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Dual descriptions of spin-two massive particles in D = 2 + 1 via master actions
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In the first part of this work we show the decoupling (up to contact terms) of redundant degrees of
freedom which appear in the covariant description of spin-two massive particles in D = 2 + 1. We make
use of a master action which interpolates, without solving any constraints, between a first-, second-, and
third-order (in derivatives) self-dual model. An explicit dual map between those models is derived. In our
approach the absence of ghosts in the third-order self-dual model, which corresponds to a quadratic
truncation of topologically massive gravity, is due to the triviality (no particle content) of the Einstein-
Hilbert action in D = 2 + 1. In the second part of the work, also in D = 2 + 1, we prove the quantum
equivalence of the gauge invariant sector of a couple of self-dual models of opposite helicities ( + 2 and
—2) and masses m and m_ to a generalized self-dual model which contains a quadratic Einstein-Hilbert
action, a Chern-Simons term of first order, and a Fierz-Pauli mass term. The use of a first-order Chern-
Simons term instead of a third-order one avoids conflicts with the sign of the Einstein-Hilbert action.
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I. INTRODUCTION

In the last years there has been quite intense activity in
the subject of higher spin theories in different dimensions
and their dual formulations; see, for instance, [1-5] and
references therein. One of the difficulties of a covariant
description of higher spin fields is the amount of redundant
degrees of freedom present in the higher rank tensor fields.
This is a severe difficulty in constructing interacting theo-
ries for such fields; see comments in [3,4]. In the first part
of our work (Sec. II) we address the issue of spurious
degrees of freedom in D =2 + 1 for massive fields of
helicity =2. We show how duality can help us to prove
the quantum decoupling of redundant degrees of freedom
at the quadratic level (free theories). Our master action
approach also leads us to a better understanding of the
differences with the spin-one case where there are only
first-order and second-order (in derivatives) self-dual mod-
els, unlike the spin-two case where we also have a third-
order (ghost-free) self-dual model. In particular, based on
the local symmetries of the dual models, we also explain
why we do not expect a fourth-order (or higher) self-dual
model for spin two and why we do not have a third-order
(or higher) self-dual model for the spin-one case. Our
approach makes it clear that the absence of ghosts in the
third-order self-dual model is a consequence of the non-
propagating nature of the Einstein-Hilbert (EH) action in
D=2+1.

In the second part of this work (Sec. IIT) we show that
there exists a self-consistent quantum description of a
couple of massive states of opposite helicities ( + 2 and
—2) and different masses in general, by means of only one
rank-two tensor field which we call a generalized self-dual
(GSD) field in analogy with the spin-one case treated in
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[6,7]. We avoid the conflicts found in [8] with the sign of
the Einstein-Hilbert term by working with a Chern-Simons
(CS) term of first order instead of the gravitational Chern-
Simons term of third order of [9]. The particle content of
the GSD model is disentangled by showing its dual equiva-
lence to the gauge invariant sector of a couple of non-
interacting second-order self-dual models of opposite
helicities.

II. FIRST, SECOND, AND THIRD-ORDER SELF-
DUAL MODELS AND THEIR DUAL MAPS

Our starting point is the first-order self-dual model
suggested in [10] which is the helicity +2 analogue of
the helicity +1 self-dual model of [11],

2
S = [ 5 e 0utaa+ 5 = Fd ™) |
M)

naB =
diag(—, +, +). The upper index in S(S% indicates that we
have a first-order model in the derivatives. In most of this
work we use second rank tensor fields, like f, g in (1), with
no symmetry in their indices. Whenever symmetric and
antisymmetric combinations show up, they will be de-
noted, respectively, by fiap) = (fap T fpa)/2 and
f1ap] = (fap — f5a)/2- Replacing m by —m in S§J, we
change the particle’s helicity from +2 to —2. The first term
in (1) reminds us of a spin-one topological Chern-Simons
term which will henceforth be called a Chern-Simons term
of first order (CS;), to be distinguished from another (third-
order) Chern-Simons term which appears later. The second
term in (1) is the Fierz-Pauli (FP) mass term [12] which is
the spin-two analogue of a spin-one Proca mass term. The
FP term breaks the local invariance 6f,5 = 9,£p of the
CS; term.

where f=n*f,5. The metric is flat:
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The equations of motion of (1),

G,uy)‘avf)\a = m(fay, - ny,af): (2

imply that f, g is traceless, symmetric, and transverse, i.e.,
f=0 3

Jrap =0, “4)

aafaﬁ =0= aﬁfaﬂ (5)

Furthermore, it follows that f,z satisfies the
Klein-Gordon equation (CJ — m?)f,5 =0 and the
helicity ~ equation  (J#P, +2m)*FY°f 5 =0, with
(2m)BY® = (527 §P% + §298PY),  and (see  [4])
the  quantities  (J#)*P70 = (@Y ePrd 4 nBYexrd +
@2 eBrY 4+ P2 eary) /2 satisfy the 2 + 1 Lorentz algebra.
In summary, all necessary equations to describe a helicity
+2 massive particle in D =2 + 1 are satisfied at the
classical level.

Next we combine the works [10,13] into one master
action which takes us from the first-order self-dual model
(1) to its second and third-order versions entirely within the
path integral framework with no need of solving any con-
straint equation as in [10] or introducing any explicit gauge
condition. Before we proceed, in order to keep the analogy
with the spin-one case as close as possible and to avoid the
profusion of indices, we use the shorthand notation

[1-dr = [@xe,pra, g (©)

/(fz)FP = [d3x(fz = funf™). (7

In the master action approach an important role will be
played by the EH term. If we expand in the dreibein e, =
Nua T o and keep only quadratic terms in the fluctua-
tions, the EH action can be written [13]

AR,
%[cpx(\/—:ER)hh = fd3x6 £ 4” rall)

1
=2 fh - dQ(h), (8)

where'
Q/\a(h) = Eaﬁy[aﬂ(hyA + l’l/\y) - a/\h.},ﬁ] (9)

As explained in [7,14] with an explicit example, the
existence of a master action does not guarantee a priori
spectrum equivalence of the interpolated dual theories. It is
crucial that the terms which mix the fields of the dual
theories have no propagating degree of freedom like the
spin-one CS term used in [15] or the BF-type mixing terms

'Our definition of ,%(h) differs from [13] by an overall sign.
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of [16]. Based on the works [10,13] we suggest the follow-
ing master action:

2
sy="[r-ar+ "% [
m
—5f(f—A)-d(f—A)
—af(h—A)-dQ(h—A). (10)

We have introduced two second rank tensor fields A, g
and h,g with no symmetry in their indices. The upper
index in S§; stands for a singlet (a parity singlet of helicity
+2). The coefficient in front of the third term of (10) is
such that the quadratic term of S5, in f, g has no deriva-
tives, which is important for deriving dual theories which
are local. The constant “a” will be fixed later on for an
analogous reason. If a = 0 we recover the intermediate
master action of [10]. Let us introduce sources j,z and
define the generating function:

WS[J]='[DAQBDhaBDfaBCXpi<S§,I+fd3XfaBjaB).
(In

After the trivial shift h,gz — h,g + A,p followed by
Agp — Aup t+ fap, the last two terms of (10) decouple,
and since they have no particle content it is clear that S}, is
equivalent to S(S% and therefore describes a parity singlet of
helicity +2. After those shifts and integrating over A,z and

A, B> We derive, up to an overall constant,

WS[J] = f Df up expi(sgg + / d3xfa5j“f3). (12)

On the other hand, since the linear term in the fields f,, g
in the exponent in (11) is f,gU* with U*F =
me**,A\P + j*B, after the shift f,5— fup+
(MapUli = 2U,p)/(2m*) we decouple f,z completely.
After integrating over f,g we obtain, up to an overall
constant,

WSLJ] = [ DAy DhogexpiSjl  (13)
where

A-dQ(A
SiLjl= [[f() %4 da]

—a](h—A)-dQ(h—A)

‘B s YIAY)
. J*iga _ Gu)
+[d3x[]“ﬁFaB(A)+ 2m§ - i:ﬂ ] (14)

The sources are now coupled to the gauge invariant
combination:
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ut(A)
>

where Tg,(A) = (;)ez""9,A,, is invariant under the
gauge transformations 0A,z = d,&p. The shift h,z —
hag + Ay in (14) decouples h,g for arbitrary values of

the constant “a,” which has played no role so far.

Integrating /g, up to an overall constant again, we obtain

aB(A) = Toz,B(A)

Nap 5)

WS[J] = / DA,z

xexpi{s(2> (A) + fd3 [ B 5(A) AT

2m 2
_ Uk )2]}
) 16
4m? (16)
where the second-order self-dual model is given by
2 A - dQ(A) m
s3 = f[f — A dA]. (17)

The model S(Szg has appeared before in [10,13]. It looks
very similar to the spin-one Maxwell-Chern-Simons
(MCS) theory of [9]. In particular, S(Szg is a gauge theory
invariant under A, = 9,&g. The first term in (17) is the
analogue of the Maxwell term in the MCS theory and
corresponds exactly to the quadratic approximation of the
Einstein-Hilbert action [see (8)], with its usual sign.

From the classical point of view, the equations of motion
of S(Szg can be cast in the same self-dual form (2) with the
identification f,z <> F,5(A). Therefore, it is clear that S(S%
is a perfectly acceptable classical description of such a
particle.

At the quantum level, deriving (12) and (16) with respect
to the sources we demonstrate the following equivalence of
correlation functions:

<f,u1V1 (X]) o
= (F,,[Ak)]- - F,LN,,N[A(XN)DS% + contact terms.

(18)

’ fMNVN(xN»S(Sg

The contact terms appear due to the quadratic terms in
the sources in (16). In conclusion, we have the dual map
below at the classical and quantum levels,

Th(A
ﬁ)mﬂ (19)

faﬁ - FaB(A) = aB(A) -

Because of the gauge invariance of T,g4(A) =
€,"49,A, g/m our dual map is gauge invariant as expected
since Ség is not a gauge theory. The map (19) is similar to
the spin-one map f, < €,,,9”"A%/m between the self-
dual model of [11] and the MCS theory of [9].

Next we show that S(s% is also dual to a third-order self-
dual model. Neglecting surface terms, after some integra-
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tion by parts it is easy to prove the identities
[h - dO(A) = [A - dO(h) = [Q(h) LA, (0)

By using those identities in (14) and fixing @ = 1/4, we
can cancel the second-order term [A - dQ}(A)/4, and the
intermediate action (14) can be written as

SIS

1
+%/Q(h)-dﬂ(h)—1[h-dﬂ(h)

jaf PN2

+ jd3x[j“BFaﬁ(A) +7 2n’1§“ - (i";)z ] 1)

It is clear that the shift A, 3 — A,g + Qop(h)/2m will

decouple A, g from h,z and produce the third-order action

JQdQ out of the second-order theory (14). Another, less

obvious, shift A, — Aup + (jga = MpaJii/2)/m* decou-

ples A,z completely and gives rise to the CS; term

—(m/2) [A - dA with no particle content. After integrat-

ing over A, g we derive from (13) and (21), up to an overall
constant,

wm=[mw

X expi{S(S*}))(h) + [d3x[j“ﬂFaB(%>

+@wq} (22)

Sl =

where O(;?) stands for quadratic terms in the sources
which lead only to contact terms in the correlation func-
tions and therefore do not need to be specified. From (9)
and (15) we have

Q Q T ”( L)
P () 2 @3
“ﬂ(zm) “5<2m) 2 e 23)
Ta'[;(&) _ eav)taVQ)‘B _ anEﬁAh(y/\)’ (24)
2m 2m? m?
with E* = e*7g,. The third-order self-dual model

(3) b(h) is given by

(3)(h) - fQ(h) dQ(h) — [h - dQ(h)

= ’[d3x|:%h()\m(7]’\55 - a/\aﬁ)E“ah(ag)
1
- Eh(M)E”EWh(m;)]. (25)

The first term in S(S%(h) is the quadratic approximation
in the fluctuations of the dreibein e,g = M5 + hyp of a
gravitational Chern-Simons term (see [9,13]), while the
second one is the EH term at the same approximation; [see
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(8)]. Both terms form the quadratic approximation for the
so-called topologically massive gravity of [9]. The action
S(SD is invariant under the local transformations oh,gz =
doép T €4p3,¢7. Notice that the sign of the EH term is not
the expected one. By construction, in passing from S(Szg(h)
to S(S%(h) there is a sign inversion. The unexpected sign, as
explained in [9], is in fact necessary for the absence of
ghosts, which is a surprising feature of the higher-order
theory S(S%(h) that we now understand from another point
of view, since we have shown directly that S$) (k) can be
derived from the first-order ghost-free theory S(S%(h) by the
addition of two extra terms (mixing terms) [see (10)] with
no particle content. Now it is clear why we do not have a
third-order self-dual model in the spin-one case; the point
is that when we derive S$)(h) from a first-order theory a
second-order mixing term is necessary. We have used the
quadratic Einstein-Hilbert action as a mixing term since it
has no particle content. However, its spin-one analogue is
the Maxwell action which contains a scalar massless par-
ticle in the spectrum and cannot be used to mix dual fields
without leading to a spectrum mismatch between the dual
theories.

At the classical level, the equations of motion 85(53]% =0
can be written in the first-order self-dual form (2) with the
identification f,5 < F, B(%). Consequently, Sg% classi-
cally describes a parity singlet of helicity +2 just like
S(Szl% or S(SB.

From (12) and (22) we deduce

<f,u,1V1 (xl) o .f:U’NVN(xN))S(SB
_ Qxy) Q(xy)
_<FM1V1[ m ] FMN,,NI: m :|>S‘S33 + contact terms.

(26)

It is remarkable that now in the S(S%(h) theory we have
Taﬁ(%) = Tﬁa(%) [see (24)], and consequently
F aﬁ(%) =F Ba(%). Therefore the dual map f,z <
F, ﬁ(%) that we read from (26) now automatically assures
the vanishing of correlation functions of the antisymmetric
combinations f[,z), up to contact terms, which is not
obvious either in S(%(f) or in S( b(A). This is a typical
advantage of having dual formulat10ns of the same theory.

The decoupling of the trace f = n*ff,, g 1s not obvious
in any of the three self-dual formulations given here. In
what follows we take advantage of the second-order for-
mulation to prove it. First, suppose we had defined the
sources from the very beginning as ]“B = ¢pn*f + ]aﬂ +
JaP. such that Fapi®™ =1+ i$P fap + 35" frap
where ]SB = ]S “and ]aB = —jfa. Back in (16) and using
(15) we can write down the action in the exponent of (16)
as follows:

PHYSICAL REVIEW D 79, 045025 (2009)
Ao EMETY (A, + Ay,)

S[j] = f d3x[— pa .

m2w+ 4T o (A) + 5T 0 (A)

Since the first term in (27), which is the quadratic
Einstein-Hilbert action, only depends on A wa) it is clear
that we get rid of j4“T,,(A) through the shift A** —
AR 4 jffa/mz. So we can see the decoupling of f[aﬁ]
directly in the S(SZ]% formulation. After A*% — AKY +
(B2 — ey 2, —¢Ti/2 in (7).
Consequently, all correlation functions of f1,g; or the trace
Jf will vanish, up to contact terms, in agreement with the
classical results (3) and (4).

Regarding the transverse condition (5), from the trace of
the dual map (19) we have the correspondence f <
—T..(A)/2. So, the decoupling of the trace f implies that
correlation functions in the S% (A) theory involving T4 (A)
must vanish (up to contact terms). Classically, 7% (A) = 0

we cancel out

follows from the equations of motion of S&)(A). Thus, we
can reduce the dual map (19) to f,, 5 <> T,5(A). Because of
the trivial (nondynamical) identity 9,7%% = 0 it follows
that 9,f*# =0, and since f1%Al decouples we have
d,f% =0=0,fB = 0 inside correlation functions up
to contact terms. Therefore all constraints (3)-(5) are
satisfied. We can use the dual maps between correlation
functions (18) and (26) and the detailed studies (including
the pole structure of the propagator) made in [9] (see also
[10]) to finally establish that the three models S(l)(f)

(2) b(A), and S(S) p(h) correctly describe a parity singlet of
he11c1ty +2 and mass m.

The fact that (4) and (5) are consequences of trivial
(nondynamical) identities is relevant for a consistent cou-
pling to other fields. In the spin-one case the transverse
condition on the self-dual field 9, f* = 0 is traded, in the
Maxwell-Chern-Simons theory, in the Bianchi identity
a,F*(A) = d,(e*"9,A,) = 0. Since this is trivially sat-
isfied it will hold also after coupling to other fields. In
particular, in [17], we have coupled the self-dual model to
charged scalar fields by using an arbitrary constant “a’ as
follows: 9,¢ 0*¢p — (D,$)* D" + *(a — 1)f*¢* ¢,
where ““e” is the charge and D, ¢ = (9, + ief,)p. We
have shown in [17] that the Bianchi identity 9, F*(A) = 0
gives rise via a dual map to the constraint d,{[m* +
2¢%(a — 1)¢p*¢p1f*} = 0. Although we only have a ““mini-
mal coupling” for a = 1, the correct counting of degrees
of freedom is guaranteed for any value of “a.” In the spin-
two case the traceless condition f = 0 does not correspond
to a trivial identity in the dual gauge theories. Therefore we
expect restrictions on the possible couplings of the spin-
two self-dual model to other fields.
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Concerning the local symmetries of the models S(Szg and
S (53]%, a comment is in order. Namely, the first term in § (s% is
invariant under the local transformations 6¢f4g = 9,€p-
This symmetry is broken by the Fierz-Pauli mass term.
However, in the dual theory S(SZI; such symmetry is restored.

Analogously, the first term in 5(52]; is invariant under anti-
symmetric local shifts d,A,z = Ayg, where A,z =
—A g, and that symmetry is broken by the mass term of
S(Szg (the CS; term). Once again the symmetry is restored in
S (53]%, which depends only on £, ). Since both the quadratic
Einstein-Hilbert action and the mass term (quadratic third-

order Chern-Simons term) of Sg; are invariant under the
same set of local symmetries, there will be no local sym-
metry to be restored by a higher-order (fourth) self-dual

model. So we claim that S(S% is the highest-order spin-two
self-dual model. Likewise, in the spin-one case both the
Maxwell and Chern-Simons terms are invariant under the
same gauge symmetry and we have no third-order self-dual
model of spin one.

III. GENERALIZED SELF-DUAL MODEL OF SPIN
TWO AND ITS DUAL

In the last section we learned that there are at least three
different consistent ways of giving mass to a parity singlet
of spin two in D = 2 + 1 without using extra fields. We
can use the Fierz-Pauli mass term, the CS; term, or the
Chern-Simons term of third order which is a quadratic
truncation of a gravitational Chern-Simons term; see (1),
(17), and (25), respectively. In the spin-one case (parity
singlet) we have two possible mass terms, i.e., the first-
order Chern-Simons term and the Proca term which ap-
pears in the first-order self-dual model of [11]. Both terms
can coexist in a generalized self-dual model (Maxwell-
Chern-Simons-Proca theory) which contains two massive
parity singlets of spin one in the spectrum. It is natural® to
ask whether we could combine different mass terms also in
the spin-two case. Indeed, this question has been addressed
in [8]. As we have seen here, in passing from S(S% to 5(531% the
usual sign of the Einstein-Hilbert term must be reversed,
which poses a problem when both the first and the third-
order Chern-Simons terms are present since they require
opposite signs for the Einstein-Hilbert action. It is also
known that in the usual FP massive gravity the sign of the
Einstein-Hilbert theory is the usual one. In fact, due to this
problem the authors of [8] have concluded that the theory
consisting of an Einstein-Hilbert action plus a topological
Chern-Simons term of third order and a FP mass term does
not have a physical spectrum. On the other hand, we could
have two massive physical particles in the spectrum by
combining both the first-order CS term and the FP mass

%In a more general situation we might try to combine the three
different spin-two mass terms altogether [18].
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term. In analogy with the spin-one case [7] we define a
generalized self-dual model of spin two by adding a qua-

dratic Einstein-Hilbert term to the S(S]I; self-dual model
defined with arbitrary coefficients a, a;:

oo = [[ e + - ar + M)

We could ask, what is the gauge theory dual to Sgsp
which generalizes ngl%? Following [7], in order to avoid
ghosts, it is appropriate to introduce auxiliary fields (A,g)
and rewrite the quadratic EH term of (28) in a first-order
form with the help of a Fierz-Pauli mass term. Next we
add two terms, with no particle content, to mix the initial
fields (fop Aap) Wwith the new dual fields (A,p, Bop).
Introducing a source term we have the generating function

W[l = f DADBDfDAexpiSy(j), (29)
where the source-dependent master action is given by
sui) =2 [+ G [r-ar+ [ @i,

1 - ~

5 [0+ [a-ar = [0 -B)-ag D)

_4 A df — A

S R RG] (30)

After the shifts By — Bopg + Ayp and A,p — A,p +
fap in Sy, the last two terms decouple, and since they have
no propagating mode, the particle content of S, is the same
as that of the generalized self-dual model Sggp. Integrating
over A, B, and Ay B> We obtain the generating function of
the GSD model up to an overall constant:

Wl = f DB [dfu] 31
On the other hand, we can write
Su(j) = —[E’-dﬁ—%fﬁ-dﬁwL/d%jﬂ”fW

3 [0+ [a-ai+2 [
+ / f-dB + aA). (32)

The integrals [DA and [Df will produce two
Einstein-Hilbert terms quadratic in the fields Aaﬁ and
B, including a mixing term involving both fields. A field
redefinition can decouple A, p from B, p- Guided by the

spin-one case [7] we use the convenient notation

ag = mym_; ay=my —m_. (33)
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After the redefinitions

Ay = Y Aas Z VM Bap, (34)
Jmy +m_

~ mY? A + m¥2B g

Bes = ) 35
“ N (35)
we deduce, up to an overall constant,
W[]] = fDADBeiS[j’m+,m,] (36)
where
SLj,my, m-]= S (A, my) + S (B, —m_)
+ fd3x[j“”FaV(A, B) + L Jva
2m+m_
.M ‘o
M] a7
dm,m_

The tensor F,,(A, B) is invariant under independent

gauge transformations 64,3 = d,&p and 6B,5 = 9,{p,
explicitly:
Fop(A, B) = €45,08CY,, — "5‘” en9,C,,  (38)
1 Aup BaB
Cup=— . 39
@B Jmy Fm_ ( iy 4/m,> (39)

For m, = m_ parity symmetry is restored in both (28)

and (37). Using the physical interpretation of S(Szl% from the
last section, it is now clear that Sggp describes two massive
particles of masses m and m_ and helicities +2 and —2.
Comparing correlation functions from (31) and (36) we
derive

<f,u11/1 (xl) e f,u,NVN(xN»SGSD(f,er,m,)
= <FM]V1[C(-X1)] o F

+ contact terms. (40)

MNVN [C(XN)]>S22];(A,m+)+Sg;(B, —m_)

So we have the map f,3 < F,5(C). For a complete
proof of equivalence between Sggp(f, my, m_) and the
gauge invariant sector of SSD(A my) + S(z) (B, —m_), it
is rather puzzling that f, 5 is mapped into a gauge invariant
function of one specific linear combination of the fields
A,p and B, g, while on the other side we have two inde-
pendent and local gauge invariant objects, namely,
T,a(A) =€,"%9,A),/m and T,,(B). We should be able
to compute any correlation function of 7, ,(A) and T, ,(B)
in terms of the generalized self-dual field f,, g. Indeed, as in
the spin-one case [7], this is possible, as we show next. We
first suppress the source term f,g j*B in (30) and add
sources for T, (A) and T,,,(B). So we define the generat-
ing function

PHYSICAL REVIEW D 79, 045025 (2009)
W j-1= [ DIDADADE expiSylj. j-] @)
where
Sulie j-1=Su(j =0)
[T B+ T B @)

We have introduced the sources

_ 1 (m_j+
T Jmy +m_\ Jmy

~a

mij_
- 4
\/m_>’ (43)

— (e ") (44)
Jmy +m_\/m, ./

in such a way that, after integrating over f,z and A, and

redefining the fields according to (34) and (35), we obtain,

up to an overall constant,

W[j+,j_] = W[j+»j—]

= [ DfDADADBexpz{S(z)(A m.)
+ S(z)(B —-m_)+ [d%[]ﬁaTﬂa(A)

+ j’i"‘TW(B)]}. 45)

On the other hand, it is not difficult to convince our-
selves that after some shifts of B,, p and A, g in(41), we can
decouple those fields completely. Their integration leads to
a constant. By further integrating over the auxiliary fields
Aqp We obtain from (41), up to an overall constant, the dual
version of (45),

W[j+,j—] = W[;+,j—]
= [Dfexpi{SGSD(f)
/dgx[.] D/\ MV(X —m_ )f,ul/
1D, m)f ]+ 00D o

where O(;?) stand for quadratic terms in the sources j; and
j—. We have introduced the differential operator

1
|m|/m + m_

D)\a,uv(x, m) — [mE)/C\MT]aV _ Ei\('LLE;)a].

(47)

Note that (45) and (46) are both symmetric under
(my,m_, jy,j)—(—m_, —my,j_,ji) as expected.
Correlation functions of 7,,(A) and T,,(B) can now be
calculated from the GSD model. For instance, from (45)
and (46) we derive

045025-6



DUAL DESCRIPTIONS OF SPIN-TWO MASSIVE ...
B A TP A D s
= Dx By (xl: my)- e DQNBNMNVN(_XN’ m.)

XSy, 1) =y, (Xn))s,s, + contact terms.

(48)

Of course, we can also calculate correlation functions of
T,,(B), and mixed correlation functions involving both
T,4(A) and T, ,(B) from the GSD model (28). So we prove
the quantum equivalence between the gauge invariant sec-
tor of S2 (A, m,) + S (B, —m_) and the GSD model, up
to contact terms. The classical equivalence between those
models can also be established in a fashion analogous to
what has been done in the spin-one case in [7].

IV. CONCLUSION

We have shown in the master action approach how
duality can help us to prove the decoupling of redundant
degrees of freedom at the quantum level. We have com-
pared correlation functions and derived a dual map be-
tween the first-, second-, and third-order self-dual models
which describe parity singlets of helicity +2 (or —2) in
D = 2 + 1. In particular, the decoupling of the antisym-
metric combinations f|,p) and the transverse conditions
dof*" =0=dzf** have been shown to be related
via dual maps to the trivial (nondynamical) iden-
tities  Top(Q) —Tp(Q) =0 and 9,TF(Q) =
aa(eawayﬂyﬁ) = 0, respectively, which indicates that
those constraints will not be obstacles for the inclusion of
interactions, contrary to the traceless condition f, =
Furthermore, we have seen that the spectrum equivalence
of the three self-dual models follows from the nonpropa-
gating (pure gauge) nature of the mixing terms in the
master action, namely, the Chern-Simons term of first order
and the Einstein-Hilbert action. Based on the local sym-
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metries of the self-dual models we have argued that we
should not expect a fourth- or higher-order self-dual model
of spin two and that there is no third-order (or higher) self-
dual model in the spin-one case.

In Sec. III we defined a GSD model by adding a qua-
dratic Einstein-Hilbert term to the first-order self-dual
model of [10] and showed its equivalence to the gauge
invariant sector of a couple of noninteracting free particles
of opposite helicities ( + 2 and —2) and different masses,
ie., S(SZI;(A, my) + S%(B, —m_). This generalizes pre-
vious works [19-21]. We have identified the gauge invari-
ant field of the GSD model with a gauge invariant function
of one specific linear combination of the opposite helicity
gauge fields; see (39). In the opposite direction we have
also shown how to compute correlation functions of gauge
invariant objects of S(S%(A, my) + S(SZI))(B, —m_) from the
dual GSD theory. No specific gauge condition has been
used.

The decoupling of spurious degrees of freedom after the
inclusion of interactions is under investigation. It is also of
interest to formulate consistent self-dual models for higher
spin (s = 3) massive particles in D =2 + 1 since the
cases s = 1 and s = 2 seem to indicate, as we have seen
here, a connection between topological actions and self-
dual models. Finally, since there are dimensional reduc-
tions from massless particles in D + 1 to massive particles
in D dimensions, one might wonder which mechanisms or
which dual massless spin-two models in D = 4 give rise to
the three self-dual models described here in a unified way.
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