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We investigate the dynamics of a system composed of a particle suffering impacts between two heavy 
periodically vibrating walls. An original, nonlinear area preserving mapping is obtained. The control 
parameters of amplitude of perturbation and frequency of oscillation play an important role in the phase 
space, shaping the portion of chaotic seas, position of invariant curves and the amount of KAM islands. 
The study of the behavior of the root mean square velocity was made via analytical description and 
numerical simulations. We proposed scaling arguments to describe its dynamics and our results show 
remarkably good agreement between the theory and the simulations concerning a scaling invariance 
with respect to the control parameters. Also, an analysis of the diffusion coefficient confirms the validity 
of the scaling invariance, giving robustness to our modeling.
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1. Introduction

Hamiltonian dynamical systems with moving boundaries have 
been studied for a long time [1–3], where their dynamics are 
typically non-ergodic and non-integrable. These systems present 
mixed dynamics in the phase space, with KAM islands, invariant 
tori, spanning curves and chaotic seas, where the interface be-
tween them is very complex and not yet fully understood. Also, 
depending on both of the initial conditions as well as control pa-
rameters, such systems may present very rich and hence complex 
dynamics, therefore leading to a huge variety of nonlinear phe-
nomena [4–6]. Considering their dynamics, in either dissipative or 
non-dissipative regimes [7–13], an analysis of scaling arguments 
and statistical properties yields new approaches, new formalisms, 
therefore moving forward the progress of the nonlinear science.

Our main goal in this paper is to introduce the dynamics of a 
system where a single particle (or an ensemble of non-interacting 
particles), suffers elastic impacts inside a closed domain bordered 
by two heavy periodically moving walls. The motivation for this 
model backs to Ulam [14] and Fermi [15], who developed a pro-
totype model in order to explain the high energy of the cosmic 
rays, known as Fermi–Ulam model (FUM) [12], where an impact 
mechanism was setup, considering a particle suffering collision be-
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tween two walls, where one is fixed and the other is periodically 
vibrating. Such a moving boundary system can be considered as 
billiard-like dynamical system [2,16,17]. Applications in different 
areas of research can be found such as: granular materials [18,19], 
microwaves [20], quantum dots [21,22], synchronization [23], me-
chanical vibrations [24,25], laser dynamics [26], chaos control [27,
28], astrophysics [29], atom-optics [30,31], quantum effects [32,33], 
experimental devices [34,35], among many others.

This dynamical system that we aim to introduce in this paper 
differs from the original FUM [36–39]. Here, we are considering 
that the particle bounces between two heavy periodically vibrating 
walls, where each one of them has its own independent frequency 
of oscillation and amplitude of perturbation. Indeed, the kind of 
dynamics that we are proposing may be interpreted as a modeling 
for some known physical applications, such as ratchet-like dynam-
ics [40–42], where the connection with our modeling comes from 
an interaction of the particle with two driven periodic oscillators, 
i.e., both vibrating walls. Another examples are: the photonic laser 
thruster, where a laser beam suffers successive reflections among 
moving mirrors [43–45], as well as classic and quantum δ-kicked 
rotators [46–50].

The dynamics of our proposed impact system is described by 
an original, nonlinear and area preserving mapping, which has four 
nonlinear terms and three control parameters and makes the map-
ping unique among similar impact dynamical systems present in 
the literature. The phase space presents mixed properties, with 
chaotic seas, invariant curves and KAM islands, where the ratio be-
tween frequencies of oscillation, influences the number of islands
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Fig. 1. Illustration of the dynamics of the impact system and its variables.

and the size of the chaotic sea. Because of this last property, 
the system denotes potential for further investigations concern-
ing transport analysis, stickiness influence and anomalous diffusion 
[7,8,11,12]. Also, if one could introduce dissipation to the dynam-
ics, we believe that crises between attractors [9] and self-similarity 
structures in the parameter space would be observed. So, in a pri-
mary study of our impact system, the behavior of the root mean 
square velocity was investigated, where an analytical description 
of its evolution was made. Our numerical simulations lead us to 
propose scaling arguments to describe the dynamics of the root 
mean square velocity. At the end, an universal collapse for these 
curves was obtained, which gives validity to our scaling hypothe-
sis. Also, an analysis concerning the diffusion coefficient was made 
and shows a remarkable agreement with the analytical argument 
obtained by the investigation of the root mean square velocity as 
a function of the control parameters. Such agreement gives robust-
ness to the modeling of our dynamical system.

The paper is organized as follows: in Sec. 2 we describe how 
the mapping was obtained and some dynamical and chaotic prop-
erties. Section 3 is devoted to discussing the behavior of the root 
mean square velocity via analytical investigation and numerical 
simulations. It also describes the scaling invariance of the root 
mean square velocity curves regarding the control parameters. Yet, 
an analysis of the diffusion coefficient also confirms the validity of 
the analytical investigations and of the scaling arguments. Finally 
in Sec. 4, we present our final remarks and conclusions.

2. The model and the mapping

The dynamical system under study in the paper basically con-
sists of a particle of mass m moving in straight line trajectories, 
confined in a region of length �, where in each boundary of this 
confined region, lies two heavy periodically moving walls. The ve-
locity of the particle is said to be constant during the “flight time”. 
It only changes, when the particle interacts with the moving walls. 
Fig. 1 displays a schematic illustration of the dynamical system and 
its variables.

In both heavy moving walls, the periodicity is given by a cosine 
function. Their equations of motion are xw1 = ε′

1 cos(ω1t) for the 
left hand-side wall, said to be wall-1, and xw2 = ε′

2 cos(ω2t) for 
the right hand side wall, said to be wall-2. Here, ε′

1, ε′
2, ω1 and 

ω2 are the respectively amplitudes of motion and frequencies of 
oscillation.

The collision scenario will be setup considering the static wall 
approximation (SWA) [36,37], where no transcendental equations 
must be solved to find the exact collision time. In this approxi-
mation both walls are said to be fixed (at rest), but the particle 
exchanges momentum and energy with the walls at each collision 
as if they were moving normally [51,52]. It had been shown before 
that in similar impact dynamical systems, the difference between 
the real dynamics and the SWA is nearly null, if one considers the 
whole accessible phase space [8,51].
The mapping dynamics will be described in the variables ve-
locity v and time t . As an initial condition, we considered that 
the particle belongs to the wall-1, with an initial velocity v0 with 
positive orientation and the initial time t0. Once we decided to 
choose wall-1 as an initial condition (one could also start with 
wall-2, without any loss of generality), the mapping dynamics will 
be updated each time the particle collides again with wall-1.

Since we are considering static wall approximation, the time 
elapsed until the collision with the wall-2 can be set as t1,2 = t0 +
�/v0. In the same manner, the return time will be t2,1 = −�/v1, 
where now v1 is the velocity of the particle after colliding with 
wall-2 and it has negative orientation. So the total time for the 
particle to leave wall-1, collide with wall-2, and come back to col-
lide with wall-1 again is tt = t1,2 + t2,1, which gives us

tt = t0 + �

[
v1 − v0

v0 v1

]
. (1)

Let us now obtain the expression for v1. To evaluate the ex-
change of momentum and energy at each collision, we must con-
sider a change in the reference frame, from inertial to non-inertial. 
So, one may consider �X(t0) = �xp

′
(t0) + �xw2(t1,2), where �xp

′ is the 
position of the particle in the non-inertial reference frame, �xw2
and �X are respectively the equation of the wall-2 and the particle 
position in the inertial reference frame. After a time derivative we 
found �V (t0) = �v p

′
(t0) + �v w2(t1,2). The term �v p

′
(t0), is setup before 

the collision with wall-2 happens.
After the collision, and considering the conservation of momen-

tum, one obtain �v p
′
(t1,2) = − �v p

′
(t0). Coming back to the inertial 

reference frame, one may find �V (t1,2) = �v p
′
(t1,2) + �v w2(t1,2). Re-

arranging properly the terms and setting �V (t1,2) = v1, �V (t0) = v0
and �xw2(t1,2) = −ε′

2ω2 sin(ω2t1,2), one can finally obtain

v1 = −v0 − 2ε′
2ω2 sin(ω2t1,2) . (2)

Coming back to the total flight time expression set in Eq. (1), 
and replacing the expression for v1 obtained in Eq. (2), one may 
find

tt = t0 + �

[−v0 − 2ε′
2ω2 sin(ω2t1,2) − v0

v0(−v0 − 2ε′
2ω2 sin(ω2t1,2))

]
.

Rearranging the terms from the above expression, one may ob-
tain

tt = t0 + 2�

⎡
⎣ 1 + ε′

2ω2
v0

sin(ω2t1,2)

v0 + 2ε′
2ω2 sin(ω2t1,2)

⎤
⎦ . (3)

Since we are evaluating the dynamics considering a total flight 
time from wall-1, until the particle collides again with it, we 
should set the velocity v2 when the particle returns to the wall-1. 
So, applying the same procedure as done for v1 one may obtain

v2 = −v1 − 2ε′
1ω1 sin(ω1tt) . (4)

Replacing Eq. (2) into Eq. (4) and properly naming the terms: 
v0 = vn , v2 = vn+1, tt = tn+1 and t0 = tn , one may find

T :

⎧⎪⎨
⎪⎩

vn+1 = vn + 2ε′
2ω2 sin(ω2t1,2) − 2ε′

1ω1 sin(ω1tt)

tn+1 = tn + 2�

[
1+ ε′

2ω2
vn

sin(ω2t1,2)

vn+2ε′
2ω2 sin(ω2t1,2)

]
. (5)

One can realize that in Eq. (5) there are too many control pa-
rameters in the mapping, ε′

1, ε′
2, ω1, ω2 and �. In order to reduce 

these control parameters, let us set some dimensionless parame-
ters as ε1 = ε′

1/�, ε2 = ε′
2/�, and ω̃ = ω2/ω1. Also, since we are 

considering the mapping update when the particle reaches wall-1, 
let us set a dimensionless velocity as Vn = vn/ω1� and measure 
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Fig. 2. Snapshots of the phase space (φ, V ) for the impact system. The control parameters used were: (a) ε1 = 0.001 and ε2 = 0; (b) ε1 = ε2 = 0.0001; (c) ε1 = ε2 = 0.01; (d) 
ε1 = ε2 = 0.001; (e) ε1 = 0.01 and ε2 = 0.001; (f) ε1 = 0.0001 and ε2 = 0.001; (g) ε1 = 0.0001 and ε2 = 0.01; and finally (h) ε1 = 0.01 and ε2 = 0.0001. Also, in all items of 
the figure we set ω̃ = 1, and positions of the first invariant spanning curve is displayed in red in all items.
the time according φn = ω1tn . After rearranging the terms prop-
erly, one may obtain a dimensionless mapping with three control 
parameters as

T :
⎧⎨
⎩

Vn+1 = |Vn + 2ε2ω̃ sin(ω̃�̃) − 2ε1 sin(φn+1)|
φn+1 = φn + 2

[
1+ ε2ω̃

Vn
sin(ω̃�̃)

Vn+2ε2ω̃ sin(ω̃�̃)

]
mod (2π)

, (6)

where the term �̃ = φn + (1/Vn) represents the dimensionless 
time t1,2, and ω̃ sets a ratio between the frequencies of oscilla-
tion of both walls as ω̃ = ω2/ω1. Also, the absolute value for Vn+1
comes from the static wall approximation and prevents the particle 
going beyond wall-1, since a negative velocity would necessarily 
produce a non-physical situation.

Fig. 2 shows the phase space for different combinations of con-
trol parameters where we evaluated 225 different initial conditions 
evolved up to 103 iterations of Eq. (6). Since we have three con-
trol parameters, let us in principle range ε2 and ε1, and set ω̃ = 1
fixed. One can check that if we set ε2 = 0, the mapping recov-
ers the simplified Fermi–Ulam model [52,53] displayed in Fig. 2(a), 
which guarantees the validity of Eq. (6). Continuing to range ε1
and ε2, one can realize that the phase space has basically the same 
structure. It presents mixed properties with a chaotic sea for lower 
velocities and invariant curves and local chaotic seas for higher ve-
locities.
The range of both ε1 and ε2 defines the size of the finite por-
tion of the lower chaotic sea. For Figs. 2(b,c,d), where we range 
ε2 = ε1 by two orders of magnitude, the phase space is similar to 
the regular FUM [12] when we consider the same value for the 
respective control parameter. Also, the position of first invariant 
spanning curve is displayed in red for all items of Fig. 2, and it 
plays the role of a limiting structure for the lower portion of the 
chaotic sea.

In Figs. 2(e,g), where ε2 > ε1, and in Figs. 2(f,h), where ε1 > ε2

the display of the stability islands changes, and the size of the 
lower portion of the chaotic sea obeys the bigger value among 
ε1 and ε2. As one can see, in Figs. 2(g,h) the position of the first 
invariant spanning curve, is the same for both phase spaces, con-
sidering a difference of two orders of magnitude between ε1 and 
ε2. The only notorious difference is a shift in the φ range and the 
appearance of different chains of islands.

Ranging the value of ω̃, one can realize that there is a signifi-
cant change in the phase space configuration, as shown in Fig. 3. 
The number of stability islands obeys in a linear way the range of 
ω̃. For instance, in Fig. 3(a), we have ε2 = ε1 = 0.01 and ω̃ = 3. If 
one compares it with Fig. 2(c) which below has the same values 
of ε1 and ε2, the major island in the chaotic sea has now become 
three islands. The same occurs for different regular structures in 
the chaotic sea, (b) and above the first invariant spanning curve. 
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Fig. 3. Phase space considering a range of ω̃. In (a) we have ε1 = ε2 = 0.01 and 
ω̃ = 3, in (b) ε1 = ε2 = 0.001 and ω̃ = 10, ε1 = ε2 = 0.0001 and ω̃ = 5, and finally 
in (d) ε1 = ε2 = 0.001 and ω̃ = 7. As one can see, the periodicity of the regular 
regions obeys the value of ω̃ in a linear way.

Also, the portion of the chaotic sea which the particle is allowed 
to visit also increases with the increment of ω̃.

Increasing the value of ω̃, and also ranging the values of ε1 and 
ε2, one can realize from Figs. 3(b,c,d) a huge number of islands 
in the phase space. Comparing Fig. 2(d) with Figs. 3(b,d), which 
has the same values for ε1 and ε2, but with respectively ω̃ = 1, 
ω̃ = 10 and ω̃ = 7, one can see that the islands were substantially 
increased, where period-1 islands in Fig. 2(d), become period-10 
and period-7 respectively in Figs. 3(b,d). Also, the same applies 
for multiple island regions, their respective cantori and satellite is-
lands. This is clear evidence that the periodicity of stable orbits 
depends explicitly on ω̃.

The phase space volume element transforms according to the 
determinant of the Jacobian matrix, whose elements are given by 
the partial derivatives of the mapping coordinates, as the following

J =
(

∂Vn+1
∂Vn

∂Vn+1
∂φn

∂φn+1
∂Vn

∂φn+1
∂φn

)
, (7)

where each element is given by

∂Vn+1

∂Vn
= 1 + 2ω̃2ε2 cos(ω̃�̃)

∂�̃

∂Vn
− 2ε1 cos(φn+1)

∂φn+1

∂Vn
,

∂Vn+1

∂φn
= 2ω̃2ε2 cos(ω̃�̃)

∂�̃

∂φn
− 2ε1 cos(φn+1)

∂φn+1

∂φn
,

∂φn+1

∂Vn
=

⎡
⎣ A ∂�̃

∂Vn
− B

VnC

⎤
⎦ − 2

[
(1 + B)

(
1 + A

∂�̃

∂Vn

)]
/C2,
∂φn+1

∂φn
= 1 +

⎡
⎣ A ∂�̃

∂φn

VnC

⎤
⎦ − 2

[
(1 + B)

(
A

∂�̃

∂φn

)]
/C2 ,

with the auxiliary variables and derivatives as

∂�̃

∂Vn
= − 1

Vn
2

,

∂�̃

∂φn
= 1 ,

A = 2ω̃2ε2 cos(ω̃�̃) ,

B = ω̃ε2

Vn
sin(ω̃�̃) ,

C = Vn + 2ε2ω̃ sin(ω̃�̃) .

One can check, after some straightforward algebra, that the deter-
minant of the Jacobian matrix is equal to the unity, which includes 
our dynamical system in the class of the area preserving mappings 
[1,2].

3. Results ans discussion

In this section we will focus on and discuss some statistical 
and numerical results for the velocity of the particle, where scaling 
arguments were used to describe the dynamical scenario. Also, an 
analysis concerning the diffusion along the dynamical evolution is 
evaluated.

3.1. Root mean square velocity (V RM S) and scaling analysis

Let us start evaluating the dynamics considering the velocity 
of the particle and its dynamical evolution as the number of col-
lisions evolve. Since the sine function is present in the mapping 
(6), a direct average over an ensemble of the phase φ ∈ [0, 2π ] is 
not convenient. Instead, we look at the squared velocity, hence al-
lowing us to estimate the behavior of average squared velocity as 
a function of n. From the velocity equation of mapping in Eq. (6)
and after applying square from both sides we have

V 2
n+1 = V 2

n + 4Vnε2ω̃ sin(ω̃�̃) + 4ω̃2ε2
2 sin2(ω̃�̃) −

4(Vn + 2ω̃) sin(ω̃�̃)ε1 sin(φn+1) + 4ε2
1 sin2(φn+1)

Concerning the above expression, let us consider an average in 
the interval φ ∈ [0, 2π ] for all terms. So, the average is equal 
to zero for sin(φn+1) and sin(ω̃�̃), and it is equal to 1/2 for 
the terms sin2(φn+1) and sin2(ω̃�̃). Also, defining 〈(
V )2〉 =
(Vn+1)2 − (Vn)2, we finally end up with

〈(
V )2〉 = 2ω̃2ε2
2 + 2ε2

1 . (8)

In our dynamical systems, the mapping is updated every time a 
collision with wall-1 occurs, which means that the smallest “time” 
interval that we have in our mapping dynamics, is the interval be-
tween collisions (n) and (n + 1). So, considering the expression of 
〈(
V )2〉 in the interval between collisions, that we may interpret 
as an infinitesimal interval for a derivative [12], one may set that

(Vn+1)2 − (Vn)2

(n + 1) − n
≈ ∂V 2

∂n
. (9)

Integrating both sides, we obtain

Vn∫
V 0

dV 2 =
n∫

0

(2ω̃2ε2
2 + 2ε2

1 )dn , (10)

where one can end up with (Vn)2 = (V 0)
2 + (2ω̃2ε2 + 2ε2)n.
2 1
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For a better statistics, we set V RM S =
√

V 2. Then, an analytical 
expression for the velocity as a function of n is

V RM S =
√

(V 0)2 + (2ω̃2ε2
2 + 2ε2

1 )n , (11)

where V 0 is the initial velocity.
Of course this expression is not valid for any n, particularly the 

larger ones. Equation (11) is valid only for small n. Once the phase 
space is limited by invariant curves, an orbit in the low velocity 
regime cannot reach regions above the invariant curve for long 
time dynamics. If we literally take Eq. (11) as n is increased, V RM S

should also grow infinitely, and that is not what happens.
Now, let us move forward and discuss the numerical behavior 

for V RM S and hence, compare the results with Eq. (11). We evalu-
ated numerically the following expression

V 2 = 1

M

M∑
i=1

1

n

n∑
j=1

V i, j
2 , (12)

where M is the ensemble of initial conditions and n is the num-
ber of collisions. In a statistical point of view, we take the average 
of the velocity V i, j along the orbit running j and also along the 
ensemble of initial conditions running i. Initial conditions were al-
ways chosen in the chaotic sea with a low initial velocity V 0 ≈ ε1,2
(always chosen by the smaller ε) and with the phase φ ∈ [0, 2π). 
This was made to guarantee a maximum diffusion for a chaotic 
particle.

Fig. 4 displays the behavior of some V RM S curves as a function 
of n evaluated over an ensemble of 1000 initial conditions for dif-
ferent combinations of the control parameters ε1, ε2 and ω̃. Each 
one of them was evolved up to 2 × 108 collisions. In Fig. 4(a,b) we 
have respectively ω̃ = 1 and ω̃ = 10 for six different combinations 
of ε1 and ε2.

For all curves displayed in Fig. 4 in the small n regime, the 
V RM S curves start to grow, marked by a power law regime. Such 
growth is in agreement with the result obtained in Eq. (11), which 
shows that when n is small and considering a negligible initial 
velocity, i.e. V 0 ∼= 0, all curves must diffuse with a 

√
n. Hence, 

V RM S ∝ nβ , where β ≈ 1/2. After the initial growth behavior, the 
V RM S curves bend towards a crossover, characterized by nx . Fi-
nally, for large enough n, all curves approach to a stationary state 
marked by a saturation plateau. Just for notice, the crossover nx

is obtained by the intersection of the steady state plateau with 
the growing power law curve, both marked by dashed lines in 
Figs. 4(a,b).

On the basis of the behavior shown in Figs. 4(a,b), where all 
curves of V RM S present an initial power law growth for short 
times, passes through a crossover (nx) and then bend towards a 
saturation plateau for really long times, we can suppose that the 
V RM S curves behave as the following scaling hypothesis [54].

(i) For a small number of collisions, the behavior of V RM S can 
be described by a power law of the type

V RM S ∝ nβ , (13)

when we have n � nx , where β ≈ 1/2 is the growth exponent.
(ii) For a sufficient long n, the saturation plateau of V RM S (we 

denote it as V sat ) is given by

V sat ∝ ε
γ1
1 (ω̃ε2)

γ2 , (14)

for n 
 nx , where both γ1 and γ2 are critical exponents.
(iii) Finally, the number of collisions that characterizes the 

changeover from growth to the saturation regime is given by

nx ∝ ε
z1(ω̃ε2)

z2 , (15)
1
Fig. 4. Dynamical evolution of the V RM S curves for different combinations of ε1

and ε2. In (a) we have ω̃ = 1 and in (b) ω̃ = 10. One can see that basically all 
curves follow the same behavior. An initial power law growth according to nβ , with 
β ∼= 0.5, followed by a crossover nx , where the curves then bend towards a steady 
state plateau for long times.

where nx is the crossover collision, and z1 and z2 are called dy-
namical exponents.

One can notice that in the scaling arguments (ii) and (iii) the 
parameters ε2 and ω̃ appear together. They were proposed in this 
manner because of the mapping in Eq. (6), where both parameters 
always appear together in both mapping equations.

To obtain the critical exponents γ1 and γ2, we must evolve 
simulations concerning Eq. (12) for a very long time evolution. 
Thus, using extrapolation we can obtain the values of V sat as func-
tions of ε1 and ε2. Figs. 5(a,c) display the behavior of the value 
of V sat in two different ways. First, in Fig. 5(a) we kept ε2 con-
stant as ε2 = 0.0001 and ω̃ = 1, and ranged ε1, obtaining then 
γ1 = 0.502(5). Then, in Fig. 5(c), ε2 was varied and we kept con-
stant ε1 = 0.001 and ω̃ = 10 and we found that γ2 = 0.48(1). For 
both analysis in Figs. 5(a,c), we obtained that the exponents γ1 and 
γ2 have basically the same value ∼= 1/2.

The exponents z1 and z2 shown in Fig. 5(b,d) were obtained 
by crossing the values obtained for the saturation and the initial 
growth regime as shown in Fig. 4. Again, in Fig. 5(b) ε2 and ω̃
were kept constant as ε2 = 0.0001 and ω̃ = 1 and we ranged ε1, 
hence finding z1 = −0.97(1) ≈ −1. Finally, in Fig. 5(d), we ranged 
ε2 and kept constant ε1 = 0.001 and ω̃ = 10 and thus obtained 
z2 = −1.07(1) ≈ −1. Also, the exponents z1 and z2 did not suffer 
any influence in the ranging of ω̃.

It is worth emphasizing that the values of the exponents γ1, γ2, 
z1 and z2, are in remarkable agreement with the critical exponents 
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Fig. 5. In (a) plot of V sat vs ε1, for ε2 = 0.0001 and ω̃ = 1, resulting in γ1 =
0.502(5). In (b) plot of nx vs ε1, also for ε2 = 0.0001 and ω̃ = 1, yielding 
z1 = −0.97(1). In (c) plot of V sat vs ε2, for ε1 = 0.001 and ω̃ = 10, resulting in 
γ2 = 0.48(1). Finally in (d), plot of nx vs ε2, also for ε1 = 0.001 and ω̃ = 10, yield-
ing z2 = −1.07(1).

obtained by the regular FUM (with one vibrating wall only) [52]. 
Such agreement gives validity and robustness to our numerical re-
sults and scaling arguments.

Now, in order to give robustness to our scaling hypothesis, let 
us describe the behavior of the V RM S curves via a homogeneous 
generalized function [51,54] of the type

V (n, ε1, ω̃ε2) = lV (lan, lbε1, lcω̃ε2) , (16)

where l is the scaling factor, and a, b and c are scaling exponents. 
Assuming that laω̃n is constant, we have

l = n−1/a . (17)

Replacing Eq. (17) in (16), we have V (n, ε1, ω̃ε2) =
n−1/a V 1(1, l−b/aε1, l−c/aω̃ε2), where V 1 is assumed to be constant 
for n << nx . Hence, comparing with Eq. (13), we may find

β = −1

a
. (18)

Since β ≈ 1/2, we obtain that a ∼= −2.
Choosing now lbε1 constant, one may find

l = ε
−1/b
1 . (19)

Substituting Eq. (19) in (16) we have V (n, ε1, ω̃ε2) =
ε

−1/b
1 V 2(l−a/bn, 1, l−c/bω̃ε2), where V 2 is supposed to be con-

stant for n >> nx . Comparing with scaling hypothesis (ii) given 
in Eq. (14), we obtain

γ1 = −1
. (20)
b

Following the same line, let us set now lcω̃ε2 constant. So, we may 
obtain

l = (ω̃ε2)
−1/c . (21)

Replacing Eq. (21) in (16), one may find V (n, ε1, ω̃ε2) =
(ω̃ε2)

−1/c V 3(l−a/cn, l−b/cε1, 1), where V 3 is also assumed to be 
constant for n >> nx . Hence, one may compare the last expression 
with scaling hypothesis (ii) given in Eq. (14) and find

γ2 = −1

c
. (22)

From the numerical values of γ1 and γ2 from Fig. 5, we may obtain 
that b ∼= −2 and also c ∼= −2.

Considering the analysis at the crossover, one can compare 
Eqs. (17) and (19) and obtain

n = ε
−a/b
1 . (23)

Also, a comparison between Eqs. (17) and (21) gives us

n = (ω̃ε2)
−a/c . (24)

Comparing both above expressions with the scaling hypothesis 
(iii) given in Eq. (15), we find

−a

b
= −a

c
= z1 = z2 ∼= −1 . (25)

To check whether these initial suppositions are correct, let us 
now obtain a universal plot of different V RM S curves. The behavior 
of V RM S as a function of the number of collisions n for different 
values of the control parameters ω̃, ε1 and ε2 is shown in Fig. 6(a). 
One can see that, after rescaling the coordinate axis according to 
the critical exponents obtained, all curves generate a single and 
universal plot, as shows Fig. 6(b). Such an universal plot, thus con-
firms the validity of the scaling hypothesis and gives robustness to 
the scaling invariance of the dynamics with respect to the control 
parameters.

3.2. Diffusion

When we consider transport properties and diffusion for 
chaotic dynamics [5,6], we can obtain the following expression

〈[r(n) − r(0)]2〉 =
∫

r(n)2ρ(�r,n)d�r = 2Dn , (26)

where r is a generic action variable of the system dynamics, D is 
the diffusion coefficient, n is the iteration number and ρ(�r, n) is 
the probability distribution of the system.

In the case of our two vibrating walls impact system, the 
generic action variable is now setup as the velocity of the particle. 
We can use the expression given by Eq. (26), together with the pre-
viously result obtained in Eq. (8), which is 〈(
V )2〉 = 2ω̃2ε2

2 +2ε2
1 . 

This procedure is made in order to obtain a numerical approx-
imation for the diffusion coefficient. Thus, at each collision, we 
calculate the value of the root mean square velocity, as

〈
V 2〉 = lim
N P→∞

1

N P

N P∑
i=1

(Vn
i − V 0

i)2 , (27)

where N P is the number of particles (initial conditions), the index 
i denotes the N P particles and Vn is the velocity after n iteration 
of the ith particle. So, the diffusion coefficient [12], can be given 
as

D = lim
1 〈
V 2〉 . (28)
n→∞ 2n
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Fig. 6. In (a) plot of V RM S curves for different combinations of ω̃, ε1 and ε2. In (b) 
we have an universal overlap of all curves of (a) regarding the scaling arguments, 
confirming thus the scaling invariance with respect to the control parameters.

Fig. 7(a) shows a plot of the diffusion coefficient obtained from 
Eq. (28) as function of n for N P = 104 for different combinations 
of the control parameters ω̃, ε1 and ε2. The initial conditions were 
set uniformly distributed along the phase φ ∈ [0, 2π), and the ini-
tial velocity was set always regarding the lower value of ε1 or ε2. 
One can see that basically the diffusion sustains itself in a constant 
plateau as the number of collision evolves.

In Fig. 7(b), when we compare the relation between the diffu-
sion coefficient and 〈(
V )2〉, we can see that all diffusion curves 
collapse themselves near the unity line (dashed line), after a 
rescaling in the vertical axis according ω̃2ε2

2 + ε2
1 , thus confirm-

ing what was foreseen by the analytical analysis of the root mean 
square velocity. This result remarkably corroborates the linear de-
pendence between D and ω̃2ε2

2 + ε2
1 , as predicted by Eq. (8) and 

gives robustness to our numerical results.

4. Final remarks and conclusions

To summarize, we introduced the study of the dynamics of a 
particle confined between two heavy walls, where both are pe-
riodically perturbed. The dynamics was described by an original, 
two-dimensional, nonlinear and area preserving mapping, which 
has three control parameters and four nonlinear terms. The phase 
space is composed by chaotic seas, KAM islands and invariant tori, 
which separate different regions in the phase space. The major 
chaotic sea portion regards the value of the bigger perturbation 
parameter. The amount of KAM islands in the phase space is pro-
portional to the value of the ratio between the frequencies of os-
cillation of the two vibrating walls (ω̃), i.e., for a certain region of 
the phase space, for ω̃ = 2 we have a chain of two islands and for 
ω̃ = 10, one may find a chain of ten KAM islands. Also, their can-
Fig. 7. In (a) we have the behavior of the diffusion coefficient D as function of n
for different combinations of the control parameters. In (b), we have the collapse 
of all curves of (a) near the unity (dashed line), according Eqs. (8) and (27), which 
corroborates the robustness of our results.

tori and satellite islands also obeys ω̃ in a linear way (as shown in 
Fig. 3).

Analyzing the expression for the root mean square velocity, we 
estimated analytically the behavior of V RM S . For short times, the 
curves grow according 

√
n, and then after a crossover, they bend 

towards a steady state plateau for long times. Scaling hypothesis 
were proposed to describe the behavior of the V RM S curves as 
function of the control parameters. We were able to obtain an uni-
versal collapse regarding these scaling hypothesis, thus confirming 
their validity. Also, concerning the diffusion coefficient, numerical 
simulations were made and show a remarkable agreement with 
the analytical expression for 〈(
V )2〉, confirming the relation be-
tween the diffusion coefficient and ω̃2ε2

2 + ε2
1 as predicted by 

Eq. (8).
In the near close future, we would like to investigate the role of 

the ω̃ parameter as a irrational number, the introduction of uncor-
related phases between the vibrating walls, as well as investigation 
of anomalous transport and stickiness influence. Also, the intro-
duction of dissipation in the dynamics via restitution coefficients 
in both walls, seems to be promising in order to observe chaotic 
attractors, crises between manifolds and self similarity structures 
in the parameter space.
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