the scientific commu-

nity have examined the impact of temperature changes on guided wave propagation. A

common outcome is that temperature variations lead to both phase shifts and amplitude

variations in the signal compared to the baseline condition (Salamone et al., 2009). Seven

different damage conditions were tested, and the delamination area was computed based

on the ratio between the industrial adhesive putty and the plate areas. Table 3 presents

an example of how the results are used to quantify the delamination area numerically.

The baseline condition chosen for this study is the healthy state of the plate at a

temperature of 30◦C, representing the structure’s typical behavior under normal ambient
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Figure 23 – Experimental results for PZT2 signals under different conditions. (a) Healthy
signals at different temperature conditions; (b) zoomed-in view of the signal
in (a); (c) comparison between healthy and progressive damage signals at
the same temperature; and (d) comparison of the same damage condition at
different temperatures.

Source: Prepared by the author.

Table 3 – Structural conditions tested for the carbon-epoxy laminate.

Condition Healthy Ds1 Ds2 Ds3 Ds4 Ds5 Ds6 Ds7
A [%] 0 0.13 0.28 0.50 0.79 1.13 1.54 2.01

Source: Prepared by the author.

conditions. This information is essential, as it is the foundation for applying autoregressive

methods and computing damage indices accordingly.

4.6.2 Cheap data - numerical simulations

A finite element model was developed in the commercial software Ansys LS-DYNA,

which utilizes explicit simulations to capture material responses under short-duration,

high-intensity loads. LS-DYNA has been successfully applied in previous studies to model

fast dynamic events in damaged composites, particularly for simulating complex interla-
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minar damage and delamination effects in laminated structures, as detailed by Ladevèze et

al. (2000). This study modeled the plate with fully integrated shell elements following the

first-order shear deformation theory (LSTC, 2012). The FE model defines the composite

material properties at each ply level, with orthotropic laminate properties representing

the layup and three integration points per lamina. Figure 24 illustrates the implemented

model, highlighting the region covered by PZT sensors. The PZT actuators and sensors

were simulated by modeling the area where they are attached to the plate using a circular

mesh, sharing the same element type, material properties and boundary conditions as the

rest of the plate under the healthy conditions of the structure. This simplification assu-

mes that the interaction between the PZT and the plate is idealized, without explicitly

including piezoelectric properties or coupling effects.

Figure 24 – Visualization of the FE model within the PZTs region.
LS-DYNA keyword deck by LS-PrePost

Source: Prepared by the author.

Explicit integration methods are particularly suited for dynamic problems of short

duration or systems involving wave propagation, such as impact-loaded structures. These

methods solve equilibrium equations at time t to determine the response at t + ∆t. By

using a diagonal mass matrix, explicit integration avoids the need for matrix storage,

leading to a lower computational cost per time step than implicit methods. However,

the effectiveness of explicit methods is highly dependent on the spatial and temporal

resolution of the model and often necessitates very short steps to maintain numerical

stability (Dokainish; Subbaraj, 1989; Moser; Jacobs; Qu, 1999). To achieve both high

efficiency and accuracy, it is recommended in the literature that the maximum element

size ∆x and integration time step ∆t comply with the conditions in Equations 4.5 and
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4.6.

∆x ≤ λmin

20 (4.5)

∆t ≤ 1
20fmax

(4.6)

where λmin represents the shortest wavelength of interest, and fmax is the maximum

frequency expected in the simulation. For the setup configured to match the CONCEPT

experiment, with an excitation signal at 250 kHz, the calculated values yield an element

size of approximately 2 mm and a time step around 0.2 µs.

It is important to note that, despite the relatively simple geometry designed to

meet the specified parameters, the resulting mesh comprised 174,712 elements. Each

numerical simulation conducted using LS-DYNA software took approximately 2 minutes

to complete2. This aligns with the fundamental concept of co-Kriging, which creates

co-variables to enhance phenomena’ estimation cost-effectively. For a circular PZT, the

excitation signal proposed by Gresil et al. (2013) involves strategically applying eight self-

balancing forces around the region, as illustrated in Fig. 25. The output signal is then

obtained by converting the integrated strain results from within the sensor region into

voltage (Sirohi; Chopra, 2000).

Figure 25 – Visualization of the FE model within the excitation signal on PZT1.
LS-DYNA keyword deck by LS-PrePost

Source: Prepared by the author.

The mechanical properties of the composite used in the simulations were sourced

from the study conducted by Ferreira et al. (2024). Table 4 presents these under the
2 AMD Ryzen 7 6800H 3.20 GHz 16GB
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baseline condition. For simplification, it was assumed that Young’s modulus in the two

perpendicular in-plane directions (E1 and E2) for a plain weave fiber configuration is

equal.

Table 4 – Mechanical properties for the materials at T = 30◦C.

Mechanical Property Value
E1 [GPa] 61.06
E2 [GPa] 61.06

ν12 0.075
ρ [kg/m3] 1620
G12 [GPa] 10.06
G23 [GPa] 5.00

Source: Prepared by the author.

As proposed by Ferreira et al. (2024), a sensitivity analysis utilizing Sobol indices

was conducted to assess the influence of each property on the model’s final response

across various temperature conditions. The analysis revealed that Young’s modulus E1

and the in-plane shear modulus G12 were the primary parameters exerting significant

influence. Consequently, these properties were varied to simulate different temperature

conditions on the plate while the remaining properties were held constant. Ferreira et al.

(2024) also employed a stochastic updating framework within Markov-Chain Monte Carlo

simulations, providing posterior distributions for E1 and G12 over a temperature range

from 0◦C to 60◦C, including mean and standard deviation values for both properties.

However, for model simplification and to test the co-Kriging technique within a simpler,

not necessarily well-calibrated model, the properties were treated as random variables

following a uniform distribution around 10% of the mean, giving equal weight to all

values within this range. Figure 26 illustrates the cumulative RMSE calculated across

iterations, which was used to evaluate the model’s convergence as a function of varying

sample sizes. The results indicate that a minimum data size of 256 samples is necessary

for effective modeling.

Figure 27 compares experimental and numerical curves for the healthy conditions

under various temperature settings. Notable differences can be seen between the expe-

rimental and numerical curves, particularly regarding the amplitude and phase of the

signals under identical conditions. Nevertheless, the numerical model effectively captures

the behavior exhibited by the experimental data, successfully reproducing the tempera-

ture effects on the output signals highlighting increased magnitude and a rightward shift.
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Figure 26 – Sample size for model convergence.

Source: Prepared by the author.

This aligns well with the implementation of the co-Kriging method, which aims to gene-

rate co-variables that enhance the estimation of a quantity of interest while being readily

obtainable, even if they are not necessarily well-calibrated.

Figure 27 – Comparison between experimental and numerical curves in the healthy con-
dition under different temperature conditions.

Source: Prepared by the author.
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As discussed earlier (Section 4.6.1), the delamination effect in the CONCEPT ex-

periment is simulated by applying an industrial adhesive putty to the plate surface. This

added localized mass induces changes in the plate’s damping, which resembles delamina-

tion behavior in composite structures (Lee et al., 2011).

To replicate the adhesive’s effect in the numerical model, the best approach was

found to locally change the plate’s damping within the region covered by the adhesive,

similar to placing a dashpot in the designated region, as illustrated in Figure 28. For this

purpose, the stiffness weighted damping method was used in LS-Dyna, with a unitless

damping coefficient of 0.25. This coefficient is applied to each element in the specified

region, with the damping effect being proportional to the element’s stiffness. The value of

0.25 was chosen because it is within the recommended range (0.01 to 0.25) for explicit dy-

namic analysis, providing sufficient damping without causing numerical instability LSTC

(2012). Although simplified, this constructed delamination model successfully emulates

the amplitude reduction and phase shift in the output signals as damage progresses, effects

close to actual delamination. Consequently, the numerical model’s ability to mirror expe-

rimental data supports the co-Kriging approach’s effectiveness, enhancing the estimation

of the variable of interest—here, the delamination area—by incorporating co-variables

derived from numerical simulations. For the sake of simplification, it is assumed that the

behavior of the polymeric film used to simulate delamination remains constant, without

variations due to temperature.

Figure 28 – Comparison between experimental and numerical curves in the same tempe-
rature under different damage conditions.

PZT 2PZT 3 PZT 4
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0 

m
m
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Source: Prepared by the author.
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4.7. DAMAGE DETECTION AND QUANTIFICATION IN LAMINATES

Figure 29 illustrates the available data for applying the methodology depicted in

Figure 20, showing healthy and damaged conditions captured both experimentally and

through the numerical model. Notably, experimental damage conditions were recorded

only at temperatures of 0◦C, 10◦C, 30◦C, and 60◦C, while the numerical model included

a more comprehensive range, covering 0◦C, 10◦C, 20◦C, 30◦C, 40◦C, 50◦C, and 60◦C.

This expanded dataset allows co-Kriging to estimate delamination areas across a broader

temperature range, even in regions lacking experimental measurements.

Figure 29 – Experimental and numerical output signals available for the proposed metho-
dology.

Source: Prepared by the author.

Following the procedure outlined in Section 4.3, the damage-sensitive features used

in this study were derived through AR model identification, beginning with selecting the

optimal model order for characterizing the output signals. Model validation involved

comparing the model’s predictive values with actual signal measurements, complemented

by an autocorrelation analysis of residuals within the baseline condition (Ljung, 1998). As

mentioned, the baseline condition used was the healthy-state signals at a temperature of

30◦C, which served as the reference for both experimental and numerical data to determine

the optimal model order. Based on the BIC (Figueiredo et al., 2011), a model order of

20 was selected for the experimental dataset and 15 for the numerical dataset. Figure 30

compares the measured signal with the AR model’s predicted signal under the baseline

condition for the experimental data. As shown, the prediction errors resembling a white
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noise process suggest accurate model identification, observed across all cases, including

numerical simulations.

Figure 30 – Baseline measured and predicted experimental signals by AR and autocorre-
lation of residuals for model’s validation.

Source: Prepared by the author.

Following the methodology described in Section 4.4, two damage-sensitive features

were calculated from the autoregressive models based on both experimental and numerical

results, which are presented in Figure 31. As temperature increases, the damage states

begin to approximate those observed in the baseline condition more closely. Specifically,

the reduction in amplitude and phase shift caused by damage (refer to Figure 23) is

gradually offset by the temperature-driven amplitude increase, which tends to bring the

system’s response closer to the baseline condition. This effect is depicted in Figure 31

by the convergence of the point clouds as temperature rises, highlighting the influence of

temperature on the overall system behavior.

Figure 32 displays the Mahalanobis distance across all temperature conditions,

where A denotes the ratio of the area covered by the industrial putty on the plate’s

surface to the plate’s total area (refer to Table 3). This distance metric supports the

computation of DIs, which are subsequently used for detecting and quantifying damage.

As shown in Fig. 32, the adopted damage index effectively differentiates between

healthy and delaminated conditions, regardless of temperature effects. Additionally, it

demonstrates sensitivity to the extent of damage, enabling its use for quantitative appli-

cations such as regression methods. Initially, Kriging and Co-Kriging metamodels were

implemented for each temperature to regress the damage indices as a function of the dela-
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Figure 31 – Damage sensitive features extracted from autoregressive models estimated
based on experimental and numerical output signals.

Source: Prepared by the author.

mination area. It is important to note that, to simulate real-world scenarios where there

are typically more observations available for less expensive data than for costly data, only

a subset of damage conditions was used to train the metamodels, while the remaining

conditions were reserved for validation. An example of this is presented in Figure 33

for a temperature of T = 30◦C. The root mean squared error (RMSE) was computed to

evaluate and compare the predictive performance of each technique.

It is important to highlight that the same experimental dataset was utilized to

train both the Kriging and co-Kriging models across all temperature levels. Although the

number of experimental observations was limited, the co-Kriging model benefits from the

additional information provided by co-variables derived from the numerical model, which

enhances its predictive capability at all temperatures. This improvement is evident in

the reduced root mean squared error (RMSE) between the estimated delamination areas

and the experimentally measured values. While increasing the number of experimental

observations would undoubtedly improve the Kriging model, the strengths of the co-
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Figure 32 – Damage index computed for all temperature conditions for both experimental
and numerical datasets.

Source: Prepared by the author.

Figure 33 – Performance comparison between Kriging and co-Kriging predictions for da-
mage indices at T = 30°C.

Source: Prepared by the author.

Kriging approach become particularly apparent in situations where obtaining a large

amount of experimental data is challenging or costly, as it allows for supplementation

with more easily obtainable variables.

A similar approach was adopted to incorporate the effect of temperature on regres-
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sion curves for estimating delamination at intermediate temperatures ranging from 0◦C

to 60◦C, as illustrated in Figure 34. To evaluate the performance of both regression tech-

niques across an unknown temperature range, data collected at 10◦C, despite indicating

damage, were excluded from the training set and used for validation of the metamodels.

For temperatures of 20◦C, 40◦C, and 50◦C, where no experimental damage data were

available, numerical results were employed to construct the Kriging metamodel, assigning

them equal weight alongside the experimental observations. In the case of the co-Kriging

model, numerical data were treated as low-fidelity data due to the lack of experimental

damage data at these temperatures. Table 5 presents the distribution of data used for

training the Kriging and co-Kriging models, where Exp denotes experimental data and

Num indicates numerical data, with HF and LF signifying high-fidelity and low-fidelity

data, respectively.

Table 5 – Distribution of training and testing data for Kriging and co-Kriging models.
Temperature 0◦C 10◦C 20◦C 30◦C 40◦C 50◦C 60◦C
Classification Train Test Train Train Train Train Train
Conditions [1 4 6 8] all [1 2 6 8] [1 2 4 8] [1 3 5 8] [1 4 6 8] [1 2 4 8]

Kriging Exp - HF - Num - HF Exp - HF Num - HF Num - HF Exp - HF

Co-Kriging Exp - HF
Num - LF - Exp - HF

Num - LF
Exp - HF
Num - LF

Exp - HF
Num - LF

Exp - HF
Num - LF

Exp - HF
Num - LF

Source: Prepared by the author.

Even in scenarios with limited observations regarding a phenomenon of interest,

utilizing a numerical dataset to complement the original dataset is an effective strategy.

A notable advantage of the co-Kriging model in this context is that the numerical model

does not need to be highly calibrated or robust, which simplifies and streamlines data

acquisition. Additionally, this technique allows the co-variable data to assume lower im-

portance in the model (low-fidelity data). In the example presented, when numerical

data were incorporated into the training phase of the Kriging regression models, they

were treated as having the same reliability level as the experimental data from other

temperature ranges. However, despite their relative similarity, the distributions of expe-

rimental and numerical data exhibit differences, and assuming they belong to the same

set may have contributed to the Kriging model’s inferior performance compared to the

co-Kriging model. The co-Kriging approach effectively addresses this challenge by appro-

priately weighting the contributions of both experimental and numerical data, facilitating
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Figure 34 – Comparison of Kriging and co-Kriging performance in estimating delamina-
tion areas considering temperature effects.

Source: Prepared by the author.

a more nuanced understanding of the underlying phenomenon. This capability enhances

the overall predictive accuracy and robustness of the model, highlighting the benefits of

integrating diverse data sources, especially in situations where experimental observations

are limited.
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4.8. PARTIAL REMARKS

This chapter focused on the CONCEPT experimental setup to detect and quantify

delamination damage within a composite structure using a co-Kriging model. In terms

of performance, co-Kriging showcased a clear advantage over Kriging in all tests conduc-

ted. The RMSE values for co-Kriging were consistently lower across various temperature

ranges, indicating more accurate predictions of delamination areas. This improvement

underscores the method’s effectiveness in integrating numerical and experimental data to

enhance predictive capabilities, especially when only limited experimental data is avai-

lable. By leveraging additional information from the numerical model, the co-Kriging

approach significantly reduces estimation errors, further validating its practical value in

damage quantification. This capability notably lessens the need for costly or hard-to-

obtain experimental data, making it particularly advantageous in applications such as

damage detection and quantification in composite structures. The main challenge in using

co-variable data is determining whether a simple, poorly calibrated model can accurately

improve the estimation of a variable of interest. This way, future research should focus on

evaluating the accuracy of such models to ensure they effectively represent the underlying

physics and enhance understanding of the phenomenon, even in a straightforward manner.
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5 FINAL REMARKS

5.1. CONCLUDING

This study conducted a thorough literature review and examined the theoreti-

cal background of computational modeling techniques in structural health applications,

focusing on Kriging and co-Kriging metamodels.

The co-Kriging method presented in this work offers several advantages, most

notably a significant increase in predictive accuracy through the effective integration of

high- and low-fidelity datasets. By merging various data sources, co-Kriging reduces

reliance on expensive or difficult-to-obtain experimental data, making it especially useful

for applications when only limited experimental data is available. Another significant

advantage of co-Kriging is its robustness against uncertainty. It addresses potential noise

and model defects by incorporating regression techniques that filter inaccuracies from

lower-fidelity datasets. This leads to more accurate estimates even when the numerical

models are not perfectly calibrated.

To validate the effectiveness of co-Kriging, two experimental studies were conduc-

ted: one focused on assessing the natural frequency variations of a bridge due to climatic

changes, and the other on quantifying delamination damage in a carbon-epoxy composite.

In both cases, co-Kriging predictions outperformed those of Kriging, even when utilizing

a smaller subset of experimental data (considered high-fidelity). This approach provides

a cost-effective solution, mainly when collecting experimental data, which is resource-

intensive. In the examples presented, co-kriging emerges as an interesting tool, mainly

because obtaining substantial experimental observations can be challenging. For instance,

monitoring a bridge often requires specialized equipment and teams over an entire year,

while conducting experimental tests on composite structures to investigate damage me-

chanisms, such as delamination, can be expensive and logistically complex. This way, the

application showcased co-Kriging’s real-world relevance, underscoring its potential as an

efficient tool for enhancing regression accuracy in structural health monitoring approa-

ches.

The main challenge in utilizing this technique is twofold: first, determining whether

a set of co-variable data can effectively enhance the estimation of a variable of interest—an

aspect that can be mathematically verified, and second, evaluating the extent to which a
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simple and poorly calibrated model accurately represents the actual results under analysis.

Depending on the circumstances, such a model may fail to improve the estimation and

introduce inaccuracies that misrepresent the observed phenomenon. Consequently, this

could lead to misleading conclusions, as the errors in the numerical representation may

skew results and undermine overall prediction reliability.

5.2. FUTURE WORKS

Therefore, based on the key points raised in the previous section, future research

should prioritize evaluating how well simple and poorly calibrated numerical models can

accurately represent the underlying physics of the problem. Striking a balance between

model complexity and accuracy is essential to ensure that integrated data effectively

enhances our understanding of the phenomenon. Furthermore, it is proposed that the co-

Kriging method be implemented by comparing different numerical models with varying

levels of calibration and fidelity. The goal is to investigate how this strategy can improve

interpolation accuracy when utilizing information from simple and quickly evaluated mo-

dels as co-variables.
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3018–3054, 2022. Dispońıvel em: https://doi.org/10.1177/14759217221075241.

FIGUEIREDO, E.; FIGUEIRAS, J.; PARK, G.; FARRAR, C. R.; WORDEN, K.
Influence of the autoregressive model order on damage detection. Computer-Aided
Civil and Infrastructure Engineering, Hoboken, v. 26, n. 3, p. 225–238, 2011.
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https://doi.org/10.1177/1045389X10395643.

LJUNG, L. System Identification: Theory for the User. 2nd. ed. London: Pearson
Education, 1998. ISBN 9780132440530.

LSTC, L. S. T. C. LS-DYNA Keyword User’s Manual: Version 971 R6.1.0. [S.l.]:
Livermore Software Technology Corporation, 2012.
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225–234, 1999. ISSN 0963-8695. Dispońıvel em: https://www.sciencedirect.com/science/
article/pii/S0963869598000450.

NOVAIS, H. C.; SILVA, S. da; FIGUEIREDO, E. Co-kriging strategy for structural
health monitoring of bridges. Structural Health Monitoring, London, v. 0, n. 0, p.
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APPENDIX A – CO-KRIGING REGRESSION CODE IN MATLAB

The code presented in this appendix implements the co-Kriging regression method,
which was used to generate the results shown in Section 2.4.

Initially, the code defines a seed to ensure repeatability of the results. It then
generates the input data, which includes two distinct sources: expensive data ye and
cheap data yc. The expensive dataset represents samples from a complex and costly
target function, while the cheap data represents a simplified and less accurate version of
the function.

For Kriging, the UQLab interface is used to construct the model. The input points
xe and their corresponding evaluations ye are provided to UQLab to generate a Kriging
metamodel. A uniform distribution is used to define the input space, and the target
function is evaluated at points sampled uniformly within this range. A test sample is also
generated for validation purposes.

Next, the code optimizes the hyperparameters for the co-Kriging model using an
optimization algorithm, employing the functions likelihoodc and likelihoodd to evaluate
the likelihoods for hyperparameter estimation of the cheap and difference models, res-
pectively. With the optimized hyperparameters, the code then calls a custom function,
cokriging regression, for co-Kriging regression, which is implemented in a separate file.

Finally, plots are created to visualize the expensive and cheap data, the Kriging and
co-Kriging predictions. These plots show the observed points, predictions, and confidence
intervals, providing a visual assessment of the Kriging and co-Kriging model performances.

A.1. MAIN CODE

1 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

2 % Title: Co−kriging estimator (regression)

3 % Authors: Henrique Cordeiro Novais, Samuel da Silva

4 % Date: August 15, 2023

5 %

6 % Description:

7 % This script demonstrates an example application of the

8 % co−kriging regression method using a mathematical function.

9 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

10 clc; clear; close all;

11 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

12 % Seed definition to guarantee repeatability of random processes

13 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

14 mySeed = 626303;

15 rng stream = RandStream('mt19937ar', 'Seed', mySeed);



16 RandStream.setGlobalStream(rng stream);

17

18 % Configuration of plot appearance

19 nfonte = 25; % Font size for plots

20 marker = 20; % Marker size for plots

21

22 global ModelInfo % Declare global structure for model information

23

24 %% Step 1: Define Model Parameters and Input Distributions

25 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

26

27 % Load UQLab and configure the mathematical model

28 uqlab

29 ModelOpts.mString = 'X.*sin(X)'; % Model equation: X*sin(X)

30 ModelOpts.isVectorized = true;

31

32 myModel = uq createModel(ModelOpts); % Create model in UQLab

33

34 % Define uniform input distribution in the range [−3*pi, 3*pi]

35 InputOpts.Marginals.Type = 'Uniform';

36 InputOpts.Marginals.Parameters = [−3*pi 3*pi];

37 myInput = uq createInput(InputOpts);

38

39 % Define training sample size for the expensive model

40 Ntrain = 20;

41 Xe = uq getSample(myInput, Ntrain);

42 Ye = uq evalModel(myModel, Xe);

43 Ye = Ye + 0.2*std(Ye)*randn(size(Ye,1),1);

44

45 % Define testing sample size for validation

46 Ntest = 100;

47 Xe test = uq getSample(myInput, Ntest);

48 Ye test = uq evalModel(myModel, Xe test);

49 Ye test = Ye test + 0.2*std(Ye test)*randn(size(Ye test,1),1);

50

51 % Define data for cheaper model

52 Xc = linspace(−3*pi,3*pi,50);

53 Yc = 0.4*Xc.*sin(Xc) − 7;

54

55 %% Step 2: Plot Training and Cheaper Model Data

56 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

57

58 figure;

59 plot(Xe, Ye, 'r.', 'MarkerSize', 35); hold on;

60 plot(Xc, Yc, 'b.', 'MarkerSize', 35);

61

62 % Add legend and labels



63 l = legend('$y e$', '$y c$', 'Location', 'Northwest');

64 set(l, 'interpreter', 'latex', 'fontsize', marker);

65 xlabel('$x$', 'FontSize', nfonte, 'interpreter', 'latex');

66 ylabel('$y$', 'FontSize', nfonte, 'interpreter', 'latex');

67 set(gca, 'FontSize', nfonte, 'TickLabelInterpreter', 'latex', ...

68 'LineWidth', 1.5);

69 box on

70 xlim([−12 12]);

71 grid off

72

73 %% Step 3: Store Data for Co−Kriging Model

74 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

75

76 % Transpose cheaper model data for compatibility

77 Xc = Xc';

78 Yc = Yc';

79

80 % Store expensive and cheaper model data in a global structure

81 ModelInfo.Xe = Xe;

82 ModelInfo.Xc = Xc;

83 ModelInfo.ye = Ye;

84 ModelInfo.yc = Yc;

85

86 %% Step 4: Optimize Parameters for Co−Kriging Model

87 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

88

89 % Optimize parameters for the cheaper model

90 Paramsc = ga(@likelihoodc, 3, [], [], [], [], [0.1 2 0.1], [5 2 10]);

91 thetac = Paramsc(1);

92 pc = Paramsc(2);

93 lambda c = Paramsc(3);

94

95 % Optimize parameters for the difference model

96 Paramsd = ga(@likelihoodd, 4, [], [], [], [], [0 2.5 2 5], [10 3 2 10]);

97 thetad = Paramsd(1);

98 rho = Paramsd(2);

99 pd = Paramsd(3);

100 lambda e = Paramsd(4);

101

102 %% Step 5: Kriging Model for Expensive Data

103 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

104

105 % Set up the kriging model with training data

106 MetaOpts.ExpDesign.X = Xe;

107 MetaOpts.ExpDesign.Y = Ye;

108 MetaOpts.ExpDesign.Sampling = 'User';

109 MetaOpts.Type = 'Metamodel';



110 MetaOpts.MetaType = 'Kriging';

111 MetaOpts.Regression.SigmaNSQ = 'auto';

112

113 % Create the kriging model and evaluate over a fine grid

114 myKriging = uq createModel(MetaOpts);

115 Xc kriging = linspace(min(Xe), max(Xe), 200);

116 [Yc kriging, stdV, ˜] = uq evalModel(myKriging, Xc kriging');

117

118 % Calculate the 95% confidence interval (Kriging)

119 u band = Yc kriging + 1.96*sqrt(stdV);

120 l band = Yc kriging − 1.96*sqrt(stdV);

121

122 %% Step 6: Plot Kriging Results with Validation Data

123 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

124

125 figure;

126 fill([Xc kriging, fliplr(Xc kriging)], [u band', fliplr(l band')], ...

127 [0.8 0.8 0.8], 'facealpha', 0.8, 'EdgeColor', 'none')

128 hold on; grid off;

129 plot(Xe, Ye, 'r.', 'MarkerSize', 35);

130 plot(Xc kriging, Yc kriging, '−k', 'LineWidth', 3);

131 plot(Xe test, Ye test, 'b.', 'MarkerSize', 30);

132

133 % Add legend and labels

134 l = legend('', '$y e$', 'Kriging', 'Validation');

135 set(l, 'interpreter', 'latex', 'fontsize', marker, 'location', ...

136 'southeast', 'NumColumns', 3);

137 xlabel('$x$', 'FontSize', nfonte, 'interpreter', 'latex');

138 ylabel('$y$', 'FontSize', nfonte, 'interpreter', 'latex');

139 set(gca, 'FontSize', nfonte, 'TickLabelInterpreter', 'latex', ...

140 'LineWidth', 1.5);

141 box on

142 xlim([min(Xe) max(Xe)]);

143 xticks(−12:4:12);

144 ylim([−12 12]);

145 grid on;

146

147 %% Step 7: Co−Kriging Prediction and Visualization

148 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

149

150 % Compute cheap model values at expensive model points

151 yc xe = 0.4*Xe.*sin(Xe) − 7;

152

153 % Generate co−Kriging predictions

154 xplot = linspace(min(Xe), max(Xe), 100);

155 [ye co, s] = cokriging regression(Xc', Yc', pc, thetac, lambda c, ...

156 Xe, Ye, pd, thetad, rho, lambda e, yc xe', xplot);



157 sup = ye co + s;

158 inf = ye co − s;

159

160 % Plot co−Kriging results

161 figure

162 plot(Xc, Yc, 'b.', 'MarkerSize', 35); hold on; grid off;

163 fill([xplot, fliplr(xplot)], [sup, fliplr(inf)], [0.8 0.8 0.8], ...

164 'facealpha', 0.8, 'EdgeColor', 'none');

165 plot(Xe, Ye, 'r.', 'MarkerSize', 35);

166 plot(Xc kriging, Yc kriging, '−−k', 'LineWidth', 3);

167 plot(xplot, ye co', 'color', [0 0.75 0], 'LineWidth', 3, ...

168 'LineStyle', '−−');

169 plot(Xe test, Ye test, 'k.', 'MarkerSize', 30);

170

171 % Add legend and labels

172 l = legend('$y c$', '', '$y e$', 'Kriging', 'Co−Kriging', ...

173 'Validation', 'Location', 'Northoutside', ...

174 'Orientation', 'horizontal');

175 set(l, 'interpreter', 'latex', 'fontsize', marker);

176 xlabel('$x$', 'FontSize', nfonte, 'interpreter', 'latex');

177 ylabel('$y$', 'FontSize', nfonte, 'interpreter', 'latex');

178 set(gca, 'FontSize', nfonte, 'TickLabelInterpreter', 'latex', ...

179 'LineWidth', 1.5);

180 box on

181 xlim([min(Xe) max(Xe)]);

182 xticks(−12:4:12);

183 ylim([−15 15]);

184 yticks(−15:5:15);

185 grid on;

186

187 % Display optimized parameters

188 fprintf('pc = %f \n', pc);

189 fprintf('pd = %f \n', pd);

190 fprintf('thetac = %f \n', thetac);

191 fprintf('thetad = %f \n', thetad);

192 fprintf('rho = %f \n', rho);

193 fprintf('lambda c = %f \n', lambda c);

194 fprintf('lambda d = %f \n', lambda e);



A.2. HYPER-PARAMETERS ESTIMATION FUNCTIONS

A.2.1 Cheap model

1 function NegLnLikec=likelihoodc(x)

2 % NegLnLikec=likelihoodc(x)

3 %

4 % Calculates the negative of the concentrated ln−likelihood

5 % of the cheap data

6 %

7 % Inputs:

8 % x − vector of log(theta) parameters

9 %

10 % Global variables used:

11 % ModelInfo.Xc − n x k matrix of sample locations

12 % ModelInfo.yc − n x 1 vector of observed data

13 %

14 % Outputs:

15 % NegLnLike − concentrated log−likelihood *−1 for minimising

16 %

17 % Copyright 2007 A I J Forrester

18 %

19 global ModelInfo

20 Xc=ModelInfo.Xc;

21 yc=ModelInfo.yc;

22 nc=size(Xc,1);

23 thetac=10.ˆx(1);

24 pc=x(2);

25 lambda c = x(3);

26 one=ones(nc,1);

27 PsicXc=zeros(nc,nc);

28 for i=1:nc

29 for j=i+1:nc

30 PsicXc(i,j)=exp(−sum(thetac.*abs(Xc(i,:)−Xc(j,:)).ˆpc));

31 end

32 end

33 PsicXc=PsicXc+PsicXc'+eye(nc)+eye(nc).*eps;

34 PsicXc = PsicXc + lambda c * eye(nc);

35 [U,p]=chol(PsicXc);

36 if p>0

37 NegLnLikec=100;

38 else

39 LnDetPsicXc=2*sum(log(abs(diag(U))));

40 muc=(one'*(U\(U'\yc)))/(one'*(U\(U'\one)));



41 SigmaSqrc=(yc−one.*muc)'*(U\(U'\(yc−one.*muc)))/nc;
42 NegLnLikec=−1*(−(nc/2)*log(SigmaSqrc)−0.5*LnDetPsicXc);

43 end

A.2.2 Difference model

1 function NegLnLiked=likelihoodd(x)

2 % NegLnLiked=likelihoodd(x)

3 %

4 % Calculates the negative of the concentrated ln−likelihood of the

5 % difference model

6 %

7 % Inputs:

8 % x − vetor of log(thetad) parameters

9 %

10 % Global variables used:

11 % ModelInfo.Xe − ne x k matrix of expensive sample locations

12 % ModelInfo.ye − ne x 1 vector of expensive observed data

13 % ModelInfo.yc − nc x 1 vector of cheap observed data

14 %

15 % Outputs:

16 % NegLnLiked − concentrated ln−likelihood *−1 for minimising

17 %

18 % Copyright 2007 A I J Forrester

19 %

20 global ModelInfo

21 Xe=ModelInfo.Xe;

22 ye=ModelInfo.ye;

23 yc=ModelInfo.yc;

24 ne=size(Xe,1);

25 k=size(Xe,2);

26 thetad=10.ˆx(1);

27 rho=x(2);

28 pd = x(3);

29 lambda e = x(4);

30 one=ones(ne,1);

31

32 % Pre−allocate memory

33 PsidXe=zeros(ne,ne);

34

35 % Build upper half of correlation matrix

36 for i=1:ne

37 for j=i+1:ne

38 PsidXe(i,j)=exp(−sum(thetad.*abs(Xe(i,:)−Xe(j,:)).ˆpd));



39 end

40 end

41

42 % Add upper and lower halves and diagonal of ones plus

43 % small number to reduce ill−conditioning

44 PsidXe=PsidXe+PsidXe'+eye(ne)+eye(ne).*eps;

45 PsidXe = PsidXe + eye(ne,ne)*lambda e;

46

47 % Cholesky factorisation

48 [U,p]=chol(PsidXe);

49

50 % Use penalty if ill−conditioned

51 if p>0

52 NegLnLiked=1e4;

53 else

54 % Sum lns of diagonal to find ln(abs(det(Psi)))

55 LnDetPsidXe=2*sum(log(abs(diag(U))));

56

57 % Difference vector

58 d=ye−rho.*yc(end−ne+1:end);

59

60 % Use back−substitution of Cholesky instead of inverse

61 mud=(one'*(U\(U'\d)))/(one'*(U\(U'\one)));
62 SigmaSqrd=(d−one.*mud)'*(U\(U'\(d−one.*mud)))/ne;
63 NegLnLiked=−1*(−(ne/2)*log(SigmaSqrd)−0.5*LnDetPsidXe);

64 end

A.3. CO-KRIGING REGRESSION FUNCTION

1 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

2 % Description:

3 % This script implements the co−kriging regression, adapted from

4 % Multi−fidelity optimization via surrogate modelling − Forrester,

5 % Sobester and Keane (2007)

6 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

7 % Author: Henrique Cordeiro Novais

8 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

9 % Outputs:

10 % ye co: co−Kriging regression estimator

11 % s: estimated mean−squared error

12 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

13 % Inputs:

14 % Xc, Yc: cheap data samples

15 % Xe, Ye: expensive data samples



16 % pc, thetac, lambda c: hyper−parameters of the cheap data

17 % pd, thetad, lambda e: hyper−parameters of the difference model

18 % rho: scaling factor

19 % yc xe: cheap data evaluated at expensive samples

20 % xplot: range for the regression

21 %−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

22 function [ye co, s] = cokriging regression(Xc,Yc,pc, thetac, ...

23 lambda c,Xe,Ye,pd,thetad,rho,lambda d,yc xe,xplot)

24

25 % Working with A

26 Xc = Xc';

27 [nc, ˜] = size(Xc);

28 PsiC xc xc = zeros(nc,nc);

29 one = ones(nc,1);

30

31 for i=1:nc

32 for j=1:nc

33 PsiC xc xc(i,j) = exp(−thetac*(abs(Xc(i) − Xc(j))ˆpc));

34 end

35 end

36

37 Yc = Yc';

38 mic = (one'*pinv(PsiC xc xc + eye(nc,nc)*lambda c)*Yc) / (one'*pinv ...

39 (PsiC xc xc + eye(nc,nc)*lambda c)*one);

40 sigma2c = ((Yc−one*mic)' * pinv(PsiC xc xc + eye(nc,nc)*lambda c) * ...

41 (Yc−one*mic))/(nc);

42

43 % Working with B

44 [ne, ˜] = size(Xe);

45 PsiC xc xe = zeros(nc,ne);

46

47 for i=1:nc

48 for j=1:ne

49 PsiC xc xe(i,j) = exp(−thetac*(abs(Xc(i) − Xe(j))ˆpc));

50 end

51 end

52

53 % Working with C

54 for i=1:ne

55 for j=1:nc

56 PsiC xe xc(i,j) = exp(−thetac*(abs(Xe(i) − Xc(j))ˆpc));

57 end

58 end

59

60 % Working with D

61 for i=1:ne

62 for j=1:ne



63 PsiC xe xe(i,j) = exp(−thetac*(abs(Xe(i) − Xe(j))ˆpc));

64 end

65 end

66

67 PsiD xe xe = zeros(ne,ne);

68

69 one = ones(ne,1);

70

71 for i=1:ne

72 for j=1:ne

73 PsiD xe xe(i,j) = exp(−thetad*(abs(Xe(i) − Xe(j))ˆpd));

74 end

75 end

76

77 d = Ye − rho.*yc xe';

78 mid = (one'*pinv(PsiD xe xe + eye(ne,ne)*lambda d)*d) / (one' ...

79 *pinv(PsiD xe xe + eye(ne,ne)*lambda d)*one);

80 sigma2d = ((d−one*mid)' * pinv(PsiD xe xe + eye(ne,ne)*lambda d) * ...

81 (d−one*mid)) / (ne);

82

83 % Complete Covariance Matrix Cm = [A B; C D]

84 A = sigma2c * (PsiC xc xc + eye(nc,nc)*lambda c);

85 B = rho * sigma2c * (PsiC xc xe + [zeros(nc−ne,ne); eye(ne,ne)] * ...

86 lambda c);

87 C = rho * sigma2c * (PsiC xe xc + [zeros(ne,nc−ne) eye(ne,ne)] * ...

88 lambda c);

89 D = ((rhoˆ2) * sigma2c * (PsiC xe xe + eye(ne,ne)*lambda c)) + ...

90 (sigma2d * (PsiD xe xe + eye(ne,ne)*lambda d));

91 Cm = [A B; C D];

92

93 % Expensive estimator Ye(x)

94 y = [Yc; Ye];

95 for n=1:length(xplot)

96 fprintf('%d / %d \n',n,length(xplot));
97 for i=1:nc

98 corr1(i,1) = exp(−thetac*(abs(Xc(i) − xplot(n))ˆpc));

99 end

100

101 for i=1:ne

102 corr2(i,1) = exp(−thetac*(abs(Xe(i) − xplot(n))ˆpc));

103 corr3(i,1) = exp(−(thetad*(abs(Xe(i) − xplot(n))ˆpd)));

104 end

105

106 above = rho * sigma2c * corr1;

107 below = ((rhoˆ2) * sigma2c * corr2) + (sigma2d * corr3);

108 c = [above; below];

109 mi = (ones(1,length(Cm)) * pinv(Cm) * y) / (ones(1,length(Cm)) * ...



110 pinv(Cm) * ones(length(Cm),1));

111

112 ye co(n) = mi + ((c)' * pinv(Cm) * (y − ones(length(Cm),1)*mi));

113 s(n) = abs( ((rhoˆ2)*sigma2c*(1+lambda c)) + (sigma2d*lambda d) − ...

114 (c'*pinv(Cm)*c) );

115 end
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