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In the original article we introduced a concept of global L& cycles of sin-
gular hypersurfaces in compact complex manifolds, and we gave a formula
(Theorem 1) relating these with the Milnor classes of the corresponding hyper-
surface. There are two errors in the original article that we discuss and correct
below. The first of these is in the definition we gave of the global Lé cycles
(Definition 3.2). The second comes from the fact that the ambient smooth com-
plex space M should be contained in a projective space in order to use Piene’s

The online version of the original article can be found under doi:10.1007/s00222-013-0450-7.
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formula in [5, Théoréme 3] for the Mather classes. Hence the very ampleness
hypothesis on the line bundle L is no longer needed.
The correct statement of Theorem 1 is:

Theorem 1.1 Let M be a smooth complex submanifold of PN of dimension
n+1, let Z be the hypersurface in M defined by the set of zeroes of a reduced
holomorphic section s of a line bundle L on M. Set h := ¢1(Opn(1)|z) and
denote by My (Z) the k-th Milnor class of Z as defined in Definition 5.1. Then,
foreachk =0, ...,r = dim(Zyj,e), there are cycles, obtained with respect
to the choice of a linear subspace of PV , which give rise to well defined classes
Ar(Z) of Z in the Chow group and integral homology group of Z, that we call
the global Lé classes of Z, and these are related to the Milnor classes My (Z)
by the formulas:

L i 41 S
M(Z)=D" D (=)t (kijﬂ)““'z)]h' “INAiZ)
J=0i>k+j

and conversely:

M@= 0 (ST (M@ LM 0 @),
j=0

The precise definition of the global L& classes is given below. This uses
a codimension k + 2 linear subspace Ly, of PV that defines the global Lé&
cycle Ax(Z, Li42), which is an algebraic cycle that can be seen as the global
counterpart of the local L& cycles defined by Massey in [4]. The corresponding
classes in Chow groups and homology groups are the global Lé classes in
Theorem 1.1 and these are independent of the choice of a general linear space.

The justification of the moniker “global L& cycle” is that for any given
point of Z there is a global L& cycle Ax(Z, Lr+2) whose restriction to a
neighborhood ¢/ of the given point is the local L& cycle, of the hypersurface
Z NU at that point, defined by Massey in [4].

We notice too that the corollary following Theorem 1 remains unchanged,
and so do, essentially, Theorems 2 and 4.7.

The concept of global L& cycles of Z that we gave in the original article was
motivated by the Gaffney—Gassler interpretation in [2] of the local Lé cycles of
holomorphic function-germs introduced by David Massey in [4]. These were
defined as the Segre classes of Z;,, in M, and we wrongly proved a theorem
relating these to the Milnor classes of Z. In fact, a correct relation between
Milnor and Segre classes had been proved by Aluffi in [1] at a higher level
of generality. Our proof of Theorem 1 used a characterization of the global
L& cycles as Massey (or MacPherson) cycles, and that was the interpretation
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of the global Lé cycles that we actually used to prove our theorem. The first
error was precisely the identification of these Segre classes with the Massey,
or MacPherson, cycles (Eq. (14) in Proposition 4.6). Thence we must define
the global Lé cycles differently, as indicated below.

We are grateful to Paolo Aluffi for pointing out to us that our main theorem
in the original article could not be true as stated because it led to contradic-
tions. We also thank him for allowing us to use his software for computing
MacPherson and Segre classes of singular varieties.

Let X be a d-dimensional subvariety of PV . Its k-th polar variety is (Defini-
tion 4.2):

Pr(X, Li42) = {x € Xreg | dim (TxXreg N Lk+2) >d—k—1},

where Lj7 is a plane of codimension k£ + 2 in PN and T, X reg 18 the projective
tangent space of X at a regular point x. The classes in Chow groups and
homology represented by these polar varieties do not depend on the choice of
the linear space provided this is sufficiently general (see [6, Proposition 1.2]).
We denote these classes by [Pr(X)].

For any given constructible function g on X € PV with respect to a Whitney
stratification S = {S,} of X, we define (following Schiirmann and Tibar in
[7]) the MacPherson cycles as in Eq. (12):

MP (B, Liy2) := D (=1D%n(Sa, BYPx(Sa, Lit2),

where d,, denotes the dimension of S, and 1 (S, B) is the usual Normal Morse
index (as in Definition 2.1).

Remark 1.2 On any compact algebraic variety X, Lé and Teissier in [3, Equa-
tion (6.1.5.3)] define a cycle & = >, ijelz ny j, Fy j,, called also MacPher-

son cycle, such that cMa(®) = ¢SM(X). This cycle does not coincide with the
(total) MacPherson cycle defined in this work as

MPP(X, La) := D" > (= 1)%n(Se, 1x)Pi(Sa, Lis2),
k o

where {S,} is a Whitney stratification of X and Ly : Ly € Ly_1 € --- C
Lo = PV is a flag of linear subspaces L jof PV of codimension j , because

MAMPE (X)) # SM(X) = D (= D% n(Sy. 1x)cM(Sa).
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Definition 1.3 Consider the context of Theorem 1.1, with Z endowed with a
given Whitney stratification. The kth global Lé cycle of Z with respect to a
general linear subspace L7 (of codimension k + 2) of PV is:

AW(Z, Lit2) = (—1)"MPE (0, Li42), (1)

where w(x) = x (Fy,x) — 1 and f, with Fy,, alocal Milnor fiber of f at x of
the function f corresponding to s in some local trivialization of L around x.
The classes associated to these cycles will be denoted by Ay (Z).

Notice that the Euler characteristic of the corresponding local Milnor fiber
F,x does not depend on the chosen trivialization of L. Moreover the function
w 18 constructible with respect to any given Whitney stratification of Z. Finally,
the corresponding L€ cycle of Z for a general linear subspace does not depend
on the Whitney stratification, because the cycle >, 7(Sq., ﬂ)[IP(T* M)] does
not depend on the choice of the stratification (see [7, Lemma 2 4 1). Since
Pi(Sq, Liy2) = n*(IP’(T* M)N (M x Li42)), where IP(T* M) — M is
the projective conormal map, we have that the cycle

MP (B, Liy2) := D (=1)%n(Sa, BYPk(Sa, Lit2),

does not depend on the stratification.

The following result expresses each Schwartz—MacPherson class through
classes associated to the MacPherson cycles. The statement and the proof are
as in Theorem 4.7.

Theorem 1.4 Let X C PN be a subvariety endowed with a Whitney stratifi-
cation with connected strata Sy. If B : X — 7. is a constructible function with
respect to this stratification and L := Opn (1), then

dy .
MBy =D n(Su, B) D (=) (;jll ) c1(Llx)" ™ N [P (S)]
o i=k

_ ifi+1 i—k P
=> (-1 (k L 1) c1(Llx)~* N MPF(B).
i~k
Recall that, for every F*® in Df(X ), the derived category of bounded, con-

structible complexes of sheaves of C-vector spaces on X, the Massey cycles
of F'® are (Definition 4.4):

AR(F®, Lig2) = D~ ma(Ya)«Pi(Sa. Lit2),
o
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where ¥y : Sy <> X is the inclusion and m, = (—l)d_da_lx(qﬁgw Fl?v)l’; g
is a non-degenerate covector at p € S, with respect to the fixed stratification
S = {8y}, N is a germ of a closed complex submanifold which is transversal
to S¢ with N N S, = {p} and bg1y Fl?v is the sheaf of vanishing cycles of

Fl‘ with respect to g|,. When B(p) = x(F*), for F* € DZ(X) we denote

N

Af(F') also by AE(,B). In this case, by Proposition 4.6 (13) we have
AL(F®, Liya) = (=D XMPE (B, Liy2). 2)

Remark 1.5 This equality follows from Remark 4.5 because two projective
cycles coincide if and only if their pullback to every chart in an affine open
covering coincide. The non trivial part of this statement is not true for cycle
classes in Chow groups, and that was the argument we used wrongly in the
original article to state Eq. (14). Notice that the second equation of Theorem
1.1 relates the global Lé cycles with the Milnor classes of Z, hence by using
[1, Theorem I.1] we get a description of the global L& cycles in terms of Segre
classes of the singular locus of Z in M.

The classes associated to the MacPherson and Massey cycles will be denoted
by MPE (B) and AE(F ®) respectively. Thus,

MP{(B) =D (=1)*n(Sy. B)[P(S)] and

AL(F®) = ma(Ya)«[Pe(Sa)].

By Corollary 2.4 and (2) we have that the global L€ cycles are the compact-
ification of the global affine MacPherson cycles introduced by Schiirmann and
Tibar in [7].

With this definition of global L& cycles, Lemma 6.1 becomes the lemma
below, with essentially the same proof. This leads to the first equation in
Theorem 1.1.

Lemma 1.6 (Main Lemma) Let M and Z be as in Theorem 1.1. Then

o P 1 S
Me(Z) =2 > (=D (kr;.H)cl(uz)fh’ TN Ai2).
j=0ixk+j

We get:
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Corollary 1.7
Ar(Z)

= >0 (KT W 0 (M @)+ @ WM (2)
j=0

Proof Notice that, by Lemma 1.6,

~ i+ 1 i —k—
Misi +e1(Llz) 0 My = D (=1) (k’ﬁﬂ)hl “Inni@).
i>k+l
(3)

Hence, it is enough to prove that

ki (K+H1+1 i+1 i—k _
ZZ(—N*( 1 )(k+,+1)h NAI(Z) = Ak(2),

>0 i>k+l

which follows by simple combinatorial manipulations, as in the proof of
Lemma 6.5. O

This completes the proof of Theorem 1.1.

Example 1.8 Let Z be the hypersurface of P* defined by the homogeneous
polynomial H (xg,...,xs4) = x3x4. Consider the following Whitney strati-
fication of Z : S1 = V(X3) \ V()C3,)C4); Sz = V(X4) \ V(X3,X4); S3 =
V(xz, x4) \ V(x2, x3,x4); Sa = Vi(xz,x3,x4) \ V(x1,x2,x3,x4); S5 =
V(x1, x2, x3, x4). Notice that the polar varieties of the strata are: P (S;) = ¢
if k # dim(S;) and Px(S;) = S; if k = dim(S;). Therefore,

MP{ () = n(Ss_i, w) [P¥], k=0,1,2,

where w (x) = x (Fy,y)—1 with f being the restriction of H to a neighborhood
of x and Fy, being the Milnor fiber of f at x. It remains to compute the
normal Morse index of the strata. For example, for S3 the complex link is
given by ls;, = ZN NN Bs(p) N{g =1t} for 0 < |t] K § <« 1, where
p=0:0:1:0:0), N =V(xp,x1)andg = x3+x4. Thus, s, = {p1, p2},
where py = (0:0:1:0:¢)and pp =(0:0:1:¢:0). Hence

n(S3, w) =w(p) —w(p)x(p1) —w(p2)x(p2) =—-1-0-0=—1.

Analogously, we obtain that n(S4, @) = n(Ss, w) = 0. Therefore MPZP (w) =
—[P?] and the other are all zero.

We may compute the Milnor classes of Z using the formula given in
Lemma 1.6. We get that M (Z) = [P*] fork =0, 1, 2.
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In the original article we discussed too the relation between the global Lé
cycles and the Aluffi classes of the singular set of Z. These are oz =

c(Li,) N M(Z) (cf. Eq. (21)). From Eq. (3) above we get that the (;gﬁrect
statement of Corollary 6.7 is.

Corollary 1.9 (az,, )k = > (-1

(k+l+1
>0

k4l )hl N Axy1(2).
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