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Resumo

O problema de dimensionamento de lotes é um problema de otimizacao da producao e
consiste em determinar a quantidade de produtos a serem produzidos em cada periodo ao
longo de um horizonte de tempo finito, de modo a atender uma demanda e otimizar uma
funcao objetivo, por exemplo, minimizar os custos. Esta tese aborda duas extensoes difer-
entes do problema de dimensionamento de lotes padrao. Na primeira parte, considera-
se o problema de dimensionamento de lotes com vérios itens, tempos de preparacao e
maquinas paralelas distintas, e na segunda parte, o problema de dimensionamento de
lotes com véarios itens e preparacao crossover. Para a primeira parte desta tese, em que
estuda-se o problema de dimensionamento de lotes com méquina paralelas, o objetivo é
aplicar diferentes métodos de solugao que utilizam relaxacao Lagrangiana e decomposi¢ao
de Dantzig-Wolfe para obter limitantes inferiores de alta qualidade e desenvolver heurfs-
ticas Lagrangianas para obter boas solu¢oes factiveis (limitantes superiores). Baseado em
uma reformulacao forte do problema como um problema de caminho minimo e diferente
da abordagem tradicional em que as restricoes de ligacao sao as restrigoes de capacidade,
utiliza-se as restri¢oes de fluxo, isto é as restricoes de demanda, como as restricoes de
ligacao. O objetivo desta abordagem é obter limitantes inferiores de alta qualidade e para
tanto, utiliza-se trés métodos de solugao diferentes. No primeiro a relaxagao Lagrangiana é
aplicada as restricoes de fluxo. Para os outros dois resolve-se o problema mestre aplicando
métodos de solucao diferentes que combinam relaxacao Lagrangiana e decomposicao de
Dantzig-Wolfe de forma hibrida. Duas heuristicas primais, baseadas em transferéncias
de producao, sao utilizadas para gerar solucoes factiveis. Experimentos computacionais
utilizando conjuntos de dados da literatura sao apresentados e mostram que os métodos
de solugao produzem limitantes inferiores de excelente qualidade e limitantes superiores
competitivos, quando comparados com os limitantes produzidos por outros métodos da
literatura e por um pacote computacional de alta performance. Na segunda parte da tese,
estuda-se o problema de dimensionamento de lotes com preparacao crossover, em que a
primeira operacao de preparagao de cada periodo de planejamento pode ser inicializada no
periodo anterior, se nao foi utilizada toda capacidade naquele periodo. Isto fornece mais
flexibilidade no planejamento e aumenta a possibilidade de encontrar mais solugoes fac-
tiveis e melhores solugoes se comparado com a suposicao padrao. Duas formulagoes difer-
entes apresentadas na literatura para modelar a preparacao crossover foram analisadas.
Dado que estas formulacoes nao foram comparadas diretamente, apresenta-se um estudo
computacional para determinar qual é a melhor formulacao. Além disso, explora-se ideias
para evitar a definicao de variaveis binarias extras para modelar a preparacao crossover
e propoem-se restricoes de quebra de simetrias para ambas formulacoes da literatura.
Por fim, quantifica-se o valor desta flexibilidade com um experimento computacional e
analisa-se quais fatores influenciam este valor.

Palavras-chave: Dimensionamento de Lotes; Mdquinas Paralelas; Preparacao Crossover;
Meétodos Hibridos; Modelos Matemdticos.



Abstract

The lot sizing problem is a production optimization problem and consists of deter-
mining the quantity of products to be produced in each period of a finite time horizon,
in order to meet the demand and optimize an objective function, for example, to mini-
mize costs. In this thesis we address two different extensions of the standard lot sizing
problem. In the first part we consider the capacitated lot-sizing problem with multiple
items, setup time and unrelated parallel machines and, in the second one, the capacitated
lot sizing problem with multiple items and setup crossover. For the first part of this
thesis where we study the lot sizing problem with unrelated parallel machines, the aim
is to apply different solution methods that use Lagrangian relaxation and Dantzig-Wolfe
decomposition to obtain high quality lower bounds and develop Lagrangian heuristics
to obtain good feasible solutions (upper bounds). Based on a strong reformulation of
the problem as a shortest path problem and unlike in the traditional approach in which
the linking constraints are the capacity constraints, we use the flow constraints, i.e. the
demand constraints, as linking constraints. The aim of this approach is to obtain high
quality lower bounds and for this we have used three different solution methods. In the
first one the Lagrangian relaxation is applied to the flow constraints. For the other two
we solve the master problem applying solution methods that combine Lagrangian relax-
ation and Dantzig-Wolfe decomposition in a hybrid form. Two primal heuristics, based on
transfers of production quantities, are used to generate feasible solutions. Computational
experiments using data sets from the literature are presented and show that the solu-
tion methods produce lower bounds of excellent quality and competitive upper bounds,
when compared with the bounds produced by other methods from the literature and by
a high-performance MIP software. Next, in the second part of the thesis, we look at
the lot sizing problem with setup crossover, in which the first setup operation of each
planning period can already start in the previous period, if not all the capacity is used
in that previous period. This provides more flexibility in the planning and increases the
possibility of finding feasible and better solutions compared to the standard assumption.
Two different formulations presented in the literature to model the setup crossover were
analysed. Since these formulations have not been compared directly to each other, we
present a computational study to determine which is the best formulation. Furthermore,
we explore ideas to avoid the necessity of defining new extra binary variables to model the
setup crossover and propose symmetry breaking constraints for both formulations from
the literature. Finally, we quantify the value of this type of flexibility in a computational
experiment and analyse which factors influence this value.

Keywords: Lot Sizing; Parallel Machines; Setup Crossover; Hybrid Methods; Math-
ematical Models.
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Chapter 1
Introduction

There is a wide variety of models for production planning and inventory management.
This thesis addresses problems that arise in the context of the industrial production plan.
In general, the production planning considers decisions of acquiring resources and raw
materials, as well as, decisions about production activities necessary to transform raw
materials into final items in an efficient way. In some industry, such decisions about
production activities are narrowly related to decisions about the lot sizes of final items
that must be produced. In this context arises the lot sizing problem which consists,
basically, of determining the size of the production lots (i.e., the amounts of each item
to be produced) in each of the periods in the planning horizon, in order to minimize
the production and inventory costs (or maximize profits), satisfy constraints of resources
available and meet the demand of items. In this text, we consider a finite time horizon
subdivided into periods, and the demand for each item in each period is known and
dynamic, i.e., it varies over the planning horizon.

The lot-sizing problems have been studied for over 50 years. The crucial decision to
be made is related to the ideal balance between inventory and setup for the machines.
Generally, when one decides to start production of a particular item, there is a fixed setup
for the machine being used, the goal is to make decisions about the amount to be produced
according to demand. The production of a small lot to meet only immediate demands
will result in a low inventory cost. However, a new setup of the machine will have to be
paid in the near future of the planning horizon. On the other hand, the production of a
large amount, not only to meet immediate demands, will result in high inventory costs,
but it will avoid the necessity of a new setup in a short time.

With the natural evolution of the industrial decisions process due, among other factors,
the increased competitiveness imposed by the current global market, several strategies
have been used to improve industrial decisions, making them more complex. Therefore,

there has been an increasing interest in the application of mathematical models to solve



industrial problems, and researchers have been able to incorporate more and more real
world features into lot sizing problems. This thesis aligns with this trend of evolution in
the decision process.

The first problem studied in this thesis involves the production planning of multiple
items in a single stage. The production sector is composed of unrelated parallel machines
with limited capacity. The items can be produced on any of the machines and to start
producing an item incurs a setup time for the machine being used. In practical production
planning problems, parallel machines often need to be taken into account.

The production planning in industries that consider several items and multiple ma-
chines is a complex task and must be routinely performed. Note that the combinatorial
nature of such problems make them difficult to solve and it requires the development of
complex mathematical /computational tools. Among the studies that consider a produc-
tion environment with parallel machines, some of them have taken into account the setup
times of the machines, which increases significantly the complexity of the problems. In
this thesis, we have studied the lot sizing problem on parallel machines considering the
setup times of the machines.

The aim of this first part of the thesis is to develop solution methods for the lot sizing
problem on parallel machines. To get good lower bounds (dual bounds) for the problem,
we have used a strong reformulation of the problem based on the shortest path problem,
and proposed solution methods that use Lagrangian relaxation and Dantzig-Wolfe decom-
position, so that unlike most studies that use the usual decomposition, i.e., for items (by
relaxing the capacity constraints), we use the periods and machines decomposition (by
relaxing the flow constraints).

The Dantzig-Wolfe decomposition and Lagrangian relaxation are important techniques
in the context of solving integer programming problems. We present methods that use
these two techniques separately and in a hybrid way with a focus on the discussion of
how the relationship between them can be exploited for developing algorithms combining
the strengths of both techniques. We highlight the importance of studying and get good
lower bounds for these problems due to the computational complexity that can reduce
considerably the solution trees of the exact algorithms.

For the upper bounds (primal bounds) we have developed two Lagrangian heuristics
(the second one is an extension of the first one) based on transfers of production. The idea
is that all production plans from the subproblems arising from Lagrangian relaxation and
Dantzig-Wolfe decomposition, respect the capacity constraints (these constraints are in
the subproblems). Therefore, the search for feasible solutions lies in meeting the demands,
given that the flow constraints were relaxed.

The second problem studied in this thesis involves the production planning of multiple



items allowing the possibility of setup crossover. In the standard version of the lot sizing
problem (Trigeiro et al., 1989) the setup for the first product type produced in a period
starts at the beginning of that period. In this part of the thesis, we study an extension
of the standard assumption that includes the possibility of a setup crossover. The idea
is that in certain cases setup operations can be interrupted at the end of a period and
resumed at the beginning of the next period. In other words, the setups can span over
two periods. This implies that the first setup in period t can already start at the end of
period t — 1 if there is some capacity left, and continue at the beginning of period ¢.

Although setup crossover is a natural extension of the standard assumption, just a few
studies have considered it, due to the difficulty in dealing with the underlying problems
(Mohan et al., 2012; Belo-Filho et al., 2014). All the studies that handle setup crossovers in
their formulations have added extra binary variables to the formulations indicating if there
is a setup crossover in a period or not, which increases the difficulty of the formulations.
The aim of this part is mainly to propose new ideas to avoid the necessity of defining new
extra binary variables to model the setup crossover, to propose new constraints to break
the symmetry which is present in the formulations from the literature and analyse the
impact of the proposed adaptations of these formulations.

The remaining chapters of this thesis is organized as follows. In Chapter 2, we provide
a study on lot sizing problems with unrelated parallel machines. A reformulation of the
problem is proposed using the strategy of variable redefinition proposed by Eppen and
Martin (1987), and a Lagrangian heuristic is developed in which the demand constraints
are relaxed, thus the problem is decomposed per period and per machine instead of the
classical per item decomposition. In Chapter 3 we keep studying the lot sizing problem
with unrelated parallel machines and present two hybrid solution methods to find lower
bounds that combine Lagrangian relaxation and Dantzig-Wolfe decomposition so that in
both methods the Dantzig-Wolfe decomposition is applied using as linking constraints the
flow constraints. In the first hybrid method the main idea is instead of using the sim-
plex algorithm to solve the restricted master problem in order to obtain the optimal dual
values of the extended formulation (master problem) it is possible to use the Lagrangian
relaxation applied to this formulation to approximate these values. For the second one
the idea is to use the Lagrangian relaxation in the extended formulation (master problem)
to approximate the dual variables (as in the previous method), and afterwards use the
Lagrangian relaxation also to generate columns to the restricted master problem. Fur-
thermore, we extend the feasibility heuristic proposed in Chapter 2. Chapter 4 deals
with the lot sizing problem with setup crossover. A reformulation of the problem using
the simple plant location model is used, three new formulations avoiding the necessity to

define new extra binary variables to model the setup crossover and two new symmetry



breaking constraints are proposed. Finally, we provide a substantial computational study
about the value of the possibility of setup crossover considering problems with different

characteristics. Our conclusions and ideas for future research are presented in Chapter 5.
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Chapter 2

Reformulation and a Lagrangian
heuristic for lot sizing problem on

parallel machines

In this chapter we consider the capacitated lot sizing problem with multiple items,
setup time and unrelated parallel machines.! The items can be produced on any of the
machines and several items can be produced on the same machine in the same time period
(large bucket model). At the start of the production of each item, there is a setup time
for the machine used and the setup is not sequence-dependent.

The aim of this chapter is to find good lower and upper bounds for the single stage
problem with unrelated parallel machines and, for this, a reformulation based on the short-
est path problem is proposed and the bounds are generated with a Lagrangian heuristic.
Different from most other papers that use the traditional decomposition method (i.e., per
item), decomposition per period and machine is used here. Therefore, the first contri-
bution of this chapter is to generalize the reformulation proposed in Jans and Degraeve
(2004a), that considers the single machine, to the case of unrelated parallel machines.
Secondly, to develop a period and machine decomposition for this problem and use La-
grangian relaxation to obtain high quality lower bounds for the parallel machine problem.
As a third contribution, we develop an innovative primal heuristic, based on transfer of
production, to make feasible the demand constraints and finally we perform a computa-
tional study in which we compare to another method in literature (Toledo and Armentano,
2006), which is based on a different type of decomposition, and to the computational pack-
age CPLEX.

LA compact version of this chapter has been published in the Annals of Operations Research (see
Fiorotto and Araujo, 2014).
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2.1 Literature review

In this section, we will first discuss papers related to lot sizing problems on parallel
machines and subsequently we discuss relevant papers involving reformulations for lot

sizing problems.

2.1.1 Literature review for lot sizing on parallel machine

In practical production planning problems, parallel machines often need to be taken
into account. Areas of production that consider parallel machines are, for example, the
pharmaceutical industry (De Matta and Guignard, 1995), plastic sheet production (Mer-
gaux and van Wassenhove, 1984), tile production (De Matta and Guignard, 1994), the
tire industry (Jans and Degraeve, 2004b), bottling of liquids and others (Carreno, 1990)
and packaging (Marinelli et al., 2007).

Considering the problem with identical parallel machines, Lasdon and Terjung (1971)
propose a heuristic for a lot sizing and scheduling problem with no machine setup time.
Sung (1986) proposes a dynamic programming algorithm for the single-item problem
without capacity constraints. Carreno (1990) proposes a heuristic for the Economic Lot
Scheduling Problem (ELSP) i.e., with a constant demand rate, with setup times for par-
allel machines and solves problems with one hundred items and ten machines in fast
computational times. Jans (2009) proposes new constraints to break the symmetry that
is present due to the identical machines and tests his approach using a network refor-
mulation for the problem. Tempelmeier and Buschkuhl (2009) consider the multi-stage
problem with setup carry-over (a setup is maintained between adjacent periods) and de-
velop a Lagrangian heuristic.

For the unrelated parallel machines case, Toledo and Armentano (2006) relax the ca-
pacity constraints and proposes a Lagrangian heuristic to solve the problem. An initial
solution is obtained by minimizing the Lagrangian problem, which is normally infeasible.
In an attempt to make it feasible, production is shifted between periods and machines,
moving the production that exceeds the capacity and looking for feasible solutions that
minimize the cost. In her PhD thesis, Toledo (1998) presents two branch-and-bound al-
gorithms to solve this problem exactly. The first algorithm is based on a mixed-integer
programming formulation and Lagrangian relaxation of the capacity constraints. The
second was developed from the representation of the problem as a generalized network
and linear relaxation. The two exact algorithms are used only to solve small instances.
Fiorotto and Araujo (2012) study the same problem. The authors use a strong refor-
mulation of the problem and instead of the capacity constraints, they relax the demand

constraints using Lagrangian relaxation and obtain better lower bounds.
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Multi-stage problems with unrelated parallel machines were studied in Ozdamar and
Birbil (1998), who present a generic model in which the multi-stage case can be consid-
ered. As well as its regular capacity, each machine has permission to use a fixed quantity
of overtime for a given cost. The model does not allow for the division of lots, i.e. a
total quantity of production of an item per period must be produced on a single machine,
therefore, only one of the parallel machines can be used to produce a given specific item
per period. Three similar hybrid heuristics are developed to solve the problem, in which
a Tabu search algorithm is used to find feasible solutions and to improve the solutions.
Problems with up to twenty items, six periods and five machines are solved. Stadtler
(2003) and Helber and Sahling (2010) also analyze the multi-stage problem. Stadtler
(2003) proposes a period decomposition heuristic and, to solve each subproblem, a re-
formulation based on the facility location problem is used. Helber and Sahling (2010)
propose a fix-and-optimize approach and obtain better results than those obtained by
Stadtler (2003).

Some research in the literature deals with the problem of parallel machines and
sequence-dependent setup costs and times. Some of the research papers consider small
bucket models, where only one item can be produced per machine per period. Salomon
et al. (1991) study the Discrete Lot Sizing and Scheduling Problem (DLSP) with par-
allel machines, and analyze the complexity for the cases of identical and non-identical
machines. The authors also present some solution algorithms. Kang et al. (1999) pro-
pose a method based on column generation and branch-and-bound. In addition, they
adapt the method to solve some real problems heuristically. Belvaux and Wolsey (2000)
describe a generic model and an optimization system that is capable of solving a wide
range of lot sizing problems including special cases with different items, parallel machines
and various time periods. The problems are solved using routines from the optimization
software package XPRESS-MP. In addition, a primal heuristic can be integrated into the
solution process. The authors solve a large number of instances taken from the litera-
ture. Meyr (2002) present a general model that consists of an extension of the General
Lot Sizing and Scheduling Problem (GLSP) model for the case in which both setup cost
and time are sequence-dependent. A new solution method is presented combining a dual
re-optimization method with local search techniques to fix the binary variables that rep-
resent the setup sequence. For each fixed sequence, a network flow algorithm with dual
re-optimization is solved and the solution value is used to evaluate the quality of the
current solution. According to the authors, the computational results demonstrate the
efficiency of the new method. Fandel and Stammen-Hegener (2006) also present a model
based on the GLSP model and consider the multi-stage case. The model assumes that

items are produced on different machines with the general production structure. Each
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machine has its own production capacity and their production costs can vary per period.
Each item can not be produced in more than one micro-period per macro-period. Due to
the model’s complexity, only instances with a small number of items and macro-periods
can be optimally solved. Marinelli et al. (2007) proposes a solution approach for a real
capacitated lot sizing and scheduling problem with parallel machines and shared buffers,
arising in a packaging company producing yoghurt. A new effective two stage optimiza-
tion heuristic based on the decomposition of the problem into a lot sizing problem and a
scheduling problem has been developed. Finally, Meyr and Mann (2013) propose a heuris-
tic for the lot sizing and scheduling problem on parallel machines. Different decomposition

approaches are proposed and compared with results from the literature.

2.1.2 Literature review on reformulations for lot sizing problems

Considering reformulation for lot sizing problems recently, various research papers
(Chen and Thizy, 1990; Diaby et al., 1992; Alfieri et al., 2002; Pochet and van Vyve,
2004; Jans and Degraeve, 2004a; Denizel and Sural, 2006; Denizel et al., 2008; Jans, 2009;
Stiral et al., 2009) have used alternative formulations to the classical formulation (see
Sections 2.2.2 and 4.3.1) of the lot sizing problem, because the linear relaxations of these
alternative formulations are stronger in the sense that they reach better lower bounds
which benefits some solution methods, for instance those that use the objective function
of a linear relaxation as lower bounds for the optimal solution, and also those that use
rounding procedures on the relaxed solution.

Within such alternative formulations, two of them deserve more attention. The first
one deals with the reformulation of the problem as a Shortest Path problem (SP) in which
a redefinition of the variables proposed by Eppen and Martin (1987) is the strategy used.
The second one consists of a reformulation based on the Facility Location problem (FL)
studied in Krarup and Bilde (1977).

Various theoretical and computational results concerning such reformulations have
been published in the literature. Nemhauser and Wolsey (1988) prove that, considering the
single-item, single machine problem and capacity constraints the SP and FL formulations
are equivalent and that the SP and FL linear relaxations describe the convex hull of the
problem. Brahimi et al. (2006) present a revision including different formulations for this
problem.

Thizy and van Wassenhove (1985) and Alfieri et al. (2002) apply such reformulations
to the problem with multiple items, single machine, capacity constraints and without
setup times, and the computational tests presented in Alfieri et al. (2002) show that the
value of the objective function of the linearly relaxed SP and FL models are 60% higher

than those of the classical formulation.
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For the same problem with setup time but without setup cost, Denizel and Stral
(2006) also compare the value of the objective function of the linearly relaxed SP and FL
models with those of the classical formulation and conclude that SP and FL models are
30% higher. Siiral et al. (2009) consider an alternative formulation and use Lagrangian
relaxation to solve the problem and conclude that their method on average provides about
21% improvement in the duality gap over its best known competitor.

Considering the problem with multiple items, single machine, capacity constraints,
setup cost and setup times, Diaby et al. (1992) use Lagrangian relaxation in conjunction
with a reformulation of the problem as a transportation problem. Jans and Degraeve
(2004a) present a method to get lower bounds for the problem considering a formulation
based on the shortest path problem. Denizel et al. (2008) prove the equivalence between
the linear relaxations of the SP and FL reformulations. Araujo et al. (2015) develop
a transformed reformulation and design a fast heuristic procedure for this problem that
provides good solutions and a strong lower bound used to assess the solution quality.

Jans (2009) applies the reformulation SP for the problem considering identical parallel
machines and proposes new constraints to break the symmetry of this problem. For the
problem with unrelated parallel machines Fiorotto and Araujo (2012) extend the ideas
proposed by Jans (2009) to reformulate the problem as a shortest path problem and apply
the Lagrangian relaxation to find good lower bounds.

Finally, we observe that in addition to the papers already mentioned, several authors
have proposed these reformulations for other extensions of the lot sizing problem, for
example, Araujo and Clark (2013) for the lot sizing problem with sequence-dependent,
Belo-Filho et al. (2014) for the lot sizing problem with setup carryover and crossover and
Akartunali and Miller (2012) for the multi-level problem.

2.2 Problem formulations

2.2.1 Classical formulation

We first present the classical formulation of the lot sizing problem on unrelated parallel
machines. This formulation is based on the formulation of Trigeiro et al. (1989) for the
single machine problem, and has been studied in Toledo and Armentano (2006).

For the mathematical formulation of the problem consider the following data:

I =A{1,...,n}: set of items;
J ={1,...,r}: set of machines;
T ={1,...,m}: set of periods;

d;;: demand of item 4 in period ¢;
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sd;ir: the sum of the demand for item ¢, from period ¢ until period 7 (7 > t);
hcy: unit inventory cost of item ¢ in period t;

scje: setup cost for item ¢ on machine j in period ¢;

veg: production cost of item 7 on machine j in period ¢;

fc;: unit cost of initial inventory for item i;

st;j: setup time for item ¢ on machine j in period ¢;

vt production time of item ¢ on machine j in period ¢;

Capj: capacity (in units of time) of machine j in period .

The decision variables are then defined as follows:

x;;¢: number of units produced of item ¢ on machine j in period ¢;

Yij¢: binary variable, indicating the set up or not of item 7 on machine j in period ¢;

si: quantity of inventory of item ¢ at the end of period ¢;

s;0: initial quantity of inventory for item i.

Mathematical formulation:

Min Z feisio + Z Z Z(Scz’jtyijt + vCijiTije) + Z Z heigsi
i=1 i=1 j=1 t=1 i=1 t=1
Subject to:
si7t_1—|—zr:x,~jt:dit+sit Viel,teT
=1
Tijt < m;n{(Capjt — Stijt) [Vtijt, Sditm YYije Viel,jeJteT
Z(Stijtyijt + vtijxi) < Capj Vie JteT
i=1

yith{O,l}, xz‘jtZO; Sit >0, 850>0, 85, =0 ViEI,jEJ,tGT

(2.2)
(2.3)
(2.4)

(2.5)

The objective function (2.1) minimizes the total setup, production, inventory and ini-

tial inventory costs. The constraints (2.2) guarantee the inventory balance in each period.

To avoid infeasible problems, the model considers the possibility of initial inventory. How-

ever the cost fc¢; for this inventory is very large, thus s;o will have a value of zero, only

becoming different (non-zero) when a feasible solution is not found. Next are the machine

setup constraints (2.3) and the capacity limits (2.4). In order to make the formulation

stronger, we limit the production for each item in constraints (2.3) by both the remain-

ing demand and the maximum possible production with the available capacity. Finally,

constraints (2.5) define the variables domains.
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2.2.2 Reformulation as a shortest path problem

Next we present a reformulation of the model (2.1)-(2.5) using the variable redefinition
approach proposed by Eppen and Martin (1987), producing a formulation based on the
shortest path problem. We observe that Eppen and Martin (1987) have considered the
problem with a single machine without capacity constraints. For this formulation, each
node on the graph represents a period, including a dummy period m + 1. There is an arc
between each pair of nodes and the arc between nodes ¢t and ¢ (¢ > t) represents the option
of producing the sum of the demands between period ¢ and period ¢ — 1 during period
t. The cost of each arc corresponds to the total production and inventory cost associated
with the variable. The objective is to find the shortest path from 1 to m + 1. Note that
with this definition the problem can be interpreted as a multicommodity network flow
problem.

For the reformulation the following parameters are defined:

cvijui: cost of production and inventory holding to produce item ¢ on machine j in

period ¢ meeting the demand for periods ¢ to &:

k s—1
CUjjtk = VC;jp Sk, + E E heiyds;

s=t+1 u=t
cii: cost of initial inventory of item ¢ meeting demand for the periods 1 through to

period t:

t s—1
iy = fcisdiyg + Z Z heiydis.

s=2 u=1
There are also the following new variables for the model:
2 fraction of the production plan for item ¢ on machine 7, in which the production
in period ¢ meets the demand for the period ¢ to period k;
wy: fraction of the initial inventory plan for item ¢ in which the demand is met for
the first ¢ periods.

The reformulation based on the shortest path problem is as follows:

Min Z Z cz’itwit + Z Z Z SCijtYijt + Z Z Z Z CU4tk 2 Vijtk (26)
=1 t=1 =1 j=1 t=1 i=1 j=1 t=1 k=t
Subject to :
1= iwlk + i i ZVij1k Viel (27)
k=1 j=1 k=1
r t—1

Wi t—1 + Z Z ZVijkt—1 = Z Z ZVijtk Vi S ],t € T\ {].} (28)

j=1 k=1 j=1 k=t
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> vy < vije Viel,jeteT (2.9)
k=t

Z Stijtyijt + Z thijtSditkzvijtk S C’apjt \V/] € J, teT (210)
i=1 i=1 k=t

Yyije €{0,1},  wy >0 Viel,jeJteT (2.11)
Wi > 0 Viel,jeJteT VkeT, k>t (2.12)

The objective function (2.6) minimizes the sum of the setup, production and inven-
tory costs including initial inventory costs. The constraints (2.7) and (2.8) define the
flow balance constraints for the shortest path network. For each item, one flow unit is
sent, through the network, imposing that the demand for each product is met on time.
Constraints (2.9) are the setup forcing constraints. The capacity constraints (2.10) limit
the total setup and production times to the available capacity in each period and for each
machine. Constraints (2.11) and (2.12) define the variable domains.

Figure 2.1 represents the network constraints for a three period problem for one item
and specific machine. The flow constraint for the first period (2.7) is represented by Figure
2.2: a flow of one unit is coming into node 1 and the outgoing arcs are the production
variables for period 1 zv;j15, kK = 1,2,3 and the initial inventory variables w;, k = 1,2, 3.
Some variables have the same source and sink, e.g. zv;;1; and w;;. There is, however, an
important distinction as the set up forcing (2.9) and capacity constraints (2.10) are only
on the production variables and not on the initial inventory variables. For nodes two and
three we have the flow conservation constraints (2.8) that are represented by the Figures
2.3 e 2.4: the sum of the flows going into a node must be equal to the sum of the flows

going out. The constraint for the final node imposes that the sum of the incoming flows,
3

W;3 + szijkm, must be equal to one. This constraint is not represented in the model

k=1
(2.6)-(2.12) as it is redundant.

ZVij13

Figure 2.1: Network representation for one item, one machine and 3 periods.
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ZVij13

1 , ZVij11 @
Wit
3
Figure 2.2: Network representation for period 1 constraint: 1 = Z(w’k + 20 j1k)
k=1

ZVij23

3
Figure 2.3: Network representation for period 2 constraint: w;; + 2v;511 = Z 2Vjj2k-
k=2

Figure 2.4: Network representation for period 3 constraint: w;s + Z 2Vjjka = 2Vjj33.
k=1

The correspondences between the variables of reformulation (2.6)-(2.12) with the clas-

sical formulation (2.1)-(2.5) are as follows:

m
Tijt = Z sditkzvijtk Vi € ],j S J,t eT
k=t
m
Si0 = ZwitSdilt Viel
t=1

We observe again that this model is an adaptation of the shortest path reformulation
that was originally proposed by Eppen and Martin (1987) for the case without capacity
constraints. Due to the capacity constraints, the variables w;; and zv;j, can be fractional.

The interpretation of a fractional value, for instance 0.3 for the variable zv;j, is as follows:
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produce in period ¢, on machine j, 30% of the total demand from period ¢ until period .

2.3  Solution method

In this section we present a Lagrangian heuristic that considers the model (2.6)-(2.12)
in which the flow constraints (2.7) and (2.8) are dualized in the objective function. The
problem decomposes into independent sub-problems, per period and per machine and
contains the capacity and setup constraints and the integrality requirements. The moti-
vation for studying this approach comes from the results obtained in Jans and Degraeve
(2004a) for the single machine problem. These results showed that the lower bounds that
are found using decomposition per period (dualizing the flow constraints) applied to the
reformulation are better than those obtained using decomposition per item (dualizing the
capacity constraints) applied to the classical formulation.

For the single machine problem, in addition to Jans and Degraeve (2004a), the work of
Diaby et al. (1992) and Pimentel et al. (2010) tested the decomposition per period using
the classical formulation. In Chen and Thizy (1990) they prove that, for the single machine
problem and without setup times, the lower bound obtained through decomposition per
period for their reformulation is better than that obtained by decomposition per item in
the classical formulation. In Siiral et al. (2009), decomposition per period is applied to a
reformulation of the problem with a single machine and without setup costs. The authors
come to the conclusion that, for the reformulation, decomposition by period is better
than decomposition per item. It should be noted that we have not found any paper in the
literature that considers such a decomposition per period and machines for the unrelated
parallel machines case.

In general, the solution method can be summarized in the following steps:

General Steps for the Lagrangian Heuristic

e Step 0: Attribute initial values to the Lagrange multipliers. Consider the current

lower bound to be —oo and the current upper bound to be +o0;

e Step 1: Lagrangian Relaxation (Lower Bound)
Apply Lagrangian relaxation to the flow constraints (2.7) and (2.8), obtaining in-
dependent sub-problems per period and machine. For each period and machine,
solve the sub-problem, using the branch-and-bound method proposed by Jans and
Degraeve (2004a). Update the lower bound if it is better than the current one;

e Step 2: Feasibility Heuristic (Upper Bound)

If the Lower Bound has been improved, apply the feasibility heuristic containing a
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backward, forward and transfer stage to try to find a feasible solution. Update the

upper bound if it is better than the current one;

e Step 3: Update the Lagrange multipliers using the subgradient optimization method.
Go to Step 1.

2.3.1 Lagrangian relaxation (lower bound)

Throughout this section, we discuss the Lagrangian relaxation applied to the compact
formulation (2.6)-(2.12) as developed for the lot sizing problem on parallel machines. In
this Lagrangian relaxation, the constraints (2.7) and (2.8) are dualized in the objective
function (2.6) with Lagrangian multipliers p;;. We define p as the vector of all p;; values.

Thus, the objective function of the Lagrangian relaxation (vpr(p)) is as follows:

vrr(p) = Min Z Z CligWit + Z Z Z 5CijtYijt + Z Z Z Z CUijtk ZVijth—

i=1 t=1 i=1 j=1 t=1 i=1 j=1 t=1 k=t
E Pi1 E Wik, + E E RVij1k — 1
i=1 =1 k=1
n m r _
Dit § E 2Vt — Wig—1 — E E 2Vijk 1) (2.13)
i=1 t=2 j=1 k=t =1 k=1

After reorganizing the terms of the objective function, the Lagrangian problem be-

comes:

n r m n m—1

vrr(p) = Min Z Z SCijtYijt + Z Z(Ciit — Pi1 + Pigtr1) Wi+
i=1 j=1 t=1 =1 t=1

i
n r m—1

t
m
Z(szm DPi1 wzm + Z Z Z CUjtk — Pit + Di k+1)ZUz]tk+

i=1 j=1 t=1 k=t
r

Z C'th‘m pzt ZUijtm + szl (214)

i=1 j=1 t=1 i=1
Subject to :
> i < yin VieljeJteT (2.15)
k=t
Z Stijtlije + Z thmsdltkzvmk < Capjq VieJteT (2.16)
yz-jte{O,l}, Zolé;itgl Viel,jeJteT (2.17)

250 > 0 Viel,je JteT VkeT k>t (2.18)
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The Lagrangian problem can be decomposed into independent subproblems for each

period ¢t € T' and each machine j € J:

n n m—1 n
ZLRy; (p) = Min Z SCitYijt + Z Z(Cvijtk — Dit + Dijt1)2Vijek + Z(Cvijtm — Pit) 2Vij142.19)
i=1 i=1 k=t i=1
Subject to :

Z ZVijtk S Yijt Yiel (220)

k=t

Z Stijtlije + Z Z Vtijisdik 2Vije < Capjy (2.21)

i=1 i=1 k=t

Yijt € {0, 1}, 2Vijtk = 0 Viel, VkeT k>t (2.22)

The w;; variables are present in the Lagrange objective function (2.14), but not in the
objective function of the separate subproblems (2.19) because they do not appear in the
subproblem constraints. To minimize the overall Lagrange objective function (2.14), the

value of each w;; variable is determined according to the following decision rule:

wip = 1if (ciy — pix + Diry1) <0, wy = 0 otherwise Vie I,t € T\ {m} (2.23)
Wiy, = 1 if (Cijm — pin) < 0, Wim, = 0 otherwise Vi e [ (2.24)

These subproblems can be solved by the branch-and-bound method proposed by Jans
and Degraeve (2004a). The main idea of this method is that the linear relaxation of the
subproblems (2.19)-(2.22) is a Linear Multiple Choice Knapsack Problem (LMCKP). The
LMCKP is an extension to the binary knapsack problem, in which the items are divided
into some disjoint classes and the problem is to choose exactly one item from each class so
that the profit is maximized without exceeding the capacity of the knapsack. Therefore, on
each node of the branch-and-bound method proposed by Jans and Degraeve (2004a) solve
a LMCKP problem (using a greedy algorithm proposed by Sinha and Zoltners (1979)).
The LMCKP structure remains after branching.

The Lagrange multipliers p;; are updated by the subgradient optimization method
(Camerini et al., 1975). Let pf be the Lagrange multipliers at iteration x and let
(Y, 205, i) the optimal solution for the Lagrangian problem at iteration x. The La-
grange Multipliers pf, are updated according to the subgradient scheme (2.25) and (2.26).
In the calculation of ¢; (2.27) ub is the best known upper bound for the original and
« is initially set to one and is decreased whenever the Lagrange solution (vpr(p)) has
failed to improve in a specified number of steps (the theoretical ideas of the subgradient

optimization method are presented in the Section A.1 of the Appendix A).
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pitt = maz{0, pl — szk -+ Z Z 2V — Viel (2.25)
7=1 k=1
r m r t—1
Pt = maa{0,pf — (DY 20— wio — Wike-1)} Vi t/{1} (2.20)
=1 k=t J=1 k=1
PO EDDPBELAVESUED DD ODY DELTELl? ZZ%M )
i=1 k=1 j=1 k=1 i=1 t=2 j=1 k=t j=1 k=1

The value of the objective function for the solution of the relaxed problem (vpg(p))
produces a lower bound for the original problem and the Lagrangian Dual problem gives
the maximum lower bound vpy, = max,vLr(p).

To start the subgradient optimization method, fix the dual variables as zero (pl, =
0) and make the size of the step in the direction of the subgradient proportional to a
parameter o that must decrease at each iteration. The rule used to generate a decreasing
sequence for « is characterized by parameters (ag,79,d). The values of a are obtained
by making o = o and it is progressively decreased by multiplying it by a parameter d,
if the Lagrangian solution is not improved in the last r = r( iterations. After extensive
computational tests, with a view to defining the best combination of these parameters,
the defined values are ag = 1,79 = 50,d = 0.6 and 2500 iterations of the method are

made.

2.3.2 Feasibility heuristic (upper bound)

To obtain a feasible solution (upper bound) a feasibility heuristic is used. The initial
solution is given by solving the Lagrangian relaxation applied to the flow constraints (2.7)
and (2.8). The solution of the subproblems are then grouped and, generally, the resulting
solution is not a feasible solution for the problem (2.6)-(2.12), due to the fact that the
flow constraints were not taken into consideration. In other words, the solution probably
does not satisfy the demand for all items and periods.

If the initial solution does not satisfy the demand constraints, the feasibility heuristic
(containing a backward stage, a forward stage and if necessary a transfer stage) is applied
over all the periods, making changes to the production plan, producing and, if necessary,
removing excess production in its attempt to try to make the solution a feasible one (there
is no guarantee that we will always get a feasible solution). Note that feasibility heuristics

based on production transfer have been applied to make the capacity constraints feasible
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(for instance, Trigeiro et al. (1989) and Toledo and Armentano (2006)). However, in the
literature we have not found any feasibility heuristics, based on transfers of production,
to make the demand constraints feasible. In general, the feasibility heuristic steps can be
described as follows:

Feasibility Heuristic Steps

e Step 2.1: Backward Stage (free up capacity)
For each item, find the total production quantity and check if production is in excess
of demand. If it is, starting with the last period moving to the first, remove excess

production from those periods where the item is produced;

e Step 2.2: Forward Stage
Starting with the first period and moving to the last, check if demand is met and,

if it is not, try to make the solution feasible in the following order:

— Produce the quantity still needed with machines already set up (no new setups);

— Produce the remaining quantity adding new machines setup;

e Step 2.2.1: Transfer Stage
If, after all the above attempts, demand is still not met for a given item ¢, try
this last one, which checks among previously-made-feasible items for one which has
excess production and removes this excess production, thus freeing up capacity. Try

to satisfy the demand for the given item ', by using this capacity.

e Step 2.3: Backward Stage (remove possible remaining excess)
After applying the Forward and Transfer Stages, some production excess can arise
again. More specifically, the first application of the Backward Stage guarantees that
the total production (for all periods) is less or equal to the total demand (for all
periods). However, it does not guarantee that the demand of each individual period
is met. So, the subsequent Forward and Transfer Stages can produce some items to
meet this demand and then we have excess again and the Backward Stage is applied

to remove this excess.

Following, each stage is described in detail.

e Backward Stage
This first stage to make a solution feasible consists of freeing up capacity if we have
excess production, and to do this, the production quantities for each item are analyzed

(and removed if necessary) from the last to the first period. Initially we calculate:
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A) =Y wyj—> dyi=12..n
j=1 t=1 t=1
If A(i) > 0 for some i = 1,2,...,n the production excess of this item must be

eliminated. To do this, starting with the last period m and following the sequence
t =m,m—1,...,1, for a period ¢t where there is production of item ¢, look for a ma-

chine j with the greatest production cost and then calculate:
Mz'n{xl-jt, A(Z)}

If Min{x;s, A(i)} = x;; remove the total amount produced and consequently the
setup for this machine and period. Thus, the remaining capacity is updated and then
move on to the previous period to remove any remaining excess production. Denoting by

Cap;.t the remaining capacity, the update is given by:
Cap;-t = Cap;t + (xijt X Utijt) —+ Stijt

The values of A(i) and the variables are also updated by:

A1) == A(i) — Tije5 @ije = 0; Yije := 0

However, if Min{x;;;, A(i)} = A(i), only remove part of the total amount produced,

i.e., enough to remove the excess production and update the values by:
C’ap;-t = Cap;-t + (A1) X vtije); @ije = xij — A(i); A) =0

In Figure 2.5 we provide an example with two items, two machines and four periods. In
part (a) we see a possible solution of the subproblems in which there is excess of production
for item 1 in the third and fourth period. The sum of these excesses will give the value
of A(1). Note that in period four there is production of the item 1 on both machines.
We assume that the production cost of the item 1 on machine 1 is higher than machine
2. Furthermore, Min{x114,A(1)} = A(1), in other words, we will remove all excess of
the item 1 using the period four and machine 1. In part (b) we see the production and
machines levels after applying the backward stage (remove the production excess). Note
that we are not meeting the demand of the item one in period four anymore.

e Forward Stage

When the process of eliminating the excess production is over, start to check if the
demand is met and try to make feasible possible pairs of item and period (i,t) that do
not meet the demand. For this, the analysis will be done from period 1 through to the
last period (t = 1,2,...,m).
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Figure 2.5: Example of the backward stage.

To check if demand is met, an vector €2(i), i« = 1,2,...,n is needed that counts the
total production for each item up to the given period. Initially (i) =0 for i =1,2,...,n.
Starting from period ¢ = 1 (fix the period), go through all the items calculating (i) :=
Q@) + Z z;;; and do the following analysis.

j=1
If Q(i) > d;; the demand for (i,¢) is met. Simply remove this specific demand from

the total production, in other words, (i) := (i) — d;; and move on to analyze the next
item. Observe that in this case we have (i) > 0 and at this point 2(¢) counts the total
inventory.

If Q(i) < d;;, demand is not met for this pair (i,t), then the feasibility process needs
to be started. The quantity of items that need to be produced is easily calculated:

Once this amount has been calculated, start at the current period ¢ and go back period
by period to the first period (7 =t¢,t — 1,...1) checking first if the production plans that
are 1 (with the machine already set up for this item (y;; = 1)) have sufficient capacity

to produce the quantity that is still needed to satisfy demand.
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In other words for 7 =t¢,t—1,...1 and j =1, ...,r do:
If y;;r = 1, that is, if the machine is already set up, analyze the whole amount of items

to be produced on this machine in this period:

Capl,

Min{®, }
iJT

Then, if Min{®, ——~} = ® the machine can produce the required amount to satisfy
iJT

demand for this pair (i,t). Therefore, the values are updated by:

Cap

Capl, = Cap), — ® X vtyr; 2ijr = Ty + O $:=0; Qi) :=0

However, if Min{®

duced, so we update the values and move to the next machine or the previous period and

, C;Z;:} = ijﬁf, there is still a quantity which needs to be pro-
repeat the same analysis.

To update the values in this case do:

/
C@p;f =05 Tyjr =y + T]]TT’ Q= - OU(Z—SJ:

Figure 2.6 shows the small example again. In part (b) we see again the production
and machines levels after applying the backward stage. For the item 1 we have Q(1) < dy4
and then, as y114 = 1, we use part of the machine capacity 1 in the fourth period to meet
the demand of the item 1 in the fourth period. For the item 2 we have (2) < dsy and
we use the hold machine capacity 1 in the second period (y212 = 1) and in the first period
(y211 = 1) to meet the demand of this period. After update the values we see that we still
have €2(2) < dy3 and we use the hold machine capacity 2 in the third period (ya23 = 1)
and in the first period (ys21 = 1) to meet this demand. Finally, we have Q(2) < dy.
Note that we can not meet the demand of the item 2 in the fourth period using only the
machines already set up. In part (¢) we see the updated production and machine levels.

At the end of this first attempt to make it feasible, if there is not sufficient capacity
with the pre-established production plans, open up the possibility of adding the setup of
another machine such that it can produce all of the remaining quantity required to satisfy
demand.

Thus check if there is a machine j such that
C'ap;T > d x Utz’j’r + Stijq—

If there is more than one machine that satisfies the inequality above, choose the ma-

chine with the lowest cost and adjust the production accordingly:

Tijr = Tijr + 5 yir = 1; Cap, = Capl, — (® X vlyjr) — stijr; Qi) := 0
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Production item 1 Production item 2 Production item 1 Production item 2

Demand level

R

=1 =2 =3 t=4 =1 =2 =3

Demand level

1
i

=1 =2 =3 t=4 =1 =2 t=3 t=

1E2

Machine capacity 1 Machine capacity 2 Machine capacity 1 Machine capacity 2

il
A
L]

=2 =5 =4 2 =3 =4 t=4 2 =3 =4
[ Item 1 B Ttem 2 [ Setup (M Item 1 B Ttem 2 [ Setup
(b) Solution after the Backward stage (c) Solution after the forward stage without new setups

Figure 2.6: Solution after the forward stage without new setups.

However, if there is still no machine with enough capacity, open up the possibility of
setting up more machines. At this stage, the criteria used to determine the order of which
machine to set up is the relation between the machine’s capacity and the total cost of

production of the required quantity, in other words:
2 — Cap),
J

P x VCijr -+ SCijr

Thus, the first machine that will be set up in the given period is that which has the
largest value R; prioritizing the machine with the largest capacity per unit of production
cost.

If all the items are made feasible in the current period, move on to the next period
and repeat the procedure. If not, i.e., one of the items is still not feasible, there is the
Transfer Stage.

Figure 2.7 illustrates the example after the forward stage. We have included a new
setup of the item 2 on machine 1 in the fourth period to produce the required amount to
meet the demand of the item two in period four. Finally, in part (d) we see the production
and capacity level of a feasible solution.

e Transfer stage
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Figure 2.7: Example of the forward stage.

If all the attempts outlined above have been made and it is still not feasible, then
apply this last attempt to make it feasible. Where, after all the previous attempts, it is
still not possible to meet the demand for a given item ¢ in a given period ¢, look among
previous items for one that has inventory, i.e., the value of €2 is positive. If it is found,
make the necessary adjustments, i.e., remove the excess production of the found item
(freeing up capacity) and try to produce the required amount of item (7).

Thus, searching in the following order 7 = ¢t,t — 1,... and i’ =i —1,i — 2,...,1 we
analyze all pairs of items and periods.

If Q@) > 0 and vy = 1, in other words, an item with a quantity in inventory
(Q(i") > 0) and a machine and period already set up for this item was found, we have two
possibilities.

I) If Q(¢") > 2, then, as well as freeing up capacity, a setup of the machine can be

removed i.e.:
Cap;-T = C’ap;-T + Tt jr X ’Uti/]",- + Sti/j‘l'; Yirjr = 0, Q(Z/) = Q(Zl) — Titjr;y Litjr = 0

IT) However, if Q(i') < z;j,, then just free up the capacity:

Cap, = Capjj, + Qi) X vtijr; Tivjr = vy — Qi'); Qi) =0
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With the capacity freed, calculate the total quantity of items (i) that can be produced
and check again to see if it is possible to produce the required amount to meet demand.
It is necessary to consider two possibilites:

If the machine is already set up for the item ¢, then calculate:

Cap'
Min{®, — L

}

However, if there is not set up for the item ¢ calculate:

T

(Cap), — stijr)

Vtijr

Min{®, }

After calculated the minimum considering one of these possibilities if this minimum is

®, a quantity sufficient to satisfy the demand for this pair (¢, 7) can be produced and so

adjust the production amount and set up accordingly.
Cap);, or (Cap’;, —stijr)
vtijr vtijr

and so remove the quantity that can be produced and move on to the previous item

However, if the minimum is , there is still a quantity to be produced
(already made feasible) with a quantity in inventory and check the same conditions.

Once these feasibility stages have been performed for all items, move on to the next
period of the forward stage and start the analysis again, for each item from first to last,
trying to make the solution feasible. Repeat this procedure until the last period of the
forward stage.

Figure 2.8 illustrates a situation in which the forward stage does not make the solution
feasible and thus shows the necessity of the transfer stage. In part (a) we see another
possible solution for the subproblems. Note that since A(1) = 0 and A(2) < 0 we do
not have excess of production then we do not need to remove any item in the backward
stage. Note also that we are producing a large quantity of the item 1 in the first period
so that it has utilized all capacity of the machines 1 and 2 in the first period. Therefore,
with the forward stage it is not possible to produce the remaining amount to meet the
demand of the item 2 in the first period. In this case we move to the transfer stage. As
we have (1) > 0 and we are producing the item 1 on machine 1 in the first period, it is
possible to free up the capacity of this machine in this period (reducing the production
of the item 1) and produce the required amount to meet the demand of the item 2 in the
first period. We also observe that (1) > x;1; then we can remove the setup of the item
1 on machine 1. In part (b) we see the production and machine levels after applying the
transfer stage in the first period.

Finally, at the end of the forward stage, re-apply the backward stage to remove any
possible excesses that still remain and calculate the value of the solution, creating an

upper bound (feasible solution) if the solution becomes feasible, i.e., if demand is met.
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Figure 2.8: Example of the transfer stage.

2.4 Computational results

The heuristic was programmed in Fortran and the tests were done on a personal
computer Intel Core-15, 2.27GHz with 6GB of RAM and the Windows operating system.
The computational tests involve two experiments with instances given in Toledo and
Armentano (2006). In the first experiment, the proposed heuristic called F'A is tested for
small instances and the quality of the solutions is compared with the heuristic proposed
in Toledo and Armentano (2006) (T'A) which consists of a Lagrangian heuristic based
on Trigeiro et al. (1989) in which the capacity constraints are relaxed. In the second
experiment, the heuristic is tested for large instances and, in addition to comparing the
results with those obtained in Toledo and Armentano (2006), it is also compared (for
instances with 18 periods) with results from the CPLEX 12.2 software package, applied
to the formulation (2.6)-(2.12).

2.4.1 Results for experiment 1

The heuristic was tested for a set of 80 small instances proposed in Toledo and Ar-

mentano (2006) with n = 8 items, » = 2 machines and m = 4 periods. The heuristic
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was evaluated using the quality of its solution and the quantity of feasible solutions found
and analyzed according to three factors: setup cost, setup time and capacity. The setup
costs and times can be high (H) and low (L) and the capacity can be normal (N) or tight
(T'). For each combination of these three factors, ten instances were generated and, for
example, the configuration NLH means normal capacity, low setup cost and high setup
time.

The parameters were generated from intervals [a, b] with uniform distribution, Ula, b]:

e production cost (ve;;) U[L.5,2.5];
e setup cost (sc;;) U[5.0,95.0];

e inventory cost (he;) UJ0.2,0.4];

e production time (vt;;) U[1.0,5.0[;
e setup time (st;;) U[10.0,50.0];

e demand (d;;) U[0,180];

To generate instances with high setup costs we multiply the setup costs by 10. In the
same way, to generate instances with high setup times we multiply the setup times by
1.5.

The capacity was also generated in the same way as Toledo and Armentano (2006),
that is, using as its basis the capacity needed to produce the items according to a lot-for-lot

policy:

7 n

- di
Z (T’Utij -+ Sti]’)

t=1 j=1 i=1

Cap =
rm

Afterwards, an adjustment is made to reduce the capacity in order to generate in-
stances which use about 80% of the capacity (Cap = (1.18 — 0.07r)Cap). The tight
capacity is obtained by multiplying this capacity by 0.9.

We observe that in the tables in which we compare the gaps, it is calculated using the

w, in which UB and LB denote the upper and the lower bounds

formula gap =
found by the solution approach. Moreover, the columns F'EA(%) indicate the percentage
of feasible solutions found by each method.

Table 2.1 shows the heuristics’s behavior for the set of small instances generated. Note
that the proposed heuristic obtained better gaps in all the configurations and that the
difference significantly increases in problems with high setup costs, since, if the setup

cost is high the tendency is for the initial solution to have few machine setups, making
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the feasibility phase for the heuristic in Toledo and Armentano (2006) more difficult,
because this dualizes the capacity constraints. Note that both heuristics get better results
for problems with low setup costs. With regard to the percentage of feasible solutions
found (FEA), once again the question of capacity relaxation (Toledo and Armentano
2006) is relevant, so that for the configuration T'H H, the heuristic proposed by Toledo
and Armentano (2006) only finds 70% of feasible solutions, whilst this problem does
not happen for the heuristic proposed here where the demand constraints are dualized,
meaning feasible solutions are found for all the instances. In relation to computational
times, both heuristics take less than one second for all the instances. However it should
be noted that there is a difference between the machines used. The results from Toledo
and Armentano (2006) were obtained with an AMD Athlon XP2600 with 2.08GHz and
1GB of RAM.

TA FA
capacity /setup | FEA(%) | GAP | FEA (%) | GAP
NLL 100 1.5 100 0.7
TLL 93 3.2 100 14
NHL 100 15.8 100 4.3
THL 99 32.6 100 4.8
NLH 100 2.1 100 0.5
TLH 73 5.4 100 1.1
NHH 100 20.6 100 5.7
THH 70 41.7 100 6.0

Table 2.1: Relative gap for small instances with two parallel machines

2.4.2 Results for experiment 2

In this experiment, the heuristic was tested for a total of 2880 instances, such that
10 instances were generated for each configuration of number of items (n = 6, 12,25, 50),
machines (r = 2,4,6) and periods (m = 6,12,18) and in which the parameters were
generated in the same way as in Experiment 1. Table 2.2 shows the performance of the
heuristic for all sizes according to three factors: capacity, setup cost and setup time. The
parts of the table concerning the gaps and time represent the average of all 360 instances
generated for each configuration. The high percentage of feasible solutions found by
the two heuristics show that both methods are efficient for these classes of problems,
however, once again, the proposed heuristic here obtained better quality gaps and found
more feasible solutions. Note that the biggest gaps are associated with high setup cost

problems, in the same way as seen in Table 2.1. On the other hand, the setup time does
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not so much affect the quality of the solutions.

TA FA
capacty/setup | FEA(%) | GAP | Mean time | FEA(%) | GAP | Mean time
NLL 99 2.0 3.9 100 14 3.3
TLL 98 3.4 8.9 100 2.3 4.1
NHL 99 11.7 5.3 100 8.9 4.9
THL 98 18.5 7.8 100 12.3 6.5
NLH 98 2.5 4.9 100 1.5 3.5
TLH 95 4.2 14.4 99 2.6 4.7
NHH 98 13.8 5.9 100 9.9 9,2
THH 96 23.5 8.4 99 13.2 6.6

Table 2.2: Heuristic performance for larger instances

Tables 2.3 and 2.4 illustrate the effect caused by the number of items and machines for
instances with 12 periods, normal capacity, low setup times and low setup costs (Table 2.3
- class NLL) or high setup costs (Table 2.4 - class NHL). For other numbers of periods
(6 and 18) the conclusions were similar to those shown in Tables 2.3 and 2.4 (see Table
2.5). The tables show that the gaps become significantly smaller as the number of items
increases, so that the largest gaps found by the two heuristics were for instances with 6
items. In the case of high setup costs, 6 items and 6 machines, the gaps found by the
heuristic from Toledo and Armentano (2006) and by the proposed heuristic are 52.8 and
28.1, respectively.

Comparing the results of Table 2.3 to those of Table 2.4, one can see that the gaps
and computational times are bigger for problems with a high setup cost which shows a
significant increase in the difficulty of problems when the setup costs are increased.

Table 2.5 illustrates the results for instances with 6 and 18 periods for the class NLL.
Note that the table contains only the results for the proposed method (F'A), because
Toledo and Armentano (2006) do not present the results for these periods. As stated
previously, the results are similar, i.e., although there are differences for the same con-
figurations (number of items and machines) the results show a same pattern, the largest
gaps are for instances with 6 items and the gaps become significantly smaller (in a similar
reason) as the number of items increases.

For the comparisons with CPLEX 12.2 in the Table 2.6 (2.6)-(2.12) and only the
configurations with 18 periods. For instances with 6 and 12 periods the CPLEX proved
optimality for an expressive amount of instances. On the other hand, for the 18 period
problems, in most cases, the solver did not prove optimality for any of the instances in

a time limit of 120s. These results are shown only for one class of problems since the
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TA FA

r | n | FEA (%) | GAP | Mean time | FEA(%) | GAP | Mean time
99 2.2 0.3 100 1.7 0.5
2112 100 1.0 0.6 100 0.8 1.3
25 100 0.3 1.5 100 0.5 3.0
50 100 0.1 2.6 100 0.2 4.9
6 100 0.8 0.9 100 3.0 1.0
4112 100 1.8 1.7 100 1.0 1.6
25 100 0.3 3.0 100 0.2 3.0
50 100 0.1 6.2 100 0.1 6.3
6 90 10.4 1.6 100 6.3 1.0
6| 12 100 24 3.1 100 0.8 1.9
25 100 0.9 6.9 100 0.2 4.4
50 100 0.3 14.9 100 0.0 7.7

Table 2.3: Results for instances with 12 periods, normal capacity, low setup cost and low
setup time (NLL)

TA FA
r | n | FEA(%) | GAP | Mean time | FEA(%) | GAP | Mean time
6 95 18.2 0.5 100 15.4 0.9
2112 100 7.1 0.9 100 5.4 1.7
25 100 3.4 2.3 100 2.2 5.8
50 100 1.0 6.1 100 1.5 11.7
6 100 31.2 0.9 100 24.3 1.1
4112 100 8.9 2.1 100 11.2 2.0
25 100 3.1 4.3 100 2.8 4.3
o0 100 1.1 10.3 100 1.1 94
6 90 02.8 1.7 100 28.1 1.5
6 | 12 100 16.6 3.7 100 13.1 2.7
25 100 4.9 8.0 100 3.4 2.3
50 100 1.7 17.4 100 1.1 10.5

Table 2.4: Results for instances with 12 periods, normal capacity, high setup cost and low
setup time (NHL)

conclusions are similar for the other classes.

In Table 2.6, the lower bounds found by CPLEX (from linear relaxation-Linear Rel.
column) in the root node after applying the cuts (cuts column) and after the branches, in
other words, the best lower bound found by the solver (branches column) are compared

with those generated by the methods of Toledo and Armentano (2006) (decomposition per
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FA (6 periods) FA (18 periods)

r | n | FEA (%) | GAP | Mean time | FEA(%) | GAP | Mean time
100 2.0 0.3 100 3.1 0.9
2|12 100 0.4 0.7 100 2.1 3.4
25 100 0.4 2.2 100 1.2 7.7
50 100 0.1 5.4 100 0.2 20.1
6 100 1.9 0.3 100 6.2 1.8
4|12 100 0.9 0.7 100 1.6 3.7
25 100 0.2 1.6 100 0.5 7.7
50 100 0.1 3.7 100 0.2 15.6
6 100 4.3 0.3 100 7.7 2.3
6| 12 100 0.6 0.7 100 1.7 4.6
25 100 0.2 1.6 100 0.3 9.3
50 100 0.0 3.3 100 0.1 18.2

Table 2.5: Results for instances with 6 and 18 periods, normal capacity, low setup cost
and low setup time (NLL)

item) and the proposal made in this chapter (decomposition per period and per machine).

Note that the proposed F'A method found, in all cases, better lower bounds than the
T A method. Table 2.6 also shows that in relation to CPLEX, even after branching, the
lower bounds found using the F'A method are better in most of the 25 and all of the 50
items instances. This means that, if the lower bounds generated by the F'A method are
used in the root node of CPLEX, in addition to getting better gaps, it may also helps the
solver to make various prunes in the solution tree and find feasible solutions.

To compute the gap of CPLEX we use as lower bounds those found in the root node
after the cuts have been applied. The gaps found by the solver are better mainly due to
the greater efficiency of the solver and the longer computational time, as the solver runs
for 120 seconds whilst the average time used by the heuristic is 8.1 seconds for the larger
problems.

To finalize the computational tests we solved some new larger instances with 18 pe-
riods, 6 machines and up to 200 items for two difficult class: T'LH and THH. Table
2.7 shows the results. Note that all lower bounds found by CPLEX and the proposed
method are similar and the gaps found by method F'A are very good, even for the class
THH which is the class that the method F'A found the largest gaps on the previous
results. Note that the lower bounds found by the CPLEX in the linear relaxation, after
applying the cuts and after the branches are very similar, especially for the class T'LH.
It occurs first because for these instances the lower bounds found by linear relaxation are

very good and are not improved after the cuts made by CPLEX and secondly because
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CPLEX (LB) TA FA Gaps

r | n | Linear Rel. cuts | branches LB LB Cplex | FA
22031 22084 23239 21925 | 22173 54 | 7.3
2|12 43178 43185 43273 42957 | 43096 0.2 |56
25 89425 89427 89459 89236 | 89453 0.0 |13
50 176720 176735 | 176745 | 176519 | 176748 | 0.0 | 0.8
6 20175 20256 20449 20064 | 20422 1.9 | 8.2
TLH | 4| 12 39897 39957 40046 39933 | 40085 0.5 |30
25 80920 80944 80981 80941 | 80989 0.0 |10
50 162390 162405 | 162411 | 162403 | 162429 | 0.0 | 0.5
6 19630 19728 19984 19372 | 19985 31 |93
6|12 38380 38413 38494 38382 | 38507 04 |26
25 78798 78819 78853 78808 | 78868 0.1 |0.7
50 154702 154711 | 154716 | 154708 | 154725 | 0.0 | 0.3

Table 2.6: Lower bounds and gaps for 18 periods

for many instances the solver solves the problem at the root node before apply the cuts.
Analyzing the computational times, we fixed the CPLEX time limit in 120s again and the
general average of the classes TLH and T'HH are 59.1 and 159.8 seconds, respectively
considering the method F'A.

CPLEX (LB) FA Gaps

r | n | Linear Rel. | cuts | branches LB Cplex | FA
75 233452 233452 | 233458 | 233442 | 0.0 | 0.2
100 314035 314035 | 314035 | 314008 | 0.0 | 0.1
6| 125 392336 392336 | 392339 | 392299 | 0.0 | 0.1
TLH 150 473797 473797 | 473797 | 473799 | 0.0 | 0.0
175 552310 552310 | 552310 | 552312 | 0.0 | 0.0
200 629863 629863 | 629863 | 629850 | 0.0 | 0.0
75 330943 330955 | 331098 | 331042 | 0.1 1.1
100 444464 444473 | 444681 | 444527 | 0.0 | 0.8
6| 125 553420 553423 | 553566 | 553465 | 0.0 | 0.5
THH 150 668420 668421 | 668552 | 668447 | 0.0 | 0.5
175 780575 780577 | 780645 | 780602 | 0.0 | 0.4
200 890542 890543 | 890643 | 890561 | 0.0 | 0.3

Table 2.7: Lower bounds and gaps for large instances with 18 periods
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2.5 Conclusion

In this chapter, the lot sizing problem with capacity constraints in parallel machines
was studied. A reformulation of the problem was proposed using the strategy of variable
redefinition proposed by Eppen and Martin (1987), and a Lagrangian heuristic was de-
veloped in which the demand constraints are relaxed, thus the problem is decomposed
per period and per machine instead of the classical per item decomposition. A feasibility
heuristic is applied with the idea of satistying the demand constraints. This strategy was
compared to the Lagrangian heuristic proposed by Toledo and Armentano (2006) in which
the classical decomposition is used and also compared to CPLEX 12.2. The results show
the great efficiency of the proposed method in relation to the lower bounds obtained,
which are better than those in the literature and competitive with CPLEX. The method
also presents competitive upper bounds and, although they are not better those obtained

by the CPLEX package, they are better than the results from the literature.
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Chapter 3

Hybrid methods for lot sizing on

parallel machines

In this chapter we continue to deal with the capacitated lot sizing problem with mul-
tiple items, setup time and unrelated parallel machines, and apply Dantzig-Wolfe decom-
position to the shortest path reformulation of the problem.! Unlike in the traditional
approach where the linking constraints are the capacity constraints, we use the flow con-
straints, i.e. the demand constraints, as linking constraints. The aim of this approach
is to obtain high quality lower bounds. We solve the master problem applying two so-
lution methods that combine Lagrangian relaxation and Dantzig-Wolfe decomposition in
a hybrid form. Note that the theoretical basis of these solution methods are presented
in the Appendix A (hybrid methods). A primal heuristic, based on transfers of produc-
tion quantities, is used to generate feasible solutions. Computational experiments using
data sets from the literature are presented and show that the hybrid methods produce
lower bounds of excellent quality and competitive upper bounds, when compared with
the bounds produced by other methods from the literature and by a high-performance
MIP software.

This chapter has the following contributions. First, we propose a way to obtain lower
bounds that are stronger than the ones obtained by the traditional per-item Dantzig-
Wolfe decomposition. Second, we extend two hybrid algorithms that combine Lagrangian
relaxation and Dantzig-Wolfe decomposition and apply them to obtain the stronger lower
bounds for the problem with unrelated parallel machines. Third, we improve the La-
grangian heuristic proposed by Fiorotto and Araujo (2014) to obtain better upper bounds.
Finally, computational experiments are performed to show the quality of the upper bounds

and lower bounds compared to other methods from the literature. A comparison shows

LA compact version of this chapter has been published as a research report (CIRRELT-2014-56) and

submitted to an international journal.
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that the new hybrid method together with the improved heuristic provides generally better
gaps.

3.1 Literature review on Dantzig-Wolfe decomposition

applied to lot sizing problems

In this section, we will discuss relevant papers involving Dantzig-Wolfe decomposition
and column generation applied to lot sizing problems.

Dantzig-Wolfe decomposition and column generation have been used to find good
quality lower bounds for lot sizing problems. Before the seminal paper of Dantzig and
Wolfe (1960), Manne (1958) had already implicitly applied the ideas of decomposition
for the lot sizing problem with dynamic demand considering several items and capacity
constraints. Manne proposed a linear programming model that explicitly considers all
possible production schedules. Lambrecht and Vanderveken (1979), Bitran and Matsuo
(1986) and Degraeve and Jans (2007) further discuss the formulation proposed by Manne
(1958).

Degraeve and Jans (2007) show that the decomposition proposed by Manne, while
valid to calculate a strong lower bound, has a structural deficiency when it aims to solve
the problem with integrality constraints. The set of feasible solutions for Manne’s for-
mulation with integrality constraints is only a subset of feasible solutions for the original
integer problem. The main reason for this deficiency is that the solution for the subprob-
lems, i.e. a new column, consists of both setup and production variables and in Manne’s
formulation the decisions of the setup automatically determine the production quantity
decisions according to the Wagner-Whitin property. However, it is very likely that the
optimal solution for the capacitated problem will not have this property.

Dzielinski and Gomory (1965) use column generation to handle the formulation with
the large number of variables proposed by Manne (1958). Indeed, Manne’s formulation is
the full master problem obtained when one applies Dantzig-Wolfe decomposition (Dantzig
and Wolfe, 1960) to a formulation with a smaller number of variables. Dzielinski and
Gomory (1965) also note that the subproblems that must be solved to generate columns
are equivalent to the problem studied by Wagner and Whitin (1958).

Lasdon and Terjung (1971) develop a column generation approach to handle large
problems. Algorithms of this type are also addressed by Bahl (1983), Cattrysse et al.
(1990), Salomon et al. (1993) and Huisman et al. (2005).

Hindi (1995) presents a heuristic including variable redefinition and column generation.
To calculate the upper bound he solves a minimum cost flow problem. Hindi (1996)

combines the ideas of linear relaxation, column generation, minimum cost flow network
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and Tabu search in a hybrid algorithm. Haase (2005) also solves the lot sizing problem
by column generation and finds improved lower bounds.

Considering that both Lagrangian relaxation and Dantzig-Wolfe decomposition have
advantages and disadvantages, Huisman et al. (2005) discuss two different ways to com-
bine these two methods in hybrid algorithms to solve the linear relaxation of the master
problem. In the first approach they apply Lagrangian relaxation to solve the master
problem, i.e., no simplex method is used. In the second approach, they use the simplex
method to generate the optimal dual variables of the master problem and the Lagrangian
relaxation approach to generate columns. In this latter approach the Lagrangian relax-
ation is applied to the compact formulation. The ideas are illustrated using the lot sizing
problem.

Pimentel et al. (2010) consider the lot sizing problem with setup times and apply the
Dantzig-Wolfe decomposition to the classical formulation in two different ways: item de-
composition and period decomposition. Furthermore, a third decomposition is presented
which applies decomposition per item and period simultaneously. The authors conclude
that this last approach provides better lower bounds than those obtained by the other
decompositions. They implemented three branch-and-price algorithms to solve the three
decomposition models.

Caserta and Voss (2013) also consider the lot sizing problem with setup time and based
on the Dantzig-Wolfe approach proposed by Jans and Degraeve (2007), present a math-
heuristic approach for the column generation phase of a Dantzig-Wolfe algorithm. The
major contribution of this paper lies in the presentation of an algorithm that exploits exact
techniques (Dantzig-Wolfe) in a metaheuristic fashion. Their method presents competitive
results in terms of both solution quality and running time, but they have performed just
few tests (six instances of Trigeiro et al. (1989)) and thus no robust conclusions can be
drawn on such a limited test.

Araujo et al. (2015) present a transformed reformulation and valid inequalities that
speed up column generation and Lagrangian relaxation for the capacitated lot sizing
problem with setup times (CLST) and show theoretically how both ideas are related
to dual space reduction techniques. Finally, the authors propose a combination of the
two methods proposed by Huisman et al. (2005) in a branch-and-price method. This
approach obtains good computational results and avoids the need of a linear programming
optimization package.

The aim of this chapter is to find good lower and upper bounds for the single stage
problem with unrelated parallel machines extending the ideas proposed in Huisman et al.
(2005), Araujo et al. (2015) and Fiorotto and Araujo (2014). Furthermore, different from

most other papers that use the traditional decomposition method, which is per item, we
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apply decomposition per period and machine.

3.2 Dantzig-Wolfe decomposition applied to the lot siz-

ing problem on parallel machines

In this section, we analyze the theoretical principles of Dantzig-Wolfe decomposition
applied to the lot sizing problem on parallel machines. The ideas proposed by Huisman
et al. (2005) and Araujo et al. (2015) are used and were extended for the problem being
addressed.

In what follows next, we consider the LP relaxation of the Dantzig-Wolfe reformulation.

The decomposition that is commonly used for the lot sizing problem, has as base the
formulation (2.1)-(2.5). The capacity constraints (2.4) are the linking constraints and the
setup and demand constraints plus the integrality conditions are put into subproblems.
Thus, the problem is decomposed into lot sizing problems per item. The approach that
will be used in this chapter, takes as base the formulation (2.6)-(2.12) and the linking
constraints will be the flow constraints (2.7) and (2.8). The problem is decomposed into
independent subproblems per period and per machine containing the capacity and setup
constraints plus the integrality conditions. Thus, the extreme points represent production
plans for each period and machine. The subproblem solutions are hence production plans
indicating for a specific period and machine, which items are produced and in which
quantities. These production plans are feasible with respect to the capacity constraints.

Formally, let S;; be the set of all extreme point production plans for period ¢ and
machine j. Thus, z2t;;, is the new variable representing production plan ¢ for period
t on machine j. Note that we assume that the polyhedron is bounded, which is the
case for the lot sizing problem because the ending inventory must be zero. Otherwise, a
linear combination of extreme rays is also needed. The relationship between the original
variables of production and setup and the convex combinations are given by: zv;jy, =

E 212 Vijtk, E 2tiiq = 1, 2t > 0. We also observe that we do not need to redefine
qESy; q€ESt;
the initial inventory variables w;; as a convex combination of the extreme points because

these variables are not in the constraints (2.9) and (2.10) that will define the subproblems.

The resulting relaxed master problem then looks as follows:

UDWMP = Min Z Z ciitwit -+ Z Z Z Cttjqztt]’q (31)

i=1 t=1 t=1 j=1 q€S;
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Subject to :

1< Z(U)Zk + Z Z az-jlqutqu) Vi € I, (7Ti1) (32)
k=1

j=1 q€S1;

t—1 r
Wip—1 + Z Z Qijkt—1,q%Tkijq

k=1 j=1 q€Sk;

< > gty Vi€ It € T\ {1}, (m) (3.3)

k=t j=1 q€S5;;
Dty =1 VteT,je T, (uy) (3.4)
qEStj
Zttjq Z O,ZUZ‘t Z 0 (35)

The objective function (3.1) minimizes the total initial inventory cost and the cost
of the production plans chosen for each period and machine. The constraints (3.2) and
(3.3) are the flow constraints and correspond to the constraints (2.7) and (2.8) with a
"smaller than or equal" sign instead of an equality. It means that in each node the sum
of the outgoing arcs must be larger than or equal to the sum of the incoming arcs. We
use this form because we will solve this master problem with Lagrangian relaxation, and
these constraints will be dualized in the objective function with positive dual multipliers
pit- Therefore, the inequality interpretation makes it clearer to determine the sign of
these relaxed constraints in the Lagrangian objective function. Note that we can make
this interpretation since the cost coefficients ci;, scij; and cv;ju, in the objective function
(2.6) are positive. The constraints (3.4) are the convexity constraints, which guarantee
the choice of a convex combination of the extreme points. Note that the flow constraints
and the convexity constraints have dual variables called m;; and ;, respectively.

Due to the huge number of variables a column generation procedure is usually used
to solve the master problem. The main idea of this solution method is to start the mas-
ter problem with some columns (problem called restricted master (RM P)) and progress
iteratively generating (with assistance of the subproblems) only the necessary columns
until the solution of the restricted master is equal to the solution of the original master
problem.

The parameters a;ji,, and ctyj, of the variables zt;, are defined by the solution of the
subproblems. In the subproblems, the objective function minimizes the reduced costs.
After rearranging the terms of the objective function, the subproblem for a specific period

t and machine 7 is:
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n m—1

n
23 Py, (m, ) = Min E SCijtYijt + E E (CVte — Tit + T k1) 2V4j1k

i=1 i=1 k=t

+ Z(Cvijtm — Wit) Wijem — [t (3.6)
i=1
Subject to :
Z StijtYije + Z Z Vs zvij < Capjy (3.7)
i=1 i=1 k=t
i 2tk < Yijt Viel (3.8)
Z; € {0,1}, zvu >0 Viel keT k>t (3.9)

The constraints of the subproblem (for period ¢ and machine j) are the capacity (3.7)
and setup (3.8) constraints plus the constraint (3.9). These subproblems can be solved
by the branch-and-bound method proposed by Jans and Degraeve (2004a).

These subproblems are exactly the same as the subproblem (2.19)-(2.22) resulting from
the Lagrangian relaxation, except for a constant in the objective function. Indeed, this is
always the case if the dualized constraints in the Lagrangian relaxation and the linking
constraints of the Dantzig-Wolfe decomposition are the same (Huisman et al., 2005).

Let (y;;;, 2v5;,) be the optimal solution for a subproblem. A new column is added
to the restricted master problem, only if the optimal objective function value of the
subproblem (zsp,; (7, 1)) is less than zero for at least one pair (j,¢). A new column

q € Sy; will have the following parameters:

Aijthg = 2V, Vie I[LNkeT k>t (3.10)

Cttjq Z Sczgtyz]t + Z Z cvzgtkzvz]tk (311)

i=1 k=t
Finally, note that the master problem (3.1)-(3.5) is a linear programming problem and

can be solved using the simplex method within the column generation procedure.

3.3 Hybrid methods applied to the lot sizing problem

on parallel machines

Although the possibility to combine column generation and Lagrangian relaxation has

been known for long time, it has only recently been exploited in algorithms. Several
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papers from the literature have shown that the combination of these two techniques is a
promising tool in the resolution of integer programming problems (Huisman et al., 2005).

It is known that the dual solutions of the master problem obtained when using column
generation have a primordial role in the quality of this method. In the standard solution
approach using the simplex method for solving the master problem, the optimal dual
solution of the restricted master problem is used in the pricing problem. However, it has
been pointed out in the literature that optimal dual solutions generated by the simplex
algorithm typically cause an unstable behavior of the method. This occurs because these
solutions are extreme point solutions and oscillate sharply from one iteration to another,
delaying the progress of the method. To counter this behavior, strategies for stabilizing
the dual solutions have been proposed in the literature, leading to more efficient variations
of the column generation method (see for example, Ben Amor et al. (2007) and Gondzio
et al. (2013)).

Following this trend, two different approaches that combine Lagrangian relaxation and

Dantzig-Wolfe decomposition are explored in this section.

3.3.1 Lagrangian relaxation applied to the extended formulation
(LR/EF)

Instead of using the simplex algorithm to solve the restricted master problem in order
to obtain bounds and the optimal dual values of the extended formulation (3.1)-(3.5)
(master problem) it is possible to use the Lagrangian relaxation applied to this formulation
to approximate these values. The main idea is that using Lagrangian relaxation the
cuts made in the dual feasible set (new columns) are deeper than cuts made using the
simplex. Therefore, the linking constraints of the master problem (flow constraints, i.e.,
(3.2)-(3.3)) are transferred to the objective function with the respective dual multipliers.
The solutions of the Lagrangian subproblems provide a lower bound to the optimal (LP)
relaxation value of the restricted master problem and to get good lower bounds the dual
Lagrangian problem must be solved. Cattrysse et al. (1993), Jans and Degraeve (2004a)
and Araujo et al. (2015) apply this technique for solving variants of the capacitated lot
sizing problem with a single machine.

Formally, to solve approximately the linear programming problem (3.1)-(3.5), the con-
straints (3.2)-(3.3) are dualized in the objective function (3.1).



3.3. HYBRID METHODS APPLIED TO THE LOT SIZING PROBLEM ON PARALLEL
MACHINES 45

vLrpw (D) = Mmz Z CliWit + Z Z Z Clijq?lijq

i=1 t=1 t=1 j=1 q€S;

- szl Z Wik + Z Z Z azglqutlgq 1)
=1

k=1 j= 1q651]

- Z pit( Z Z QijtkqZlijq — Wit—1 — Z Z Z Aijkt—1,4%tkjq) (3.12)
i=1 t=2 k=t j=1 q€Sy; k=1 j=1 q€Sy;
Subject to :
>zt =1 VteT,jed, (u) (3.13)
qESy;
2tijq 2 0,w; > 0 (3.14)

The problem (3.12)-(3.14) can be easily solved by inspection. After each iteration
of the subgradient optimization method, the multipliers p;; are approximations of the
optimal dual variables (m;;). With this approximation for the vector 7; it is possible to
calculate an approximation for the vector p;; that represents the optimal multiplier for

the convexity constraints (3.4) (Huisman et al., 2005):

n m n m—1
Uty = mlanSt] Ctt]q Z sztazgtkq + Z Z Ds, k-i—lamtkq \V/j € J (315)
=1 k=t i=1 k=t
Vi e T\ {m}
Upmj = MiNges,,; (Clmjq Zplmawmmq VjieJ (3.16)

The approximated Lagrangian multipliers can be used in the subproblems (3.6)-(3.9)
to generate new columns that are added to the restricted master problem and in the
next step the optimal dual variables m; and p; for the updated restricted master are
approximated again by the Lagrangian relaxation.

Lemma 3.1: For each approximation of the solution of the restricted master prob-
lem, a lower bound for the master problem can be computed replacing the optimal dual

variables by the approximated ones, i.e.:

m

Z Z zsp,; (P, u) +vrow (P) < vpwmp (3.17)

t=1 j=1

Proof: This can be proven by starting from the Lagrangian relaxation vpr(p) (2.14),

which gives a valid lower bound for any p:
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vLr(p) = Z Z 2LR,; (D) — Z Z ug; + Z Z ug; + Z Z ClitWit
=1 j—1 =1 j—1 =1 j—1 p——
- szl Z Wi, — 1 Z Zpit(_wi,tfﬁ
=1 =1 (=2

T

- Z Z Zspy (Pu) ) Y gty Y chiwy
t=1 j=

t=1 j=1 i=1 t=1

1
_szl szk_l szt —Wj— 1
i=1 i=1 t=2
= Z Z zsp,; (P, u) + Z Minges,, (Clejq — Z Z Pit@ijtkq

n

t=1 j=1 t=1 j=1 i=1 k=t
n m—1 n
+ E E Di k+1az]tkq + E mlanSmJ qu E pzmaz]mmq
i=1 k=t
+ E E Clztht E Di1 E Wik — 1 E E pit(_wi,t—l)
i=1 t=1 i=1 i=1 t=2
= E E zsp,; (P, w) + virpw(p) B
t=1 j=1

The advantage of approximating the optimal dual variables by the Lagrangian re-
laxation, is that in the case of alternative dual solutions, column generation algorithms
tend to converge more quickly using dual variables produced by interior point methods
than with extreme point dual variables calculated by the simplex method (Bixby et al.,
1992; Barnhart et al., 1998). From this perspective, the Lagrangian multipliers can pro-
vide a better representation and speed up the convergence. Computational experiments
performed in Jans and Degraeve (2004a) indicate that the use of the Lagrangian multi-
pliers indeed speeds up the convergence and reduces the problem of degeneration. The
Lagrangian relaxation also has the additional advantages that during the subgradient
method, feasible solutions are possibly generated. Furthermore, the subgradient update
is quick and easy to implement and finally, this procedure eliminates the need for a com-
mercial LP optimizer.

Algorithm 1 shows the application of Lagrangian relaxation to the extended formula-
tion in order to obtain a lower and upper bound:

Algorithm 1: Lagrangian Relaxation Applied to the Extended Formulation

Input: Initial RMP; multipliers; max. iteration.

Output: Lower bound (LB); upper bound (UB).
1 Let LB = —o00, UB = 400, pit = ut; = 0;
2 While (zsp,(p,u) < 0) do:
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Lagrangian step counter = 0;
Do while (Lagrangian step counter< max. iteration)
Solve the problem virpw(p) (3.12)-(3.14);
Update the multipliers p;; with the subgradient method;
Lagrangian step counter := Lagrangian step counter +1;
end(do while);

Use best approximation for the Lagrangian multipliers of 7; and

© 00 1 O Ot = W

calculate an approximation of f;; (u;;) with the formula (3.15)-(3.16);
10 Solve the subproblems (3.6)-(3.9) with the approximate dual prices
D and wy;;
11 Apply a feasibility heuristic (see Section 3.4);
12 Update the bounds LB and UB;
13 If (subproblem value < 0) then add columns;
14 end (while)

3.3.2 Lagrangian relaxation applied to the extended and compact
formulations (LR/EF/CF)

Following the ideas proposed in Araujo et al. (2015), this approach is based on the
observation that when the Lagrangian relaxation is obtained by dualizing exactly those
constraints that are the linking constraints in the Dantzig-Wolfe decomposition, the same
subproblem results. Indeed, the subproblem to calculate the minimum reduced cost in the
Dantzig-Wolfe decomposition given by (3.6)-(3.9) and the Lagrangian subproblem (2.19)-
(2.22) are the same except for a constant in the objective function. Consequently, the
solutions generated by the Lagrangian relaxation (on the compact formulation) can be
used to add new columns in the restricted master problem. In LR/EF/CF, we combine
the approach of Section 3.3.1 with the ideas discussed above in this section.

The main idea of this combined method (LR/EF/CF) is to use the Lagrangian re-
laxation on the extended formulation (master problem) to approximate the dual variables
of the RMP (as explained in Section 3.3.1), and afterwards use these variables as initial
dual variables in a column generation procedure based on Lagrangian relaxation of the
compact formulation (original formulation).

Therefore, with this method would like to achieve the follows objectives: to avoid an
unstable behavior in the column generation method (degeneration); converge quickly by
adding blocks of columns generated by Lagrangian relaxation.

This method is represented in the Algorithm 2. After generating some initial columns,
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the Lagrangian relaxation of the extended formulation problem (3.12)-(3.14) is solved a
first time with the subgradient optimization method that provides an approximation p;
and wu,; for m; and p;. Then, the subproblems (3.6)-(3.9) are solved. If all the reduced
cost to generate columns are positive the procedure is stopped and a lower bound can
be found (using the formula (3.17)). Otherwise, it moves to Lagrangian relaxation of the
compact formulation. The initial Lagrangian multipliers are equal to the current dual
prices found by the solution of the problem (3.6)-(3.9) and the Lagrangian inner loop
starts. The Lagrangian problem (2.14) — (2.18) is solved and the result provides a lower
bound. The inner loop of Lagrangian iterations continues (and we check if we reached
the maximum value). In each step new multipliers p;; are obtained with the subgradient
optimization method and the Lagrangian problem is solved with the current dual prices
and a new lower bound is obtained. If this value is better than the current lower bound,
we update the current lower bound. Then, for each period ¢ we check if we can find a
column with negative reduced cost. This provides a new column because the Lagrangian
subproblem (2.19) — (2.22) is identical to the subproblem to generate columns (3.6)-(3.9).
The reduced cost of each column should be checked using the dual prices of the last time
that the restricted master problem was solved. After a fixed number of Lagrangian inner
loops, if none of the generated column enters in the restricted master problem, the best
approximation according to the predefined parameters, for the optimal solution is found.
Otherwise, the columns with negative reduced costs are added to the master problem.
Next, we optimize again the restricted master problem with the new added columns
using Lagrangian relaxation. After a predefined number of iterations of the subgradient
optimization method we return to Lagrangian relaxation of the compact formulation using
the new dual prices generated by the approximate solution of the master problem. The
procedure is stopped when no columns price out.

Algorithm 2: Lagrangian Relaxation Applied to the Extended and Compact For-

mulations
Input: Initial PMR; multipliers; max. iteration; maz. it _Lagrangian
Output: Lower bound (LB); upper bound (UB).

1  Let LB = —o00, UB = 400, pit = us; = 0;

2 While (zsp,(p,u) < 0) do:

3 Lagrangian step counter := 0;
4 Do while (Lagrangian step counter< max. iteration)
5 Solve the problem vrpw(p) (3.12)-(3.14);
6 Update the multipliers p;; with the subgradient method;
7 Lagrangian step counter := Lagrangian step counter +1;
8 end(do while);
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9 Use best approximation for the Lagrangian multipliers of m;; and
calculate an approximation of fi;; (u;) with the formula (3.15)-(3.16);
10 Solve the subproblems (3.6)-(3.9) with the approximate dual prices
pit and ug;
11 Apply a feasibility heuristic (see Section 3.4) and update the upper
bound (UB);
12 If (zsp,(p,u) < 0) Then
13 it Lagrangian = 0;
14 Do while (it Lagrangian < maz. it _Lagrangian)
15 Calculate the Lagrangian bound (vpr(p)) (2.14) and update the
lower bound (LB);
16 Update the Lagrangian multipliers p;; using subgradient;
17 it Lagrangian =it _Lagrangian + 1;
18 Add columns if zpg,;(p)(2.19) < 0 and not added yet;
18 end (do while);
20  end (if);
21 end (while);
3.4 Extended primal heuristic

3.4.1 General overview

To obtain a feasible solution (upper bound) we extended the feasibility heuristic pro-

posed

by Fiorotto and Araujo (2014) (Section 2.3.2) by adding an initialization and an

improvement stage and by making several changes in the backward and forward stages.

The main difference in the backward stage is that we apply this stage taking into account

the inventory levels, and thus we avoid needing to reapply this stage after the forward

stage.
items

In

For the forward stage the main difference is that we determine the order that the
are analyzed and the machines to produce.

general, the new feasibility heuristic steps can be described as follows:

Extended Primal Heuristic Steps

Stage 1: Backward Stage (free up capacity)
For each item, check if total production is in excess of total demand. To do this
find the total inventory quantity for each period and check if the inventory of the

last period is greater than zero. If it is, remove excess production.
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e Stage 2: Forward Stage
Starting with the first period and moving to the last, we check for each item if the
demand is satisfied. If it is not, try to make the solution feasible in the following

order:

— 2.1: Produce the quantity still needed with machines already set up (and
checking the machines in increasing order of production cost) in the current

period and if not possible, in previous periods;

— 2.2: Produce the remaining quantity by performing a new machine setup check-
ing the machines in increasing order of average unit production cost in the

current period or if not possible, in previous periods;

— 2.3: If, after all the above attempts, demand is still not met for a given item
i’ in period t, we check among previously-made-feasible items for one which
has inventory left at the end of period ¢ and remove the corresponding excess
production, thus freeing up capacity. Try to satisfy the demand for the given

item 4/, by using this capacity.

e Stage 3: Improvement Stage
After applying the Backward and Forward Stage (B&F') for all Lagrangian iterations
that improved the lower bound, we obtain (in most cases) a feasible production
plan, i.e., a setup plan and according production quantities. Since these production
quantities are determined by the B& F' heuristic, they are not necessarily the optimal
production plans for the given setup plan. Then, for the best found solution, we
check if with the same setup schedule, we can find better production quantities
than suggested by the B&F heuristic. We fix the setup variables to their current
value, as given by the B&F' heuristic solution, and solve the remaining LP with an

optimization package to determine the optimal according production quantities.

Following, each stage is described in detail.

3.4.2 Initialization

We would like to determine for each item which is the cheapest machine to produce
on. This is not trivial, since we have to take into account both the unit production cost
and the setup cost. The total cost, however, depends on the proposed production plan.
In order to establish a ranking, different from Fiorotto and Araujo (2014), we calculate
an approximate average unit cost per item and per machine, assuming that we use the
Economic Order Quantity (FOQ) as production quantity (Andriolo et al., 2014). The

EOQ is a classic model of inventory management, in which the idea is to determine the
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optimal number of units to order so that we minimize total inventory holding costs and
ordering costs. Figure 3.1 illustrates a £FO(Q) production plan. Note that the new order is
delivered in completely when inventory reaches zero.

Level of inventory
"

size of
the order
Average
imventory
reorder| - - - -\-,
point -
i . b
- *+ Time

Lead time

Figure 3.1: Graphic of the EOQ.

We also observe that the EFOQ can be applied only in a setting with constant demand.

Therefore, we first calculate the average demand per period for each item:

m
dit
1

AVD() =L i=1,2,...n

After this, we calculate the EOQ for each item and machine, i.e., EOQ(i,j) =
\/%(:X%f Vi € 1,7 € J. Note that in the data sets sc;jt, hei, Stije, vtije, and Capjy
are time invariant. To deal with the discrete time horizon, when the FO(Q) is too small,
in order to avoid needing to do several orders in the same period to meet demand, we set
EOQ(i,5) := AVD(i) if EOQ(i,j) < AV D(i).

We need to consider two separate cases to calculate the approximate average unit cost
(ACgoq) for each item and machine. The two cases consider the relationship between
EOQ and the available capacity:

.. Ca 'tfsti' .. S8C; 4
D) If EOQ(i,7) < %, then ACgoq(i,j) = WJ(ZJ) + veiji;

IT) However, if EOQ(i,j) > w, then Q := (Capje=stij) 514 ACpog(i,j) =

vtijt Utijt
SCijt

Q + UCijits
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The idea behind the formula is to estimate the average production cost for an item on
each machine taking into account both the unit production cost and the setup cost.
The values for ACgoq(i, ) establishes the production priority order of the machines

for each item.

3.4.3 Backward stage

This first stage to make a solution feasible consists of freeing up capacity if we have
excess production, and to do this, the production quantities for each item are analyzed
and removed if necessary. Initially we calculate the inventory of each item at the end of

each period:

t r t
A(i,t) = ZZZL‘Z‘]‘Z—ZCZH Viel,teT
=1

=1 j=1
If A(i,t) <0 Then A(i,t) =0

If the inventory at the end of the horizon is strictly positive, i.e., if A(i,m) > 0 for
some ¢ = 1,2, ...,n then the excess production of this item must be eliminated. The aim
is to remove the excess inventory at the end of the horizon by reducing the production
quantities in the earliest possible period, without creating any (additional) backlog. The
reason we look for the earliest period is that freeing up capacity in earlier periods provides
more flexibility than freeing up capacity in later periods.

To do this, starting with the last period m and following the sequence t = m, m —
1,...,1, find the first period with zero inventory, indicated by ¢’. Then we calculate the
total quantity that should be removed in the period ¢’ + 1. To do this, we determine the
min{A(i,t)} in the interval ¢’ 4+ 1,#' + 2,...,m. Let t* be the period for which we have
this minimum.

Denoting this minimum by A(é, t*), remove this amount from the production quantity
in the period ' + 1. Look for a machine j with the greatest (ACgoq) and then do the
following analysis.

If min{A(%,t*), xij 41} = @ijpy+1 remove the total amount produced and consequently

the setup for this machine and period. Thus, the remaining capacity is updated:

/ L /
Oapj,tuﬂ = Oapj,t/+1 + Tijpp1r X Vg1 + Stijeaa

The values of A(7,t*), the inventory level and the variables are also updated by:

A(Z,t) = A(Z7t> - xij,t’-i—lat =t + 17 ceey TS

Tijp1 = 05 Y1 =05
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Then move on to the other machines to remove any remaining excess production.
However, if Min{x;;y41, A(i,t*)} = A(i,t*), remove the total amount that can be

removed in this period and recalculate the inventory level and production quantity:

Oap;’,turl = Cap;'7t/+1 + A(l, t*) X Utij,t’—l—l;
A(i,t) = MG, 1) — Al 1), =1+ 1,...m;

Tijps1 = Tijoe1 — A, 1°);

If after this step the inventory in the last period is equal to zero, we have eliminated
the production excess of this item. However, if the inventory of the last period is still
greater than zero we do the same analysis again, i.e., starting with the last period m, we
find the first period ¢ with zero inventory.

In the Figure 3.2, we provide an example with seven periods. In part (a) we see
that there is excess inventory at the end of the horizon. Note that starting with the last
period, the first period with zero inventory (¢') is the period 3 and the minimum inventory
A(i,t*) is 1 in period 5 (t*). In part (b) we see the inventory quantity for all periods after
removing 1 unit from production in period 4. Note that the inventory of the last period

is still greater than zero, therefore we have to do the same analysis again.

4 e 4 .
/ X, £
Zs : - 2 ~
<3 = i X\
2 7 =
N g X i ! !
s b3 / X vl B
1 7 3 1 7 5 | 3 T
/ / S X / phm
o o T T T 4 -
1 2 3 4 5 & T 1 2 3 4 5 & i
t
(a) Inventory quantity in each period (b) Inventory quantity after reducing excess

Figure 3.2: Example of the backward stage.

3.4.4 Forward stage

When the process of eliminating the excess production is over, we start to check if the
demand is met and try to satisfy demand for pairs of items and periods for which demand
is currently not met. For this, the analysis will be done from period 1 through to the last
period (t =1,2,...,m).
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First, we determine the order in which the items are analyzed according to the op-
portunity cost (OC(i)) of each item using the decreasing order. We calculate OC(i) =
ACrog(i,5') — ACgog(i, j), where j/ and j are the most expensive and cheapest machine
respectively for item ¢. The idea behind this is that if the opportunity cost value is high,
it is very important to produce this item on the cheapest machine so we will try to make
this item feasible first. For other hand, if the opportunity cost value is low we can produce
the item on any machine because the difference is not very significant.

To check if demand is met, an array is needed that counts the total production for

each item up to the given period. Initially (i) = 0 Vi € I. Starting from period ¢t = 1, go

through all the items (according to the order calculated) calculating Q(i) := Q(z)+z Tijt
j=1

and do the following analysis.

If Q(i) > d;; the demand for (i,¢) is met. Simply remove this specific demand from
the total production, in other words, €2(7) := Q(i) — d;; and move on to analyze the next
item. Observe that in this case we have Q(i) > 0.

If Q(i) < dy, demand is not met for this pair (i,t), then the feasibility process needs
to be started. The quantity of items that need to be produced is easily calculated:

Once this amount has been calculated, we have three attempts to make the solutions
feasible (stages 2.1, 2.2 and 2.3 in the overview of the heuristic in Section 3.4.1).

e Attempt 2.1

Start at the current period ¢ and go back period by period to the first period (7 =
t,t —1,...1) checking first if the machines already setup for this item (y;; = 1) have
sufficient capacity to produce the quantity that is still needed to satisfy demand.

We check over all periods 7 =¢,¢ — 1, ...1 and within each time period we search over
all machines (on which a setup is done) according to the increasing order of the value
of unit production cost. Note that here we use the unit production cost instead ACgoq
because the setup is already done.

Therefore, if y;;; = 1, that is, if the machine is already set up, we calculate the
maximum amount that can be produced with the remaining capacity, and compare this

to the amount we still need to produce. We calculate the minimum of these two values:

Cap);,

Min{®, }
5T

Then, if Min{®, ——~} = ® the machine can produce the required amount to satisfy
iJT

demand for this pair (i,t). Therefore, the values are updated by:

Cap
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Capl, = Cap), — ® X vtyr; 2ijr = Ty +O; $:=0; Qi) :=0

. . Cap!, Cap), . . .
However, if Min{®, U(ZZJ:} = Ujif, there is still a quantity which needs to be pro-

duced. So we update the values:

/
Caply, :=0; ijr = Tijr + T:, O =P — (i}j—f;]:

Next we check the next machine in the list or, if we have checked all the machines,
move back to the previous period and repeat the same analysis.

e Attempt 2.2

If after checking all previous periods and machines with a setup, there is still some
demand which is not met, we check the possibility of adding a setup to another machine
but initially only if it can produce all of the remaining quantity required to satisfy demand.
Again starting from 7 = ¢ to 7 = 1 and checking the machines on which no setup is done
for item ¢ (according to the order calculated by ACgog) if there is a period 7 and a

machine j such that C’ap;T > @ x vt;j; + st;j; then adjust the production accordingly:

Tijr = Tijr + 5 yijr 1= 1; C’ap;T = C’ap;-T — (D x vtyr) — stijr; Qi) =0

However, if there is still no single machine with enough capacity to produce the total
missing demand, we repeat the loop and open up the possibility of setting up several
machines. At this stage, the criteria used to determine the order of which machine to set
up is again the order calculated according to the average unit production cost (ACgoq).

e Attempt 2.3

If after all the previous attempts, it is still not possible to meet the demand for a
given item (7) in a given period (), look among previous items that have already been
made feasible for one that has inventory at the end of period ¢, in other words, one for
which the value of omega is positive. If it is found, make the necessary adjustments, i.e.,
remove the excess production of the found item (freeing up capacity) and try to produce
the required amount of item (7). Thus, we search in the following order 7 = ¢, — 1,...1
and within each time period we search over all items according to the decreasing order
calculated by ACgoq and then:

If Q) > 0 and y;j, = 1, in other words, an item with a quantity in inventory and a
machine and period already setup for this item was found, do the following analysis:

If Q(i') > ;. then, as well as freeing up capacity, a setup of the machine can be

removed i.e.:

Cap;-T = CCLp;-T + Tt jr X ’Uti/j‘,- -+ Sti’j‘l’; Yitjr = 0, Q(Z/) = Q(’LI) — Titjr;y Litjr = 0



3.4. EXTENDED PRIMAL HEURISTIC 56

However, if (i') < x4, then just free up the capacity:

Caply, := Capl, + Tijr X Vtijr; Tijr = Ty — Qi ); Qi) =0
With the capacity freed, calculate the total quantity of items (i) that can be produced
and check again to see if it is possible to produce the required amount to meet demand
in the following way:
If the machine is already set up for the item ¢, then calculate:

Cap.
Min{®, —2r

}

However, if there is no setup for item ¢, calculate:

T

(Cap), — stijr)

Min{®,
Utijr

}

Then, if the minimum is ®, a quantity sufficient to satisfy the demand for this pair

(7,7) can be produced and so we adjust the production amount accordingly:
Capl, = Caply, — ® X vty — stijr; Tijr = Tigr + P, yijr =1

If the machine was already set up, we do not need to subtract the setup time.
! (Cap);, —stijr)
vtijr or vtijr

JT

However, if the minimum is , there is still a quantity left to be
produced and so we add the quantity that can be produced, for example, if the machine

is already set up for item ¢:

/ /
;o , C’apjT . _ C’apjT
Capj;, == Cap;, — X Ulijr; Tijr = Tijr +
vtijr Vtijr
. . . . (Cap’-Tfsti ir) . Cap’.T
If the machine is not set up for item ¢ we have to use Jt—J instead ——. After
JT iJT

that, we move on to the next item (already made feasible) with a quantity in inventory
and check the same conditions.

Once these feasibility stages have been performed for all items, move on to the next
period of the forward stage and start the analysis again, for each item from first to last,
trying to make the solution feasible. Repeat this procedure until the last period of the
forward stage.

The overall pseudo code for this forward stage is as follows. To simplify the reading we
will denote by ¢ := 1, ..., n the decreasing order of the items according to the opportunity
cost, j := 1, ..., the increasing order of the machines according to the value of production
cost and k := 1, ..., r the increasing order of the machines according to the value of ACgoq.
All the values of () are initialized at zero.

fort:=1,...,m do
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for::=1,...,n do
for j:=1,...r do
Qi) := Q(4) + 5
end
if (2(¢) > d;;) then
Qi) == Qi) — dy
else
O = d; — Qi)
for =t t—1,...,1
for j:=1,...,r
if (y;j =1 and ® > 0) then
Calculate the whole amount that can be produced on this
machine in this period, updating of the necessary parame-
ters;
end
end
end
for T:=t,t—1,...,1
for k:=1,...,r
if (yirr =0 and @ > 0) then
First try to find a machine that can produce all quantity to
meet demand. If we can not find, we go back to this loop
and open the possibility to make more than one setup,
updating of the necessary parameters;
end
end
end
for r:=t,t—1,...,1
fors/:=1,...,i—1
for k:=r, ... 1
if (& >0, Q) >0 and yyr = 1) then
Remove the excess inventory and try to produce the re-
quired amount of item ¢, updating of the parameters;
end
end
end

end
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end (else)
end (for i)
end (for j)
Finally, at the end of the forward stage, we calculate the objective function value of

the solution, if the solution becomes feasible, i.e. if all the demand is met.

3.4.5 Improvement stage

This last stage consists of trying to improve the objective function value of the solution.
We fix the best setup plan found and solve the remaining LP problem using a optimization
package solver, i.e., if we denote by y;;, the value of the setup variables found by the

heuristic, we have to solve the following problem:

Min Z Z ciitwit —+ Z Z Z Z CUjtk ZVijtk (318)
i=1 t=1 i=1 j=1 t=1 k=t
Subject to :
1= szk + Z Z ZVij1k Viel (319)
k=1 j=1 k=1
r t—1 r m
Wi t—1 + Z Z ZVijkt—1 = Z Z ZVijtk Vi € ],t € T/{l} (320)
j=1 k=1 j=1 k=t
> v < Viel,jeJteT (3.21)
k=t
Z Z UtijtSditkzvijtk S C'apjt — Z Stijty;kjt V] € J, t - T (322)
i=1 k=t i=1
zvijthO, w,tZO ViEI,jGJ,tETVkET,th (323)

Finally, we remove possible setups that are not used. We check for all the constraints

(3.21) if there is a setup (y;kjt =1) and szijtk = 0, and remove the setup if this is the
case. h=

Note that the heuristic is applied to the solutions obtained by the Lagrangian sub-
problems. Consequently, the quality of the solution of the heuristic is strongly linked to

quality of the production plans determined by these subproblems.

3.5 Computational results

The algorithms described in the previous sections were tested on a total of 2160 in-

stances proposed in Toledo and Armentano (2006). The classes and parameters are gen-
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erated in the same way as in the Chapter 2 and so will be omitted.

We compare the hybrid methods described in Sections 3.3.1 and 3.3.2 (LR/EF and
LR/EF/CF) with other existing methods: 1) the Lagrangian heuristic proposed in Toledo
and Armentano (2006) (per item decomposition), here denoted by T'A, 2) the Lagrangian
heuristic applied to the compact formulation (2.6)-(2.12) as proposed in Fiorotto and
Araujo (2014) (using the period and machine decomposition) denoted by LR/CF and 3)
the CPLEX 12.6 software package, applied to the formulation (2.6)-(2.12). The tests were
done on a personal computer Intel Core-15, 2.27GHz with 6Gb of RAM and the Windows
7 operating system.

The parameters used in the computational tests for the method LR/EF', described in
Section 3.3.1, which solves the master problem with Lagrangian relaxation are as follows:
900 iterations of the subgradient optimization method; initialization of the dual prices
to zero; size of the initial step of the subgradient method equal to 1 which is decreased
by multiplying the latest step size by a factor of 0.7 if the Lagrangian bound does not
improve in the last 10 iterations. For the method LR/EF/CF', described in Section 3.3.2,
we use the same parameter setting described in the above method to approximate the
solution of the master problem with the Lagrangian relaxation. In addition, the columns
are generated with Lagrangian relaxation and in this case we use the following settings:
200 iterations of the subgradient optimization method; initialization of the dual prices
according to those obtained in the solution of the master problem; size of the initial step
equal to 1 which is decreased by multiplying the latest step size by a factor of 0.6 if the
Lagrangian bound does not improve in the last iteration. After 5 iterations of the column
generation procedure, the number of iterations of the subgradient optimization method
is reduced from 200 to 1, this basically means that we just do regular column generation
for that point on, without subgradient optimization. For the method LR/CF proposed
in Fiorotto and Araujo (2014): they start the subgradient optimization method fixing the
dual variables to zero; the size of the initial step is equal to 1 and decreases by multiplying
by 0.6 if the Lagrangian solution is not improved in the last 50 iterations; 2500 iterations
are made in total. For the method T'A proposed in Toledo and Armentano (2006): the
size of the initial step is equal to 1.75 and divided by 2 if the Lagrangian solution is not
improved in the last 25 iterations; 150 iterations are made in total.

In the tables in which we compare the gaps, the upper bounds of the two methods
proposed in this chapter are obtained by the heuristic described in Section 3.4. Moreover,
the gap is calculated using the formula gap = w, in which UB and LB denote
the upper and lower bounds found by each respective solution approach. Note that the
best results are highlighted in bold numbers.

Table 3.1 shows the overall performance of the several methods (computational times
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in seconds, the gaps and the percentage of Better (B)/Equal (E)/Worse (W) solutions
in terms of gap that the proposed methods found compared to CPLEX) aggregated over
the 8 combinations of the following three factors: capacity, setup cost and setup time.
Each row of the table represent thus the average of 270 instances generated for each class.
Moreover, for CPLEX we fixed the time limit for each instance to the same time as used
by the method LR/EF/CF. The results from T'A are taken directly from their paper and
the computational experiments were done on AMD Athlon XP2600 with 2.08GHz and
1GB of RAM. We note that despite the higher computation times of the hybrid methods,
mainly the method LR/EF/CF, they present better gaps than the Lagrangian heuristics
TA and LR/CF proposed in Toledo and Armentano (2006) and Fiorotto and Araujo
(2014), respectively. Note that this difference increases significantly when the problems
with high setup cost (HS) are considered. Furthermore, for these instances the proposed
method LR/EF/CF found better gaps compared to CPLEX for more than 50% of the
instances. In most cases, we have the same conclusion comparing the results found by the
hybrid methods with CPLEX.

CPLEX TA LR/CF LR/EF LR/EF/CF

Class | Gap | T(s) | Gap | T(s) | Gap | T(s) | Gap | B/E/W | T(s) | Gap | B/E/W | T(s)
NLL 1.7 81.8 2.0 3.9 1.5 3.3 1.4 36/31/33 | 70.1 1.3 | 41/27/32 | 81.8
TLL 1.8 71.5 3.4 8.9 2.4 4.1 2.3 27/29/44 | 35.2 1.9 30/38/32 | 71.5
NHL 5.8 20.8 | 11.7 5.3 8.9 4.9 5.8 28/48/24 | 16.9 4.6 56/23/21 | 20.8
THL 7.6 17.3 | 18.5 7.8 12.6 6.5 6.1 45/21/34 | 25.7 5.7 | 58/18/24 | 17.3
NLH | 32 | 685 | 25 | 49 | 1.7 | 35 | 1.7 | 39/33/28 | 76.7 | 1.5 | 48/24/28 | 68.5
TLH 2.8 86.1 4.2 14.4 2.9 4.7 2.6 37/30/33 | 27.7 2.0 | 45/21/34 | 86.1
NHH 6.9 23.2 | 13.8 5.9 9.9 5.2 5.9 44/19/37 | 17.3 4.9 59/16/25 | 23.2
THH 8.1 17.1 | 23.5 8.4 13.9 6.6 6.2 63/22/15 | 20.9 5.7 | 74/12/14 | 17.1

Table 3.1: General average gap and computational times for each class.

In Tables 3.2 to 3.4 we analyze the results aggregated per periods, items and machines
considering all classes.

Note that for Table 3.2 and the following tables, we are not able to give the results
for T'A, since the results were not provided according to this classification in the paper of
Toledo and Armentano (2006).

Table 3.2 shows that both the gaps and the computation times increase with an increas-
ing number of periods. On the other hand, Table 3.3 shows that while the computations
times increase with an increasing number of items, the gaps decrease. This was also ob-
served by Trigeiro et al. (1989) for the single machine lot sizing problem with setup times.
From Table 3.4 we can conclude that with the decomposition methods, the gaps increase
but the computation times decrease with an increasing number of machines. In Tables 3.2
to 3.4, the new hybrid method always give average gaps that are much better compared

to the other decomposition methods. This is also the case when we compare the results
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to CPLEX, except for the case with 25 items in Table 3.3 and the case with 2 machines
in Table 3.4 for which CPLEX provides slightly better gaps. Similar conclusion can be

made when we compare the percentage of instances for which the proposed methods found
better solutions than CPLEX.

CPLEX LR/CF LR/EF LR/EF/CF
Periods | Gap | T(s) | Gap | T(s) | Gap | B/E/W | T(s) | Gap | B/E/W | T(s)
6 4.2 11.2 4.7 2.8 2.9 43/32/25 7.8 2.4 55/27/18 | 11.2
12 4.3 39.3 6.6 6.7 4.2 36/27/37 | 29.1 3.8 48/20/32 | 39.3
18 5.7 93.9 8.9 13.5 4.9 41/28/31 | 72.1 4.2 50/22/28 | 93.9

Table 3.2: General average gap and computational times aggregated per period.

CPLEX LR/CF LR/EF LR/EF/CF
Items | Gap | T(s) | Gap | T(s) | Gap | B/E/W | T(s) | Gap | B/E/W T(s)
6 9.1 6.9 11.3 2.9 7.1 51/35/14 5.0 6.4 62/26/12 6.9

12 3.9 23.9 6.4 6.0 3.4 39/30/31 | 15.9 2.7 | 54/22/24 23.9
25 1.2 113.2 2.5 14.1 1.5 30/22/48 | 88.1 1.3 37/21/42 | 113.2

Table 3.3: General average gap and computational times aggregated per item.

CPLEX LR/CF LR/EF LR/EF/CF

Machines | Gap | T(s) | Gap | T(s) | Gap | B/E/W | T(s) | Gap | B/E/W | T(s)
2 2.4 69.1 4.7 8.2 3.2 28/29/43 | 57.8 2.6 34/25/41 | 69.1
4 5.5 41.2 6.9 6.8 3.8 48/28/24 | 29.7 3.3 61/22/17 | 41.2
6 6.3 33.88 8.6 4.5 5.0 44/30/26 | 21.6 | 4.5 | 58/22/20 | 33.8

Table 3.4: General average gap and computational times aggregated per machine.

In Tables 3.5 to 3.8 we set for each class the lower bound found by the linear relaxation
to 100%, and calculated the other values relative to this. For example, for the first class
in Table 3.5, the linear relaxation after the branching is 0.34% better than the linear
relaxation.

Table 3.5 presents the lower bounds found by CPLEX for each class 1) from linear
relaxation at the root node (L. Rel. column); 2) after applying the cuts (cuts column);
and 3) after branching (branch. column). These lower bounds are compared with those
generated by all methods that are being analyzed. Note that the proposed hybrid methods
found, in all cases, better lower bounds than the TA and LR/CF methods. The lower
bounds (column LB) found using the hybrid methods are on average better than the
lower bounds found by CPLEX after branching, especially for the problem with high
setup costs. Furthermore, the results of the hybrid methods are also better with respect
to the percentage of instances resulting in improved lower bounds compared to CPLEX
(column B/E/W). This means that, if the lower bounds generated by these methods were
used in the root node of CPLEX, in addition to getting better gaps, it could also helps

the solver to prune more in the solution tree and find better feasible solutions.
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In relation to the two proposed methods in this chapter, it is observed that the dif-
ferences are small, however, the method LR/EF/FC obtained a small advantage in all

instances.

CPLEX (LB) TA | LR/CF LR/EF LR/EF/FC

Class | L. Rel. | Cuts | Branch. LB LB LB B/E/W LB B/E/W
NLL 100 100.27 100.34 99.94 100.34 | 100.67 | 40/38/22 | 100.84 | 42/39/19
TLL 100 100.42 100.54 99.78 100.46 101.29 | 38/44/18 | 101.30 | 38/45/17
NHL 100 101.29 101.55 99.73 100.79 104.12 63/32/5 104.33 63/32/5
THL 100 101.39 101.81 99.34 101.87 | 105.66 | 61/36/3 105.81 62/35/3
NLH 100 100.26 100.35 99.93 100.39 100.90 | 46/31/23 | 100.96 | 48/30/22
TLH 100 100.38 100.52 99.70 100.54 101.19 | 43/37/20 | 102.05 | 45/35/20
NHH 100 101.43 101.73 99.54 100.82 104.99 69/27/4 105.15 69/27/4
THH 100 101.42 102.13 98.44 102.76 106.46 66/32/2 107.13 67/31/2

Table 3.5: General average lower bounds for each class.

Analyzing the lower bound results separately per period, item and machine (Tables
3.6, 3.7 and 3.8), we conclude that the hybrid methods found on average better lower
bounds in all configurations. The difference is particularly pronounced for the instances
with a small number of items or a high number of machines. Observe that in these
cases, the percentage of instances in which CPLEX found a better lower bound is very
low. On the other hand, the difference in lower bounds is small for the instances with
a large number of items or a small number of machines. The number of periods has a
less pronounced impact on the lower bounds, even though here we observe again that the

hybrid methods provide much better lower bounds.

CPLEX (LB) TA | LR/CF LR/EF LR/EF/FC
Periods | T.. Rel. | Cuts | Branch. | LB LB LB B/E/W LB B/E/W
6 100 | 101.12 | 101.50 | 99.55 | 100.93 | 102.58 | 49/33/18 | 102.78 | 50/33/17
12 100 | 100.75 | 100.87 | 99.45 | 100.89 | 103.16 | 54/34/12 | 103.36 | 55/34/11
18 100 | 100.58 | 100.62 | 99.65 | 101.15 | 103.69 | 56/38/6 | 103.89 | 57/38/5

Table 3.6: General average lower bounds aggregated per period.

CPLEX (LB) TA | LR/CF LR/EF LR/EF/FC
Items | L. Rel. Cuts Branch. LB LB LB B/E/W LB B/E/W
6 100 102.09 102.68 98.91 102.04 106.29 65/31/4 106.63 65/31/4
12 100 100.40 100.54 99.81 100.73 102.66 56/37/7 102.83 57/37/6
25 100 100.08 100.14 99.93 100.20 100.48 | 38/37/25 | 100.56 | 40/37/23

Table 3.7: General average lower bounds aggregated per item.

In the Tables 3.9 to 3.12 we compare the upper bounds. We fixed the upper bound
found by CPLEX to 100%, and calculated again the upper bounds found by the other
methods relative to this. Table 3.9 shows the heuristic’s behavior (upper bounds) for all

classes. The results show that we improved the heuristic proposed by Fiorotto and Araujo
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CPLEX (LB) TA | LR/CF LR/EF LR/EF/FC
Machines | L. Rel. | Cuts | Branch. | LB LB LB B/E/W LB B/E/W
2 100 | 100.47 | 101.05 | 99.45 | 100.77 | 101.70 | 36/39/25 | 101.88 | 38/40/22
4 100 | 100.71 | 100.82 | 99.62 | 100.99 | 103.68 | 60/32/8 | 103.81 | 61/31/8
6 100 | 100.95 | 100.98 | 99.61 | 101.95 | 103.95 | 63/34/3 | 104.09 | 63/34/3

Table 3.8: General average lower bounds aggregated per machine.

(2014) considering that we found better upper bounds for all classes. Note that these

improvements are bigger for the classes with high setup cost. For 6 out of the 8 classes,

we also improved on average CPLEX upper bounds, whereas for the two remaining classes
the increase is only 0.45% and 0.20%. We observe that for many classes, CPLEX produces

better upper bounds for more instances (indicated by the fact that W is larger than B in

the columns B/E/W) if a feasible solution is found, even though the average upper bound

is better for the best new heuristic. The high percentage of feasible solutions (%FS)
found by the hybrid methods show the efficiency of these heuristic. CPLEX, however, did

not find feasible solutions for a considerable number of instances within the time limit

imposed. Instances with high setup costs seem specifically difficult for CPLEX.

CPLEX LR/CF LR/EF LR/EF/CF
Class | UB | %FS | UB %FS UB %FS | B/E/W | UB %FS | B/E/W
NLL | 100 | 92.22 | 100.79 | 100.00 | 100.20 | 100.00 | 26/16/58 | 99.99 | 100.00 | 32/31/37
TLL | 100 | 92.96 | 101.52 | 100.00 | 100.72 | 100.00 | 21/10/69 | 100.45 | 100.00 | 29/16/55
NHL | 100 | 82.96 | 101.97 | 100.00 | 100.29 | 100.00 | 16/7/77 | 99.33 | 100.00 | 38/7/55
THL | 100 | 69.25 | 99.23 | 99.62 | 97.04 | 100.00 | 15/5/80 | 96.11 | 99.62 | 33/5/62
NLH | 100 | 95.92 | 99.15 | 100.00 | 98.72 | 99.25 | 28/9/63 | 98.37 | 100.00 | 41/19/40
TLH | 100 | 86.29 | 99.66 | 100.00 | 98.86 | 98.88 | 31/10/59 | 98.60 | 100.00 | 43/18/39
NHH | 100 | 70.00 | 101.84 | 100.00 | 100.23 | 100.00 | 18/3/79 | 99.11 | 100.00 | 36/3/61
THH | 100 | 80.00 | 104.34 | 99.25 | 101.25 | 99.62 | 23/1/76 | 100.20 | 99.62 | 30/3/67

Table 3.9: General average upper bounds for each class.

Finally, Tables 3.10, 3.11 and 3.12 compare the upper bounds considering the num-

ber of periods, items and machines. We note that the new heuristic is better and the

differences are bigger for problems with 6 periods, 6 items and 4 or 6 machines.

CPLEX LR/CF LR/EF LR/EF/CF
Periods | UB | %FS | UB %FS UB | %FS | B/E/W | UB %FS | B/E/W
6 100 | 94.16 | 99.27 | 100.00 | 98.65 | 99.72 | 25/10/65 | 97.74 | 100.00 | 41/20/39
12 100 | 76.25 | 100.97 | 99.72 | 99.93 | 99.86 | 22/8/70 | 99.55 | 99.86 | 35/14/51
18 100 | 78.33 | 102.53 | 99.72 | 100.65 | 99.44 | 19/6/75 | 99.98 | 99.72 | 29/5/66

Table 3.10: General average upper bounds aggregated per period.
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CPLEX LR/CF LR/EF LR/EF/CF
Ttems | UB | %FS | UB %FS UB %FS | B/E/W | UB %FS | B/E/W
6 100 | 65.27 | 100.57 | 99.44 | 98.22 | 99.58 | 27/11/62 | 97.01 | 99.44 | 43/21/36

12 100 | 87.50 | 101.46 | 100.00 | 100.28 99.44 20/7/73 99.64 | 100.00 | 37/14/49
25 100 | 96.11 | 101.57 | 100.00 | 100.53 | 100.00 19/6/75 100.43 | 100.00 | 25/4/71

Table 3.11: General average upper bounds aggregated per item.

CPLEX LR/CF LR/EF LR/EF/CF
Machines | UB | %FS | UB %FS UB %FS | B/E/W | UB %FS | B/E/W
2 100 | 97.91 | 101.66 | 99.46 | 100.79 | 99.30 | 17/5/78 | 100.51 | 99.44 | 25/2/73
4 100 | 80.83 | 100.97 | 100.00 | 99.52 | 100.00 | 23/10/67 | 98.80 | 100.00 | 39/14/47
6 100 | 70.00 | 100.25 | 100.00 | 98.03 | 100.00 | 26/9/65 | 97.26 | 100.00 | 41/20/39

Table 3.12: General average upper bounds aggregated per machine.

3.6 Conclusion

In this chapter, the lot sizing problem with capacity constraints and parallel machines
was studied. A reformulation of the problem using the variable redefinition approach
proposed by Eppen and Martin (1987) was used. Based on the literature, two hybrid
solution methods that combine Lagrangian relaxation and Dantzig-Wolfe decomposition
were extended to the problem considered. In both methods, the Dantzig-Wolfe decompo-
sition is applied using as linking constraints the flow constraints. The problem is hence
decomposed per period and per machine instead of the classical per item decomposition.
A feasibility heuristic based on production transfers in order to satisfy the demand con-
straints is extended. This strategy was compared to two Lagrangian heuristics proposed
in the literature and also compared to CPLEX 12.6. The computational results show
that the proposed hybrid methods are efficient with respect to both the lower bounds and

upper bounds compared the existing methods.
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Chapter 4

An analysis of formulations for the
capacitated lot sizing problem with

setup crossover

In this chapter we study the lot sizing problem with setup crossover which is an
extension of the standard big bucket capacitated lot sizing problem (CLSP).! The general
idea is that the first setup operation of each planning period can already start in the
previous period, if not all the capacity is used in that previous period. This provides
more flexibility in the planning and increases the possibility of finding feasible and better
solutions compared to the standard assumption. Two different formulations have been
presented in the literature to model a setup crossover. Since these formulations have not
been compared directly to each other, we present a computational study to determine
which is the best formulation. Furthermore, we explore ideas to avoid the necessity of
defining new extra binary variables to model the setup crossover and propose symmetry
breaking constraints for both formulations from the literature. Finally, we quantify the
value of this type of flexibility in a computational experiment and analyse which factors

influence this value.

4.1 Introduction

Over the past decades, there has been an increasing interest in the application of these
models, and researchers have been able to incorporate more and more real world features
into lot sizing problems.

The problem considered in this chapter is the single stage, single machine, multi-

LA compact version of this chapter has been published as a research report (CIRRELT-2014-57) and

submitted to an international journal.
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product, big bucket lot sizing problem with setup times. Several different products can
be produced in the same time period on the same machine. A setup must be done for
each type of product that is produced in a specific period. In the standard version of
this problem (Trigeiro et al., 1989) the setup for the first product type produced in a
period starts at the beginning of that period (see Figure 4.1a on page 80). In this chapter
we study an extension of this lot sizing problem that includes the possibility of a setup
crossover. The idea is that in certain cases setup operations can be interrupted at the end
of a period and resumed at the beginning of the next period, in other words, the setups
can span over two periods. This implies that the first setup in period ¢ can already start
at the end of period ¢ — 1 if there is some capacity left, and continue at the beginning of
period ¢ (see Figure 4.1b on page 80). This flexibility can result in more efficient solutions
compared to the standard assumption (where the setup time is restricted to be contained
within the period) since we free up capacity in period ¢ by moving (partially) the setup
of the first product to the previous period. In the big bucket models, the setup times are
smaller than or equal to the capacity.

It is important to note the differences between the concepts of setup crossover and
setup carryover. While with setup crossover the setups can span over two periods, the
setup carryover allows a setup state to be maintained from one period to the next one,
in other words, if we finish a period ¢ producing a particular item i it is possible to start
the period t 4+ 1 producing the item ¢ without performing a new setup for this item.

Although setup crossover is a natural extension of the standard assumption, just a few
studies have considered it, due to the difficulty in dealing with the underlying problems
(Mohan et al., 2012; Belo-Filho et al., 2014). All the studies that handle setup crossovers
in their formulations have added extra binary variables to the formulations indicating
if there is a setup crossover in a period or not, which increases the difficulty of the
formulations.

The aim of this chapter is: 1) to propose new ideas to avoid the necessity of defining
new extra binary variables to model the setup crossover; 2) to propose new constraints
to break the symmetry which is present in the formulations from the literature; 3) to
compare the two formulations proposed in the literature to determine which formulation
is the best; 4) to analyse the impact of the proposed adaptations of these formulations
(i.e. no binary variables and symmetry breaking constraints), and 5) to determine the
value of the flexibility provided by the setup crossover and analyse the factors that have

an impact on this value.
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4.2 Literature review on lot sizing problem with setup

crossover

There is a vast amount of literature on big-bucket capacitated lot sizing problems
(CLSP) with setup times, where setup times have to be contained completely within one
period (see e.g. Trigeiro et al. (1989)). These models have been extended to deal with
various industrial issues (see Jans and Degraeve (2008) for an overview), including setup
carryover and setup crossover.

Several papers analyze the extension with setup carryover. Sox and Gao (1999) propose
two formulations for the CLSP with setup carryover. The first one extends the formulation
proposed by Trigeiro et al. (1989) and the second one uses the shortest path reformulation
and the ideas proposed by Eppen and Martin (1987). Suerie and Stadtler (2003) propose
a formulation for the CLSP with setup carryover based on the simple plant location
(Krarup and Bilde, 1977) and their computational tests have shown that this formulation
is better than the formulations proposed by Sox and Gao (1999). Wu and Shi (2011)
present a theoretical and computational study about the relationship of four different
reformulations of this problem. The authors conclude that the reformulations yield a
similar performance. Gopalakrishnan et al. (2001) develop a tabu search heuristic to solve
the CLSP with setup carryover and using the data sets from Trigeiro et al. (1989) they
compute the effectiveness of the setup carryover. Their results indicate an 8% reduction
in total cost on average through setup carryover compared with the standard CLSP.

Regarding the problem with setup crossover for the small bucket problem, Suerie
(2006) studies the lot sizing and scheduling problem and proposes two formulations that
correctly handle setup crossovers which allow "long" setup times (i.e. setup times can be
bigger than the capacity in one period). The author compares his results with the results
found by the standard lot sizing and scheduling problem and concludes that the proposed
formulations produce more feasible and improved solutions. Kaczmarczyk (2009) pro-
posed two new mixed integer programming models based on the proportional lot sizing
problem with setup crossover and long setup times. The results proved that the proposed
models are easier to solve (using standard MIP methods) and showed a better perfor-
mance over the literature, mainly for problem in which the setup times are longer than
the period length.

For the big bucket problem, Sung and Maravelias (2008) present a mixed-integer pro-
gramming formulation for the capacitated lot sizing problem allowing setup carryover and
crossover (CLSP-SCC). The authors consider sequence independent setups, non-uniform
time periods and long setup times. They show in a detailed way how to deal with the

boundary of the periods using setup crossover with the assumption that the setup cost is
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accounted for at the beginning of the setup. Finally they discuss how their formulation
can be extended for problems with idle time, parallel units, families of products, backlog
and lost sales.

Menezes et al. (2010) propose a formulation for the CLSP-SCC considering sequence-
dependent and non-triangular setups, allowing subtours and enforcing minimum lot sizing.
They propose two lemmas to demonstrate that their formulation is more efficient than
the classical lot sizing and scheduling problem. Moreover, they present an example that
shows the improvement of the solutions allowing setup crossover compared to the classical
formulation.

Kopanos et al. (2011) develop a formulation for the CLSP-SCC with backlog where
the items are classified into families. The approach considers that the setups are family
sequence-dependent, and sequence-independent for items belonging to the same family.
The formulation is tested for a complex real world problem in the continuous bottling
stage of a beer production facility and it finds good solutions for problems with hundreds
of items.

Mohan et al. (2012) include the possibility of setup crossover for the formulation
proposed by Suerie and Stadtler (2003) that handles the problem with setup carryover
and compare the improvement obtained by adding the crossover in the formulation with
setup carryover. They conclude that in nine out of fifteen problem instances tested, their
formulation yielded better solutions or removed infeasibility.

Camargo et al. (2012) propose three formulations for the two-stage lot sizing and
scheduling problem and one of these considers setup crossover, which is achieved by a
continuous-time representation. From the computational results, they conclude that de-
spite delivering the worst performance in terms of CPU times, the formulation with setup
crossover is the most flexible of the three to incorporate setup-related features.

Belo-Filho et al. (2014) consider the problem CLSP-SCC with backlog. They propose
two formulations for the problem, the first one is built on top of the formulation of
Sung and Maravelias (2008) and the second one proposes a time index disaggregation,
defining the start and the completion time periods of the setup operation. They show the
relationship between the proposed formulations and compare their formulations with the
formulation proposed by Sung and Maravelias (2008). Finally they point out that setup
crossover is an important modeling feature in case setup times consume a considerable

part of the period capacity.
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4.3 Mathematical models

In this section, to contextualize we first present the classical formulation and the simple
plant location reformulation (Krarup and Bilde, 1977) for standard problem (without
crossover). Next, we present two formulations for the problem with setup crossover based
on the ideas proposed by Menezes et al. (2010) and Mohan et al. (2012) and three different
ways to model the setup crossover without defining new extra binary variables. Finally,
we propose new constraints for the formulations proposed by Menezes et al. (2010) and
Mohan et al. (2012) to break the symmetry resulting from the presence of alternative
optimal solutions.

Note that we will not consider the possibility of initial inventory in the formulations of
this chapter because we will use at the computational experiments the data sets proposed

by Trigeiro et al. (1989) and it is well known that these data sets are all feasible.

4.3.1 Classical models

We first present the classical formulation of the capacitated lot sizing problem. This
formulation is based on the formulation of Trigeiro et al. (1989).
For the mathematical formulation of the problem consider the following data:
Parameters
I ={1,...,n}: set of items;
T ={1,...,m}: set of periods;
di;:  demand of item ¢ in period t;
sditr: the sum of the demand for item 4, from period t until period 7 (7 > t);
hcip:  unit inventory cost of item ¢ in period ¢;
scy:  setup cost for item ¢ in period t;
vey:  production cost of item ¢ in period ¢;
sty:  setup time for item ¢ in period ¢;
vty:  production time of item ¢ in period t;

Capy: capacity (in units of time) in period ¢;

Decision variables
Ty number of units produced of item ¢ in period ¢;
sy: quantity of inventory of item ¢ at the end of period ¢;

Yi: binary setup variable, indicating the production or not of item ¢ in period t;

e Classical formulation (C'F')
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n m

v(CF) = Min Z Z(scityit + veyuiy + heySi) (4.1)
i=1 t=1
Subject to:
Sit—1 + Tig = dig + Sit Viel,teT (4.2)
i(Stityit + vtywy) < Capy VteT (4.3)
Zx:nl < min{(Capy — sty)/vti, Sdigm i VielteT (4.4)
v € {0,1}, 244 >0, s3>0, 850>0, 85, =0 VielteT (4.5)

The objective function (4.1) minimizes the total setup, production and inventory costs.
The constraints (4.2) guarantee the inventory balance in each period. Next are capacity
limits (4.3) and the machine setup constraints (4.4). In order to make the formulation
stronger, we limit the production for each item in constraints (4.4) by both the remain-
ing demand and the maximum possible production with the available capacity. Finally,
constraints (4.5) define the variables domains.

Various research papers have used alternative formulations to model the classical lot
sizing formulation. Two important reformulations have been proposed. A first one deals
with the reformulation of the problem as a shortest path problem in which a redefinition
of the variables proposed by Eppen and Martin (1987) is the strategy used (Fiorotto and
Araujo, 2014) and discussed in the Chapter 2. A second one consists of a reformulation
based on the Simple Plant Location problem studied in Krarup and Bilde (1977). Various
theoretical and computational results concerning such reformulations have been published
in the literature. Considering that the authors that have studied the lot sizing problem
with setup crossover used in their papers the simple plan location reformulation, and after
performing some preliminary computational tests we have chosen to use the simple plant
location reformulation for all formulations presented on this chapter.

Next we present the simple plant location reformulation of the problem (4.1)-(4.5).
For the reformulation the following parameters are defined:

csy: total production and holding cost for producing one unit of item ¢ in period ¢

to satisfy demand of period k:

k-1
esir = (vew + Y hei)dig.

u=t
There are also the following new variables for the model:
Ty fraction of the demand for item ¢ in period k£ produced in period t.

The reformulation based on the simple plant location is as follows:
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e Simple plant location reformulation (£0)

n

U(FO) = Min Z Z SCitYit + Z Z Z CSitkTitk (46)

=1 t=1 i=1 t=1 k=t
Subject to:
t
D wig=1 Viel,teT|dy>0 (4.7)
k=1
Z StitYi + Z Z vtidigzi, < Capy VieT (4.8)
=1 =1 k=t
Titke < Uit Viel,teT,keT k>t (4.9)
yir € {0,1}, 2 >0 Viel.teT,keT k>t (4.10)

The objective function (4.6) minimizes the total cost, which consists of the setup
cost and the aggregated production and holding costs. The constraints (4.7) ensure that
demand is met for each period. The capacity constraints (4.8) limit the sum of the total
setup and production times. The setup constraints (4.9) do not allow any production in

period ¢ unless a setup is done. Finally, constraints (4.10) define the variables domains.

4.3.2 Models proposed in literature for the problem with setup

crossover

In this section we present the formulations of the lot sizing problem with setup
crossover proposed in literature. These formulations are based on the formulations of
Menezes et al. (2010) and Mohan et al. (2012). Both papers also include the possibility
of setup carryover. We present here the way the setup crossover is formulated in these
papers, without considering the setup carryover extensions. There are other papers in the
literature for extensions of the CLSP with setup crossover as discussed in the literature
review. However, for these formulations the ways to model the setup crossover are similar
to that of the papers previously mentioned, and therefore they will be omitted.

Before presenting the formulation, we need to define some new variables:

Decision variables
vi: binary variable, indicating if the setup is split between period ¢ and period ¢ + 1 for
item i;
us: extra time borrowed in period ¢ for the setup in period ¢ + 1.

The first mathematical formulation based on the ideas proposed by Menezes et al.
(2010) is as follows:
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e Model adding extra binary variables (F'1)

n

v(F1) = Min Z Z SCitVir + Z Z Z CSithTith (4.11)

i=1 t=1 i=1 t=1 k=t
Subject to:
t
D wg=1 Viel,teT|dy>0  (4.12)
k=1
Z StitYie + Z Z vtidipTig, + up < Capy + g VieT (4.13)
=1 i=1 k=t
Titke < Uit Viel,teT keT k>t (4.14)
U1 < Zvi,tqsﬁ;t VieT (4.15)
=1

Vig—1 < Vit Viel,teT (4.16)
D v <1 VteT  (4.17)
=1

Yit € {07 1}, Vit—1 S {0, 1}, Vio = 0, Ut—1 Z 0, Uy = 0 Vie I,t eT (418)
T > 0 Viel,teT keT k>t (4.19)

The objective function (4.11) minimizes the total cost. Constraints (4.12) guarantee
that the demand is satisfied in each period. The capacity constraints (4.13) limit the sum
of the total setup times and production times, considering the time borrowed from the
previous period and the time added to the next period in case of setup crossover. The
setup constraints (4.14) do not allow any production in period ¢ unless a setup is done.
Constraint (4.15) limits the borrowed time in period ¢ — 1 to be used in period t to the
value of the setup time of the product for which we allow the crossover. We cannot have
a crossover from period ¢ — 1 to period ¢ if there is no setup in period ¢, as imposed by
constraint (4.16). Constraints (4.17) state that the setup can be split across periods for
at most one item and finally, the conditions (4.18) and (4.19) on the variables complete

the formulation.

The second formulation is based on the ideas proposed by Mohan et al. (2012) and
the main difference is the way to limit the time for the setup crossover (constraints (4.15)
and (4.16) of the previous formulation). Before presenting the formulation, we need to
define new variables:

New decision variables:
zi: 1 if a complete setup is done in period ¢ for item ¢, 0 otherwise;

l;t—1: extra time borrowed in period ¢ to start the setup of the item 4;
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fit: total time used to complete the setup of the item ¢ in period ¢;
v 1 if setup crossover between period ¢ — 1 and period ¢ for item ¢ with splits being /; ;1
and f;, respectively (that is fi; + ;1 = sty).

The second formulation is then as follows:

e Model separating complete setups (F'2)

n m n m m

’U(FQ) = Min Z Z(scitzit + Scitvit) + Z Z Z CSitkLitk (420)
i=1 t=1 i=1 t=1 k=t
Subject to:
t

D w =1 Viel,teT|dy>0 (4.21)
k=1
Z stitzit -+ Z Z Utitdikxitk -+ Z lit —+ Z fit S Capt Vit c T (422)
i=1 i=1 k=t i=1 i=1
Titke < Zip + Vi Viel,teT,keT k>t (4.23)
Jir +lig—1 = visty Viel,teT (4.24)
» <1 VteT (4.25)
i=1
Yit € {O, 1}, Vit € {O, 1}, lit > O, liO = 0, fit > 0 Vi € [,t eT (426)
Titre > 0 Viel,teT,keT k>t (4.27)

The objective function (4.20) minimizes the total setup, production and inventory
costs. The constraints (4.21) guarantee that the demand is satisfied in each period.
Constraints (4.22) ensure that the total capacity consumed during a period for production
and setups is less than or equal to the available capacity. The setup constraints (4.23) do
not allow any production in period ¢ unless a setup is done (either complete or crossover).
When a setup is split, constraints (4.24) ensure that the split times add up to the total
setup time. Constraints (4.25) state that the setup can be split across periods for at most

one item. Finally, constraints (4.26) and (4.27) define the variable domains.

4.3.3 Proposed models

The first new proposed model formulates a restricted version of the problem. It is
built upon the idea that it is possible to limit the quantity of borrowed time (u;) in each
period by the lowest value of the setup times. Although this restricts the set of feasible
solution, it avoids the necessity of defining extra binary variables for the setup crossover.

Note that this formulation will have a higher (or equal) optimal objective function value
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compared to formulations F'1 and F2 (as we will formally discuss in Section 4.4.1) and

hence the solution can be used as a heuristic. This new formulation is defined as follows:

e Model with minimum setup time (F'3)

n

v(F3) = Min Z Z SCitYir + Z Z Z CSith itk (4.28)

i=1 t=1 i=1 t=1 k=t
Subject to:
t
D w=1 Viel,teT|dy>0 (4.29)
k=1
Z Stilie + Z Z vt dipTig, + up < Capy + ug VteT (4.30)
i=1 i=1 k=t
Titk < Ui Viel,teT keT k>t (4.31)
ur—1 < min{st;} VteT (4.32)
viel

yir € {01}, 2k >0, w1 >0, ug=0Viel,teT ke T k>t (4.33)

The objective function (4.28) and the constraints (4.29), (4.30) and (4.31) are the
same as constraints (4.11), (4.12), (4.13) and (4.14) in the formulation F'1. Constraints
(4.32) limit the extra time allowed for a setup crossover to the lowest setup time of all

products. The last constraints (4.33) state the domain of the variables.
e Model with minimum active setup time (£'4)

The second proposed formulation is an extension of the first one and thus, it also
formulates a restricted version of the problem. The idea is that we can only use extra
capacity from period ¢t — 1 for a product that is setup in period ¢, i.e., we can limit the
borrowed extra time (in period ¢ — 1) to the minimum time of the active setups in period
t.

The following modification of the constraints (4.32) handles this extension:

Up—1 < St + g}g};{stﬁ}(l — Yit) Viel,teT (4.34)

Constraints (4.34) limit the extra time allowed for a setup crossover to the minimum
setup time of the active setups. If the setup is not active in period ¢ for product i, i.e.
yir = 0, then the extra time is limited by the maximum setup time. Otherwise, if the

setup is active for product i, i.e. y; = 1, then the extra time is limited by exactly this
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setup time. As we have this constraint for every item, we are limiting the u; ; variables
to the minimum active setup time.

The second proposed formulation, F'4, is the same as F'3 with constraints (4.32) re-
placed by the constraints (4.34). This formulation will also result in a higher (or equal)
optimal objective function value when compared to formulations F'1 and F'2, and hence

the solution can only be used as a heuristic.
e Model dropping the extra binary variables (F'5)

The third new formulation is based on formulation F'1. Analyzing the constraints
(4.15) to (4.17) we observe that the integrality constraints on v; can be dropped. The
idea is that it is always feasible to limit the allowable time for a setup crossover to the
maximum of the active setup times in a period (as formally discussed in Section 4.4.1). If
less time is allowed (because there is not enough idle capacity in the previous period) or
needed, the u; variables can always assume a lower value. This constraint is still imposed
if we drop the integrality constraints on the v;; variables (assuming positive setup times).
The right-hand side of (4.15) cannot be more than the maximum of the active setup times
because of constraints (4.16) and (4.17) together even if the binary conditions on the v;;
variables are dropped. Note that when the binary decisions are dropped, the variables v;
does not necessarily indicate anymore which item is split, since it can assume fractional
values. They are only used to determine the maximum time allowed for the crossover.
The formulation F'5 consists of the objective function (4.11), subject to constraints (4.12)-

(4.19) with the integrality constraints on v;; dropped.
e Model to break the symmetry of formulation F'1 (F'1")

For formulation F'1, it is possible that alternative (optimal) solutions exists with the
same (optimal) objective function value, as will be formally explained in Section 4.4.1.
The problem with these alternative or symmetric solutions is that they can increase the
total computation time needed due to duplication in the branch-and-bound tree (see e.g.
Sherali and Smith (2001), Jans (2009) and Jans and Desrosiers (2013)). We can exclude
these alternative solutions by explicitly imposing that the item with the highest active
setup time in period t+ 1 is always chosen as the item for which we have a setup crossover
between periods t and ¢t 4+ 1. This is always feasible since the variable u; can take a value
which is lower than this setup time, or can even take the value of zero (if no idle capacity
is available in period ¢, or if a setup crossover is not beneficial). To impose this condition,
we first have to order the items in a decreasing order of their setup times. Next we have

to add the following symmetry breaking constraints to formulation F'1:
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Vit—1 = Y1t Vit eT \ {].} (435)

1—1
Vie1 > Ui — D it Vie I\ {1},vt e T\ {1} (4.36)
j=1

Constraints (4.35) and (4.36) impose in each period the setup crossover for the product
with the highest active setup time. Note that as the items are ordered according to the
decreasing order of setup time, item 1 has the highest setup time. Therefore, constraint
(4.35) enforces the setup crossover between periods ¢ — 1 and ¢ for the first item (i.e. the
one with the highest setup time) only if this item is setup in period t. Constraint (4.36)
enforces a setup crossover between periods ¢t — 1 and ¢ for item ¢ only if this item is setup
in period ¢ and if none of the items with a higher setup time have been setup in period
t. Note that constraint (4.16) still prevents a crossover for an item if there is no setup.
Formulation F'1 augmented with constraints (4.35) and (4.36) will be called F'1'.

e Model to break the symmetry of formulation F2 (F2')

For formulation F'2, we observe as well that there can be several alternative solutions
with the same objective function value (see Lemma 4.3 in Section 4.4.1). The reason is
basically the same as for formulation F'1.

We also have proposed a type of symmetry breaking constraint to formulation F'2 to
impose the setup crossover always for the product with the highest active setup time. As
in the previous formulation, we first have to order the items according to a decreasing

order of setup times and then we add to formulation F'2 the following new constraints:

i—1
D v >z VieT,iel\ {1} (4.37)
j=1

Constraints (4.37) imposes that if there is a full setup for item ¢, this means there must
have been a partial setup for an item j < i (assuming an decreasing order of setup time).
Constraints (4.37) will hence assign the setup crossover to the item with the highest active

setup time.

4.4 Analysis of the formulations

4.4.1 Theoretical analysis of the formulations

In this section we prove the relationship among the optimal objective function val-

ues for all of the discussed formulations and we show that we can always construct an
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alternative solution with the same objective function value imposing the setup crossover
for the product with the highest active setup time. Note that v(F’) indicates the optimal
objective function value of formulation F' and S(F') denotes the set of feasible solutions.

Lemma 4.1 v(F0) > v(F3) > v(F4) > v(F5) = v(F1) = v(F2).

Proof: The first inequality (v(F0) > v(F3)) is trivial, since by adding the setup
crossover the flexibility is increased and better solutions can be found. Moreover, it is
clear that S(0) C S(3) because by fixing u; = 0 V¢t € T in formulation F'3 we obtain the
classical formulation F0.

Formulation F'3 is more restrictive than formulation F'4. Comparing the right-hand
side of constraints (4.32) and (4.34) we have that gr];ier}{stjt} < sty + Ivrl}g)l({stjt}(]_ -
Vi), Vi € I.  Therefore S(3) C S(4), which proves the proposed second relationship
(v(F3) > v(F4)).

We also see that S(4) C S(5). The reason is that in F'5 the allowable time for a setup
crossover is restricted to the maximum of the active setups, whereas in F'4 it is restricted
to the minimum of the active setups, which is more restrictive.

To show that v(F'5) = v(F'1) observe that there is an incentive to make the right-
hand side of (4.15) as large as possible, in order to allow the maximum flexibility. The
v variable does not appear in the objective function, and the values are constrained by

inequalities (4.16), (4.17) and the domain restrictions. Therefore, there exists an opti-
n

mal solution for F'1 in which the right-hand side of (4.15) is E Vi 15ty = III|1aX {sti}.
=1

When we drop the integrality constraints on the v;; variables, the right-hand side of (4.15)
will still have iGIII\ngX: l{stit} as the maximum value. Therefore, by dropping the integral-
ity constraints we will obtain the same objective function value as with the integrality
constraints.

Finally, the formulations F'1 and F'2 are both valid for the same problem and hence

provide the same optimal objective function value (v(F'1) = v(F2)).1

Lemma 4.2 (related to symmetry breaking constraint on formulation F'1) Given a
feasible (or optimal) solution for F'1, with a setup crossover for product ¢ from period ¢
tot+1 (ie. vy =1and vy =0Vjel\{i}), we can construct an alternative feasible
(or optimal) solution with the same objective function value if there exists in period
t + 1 an active setup for another product i’ which has an equal or higher setup time (i.e.

Sty 441 > Stiz1 and yy 41 = 1). This solution can be constructed as follows:
vy = 1, vy = 0 and all other variables (including u;) remaining the same.

Proof: The proof is easily established by the following two reasons:

1) The new solution satisfies all the constraints;
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2) We have the same objective function, because the values of the variables x;; and y;

remain the same.l

Lemma 4.3 (related to symmetry breaking constraint on formulation F2) Given a
feasible (or optimal) solution for F2, with a setup crossover for product i from period
ttot+1 (ie. vigp1 =1, vjy1 = 0Vjel\{i} and 2,441 = 0), we can construct an
alternative feasible (or optimal) solution with the same objective function value if there
exists in period ¢ 4+ 1 an active setup for another product " which has an equal or higher
setup time (i.e. Sty 41 > stipe1 and zy1 = 1). This solution can be constructed as

follows:

Vit t+1 = 1, il t+1 = 0
Vigg1 =0, Zigp1 =1
lig <— Ly, 1y =0

firas1 = Stigsr — ling, firg1 =0

Proof: The proof is established by the following two reasons:
1) The new solution remains feasible. Indeed:
(4.21) is satisfied for items 7 and ' since the x;,; variables do not change;
The left-hand side of (4.22) for period ¢ remains unchanged since l;; has taken the
n
value of [;; and [;; has taken the value of zero, so that Z l;; remains the same in the two

j=1
solutions.

The left-hand side of (4.22) for period t + 1 has the same value after the changes (see
Table 4.1):

Old solution New solution
n
ZStz‘,t+1Zi,t+1 sty g1 X 1 stipp1 X 1
=1
n
Z lit+1 unchanged unchanged
i=1
n
Zfi,t+1 fier1 = stigrr — lie | fir g1 = Sti g1 — lire
i=1
TOTAL Stirgr1 + Stigr1 — lie | i1 + Stirgqpr — lire

Table 4.1: Constraints (4.22) for period ¢ + 1 and items ¢ and 7'.

(4.23) is satisfied since the right-hand side for item 7 and 7’ is still equal to 1;
(4.24) is satisfied for items ¢ and i’ by construction;
(4.25) is satisfied since we still only have one item (in each period) for which we allow

a setup crossover.
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2) We have the same objective function by construction.ll

4.4.2 Example

The following example shows the solutions for all formulations applied to the same
instance. We adapted the example proposed in Belo-Filho et al. (2014) making some
changes considering that in their case setup carryover is allowed.

We have to determine a production plan for four different items i = {A, B, C, D} over
a planning horizon composed of five non-uniform periods. Tables 4.2 and 4.3 contain
the parameters, the demand and capacity values. Note that the parameters are time

independent in Table 4.2.

vt; | 010110101

s¢; 3 4 1

Table 4.2: Parameters for the example.

dy |t=1|t=2|t=3|t=4|t=5
i=A 0 30 0 0

i=B | 40 0 20 20

1=C 0 30

i=D 0 0 0 0 40
Cap; 10 10 10 6 6

Table 4.3: Demand and capacity data.

All formulations were solved to optimality using this data set. Figure 4.1 and Table 4.4
illustrate the graphical solutions and the relevant non-zero variable values, respectively.

In Figure 4.1, white blocks represent production time that is consumed in that period,
dark grey represents the setup time and light grey represents idle time. The values of the
non-zero decision variables can be found in Table 4.4. For the classical formulation (F0)
the value of the optimal solution is 688. This high value results mainly from the inventory
for item B from period 1 to period 3 (20 units), for item C' from period 2 to period 3 (30
units) and for item D from period 3 to period 5 (40 units). Note that in this example
the inventory costs are very high. However, due to the lack of capacity it is impossible
to have a setup for each item in a period with positive demand, and the optimal solution

for F'0 results in high inventory levels.
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Although slightly different, the solutions found by the formulations F'1, F'1’, F'5, F2
and F2' have the same objective function value of 22. The only difference is that in
formulation F'1 and F'1’ the setup for item A is split between periods 1 and 2 and for
the formulations F'5, F'2 and F2' the setup for this item is completely done in period 2.
Observe that the solution obtained by F'2, F2' and F'5 can directly be transformed into
the solution obtained by F'1 and F'1’ by splitting the setup of product A over periods 1
and 2. The two solutions presented are both feasible for F'1, F1', F'2, F2' and F'5. We
see hence that there can be equivalent alternative optimal solutions. Note that there are
no inventories in the solutions obtained by these formulations. Note also that although
formulations F2 and F2' present the same solution, the value of some variables are differ-
ent (see Table 4.4). It occurs because for a product with a partial setup between periods
t —1 and t (v = 1), it is still possible in some cases to do the complete setup in period ¢
by choosing /;;—1 = 0 or in period ¢ — 1 by choosing f;; = 0.

For the formulation '3 the maximum extra time that could be borrowed in each period
was 1. Consequently, the optimal solution contains inventory for item B from period 1 to
period 3 (20 units), for item C from period 2 to period 3 (30 units) and for item D from
period 3 to period 5 (30 units). The optimal objective function value for this formulation
is 574. When we limit the borrowed extra time to the minimum of the active setup times
(F4), the formulation has more flexibility to find better solutions than F'3. The optimal
solution found by formulation F'4 has inventory only for item C' from period 2 to period
3 (30 units) and the objective function value of the optimal solution is 52. The results
are in line with the relationships proposed in Lemma 1, and indicate that the inequalities

can be strict.

4.5 Computational results

The formulations were modeled in AMPL using CPLEX 12.6 as solver. The tests
were done on a personal computer Intel Core-15, 2.27GHz with 6GB of RAM and the
Windows operating system. The computational tests involve four experiments based
on standard instances proposed in Trigeiro et al. (1989). In the first experiment, the
formulations are tested for the well known F' and G instances. In the second experiment,
the formulations were tested on a large data set of 540 standard instances, in the third
one we test some adapted instances with high values for the inventory costs and finally,
in the fourth one we test some instances considering the possibility of backlog. We have
limited the computational time in all experiments to 1800 seconds per instance. Note

that in these instances the unit production costs are not considered.
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a) Solution using the formulation FO (v(F0) = 688)

b= =2
.

t=3 t=4 L=y

d) Solution using the formulation F3 (v(F3) = 574)

t=3 t=4 t=5

=1 t=2
EN! BB 0 ‘D

€) Solution using the formulation F4 (v(F4) = 52)

Figure 4.1: Graphical solution of the example for all formulations.

4.5.1 Results for experiment 1

The formulations were tested for a set of 145 instances proposed in Trigeiro et al.
(1989). These are 70 instances from the F-set and 75 from the G-set. The F-set contains
70 instances with 6 items and 15 periods. The G-set consists of 50 instances with 6 items
and 15 periods and 5 instances for each of the cases with 12 items and 15 periods, 24
items and 15 periods, 6 items and 30 periods, 12 items and 30 periods and 24 items and
30 periods.

In Table 4.5 we give the upper bounds (Columns UP) and the computational times
in seconds (Columns T'ime) for all formulations. We set the upper bounds found by the
classical formulation (F0) to 100% and calculate the others values relative to this. As ex-
pected, all formulations with setup crossover have found better solutions than the classical
formulation (F0) and the differences are bigger for problems with 6 items. Comparing

the computational times, we can see that all formulations except the formulations F'2,
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F0 variables

za22=1 zpi1=1 =zpi3=1 xpaya=1 zc23=1 Tp3s =1
yaz =1 yp1 =1 ypa =1 yo2 =1 yp3s =1

F1 and F1’ variables
za22 =1 zpi1=1 zp33=1 Tpuu=1 xc33=1 Tpss =1
yaz =1 yp1 =1 yps =1 ypa =1 yocz =1 yps =1
up =2 ug =4 us =4 ug =4
’UA1:1 ’U]32:1 ’UB3:1 ’UD4:1

F'2 variables

za22 =1 xpi1=1 xp33=1 xpuu=1 zc33=1 Tpss =1
zpa2 =1 zp1 =1 zo3 =1
vy =1 vpge =1 vps =1
lpa =4 lps =4 lpyg =4
fps =2
F2' variables
za22=1 xpi1=1 xp33=1 xpaa=1 xc33=1 Tpss =1
zoz =1
vp2 =1 vpr =1 vpy =1 vy =1 vps = 1
lpa =4 lps =4 lpy =4

faz =3 fB1 =4 fps =2

F'3 variables

za22=1 zpi1=1 =zpiz=1 Tpag =1 zo23 =1  xp3s =0.75  wxpss =0.25
yaz =1 yB1 =1 yBe =1 yoz =1 yp3z =1 yps =1
us =1 ug =1

F'4 variables

za22=1 wp11=1 =zp3z=1 xpaya=1 zc23=1 Tpss = 1
yaz =1 yp1 =1 yps =1 ypa =1 yoz =1 yps =1
up =1 ug =1 uz =4 ug =4

F'5 variables

Tza22 =1 zxp11=1 =xp3z=1 TB4sa =1 zco33 =1 Tpss =1
za2 =1 yp1 =1 yps =1 ypa =1 yoz =1 yps =1
ug =4 us =4 ug =4

var =1 vy =1 vpy =1 vpyg = 0.66

Table 4.4: Variables values of example for all formulations.

F2" and F4 for some instances are faster than the classical formulation.

We observe that F'1 is much faster than F'0, which is surprising since it contains more
binary variables. Omitting the binary condition on the v;; variables as done in formulation
F'5 does not result in a significant change in the CPU time. It only provides in average a
very small decrease compared to F'1. We observe that F'3 and F'4, i.e. the two restricted
models without binary variables to indicate the crossover take significantly more time to
be solved compared to formulations F'1 and F'5.

Note that there is no benefit in adding symmetry breaking constraints to formulation
F'1 considering that the CPU times of the formulation F'1" are bigger than F'1. However,
for formulation F'2 the symmetry breaking constraints are very efficient and the difference
of CPU times between the formulations F'2 and F2" are very significant.

Note also that these instances are quite easy, considering that CPLEX has solved

relatively fast almost all instances for all formulations except formulation £'2. Moreover,
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with formulations F'1, F'1', F2', F'4 and F'5 the solver has proven the optimality for all
instances within the time limit. Using formulations F'0, F'2 and F'3 the solver has proven
the optimality for 98.6%, 88.9% and 99.3%, respectively.

F G6-15 G12-15 G24-15 G6-30 G12-30 G24-30
Model UpP Time 19824 Time 1984 Time Up Time up Time UpP Time up Time
Fo 100 2.3 100 21.7 100 5.8 100 10.2 100 364.3 100 642.6 100 472.9
F1 99.36 1.1 99.03 3.4 99.86 3.3 99.85 7.3 99.38 17.3 99.72 82.3 99.97 89.7
F1’ 99.36 1.3 99.03 3.5 99.86 4.3 99.85 11.6 99.38 24.7 99.72 112.0 99.97 131.4
F2 99.36 87.0 99.03 102.9 99.86 401.1 99.85 569.1 99.38 936.4 99.72 1444.4 99.97 1332.5
F2’ 99.36 7.7 99.03 21.5 99.86 16.0 99.85 17.7 99.38 136.0 99.72 211.3 99.97 228.7
F3 99.72 1.6 99.65 8.6 99.95 3.9 99.93 8.3 99.73 81.1 99.92 411.3 99.99 446.6
F4 99.67 1.3 99.54 10.7 99.95 10.0 99.90 15.7 99.73 237.5 99.90 365.6 99.99 390.0
F5 99.36 0.9 99.03 3.1 99.86 3.6 99.85 7.5 99.38 16.5 99.72 82.4 99.97 83.3

Table 4.5: Average general results for F and G data sets.

4.5.2 Results for experiment 2

In this experiment, the formulations were tested on a total of 540 instances with 20
periods, such that five characteristics are analyzed: number of items (10, 20 and 30),
demand variability (medium [0, 125] and high [0,200]), setup cost (low [25, 75], medium
[100,300] and high [400, 1200]), setup time (low [5,17] and high [21,65]) and capacity
utilization (low [75%], medium [85%] and high [95%]). The numbers in the brackets
indicate a uniform distribution between the two numbers. For more details on the data
set, we refer to Trigeiro et al. (1989).

Tables 4.6 to 4.10 show the overall performance of the formulations. We report the
relative upper bounds (UP), computational times in seconds (7ime) and percentage of
instances solved to optimality within the limit of 1800 seconds (O.S). Since the symmetry
breaking constraints in F'1’ were not able to improve the results obtained by F'1, the
results of F'1” are omitted.

The overall analysis of Tables 4.6 to 4.10 confirm the tendencies observed in Table 4.5.
FO0 is slower than F'1, F'3, F'4 (except for 20 items) and F'5. F2 is overall the slowest
formulation and the performance of F2' is in fact significantly better than F2. We see
that F'1 and F'5 generally provide a similar performance (both in terms of CPU times
and the percentage of optimal solutions found). F'3 and F'4 provide a significantly worse
performance compared to F'1 and F'5. We also observe that the cost decrease obtained by
introducing the possibility of a setup crossover is very small in these instances and that
the relevance of including a setup crossover is bigger for problems with few items. The
average cost decrease is 0.59% for 10 items, 0.23% for 20 items and 0.17% for 30 items.
The average cost decrease over all 540 instances is 0.33%.

Table 4.6 shows that although the formulations F'1, F'2, F'2" and F'5 have the same
optimal solutions, F'5 found slightly better solutions for problems with 20 and 30 items.
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Considering only instances for which CPLEX proved optimality (column Aver. OS) we
clearly see the big improvement obtained by including the symmetry breaking constraints
in the formulation F2. The CPU times for formulations F2 and F2' are 96.1 and 9.5,

respectively.
10 items 20 items 30 items Aver. OS
Model uUp Time (O] uUp Time (O8] uUp Time OS uUp Time
Fo 100 589.8 70.6 100 684.9 | 63.9 100 707.1 62.8 100 10.7

F1 99.41 | 462.0 | 80.6 | 99.78 | 625.2 | 68.9 | 99.86 | 613.0 | 68.9 | 99.88 4.7
F2 99.43 | 813.7 | 57.2 | 99.79 | 859.5 | 53.9 | 99.89 | 865.3 | 55.0 | 99.88 96.1
F2’ 99.43 | 628.0 | 68.8 | 99.79 | 685.0 | 64.5 | 99.89 | 672.8 | 65.5 | 99.88 9.5
F3 99.75 | 530.0 | 75.0 | 99.90 | 668.9 | 65.0 | 99.94 | 668.6 | 66.1 | 99.95 5.9
F4 99.73 | 539.1 | 73.4 | 99.90 | 688.3 | 63.9 | 99.94 | 666.8 | 65.6 | 99.94 6.3
F5 99.41 | 475.9 | 78.3 | 99.77 | 604.5 | 70.0 | 99.83 | 609.9 | 68.3 | 99.88 4.6

Table 4.6: General average results aggregated per number of items.

Table 4.7 shows that the capacity utilization is an important factor for the quality of
solutions using setup crossover and the difficulty of the problems. For problems with loose
capacity, the inclusion of a setup crossover is not so important. The problems are quite
easy considering that the computational times are low and the percentage of solutions
solved to optimality (OS) is very high. When the capacity is tight, the importance
of including setup crossover and the difficulty of the problems increase. Note that the
computational times are very high and the percentage of instances that CPLEX solved

to optimality is very low for these instances.

Loose Capacity Normal Capacity Tight Capacity
Model UpP Time OS Up Time oS UP Time OS
FO 100 29.3 | 98.9 100 404.8 | 84.4 100 1547.8 | 15.0

F1 99.95 17.2 99.4 | 99.79 | 280.7 | 91.1 | 99.30 | 1402.3 | 27.2
F2 99.95 | 126.2 | 96.1 | 99.79 | 777.3 | 61.7 | 99.37 | 1634.9 | 9.45
F2’ 99.95 27.1 99.4 | 99.79 | 435.7 | 81.6 | 99.37 | 15204 | 17.8
F3 99.98 25.7 98.9 | 99.91 | 347.8 | 87.2 | 99.70 | 1493.9 | 20.0
F4 99.98 25.7 98.9 | 99.90 | 354.9 | 85.6 | 99.69 | 1513.7 | 18.3
F5 99.95 16.0 99.4 | 99.79 | 276.9 | 90.6 | 99.28 | 13974 | 26.7

Table 4.7: General average results aggregated per capacity.

Table 4.8 presents the results aggregated per setup cost level. The benefits of including
a setup crossover decreases when the value of setup cost increases. It occurs because if
the setup cost is high, the formulations try to reduce the numbers of setups and keep
more items in inventory whereas one of the main gains of setup crossover is exactly the
flexibility to produce as close as possible to the demand period avoiding big quantities of
inventory. Note also that computational times increase and the OS decrease significantly
when the value of setup cost increases.

Tables 4.9 and 4.10 show the results taking into account the setup time and demand

variability, respectively. In these tables we can see that with increasing setup times
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Low setup cost Normal setup cost High setup cost
Model | UP | Time | OS | UP | Time | OS | UP | Time | OS
FO 100 | 477.8 | 744 | 100 | 623.3 | 67.2 | 100 | 880.8 | 57.2
F1 | 99.55 | 384.1 | 81.7 | 99.75 | 521.2 | 73.3 | 99.74 | 764.9 | 62.8
F2 | 99.56 | 550.4 | 70.0 | 99.76 | 772.8 | 60.0 | 99.79 | 1215.2 | 36.1
F2 | 99.56 | 470.6 | 75.0 | 99.76 | 572.4 | 69.4 | 99.79 | 858.5 | 58.8
F3 | 99.82 | 440.9 | 78.3 | 99.89 | 594.6 | 68.3 | 99.88 | 832.1 | 60.6
F4 | 99.82 | 455.6 | 76.7 | 99.88 | 600.6 | 68.3 | 99.87 | 828.1 | 59.4
F5 | 99.52 | 378.6 | 81.1 | 99.74 | 545.3 | 73.3 | 99.74 | 766.4 | 62.8
Table 4.8: General average results aggregated per setup cost level.

and demand variability, the computational times decrease, OS increases and the relative

upper bounds decrease, indicating a larger benefit provided by the crossover. Note that

for problems with low setup times and low demand variability the proposed formulation

F'5 found again slightly better solutions than the formulations from the literature F'1 and

F2.

Table 4.9: General average results aggregated per setup time.

Low setup time High setup time
Model UP Time | OS UPp Time | OS
Fo 100 715.6 | 64.8 100 605.7 | 69.6
F1 99.78 | 669.9 | 68.1 | 99.58 | 463.5 | 77.8
F2 99.80 | 931.3 | 51.4 | 99.60 | 761.0 | 59.6
F2’ 99.80 | 764.7 | 65.5 | 99.60 | 561.8 | 72.2
F3 99.91 | 699.1 | 63.7 | 99.81 | 545.9 | 73.7
F4 99.91 | 710.9 | 62.6 | 99.80 | 551.9 | 72.9
F5 99.76 | 670.1 | 66.3 | 99.58 | 456.8 | 78.1

Medium demand variability | High demand variability
Model UupP Time 0S UpP Time (1]
Fo 100 728.2 62.6 100 593.1 70.0
F1 99.72 | 645.9 67.8 99.64 | 487.6 77.0
F2 99.75 | 8444 55.2 99.65 | 847.9 55.6
F2’ 99.75 | 735.7 63.3 99.65 | 585.5 71.8
F3 99.88 | 702.1 63.7 99.85 | 542.9 73.7
F4 99.88 | 704.2 63.3 99.83 | 558.6 72.2
F5 99.70 | 644.7 67.0 99.64 | 482.1 77.4

Table 4.10: General average results aggregated per demand variability.

Aiming to do a further analysis of the effect of introducing a setup crossover, Table
4.11 shows the behavior of the solutions for 10 items for the formulations F'0 and F'1:

the percentage of setup and holding cost (columns SC(%) and HC(%)) in the objective

function value and the number of setups and total inventory (columns setup and inv.).

We observe that overall the number of setups is very similar for both formulations and

the main difference is the level of inventory. We obtain a decrease in total inventory

of approximately 1%, but the total inventory holding costs constitute only 30% of the
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total cost. So the overall cost decrease is relatively small. It explains the small decrease
obtained by introducing the possibility of a setup crossover in these instances given that
the value of the inventory costs are very low. Even though globally the total number of
setups does not significantly change when we introduce a setup crossover, we see that
the setup cost and the capacity tightness have an impact. Tight capacity levels and low
setup cost generally lead to a slight increase in the total number of setups when allowing
a setup crossover. The level of the setup times and the demand variability do not have a
large impact. The overall analysis of these instances indicates that the benefits of a setup
crossover come mainly from the decreased inventory level which results from a better
matching of demand and supply through the increased flexibility. This might require,

however, a slight increase in the number of setups as well.

Model FO Model F1
SC(%) HC(%) setup inv. SC(%) HC(%) setup inv.
Loose 74.75 25.24 101.7 10931 74.78 25.21 101.6 10880
Capacity Normal 72.87 27.13 101.9 11133 73.04 26.95 101.9 11120
Tight 62.81 37.19 95.3 12452 63.87 36.17 95.7 12158
Low 81.63 18.37 151 2051 82.56 17.44 151.6 1932
S. cost Normal 65.33 34.67 90.4 9232 65.64 34.36 90.4 9118
High 63.46 36.54 57.6 23234 63.47 36.53 57.2 23108
S. time Low 69.05 30.95 98.8 11516 69.36 30.64 98.8 11467
High 71.23 28.77 100.6 11435 71.75 28.25 100.7 11305
Demand Medium 72.07 27.93 108.3 11516 72.30 27.70 108.2 11485
High 68.21 31.79 91.1 11495 68.81 31.19 91.3 11286
Average 70.14 29.86 99.6 11505 70.56 29.44 99.7 11386

Table 4.11: Detailed results for 10 items.

It is important to note that although the cost decrease obtained by introducing the
possibility of a setup crossover is on average small in these instances (i.e. 0.33%), for some
cases this decrease is more relevant. Tables 4.12 and 4.13 contain the results for all 108
different combinations (organized according to increasing upper bound) considering the
five characteristics discussed in this experiment. Note that for each of the 108 combina-
tions, 5 instances were tested. We observe that the cost decrease obtained by introducing
the possibility of a setup crossover is the biggest for configurations with 10 items, tight
capacity, low setup cost, high setup time and medium and high demand variability, where
we obtained a 2.77% and 2.62% cost decrease by including a setup crossover. On the other
hand, for many configurations with loose capacity we did not obtain any improvement.

This is in line with the aggregated analysis presented in Tables 4.6 to 4.10.

4.5.3 Results for experiment 3

In this experiment the formulations were tested on a set of 180 instances. These are
the same as the instances with 10 items of experiment 2 with an altered high value for
the inventory costs. To generate the instances with high inventory costs we multiply the

inventory costs by 10 and 100.
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Characteristic of the problem Formulation F5
Items Cap. S. Cost S. Time Demand UB Time (]S}
10 T L H M 97.23 864.8 60
10 T L H H 97.38 2.7 100
30 T L L M 98.26 1800 0
10 T H H H 98.34 1800 0
10 T L L M 98.53 1561.7 20
10 T M H H 98.59 661.4 80
10 T H L M 98.65 1800 0
10 T L L H 98.71 618.9 80
10 M L H H 98.71 0.3 100
10 T M H M 98.86 1714.5 20
10 T H H M 98.88 1440.0 20
20 T L H H 99.02 72.8 100
20 T L H M 99.12 1226.4 60
20 T M H H 99.29 1211.2 60
20 T H H M 99.30 1800 0
10 T M L H 98.32 1800 0
30 T H H M 99.39 1800 0
10 M H H H 99.40 223.6 100
20 T L L H 99.40 1445.5 20
20 T H H H 99.41 1800 0
10 T M L H 99.42 112.0 60
30 T L H M 99.44 1494.5 20
20 T M H M 99.45 1800 0
10 T H L H 99.46 1690.9 20
20 T L L M 99.47 1800 0
10 M L L M 99.48 0.6 100
30 T L L H 99.53 1800 0
10 M H H M 99.59 332.6 100
30 T L H H 99.60 14.5 100
10 M M H H 99.61 1.4 100
30 T M H M 99.62 1800 0
30 T H H H 99.63 1800 0
10 M L H M 99.66 0.2 100
30 T M H H 99.70 842.4 60
20 T M L H 99.72 1800 0
20 T H L M 99.73 1800 0
20 T M L H 99.73 1800 0
10 M M H M 99.74 2.26 100
10 M H L H 99.74 48.7 100
20 M L H H 99.74 0.7 100
10 L H H H 99.76 2.6 100
30 T H L H 99.77 1800 0
10 T H L M 99.78 1800 0
10 M M L H 99.79 16.3 100
10 L H H M 99.82 6.1 100
30 T M L H 99.82 1800 0
20 M H H H 99.83 1.6 100
20 M L L H 99.84 2.4 100
20 M H H M 99.84 847.6 60
20 T H L H 99.84 1800 0
30 T M L M 98.84 1800 0
10 L M L H 99.85 0.6 100
10 L M H H 99.85 0.6 100
10 L L L H 99.86 0.2 100
20 M H H H 99.86 85.6 100
10 L L H H 99.88 0.1 100
10 M M L M 99.89 5.7 100
10 L M H M 99.89 0.6 100
30 M L H H 99.89 0.8 100
30 M L L H 99.91 1.6 100
30 M H H H 99.91 368.6 100
10 M H L M 99.92 836.3 80
10 L H L H 99.92 8.7 100
20 M M H M 99.92 4.0 100
30 M M H H 99.92 14.5 100
20 M L H M 99.93 0.3 100
20 M M L H 99.93 21.2 100
20 L H H H 99.94 6.4 100
20 L M H H 99.94 0.6 100

Table 4.12: General average results aggregated.
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Characteristic of the problem Formulation F5
Items Cap. S. Cost S. Time Demand UB Time (]S}
10 L 99.95 0.2 100
20 99.95 1247.3 40
20 99.95 584.5 80
30 99.95 854.7 60

20 99.96 0.3 100
20 99.96 17.4 100
30 99.96 8.2 100
30 99.96 270.3 100
30 99.96 5.2 100
10 99.97 0.7 100
10 99.97 15.5 100
20 99.97 11.5 100
20 99.97 0.5 100
20 99.97 5.4 100
30 99.97 1369.1 40
30 99.97 9.2 100
20 99.98 0.5 100
20 99.98 1.1 100
20 99.98 0.7 100
20 99.98 16.8 100
30 99.98 0.4 100

30
30

99.98 33.4 100
99.98 20.1 100
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30 99.99 7.3 100
20 99.99 0.4 100
30 99.99 0.6 100
30 99.99 1.0 100
30 99.99 15.7 100
30 99.99 0.3 100
30 99.99 1.1 100
30 99.99 10.4 100
10 100 0.1 100
10 100 0.1 100
20 100 0.2 100
20 100 0.2 100
30 100 0.3 100
30 100 0.3 100
30 100 0.3 100
30 100 0.3 100

Table 4.13: General average results aggregated.

Tables 4.14 and 4.15 show the benefits of considering setup crossover for problems
where the inventory costs are significant. The global analysis confirms some of the con-
clusions of the previous experiments. F'1 and F'5 have a similar performance. F'3 and
F4 are slower compared to F'1 and F'5, but faster than F0. F2 is again the slowest
formulation. However, in contrast to the results of the previous experiments, we do see a
significant decrease in the total costs when setup crossover is allowed, which is on average
almost 3% (for the inventory cost x 10) and 8% (for the inventory cost x 100).

Table 4.14 contains the results for the instances with the inventory costs multiplied
by 10. We observe that the benefits of a setup crossover are the highest in a setting with
tight capacity (4.2% cost decrease), high setup times (4.4% cost decrease) and low setup
cost (4.5% cost decrease). The analysis further reveals that the approximate formulations
F3 and F'4 are not able to capture all of the benefits with an average cost decrease of
1.3%.

Table 4.15 contains the results for instances with inventory costs multiplied by 100.

We observe that for these instances, the effect of allowing a setup crossover is the highest



4.5. COMPUTATIONAL RESULTS 89

Model FO Model F1 Model F2 Model F2’ Model F3 Model F4 Model F5
UP T(s) UP T(s) UP T(s) uP T(s) UP T(s) UP T(s) UP T(s)

Loose 100 81 99.00 2 99.00 185 99.00 66 99.54 46 99.53 43 99.00 2
Capacity Normal 100 499 96.40 342 96.41 926 96.41 579 98.42 363 98.37 393 96.40 331
Tight 100 1313 95.79 1150 95.82 1683 95.79 1428 98.25 1240 98.12 1292 95.78 1138
Low 100 292 95.49 225 95.49 604 95.49 436 98.19 265 98.16 268 95.49 225
S. cost Normal 100 727 97.05 485 97.06 1036 97.04 758 98.58 574 98.54 619 97.04 473
High 100 875 98.64 785 98.67 1154 98.67 880 99.44 811 99.33 842 98.64 775
S. time Low 100 496 98.53 468 98.55 842 98.54 553 99.46 490 99.42 524 98.53 461
High 100 766 95.60 528 95.61 1021 95.59 719 98.01 610 97.93 628 95.58 521
Demand Medium 100 811 97.54 667 97.55 944 97.54 872 98.88 719 98.83 725 97.53 666
High 100 451 96.59 330 96.60 920 96.59 511 98.59 381 98.52 427 96.59 316
Average 100 631 97.06 498 97.08 932 97.07 691 98.74 550 98.67 576 97.06 491

Table 4.14: Average general results with inventory costs multiplied by 10.

for the instances with normal capacity, low setup cost and high setup time where the total

cost decreases more than 10% on average. Note also that even in a setting with loose

capacity the total cost decrease is 6.3%.

Model FO Model F1 Model F2 Model F2’ Model F3 Model F4 Model F5
up T(s) UP T(s) up T(s) UP T(s) UP T(s) Up T(s) UP T(s)
Loose 100 125 93.71 34 93.72 216 93.71 129 97.22 72 97.21 80 93.71 34
Capacity Normal 100 514 89.62 332 89.64 931 89.62 556 95.20 395 95.13 408 89.62 309
Tight 100 1168 94.03 1016 94.06 1683 99.04 1365 97.49 1068 97.39 1274 94.02 992
Low 100 290 89.82 222 89.83 604 89.82 384 95.65 246 95.61 268 89.82 214
S. cost Normal 100 593 92.04 399 92.06 1037 92.04 740 96.12 454 96.08 633 92.04 382
High 100 924 95.50 760 95.54 1189 95.50 927 98.14 834 98.04 860 95.49 740
S. time Low 100 399 95.88 389 95.90 835 95.89 595 98.44 387 98.42 500 95.88 382
High 100 805 89.02 532 89.04 1052 89.02 T2 94.83 636 94.73 675 89.02 508
Demand Medium 100 787 93.31 658 93.35 970 93.32 892 96.67 691 96.63 754 93.31 635
High 100 417 91.59 263 91.60 917 91.59 475 96.60 332 96.52 421 91.59 255
Average 100 602 92.45 460 92.47 943 92.45 683 96.63 512 96.57 587 92.45 445

Table 4.15: Average general results with inventory costs multiplied by 100.

Table 4.16 and 4.17 show the behavior of the solutions for the results with inventory
costs multiplied by 10 and 100. We observe that, contrary to the results of Table 4.11,
the percentage of inventory cost in the objective function value is very high especially for
instances in which the inventory costs are multiplied by 100 (62.74% for formulation F0
and 59.89% for formulation F'1). It explains the more significant decrease obtained by
introducing the possibility of a setup crossover in these instances given that the value of
the inventory costs are very high. We observe that for the instances in which the inventory
costs are multiplied by 10 (Table 4.16) the total inventory goes down by approximately 5%,
and the total setups only increase by 0.5%. Regarding the instances in which the inventory
costs are multiplied by 100 (Table 4.17) the total inventory goes down by approximately
6% and the total setups only increase by 0.5%.

4.5.4 Results for experiment 4

In this experiment the formulations were adapted to allow backlog and were tested on
a set of 60 instances. These are the same as the instances with 10 items and tight capacity

of experiment 2 with an altered (reduced) value for the capacity in order to generate some
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Model FO Model F1
SC(%) HC(%) setup inv. SC(%) HC(%) setup inv.
Loose 88.33 11.66 158.8 1312 89.64 10.35 159.4 1200
Capacity Normal 64.39 35.60 145.4 3085 66.88 33.11 146.3 2868
Tight 25.25 74.74 113.3 9260 26.51 73.48 111.8 8881
Low 62.99 37.00 163.7 1603 65.26 34.73 164.4 1461
S. cost Normal 57.04 42.95 139.0 4152 58.89 41.10 139.8 3901
High 57.95 42.04 112.8 7902 58.88 41.11 113.1 7588
S. time Low 61.42 38.57 141.2 4144 62.16 37.83 141.5 4031
High 57.23 42.76 135.8 4961 59.86 40.13 136.8 4602
Demand Medium 64.62 35.37 147.3 4198 66.01 33.98 148.0 3972
High 54.03 45.96 129.7 4907 56.01 43.98 130.3 4661
Average 59.33 40.66 138.5 4552 61.01 38.98 139.1 4316

Table 4.16: General detailed results with inventory costs multiplied by 10.

Model FO Model F1
SC(%) HC(%) setup inv. SC(%) HC(%) setup inv.
Loose 74.52 25.48 170.4 712 78.69 21.31 170.9 597
Capacity Normal 31.18 68.82 152 2810 35.21 64.79 153 2562
Tight 6.06 93.94 114.9 9316 6.43 93.57 115.4 8905
Low 45.49 54.51 164.9 1602 49.15 50.85 165.8 1458
S. cost Normal 32.59 67.41 143.5 4144 35.86 64.14 144.0 3877
High 33.69 66.31 128.8 7093 35.32 64.68 129.5 6728
S. time Low 43.84 56.16 150.9 3768 45.76 54.24 151.2 3641
High 30.67 69.33 140.7 4791 34.46 65.54 141.7 4022
Demand Medium 47.47 52.53 152.6 3893 50.54 49.46 153.0 3659
High 27.04 72.96 138.9 4666 29.68 70.32 139.8 4384
Average 37.26 62.74 145.8 4280 40.11 59.89 146.5 4021

Table 4.17: General detailed results with inventory costs multiplied by 100.

backlog. To generate these instances with very tight capacity we reduce the capacity by
5% and 10%. We set the backlog costs for each item equal to 100x inventory holding
cost.

Tables 4.18 to 4.21 present the overall performance of the formulations for problems
that consider the possibility of backlog (based on instances in which the two formulations
found feasible solutions). We report all factors that have been analyzed and added the
percentage of backlog cost (columns B(%)) in the total objective function value, the
percentage of feasible solutions (columns FS) and the number of total backlog (columns
Back.).

The overall analysis of Tables 4.18 to 4.21 show that for problems that allow the
possibility of backlog there is a significant decrease in the total costs when a setup crossover
is allowed, which is on average 2.3% and 4% for instances for which the capacity is reduced
by 5% and 10%, respectively. We also observe, especially for instances for which the
capacity is reduced by 10%, an increase in the number of feasible solutions (4%).

Tables 4.18 and 4.19 present the results for instances for which the capacity is reduced
by 5%. We observe that for these instances when the setup cost and time is high, the
importance of including a setup crossover increase. Note also that overall the number of
setups is very similar again for the case with and without setup crossover. We obtain
a decrease in total inventory and backlog of approximately 2.7% and 4%, respectively.

Finally, the percentage of backlog in the total objective function value is relatively small
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(on average only 11%) and there is no backlog for instances with low setup cost.

Model FO Model F1

up T(s) FS UpP T(s) Fs

Low 100 1401 100 97.86 1101 100

S. cost Normal 100 1800 100 98.55 1666 100
High 100 1715 80 96.58 1731 85

S. time Low 100 1742 86 99.08 1758 90
High 100 1539 100 96.57 1245 100

Demand Low 100 1800 93 97.86 1617 97
High 100 1467 93 97.62 1350 93

Average 100 1633 93 97.73 1483 95

Table 4.18: General results with backlog and capacity reduced by 5%.

Model FO Model F1

SC(%) HC(%) B(%) setup Inv. Back. SC(%) HC(%) B(%) setup Inv. Back.

L 45.52 54.48 0 114.8 7676 0 46.97 53.03 0 115.5 7397 0

S. cost N 47.59 50.34 2.05 77.5 15345 10 48.84 49.17 1.97 78.2 14766 10
H 43.25 21.02 35.72 60.3 21167 793 44.71 21.48 33.80 60.3 20921 759

S. time L 40.98 51.43 7.57 83.5 14911 252 41.55 50.92 7.51 83.7 14639 252
H 49.63 36.51 13.85 88.0 13714 211 51.71 35.46 12.82 88.8 13246 192

Demand M 44.44 41.86 13.69 90.3 14143 341 45.73 41.08 13.18 90.9 13739 335
H 46.79 45.18 8.18 81.6 14397 120 48.25 44.19 7.54 81.9 14047 106

Average 45.61 43.44 10.93 85.9 14270 230 46.99 42.64 10.36 86.4 13893 221

Table 4.19: General detailed results with backlog capacity reduced by 5%.

Tables 4.20 and 4.21 show the results for instances in which the capacity is reduced

by 10%. For these instances the percentage of backlog in the total objective function

value is more relevant (approximately 30%) and we obtain a decrease in total backlog of

10.2%. We observe that for instances with high setup cost, the percentage of backlog in

the objective function value is 93%.

of 8.8% for these instances.

Moreover, we obtained a decrease in the total costs

Model FO Model F1

UP T(s) FS UP T(s) FS

Low 100 1731 100 97.63 1411 100

S. cost Normal 100 1800 55 95.21 1688 55
High 100 1800 25 91.23 1800 35

S. time Low 100 1800 37 96.57 1800 37
High 100 1745 83 95.75 1440 90

Demand Medium 100 1800 66 94.92 1800 70
High 100 1714 53 97.36 1237 57

Average 100 1762 59 96.00 1550 63

Table 4.20: General results with backlog capacity reduced by 10%.
Model FO Model F1

SC(%) HC(%) B(%) setup Inv. Back. SC(%) HC(%) B(%) setup Inv. Back.
L | 27.68 48.80 | 23.50 | 91.2 | 12399 781 29.01 47.58 | 23.39 | 924 | 12083 775
S. cost N | 35.58 50.34 14.06 | 653 | 19995 | 1152 | 36.82 49.38 13.79 | 65.3 | 19021 959
H 3.08 3.86 93.04 | 332 | 28080 | 7925 3.38 4.03 92.57 | 33.4 | 26682 | 6977
S. time | L 9.10 39.31 51.58 | 66.9 | 19588 | 2525 9.25 30.43 | 51.30 | 66.8 | 19164 | 2324
H | 3441 44.67 | 2091 | 78.9 | 15714 | 1606 | 36.02 43.25 20.72 | 80.0 | 14940 | 1415
Demand | M | 22.78 30.22 | 37.99 | 735 | 18012 | 2625 | 23.68 38.61 37.69 | 73.9 | 17205 | 2299
H | 31.55 47.80 | 2064 | 77.4 | 15505 964 33.03 46.43 | 2052 | 786 | 15012 935
Average 26.68 | 43.03 | 30.28 | 75.2 | 16898 | 1886 | 27.84 | 42.08 | 30.06 | 76.0 | 16231 | 1693

Table 4.21: General detailed results with backlog capacity reduced by 10%.
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4.6 Conclusion

In this chapter, the lot sizing problem with capacity constraints and setup crossover
was studied. A reformulation of the problem using the simple plant location model was
used. Three new formulations avoiding the necessity to define new extra binary variables
to model the setup crossover and two adding new symmetry breaking constraints were
proposed. Using CPLEX 12.6 these formulations were compared with two different for-
mulations proposed in literature to model the setup crossover using extra binary variables
and with the classical assumption where a setup crossover is not allowed. The results
show that the proposed formulations are efficient, specially the formulation F'5 which is
slightly better than the formulation F'1 proposed in the literature. Comparing the bene-
fits obtained allowing a setup crossover with the classical assumption, we conclude that it
depends on the characteristic of the problem, but especially for problems with high inven-
tory cost it can be very significant. Indeed, when the inventory costs were multiplied by
10 and 100 the cost decrease obtained by introducing the possibility of a setup crossover
are on average 3% and 7.5%. Finally, we also conclude that the benefits obtained allowing
a setup crossover are significant for problems which allow the possibility of backlog. We
obtained a decrease in the total costs by 2.3% and 4% when the capacity was decreased
by 5% and 10%, respectively. Moreover, the formulation with a setup crossover found

more feasible solutions.
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Chapter 5
Conclusions and future works

In this thesis we have studied two extensions of the lot sizing problem. The first one is
the lot sizing problem with unrelated parallel machines, in which items can be produced
in any of the machines and to start producing an item incurs a time and cost for set up
the machine used. The second extension is the lot sizing problem with setup crossover in
which the first setup operation of each planning period can already start in the previous
period. Note that the goal of the two extensions discussed is to find a production plan with
minimum cost that is able to meet the demand of items without exceeding the capacity
of the machine(s).

For the lot sizing problem with unrelated parallel machines a reformulation is proposed
using the ideas of redefinition of variables proposed by Eppen and Martin (1987), which
allows to treat the problem as a shortest path problem. Three solution methods to
find lower bounds that use Dantzig-Wolfe decomposition and Lagrangian relaxation were
extended from the literature. In all methods, the Lagrangian relaxation is applied to
the flow constraints and the Dantzig-Wolfe decomposition is applied using as linking
constraints the inventory balance constraints. The problem decomposes in independent
subproblems by periods and machines instead of classical decomposition by items. As we
relax the inventory balance constraints, the solutions obtained by the methods respect
the capacity of the machines but may be infeasible regarding the constraints to meet the
demand. Therefore, to find feasible solutions we have proposed two Lagrangian heuristic
based on transfer of production which aim the feasibility of such constraints.

These methods were tested for different types of instances and the results were com-
pared with results from the literature and the optimization solver, CPLEX. Regarding
the lower bounds, the proposed methods found in almost all instances better results than
those generated by the classical decomposition (per items) proposed in Toledo and Ar-
mentano (2006). Compared to CPLEX, the methods also proved to be very efficient since

in most instances we found better lower bounds than the solver even after the branches.
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Regarding the upper bounds, the results of the heuristics are better than those found by
the Lagrangian heuristic proposed in Toledo and Armentano (2006) and are competitive
with CPLEX.

For the lot sizing problem with setup crossover, some new formulations are proposed
in order to explore ideas to avoid the necessity of defining new extra binary variables to
model the setup crossover. Furthermore, we also propose symmetry breaking constraints
for the formulations from the literature and quantify the value of the setup crossover in a
computational experiment analyzing which factors influence this value. The results show
that the proposed formulations are efficient. Regarding the benefits obtained allowing
a setup crossover, we conclude that it depends on the characteristic of the problem, but
especially for problems with high inventory costs and problems which allow the possibility
of backlog cost it can be very significant.

Aiming to extend this work, we suggest as future research:

e 'To explore more the ideas of combining the techniques of Lagrangian relaxation and
Dantzig-Wolfe decomposition, in order to improve and possibly extend the hybrid

methods presented in this thesis;

e To apply the hybrid methods on other extensions of lot sizing problems, including

integrated problems.

e To extend the proposed heuristics, to test new ideas to make feasible the demand
constraints and to apply it to more difficult problems, such as, multi-stage or inte-

grated problems;

e To propose algorithms (exact and/or heuristics) for the lot sizing problems with

setup crossover;

e To extend the ideas of avoiding the necessity of defining extra binary variables to
model the setup crossover for the problem with setup carryover and then propose

new models for the problem with setup crossover and carryover.
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Appendix A

Hybrid methods

In this appendix we will analyse the two different hybrid methods that combine La-
grangian relaxation and Dantzig-Wolfe decomposition to solve the linear relaxation of the
master problem (M Pp) presented in Chapter 3. Note that Lagrangian relaxation and
Dantzig-Wolfe decomposition have some advantages and disadvantages. The idea is to
discuss how the relationship between these two techniques can be exploited to develop
algorithms combining the strengths of these two methods.

First of all, consider the problem (P) defined by:

Compact Formulation:

zp =min clx (A.1)
subject to:

Atz < by (Dif ficult) (A.2)

(P) A%z <by (Fasy) (A.3)

r ey (A.4)

wherein: Al € R A% € Rm2xn € ™ e by € M2,

Assume that the set of difficult constraints define the linking constraints and the set
of easy constraints define the set which has a special structure. Let the set S = {z €
Z7, A%z < by}. In this text, we will only consider the application of DW decomposition
to the case where the set S is a limited polyhedron. Therefore, using discretization, see
for example Nemhauser and Wolsey (1988), it is valid the following theorem:

Theorem A.1: Let S = {z € Z", A*x < by} # (). Then there exists a finite set of
extreme points {px}rex C conv(S) such that any point € S can be represented as a

convex combination of the finite number of extreme points of conv(S), in other words:
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K
k=1

K
> =1 (A.6)
k=1

Where: K is the set of extreme points of conv(S).

Thus, the problem P can be reformulated and now be represented in terms of extreme
points by replacing x in its formulation. We obtain the following formulation, equivalent
to the original problem, referred to as the master problem (MP):

Extended Formulation:

K
Zyp = man Z(chk))\k (A.8)
k=1
subject to:
K
ST (Ap)ak by (Dif ficult) (A.9)
k=1
K
(MP) > N=1 (A.10)
k=1
A > 0Vk e K (A.11)

The decision variables of the master problem are the \; (k = 1, ..., K') variables and
represent the weight of each extreme point py, (k =1, ..., K). The difficult constraints (A.9)
define the linking constraints, now represented in terms of the extreme points and we have
the convexity constraints (A.10), which guarantee the choice of a convex combination of
the extreme points of conv(S).

Establishing the relationships between the linear relaxations of the problem M P;, and
the problem P, usually the first one has an extraordinary high number of variables (equal
to the number of points of the set K') when compared with second one, but substantially
less constraints. However, the optimal solution of the master problem and consequently of
the original problem can be determined without the explicit enumeration of all variables.
To deal with the exponential number of variables, the authors usually use the method of
column generation to solve the linear relaxation of the master problem.

Note that we could have used the discretization approach instead of convexification.
However, as we are solving the linear relaxation of the master problem the distinction

between these two approaches disappears (Vanderbeck and Wolsey, 2010).
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The basic idea of column generation is: instead of considering all extreme points
of the set conv(lS) in the linear relaxation of the master problem (M Pp), we consider
only a restricted set of these extreme points (amount enough to form a feasible inicial
basis), thus defining a restricted master problem (RM Pp) and evaluate whether there are
extreme points that are not currently in the RM Py, which, if included in this problem
could improve the value of the objective function.

Let 7 be the vector of dual variables associated with the constraints (A.9) and u the
dual variables associated with the constraints (A.10). These dual variables are obtained
by solving the problem RM Py, for example, using the simplex method. The reduced cost
of a variable )\, is given by: cp, — mAlp, — p. Therefore, if cp, — 7 Alp, —p >0, Vk € K,
then the optimal solution of the RM Py, is also the optimal solution of the master problem
M Py, 1f from the set of all variables that do not belong to RM Py, there is at least one
with negative reduced cost, then this column should be added to RM Pr, and the process
must be repeated.

To find the Ay variable that has the most negative reduced cost, we solve the following

problem:

zsup = min (c+ Alm)z — p (A.12)

subject to:
(SUB) A%z <by (Easy) (A.13)
rezn (A.14)

This problem is usually referred to subproblem (SUB). Thus, if zgyp > 0, the optimal
solution of the M P, was found. If the value of z5yp < 0, a new column should be added to
RM Py, and the procedure presented should be repeated until there are no more attractive

columns.

A.1 Lagrangian relaxation applied to the extended for-

mulation

The dual solutions used to generate columns have a key role in the performance of the
column generation method. The standard strategy, in other words, to use the simplex
method to solve the RM P, and then obtain optimal dual variables usually cause an
unstable behavior in the method, specially when these variables are extreme points of the

dual set. This typically leads to a large number of iterations and slow convergence in the
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last iterations of the method. It can occurs because these solutions usually vary greatly
from one iteration to another (Briant et al., 2008; Ben Amor et al., 2009; Gondzio et al.,
2013).

Figure A.1 illustrates the oscillation of the optimal dual solution throughout four
iterations of the column generation method using the standard strategy. The figure is
split in four parts, each one representing the dual feasible set of the corresponding RM Py
In part (a) of Figure A.1 we represent the initial dual feasible set, the respective optimal
solution represented by the ball in the bottom of the figure and the corresponding optimal
value represented by the dotted line. This dual optimal solution is sent to the subproblems,
which generate a new column (represented as a new cut in the dual feasible set). In part
(b), we have the new feasible dual set which is obtained by adding this new column to
RM Py,. The parts (c) and (d) of the Figure A.1 follows the same explanation considering
the next iterations of the method. The purpose of this illustration is to show the unstable
behavior of the optimal dual solutions obtained during the iterations. After adding the
columns generated to RM Py, the dual solutions "jump" from one side to the other of the
dual feasible set and beyond this oscillation, we observe that the values of the solutions
does not change a lot, causing a slow convergence of the method.

Because of this behavior, different techniques for stabilizing dual solutions have been
proposed in the literature (see, for exemple Gondzio et al. (2013)). It leads to many
variations of the column generation method. These techniques are based on the fact that
any dual feasible solution (not just the optimal solution) can be used to generate columns
for the RM P,.

Following this trend, the idea of this method is instead of using the simplex method to
obtain the dual variables of the linear relaxation of the extended formulation (A.8)-(A.11)
(M Py, problem) we can use Lagrangian relaxation to approximate these values.

Formally, to solve approximately the linear programming problem M Pj, the difficult

constraints (A.9) are dualized in the objective function (A.8):

K K
anp,(N) = min Y (epe)d, — (b — > (A'pr) i) (A.15)
k=1 k=1
RL()\) subject to:

K

d =1 (A.16)
k=1
A €[0,1],Vk € C (A.17)

In general the problem (A.15)-(A.17) can be decomposed and easily solved. The

optimal Lagrange multipliers 7* can be approximated using the subgradient optimizations
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(c) (d)

Figure A.1: Illustration of the unstable behavior of the optimal dual solutions (figure

presented originally in Munari (2013)).

method. This method is an iterative process that through an initial set of Lagrange
multipliers, generates a sequence of multipliers whose limit tends to the solution of the

Lagrangian dual problem. Following, we will present a summary of subgradient algorithm:

Subgradient Algorithm

The gradient method is well known in the literature and is used to optimize functions
that are differentiable at all points of the domain. By definition, the gradient of a function

in a point x is given by:

o) 3fx)  0f()
Oxy = Oxy = Oz,

Viz) = ( )

and indicates in which direction the function f(x) grows. Each component %g(f) rep-

resents the partial derivative of the function f(z) with respect to x; at the point z. For
minimization problems with objective function f(x), —V f(z) indicates where this func-
tion decreases.

For a fixed point z and a direction d such that —V f(z).d > 0, the idea of the gradient

optimization method is based on the fact that a small step of value ¢, given in direction
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d yields a solution with a smaller value for the objective function, i.e., using a point
y = x + td, we have that f(y) < f(z).

The subgradient optimization method is an adaptation of the gradient method for
functions that are not differentiable at all points of the domain. For dual minimization
problems, the idea of the method is to consider steps, ¢, in the negative direction of a
subgradient so that the values of relaxation, that form a convex function, decrease at each
iteration. Before presenting the method, we will define subgradient and subdifferential.

Definition A.1 A wvector v € R" is a subgradient of a function f : R" — R if
f(x) < f(2°) + T (z — 2°) for all z € R".

If the function f is differentiable at z°, then we have only one subgradient which is
equal to the gradient of f in 2°.

Definition A.2 The subdifferential Of(z°) of f in z° is the set of all subgradient f
in 2°.

If f is differentiable in z°, then 0f(z°) = {V f(2°)}, in which V f(z°) represents the
gradient of f in 2°. Note also that dzpr()\) # 0.

The subgradient method provides a multiplier \¥ for the current relaxation in each
iteration k, starting from a initial vector A\° (for example, the null vector). As previous
discussed, we should update each current multiplier in the opposite direction to a current

subgradient, s(A¥), according to a given step, t;, for example:

NFE = N+ ts(AF)

where -
2P — zro(AY)]p
| s(A)* |2

The value %z, can be obtained by calculating the objective function obtained by the

ty =

application of a heuristic, i.e., a feasible solution for P; and zpr(A\¥) is the objective
function value of the relaxation, that was solved with the vector A\*. Therefore, z, —
zpr(AF)) is the difference between an upper and a lower bound for the primal problem P.
The parameter p* adjusts the size of the step.

Note that for s(\)* be a valid subgradient and point to where the objective function
of the relaxation decreases, z, must be a concave function on a dual maximization prob-
lem (the relaxation and the primal problem must therefore be a minimization problem).
Finally, also note that variations of the subgradient method can be found in the literature.

Proposition A.1: With the approximation to the vector 7*, it is possible to calculate
an approximation to the vector p* that represent the optimal multiplier regarding the
convex constraints (A.10) using the formula p = ¢ — A'x,

Proof: First of all, note that we can denote the coefficient matrix of the problem
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Al

(A.8)-(A.11) and the dual variables of the constraints (A.9) and (A.10) by: B = )

and n = [r pl, respectively.
To calculate the dual variables, it is well known the we have to solve the system
nB = c. Therefore:

Al

nB=c=[r y —c=>TmA'vpu=c=p=c—rA'R

The approximated Lagrangian multipliers can be used in the subproblem (A.12)-(A.14)
to generate new columns that are added to RM P, and, in a next step the optimal dual
variables 7* and p* for the updated RM P;, are approximate again by Lagrangian relax-
ation.

For each approximation to the solution of the restricted master problem RM Py, a
lower bound for the M Pj, can be calculated by adding the value of z)/p, with zgyp.

Next, in Figure A.2, we present a generic flow diagram that illustrates the applica-
tion of Lagrangian relaxation in the extended formulation to obtain a lower bound for a

problem P.

Initialization: multipliers, columns, etc

h 4

1. Relax the linking constraints of the RMPL 4. Add New
and solve the Lagrangian problem Columns
-

2. Update the
Lagrangian
multipliers

|

i

3_ Use the dual variables and
solve the subproblems

’“ |

Negative
relative cost?

Yes

Yes

End: LB Found

Figure A.2: Lagrangian relaxation in the extended formulation
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A.2 Lagrangian relaxation applied to the extended and

the compact formulation

This method iterates between column generation and Lagrangian relaxation. The idea
is to use the Lagrangian relaxation in the extended formulation, which is computationally
less expensive than the simplex method to solve the restricted master problem (as in the
previous method) and Lagrangian relaxation in the compact formulation.

Considering the compact formulation (problem P given by (A.1) — (A.4)), the idea of
Lagrangian relaxation is to relax the difficult constraints (A.2) placing them in the objec-
tive function as a "penalty". Thus, the Lagrangian relaxation of the compact formulation
with respect to the difficult set of constraints is defined by associating to this set a vector
A > 0, called Lagrange multiplier or dual variables. The Lagrangian problem obtained

using the technique of Lagrangian relaxation to the compact formulation is given by:

zre(N) = min{z(\, z) = cTo + \T(Alx — b))} (A.18)
RL()\) subject to:
reSp={rveZl: A%x < by} (A.19)

where A € R

Note that the subproblems resulting from Dantzig-Wolfe decomposition (A.12)-(A.14)
and the Lagrangian problem (A.18)-(A.19) are the same unless a constant in the objective
function. Therefore, the main idea of this method is to use Lagrangian relaxation in the
compact formulation to generate columns to the RM Py, in other words, the solutions
generated by Lagrangian relaxation can be added as new columns to the restricted master
problem.

Therefore, with this method we would like to achieve the following objectives: to avoid
an unstable behavior in the column generation method (degeneration); converge quickly
by adding blocks of columns generated by Lagrangian relaxation.

Figure A.3, presents a generic flow diagram that illustrates the application of this

method.
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5. Update the
multipliers and
solve the Lagrangian
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Initialization: multipliers, columns, etc
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Figure A.3: Lagrangian relaxation in the extended and compact formulation
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