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Bekenstein bound in asymptotically free field theory

E. Arias® and N.F. Svaiter’
Centro Brasileiro de Pesquisas Fisicas-CBPF, Rua Dr. Xavier Sigaud 150, Rio de Janeiro, RJ, 22290-180, Brazil

G. Menezes*

" nstituto de Fisica Tedrica, Universidade Estadual Paulista, Rua Dr. Bento Teobaldo Ferraz 271, Bloco I, Barra Funda, Sdo Paulo,
SP, 01140-070, Brazil
(Received 26 April 2010; published 3 August 2010)

For spatially bounded free fields, the Bekenstein bound states that the specific entropy satisfies the
inequality £ = 277R, where R stands for the radius of the smallest sphere that circumscribes the system.
The validity of the Bekenstein bound in the asymptotically free side of the Euclidean (A¢*), scalar field
theory is investigated. We consider the system in thermal equilibrium with a reservoir at temperature 3~
and defined in a compact spatial region without boundaries. Using the effective potential, we discuss the
thermodynamic of the model. For low and high temperatures the system presents a condensate. We present
the renormalized mean energy E and entropy S for the system and show in which situations the specific

entropy satisfies the quantum bound.
DOI: 10.1103/PhysRevD.82.045001

L. INTRODUCTION

There have been a lot of activities discussing classical
and quantum fields in the presence of macroscopic bounda-
ries. These subjects raise many interesting questions. A
basic question that has been discussed in this scenario,
when quantum fields interact with boundaries, is about
the issue that these systems may be subjected to certain
fundamental bounds. 't Hooft [1] and Susskind [2], com-
bining quantum mechanics and gravity, introduced the
holographic entropy bound S < 7¢*R?/hG [3]. This holo-
graphic bound relates information not with the volume but
with the area of surfaces. Another bound is the Bekenstein
bound, which relates the entropy S and the mean energy E
of a quantum system with the size of the boundaries that
confine the fields. It is given by S < 27ER/hc, where R
stands for the radius of the smallest sphere that circum-
scribes the system [4-8].

The aim of this paper is to investigate the validity of the
Bekenstein bound in systems defined in a compact spatial
region without boundaries, described by asymptotically
free theories. We study the ordinary Euclidean (A¢?),
massless scalar field theory, with a negative sign of the
coupling constant [9-11]. This field theory is renormaliz-
able in a four-dimensional space-time, asymptotically free,
and has a nontrivial vacuum expectation value.

Studying the (A¢?), self-interacting massless scalar
field theory in the strong-coupling regime at finite tem-
perature, and also assuming that the field is confined in a
compact spatial region, a generalization for the Bekenstein
bound was obtained by Aparicio Alcalde et al [12]. The
basic problem that arises in theories with nonlinear fields is
the possibility of nonlinear interactions changing the en-
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ergy spectrum of the system invalidating the quantum
bound. Previous works studying the bound in weakly
coupled fields can be found in Refs. [13,14]. Bekenstein
and Guedelman studied the massless charged self-
interacting scalar field in a box and proved that in this
case nonlinearity does not violate the bound on the specific
entropy. In Ref. [12] it was assumed that the fields are
defined in a simply connected bounded region, i.e., a
hypercube of size L, where the scalar field satisfies
Dirichlet boundary conditions. Working in the strong-
coupling regime of the (A¢?), field theory and making
use of the strong-coupling expansion [15-19], the renor-
malized mean energy and the entropy for the system up to
the order A~?/?) were found, presenting an analytic proof
that the specific entropy also satisfies in some situations a
quantum bound. Considering the low temperature behavior
of the thermodynamic quantities of the system, it was
shown that for negative renormalized zero-point energy,
the quantum bound can be invalidated. Note that a still
open question is how the sign of the renormalized zero-
point energy of free fields described by Gaussian func-
tional integrals depends on the topology, dimensionality of
the space-time, shape of bounding geometry, or other
physical properties of the system [20-23]. For complete
reviews discussing the Casimir effect [24], see, for ex-
ample, Refs. [25-29].

The purpose of this article is to investigate another
physical situation that has not been discussed in the litera-
ture. We should note that a step that remains to be derived
is the validity of the bound for the case of interacting field
theory described by asymptotically free models [30—34], at
least up to some order of perturbation theory. This situation
of a deconfined field theory with asymptotically free be-
havior, defined in a small compact region of space, may
occur in QCD in the confinement-deconfinement phase
transition at high temperatures or if usual matter is strongly

© 2010 The American Physical Society


http://dx.doi.org/10.1103/PhysRevD.82.045001

E. ARIAS, N.F. SVAITER, AND G. MENEZES

compressed [35-37]. For a complete review of the subject,
see Ref. [38]. In ultrarelativistic heavy ion collisions we
expect that the plasma of quarks and gluons can be pro-
duced, just after the collision, and that hot and compressed
nuclear matter is confined in a small region of space. No
practical method had been developed to solve QCD, and
therefore the basic question we have presented here re-
mains unanswered, unless we try to describe a simpler
model that develops asymptotic freedom for some values
of the coupling constant.

In order to investigate the Bekenstein bound in this
asymptotically free theory, we assume that the scalar field
is confined in a bounded region. Working in the weak-
coupling perturbative expansion with the (A¢*),, we as-
sume periodic boundary conditions in all spatial directions,
in order to maintain translational invariance of the model.
This same approach was used in Ref. [39]. For papers
studying nontranslational invariant systems and analyzing
the divergences of the theory, see, for example, Refs. [40-
46]. We also assume that the system is in thermal equilib-
rium with a reservoir and investigate the asymptotic free
side of the (Ap*), [9,47-51]. In order to study the exis-
tence of a quantum bound on the specific entropy, we study
the behavior of the specific entropy using the effective
action method.

We would like to point out that the theory with a
negative coupling constant develops a condensate as was
shown by Parisi [52]. In the self-interaction (A¢*), field
theory, it is possible to find the vacuum energy E(A). This
quantity is given by the sum of all vacuum-to-vacuum
connected diagrams. In the A complex plane, the function
E(A) is analytic for Re(A) > 0 and the discontinuity on the
negative real axis is related to the mean life of the vacuum.
For a system with N particles, let us define Ey(A) as the
energy of such state. For negative A, there are collapsed
states of negative energy. Defining maxEy(A) = Ejp, the
probability of the vacuum to decay is e 5. The particles
on the collapsed state will be described by a classical field
®o-

The organization of the paper is as follows: In Sec. II we
study the effective potential of the theory at the one-loop
level. Because of the boundary conditions imposed on the
field, there is a topological generation of mass. The topo-
logical squared mass depends on the ratio ¢ = B/L, and its
sign is critical to the profile of the effective potential. In
Sec. III we present our results of the thermodynamic
functions and study the validity of the Bekenstein bound
in the model. To simplify the calculations we assume the
units to be such that i = ¢ = kz = 1.

II. THE EFFECTIVE POTENTIAL AT THE
ONE-LOOP LEVEL

Let us consider a neutral scalar field with a (A¢?) self-
interaction, defined in a d-dimensional Minkowski space-
time. The generating functional of all vacuum expectation
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values of time-ordered products of the theory has a
Euclidean counterpart, that is the generating functional of
complete Schwinger functions. The (A¢*), Euclidean the-
ory is defined by these Euclidean Green’s functions. The
Euclidean generating functional Z(h) is defined by the
following functional integral [53,54]:

20 = [laelexp( Sy = 8+ [ dxhteto). )

where the action that describes a free scalar field is given
by

1 1
Sole) = fddx(§(8¢)2 + Em(z)ﬁl’z)' (2)
The interacting part, defined by the non-Gaussian contri-
bution, is given by the following term in the action:

A
Site) = [ dix g o400 )

In Eq. (1), [d¢] is formally given by [d¢] = [].d¢(x), and
m} and A are the bare squared mass and coupling constant,
respectively. Finally, h(x) is a smooth function that is
introduced to generate the Schwinger functions of the
theory by functional derivatives.

We are assuming a spatially bounded system in equilib-
rium with a thermal reservoir at temperature B~ '. As-
suming that the coupling constant is a small parameter,
the weak-coupling expansion can be used to compute the
partition function defined by Z(3, Q, h)|,—,, where h is an
external source and we are defining the volume of the (d —
1) manifold as V,_; = (). From the partition function we
define the free energy of the system, given by F(B, (}) =

- % InZ(B, Q, h)|,—o. This quantity can be used to derive
the mean energy E(3, (1), defined as

E(BQ) = — aaﬂ InZ(B. Q, 1) @)

and the canonical entropy S(B, ) of the system is given
by

S(B. Q) = (1 - B%) Z(B, Q. Wy (5)

Since the scalar theory with the negative coupling con-
stant develops a condensate, it is convenient to work with
the effective potential of the system. As was stressed by
Bender et al. [10], nonperturbative techniques must be used
to find the true vacuum of the system. Therefore, let us
study first the effective potential at the one-loop level
associated to a self-interacting scalar field defined in a
d-dimensional Euclidean space.

Let us consider that the system is in thermal equilibrium
with a reservoir at temperature B~ . Therefore, we assume
the Kubo-Martin-Schwinger condition [55-58]. We will
work with a massless scalar field and assume d = 4, and
in order to simplify the calculations we impose periodic
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boundary conditions for the field in all three spatial direc-
tions, with compactified lengths L;, L,, and L;. The
Euclidean effective potential can be written as

4
Veit(¢p; B, Ly, Ly, Lsy) = %Wzgdf‘ + U + counterterms

1 0 ( 1\s+1

LS
BQ &= 2

X gS¢ZSZ4(2S’ al) Clz, a}: a4)) (6)

where we have defined the quantities ¢ = ¢/u, g =
A8, ail=pl; (i=1, 2, 3), a;'! =up, Q=
L,L,L5, and finally Z,(2s, ay, ..., as) is the Epstein zeta
function [20]. Note that we have introduced a mass pa-
rameter u in order to keep the Epstein zeta function, Z,, a
dimensionless quantity.

The first contribution to the effective potential given in
Eq. (6) is the classical potential. The second contribution
U(B, Ly, L,, L3), is given by

1 &
U(B, L, L, L) =——
(B, Ly, Ly L3) 280, ;_w

The prime that appears in Eq. (7) indicates that the term for
which all n; = 0 must be omitted. We can rewrite Eq. (7) as

ooy

UB Ly, Ly L3) = L > (wBi +In(1 — e 27T

,BQ ny,..,n3=—00
+ LJ (8)
sa”"

where we are defining the quantity (L, L,, L) and the
(infinite) constant J; as

o RGN

and

i i In(1 + (277m)?)

ny,...,N3==—00 M=—00

J]Z

ooy

-2

ny,..,n3=—00

(1+2In(1 —e™h)). (10)

The last term of the Eq. (6) is explicitly the one-loop
correction to the effective potential, defined in terms of
the homogeneous Epstein zeta function Z p(2s, ap,...,a p)
given in Ref. [20] by
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00,

)= 3

Ny, =—00

+ (apnp)z)_s. (11)

The summation give by Eq. (11) is convergent for s > p/2.
The homogeneous Epstein zeta function has an analytic
extension to the complex plane s € C, except for a pole in
s = p/2. Since the unique polar contribution occurs for the
case in s = 2, the theory can be renormalized using only a
unique counterterm, introduced to renormalize the cou-
pling constant of the theory. Because we are assuming
periodic boundary conditions for the field in all spatial
directions, it appears as a topological generation of mass,
coming from the self-energy Feynman diagram [59-61].
The topological mass is defined in terms of the first renor-
malization condition given by

Z,(2s,ay, .. (ayny)> + ...

9 Vege 2 2
= m
> Th

$=0
Using the Epstein zeta function, the topological squared

mass m#% can be written as

12)

2
my

Z4(2 ay, ay, az, ay). (13)

_ &

w*BQ
The above result was obtained also by Elizalde and Kirsten
[62]. As was discussed by these authors, the topological
squared mass depends on the values of the compactified
lengths and the temperature. For simplicity we will call this
quantity a topological mass. The next step is to study the
two cases m3 > 0 and m? < 0 separately.

A. The positive topological squared mass, i.e., m2 > 0

First, let us write the effective potential in the form

Veff((;b; ﬁr Ll) LZ’ L3)

ma ut SA
— M27T¢2 +?7T2g¢)4 + IU“4Z¢4 +U

1

* (=1 s+1
+ 80 Z%gs¢zsz4(2& ay, a az az).  (14)

s=2

We begin studying the case m2 > 0. We will consider first
particular values of the compactified lengths and tempera-
ture in such a way that the analytic extension of the
homogeneous Epstein zeta function Z4(2, ay, ..., a4) takes
only negative values. Therefore, we consider that the cou-
pling constant is negative, i.e., ¢ = —|g| < 0. In this case
we will have that the topological squared mass is given by

g

20
mB
Therefore, we get a physical mass of a scalar particle

confined inside our finite domain. The second renormal-
ization condition, which gives a finite coupling constant, is

m% = — Z4(2, ay, ay, as, ay). (15)
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Using Eq. (16) in Eq. (14) we can find the renormalized
effective potential. In this case [for negative coupling
constant, Z,(2,ay,...,as) taking only negative values
and hence m% > 0] it can be written as

VE(¢; B, Ly, Ly, L3)

= 8mgut. (16)

m2 4

= w2l — Emlglgt + U
2 3
1 |

_137()2

s=3

gl o
o d>Z4(2s, ay, ay, as, ay).  (17)

The renormalized effective potential is presented in Fig. 1.
It has a local metastable minimum at the origin and it is not
bounded from below. This is an expected result since the
model is the asymptotically free side of the Euclidean
(A@*), scalar field theory.

Next, let us calculate the specific entropy S/ E, where the
mean energy E and the entropy § are given by Egs. (4) and
(5). First we should perform and inverse Legendre trans-
form in order to obtain InZ(3, ), h). Note that these ther-
modynamics functions are calculated in the absence of the
source, i.e., 1 = 0. In terms of the effective potential, we
have to find the stationary point of the renormalized effec-
tive potential, ¢, defined by the equation

VR,
ad | g=0,

Substituting Eq. (17) in Eq. (18) we obtain that ¢, must
satisfy

=0. (18)

4
Mzm%d’o - 3 ,u4772|g|¢(3)

1 o0
~5a > gl 12425, ay. ar, a3, as) = 0. (19)
s=3

Veff

FIG. 1 (color online).
where m2 > 0.

The effective potential for the case
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From Fig. 1 we see that Eq. (19) has three solutions.
Because we are interested in the configuration which is
stable under small external perturbations, we take the
solution with the local minimum of the effective potential,
i.e., ¢y = 0. Performing the Legendre transform when the
effective potential reaches its metastable stationary point,
we get that InZ(B, (1) is given by

an(ﬂ, Q) = an(B, Q, h)|h=0
= = (BYWVE(¢; B, Ly, Ly, L3)| = py=0- (20)
Substituting Egs. (8) and (17) in Eq. (20) we get

nzB, )=~ >

ny,..,n3=—00

(7B + 1In(1 — e 27A7)) — J,.
21
The mean energy E(B, ) and the canonical entropy

S(B, Q1) of the system in equilibrium with a reservoir can
be derived using Egs. (4), (5), and (21). We have

= ~ 20
E(B’ Q) B np...,%——oo(nﬂ- " W) (22)
and
e N = A R

ny,.,n3=—00

(23)

Note that we have an infinite constant in the definition of
the canonical entropy. This ambiguity will be circum-
vented later using the third law of thermodynamics and
assuming the continuity of the entropy. For simplicity we
will assume that the lengths of compactification of the
spacial coordinates are all equal, L; = L, for i =1, 2, 3,
and we will define the dimensionless variable £ = B/L. In
this case we can write the mean energy and the canonical
entropy as

E(§) = (e + P(§)/L (24)
and
S(€) = €P(€) + R(§) + cte. (25)

In Eq. (24) the quantity &) is defined by

&) —

> am (26)

where the variable 7 is defined as 7=

V()2 + (ny)* + (n3)%. The term &) is just the renormal-
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ized Casimir energy of the massless scalar field where we
impose periodic boundary conditions in the three spatial
coordinates. In Ref. [20] it was shown that £ = —0.8]1.
The positive functions P(£) and R(¢) are defined by

) 2im
P(f) = mw,%__()(}(m) 27
and
R(&é) = — i In(1 — efz'”f). (28)

Note that where m% > 0 the situation is satisfied only for
some specific values of the ratio between 3 and L, given by
¢&. Using the analytic extensions presented in Ref. [62], we
can write the topological squared mass as

lgl f1(€)

2 = 18]
L> &7

my

(29)

where the function f;(£) is the analytic extension of
Z4(25,1,1,1, £ 1) at s = 1 and is given by

2
(&) = ag + 8 + K(O). (30)

The coefficient a and the function K(£) in Eq. (30) are,
respectively, given by

1 2
a =27T)/+27T1n4—+1

3
+87TZ

nn =1

+47r§z i

(n1> K1/2 27Tnn1)

Ko(2mnyn3 + n) 3D
n=1 ny,ny,n3=—00
and
32N < a\~1/2 -
K(é) =4m&l %y Y - K_1p2mniié).
n=1 ny,ny,n3=—00
(32)

The functions K,(£) that appear in Egs. (31) and (32) are
the Kelvin functions [63]. In Fig. 2 the behavior of the
topological squared mass is presented. There are three
regions of values of & where the topological squared
mass has a defined sign. They are given, respectively, by
I= (O» gl)’ In= (fl’ 52)5 and III = (§Zr 00)7 where '_i:l =
0.25526 and &, = 2.6776. In the cases I and III the topo-
logical squared mass is negative, while in II it is positive.
Therefore, only the situation II is consistent. In this case
the mean energy and the canonical entropy are given by
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FIG. 2 (color online). Behavior of the m% with &.

Ey(€) = (e + P(§)/L (33)

and

Su(é) = EP(€) + R(§) + ctey,. (34)

B. The negative topological squared mass, i.e., m3 <0

Now let us consider the case where the values of the
compactified lengths and temperature give us to the situ-
ation where the analytic extension of the homogeneous
Epstein zeta function Z,(2, ay, ..., as) has only positive
values. In this case the topological squared mass is a
negative quantity, since we are considering that the cou-
pling constant is negative g = —|g| < 0. In this case we
have to impose the second renormalization condition of the
effective potential in an arbitrary point ¢ = M different
from zero. If we take M = 0, the effective potential is not
only not bounded from below, but also it will not have any
local minimum, and in this case the system is unstable
under small external perturbations. The second renormal-
ization condition can be written as

9*Vegr
dp*

Using Eqgs. (14) and (35) we get the renormalized effective
potential

VeR}f(d)’ B’ Ll) LZ: L3)

2ﬁ¢z_i

= 87lgut. (35)

b=M

mglg* + U

1

EQ Z al, $)Z4(2s, ay, ay, as, ay).

(36)
In Eq. (36) the quantity U is defined in Eq. (8) and « is
given by

¢23

2s

4
a(p,s) = |g|S< - I(25 - 1)(2s —2)(2s — 3)M2s*4)_
(37

The renormalized effective potential Eq. (36) can be re-
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written as

2,2
_ pTmy

ng((f);B;Ll, LZ; L3) = F(¢,B,Ll, LZ: LS) + U)

(38)

where we have defined the function F(¢; 8, L, Ly, L3) as
F(¢: B, Ly, Ly, L) = —¢> + Ad* = > C,p*.  (39)
s=3

The coefficients C,, independent of the field ¢, are defined,
fors =3,4,..., by

gl Zs )
s Z42,a)

C, (40)

and the coefficient A is defined by the expression

1 (o)
— _ _ _ 25s—4
A=A, + 52:3 C,(25)(2s — 1)(2s — 2)(2s — 3)M

(41)
where
280 4.2
4, = 2B 2)
3Z4(2, Cl)
We have denoted for simplicity Z,(2s,a) =

Z4(2s, ay, ay, as, a,). Note that the coefficients C; are de-
fined in the domain of convergence of Z4(2s, a), i.e., s =
3,4, ...; therefore, we have that Z,(2s, a) > 0 and as we
are considering the case where Z,(2, a) > 0, the coeffi-
cients C, are positive. If we take the second renormaliza-
tion condition in a point M = 0, the coefficient of the
fourth power of the field in Eq. (39) would be negative.
In this case it is not possible to find a local minimum of the
effective potential. One way to circumvent this situation is
to choose M where the coefficient A assumes a positive
value. In Fig. 3 the behavior of the effective potential for
different values of M, and consequently, for different val-
ues of A, is presented for small values of the field ¢ and of
the coupling constant. This behavior depends on the first
terms of Eq. (39). In this approximation we are taking into
account only the first three terms in Eq. (39), where we are
denoting the third coefficient C = C3 >0, i.e., we are
taking

F(¢; B, Ly, Ly L3) = —¢p? + Ap* — Cg°. (43)

From Fig. 3 we show that the only situation where the
effective potential has a local minimum and the theory is
metastable is by taking M where A is positive and A% > 3C.
This case is the only one where we can find a local
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Veff
A*>3
N\,

FIG. 3 (color online). Behavior of the effective potential in the
case m3 < 0 for different values of A.

minimum of the effective potential when the topological
squared mass satisfies the inequality m% < 0. This mini-
mum is localized outside the origin and the system devel-
ops a condensate. We conclude that we have to take M in
such a way that A > \/3C; > 0. In terms of M this inequal-
ity can be written as

2BQutm 1 - B )
WJF@;CS(%)% 1)(2s — 2)(2s — 3)

¢ — |g|2 4(6) a)
2s—4
X M >1/ 42(2, o (44)

We will show later that for a given coupling constant and
volume of the compact domain, we can always find M that
satisfies Eq. (44) for any temperature. We can make an
approximation in the series given by Eq. (41) taking only
the term s = 3. The coefficient A would be

A=A, + 15CM> (45)
From now on we will consider that the lengths of our

compact domain are the same, L = L, = L3 = L, and
we will define € = B/L. It is easy to show that

Z4(2s, a) = (WL)* f(é), (46)
where the function f(£) is defined by
f\(f) = Z4(2S: ]: 1: 1: é‘:_l)' (47)

Considering Egs. (45) and (46) the condition Eq. (44) can
be rewritten as

27 € 1 fi@)
151g1> f3(6) ~ 5lgl N f3(&)

From Fig. 4 we see that the functions &/f5(¢) and

M*(uL)? > (48)
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0.05

3

3 4 5
FIG. 4 (color online).

f1(&)/f5(&) are bounded from above and then we always
can find a value of M that satisfies Eq. (48). Note that
because we are considering a negative topological squared
mass, we are taking values of ¢ such that f(£) is positive
and as f3(€) is always positive. Consequently, we are able
to take the square root of f(£)/f3(£) in the domain where
we are working now. Defining v; and v, as upper bounds

of the functions &/f5(£) and +/f(£)/f5(€), respectively,
Eq. (48) can be satisfied by taking

2
277U, U,

M2l ="—L1+ =
H 151l 5lg]

(49)

Using Egs. (43) and (45), we can find the local minimum
of the renormalized effective potential ¢, given by

A — VA% = 3C
= (50)
It is better to define ® = ¢3(uL)?. We have
27%v, v, 2@ &
Q=Y Y T s
O=3F "l 3 1@
LR ey
3<|g|2 <f3(§)) lgl? <15|g|2 +5|g|>f3(§)
27%v,  3v,\2 9 f1(&\1/2
MU V) 2 . 51
+<m2+m0 mvma) O

Considering the parameters vy, v,, and g as constants, we
analyzed the behavior of ® with respect to &. Performing
the Legendre transform in the metastable stationary point
of the renormalized effective potential, we get

InZ(B, Q) = InZ(B, Q, h)l;—
= _(BQ)V ff(d’ B, Ly, Ly, L3)|¢:¢0.

Substituting Eqgs. (8), (38), (43), (45), and (49), in Eq. (52)

(52)
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B =

0.5 1. 1.5 2.0

2L

The functions &/ f3(¢) and f,(£)/f3().

we have

mz(e) =4 06

N @{2#25 (277' v,
2 3

Igl4

+ el )f(6)}0%()

= [3(90°(€)

-2

ny,.,n3=—00

(Amé + In(1 — e 277¢)) — J,. (53)

Using Egs. (4), (5), and (53) we obtain the mean energy

E(é) = (eV) + P(§) + x(§)/L (54)
and the canonical entropy
S(§) = £P(&) + R(&) + ¢(§) + cte, (55)

where the functions &, P(&), and R(¢) are defined in
Egs. (26)—(28), respectively. The functions y(&) and (&)
are given by the expressions

__lalpy,
x&) = —Sri©ee

_%?2(%“+@Myﬁﬂw®

I rpero) (56
and
vo ="Moo + (22 Jes(020
+Mgﬁw%4 (57)
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Since we are considering here that the topological squared
mass is negative, these results are valid only in the intervals
1= (0, &) and III = (&,, o) of the variable &. These re-
sults can be expressed in the following way. We have

Eqm(&) = (e + P(&) + x(&)/L (58)

and

Saun(é) = EP(€) + R(§) + ¢ (€) + cteq .

In Egs. (58) and (59) we see explicitly that the form of the
mean energy is the same in regions I and III, but the form of
the canonical entropy is different in each of these intervals.
This discrepancy is due to certain constants, cte; and cteyy,
that will be fixed with the help of the third law of thermo-
dynamics and assuming the continuity of the entropy.

(59)

IT1. ANALYSIS OF THE RESULTS

We have found that due to the boundary conditions
imposed on the field and the presence of a thermal reser-
voir, there is a topological and thermal generation on mass.
This topological mass depends on the lengths of the com-
pactification of the spatial coordinates and on the tempera-
ture. It was shown that the sign of the topological squared
mass is crucial to determine the profile of the effective
potential. Then we obtained two different physical situ-
ations: the case where the topological squared mass is
positive and the case where it is negative. We have shown
that when the topological squared mass is negative the
system develops a condensate. In this case, the minimum
of the effective potential is not localized at the origin and it
is given by the function @(¢) defined in Eq. (51). We
would like to stress that only in the intervals I and IIT of
the variable ¢ the topological squared mass is negative. In
the interval II of ¢ the topological squared mass is positive
and the effective potential has a trivial minimum. Figure 5
shows the minimum of the effective potential, ®, as a
function of ¢, for the values v; = 100, v, = 100, and

(S]

0.020 -
0.015 -
0.010 b

0.005 |

I
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lgl = 0.13. Also presented is the form of the effective
potential in each of the three ranges of values of &. From
Fig. 5 we see that the minimum of the effective potential is
at the origin when we are considering very high tempera-
tures, £ — 0, or when we are considering very low tem-
perature, & — oo. From this last result we have that the
function ¢ (£) goes to zero when the temperature tends to
Zero.

We have found the entropy formulas in each interval of
values of ¢ up to certain constants

S1(€) = EP(€) + R(&) + §(€) + ctey,
Su(€) = EP(€) + R(&) + cteyy,
Sm(é) = EP(E) + R(&) + 4(€) + cteyy.

(60)

Using the third law of thermodynamics, limg .Sy = 0,
assuming the continuity of the entropy with the parameter

& S1(€)) = Su(§)) and Sy(€;) = Si(&>), and using the
fact that the functions P(£), R(£), and #(€&) go to zero
when & — oo, we can fix the constants that appear in the
formulas of the entropies

cte; = (&) — (&), ctey = (&),

Ctelu = 0

(61)

For generic values of the parameters (v, v,, g), the func-
tion ¢ (£) is not positive defined and the entropy can be
negative for some values of . For large values of v, and v,
and small g this situation is excluded.

With the thermodynamics quantities, the validity of the
Bekenstein bound can be verified for the system. The
Bekenstein bound states that S/E < 27R, where R is the
smallest ratio of the sphere that circumscribes our finite
spatial domain. Because we are considering that all our
compactified lengths are equal to L, we have that R =
V3L /2. Defining the function T = S/27RE on each of the
intervals I, II, and III and using Egs. (33), (58), (60), and
(61), we have that

0.00001
3.%107¢
5.%10°¢
4. %10

2.x10-¢ |
'

L L
0.05 0.20

3

FIG. 5 (color online).

6.0 E

The minimum of the effective potential ®(¢) and the form of the effective potential for different values of £.
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L PO RO @)+ uE) - ulE) 1P+ RO+ (&)
=5, 2+ P(E) + (&) ’ Y Yy R
6
L@ RO IO

Tl = 5 0+ P+ ®
Each of these functions are valid only when ¢ is defined in
the domains I, I, and I11, respectively. In Fig. 6 we have the
function Ty(€) for £ € 1= (0, &,); there we have used the
values v, = 100, v, = 100, and |g| = 0.13. In this situ-
ation we have that the field exhibits a condensate. In this
regime of high temperatures, we expected that the negative
Casimir energy of the system would be irrelevant to the
Bekenstein bound, since as we can see in Fig. 6, the
thermal fluctuations dominate over any quantum contribu-
tions and the Bekenstein bound is satisfied in this situation.
In Fig. 7 we have the function Ty (£) in the region & €
—— ¢ = (£, &). In this regime the renormalized effective
0.25 ; - >

potential has a trivial minimum and the system behaves
FIG. 6 (color online). The function Ty(£) in its domain & €  as a free bosonic gas. Since we are considering a compact
I=(0,&)). domain with periodic boundary conditions on the spatial
coordinates, we have that the renormalized Cassimir en-
ergy is negative, £’ = —0.81. From Fig. 7 we see that
from some value £’, defined by the equation ) + P(¢') =
1, the function Ty;(£) begins to take values greater than one
and the Bekenstein bound is violated. It was found that
&' = 0.6720. In Fig. 7 one can also see a divergent point &
given by ) + P(£,) = 0. Because the sign of the Casimir

energy is negative, the Bekenstein bound is violated.
In the domain III our theory also exhibits a condensate.
L \ . ¢ Since in this regime we are considering low temperatures,

0.06

0.05

0.04

0.03

0.02

0.01

S S S

0.05 0.10 0.15

1

0.20

T

! L5 20 23 the quantum fluctuations dominate over the thermal one.

-0.05 Figure 8 shows that Ty;(£) is negative; this is because the
negative Casimir prevails over the condensate contribution

-0.10 making the total mean energy of the system negative. Since

the entropy is always positive, the Bekenstein bound is also
violated in this situation.

FIG. 7 (color online). The function Ty(£) in its domain ¢ € Then we shown that there is an intrinsically information
I = (&1, &) storage capacity limit for the (A¢*), field theory with the

THI

-8.x107%
-1.x1077

-1.2x107"

FIG. 8 (color online). The function Ty;(¢) in its domain ¢ € III = (&,, o).
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negative sign of the coupling constant, for values of the
temperature greater that certain critical temperatures given
by T, = 1/L¢&. For temperatures lower than T, the
Bekenstein bound in invalidated mainly due to the negative
Casimir energy. The asymptotically freedom of the model
and the presence of the condensate do not change the
discussion about the quantum bound. In conclusion, the
main feature in the discussion of the validity of the
Bekenstein bound is related to the sign of the zero-point
energy of the system.

PHYSICAL REVIEW D 82, 045001 (2010)
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