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Resumo

Nesta tese, uma dada amplitude de espalhamento de supercordas envolvendo um
operador de vértice da corda fechada e N operadores de vértice da corda aberta em
AdS; x S° é detalhadamente estudada, utilizando-se o formalismo de espinores puros.
Apoés rever o material de apoio e realizar alguns calculos preliminares, mostramos
que a amplitude nivel-de-arvore contendo um estado de supergravidade e N estados
de super-Yang—Mills localizados em uma D3-brana préoxima a fronteira de AdS; pode
ser expressa como uma integral no superespaco harmonico N =4, d = 4 em termos
dos supercampos de supergravidade e super-Yang—Mills, demonstrando assim uma

conjectura feita recentemente.

Palavras Chaves: Supersimetria; Supergravidade; Correspondéncia AdS/CFT;

Superespaco Harmonico; Amplitudes de espalhamento.

Areas do conhecimento: Ciéncias Exatas e da Terra; Fisica de Particulas e

Campos; Teoria de Supercordas.

1



Abstract

In this thesis, a particular superstring scattering amplitude involving one closed
string and N open string vertex operators in AdSs x S° is studied in detail, using the
pure-spinor formalism. After reviewing some background material and performing
a few preliminary calculations, we show that the tree-level amplitude containing
one supergravity state and N super-Yang—Mills states located on a D3-brane near
the AdSs boundary can be expressed as an N' = 4, d = 4 harmonic superspace
integral in terms of the supergravity and super-Yang—Mills superfields, thus proving

a conjecture recently made.
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Chapter 1

Introduction

Presently, superstring theory is the only consistent quantum model that can describe
gravitational interactions between the elementary particles. All the other attempts
are believed to suffer from quantum divergences in the scattering amplitudes which
cannot be removed through a renormalization procedure. Even if superstring theory
turns out not to be the final theory of gravitation, it is likely to contain some of the
essential ingredients of such theory.

Different formulations of the theory have been developed in the last decades. In
1971, Neveu, Schwarz and Ramond (NSR) constructed a formalism in which Lorentz
covariance is manifest, but spacetime supersymmetry is hidden. In 1981, Green and
Schwarz constructed another formalism in which supersymmetry is manifest, but
Lorentz covariance is hidden. An excelent introduction to both formulations can
be found in the book by Green, Schwarz and Witten [1]. More recently, a third
formalism was developed, involving pure spinors, in which all the (super)symmetries
of spacetime are manifest [2].

The pure-spinor formalism of the superstring has proven to be very well suited
for scattering-amplitude computations involving massless states in flat space [3, 4].
For example, scattering amplitudes using the NSR formalism have been computed
up to 6 fermions at tree level, whereas the manifest super-Poincaré covariance of the
pure-spinor formalism makes it possible to compute tree-level amplitudes involving
any number of fermions [5].

Another good feature of the pure-spinor formalism is that it can be used to
describe the propagation of strings in curved spaces, and in particular in an AdSsx S°
background, which is relevant for AdS/CFT. Given the success in the computation
of scattering amplitudes in flat space, the computation of amplitudes in AdSs x S°
using pure spinors also seems promising.

The interest in string theory in an (asymptotically) AdS background has con-

siderably increased since Maldacena’s AdS/CFT correspondence was conjectured in



1997 [6] — see [7, 8] for reviews. The original paper has literally opened a new field of
research, having been cited over 10 times since its publication. Besides the studies
of the duality within “pure” string theory, there are now many phenomenological ap-
plications, ranging from QCD-like models (AdS/QCD) to Condensed Matter Theory
(AdS/CMT), as can be seen in [9, 10], for example.

In its original formulation, AdS/CFT relates type IIB superstring theory in an
AdS; x S background with N, units of five-form flux on the S® to its dual gauge
theory, namely the maximally supersymmetric (N = 4) Yang-Mills theory in four
dimensions with U(N.) gauge group — roughly a supersymmetric version of QCD. In
the weakest form of the conjecture, the correspondence is said to be valid only in the
limit in which both N, and the 't Hooft parameter \; := g2,,;N. go to infinity, which
corresponds to the supergravity limit of string theory on the AdS side. However, it
is believed that AdS/CFT remains valid beyond the limits of supergravity, and it is
important to test the duality in regimes in which the full string theory plays a role.

In order to study superstrings in an AdSs x S® background, it is possible to use
either the Green—Schwarz [11, 12] or the pure-spinor [2, 13] formalism. Although the
superstring action is known in both formalisms, the explicit superfield construction
of the vertex operators of the theory is still an open problem. Vertex operators
correspond to physical states in string theory, and knowing their expressions is
necessary to compute scattering amplitudes.

Even though the NSR formalism cannot be used to describe AdSs x S°, since it
is a Ramond-Ramond background, flat-space NSR vertex operators have been used
to compute scattering amplitudes in that background in certain limits [14, 15, 16].

In the pure-spinor formalism, the first work on vertex operators in AdSs x S® was
[17]. There the authors have constructed massless (supergravity) vertex operators
corresponding to on-shell fluctuations around that background, but the expansion
in powers of 6 was not computed and the connection between the vertex operators
and the duals of the half-BPS operators was not found. More recently, a step in
that direction was taken. In [18], vertex operator expressions have been found for
a particular case, namely the massless states in the limit z — 0, i.e. close to the
AdS boundary (z is the radial coordinate of AdS;). The vertex operators are in
the ghost-number +2 cohomology of a BRST operator, and come in a family {V(x)}
(N = 1,2,...) such that V{y) is dual to a half-BPS operator involving N super-
Yang-Mills (SYM) fields.

Half-BPS operators can be described in an elegant manner in harmonic super-
space as [19, 20, 21]

W (z,0,u) := (uu)™* .. (uw) ™ tr (Wi, (2,0) ... Wiy (2,0)], (1.1)



where W;; is the N' = 4, d = 4 Sohnius superfield strength [22], whose expansion in

component fields is

_ _ 1 1o A
mj'<£lf, 9, 9) = (bl-j(x)—gijkﬁkﬁ[(:c)—i—%[ifj](:L')—i—zal-jkg@kaab#fab(x)—5910 ijfab(g;-)+. .

(1.2)
where ¢;;, &, € and f,, are, respectively, the N' = 4 SYM scalars, chiral and anti-
chiral gluinos and gluon field-strength, 7, j,... = 1 to 4 are SU(4) indices and a,b = 0

to 3 are SO(3, 1) indices. In addition, the supergravity vertex operators V(yy in [18]
were written in terms of harmonic superfields 7~ which couple naturally to W)
via [20]

/d4x/du D*D" [W(N)(a:,Q,u) T(4_N)(a:,9,u,ﬂ)} . (1.3)

This led to the following conjecture: the tree-level (disk) scattering amplitude with
one closed string supergravity vertex operator V(y) o TN in the bulk and N
open string SYM vertex operators located on a D3-brane near the AdS; boundary
would be proportional to the coupling (1.3).

In [23], this conjecture was proven to be indeed true. Using (super)symmetry and
BRST arguments, i.e. using the fact that amplitudes in the pure-spinor formalism

are supersymmetric and BRST-invariant, we have shown that

D3—brane

MN = \/dfl . di_l <Véy1\/[ ‘/(N) USYM(gl) cee USYM(&N—1)> (14)

can be written as (1.3), up to an overall numerical factor. Here Vsyys is the unin-
tegrated vertex operator of SYM, Usyy is the integrated one and the “D3-brane”
subscript indicates that these vertex operators are located on a D3-brane paral-
lel and close to the AdSs boundary. This was the first application of the vertex
operators found in [18].

It is important to note that, although the AdS/CFT correspondence motivates
the main computation done in this thesis, the latter is not of the usual bulk-boundary
type. In other words, the goal is not to compare the result on one side with that on
the other. Instead, the purpose is to show that the coupling (1.3) — which is nothing
but the usual coupling between the dilaton and the N’ = 4, d = 4 Lagrangian, the
metric and the energy-momentum tensor, and so on, written in a supersymmetric
way — can be obtained as a scattering amplitude with closed and open string states.
It should also be clear that the D3-brane on which the open string vertex operators
are located has no relation with the D3-branes that are responsible for the geometry
of the AdSs x S° space, which are located at z — oo [6].

In this thesis, the work done in [23] will be reviewed in detail. In chapter 2, we

will give a brief review of the pure-spinor formalism, focusing on the aspects that will



be useful in the following chapters. In chapter 3, we will review the computation of
the zero-mode cohomology of the AdS; x S° BRST operator done in [18], obtaining
explicit superfield expressions for the behavior of supergravity vertex operators near
the boundary of AdSs. In chapter 4, after performing some preliminary calculations,
we will use the pure-spinor prescription and supersymmetry to compute the above-
mentioned tree-level amplitude, first in the case N = 1 and then extending the
result to N > 1. Finally, we summarize our results and present some perspectives in
chapter 5. The appendices contain notations, conventions and further information
useful for the reader, and should be considered as important as the main chapters
of the thesis.



Chapter 2

Brief review of the pure-spinor formalism

Until the beginning of the year 2000, there were basically two ways of studying
superstring theory. One could use either the Neveu-Schwarz—Ramond (NSR) or the
Green—Schwarz (GS) formalism [1].

The NSR formalism has the advantage of being quantizable in a manifestly
Lorentz-covariant manner, but lacks manifest spacetime supersymmetry, which can
only be recognized as a symmetry of the spectrum of the theory after one performs
the GSO projection. This drawback makes it hard to compute scattering amplitudes
involving fermions within this formalism. Another issue with this formalism is that
it cannot be used to study the propagation of strings in an AdSs x S® background,

since it includes a Ramond-Ramond 5-form flux.

In the GS formalism, the situation is inverted. It is manifestly spacetime-
supersymmetric, but seems to be impossible to covariantly quantize. Indeed, it
has only been quantized in the light-cone gauge. Classically, however, it is possible
to write a worldsheet action for the propagation of strings in any curved background

using this formalism.

In the year 2000, Nathan Berkovits developed a new formalism for the superstring
which had the good features of the previous ones, without sharing any of their
disadvantages [2]. It was shown for the first time how the superstring could be
quantized in a manifestly super-Poincaré-covariant manner. His formalism could
also be used to describe the propagation of strings in curved backgrounds. It became
known as the pure-spinor formalism, for reasons to be shortly clarified, and will be
briefly reviewed in this chapter, since it is the formalism we will work in throughout
this thesis. Most of the details omitted here can be found in the thesis by Mafra [3],
except for the curved background part, whose details can be found in the thesis by
Guttenberg [24].



2.1 The pure-spinor formalism in flat space

In 1985, Warren Siegel proposed the following world-sheet action for the flat-space
superstring [25]:

1 1 - -
SSiegel = ﬁ/dQC [58:5“8:6“—1—19@890‘ s (21)

where 2 (1 = 0 to 9) and % (& = 1 to 16) are the usual ten-dimensional superspace

coordinates and pj is the conjugate momentum to #%. For simplicity, we have written

only the left-moving sector. Note that we have set o/, the square of the string length

scale, to ¢ = 2, and this will be the case in the rest of this thesis. If desired, one

can easily recover factors of o’ in any expression by dimensional analysis, since x

(resp. ) has (mass-)dimension —1 (resp. —3) (in units such that ¢ = 1 = 1).
From (2.1), it is straightforward to derive the OPE’s

5
¢—¢

Then, one can show the action is invariant under the transformations generated by

pa(Q) 07(€) ~ and  2"(C,¢)a"(,§) ~ —n"log|C — €7 (2.2)

the supersymmetry generator
1 1
G =5~ ]{dC [Pd + 0" (0y)a + £(07"00)(07u)a | (2.3)

since, with a constant fermionic (anticommuting) parameter €%, (2.3) and (2.2) imply
ezt = —(e*f), 6.0% = €* and 6.ps = 0x*(7,u€)a — 3(€7%0)(7,00)a.

Siegel’s idea was to avoid the difficulties in covariantly quantizing the GS super-
string by letting ps be an unconstrained variable. In the GS formalism, ps has to

satisfy the supersymmetric constraint

1
de = ps — 02" (0v,)a — 5(97“89)(9%)d =0. (2.4)

Using (2.2), one obtains

2(v")ap
da(C) d3€) ~ —— "L, (2.5)
¢—¢
where II, := O0x, + 0,00 is the supersymmetric momentum. This OPE implies

that half the constraints in dg are first-class, while the other half are second-class
constraints. To apply Dirac’s method for quantizing constrained systems, one has
to separate the two kinds of constraints. This can be done in the light-cone gauge,
but apparently is impossible to be done in a Lorentz-covariant manner.

Although Siegel’s approach was successful in the quantization of the superparti-

cle, it does not work so well in the superstring case. The energy-momentum tensor



obtained from (2.1) yields a central charge of —22. A non-vanishing central charge
leads to conformal anomalies at the quantum level, and thus is not a desirable fea-
ture of a conformal field theory. Moreover, the Lorentz currents M,Sls,iegel) constructed
from the fields of the theory have an OPE that differs from the NSR one, implying
that amplitude computations in the two formulations would not be equivalent.
The pure-spinor formalism can be seen as an extension of Siegel’s approach in
which the two above-mentioned issues are solved in a clever way. The first step
is to introduce a ghost variable A% and its conjugate momentum wg in (2.1), thus

obtaining the (left-moving sector of the) pure-spinor action:
1 2 |1 3 506 3
Spg = 2— d<¢ §0$Mal‘u + pa00% + wa0XY | . (26)
T

As will be seen in the following, the simple addition of this term has far-reaching

consequences, provided that \% satisfies
AN =10, (2.7)

which is the defining condition for a ten-dimensional pure-spinor, whence the name
of the formalism.

Note that, because of (2.7), wg is defined up to the gauge transformation dwg =
A*(7,\)a, for arbitrary A*, since the pure-spinor action is invariant under this trans-
formation. This implies that ws can only appear in combinations of the gauge-
invariant quantities

N, = %UWW)\, Jg = WA, (2.8)
which are respectively the SO(9,1) Lorentz currents in the ghost sector and the
ghost-number current.

The total Lorentz currents M, = M " + N, can be shown to have the same
OPE as the NSR ones. Thus, one of the issues with Siegel’s approach is already
solved in the pure-spinor formalism.

Furthermore, the total central charge vanishes in this formalism. One can con-
vince oneself this is plausible by counting the degrees of freedom of the fields. In the
Siegel action alone, there are 10 bosonic (z#) and 32 fermionic (% and p4) degrees
of freedom. Since the fermionic ones enter the computation with a negative sign,
one is left with the central charge of —22. Now, the pure-spinor condition (2.7)
together with the gauge transformation of wgs imply that A% and wg have 11 degrees
of freedom each, and since they are bosonic they contribute with a positive sign.
So the total central charge is given by —22 4+ 2 x 11 = 0. Of course, this is just a

plausibility argument, not a rigorous proof.



In addition to those generated by (2.3), the pure-spinor action (2.6) is also in-

variant under the transformations generated by

1 &
Q—%]fdu da (2.9)

Consisting of a ghost multiplying a constraint, this looks like a BRST charge. In
fact, it also has an important property of BRST charges, namely it is nilpotent:

@ = 31Q.Qhx [ dcoamm, =0, (2.10)

where we used (2.5) and (2.7).

In the pure-spinor formalism, () is indeed regarded as the BRST operator of
the theory. Its origin is a bit mysterious, since the world-sheet action is introduced
already in a gauge-fixed form. However, a derivation of the BRST operator from
gauge-fixing a reparametrization-invariant worldsheet action has been shown to be
possible [26, 27].

Given a BRST operator, the physical vertex operators of the theory, correspond-
ing to the physical states, are given by its cohomology. An operator ¥ satisfying
[Q, ¥} = 0is called BRST-invariant or BRST-closed, while an operator T satisfying
T = [Q,w} for some w is called BRST-trivial or BRST-exact.* The cohomology of
@ is defined as the set of BRST-invariant operators that are not BRST-trivial. In
other words, the cohomology is the set of BRST-invariant operators identified via

the equivalence relation
vy ~Q Uy <— ¥, =V, + [Q,w} (211)

for some w.

Since () does not mix the different A-levels, we can consider the cohomology on
each subspace of a specific ghost-number separately. For open superstrings, physical
vertex operators are defined as those in the ghost-number +1 cohomology of (). For

example, massless states are described by the (unintegrated) vertex operator
V = X"A4(z,0), (2.12)

where Ag(z,0) is the N =1, d = 10 SYM fermionic connection, whose properties
are reviewed in Appendix C. To show that ) annihilates this vertex operator, note

that the OPE’s (2.2) imply
da(C) F(x(£), 6(€)) ~ &Dd}"(ﬂ?(f)ﬁ(f)), (2.13)

*Here [A, B} denotes an anticommutator if both A and B are fermionic, or a commutator

otherwise.



where D = 80% + (04")a0, and F(z,0) is any superfield. Hence, we write [Q, F} =

XDy F. Therefore,

{Q.V} = NDsA; = (M N)A, =0, (2.14)
where we used (C.3) and (2.7). Moreover, adding a BRST-trivial term to V is
equivalent to performing the usual gauge transformation on A,, since

§V =[Q,w] = \Daw <= 645 = Dsw. (2.15)

When computing scattering amplitudes, the integrated form of the vertex oper-
ator is also needed. It can be found by looking for an object U satisfying the same

relation as in the NSR formalism, namely

Q. U] =0V . (2.16)
This implies that [ d¢ U(¢) is BRST-invariant. Using the OPE’s (2.2) and
. 1 2\ &
N () ~ T2 2.17)

2 (=&
which can be obtained by imposing that A\* transform as a spinor under the action
of the SO(9, 1) Lorentz currents, as well as the SYM equations of motion (C.3) and
(C.14), one can show that

. 1 N |
U=00"As +11"A, — §d&W” — §N‘“’FW

satisfies (2.16), and thus is the integrated vertex operator corresponding to massless

(2.18)

open superstring states.
Given vertex operators, one can compute scattering amplitudes. The pure-spinor
prescription for the computation of tree-level amplitudes states that the n-point

function is given by

A, = <V[1](C1) VE(G) VII(G) /d& cdE s UN(g) - U (fn3)> , (2.19)

where we have made use of the disk SL(2,R) symmetry to fix the positions of three
vertex operators. The angle brackets in the above equation contain integrations
over the x, A\ and 6 zero modes, and are defined such that the only non-vanishing

contributions are those coming from three A\’s and five #’s in the combination

(M"0) (X" 0)(My"0) (07,0,0) - (2.20)

This measure factor is special since it is the unique (up to an overall factor) SO(9, 1)
scalar which can be built out of three \’s and five #’s, and it is also in the cohomology
of Q). Scattering amplitudes defined in this way are thus BRST-invariant, and can

also be shown to be supersymmetric — see [28], for example.



2.2 Non-minimal pure-spinor formalism

The formalism briefly reviewed in the previous section is presently known as the min-
imal pure-spinor formalism. This is because in 2005 an extension of the pure-spinor
formalism was proposed [29]. New variables, called non-minimal pure-spinor vari-
ables, were introduced. They consist of a bosonic spinor Xd and a fermionic spinor

r4, as well as their conjugates w® and s®. These variables satisfy the constraints
XM =0, X’y“r =0. (2.21)

The first of these equations implies Xd is a pure spinor.

The action is modified to

1 U
St = Ses + 5 / d2¢ (wamd - saard> . (2.22)
T
In addition to dws = A*(y,A)a, the action (2.22) is also invariant under the gauge
transformations
S% = A (1N — ¢ (ur)™,  85% = @ (N7, (2.23)

for arbitrary A" and ¢". One can construct several independent gauge-invariant

quantities out of w® and s%:

- 1~
N, = §(w%,,)\ — $YwT)
Ji = WA,
T = WOA—sr, (2.24)
1 ~
Sw = 5(37;11)‘)7
d = wr,

among others.

It is possible to show that the introduction of the non-minimal variables in the
action does not affect the good features of the pure-spinor formalism as compared
to Siegel’s approach, namely the Lorentz currents’ OPE’s are still the same as in
the NSR formalism and the new variables do not contribute to the central charge of
the theory.

The action (2.22) is invariant under the transformations generated by the mod-
ified BRST charge

Qo= Q+ 5 7{ AC e (2.25)

The addition of this term implies, by the quartet argment, that the BRST cohomol-

ogy is independent of X&, rs and their conjugate momenta. Thus, one can always

10



choose a gauge in which the physical vertex operators of the theory do not depend
on the non-minimal variables. However, it is sometimes convenient to allow depen-
dence on these variables, as will be seen for example in the next chapter, when we
present the supergravity vertex operators in AdSs; x S® that were found in [18].
The introduction of non-minimal pure-spinor variables also allows one to write
a relatively simple expression for the b ghost, which is not a fundamental field in
this formalism. This object is defined such that {Qnm, b} = Tam, where Ty is
the energy-momentum tensor obtained from (2.22). The b ghost is important for
multiloop amplitude computations, which are out of the scope of the present thesis.

For more information on the b ghost and loop amplitudes, see [30, 3].

2.3 The pure-spinor formalism in curved backgrounds

We conclude this brief review of the pure-spinor formalism with some words on
the description of superstrings in an arbitrary curved background. The first work
on the pure-spinor superstring in a general type II background was [31]. There
the authors have studied the most general action constructed from the worldsheet
variables which is classically invariant under worldsheet conformal transformations
and has vanishing ghost number.

In order to write such an action, we first need to introduce the right-moving
variables that so far we have omitted for simplicity. We have 0% and its conjugate
momentum pg, as well as the pure-spinor ghost variables 2\ and wg. Note that
we have written these variables as SO(9,1) Majorana-Weyl spinors of the same
chiralities as those of their left-moving counterparts. This means that we will be
describing the particular case of type IIB backgrounds, of which AdSs x S® is an
example.

The available building blocks one can use to construct a classically conformally

invariant action and their conformal weights are listed in the following table:

weight H fields

(0,0) zM

(1,0) OZM, da, N wy
(0,1) 07ZM, da, N0
(1,1) [ wsdN%, @009, Oda, Ods

Here ZM := (x“,@a,gﬁ) are N' = 2, d=10 superspace variables and dy, is defined
in complete analogy with (2.4). Note the notation in which indices highlighted in

bold correspond to curved superspace indices. Since the worldsheet measure d?¢

11



has conformal weight (—1, —1), these building blocks have to be combined to form
objects with conformal weight (1,1). One can either use a (1, 1)-block or combine a
(1,0)-block with a (0, 1) one. In each case, the resulting object can also be multiplied
by an arbitrary function of Z™, which is called a background superfield.

The action is thus given by

Sun = o- / a2 [%(Gm(Z) + Ban(2)) 0202V
+ Ep(2)dadZM + Qs (2)M w302 + CP (2) N wd,
+ Ep®(2)dadZM + Qana (2)N0 0,02 + CP (2) N4,
+ PY(Z)dadyy + Sas™ (Z)N w s\ 55
+ wadA® + @daXd} . (2.26)

All the background superfields appearing in this action have physical interpretations.
The superfield Eag™ is the supervielbein (Gapn = M Em"En"), Bamar is the
2-form potential, P38 is the superfield whose lowest components are the Type IIB
Ramond-Ramond field strengths, CQ;CB”AY and 65/%”7 are related to the two gravitini and
dilatini field strengths, €2 MdB and () MdB are the spin connections and finally SMBS
is related to the curvature.

The first line of (2.26) is the standard type IIB GS action, but the other lines
are needed for BRST invariance. The BRST charge of the theory is given by

Q=0QL+Er, (2.27)

where . )
QL=— ¢dC\%ds, Qr=— ¢ dC\,. (2.28)

= o 27
Since the BRST charge must be nilpotent, we must have

{QL, Qr} ={Qr,Qr} = {Qr,Qr} =0, (2.29)

which can be easily obtained from Q? = 1{Q,Q} = 0. Moreover, in order for
these charges to be well defined, the BRST current A%, (resp. /):aga) has to be

holomorphic (resp. antiholomorphic), i.e.
5<Af‘dd) _ a(X@J@) —0. (2.30)
In [31], it was shown that (2.29) and (2.30) imply the supergravity equations of
motion for the background superfields in (2.26).
In the next chapter, we will present the AdSs x S® action, which is a partic-
ular case of the general action introduced here. The background superfields will

be described by means of coset space techniques, making the symmetries of the

background manifest.
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Chapter 3

Zero-mode cohomology in AdSs x S°

In this chapter, we briefly review the computation which led to the leading-order
expressions for the behavior of the AdSs x S® supergravity vertex operators near the
AdSs boundary. The details and proofs omitted here can be found in the thesis by
Fleury [32].

As seen in the previous chapter, in the pure-spinor formalism, physical vertex
operators must be in the cohomology of the BRST operator ). In [18], the authors
computed @ for the AdSs x S° background using the coset

PSU(2,2/4) " SO(6)
SO(4,1) x SO(6) ~ SO(5)

The AdSs superspace is parameterized by five bosonic variables denoted z and

x® for a = 0 to 3 and thirty-two fermionic variables denoted 0“,0}“,1/1? ,1/337' for

a,& =1to 2 and 7,7 =1 to 4. We use the standard d=4 two-component spinor

(3.1)

notation as described in Appendix A.1. These variables appear in the %
coset representative as

g = exp (x“Pa +160%qq; + iédiqdi) exp <i %ﬁs% + 11%5]6) 22 (3.2)

B

where P,, qui, @ are generators of the N' = 4, d = 4 supersymmetry algebra, sé, 5
are the N' = 4, d = 4 superconformal generators and A is the generator of dilata-
tions. With this choice of coset representative, it is easy to show that the AdSs
metric has the form

wdzoda? + d2?
ds? = Tt €T T C2 (3.3)
Z

and thus the boundary of AdS; is located at z = 0. At the boundary, the variables
2%, 0% 0% transform in the usual N = 4, d = 4 superconformal manner under the
action of global PSU(2,2|4) transformations.

The S° is parameterized by an SO(6) vector y for I = 1 to 6 satisfying y;y’ = 1.
The SO(6) Pauli matrices (py);; described in Appendix A.3 can be used to define

vij = (pr)i; y', which satisfies y;; = %gijk( y* and y,;y7% = oF.

13



The final ingredients needed to study the pure-spinor string in AdS; x S° are
the left- and right-moving ghost variables )\,;\\ and their conjugate momenta w, w.
The \’s are pure spinors, i.e. they satisfy Ay#\ = 0 and X’y"x =0for pu=01to09.
Note these expressions have been written in ten-dimensional notation where A% and
A& are chiral spinors (& = 1 to 16) which can be decomposed into SO(3, 1) x SO(6)
spinors (A%, 5\]0‘) and (/):‘“,/):?‘) in the usual manner. As explained in the previous
chapter, the gauge invariance under dw = (y*A) A, for any A, implies that w can

only appear in combinations of the gauge-invariant quantities

1
NH = 5107"”)\, Jg = WA, (3.4)

which are respectively the SO(9,1) Lorentz currents in the ghost sector and the

ghost-number current. Of course, similar expressions hold for the hatted quantities.

3.1 Worldsheet action

To construct the BRST-invariant worldsheet action using the coset (3.1), one needs
to define the left-invariant current J = g~'dg, taking values in the PSU(2,2[4)
Lie algebra. Here d = d( a% +d¢ a% and the variables (,( parameterize the string
worldsheet. The components of this current are defined via

L

a1 A krrj i —ui B .J B
aCg:J S(Pat Ko) + I A+ J7UL A+ T qoi + Jaid +stg+Jgsj+---, (3.5)

g 2

where K, are the generators of special conformal transformations in four dimensions,
U ,g are the SU(4) R-symmetry generators and the dots stand for terms proportional
to generators in the isotropy group of AdSs, i.e. in SO(4,1). Analogously, one can
define J¢, J2,... through the calculation of g_la%g. Note that when computing
the left-hand side of (3.5) one should really look for the terms proportional to the
combinations %(Pa + K,) and %(Pa — K,), as opposed to P, and K, alone, since the
former are generators of the AdSs isometry group SO(4, 2).

The components of the left-invariant current are obtained by means of the fol-

lowing formula for the derivation of an exponential

1 1
det = (dA + 5[/1, dA] + g[A, [A, dA]] + - ) et , (36)
as well as the Hadamard lemma
Ap —A 1
e“*Be :B—l—[A,B]—i—E[A,[A,B]]%—--m (3.7)

The commutators appearing in the above equations can be calculated using the

psu(2,2|4) algebra shown in Appendix E.
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In terms of these currents, the matter part of the worldsheet action is given by

1 2. |1 o Loaga 1 e Gk
Smatter - 27T/d C [277011] J + 2J J S(Vy)]k(vy)
— 2 s — 2 = 207 T — 2J1T) (3.8)

— Y TE = F T Jar + 97 Tag I+ y LT

where (Vy) i = 0yjr— Jf Yor — JLyje. This action was found by looking for an expres-
PSU(2,2]4)

SO(4,1)xS0(5)

when one uses the SO(6) gauge invariance to gauge-fix y' = 6f, for example. The

sion which reduces to the one written in terms of the more usual coset

latter action in turn can be found by demanding that the Lagrangian be invariant
under global PSU(2,2|4) and local SO(4,1) x SO(5) transformations.

The complete action has also a contribution coming from the ghosts:

1 1, R
Sghost = %/dQC [w'VA—w'V)\JF§yJZ(Vy)kaAj)\Ak—§yj£(Vy)ekwAj)\Ak

— 2Nab]/\?ab — 4<yJNJa)(yK]/\\7Ka) + 2N[JNIJ — 4<yLNLJ)(yMNMJ) s
(3.9)

where A w 4; and their hatted counterparts are SO(4,1) x SO(6) spinors given by

AE we
Ak ( oy ) , wa; = < —iju_J‘f > , (3.10)

weVA = wlON, + @lyud(y ) — wi AN, — @k TN
+ 2w] T FAE — 2008y JON, + w?‘j,g)\’; + Wy Y™™ A L (3.11)
Note that the covariant derivative above has contributions coming from all the
SO(4,1)xS0O(6) connections, corresponding to Uy, +(P,—K,) and the four-dimensional
Lorentz generators M,,. An analogous definiton holds for @ - V.

3.2 The BRST operator and its cohomology

In the last section we introduced the worldsheet action for the pure-spinor super-
string in an AdS; x S° background, which is given by S = Spatter + Sghost-  This

action is invariant under the BRST transformations generated by
Q = /dC [)\M(Jai —yiJL) — Aai(J¥ + Z/ijjjo.é)}

= [0 [R5 1)+ AT = ] (3.12)
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This BRST operator was also found by comparing with the one written in terms of

PSU(2,2/4) -
SO(4,1)x50(5) 1 [13].

To simplify the analysis of the cohomology, it is convenient to express the BRST

the more usual coset

charge in terms of the worldsheet variables and their canonical momenta, defined as
P, = %, P, = % and so on. Here 7 is the variable associated with the time
direction of the worldsheet, whereas ¢ is associated with the space direction. In our
conventions,

o= %(ac, _8), - %(aa +0,). (3.13)

After substituting the currents, the operator () can be organized in the form

Q=0Q_1+Q:1+Qz+ -, (3.14)

where (Q,, o< 2. Near the boundary of AdSs, it is also possible to expand a physical
vertex operator V' as
V=Viy+Vigs1+--, (3.15)

where V,, oc 2" and dj is the minimum degree of V, i.e. V;, is the leading-order term
in the expansion of V' near the boundary.

Equations (3.14) and (3.15) imply that, if one is only interested in the leading-
order contribution to the vertex operator, then one can first compute the cohomology
of Q_ 1 then compute the cohomology of () 1 restricted to that of Q)_ 1 then compute
the cohomology of () s restricted to those of ()_ 1 and @ 1 and so on. The reason is

that, collecting the terms with the same power of z, one has*
Q_1V4 =0,

Q%Vdo + Q—%‘/do-i-l = 07

V=0 <
@ QsVay + Q1Vig1 + Q1 Va2 =0,

(3.16)

This procedure is well defined since the complete BRST operator () is nilpotent,

which implies, in particular,
{QféaQ—%} = 07
{Q1,Q1}+2{Q_1,Q:} = 0, (3.17)

that is, Q_% is nilpotent and @) 1 is nilpotent when acting on operators in the coho-

mology of Q_%. Indeed, acting with (3.17) on a Q_%—closed operator O, we get

{Q1.Q1}0=-2{Q_1,Q:}0=-2Q_1Q:0 =0, (3.18)

*Here and in the following the juxtaposition of the BRST operator and the operator it acts on

should be understood as a shorthand notation for the generalized commutator, i.e. QV = [Q,V}.
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up to a Q_ 1 -trivial term. A similar nilpotency argument applies to @) 3, Q 5y

The computation of Q_% gives

Q_

()\ﬂmymipw + E\jd‘yﬁpﬁm) + 0,—terms, (3.19)

5

N

where

A= 0T =R = (e + Aag) (3.20)

We do not consider terms in () containing o-derivatives, since we are only inter-
ested in its zero-mode cohomology. In other words, we take the limit in which the
string length goes to zero (or the tension goes to infinity), which corresponds to
supergravity (massless states).

Because of the usual quartet argument, we assume the zero-mode cohomology

of Q)_ 1 is independent of A*.T Moreover, the states in the cohomology depend on v
only through A\~,1, where ) := y,; (y1¥)) and

AT = O E %) AT =1 (g — Aay) - (3.21)

The reason is that )\‘%@E is annihilated by Q_%, since Q_% (A‘w:@) X )\"yu)ﬁr,
which vanishes because of the pure-spinor conditions for A and . One can also show
that

AT+ AT AT =0, (3.22)

This identity implies that, when considering states in the cohomology of Q_%, we
have A™y,A™ = 0, i.e. A™ is a pure spinor.

The next step is to compute the zero-mode cohomology of () 1 —i—Q% +- - - restricted
to states in the cohomology of @)_ 1. This means we can neglect terms containing
At and we can consider A\~ a pure spinor. It turns out that @ 3, Q 5,... act as zero
on states in the cohomology of Qf%- This is because the terms depending on %) in
their expansions cannot be expressed in terms of the A™v,2. Thus, the zero-mode
cohomology of @ near the boundary of AdSs is determined by @ _ 1 and @) 1 only.

Writing the canonical momenta as derivatives, the part of Q% that is relevant

for us is, then,

= VE XD+ 4 ()

1A 0 0 NG
+ 4 (M) (225 + ZJMW - Aaw)] :
(3.23)

1
2

tActually, this argument is too naive, and the cohomology is only independent of AT after
allowing dependence on non-mininal pure-spinor variables. See section 3.3 of [32] for a more

detailed discussion.
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= 9
005

derivative and we have dropped the minus superscript from A~. The second term

where Dy +(0~v") 40, is the dimensional reduction of the d=10 supersymmetric
in (3.23) is understood not to act on )\’y,ﬂﬁ, even though 1@ depends on y. This is
because there are other terms in () 1 containing v-derivatives (conjugate momenta)
which we have omitted. It turns out the action of these extra terms on Ay, cancels
out the action of the second term in (3.23). Since Q% should only act on objects in
the cohomology of Qfé, it would be pointless to write those extra terms.

In order to express the vertex operators in a convenient way, we need to allow
dependence on the non-minimal pure-spinor variables introduced in section 2.2. Af-
ter introducing the non-minimal variables, we need to modify the BRST operator
Q% as:

Q% — Q% + Wy (3.24)

Then, for arbitrary N, it was shown in [18] that Q% + w%r4 annihilates the

following ghost-number 42 (closed superstring) vertex operator:
4
Vi = 2V / du'S " Pu(N) () " QTN (@,0,u,7m),  (3.25)
n=0

where P,(N) = % [In_o(N —m) is a polynomial of degree n in N, T""") is a G-
analytic superfield of harmonic U(1) charge 4— N, and [ du denotes an integral over
the compact space SU(4)/S(U(2)xU(2)) parameterized by the harmonic variables
uz’. See appendix B for more information on harmonic superspace. The operators

Q) in (3.25) are defined by

Uy = 2o (00) AT 2 (Mot N (D) (0" B) (D) (a7 D)

+ 20027, ) (97 D) (00 D) (). (3.26a)

Qu) = —%(uuwm2<mmwﬁ><AW>W5><W5><M>

= 2N 3, D) (0" D) (D). (3.261)
Q) = ;(““)ij (AN 2 (M pofin A) (A"190) (M) (\* D) (M D)
%(AX)‘Q(WWX)(M%)(M”zﬁ)(MPE) : (3.26¢)
sy = =2 () ! (ON) > Mpols ) A0 A 0) (AP8) (A7 D)

- %MX)”(T%W)X)(M“zﬁ)(h%)(h”z@) , (3.26d)

Qay = (@) (AN 2 (AYuprlig VMDY MY D) (MPD) (M), (3.26e)

+
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with D% ;= —L(um);;(v"'D)®. Note this definition has an extra factor of —1 as
compared to Fleury’s. This leads to the different numerical factors in (3.26).
It is easy to check that the <2z + Rt aykf

Moreover, the {)(,y’s have been designed so that the following equations are satisfied:

-\ 8/\a>—part of Q% annihilates V.

(VZA Dy + 0°74) QTN = 0, (3.27a)
(VZA D + 0%76) QTN = /2 M131) (uu) i Qo TN, (3.27b)
(VZA*Dy + @) QTN = —/z ()\V[Zj%)(uu)ijQ(l)T “=N) " (3.27¢c)
(VXD + %) QTN = =2 (M) (uw) Qe TN, (3.27d)
(VZA*Dg + 0°ry) QT = -z ()\7[”%)(uu)ijﬂ(g)T(‘l_N) , (3.27e)

VZ (W) () QTN = 0. (3.271)

3.3 Connection to N =4 SYM

If the operators (3.25) correspond to supergravity states in AdSsxS°, then AdS/CFT
predicts they should be dual to half-BPS states in A/ = 4 SYM. Indeed, we can
make this relation explicit by making use of the harmonic superspace. Consider the

following family of gauge-invariant operators introduced in [19]:
WW =t W, N=12..., (3.28)
where W := (uu)YW,;, W;; is the Sohnius field strength of N' =4 SYM [22] and the

trace is taken over the gauge group. In components, we have

Wiy (,0,0) = 61y () ey € (0) 120,85 () + 3 2iual 00 o) 5050, Fun() +
(3.29)
where ¢;;, &, ¢ and f,;, are, respectively, the N' = 4 SYM scalars, chiral and anti-
chiral gluinos and gluon field-strength.
It is easy to see W) describes a gauge-invariant half-BPS operator constructed
from N SYM fields. Taking the 6 = 0 component of W;;, we get

PN = (wu) ™t () NNt [, (2) - iy ()] (3.30)

Since the u’s are bosonic (commuting) and satisfy (uw);;(uu)? = 0, this is a totally
symmetric and traceless product of ¢’s, i.e. it is a chiral primary operator.

For each value of N, one can show that W) is an analytic superfield. In
particular, this implies that it depends only on half the sixteen 6’s. Thus, it is
possible to define a superfield dual to W®) through the coupling

/d4a:/du D*D" [W(N)(a:,e,u) U(4’N)(a:,9,u,ﬂ)] , (3.31)
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where D", D*, defined in Appendix B, can be regarded as Berezin integrals over the
cight fermionic variables (u6)*4’, (uf)%. Here U“~N) is a (otherwise unconstrained)
G-analytic superfield of harmonic U(1) charge 4 — N. In [20], these superfields
U®=N) were shown to be in one-to-one correspondence with the chiral superfields
describing type IIB supergravity states in AdSs x S° — see [33] for an introduction
to this work.

It is natural to identify U“~N) with the T“=N) of (3.25), since they have exactly
the same properties. One way to see it is consistent is by first noting that the

coupling (3.31) is invariant under the transformation

0 _(n-
=04 (3.32)

UM s UM 4y
Ot gt

"4 some G-analytic superfield of harmonic U(1) charge N — 1. Then

with 20
one can show that, when T~") changes according to (3.32), Vin) changes by a
BRST-trivial amount.

Thus, the superfield T#~™) appearing in the expression for the vertex operator
V() is dual to the half-BPS operator W) in the sense of (3.31). This in turn implies
a correspondence between the supergravity state itself and W®). For example, when
T® = 0% (uu);;0%7 0% (uu)dy, one can show Vig) o< y;;(AA) (up to BRST-trivial
terms). This PSU(2,2[4) scalar is the zero-momentum dilaton vertex operator,
which is dual to the linearized SYM action [ d*z [ du D*W® as can be seen from

(3.31).
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Chapter 4

Open-closed amplitudes

Because of the duality presented at the end of the last chapter, and also because
of symmetry arguments, the disk scattering amplitude with the supergravity vertex
operator Vi) and N massless open superstring (SYM) vertex operators was conjec-
tured in [18] to be proportional to the coupling (3.31). The SYM vertex operators
would be located on a D3-brane parallel and close to the AdS5 boundary, at some
fixed value of y” and z near 0. Since the disk has an SL(2, R) symmetry which al-
lows us to fix the positions of one open and one closed superstring vertex operator,

the disk amplitude has the form

My = <V(N) Vsym / dé;---dén-1 Usym(&r) - - USYM(SN—1)> , (41

D3—brane
where Vgyyy is the unintegrated vertex operator of SYM and Ugyy is the integrated
one.
The angle brackets in the above equation contain integrations over the x, A and
6 zero modes, but they do not contain integrations over the z and ¥ zero modes,

since the position of the D3-brane is fixed. Schematically, one has

5 d59 aﬁv
<)\a)\ N flx, 2 y,9)>D3 - / / 7 flx, z,y,0), (4.2)

where the powers of z ensure the measure is PSU(2, 2|4)-invariant, since d*zr and

d®0 have dimension —4 and 2 5, respectively. More details on the integration of the
A and 6 zero modes will be given later in this chapter.
Proving that (4.1) is indeed proportional to (3.31) is the main purpose of this

thesis, and what will be done in this chapter.

4.1 Preliminary calculations

In this section we perform some preliminary calculations whose results will be useful

for the amplitude computations we will do later in this chapter. We begin by showing
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how the operators €2y and €2(;) that appear in the expression for the supergravity
vertex operator can be simplified through the addition of BRST-trivial terms to the
vertex operator V(y).

Next, we investigate the pure spinor measure factor for the A and 6 zero-mode
integrations taking into account the SO(3,1) x SU(4) symmetry of the AdS; x S°
boundary. Following [34], we show the measure factor to be unique up to BRST

transformations and an overall factor.

4.1.1 Simplification of Q) and Q)

In this subsection, we will show that, by adding a BRST-trivial quantity to the
vertex operator Vs, one can effectively simplify the form of the operators () and
Q1y. More precisely, we will find an object () such that we can write a BRST-

equivalent N = 2 vertex operator as
V(/Q) = V(Q) + <Q% + @%“@) X(2) = /du [(yuu)ﬁ(o) + 8@(1) T(Q) s (4.3)
with simpler, non-minimal-variable-free operators Q(O) and ﬁ(l).

First ingredients

The first step is to decompose A* Dy in the following manner:
NDy = 3 (~2)X8iD;

_ _%(uu)ij(m)mdagipg

_ —i(uu)ij(m)kg)\é‘sijkéégDB

= (@A, 7y D)

= —5OD) + () (@O HID), (44)
where we used the definition D* := —1(@a);;(71¥/D)®. Note the second term in
(4.4) annihilates G-analytic superfields.

We will also need the following results:
{(wu) (@) (\y "1 D), (M D) (X D) A D)} = 0. (4.5)
and

{ (uw) i (@) e M9 DY, (MDY (A D) My, D)} =
= 16 (T0) (AN (M™) (A2 D), . (4.6)
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Let us prove the above anticommutation relations. First, note that {D&,ﬁé } =
— (@) ("N Ds, D5} = (w);;(v171*)4”9, implies

{(u)i(@@)e (M4 D), MDY} = (une)iy (@@)ee (M4 (Ay#) ;{ D, D7}
= () (W) o (W) (M F Iy Ty M0 10 0) ),
= () (W) g (W) g (M F IR0 N)
=0, (4.7)

since (W) ge(UW) s is symmetric under (k€] <» [mn]. Therefore,
{(wae)s; @Dre (M4 D), (A D) (Ay” D) (A3 D)} =

= (uw)ij (@) k(A" D) (M D) (A *4 )3 (X)) 5{ Da, D}

= () (T (T O D) Oy B) B iy e 30,

= — () 5 (W) g (T8 o (M D) (A" DY (M, AT} fmml gy, 4, 0) ),

= &M (uw) (T kg (W) (MY D) (AY” D) (A ,7, 1),

= —4 (@) (M D)YAY DY A"y ,7,0) D, (4.8)

where we used (W) g (W )y Y FOY ™ = (W) o (W) g {YFY, 4™} = — (W00 g () ¥

2
= 0 and " (uw); (W) re = 2 (uu)*(w)r = —4. Then, using 777, = =205 —7,7" a

few times and recalling (Ay,)a(Ay”); = 0 for a pure spinor, we get
—4 (W) o (M D) (M D) (A 9,7, 1) D =

= 8 (@) (M D) (X D) (M3, 0) D
+4 (m)mnO‘V“E) (>‘7Vﬁ) (/\V[mn] Vu’VaVVX)aa
= —16 (W) (MDY AY DY (AN) D,
— 8 (W) (M D) (M D) (A7 N) D
= 0, (4.9)

since (W) (Y™ D) o (W) ymp (@)™ D = 0. Hence, we have proven equation (4.5).
Now note that (Av“g@)(A’y”ﬁ)(X'yWE) = ()\7“15)()\7”@2)(3\’7“”5). Then, carrying
out the same steps as in the previous case, one obtains the proof of (4.6).

Alternative form of (2,

The next step is to write (o) and €2(;) in alternative forms which will be useful when
comparing with BRST-trivial terms. Let us begin with €). For the r-dependent
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part, we have (cf. (3.26))

Qo, = —= (N2, ) (D) 0y D) (X# D)

Ve
- —%(Ax)Q(W%A)(M“f?)(Xvw”f?)(hpf?)
+ %M 2(r9,7 D) D) (M3, (D) (4.10)

where we used (7")45/(7)j35) = 0. Now one can substitute 7,7, in the first term and
77, in the second term with the anticommutators {,,7,} = —2n,, and {7",7,} =
—20, to obtain

202 () MDY (M? D) (R D)

o, = NG
2~ - - ~
- %(M) H(MMD) (M D) (ry, D) - (4.11)
The r-independent part is more involved. Using (7")43/(7%)}54) = 0 once again,
we get
1 GOV Y\ =2/ Y n v n o
ol,my = 757 AN Moty A) (X" D) (A" D) (A? D) (A7 D)
1 o~ i
=~ () ON) 2 0 )) (" D) (DY 27671551 M) (A D) (M7 D)

1 L ~ _
- E(uu)w (A/\) <)"7 Yo Yo Vig) )‘) (/\’VMD)()‘/YM'YVD) (Arpr) (/\’VUD) :
The second term in the above expression vanishes, as can be easily seen by writing

Yy, = =26, —7,7" and using (AMy,)a(Ay7) 5 = 0. In the first term, one can substitute
Y Yo with {7y, 7} = —21n,, to obtain

1 _
Qo0 8(UU)”(M) L, D) (DY 4,765 N) (AP D) (A7 D) .

Then, after one more round of (7")&(@(%)%) = 0 and y"y, = =20, — v,7", we get

Ao,y = (@) O DY\ D) (D D)
2 () O O D)5y N A9 D) (D D)

= G0+ ) (AR) 9 D) 1N\ D) (Do D) - (4.12)
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Finally, using (’y")d(é(%)%) = 0 in the last term of the above equation, we arrive at
Qol,_o — 2o = i(w)ij (AN (D) (M1ii7 7 D) (A D) (Mo, D)
= —i(uu}ij (M) (MY D)YMi7 D) (A9 D) (Mo, D)
= ()T O%) 7 O D) " D) D) (7, D)

+ i(uu)iﬂ‘(ﬁ) (MY D) (M35 D) (AP D) (Mo, D)

= (uw) V(AN " (M D) (M7 D) (M D) (Myo7,D) (4.13)
where again we used "y, = =240} — 7,7" . Therefore,
Qoy|,_y = oy + (ww)? (AN ™ (M D) (A7 D) (M D) (Mo D) . (4.14)

Alternative form of €2y

Let us now derive an alternative form of €);). For the r-dependent part, the same

manipulations which led to (4.11) yield

12 ~ . - o~ o~
Q. = =70 2(Ar) (M) (A D) (A D)
12, ~ . ~ ~
+ —= (W) () (M D) (74, D) - (4.15)
Vz
For the r-independent part, carrying out the same steps as in the €2 ‘7‘:0 calculation

until (4.12), we obtain

Q| _y = Q) — () 7N O9"8) (A3i17N) (A D) (D D)

with ﬁ(l) =2 (uu)ij(Ay”@ﬁ)(Av”ﬁ)(ﬁvuy[ij]D). Now we use (7")‘5‘(3(%)4’5) = 0 and
get

~

Qg — Q= —(wu)T (AN (") (Mg D) (AP D) (Mo, D)
+ (un) 7 (AN) T (M) (M D) (Mo D) (A7, D)
= (uw) (AN O D) (A Y% D) (A D) (Mo, D)
— (u)7 (AN ") (M D) Moy D) (A Y17, D)
= =2 (uw)" (AN (M) (7 D) (M D) (A, D)
— (wu) T (AN "L M) (M7 D) (AP D) (Mo, D)
+ 2 (u) 7 (AN) T (M D) (M3 D) (Mo D) (A7 D)
+ (uw)? (AX) T (M) (M D) (Mo D) (A 7,765, D)
= =2 (u)” (AN (M) (7 D) (M D) (Ao, D)
— 6 (uw)? (M) (M DY M) (MDY Mo D), (4.16)
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after using 7"y, = =267 —,7” and (Ay,)a (A7) 5 = 0 several times. Therefore,

Oowy — 2 () () (g ) (97 D) (\? D) (O, D)
— 6 (w) TN g D)MH) M7D) 3o D) . (47)

BRST-trivial terms and results

Now we are ready to look for the BRST-trivial terms which will effectively simplify
the expressions of Qo) and €(1). We have (cf. (3.25))

Vigy = /du [(yuu)Q(g) + 89(1)] T

and, as stated in the beginning of this subsection, our goal is to find a BRST-

equivalent vertex operator
V(/2) =Vl + <Q% + 737&7“@) X2 = /du [(yuu)ﬁ(o) + 86(1)} T(2) 7

with simpler, non-minimal-variable-free operators (2(0) and 52(1).
Recall the expression for the operator () 1 restricted to act on states in the co-

homology of Qféz

@ 9: e

1
2

X a0 a 0 0 .0
= Vz [A&Dd A+ 41 (1) (22— g N )] .

Since there is no overall z-dependence in V(y), it is natural to propose an object x(z)
proportional to 272, Furthermore, since V() is in the ghost-number +2 cohomology
of the BRST operator, x(2) should have ghost-number +1. Thus, if we want the
last term in Q% to annihilate x(z), it must be proportional to y”. Recalling that
U = y;;(7191), it is then not difficult to find a suitable X():

@ = = [ dufr )0 00 D) B) (R )T
+ 12 QN ") (A D) My DYTP | (4.18)

for some constants x; and ko to be determined.

The last term in Q% annihilates both terms in this expression by construction.
Let us see what the action of the other terms yields. When acting with the first
term in Q% on the first term in x(2), we get

~gnt [ du ) ) OX) " (v DO B ) G DT, (4.19)
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since, as shown in the beginning of this subsection, A*Dg = —%(uu)ij()\v[ij]f?) +
1 (uw)ij (W) e (A9 ID) and  (ww)ij (W) e(My*4W D) anticommutes  with
(Afy”ﬁ)()\fy”ﬁ)()\fywﬁ) and annihilates 7 since it is a G-analytic superfield.

Next, we act with the first term in Q% on the second term in x(2) to get

~ge [ du ) O%) Qo DY) (39" D) (3 DT

+ dny / At () (M ™) (N2 D)0, T (4.20)

since the anticommutator of (uu);; (W) ke (A\y*94191 D) and (Ay“@/})()\v”ﬁ)(XVWE) is
16 (W) yr (AN (M) (Ay2 D)0, (cf. (4.5)).
The second term in Q% annihilates the second term in x(2), since the latter has

no explicit y-dependence.” When acting on the first term in x(g), it gives

8k, / du (uw)? (ON) " (Aypi) A" D) (A" D) (M, D)T® . (4.21)

Finally, it is left to compute the action of W%rs on X(2)- This is easily done by

thinking of w as a X—derivative, and recalling r4 is a fermionic spinor. We get

Traxe =~z [ dulu) (320000 D) D) (R DT
= ON)' D)0 D)1y, DYT |
= s [ au[O%) 200 0 ) 07 D) (R DT

= (N D) N D) DT (4.22)

Hence, comparing the above equations with the alternative forms of Q) and
Q1) obtained in equations (4.11), (4.14), (4.15) and (4.17), it is easy to see that, if

we choose k1 = 2 and ko = —96, we have

V(/2) =V + <Q% + 717&7”&) X(2) = /du [(yuu)ﬁ(o) 4 86(1) T®

1o N
Qo = =5 ) ("D)YAM" DYDY D) (4.23a)

Quy = 2 (ww)? Ay D) (M D) (DY D) — 48 (@)1, My T4h) Ay D), , (4.23b)

which are relatively simple expressions that do not depend on the non-minimal

pure-spinor variables, as promised.

*Recall 4 ()\v[ij]z/;) 85“ is understood not to act on )\mﬂﬂ, even though 1& depends on y.
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Note that we could have obtained the same expression for (NZ(O) by adding the
BRST-trivial term

(Q% —|—@5‘rd> [2\/2 / duﬁ(Awﬁ)(m@)(X%ﬁ)T@)(x,e,u,a) (4.24)

to V(1). This method could also be used to find an equivalent expression for {2
without the non-minimal variables. However, for N > 3, it seems that V() can only

be written in a A"-independent manner if one introduces non-minimal variables.

4.1.2 The N = 4, d = 4 pure spinor measure factor

The other preliminary calculation we will perform in this section concerns the pure
spinor measure factor. In order to compute superstring scattering amplitudes in an
N = 4, d = 4 theory — such as the gauge theory describing the effective world-
volume degrees of freedom of a D3-brane, or the boundary of the AdS5 superspace —
using the pure-spinor formalism, one needs to know how to perform the integrations
of the A and € zero modes in that case. In other words, one needs to find a BRST-

invariant measure factor analogous to the one introduced in section 2.1:
(A 0) (A7 0) (M 0) (07,0) - (4.25)

At first, it might seem to be just a matter of dimensional reduction. However,
although the particular combination of \’s and 6’s of (4.25) is special in ten flat
dimensions, there is no reason why its dimensional reduction should be preferred over
any other BRST-invariant, SO(3,1)xSU(4) scalar in four dimensions. Therefore, it
is important to investigate whether there is any ambiguity in the definition of the

N =4, d = 4 measure factor.

In this subsection, this issue is studied in detail, following [34]. First, we will
write the most general SO(3,1)xSU(4) scalar expression with three A’s and five
0’s and derive the conditions for it to be BRST invariant. Then, we will find the
independent BRST-trivial combinations of the terms previously introduced. Finally,
we will present the main result of this subsection, namely we will show that the
N = 4, d = 4 measure factor is unique up to BRST-trivial terms and an overall

factor.
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BRST equations

In four-dimensional notation, the most general SO(3,1)xSU(4)-invariant, real ex-

pression one can write with three \’s and five 6’s is

(A30°) := 1 Epnje(NAR) (AO™) (0°67) (0%6")
+ e (AA) Ael) (0°07)(6%0°) + 3 € mmje (Nl ) (NFOY) (AN0™) (6°67)
+ s (M) (MO (0°0)(0:0,) + 5 (M) (X;00) (A"0°) (0°67) (4.26)
+ 6 Emmer (NOF) (VO (A™0™)(0,0;)

+ H.c.,

where ¢y, ..., cq are arbitrary constants and “H.c.” means “Hermitian conjugate”.
One can convince oneself these are the only non-zero independent terms which can

be constructed, keeping in mind that
L o 1 ..., - —
MY =0 and  (\N) = iaZW(AkAg) : (4.27)

which are the dimensional reduction of AMy*A = 0. More details on dimensional
reduction can be found in Appendix A.3.
The notation we are going to use throughout this subsection is such that
6
(N36°) =: ¢, T, + He., (4.28)
n=1
i.e. we define T, ..., T to be the independent possible terms as appearing in (4.26).
For example, Ty = &,nj0(Nifx) (A*0°)(A™0™)(0°07). The T,, and their Hermitian
conjugates T form a basis for four-dimensional expressions made of three \’s and
five §’s. For example, it is not difficult to show the dimensional reduction of (4.25)
gives (4.26) with ¢; =1, co = ¢4 =4, ¢3 = 3, ¢ = 12 and ¢ = 2, up to an overall
factor.
Since we are looking for the pure spinor measure, we are interested in expres-
sions which are annihilated by A*Ds = A\°PD,,,, + S\dpl_)dp . This requirement yields
equations for the constants in (4.26). We begin with

[)\dDd()\ggs)] 9470 = )\apDap[ClTl] + ;\ddep[CQTg + Cng] s (429)

where the subscript *0° means “contributions with four 6’s and no 6.” The explicit

calculation gives:
AP Doy T = Emnie(Nir) [(AmA")(eiej)(ekef) + (A™O™)(6° N (60°)
+ (Amen)(eiej)(ekv)]
= 4 (MM (AN (0°67) (076 (4.30)
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where we used (4.27) and \°FINFI] = —1caB(\iNF). Moreover,

loa
2¢

Aap DTy = (M) (Ao i) (0°67) (056 (4.31)

and A\g, D% T3 = 0. Therefore

[)\&Dd(ABQB)} =0 <= ¢y =4c¢ . (432)

6400

Proceeding to the next order, we have

[A*Da(N?0%)] ysg0 = AP DaplcaTs + ¢3T3] + Aap D[4 Ty + ¢5T5 + ¢ Tg] . (4.33)

The Ts-contribution is easy to compute. We get

AP Do, To = — (A Ar) (Ael;) (N'67)(076%) . (4.34)
For T3, we obtain

AP Do Ts = —mnieNibk) | AFA)(A0™)(0767) — (NFOY) (A A™) (6°67)
— (AP0 (A™™) (0'N)
= 4 (M) (i) (M50 (0707 . (4.35)

The T4- and Ts-contributions are also simple to calculate:

AapDP Ty = —(A ) (N0 (0°0%)(N6;) (4.36)

AapDPT5 = —(Nifk) (N A) (NF09) (07607 . (4.37)

Finally, j\ddepT(; = 0. In all, we get our second equation for the coefficients:

[/\&Dd()\395)} =0 << cot4dcs=c4+c5. (438)

6361

We now analyze the contributions with equal number of §’s and ’s:

[/\&Dd()\305)}929—2 = )\apDap[C4T4 + C5T5 + C6T6] + S\O'édep [E4T:rl + E5Tg -+ EﬁTJé] .

(4.39)

Again, it is straightforward to compute the contributions from T, and Ts:
AP DTy = — (M) (MO (N'07)(0:0;) (4.40)
AP Do, Ts = (M) (X;00) (NN (6767 . (4.41)

The Tg-contribution yields
AP Do, T = €pmnen(0:0;) [(AiAk)(Ajef)(Amen) — (AR (NN (A™™)

+ (AR (MO (A A™)

= 4 (M) (NOF) (N 0% (0:0,) . (4.42)
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These in turn imply, by Hermitian conjugation,

Aap DOPTE = —(XNNF)(N;6,) (Nibi) (6767) (4.43)
Aap DOPTE = (N0F)(N0°) (Mehe) (6; ‘) (4.44)
NapDUPTE = 4 (X N) (X)) (A,00) (0°67) . (4.45)

Thus we obtain our last equation:

[)\dD&()\SQS)] =0 <5 =c4 + 4cq , (446)

6262

as well as its complex conjugate.

Note that the vanishing of the orders #'6% and 6°4* implies the complex conju-
gates of (4.32) and (4.38), since they are just the Hermitian conjugates of the orders
636" and 6*0°, respectively.

In summary, we have the following system of equations:

Cy = 401
MNDe(N0P) =0 <= { cy+4c3 =cates (4.47)

Cs = C4 + 406

as well as their complex conjugates.

BRST-trivial combinations

In the last subsubsection, we found the equations which the constants in (4.26) have
to satisfy for the expression to be BRST-invariant. Because there are less equations
than constants, one might think the N' = 4, d = 4 pure spinor measure factor is
then not unambiguously defined. Fortunately, that is not the case, and the seemingly
independent expressions are actually related by BRST-trivial terms, as we show in
the following.

In order to find the independent BRST-trivial combinations of the T,,, i.e. the
combinations which equal A* D4 of something, we start by looking for all independent

possible terms with two A’s and six 0’s. Keeping (4.27) in mind, we find that there

are five:
X1 = (N09)(656°) (\00)(0:0;) (4.48a)
X2 = ijke(NOT)(NOF)(0°0™) (0,,0,,) , (4.48b)
X3 = (N0 (Am0r) (0:0,) (6™0™) (4.48c¢)
Xa = Emnje(Nilk) (X0™) (0°67)(6%0%) (4.48d)
X5 = ™ NOR) (N0 (0:0,) (010,) (4.48¢)
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Acting with A¥Ds = A D,,, + A4, D on these terms, we obtain BRST-trivial

expressions made of three A’s and five 6’s. We begin with the first one:

AP Dopx1 = (N67)(6°X) (A\6,) (0:6)
1
=5 [Tl (4.49)

AapDPx1 = —(N07)(6°0°) (Me) (6:A5)
1

= 5[5 - T (4.50)

Thus we find the first BRST-trivial expression:

Th — Tl +T5 — Ty, = \*Dy [2x4] . (4.51)

Of course, we could multiply the expression on the left-hand side of this equation
by any constant and it would remain BRST-trivial. The same applies to the other
boxed expressions we find in the following.

For the second term in (4.48), we have
AP DopXa = €ijke(0mb) | (NN )(A™OF)(0°0™) — (X'67) (A" NF)(6°0™)

+(NIGT) (AR (M) — (Aieﬂ‘)(we’f)(efv)]
= 4T, — T, (4.52)

AapDPx2 = —iiue( N0 (AOF) (0°0™) (0 \)

Therefore,

Ty 44Ty — Ts = A*Dsxo . (4.54)

Since the third term in (4.48) is equal to i,

T! 4+ 4T — T} = X Daxs . (4.55)

For the fourth term,

MNP Do Xa = —Emnje(Nibk) [(Amv)(eiej)(e’fef) + (A™O™)(6° N (6%6°)
— (AT (6767 (N + (Amen)(eieﬂ‘)(ekw]
= 4Ty — T, (4.56)
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NapDPxa = Emmje(Nidi) (A0 (0°67)(6%0°)

Therefore,

T, + 4Ty — T3 = A*Daxs. (4.58)

Finally, the last term in (4.48) is equal to xJ, so

T +4T) — T = XDy xs . (4.59)

The N = 4, d = 4 measure factor in a simple form

We are now in position to show the A" = 4, d = 4 measure factor is unique up to
BRST-trivial terms and an overall factor. Consider once again the most general real
expression with three A’s and five 6’s of (4.26). One has

(N?0°) = 1Ty + Ty + c3T5 + 4Ty + 5T + 6T + Heoc. . (4.60)

If this is BRST-invariant, then the constants satisfy the equations (4.47) and their
complex conjugates. We are free to add BRST-trivial terms to the above expression.
If we add
—C [Tl -+ 4T2 — Tg] + H.c.
to (A\30°), we get!
()\395) = (CQ — 401)T2 -+ (Cg —+ Cl)Tg -+ C4T4 + C5T5 + CGTG + H.c.
1 1

= 1(64 + C5)T3 -+ C4T4 + C5T5 -+ 1(55 — C4)T6 + H.c. s (461)

where we used (4.47). Furthermore, we can add the BRST-trivial term

—}1(04 +¢5) [T+ 4T, — Tg] + H.c.
to get
(N*0°) = —c5Ty + 5T + }L(CE) +¢5)Te+ Hee. . (4.62)
Finally, if ¢ = a4+ i3, with «, 8 € R, then we can add the BRST-trivial term
i [T5 B VI TL]

to (A36°), thus obtaining

1
()\395) = — |:T4 - T5 — §T6 + HC:| . (463)

This shows that the measure is unique up to BRST-trivial terms and an overall

factor.

"Note the equal sign here means “equal up to BRST-trivial terms.”
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4.2 The case N =1

We now proceed to the computation of the amplitude (4.1) for the case N = 1. This
is the simplest case, not only because the amplitude does not involve integrated
vertex operators, but also because V() is simpler than any other supergravity vertex
operator in AdS; x S°. Indeed, from (3.25) we have

Vi = = [ duso T, 0,0.7). (4.64)

which has no y- or ¥-dependence. These operators are the duals to SYM “singleton”
operators, i.e. the duals to abelian SYM fields.

In fact, as shown in the previous section, the expression for V() can be further
simplified. By adding a BRST-trivial quantity to V{;), we get an equivalent expres-
sion which does not depend on the non-minimal pure spinor variables. It looks the
same as (4.64), but with ) replaced by

- 1 3 - -~ o~ -
Q) = =7 (wa)? (" D) D) (DYufis) D) - (4.65)
Based on the conjecture referred to at the beginning of this chapter, we expect

the following relation to hold:

M, = <V(1) VSYM>D3—brane o /d%/du D*D" [W(l)(x,ﬁ,u) 7®) (x,@,u,ﬂ)} ,
(4.66)
where Vsyn = 2 A%A4(7,0) and Ay is the dimensional reduction of the NV = 1,
d = 10 SYM superfield, whose properties are reviewed in Appendix C. This is the
same vertex operator as the one introduced in section 2.1, but with an extra factor
of y/z which is needed for BRST-invariance. Substituting the expressions for the

vertex operators, one can write the amplitude as
Ml = /d4:13/du </\&Ad Q(O)T(3)>, (467)

where we used (4.64) and replaced Qg by the Q(g) of (4.23a). Note that the factors
of z coming from the vertex operators cancel the ones in (4.2).

Now the angle brackets denote the integrations of the A and 6 zero modes only.
In order to perform these integrations, we need a A% Ds-invariant, SO(3,1) x SU(4)
scalar measure factor, since this is the symmetry of the boundary of AdSs x S°.
Since, as shown in the previous section, all such measure factors are equivalent up

to BRST-trivial terms and an overall factor, we can use the usual

(A0) (A" 0) (A7) (070)

or, more precisely, its dimensional reduction.
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Using this measure factor, the pure-spinor prescription for the computation of

tree-level scattering amplitudes states that [2]

<)\&1)\&2)\&3fd1d2d3(x7 9,u,ﬂ)> 0.8 (TD5)d1d2&3fdld2d3(l', H,u,ﬂ) s (468)
where
(TDP)8209 i T390 (30 D) (3 D) (D) (D, D), (469)
&10043 (&1 cag & 3 (G162 G L
T =0 16622553 + 550w 25(5 (V") o) - (4.70)

This definition ensures that (7 D%)%28s is totally symmetric and y-traceless, i.e.
(7")ara, (T D) 21029 = 0, (4.71)

as is the product of three pure spinors. The proportionality constant in (4.68)
depends on the choice of normalization, and will not be important for us.
In the case at hand,

faps(2,0,u,1) o< Az (,0) Q)4 T(S)({E 0,u,u), (4.72)

with
Q(O)dB = (uu) ( “D) (v D)B(IN)%u[ij]lN))- (4.73)

Thus, we arrive at the final form of the amplitude:

M, x /d4x/du (TD) | Ay (2, 0) Q5T (,0,0,7) | . (4.74)

4.2.1 Possible contributions

Computing (4.74) explicitly would be very complicated, mostly because of the di-
mensional reduction of (7D%) — see Appendix D.2 —, but fortunately we need
not do that. Instead, we can use symmetry arguments and equations of motion to
determine the form of the terms that might appear in the computation, and then
use supersymmetry to obtain the relative coefficients.

Let us see what kinds of terms one can expect to find when computing Mj.
Recalling that

B o= — L (@1 D) = ( % ) - ( () D ) S

we see that the amplitude has the schematic form

My ~ /d4x/duE6(Dd)5 [AB (D;Y)“T(?’)} : (4.76)
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where the index contractions need to be worked out. Depending on the number of
Dg’s that act on A 4 there can be several possible contributions, as we show in the
following.

In our search for the possible contributions to (4.74), we are guided by dimen-
sional analysis, SO(3, 1) xSU(4)-invariance, the SYM equations of motion and gauge
invariance. One can see M is gauge-invariant because, under a gauge transforma-
tion 0 Ay = D4/, one has

SMy o (Vi VEN DA ) = = ( (VEA"DaViny ) A) = 0, (4.77)

since BRST-exact terms decouple and since Q%V(I) = 0 implies \/Z)\&de(l) = 0.
We also take into account that 7 is a G-analytic superfield, such that independent
contributions only contain (wDg) derivatives acting on it.

When the five Dy’s in (4.76) act on Aj, we get a dimension-3 superfield. So this
term could in principle give a contribution proportional to 9,0,W;; or 0, Fy.. We do
not consider 9,0,A. because this term is not gauge-invariant. It is easy to convince
oneself that one cannot construct a non-zero term out of d,Fj., and hence the only

possible contribution is
@ [(Dd)mﬂ»} (Ds)*T® ~ (@)™ ,y006 Wi D" D D* DET® (4.78)

where we used the definition 0,4 := (0%)aa0a-
When four Dg’s hit A;, we get a dimension—g superfield. This could be either
9, W" or its conjugate, aam‘/f . Keeping in mind the SYM equation of motion

OuaW = 0, we are left with two possibilities:
(D) A5] (D)'TO ~ 9,5 W™ BY(D*D,) D D, T
+ 0a W) DD (DR D)) D*T® . (4.79)
Going on with this analysis, we find all the possible gauge-invariant contributions

coming from different numbers of derivatives acting on A, until the last case:
7 [D&Aﬁ} (D)3 T® ~ WO DADATE) (4.80)

Note that, since M is gauge-invariant, any contributions coming partly from a
term in which no Dg acts on A; can be expressed as a linear combination of gauge-
invariant terms in which at least one D, acts on AB )

In summary, we get the following list of possible terms:

1. WO DAD"TG)
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2. (uu)ng§ D4D}f(l~?kl~7m)T(3) )
3. (wu)™ W7 (DiD) D5DAT®
4. (0%),PF D*D] DIT® =: F,% D'D]DIT®
5. (5°0)%4Fay Dy, DY DAT® =; 8, D, D% DATE)
6. (wtt)™ e Wem (D" D;) D3 D*(Dy DY)YT® |
7. 0aaWP DE(D*D;) D Dy, TO)
8. OasW] Dy DE(Dy DY) DT,
9. (W)™ D00 Wom D" DED* DET® .
To conclude this subsection, let us argue that
D*D" [W(l) (z,0,u) T (x,0,u, )]

is also given by a linear combination of the terms listed above. This expression
contains eight derivatives of the type (@Ds). When all these derivatives hit 7¢),
one obviously gets the first term in the list. If only one derivative acts on W,
the resulting expression is proportional to either the second or the third term in the
list, depending on the chirality of the derivative (D,; or D%). And so on until the
case in which four (WDg)’s hit W) to give either zero or something proportional
to the last term. Acting with five or more derivatives on W) gives zero, as can

be seen from the fact that (WDs)?W ) has U(1) charge —32, while the SYM fields

{6i,62,EX, fup} have U(1) charges ranging from —1 to +1.

4.2.2 Proof using supersymmetry

Defining t,, (n = 1,...,9) to be the n-th possible term as listed at the end of the

previous subsection, the amplitude we are computing must have the form

9
M, = /d4x/dchntn, (4.81)
n=1

for some constants cq, ..., cq. In this subsection, we will prove that these constants
are uniquely determined (up to an overall factor) by supersymmetry. Because both
sides of (4.66) are supersymmetric, this proves our conjecture, since both the left-
and right-hand sides of (4.66) must be proportional to (4.81). Note that the left-hand
3)

side of (4.66) is supersymmetric (up to total derivatives), because A4, SNI(O)T( is
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annihilated by A\*D4 so BRST invariance of the pure-spinor measure factor implies
supersymmetry as usual [2]. To see that the right-hand side of (4.66) is also super-
symmetric (up to total derivatives), it suffices to write the supersymmetry generators
as ga = Dg — (07%)a0, (cf. (2.3)) and note that Do D*D™*F and D’ D*D"*F vanish
for any G-analytic superfield F (since there are only four independent (@D),4 and
they are fermionic).

In order to uniquely determine the constants ¢y, ..., cq, we have to impose su-
persymmetry which implies that Dy (22:1 Cn tn) = 0. We begin by acting on the
possible terms with D,;. We have:

1.
Do (W D'D'T®] = [Do;WW] D*'D*T® + WM Do D* DT
= —2 (uu);WID*DAT® 4 80,, W (D,D;) D% DT,
where we used Do;Wj, = —¢eijpeWE and [D,;, DY = —8 (f)if)j)DdJaw and
integrated by parts.
2.
Do | (utt) g W4 D@,f(f)’“f)m)T(?’)} = [DonWE] D*D}(D*D)T® — W Doy D* D) (D*Dy)T®
= %Faﬂ D* Dy (DFD)T® + }L(uu)ing;D‘*D"*T(?))
— 80,aW} (D:D;)D¥ DS (DFD)T®
where we used D, W5 = %5fFa5 and
Do D2(D*D)T®) = —}lég(uu),»gD"*T(?’) .
3.

Doi | ()™ W/ (D D) DEDT®] = (unr)™ [Dmv‘vﬂ (D.D,) D§D"T®
— (uw)™ W}’ Doi( DD, DED"T®
= 2 (uw)™ Dy Wie (Dy Dy) D¥* DT
-2 (uu)gmﬁaan 5%531D/4T(3)
+ 2 (u)™ (W) i Ooc W, Dy DED T
= 2 (w)™Dos Wig (Dy, D) D DT
+ 3 (ut) ™ (W) s Do W, Dy DEDT®
where we used Do;Ws; = —2 0.6Wi; and the identities (wa)V (wa)* = 0 and
eilBe¥l = 0.
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Doy |F D'DIDIT®| = Ff D'DoD] DIT® + 8,4 F, (DiD;) D* DL DT,

where we used DM-F,YB =0.

Dot [F34 Dy, D¥DT®] = —40,,W/ Dy, DY D"T®),

where we used Do FP5 = —4 8adI/T/f and aaBFBd = 0.

Dai | ()95 Wep (D" D) DID™ (DL D)T | =

= —Eitmp(ut)) ™Dy, WE (D" D;)D? D (D}, DY T®
+ (ut)™ D5 Wom, Dai(D"D;)DEDP* (D, DYYT®
— iy (w98, WP (D" D;) DEDP (D, DY) T
— 3 (ut)™ (W) 00055 Wem D" D8 PP (D, DY T®)
1 . _ = =.
+ Z(uu)m] (@) (utt) piOaa Wi (D™ D;) DD TE)

Do [0 5§(D’f5j)5ﬂTDwT<3>] —  [DaidyyW)] D} (D*D;) D D.,T®
— 9,,W DD} (D*D;)D* D, T®
- l%-FJf)ﬁ([)’ff)-)f)ﬂrD T
+ 3(W),j0acdgs W DL D* D D, T
+ 8,3 DY (D*D;) Doy D* D, T® .

D [aﬁﬁv’[/jbgﬁf(mﬁj)ﬁﬂk:ﬁ@)] —  —20,40,;Wy; D" DY (D DY) DT

+ (WY (ut)niOas W) DLDEDATE)

1 =

Do | (70) " 050,3 Wiy D" DIDDIT® | = 2 (um)yy0)30,4 W4 D" Dy D™ DT
+ (m)e 8/358’77W£m BnD’yDWkDﬁDazT( )
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We see that acting with D,; on t,, produces various terms. In order to impose

that the amplitude is supersymmetric, we need to collect the terms which should

cancel independently. In the following, we organize the results according to the

superfields appearing in each term. The imposition that they cancel gives rise to a

system of many equations for the constants c¢,, which have to be solved at the same

time.

Terms proportional to W# (without x-derivatives):
1 o
(DaiM1)|Wﬂj = (ZCQ - 261) (’U,U)UWOJ[DZIDMT(B) .
Hence we get our first equation:

1
Z__LCQ - 2C1 =0. (482)

Terms proportional to Fyﬁ:

1 _ ~ _ ~
(DaiMi)|p s = 5C2 F,” D*Dg(D*Di)T® + ¢4 F,’ D*Do; D] DET®

12 _ ~
— (—02 + 504) F,” D*Dg(D¥D)T®

2
where we used F,”D*Do; D] DIT®) = 2F,? D' Dy, (D*D;)T®. Therefore,
12
502 + 304 =0. (483)

Terms proportional to OF,”:
(DaiMi)lyps = 8ci0uaF” (D;D;)D% D] DET®

1 = _ ~
+ 501 gk’ DY(D*D,)D" D., T®
1 =~ = _ .. ~
= <8c4 + 5(;7) Oac ) (D;D;) D* D] DET®

where we used 0naF3” = 03aFn”. So we get

1
804 + §C7 = O . (484)

Terms proportional to 8Wf‘:
(DaiM) s = Bes ()™ (@) OaaW, Dy DD T
— 45 00a W) Dy, DY DT
+ %168 (m)jm(uu)mﬁmﬁ/j DZ;B?D”T(?’)
= (3cs — 4es) (uw) ™ (W) i Ooa W{ DEDSDATE)
— (}108 + 4c5> (W) ™ (1) g 8ade BngD’4T(3) ,
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where we used (uu)™™ (W) ; + (w0)"™ (utr),,; = 6f. Thus we obtain two equa-

tions:
363 — 465 = 0,
1 4.85
—Ccg + 405 = 0 ( )
4
e Terms proportional to OW57:
(DaiM)|gyss = =82 00 W} (D;D;) D% DE(D*Dy)T®

— o Eitmp(un)™ D WP (D"D;) DE D™ (D DT
+ ¢r 0,3W DY (D*D;) Doy D* D, T
= (c6 — 8¢2) DuaW} (D;D;) D% DY (D* D) T®

3 == .
+ (5% -~ c7) 0,aW¥ (D¢D;) D% D* D} Do T®

where we used the identities €;omp = —3 () 3¢ (W) m)p—3 (W) i (W) mp, Ea[sEqs) =

0 and (wu)je(uw)m), = 0. Hence we get two more equations:

Cg — 862 =0 s
3 (4.86)
566 —Cr = 0.

e Terms proportional to 9?W57:
(DaiMi)|goryss = 3z (W0)ij00405 W DD DO D, T®)
— 20, (W) ;0,305 W3 D Dy D* DET®
— (3¢ + 2¢9) (W);; 00Dy DLD*DP D, T,
whence
3c7+2¢9 =0. (4.87)
e Terms proportional to OW;;:
(DaiM)lows; = 8¢10aaW D (D;D;) D% DT
— 2¢3 (uw) ™Dy Wig (Dy D) D¥* DT
+ }lcﬁ (we)™ (@) " (wtt) pi O Wi (D" D;) DS DT
= (Sc1 + ¢3) BuaW ) (D, D) D% DAT®
+ <2c3 + i%) (wee)™ (@) (wtt) pi O Wim (D™ D;) DS DT

so that we must have

801 +c3 = 0 3
1 (4.88)
263 + ZCG = 0.
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e Terms proportional to 9*W;;:

(DaiM) oy = —3¢6 (wu)™ (@0);00033Wom D DEDH (D, DT
— 205 Das s Wiy DV DE(D DY) DT
+ o (W)™ 0350, Wi D" D3 D D Doy T
— (3¢5 — 2¢s) (uu)™ (@)D Wne D" DE D (D DY) T®

4 ‘ L maa -
— <§c9 + 2c8) (@)™ (utr) j:0ac 055 Wine DY D D (D DT

then we find the last pair of equations:

366 — 268 = 0,
4 4.89
gCg + 208 = 0. ( )

Putting together (4.82), ..., (4.89), we get the following system of equations:

%02 — 2¢
%02 + §C4
8cy + %07 =
3c3 —4dey =
%cs +4c; =

cg — 8y =
% e — (4.90)
3c7 +2¢c9 =

8¢y +c3 =
2c3 + %06 =
3cg — 2cg

%Cg -+ 208

|
R R Rl I < < i = S < i < S < S < S

We see there are a few more equations than unknowns, but they turn out to be not

all independent. Setting ¢; = 1 as our normalization,’ this system can be solved to

‘Here we are implicitly neglecting the case in which all the constants c,, vanish, which of course
is also a solution to the system of equations. It is straightforward to show the right-hand side
of (4.66) is non-vanishing, and the left-hand side can also be shown to be non-zero by direct
computation of one of the possible terms, for example by choosing the gauge Ag = (87494 W;;
with W;; constant.
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give

Cy = —C3 :8,
Cyp = C5 = —6,
g = 64, (4.91)
cr=cg = 96,
Cg = —144.

(3

Note that, assuming 7 is harmonic real (as it should be in order for the vertex

operator to be real), this solution implies 22:1 ¢n t, is harmonic real, since b = ti,
E = —t3, /‘E; = t5, E = tg, /tv7 = tg and E = tg. Let us show tg is harmonic real,
since this is not as easy to see as the other relations. We have

— 1 ~ i San Sa Bk S
to = 5" (ut)mjOnsWpq (DnD?) D" D (D D) T

3 ==
— _5(uu)W(m)ﬂm(uu)mjaprq (D, D)D" D&(D*D,)T®)

= — ()P (@)™ () 1;Ons Wiy (D D) DO D (DF D) T

= (uw)®8,sW,; (D*Dy) DS D™(D, DT
= t, (4.92)

where we have used (W, )T = 1P1W,, Pt = —3 (uw)P1(um) ™ —3 (wu) P (uu) ™,

(u) ™ (utr) ;= 0 and (W)™ (u)y; = 6 — (uw)?™ (W) ;. Therefore,

9 9
D, (Z Cn tn> =0 < D (Z cntn> =0. (4.93)
n=1

n=1

Hence we have proved that, up to an overall factor, there is only one combination
of the possible terms which is supersymmetric. This in turn shows that equation
(4.66) is indeed true.

4.3 The cases N > 1

In the last section, we have shown that
Vi = z/du Q(O)T(?’)(x,ﬁ,u,ﬂ)
implies

M, = <VSYM V<1>>D3fbmne % / d'x / duD*D"* W T3] (4.94)
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Now we want to generalize this result to any NV, i.e. we want to show

My = /dfl . déva <VSYM V(N) USYM(fl) cee USYM(fN—1)>

D3—brane

% / dz / du D*D™* (W) =N (4.95)

where we recall Ugyy is the integrated version of Voyy = \/Z)\&Ad and V(y) was
defined in (3.25).

4.3.1 The N = 2 case

As a natural first step, let us analyze the case N = 2. In this case, we want to

compute the following scattering amplitude:

My = /df <VSYM(OO) ‘/(2)(167 —ie) USYM(£)>D37brane’ (4.96)
where we have fixed the worldsheet positions of the unintegrated vertex operators
(here € is a positive infinitesimal).

The easiest way to do this computation is by taking the OPE of V(s (ie, —ie)
with Usym (&) and looking for terms which can contribute to the dual to Vgyy. Here
we use the word “dual” meaning an object O such that (Vgyy O) is nonzero. This
object must be in the ghost-number +2 cohomology of the BRST operator ) and

its product with Vgyn should include terms proportional to the measure factor

(A76) (1" 8) (\y*8) (63,8

Moreover, the amplitude must of course be PSU(2,2|4)-invariant, and in par-
ticular SU(4)-invariant. A superfield in the [0, p, 0] representation of SU(4) should
couple to another superfield in the same representation, so that a scalar ([0, 0, 0])
is present in their tensor product decomposition. The Dynkin label p is related to
the number of y’s (n,) in a vertex operator by p = n, + 1, as can be seen from the
coupling (3.31). The argument goes as follows: T*~") couples to (W;;)"¥ and hence
Vi) corresponds to (W;;)N. Now, (W;;)" transforms in the [0, N, 0] of SU(4), while
Viny ~ yN~1. Therefore, since Vgyy is independent of ¥, so must O be.

As seen in subsection 3.2, any object in the ghost-number +2 cohomology of @
has the form

4
Oy = 22N / duz 8"P,(N) (yuu)N "1 Q(n)G(‘L’N) (x,0,u,),
n=0

where G4~ (2,0, u, ) is some G-analytic superfield of harmonic U(1) charge 4 — N
and the operators €2,y were defined in (3.26). Since, by the argument given in the
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previous paragraph, the dual to Vgyy must be independent of y, it follows that it

can be written as

O=0q = z/du Q(O)G(?’) +Qx, (4.97)

where we have explicitly included a possible BRST-trivial term. Thus our problem
is equivalent to finding the superfield G,

To find terms in the OPE of V{y)(ie, —ie) with Usywm(€) which can contribute to O,
one first considers the OPE’s coming from the conformal-weight +1 operators of the
integrated vertex operator. Since we are only interested in the z — 0 limit, we can
consider the flat-space expression for the integrated vertex operator corresponding

to states propagating in a D3-brane world-volume, i.e. (cf. (2.18))
. - 1 .
Usym = 00%As + (02 4 07°00) A, + 20y W;; + §ZP¢5‘ We+0(z%), (4.98)

where Py, is the momentum conjugate to &d. Note the decomposition of dz#A,
into 0z A, + 20y W;;.

The term %zP{;& W is just the dgW® term written in AdSs x S® notation. The
easiest way to see P;, corresponds to ds in the z — 0 limit is by recalling the
expression for () _ 1 the lowest term in the () expansion in powers of z, which is
reproduced below:

1 m Y+, ji
Q_1 x 7 ()\ﬂ YmiPyy + )\;“ y’ dem) .

z

=

Since this expression can be written in ten-dimensional notation as 273 \Tep o and
the expression in flat space would be \%dy, it follows that Pja corresponds to dg.
The factor of z in %sz W enters by dimensional analysis, and the numerical factor
is needed for BRST-invariance.

The terms of order z? in (4.98) will not contribute. For example, one of these
terms is 22N®F,;,. Because the OPE of N% and \ is independent of z, this term
cannot give a contribution of order z, and therefore cannot contribute to the dual
of Vsym (cf. (4.97)) in the z — 0 limit.

Another term in Usyy which will not contribute is 0z A,. Since the kinetic term
for % in the Lagrangian is

1 0z 0x,
v 2

it turns out the OPE of 2% and a superfield depending on z is also of order z2.

In fact, since the dual to Vsym does not depend on y or @@, only the terms

2 0y W;; and %ZPW W% in Ugynm may contribute to My. The reason is that these
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are the only terms which can remove the y- and @ZA)—dependence of V(g) via the OPE’s

R 4 57
Pal@)9P((.0) ~ 2+ 5 499
500 ~ 2+ (4.99)
and ijke ke
- _ 94 9t
0y" (&) y*(¢, ) ~ +o——= 4.100
(&) ¥ (¢, Q) . (4.100)
where the dots include terms depending on .
The closed superstring vertex operator for N = 2 is given by (cf. (3.25))
V(2) == /du [(yuu) Q(O) + 8 Q(l)} T(Q) . (4.101)

Hence, there are two contributions to the amplitude. The y-term in V(y) is con-

tracted with the z 9y”W;; in Usyy to give

1 1
4 duw® Qo T®
L—ie+§+ie%/“ OL

while the (;)-term in V(g is contracted with the %ZP,[@ W in Ugyy to give

1 1 ~
—4 du QT
{g—ie—i_g—i-ie}z/ U ’

where Q(n) is equal to €2(,) with the substitution @Z‘i — W

So, performing the integral over d¢ in the complex plane, choosing a contour

that encloses the pole £ = ie, we obtain
./\/lg 0.8 <VSYM z/du [W(l) Q(O) — ﬁ(l)} T(2)> . (4.102)

Since /2A* D (MH*W) = 0, the ﬁ(n)’s also satisfy the equations (3.27), with the
substitution ¢® —s W%, Hence, it is not difficult to show that

z/du [W(l) Q(O) - Q(l)] T(2) ; (4.103)

and thus the amplitude, is BRST-invariant as it should be. Let us do that. First,
note that the <2z% + y’“% — Aé‘é)/\%)—part of Q% annihilates (4.103). Then, since
this expression does not depend on y, it is left to show that (4.103) is annihilated
by vZA*Dy + w%r4. Using (3.27a) and the SYM equation of motion DsW;; =

—(YgW )a, we get

(\/E)\@Dd + ’J)&T&) (W(l) Q(O)T(Q)) = —\/E ()\v[ij]W)(uu)ijQ(g)T(Q) s (4104)
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while the modified version of (3.27b) gives
(VZA D4 + ©%75) QuyT® = —/2 (MIW) (uw) Qo) T . (4.105)

Thus the BRST variations of the two terms in (4.103) cancel each other, implying

that expression is indeed BRST-invariant.

Previously we argued that any object in the ghost-number +2 cohomology of ()
which does not depend on y can be expressed in the form (4.97) for some G®) which
is G-analytic. Therefore, (4.103) can be expressed in the form (4.97). Moreover,
when W;; is constant, it is easy to see that (4.103) can be expressed in this form with
GO =wWT® S0 G® = WM T 4 f where f is a G-analytic term involving
derivatives of W;;. But DW® is not G-analytic and there are no G-analytic terms
of the appropriate dimension that can be constructed out of derivatives of W;;. So
G must be equal to WU T even when W;; is not constant, i.e. (4.103) must be

equal to

z / du Q) WD T + Qxa, (4.106)

where the BRST-trivial term @2 vanishes when W;; is constant.

Indeed, using the SYM equations of motion and performing manipulations sim-

ilar to those in subsection 4.1.1, one obtains, after a long and tedious computation,

Q) {W(l) T(Q)] - ww Q(O)T@)

+ 12 (ue) i (WA D)\ D) (\y, D)T®

— 2 (u)? (MW ) (M D)(Dfiy) D)T®

— 48 (u)" (@) (0 Wg) (Myin D) (My* D) T

+ 48 F,,(M*D) (M D)T®

— 96 (wa);; (M0, W) (M D)T® (4.107)

Note that we work in the non-minimal-variable-free gauge for simplicity. In addition,
if

X2 = Ki \/Z/du (W”y”ﬁ)()\'yuﬁ)T@)

+ oz / du (@) (9,W,;) (" D)T® | (4.108)
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then

du (u)g; (W~ D) (A D) (\y, D) T

——lilz

Q%X = —Qle/duF/W M D ()\Py"D)T()

+ 2K 2 / du (@) ke (MY FIW) (A D)D, T

~ oz [ du @) (g 0u0) 0 DT

2
Hence, choosing k1 = 24 and ke = —96, we have (cf. (4.23b))

L / du (@) () e (8, Ws5) I D) M DYT®) . (4.109)

~

z/du Q(O) [W(l) T(2)} + Q%Xg = z/du {W(l) Q(O) - ﬁ(l):| T(z) . (4.110)
The conclusion from the above discussion is that
MQ X <VSYMZ/d’LL Q(O) [W(l) T(Q)} > (4.111)

Note this is consistent with the gauge transformation (3.32), since 67 = w4’ -2 24
Al

and the analyticity of W1 imply

i 0 =1 A
oMy x z/du Q) {uA Ta (W(l) :(Al,) ﬂ :

which is BRST-trivial.
Finally, using the N = 1 result (cf. (4.94)), we obtain

Mj x / dz / du D*D"* (WO W / d'z / duD*D"* (W T
(4.112)
thus proving (4.95) in the case N = 2. Note that we work in the linearized level, as

it is usual when dealing with vertex operators, so that W1 = (uu)¥W;;, without

the trace.

4.3.2 Generalization to any N > 1

We are now in position to prove (4.95) for any N. Let us copy it here for the sake
of readability:

My = /d§1---d5N—1 <VSYM(OO) Vin (i€, —ie) USYM(51)---USYM(§N—1)>
/ d'z / du D*D" (W) TN
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Again, we are looking for the dual to Vsyy in the form (4.97), i.e. we are looking for

the expression of the G-analytic superfield G in the case of the amplitude M y.

As argued in the previous subsection, only the terms z dy”?W;; and %ZPI;,@ we
in the integrated vertex operators can remove the y- and i-dependence from the
supergravity vertex operator through their OPE’s and thus contribute to M. This
also implies that there can be no contribution coming from contractions between

two or more integrated vertex operators. Recalling that
4
Viny = 27N / duz 8" P, (N) (yuu) ¥ " QTN (2,0, u, ) ,
n=0
the OPE’s give, after performing the (N — 1) integrations over the d¢’s,

4
My <VSYMz / du (=1)"P,(N) W=D Q(n)T<4-N>(x,9,u,a)>. (4.113)

n=0

Note the factor of z coming from the product of each z in the N — 1 integrated

vertex operators with the 22~ factor of Vju,.

Again, one can use equations (3.27) with Q — Q and ¢% —s W to show
4
. / duS (= 1) P (N) WD 6 TN (50, 7) (4.114)
n=0

is BRST-invariant. It will be useful to write the five terms in the sum of (4.114)
explicitly:

(4.114) = z/du [W(N_l) Q(o) - (N - 1)W(N_2) Q(l)

(N — Q)W(N_S) Q(g)
— (N = (N = 2)(V - W
(N — 2)(N — 3)(N — W9 6(4)]T<4—N> . (4.115)

The only part of () that acts non-trivially in these terms is /2ZA* D4 + @9 4. Note
that the SYM equation of motion DyW;; = —(7;W)a implies

VZNDaW ) = — Nz Ay W) (uu) TW =D
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Thus, using the modified version of (3.27), we have

(Q% + ID&T’@> (W(N_l) Q(O)T) = —(N - 1)\/; ()\’y[ij]W) (Uu)ijW(N_Q) Q(O)T,

—Vz (MW (ua) "W N2 Q)T
(Q% + uvdra) (WG T) = —(N = 3)v/z (Mg W) () T Q) T
—Vz MW (u) "W N3 QT

—Vz ()\’V[ij]W)(UU)UW(N%) 6(2)T
(WD Q) = — vz Mg W) () TWE 2 QT (4.116)

Comparing with (4.115), one can then see that the BRST variation of (4.114) indeed
vanishes.
Hence, by arguments completely analogous to the ones given at the end of the

previous subsection, we conclude that (4.114) must be equal to

z/du Q) [W(N—l) T(4—N)} + Qxw, (4.117)

where the BRST- trivial term QQxn vanishes when W;; is constant. This implies
G = WW-1) TE=N) for arbitrary N, and thus

My o< (Vayw 2 / du Sy WD TN (4.118)

Finally, using (4.94),

My x / d'z / du D*D* (WO W=D =N = / d'z / du D*D™* (WM UM
(4.119)
thus proving (4.95) in the general case.
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Chapter 5

Conclusion

Despite the remarkable success of the AdS/CFT correspondence, it remains un-
proved. It is very hard to prove this duality, mainly because, as is often the case,
it is of the strong-weak type: the perturbative, weakly-coupled regime on one side
corresponds to the non-perturbative, strongly coupled regime on the other. Never-
theless, it is possible to build more and more evidence for the conjecture. One
good way to do so is by computing scattering amplitudes in AdS, since they can be
compared with correlation functions on the CF'T side.

The pure-spinor formalism has proven to be very well suited for amplitude com-
putations in flat space, which makes the computation of amplitudes in AdSs; x S°
using that formalism seem promising. In this thesis, we have taken a step in that di-
rection. After reviewing some background material, we have explained in detail how
the first scattering amplitude involving pure-spinor vertex operators in AdSs x S°
was computed. We have verified a conjecture according to which the tree-level scat-
tering amplitude containing a supergravity state and /N massless open superstring
states close to the boundary of AdS5 can be written as a harmonic superspace inte-
gral involving the supergravity and super-Yang—Mills (SYM) fields. More precisely,

we have shown that

My = /dfl cdén <VSYM(OO) Vi) (i€, —i€) Usym(&1) - -~USYM<€N71)>

x /d%/du D*D" [W(N) T(4_N)},

D3—brane

where V() is the supergravity vertex operator defined in (3.25) and the “D3-brane”
subscript indicates that the open superstring (SYM) vertex operators are located
on a D3-brane parallel and close to the AdS; boundary, at some fixed value of y*
and z ~ 0.

The harmonic superspace coupling above has been known for some time [20].

Here we have shown that it can be obtained as a superstring scattering amplitude

o1



computation involving open and closed superstring vertex operators. This can be
seen as a consistency check for the vertex operator found in [18], as well as one more
test of the AdS/CFT conjecture, in that the expected relation between supergravity
and SYM was found.

In the course of this PhD project, many interesting issues appeared, whose solu-
tions had to be developed. One of these issues gave rise to a “sub-project,” namely
the investigation of the consistency of the N’ = 4, d = 4 pure-spinor measure factor
[34], which we needed for the computation of the amplitudes involving the effec-
tive world-volume degrees of freedom of the D3-brane, and has the potential to be
useful in other contexts. Indeed, the main result of that paper is of considerable
interest to connect the ten-dimensional formulation of the pure-spinor superstring
with four-dimensional superspace approaches to scattering amplitudes and D-brane
dynamics. It is very likely to trigger further cross-fertilization between the ten-
dimensional methods of e.g. [41, 42, 43] and four-dimensional methods.

Future and perhaps more interesting applications of the vertex operators found in
[18] would involve the computation of scattering amplitudes with closed superstring
vertex operators only, which could be compared with correlation functions in the
SYM side. In principle, the complete expression for the vertex operator would be
needed for that computation, but the leading-order boundary behavior might suffice
at least in certain limits, such as the one in which the positions of the dual SYM
operators are close to each other.

It would also be interesting to compute amplitudes beyond the supergravity
limit. To do that, we would need the vertex operators for massive superstring states
in AdSs x S°. Recently, a supersymmetric DDF-like construction has been achieved
within the pure-spinor formalism [44]. Starting with the light-cone massless vertices
as input, a systematic derivation of the physical vertex operators at any mass level
was given. Since the expressions for the massless vertex operators in the AdSs x S°
background — their boundary behavior, to be precise — are known, it should be
possible to construct a set of DDF-like operators for that background too.

This research can lead to deeper insights into the AdS/CFT duality, as well as

the determination of the massive superstring spectrum in AdSs x S® as a by-product.
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Appendix A

Notation and conventions

A.1 Two-component spinor notation

The four-dimensional Lorentz group SO(3, 1) is locally isomorphic to SL(2, C), which

has two distinct fundamental representations. One of them is described by a pair of

("
Yo = ( " ) : (A1)

vh=Ays,  AeSL(2,0), (A.2)

complex numbers [35]

with transformation law

and is called (%, O) or left-handed chiral representation.

The other fundamental representation, called (0, %) or right-handed chiral, is

obtained by complex conjugation:

Oy =AMy, A= (AD). (A.3)

The dot over the indices indicates the representation to which we refer. Note that
our convention for complex conjugation is such that the order of the objects remains
unchanged.

The indices with and without dot are raised and lowered in the following way:
P = ey, Xt =e""xs, (A.4)

¢o¢ = 5a6¢6 ) Xéc = 50‘4[35(6 5 (A5)

where ¢ is antisymmetric and such that

2=l o= —ey=1 = Eape”l =67, 80.1385* =4, (A.6)

67

For spinorial derivatives, raising or lowering the indices involve an extra sign. For

example, D% = —& Deg;.
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The convention for contraction of spinorial indices is

VA = (WA),  Xa€® = (XE). (A7)

In SL(2,C) notation, a four-component Dirac spinor is represented by a pair of

U = ( Ve ) | (A8)
X

For a Majorana spinor, Y4 = (14). The Dirac matrices are

a _ 0 (Ua)ad
oo ) .

where the matrices 0% (a =0, ..., 3) are defined as

chiral spinors:

(Ua)ao'z == <_H27 &)ad P (&a)da = gdggaﬁ(aa)ﬁﬁ = (_]I27 _5)da ) (AlO)

with Iy the 2 x 2 identity matrix and & the Pauli matrices

1 —1 1
ol = 0 , o? = 0 ! , o’ = 0 , (A.11)
10 i 0 0 —1

and have the following properties:

(0%)aa(G0)% = —20887 . (0)aa(d*)* = —202,
0'5" = =™ + o, %=+ 5", (A.12)
Uab — _Oba’ 6ab — _6_ba’ (Oab)aa _ (5_ab)dd _ 07

with 7% = diag(—1,1,1,1). These properties imply {%¢, %} = —2n® 1.

A.2 Ten-dimensional spinors and ~-matrices

In this thesis, the following conventions are used. The 32 x 32 ten-dimensional Dirac

matrices I'" (u = 0 to 9) are represented in the chiral basis as

W[ 0 (¥
oe( 2 ). o

where (7#),5 = (7")34 and (Y% = (y1)%% (4,8 = 1 to 16) are SO(9,1) Pauli
matrices. The latter satisfy

() ap ()P + ()5 (17)PT = —2967 (A.14)

with p = diag(—1,1,1,1,1,1,1,1,1,1).
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It is useful to define antisymmetrized products of v-matrices as follows:

(Vda™ = Oat)ap ()™ (V)= )™ () g 5 (A15)
Vpag = wt)a” (Va)as V)™ = ()5 (1)
and so on, where the antisymmetrization (denoted by the square brackets) is defined
such that, if O, ., is a totally antisymmetric object, then Oy, ., = Oy, .., For
example, ('Y[u\)d,éhlu])ﬁ =1 [(%)dﬁ(%)m — (’yy)&ﬁﬂ(yu)m]. This antisymmetriza-
tion convention is used throughout this thesis, regardless of index kind.
Using these matrices, the product of any two left-handed Majorana-Weyl spinors
can be expanded as
X% = —1—16(7“)6‘6 (7€) — ﬁ(v‘””)‘w (X Vwe€) — ﬁ(v‘””‘”)‘w (XVuwporl) »
(A.16)
where, for example, (x7,€) = x*(74)4 BSB . The coefficients in the above equation can
be verified by multiplying it by the corresponding matrix and taking the trace with
respect to the spinorial indices. The extra factor of % in the last term reflects the fact
that only half the v#*#°" matrices are independent, since y#1~#5 = ée“l“'“m%smmo,
i.e. they are self-dual. A completely analogous expression holds for the product of
two right-handed Majorana-Weyl spinors.
Similarly, for the product of one right- and one left-handed Majorana-Weyl

spinor, one has

4 1 3 1 5 1 4
P = — 58 S By — S (Ao g A7
Given that the y-matrices are symmetric, it is easy to show that
(’Yw/)dﬁ = _('YW)Bd ) (PY;Wpa)dBA = ('Y;Wpo)ﬂ?? )
(’Y;wp)aé = _(’Yul/p>éd ; (’Vqu)aﬂA = _<’Yut/p)’6:a ’ (A.18)
(Vyzlpaﬂr)dg - (’qupcn-)ﬁ@ ) ('Vpupm-)aﬁ = (Vyz/pgﬂr)ﬁa .

Then, using (A.16) in the case of two pure spinors )\d)\B, we get

1

ay\B _ _
AT 5132

(fyﬂllpo'r)dﬂ (Mywpor) 5 (A.19)
since Ay,A = 0 by definition and Av,,,A = 0 because MNP is symmetric under
a <> B
To conclude this section, let us mention the important identity
(7“)@(3|(7ﬂ)|~;$) =0, (A.QO)

where the convention for index symmetrization (denoted by the parentheses) is
totally analogous to the one for antisymmetrization. Note this identity implies

(AM*)a(Avu) 5 = 0, which is very often used.
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A.3 Dimensional reduction

Since in the main text we write expressions both in ten- and four-dimensional nota-
tion, it is important to clarify our notation and conventions. Breaking the SO(9, 1)
Lorentz symmetry to SO(3,1) x SO(6) ~ SO(3,1) x SU(4), an SO(9,1) vector v*
(L=0,...,9) decomposes as

ot —s (v, ol (A.21)

where v® (a = 0, ..., 3) transforms under the representation 4 of SO(3, 1) and vl =
—vl? (i,5 =1,...,4) transforms under the 6 of SU(4). The relation between the 6
of SU(4) and the 6 of SO(6) is given by the SO(6) Pauli matrices (p;)? = —(py)”*
(I =1,...,6) in the following way:
il = E(M)”U”S' (A.22)
These matrices have the properties [36]
(P (0" )n+ (1) (P = 20™76,,
1
(0" = §5ijk€(p]>k£, (A.23)
(PDij(pree = —2eijke

where n!7 = diag(1,1,1,1,1,1) and &;jz, is the SU(4)-invariant, totally antisymmet-
ric tensor such that £1234 = 1. Analogously, one can define the tensor é7** such that

e!24 = 1. These satisfy the relation

€ijkg€k€mn = 4070% (A24)

[i %] -
A left-handed Majorana-Weyl spinor €% (& = 1,...,16) transforming under the
16 of SO(9, 1) decomposes as

£ — (€.6), (A.25)

where we use the standard two-component notation for chiral spinors and £ (resp.
£%) transforms under the representation 4 (resp. 4) of SU(4). Analogous conventions
apply to right-handed Majorana-Weyl spinors of SO(9, 1).

We also need to know how to translate the SO(9,1) Pauli matrices (v*),5 and
(7*)%% to the language of SO(3,1) x SU(4). Based on [37], we propose the following

ansatz for the non-vanishing components:

(’Ya)(ai)(j%) = 53(‘7a)ad = (’Ya)(d)(ai)
(YN = 2€as0}0; (A.26)
ijke

5@55
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for ("), and

&

(,ya)(ai)(‘;) _ 5;(611)&(1:(,}/11)(])(&1')

(,y[ké])(ai)(ﬂj) _ coBijkt (A.27)
&\ (B 25

(G = 2e05s

for (7“)&3 . It is straightforward to show that the above matrices satisfy the usual

relation
(")ap ()7 + (1)as (") = =200, (A.28)
with pldlkd .= Lokt
As an example, we show how to obtain the dimensional reduction of the pure

spinor constraints Ay*A = 0 using (A.26). For Ay*A = 0, we have

N () = 0 = AT 0y X+ RE () ) A = 20 (0)as N = 0,

at) p

whence

MY = 0. (A.29)
For MW\ = 0, we have

Ad(V[m)aB)‘B =0 = /\ak(V[ij])(ak)(BZ)ABZJF;‘?(WM)(z)(g)j\f = Q(AiAj)—gijM(j\kj\z) =0,

whence

oo 1 ..., - —
(NN) = ieZJk@()\k)\g) : (A.30)
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Appendix B

Harmonic Superspace

In this thesis we make use of a harmonic superspace composed by an N' =4, d = 4
Minkowski superspace and the coset space SU(4)/S(U(2)xU(2)) [20, 21, 38]. In
addition to the usual coordinates z¢, #*° and 6%, this superspace is parameterized
by new bosonic variables u, called harmonic coordinates. In terms of indices, we
write u as uz’ = (u4’,Wa’), and denote its inverse by u;? = (74, u;"). The in-
dex Z is transformed by the isotropy group S(U(2)xU(2)) ~ SU(2)xSU(2)xU(1)
and splits naturally into A = 1,2 and A" = 3,4. The u’s are defined such that
M = (us’,iua’) € SU(4), and thus have the following properties:

EiA - uAi ; uiAl = HA’i )
i — ! / / ; ’ _ - r__ . .
usu® =068, uatu =04, walwt =0,  wluad +uNuad =07,
e Mg 2Bt = —1.

(B.1)
The bars on some of the u’s indicate their charge under the U(1) C S(U(2)xU(2)),
which is opposite to that of the unbarred ones. More precisely, the harmonic U(1)

charge of an object is defined to be the eigenvalue of the operator

1 .0 .0
D, == ' — Ty’ . B.2
5 U G T A (B.2)

when acting on that object, i.e. u (resp. 1) has U(1) charge 3 (resp. —3).

The introduction of harmonic variables allows the definition of superfields which

satisfy generalized chirality constraints. A superfield F which satisfies

UAiDaiF = UZ'A/DZC.F = O, <B3)
where Dg = 80%4—(7“9)&(%, is said to be G-analytic, while a superfield which satisfies
0
! -F =0 B4
Ua B ( )

is said to be H-analytic. A superfield that is both G- and H-analytic is called an
analytic superfield for short.
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It is useful to define the SU(2)xSU(2)-invariant objects

(uu) = e*Buyup’ and (wa) = AP uy g (B.5)
where 48, ¢4'B’ are completely analogous to £, g4, Then, using (B.1), the
following identities (among others) can be derived:

]_ ! !
(uu)ij = §8ijkg(uu)ke = EA'B uiA UjB s (B6a)
1
(m)ij‘ = §€ijk1(m)u — €AB ﬂz‘AﬂjB R (BGb)
(UU)Z](W)]k = u,-A/ﬂA/k, (B6C)
(uu)i;(uu)’™ = 0, (B.6d)
Eijke = -3 (uu)[w (m)k]g -3 (m)[” (uu)k]g . (B6€')

We will show only the last one, as the others are relatively simple. First, note that

the last equation in (B.1) can be written as

ijkt— A— B, C' D AB_C'D’
e T ug T ws = —e7 e ) (B.7)
. . . . —_ — /
Then, contracting both sides with u4™ and using u,™u;* = o — ", we get
mjkl— B, C' D’ AB _C'D',, m
e P uy” = —ePe” Tua™, (B.8)
;5 !’ ! ! . . .
where we used e7%; 41, u,”" = 0, since A’, B',... = 3 to 4. Finally, contracting

this equation with %5mmp5 BCECH D/ﬂqc, we obtain
—3 (W) gpi (wtt)ny) = HqCqu&nimv ) (B.9)

where we used 5mmp5mj“ =6 5@525;;]. Now, we could have begun this derivation by

contracting (B.7) with @™ instead of us™. Then, carrying out steps analogous to
those which led to (B.9), we would have obtained

—3 (utr) o (W) ) = qu/ﬂC’mgminp . (B.10)
Thus, adding (B.9) and (B.10), we have
(7 e™ + 14 To™ ) Epming = Eqing = 3 () g (1)) — 3 (w0) s (@) gy, (B.11)

which is equivalent to (B.6e).

In this thesis, we use the following conventions:

D4 = f‘(uu)iijDak(uu)MDm, (B12a)
D" .= D¢ (w)" D Doy (@) Dy , (B.12b)
D* = Dg(—u)ijDéde(—u)MDW, (B.12c)
Dt = Dé(uu)ijDéde(uu)ngw (B.12d)



Since there are only four independent (@D),4’s and they anticommute, the
“product” of four such derivatives can always be written in terms of D’*. This

implies that, for any G-analytic superfield GG, one can write
Dm'D/ngA/kD(;gG = Ko <€(a|58h)5<uu)ik(UU)j5 + (ﬁj/)‘(ﬁ)(\é‘@) D/4G, (B13)

where ( mZ) (]_k)(\m means cyclic permutations (two more terms) and kg is a constant
to be determined. The form of the right-hand side of the above equation can be
found by looking for an expression which respects the symmetries of the left-hand
side, namely antisymmetry in the exchange of any two D’s and vanishing U(1)
charge. To determine the constant kg, one can contract both sides of (B.13) with

g7 (wu)™* (uw)’*. The left-hand side then gives — D™, whereas the right-hand side

1

—15, and thus one can write

gives 18k0D". Hence, kg =

1
DaiDs; Dot DG = = (2taisemswanuu)e + 5 &5 ) DG (B.14)

for any G-analytic superfield G. Of course, a completely analogous derivation holds
in the case of four D%’s acting on G.

From (B.14), many particular cases can be obtained. For example, contracting
both sides of it with —e“/e? (um)’*, we get

. 1
Do;DS(D?Dy)G = —Zéz(uu)igDﬂlG, (B.15)

where we used the definition D% := (wu)?* D?.
Integrals over the compact space SU(4)/S(U(2)xU(2)) are defined with the

SU(4)-invariant Haar measure du, and have the following properties:

/dul — 1 (B.16a)

D.f(u,u) #0 = /duf(u,ﬂ) =0, (B.16b)

i 0 oy
/duuA aﬂA/z.g(u, u) =0. (B.16¢)

Non-vanishing integrals, namely those whose integrand is U(1)-neutral and is not a

total (u A %8 i)—derivative, can be performed by using symmetry arguments. For
A/

example, suppose we wanted to compute

/du (uw) (W) ke - (B.17)

The result of the integration has to be SU(4)-invariant. Thus, taking the index

structure into account, we conclude that it must be proportional to i, i.e.

/ du ()5 (T e = o s500 (B.18)
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where ¢j is some constant. To determine cy, it suffices to contract both sides of the
above equation with 7%, The left-hand side then gives 2 [ du (uu);;(uu)”? = —4,
whereas the right-hand side gives 24 ¢y. Hence, ¢y = —% and thus

/du (uw) (W) ke = —%5%@. (B.19)

Any integral of this kind can be computed similarly, and the result always involves
combinations of €’s and d’s, which are SU(4)-invariant tensors.

Finally, let us introduce the notion of harmonic conjugation. It acts in almost
the same way as ordinary complex conjugation, except that it does not change the

harmonic U(1) charge. More precisely, denoting this operation by a tilde, we have

—~ —~

. ! —_ — y
ua’ = w it =uat,
—i_ _—A A i
U/A’Z = —U;, U; = —Uua ,
—~ AP /Ax’B/’ . (B2O)
€AB = € ) € = E€AB,
eAB =epp,  Eap =eP,

while for any othg\o/bject it is equivalent to complex conjugation. Note that, while
(uu);; = (@), (uu); = (uu)¥. One can show harmonic conjugation preserves G-
and H-analyticity, which is not true in general for ordinary complex conjugation.
The tildes over D’s, 2’s and non-minimal pure-spinor variables that appear in some

parts of the main text should not be confused with this operation.
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Appendix C

SYM equations

The N =1, d = 10 super-Yang—Mills theory admits a formulation in superspace in
terms of the on-shell superfields A, and As. Defining the supercovariant derivatives

as

V, = 0.+ A4,,

Va = Dg+ As, (Cl)
0
DA = i & s
& 505 T (7"6) a0,
and the field-strength superfields as

FdB = {vda VB} - 2(7#)&Bvﬂ )
Fop = [Va, V., (C.2)
F,ul/ = [V;m vl/] )

it is easy to show that, in the linearized theory, the constraint F ap =0 implies

DAz = (") azAu s (C.3)
which, using the trace of (A.28), can be written as
A, = —%(yu)&BDdAB. (C.4)
Substituting (C.4) into (C.3), we get
DiaAyy =~ (W)as(#V D1 As. (C.5)

Note that this equation is equivalent to (7“1"'“5)5‘3D@Aﬁ = 0. For & = («ai) and

~

B = (Bj), we have (recall (V) (aiy(sj) = 0)

1 .
Daidg + DyjAai = =2 (Vre)oiren (1" D3 Az
1

= _é_Lga'B [2<D[1A]]) + Eijkg<Dk/_1£)} s (CG)
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whence

1 _

For & = (ai) and 8 = (f), we have (recall (’}/[ke]>(ai)(5) =0)

. 1 -
A JA . — _Z (AN A
-DOLZAB + DBAaz - 8(7(1)(0”)(?) ('7 ) D’YA(S
1 . _ _
== Z(SZ <DakAZ + D;Aak> . (C8)
Because their # = 0 components are the same (the scalars ¢;;), we claim that
1 &A

Wij = Ay = =15 () "Dady, (C.9)

where W;; is the Sohnius superfield of N =4 SYM [22] and we made use of (C.4).
Here Aj;; and A 5 should be understood as dimensionally reduced superfields, in the
sense that they only depend on the four 2. In four-dimensional notation, we get
1 o (B — . —
Wy = —aseue [ PE0D, g, + ()G D2 AL

1 o
== _ﬁgijkf [Ekqu(DpAq) + Q(D[kAZ])]

1
= (D). (C.10)

where we made use of (C.7). Note that (C.6) then implies
DaiAﬁj + D/@jAai = 4805Mj . (C.ll)

Indeed, we can show that this superfield satisfies the same constraints as the
Sohnius one. First, note that (C.7) implies (W;;)! = 367" Wy,. Then, writing

Vij = —%gjknggAdm, we have
DoWi = L D,;D{ A%™
aiWVik = —gt?jkem aill g

1 o 1 _ .
= _ggjkém{Dah Dﬁé}Aam -+ ggjkﬁmDiDaiAam

1 . 1 _ = 1 _ — _
_Zgjkim<0-a)adaa14am + gejkéngDamAai +3_2€jk€iDg (DapAap - DapAap) )
~
where we made use of (C.8). Therefore,
Daszk == Da[ZI/I/jk] . (012)

Moreover, it can be shown that the Hermitian conjugate of the above equation
implies

_ 2 _

Diw; = géﬁ‘DQWM : (C.13)

Note that these constraints imply (uu)”W;; is an analytic superfield.
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Studying the Bianchi identities for the field-strength superfields leads to the

following (linearized) equations of motion [39]:

(7uW)a = 0.4s — DaAy, (C.14a)
DW? = %(VW)@BFW, (C.14D)
DaFlw = =20(W)a, (C.14c)
(")as0uV? = 0, (C.14d)
"Fu = 0, (C.14e)

where W is the superfield whose # = 0 component is the gluino £%. These in turn

imply (among other equations), by dimensional reduction,

DoiWin = —eijuWi, (C.15a)
DeiWs = —20,5Wy, (C.15b)
DoiFy? = 0, (C.15¢)
DoiFy = —40,,W/], (C.15d)
0,5F . = 0, (C.15¢)

as well as their Hermitian conjugates, where 0,5 := (0%) 504, F" := (0**)5" Fup and
FF. := (6"°)P4F,. Note that we have identified Ap; with W;; and assumed the
superfields only depend on the four z¢.

Choosing the gauge %44 = 0 as in [40], we can find expansions of the above
superfields in powers of # in the following manner. First, we contract both sides of

(C.3) with 0% to get

0°DsAs+ 0°DsAs = DAy — Dy (0%As) +A5 = (D +1)A; = 2(04")3A,, (C.16
8 3 8 B(H_/O_Z 5= D+ 1)A;=2(01");A,, (C.16)

where we have defined D := §*Ds = 6°52-. Note this operator has the property
that, if S/ (n = 0 to 16) represents the term of order §” in the expansion of the

superfield S(z,6) in component fields, then DS = nSM. Hence, collecting the
terms of the same @-order, (C.16) implies AES] =0 and

2
A — 2 (g, AlnT] C.17
& n+1( Y)a A, (C.17a)

for n =1 to 16. Similarly, (C.14a) and (C.14b) imply
n 1 n—
Al = —E(GWW[ Uy, (C.17b)

aln 1 v\& n—
wenl - — E(W) 9, Aln=11. (C.17c¢)
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Now, substituting (C.17¢) into (C.17b), we obtain

1
A = —Z (g, W) = — = (94,~7P0) 5, A2 1
where we have used (7?)s® = —(7?)%;. Thus, defining the operator 0],0 =
(07,70)0,, we deduce
A2 L ok v
p W[ Ju”a
[2k+1] (26) 1 L (C.19)
A = - Y(0v,€) .

where a, = A, €& = Walol and [0°),” = [1],* := or.
With these building blocks, it is possible to construct the #-expansion of any
SYM superfield. For example, the Sohnius superfield can be expanded as

_ _4lo] (1] 2]
Wij = Aujp = Ay + Ay + A+
1 al
= ajy) = (09€) + 5 (0717™0)ats + -
I 1
= ¢y — cijned " + 20,5 + Z—l&ju@kUQb@Efab - §0i6ab9jfab +---, (C.20)

where aj;) = ¢4, fan = F£] and we have omitted the term proportional to 0,¢;; in
A[z]

(5]
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Appendix D

Dimensionally reduced expressions

Although we do not explicitly use them in the main text, we derive here, for com-
pleteness, the dimensionally reduced forms of € ;5 and (T D>)%7, as they might

be useful for the reader.

D.1 Reduced form of Q(o) &b

Recall the definition of ;5 given in (4.73):
Q(O)&B = (UU)U(V”E)dwyﬁ)g(ﬁ%u[iﬂﬁ). (D.1)

Using the ansatz for the dimensional reduction of the y-matrices given in (A.26)
and (A.27), we find

Q0)(ai)(35) = 4 Eap(UlL) i D" — A48 (W) iy (W) j, (W) * Doy Do (D™ D™) — A £ (W) D*
(D.2a)
Q

=0 32 (wa)*™ (wa)"™ (@) ju (Dy D) Dpe D

OEN(F) ~ ‘ e (D.2b)
+ 32 (@) e (W) jum (W)™ D g D (DFD™)
Q(O)(?)(f) = de,s(wa)? D' + 48 (wa) ™ (@a)™ (@) ye D DY (D D) — 4 45(wa)? D™
(D.2¢)
Note that these coefficients can also be obtained (up to an overall factor) by imposing
that fNZ(O)G x )\é‘/\BQ(O)&BG be annihilated by \*Dg = A Dy; + A\i D for any G-
analytic superfield G' and using the fact that Q(o) ap 18 Y-traceless.”

©0)(%)(89)

D.2 Reduced form of (7'D5)‘5‘m

In principle, the dimensional reduction of 7D? (cf. (4.69)) could also be obtained
directly by using the formulas (A.26) and (A.27), but that would be a very long

*The v-tracelessness condition might not be obvious from (D.1), but it is not difficult to show

(’y”)é‘fé Q(o) ap = 0 by direct calculation using y-matrix identities.
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and tedious task. Fortunately, there is an easier way of obtaining this result, as we
describe in the following.
We begin by noting that, if A4 is the derivative of A%, such that Ay*A = 0, then
(AY"D)(Ay"DY(AY* D)(DyyupD) = Aay Nag Moy (TD?)112% (D.3)
The left-hand side of the above equation is not so difficult to compute. Up to an
overall factor, we find
(AY"D)(AY"D)(AY* D) (DyupD) = €™ (N N*) (N D) (DiD;)(Di Dy)
+ 4 (M AS)(AD)(D; D) (Dy D)
+ 3™ (A" D*) (A De) (A Dy)(D; D)
+ 4 (AA¥Y(A;Dy)(D;Dy)(D'D7)  (D.4)
+ 12 (A" DF) (A DY) (A Dy)(D; D;)
+ 2™ (A; D) (A; Do) (A D) (D' DY)
+ H.c.,
where “H.c.” stands for the “Hermitian conjugate”. One can check that the expres-
sion obtained from the above by substituting A for A and D for 6 is annihilated by
XDy
Comparing (D.4) and (D.3), one can deduce the components of 7 D®. For exam-
ple, considering the expansion of the right-hand side of (D.3),
Aail g Ay (T DP)EDEDOR) 13 A A g, KE(TD?) D EN () o
+3ALNAL(T DR 0 4 RRAETDR) ), (B:5)

it is not difficult to see that there are two independent possible contributions for the

term appearing in the first line of (D.4), since (A;A;) = Se;50(AAY). Namely,

(TDS) ai)(B7) (k) ‘D5 S =k gaﬁgijmngkquDZ(DmDp)(Dan) + (m‘/)‘(ﬁ)(\ﬁ;k) (D.6)

and

(7DD = ko 9k DY (D, D,)(D;D,) , (D.7)

D5DO0

D5 50 refers to terms containing
5 D’s and no D and / ) ) < (yr) Mmeans cyclic permutations. Substituting (D.6) and
(D.7) into (D.5) and then comparing with (D.4), we get

3/'432 - 6:‘11 =1. (D8)
Furthermore, the y-tracelessness condition (y*4) OA‘/;;(’TDE’)&B”AV = 0 gives

6/4,1 -+ 252 =0. (Dg)

1

- _1 -1
Hence, k1 = —3z and kg = :.
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All the other components of 7 D? can be obtained in a similar way and the result

is listed in the following:

ai)(Bj 1 af ijmn B3
(TDS)( YBHOE) _Eg B i EkgquZ(DmDp)(Dan)+(ai/)1(<—3)(\7‘k)

2 af _ij AT (B3
~5e MDD (D DY) + P

+ 2Dy DE DY (DU DI)k)tmn

8 . AN j
~ 15 Dy (D'DUY(DIDF) + 0 (D.10a)

[e% 1 e
(7D%) (DG ggaﬂs“mDﬂDiDp)(Dqu)
—4 DM DA DY (D,D,)
< o
+206(D;) Do) Dj, DU DA

2 .. o
+ze"eijpe Dy (D' D7) (D* DF)
+6€mn(iD"y DdZDBm(DnDk)

7)

1 o
—55@gj)mnngDmD5P(D"D4) : (D.10b)

&
2

(1D DEpe0 — (rpsy@()Q) (7D = [TDs)@Een
(D.10c)
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Appendix E

The psu(2,2|4) algebra

The psu(2,2]4) algebra is a supersymmetric extension of the four-dimensional con-
formal algebra so(2,4) ~ su(2,2), and it is also the algebra of the AdS5 x S° super-
space isometry group. It contains the generators P,, Mup, Gai, @4 = (gai)! of the super
Poincaré group, U/ = (U1 of SU(4), K, of conformal boosts, A of dilatations and

the conformal supersymmetry generators s, 54; = (s!,)7. The complete structure of
the algebra is given by:

[Maba Mcd] = 2 (nc[bMa]d + nd[aMb}c) 5 [Paa Kb] = 2 (nabA + Mab) 5
[Maba Pc] = 2 nc[bpa} ) [Mab7 K ] = 2 nc[bKa] )
[A7Pa] — Pa7 [ a] — _Ka7
[Aa qoci] = %QO&Z ) [ ) S?y] = _%Si
[Maba qai] = %(Uab)aﬂq,ﬁi ) [ aba fx] = (O-ab)aﬂsg y
[Qaiv Ka] =1 (O'a')ao’zgg ) [ ] =1 (Ua)aaq
{qalaq_i} = 21 6g(o-a)adpa ) { a78a]} = 21 6_;’(0-(1)(1(:}[((1 )

{gain 7} = 80(0°0)" My +285(2U7 — 81A),
[U}; Gar] = 5;1%3‘ - i%%k’
(Ui, s°%] = ks 4 1657k
ULUN = &U - 8U;.
as well as the relations obtained from these by Hermitian conjugation. All the
other (anti)commutators vanish. Note that, except for the SU(4) generators, in our

conventions the bosonic generators are anti-Hermitian.
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