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A new algorithm for Reverse Monte Carlo simulations

Fernando Luis B. da Silva,? Bo Svensson, Torbjorn Akesson, and Bo Jonsson
Physical Chemistry Il, Chemical Centre, P.O. Box 124, Lund University, S-221 00 Lund, Sweden

(Received 3 February 1998; accepted 12 May 1998

We present a new algorithm for Reverse Monte C&R&C) simulations of liquids. During the
simulations, we calculate energy, excess chemical potentials, bond-angle distributions and
three-body correlations. This allows us to test the quality and physical meaning of RMC-generated
results and its limitations. It also indicates the possibility to explore orientational correlations from
simple scattering experiments. The new technique has been applied to bulk hard-sphere and
Lennard-Jones systems and compared to standard Metropolis Monte Carlo result998©
American Institute of Physic§S0021-9608)50731-3

I. INTRODUCTION A number of more or less serious convergence difficul-
ties have been reported for the RMC technique. In general it
The Reverse Monte CarldRMC) techniqué‘6 has seems that better convergence is obtained with simulations
emerged as a tool for determining the structure of liquids andising large system sizes, typically on the order of several
glasseg:® The experimentally determined radial distribution thousand particle¥® In difficult cases, annealing procedures
functions(rdfs), or structure factors, are used as input in thehave been proposed as a way to improve convergence and
simulation. The particles of the simulated system are themvoid getting trapped into local minima. Another feature of
displaced using a Monte Carl®C) procedure to generate the algorithm used is that large errors are obtained in regions
configurations that correspond to the infexperimental  of short distances. Thus, at small particle separations, impen-
rdf. During the simulation other structural information may etrable hard-core conditions are introduced to exclude con-
be collected. In recent years, a number of applications of théigurations with too close encountér&Some of this may be
RMC technique to atomic and molecular systems haf little consequence in practical applications, as the experi-
appeared-® RMC is appealing in that various other sourcesmentally determined distribution functions inevitably contain
of information may be taken advantage of. For instanceyarious sources of errors which may lead to inconsistencies.
knowledge in terms of bond lengths, bond angles, coordinaThus, one has to allow for some difference between the input
tion numbers and distance constraints may be used in thend generated structure. In theoretical tests, however, it
simulation to complement the input data. However, while theshould be important to obtain as good an agreement as pos-
RMC simulation generates many-body correlations there is aible. In this work, we will present a modified algorithm
question of how relevant they are to the experimental syswhich gives excellent convergence even for short distances,
tem. The aim of this work is to present a detailed analysis ofind it allows one to avoid the introduction afl hochard-
the three-body correlation functions generated by Metropoligore constraints.
Monte Carlo(MMC) and RMC. In addition, we describe a Comparisons between the different simulation tech-
new RMC algorithm with improved convergence properties.niques are almost entirely based on structural data. For mo-
We will focus on bulk fluids of spherical particles with lecular systems in particular, such tests may be quite
interactions given by pairwise additive central forces. EVansinvolved!! As a simple complement we suggest the use of
noted that for such a system, the pair potential, and therefornermodynamic functions as well, e.g., configurational en-
all higher ordered distribution functions, are determined byergy and excess chemical potentials. The latter is an impor-
the rdf. To confirm that the RMC technique generates theant bulk property which implicitly contains contributions
correct three-dimensional structure, a simple numerical teftom the higher order distribution functions. Armed with
was proposed. First, a conventional MMC simulation is carthese tests, one can investigate if the RMC results have a
ried out and the generated rdf is used as input in an RM@hysical meaning.
simulation. The three-body correlation functions obtained by =~ As model systems we will use bulk hard-sphere and
the two simulations are then compared. Previous studiesennard-Jones fluids. At first, the new algorithm and its con-
along this route have focused on the comparison of the sgergence properties are presented. This is followed by com-
called bond angle and coordination distribution parisons of the energy and excess chemical potentials. Fi-
functions®* "8 As we will show, however, these are not suit- nally, an analysis of various three-body correlation functions
able for a critical comparison. Instead, the deviations froms made.
the Kirkwood superposition approximatirat the three par-

i | for a careful examination.
ticle level appear more usefu Il A NEW RMC ALGORITHM

dAlso affiliated with Departamento de Quica, Fac. de Ciecias, Univer- The_ new RMC algorlth_m th_at we propose here follows
sidade Estadual Paulista, Unesp 17033-360 Bauru, SP, Brazil. the original ided. The principle is to generate a set of con-
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figurations which corresponds to an input radial distribution  increased by one, a new particle will be displaced and
function or structure factor. Instead of trying to minimize the  the process will be repeated from step 2. This action

free energy like MMC23 we minimize the difference be- should be repeated untj{? decreases and oscillates
tween the calculated and experimental rdf. The following  around a constant value. One critical test of the simula-
notation is usedg.(r) is the experimentalinput) rdf, g4(r) tion is the inspection on the histogram, where hard-core
is the simulated one, angl(r) the final answer, the corre- overlaps should be absent. So far, we made all compari-
sponding histograms used to create these rdfs will appear sons in terms of rdf but this could be easily exchanged
with the same subscript—higt) and hist(r). We can sum- for the structure factors.

marize our procedure as follows: (5) Itis only the configurations generated during the produc-

@

2

(€©)

(4)

tion phase from which properties of the system are cal-
culated, as, for instance, the average chemical potential.
’ i J The rdf used in the Markov chain is, however, obtained
tion could be either generated from random coordinates by a further accumulation of the results from step 4. The
or starting from a lattice. It is of importance that the  yresent RMC algorithm will usually need more steps to
density is the same as in the experimental system being  gjye statistically independent configurations than MMC.
studied. Usual periodic boundary conditions are applied Compared to the conventional RMC algoritf the

in all directions. To determine the atomic separations,  main differences arda) the use of a pure minimization
the minimum image convention is assumed. At this  criterion on the present version, afi) the manner in
stage, we check the distances and build the histogram, \hich the hard-core region is handled. Here, this is done
hist(r), which contains the number of atoms at a dis-  py the employment of accumulative distance observa-

As in “traditional” simulations, we start with an initial
configuration of particles in a cubic box. This configura-

tance betweem andr+Ar from a central atom. The tions to produce the rdf, which has also the benefit of
number of observationsy,s, is equal toN—1, whereN requiring a smaller number of particles. In previous
is the number of atoms. We duplicate kfs) in two works, a hard-core constraint was explicitly introduéed.
other histograms, hist (r) and his§ (r). Another alternative is to introduce a “relative error” for
We attempt single particle random displacements as in  the y? parameter, i.e.,
standard MMC:23 Using the new configuration, we re- Nolge () —ge(ri)]?
calculate the distances and add the new observation to Xnew=. = 5
hist, _(r). The original (old) distances are added to =1 9e(ri)
hists,0I d(r). Two trial rdfs are calculated as, and | )
_ " g, (1) = Ge(ri)]
hIStsnew( I’) Xgld: 2 ’ (6)
O, (N=—"—F— (1) =1 ge(ri)
NopA 7T “AT p which gives almost identical results in our tests. Obvi-
and ously, in this approach hard-core overlaps are avoided in
hist, (r) a straightforward way.
(N=——"5—o1, b
H0 nmArp lll. MODEL SYSTEMS
wherep is the number density of the system. It should be
noticed that both hist (r) and his{ (r) are based on As an illustration of the new algorithm, we explored

accumulative distance observations since the simulatioR@rd-spher¢HS) and Lennard-Jones.J) fluids. Both MMC
beginning, and contain the same number of observation&nd RMC simulations were carried out for several systems

These are compared to the experimentdl), with a small number of particlesN(=256). During the pro-
ni duction phase, we applied the Widom's test particle
Xﬁewzz [gsnew(ri)_ge(ri)]z 3 techniqué® to calculate the excess chemical potentjaf) _
=1 for the generated configurations. It should be stressed that in
and RMC n®*¢ was calculated assuming that the collected con-
nl figuration interacted with the test particle according to the
Xg,dzz [gs Id(ri)—ge(ri)]z, (4) pair potential. The pair potential was used only for analysis
i=1 ~°

) ) ) ) purposes. In our studies, the input rdf was generated by an
wherenl is the number of points in the experimental gqyjvalent MMC simulation. The displacement parameter
9e(rj). The new configuration is accepted Nrew was chosen to give 50% of acceptance for MMC experi-
<Xoig- This algorithm is similar to one previously de- ments, although for RMC we found better convergence with
scribed by Kaplovet al** It might be useful to note that, 409 of acceptance. It seems for our limited experience that
for polyatomic systems, the” equation could be rewrit- RMC is more sensitive to the displacement parameter.
ten in a more convenient forfr? which allows one to Equilibration runs with 18, and 5.18 cycles were per-

adopt different weights for each intermolecular rdf.  formed for the MMC and RMC, respectively. The volume
If the new configuration is accepted, the histogramfraction was in the range af=0.05 to 0.3, see Table I.
histy(r) assumes the value of hist(r) and the coordi- A set of LJ systems with different densities was studied.

nates are updated. Otherwise, the old configuration iMMC and RMC simulations were carried out for reduced
retained and higr) receives hig’([)ld(r). Then,nys is  densitiesp* = pa® ranging from 0.1 to 0.8. We assumed a
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TABLE |. Summary of HS runs performed, all witi=256 particles. The  ment than presented h&rdn some simulations, systems as
standard deviation was obtained from a subdivision of the production rurlarge as 4000 LJ particles show distortions in the rdf close to
into ten parts. .

the first peak

System 7 Ivivis KRMC
1 0.05 0.4342) 0.4412) B. Energy and chemical potential
2 0.10 0.98716) 0.9762) Configurations collected during the runs were the subject
i 8';(5) ;'iggg ;igggi of energy analyses, which is one way to assure that we ob-
5 0.2205 2'_87973) 2:882(12) tained an appropriate sampling of configura’;ions. .Table Il
6 0.25 3.51661) 3.55422) shows the outcome of our MMC and RMC simulations to-
7 0.276 4.274115) 4.20824) gether with MC simulations of Ding and Vallea®iThe two
8 0.30 4.910208 4.89458) MMC results are within estimated errors and the agreement

between our RMC and MMC calculations is surprisingly
good, with a relative error 0f-2.0%. This difference could

cutoff at half (L/2) of the cubic simulation box\(=L?) and Ee_lgn?se Es_nlaller by cliecrﬁasing the bint zia_e)grude I':O
a tail correction term was applied to correct the configura- ul € histograms. Tn afl funs presented in 1apie 1, we
tional energy and the chemical pOtenﬁ%li‘.G The reduced adoptAr =0.05, and Table Il lists results for RMC calcula-

) . . )
temperature was fixed at* =kT/e=1.2, which is below the t'?qde'Lh LJ systerlr?er6 ’é N 0.6t(;) gr,:/clicvarylrlltgml. Ast
liquid-gas critical temperature. Like in the HS case, the numS'ated above, a smallér brings the results closer to

ber of particles was small, compared to previous sttfdies.the MC ones. For instance, withr =0.01 the error is less

0,

The acceptance control was the same as described before atH&n 0.1%. . - . )
the simulation lengths were 4@ycles. TheU and u®< re- The chemical potential is not sensitive to change&iin

" exc H i
sults presented here were obtained assuming that the RMCT—""bLeS | and Il ?hov; tfha't‘th fr?rgll\/cleﬁSand tRMC IS mRMC
generated configurations obeyed the same LJ potential pod agreement and for the Studiec systems our
used in the MMC simulation. The data are summarized ir{esults and MMC are within statistical errors. For t_he LJ
Table II. We also simulated a system with a slightly highers’ys'[emsi'6 our numbers are close to the results of D|r_1g and
temperaturd* = 1.58 and reduced densipy =0.65 to allow Va]lgau. The test pa_rt|c]e method shows_, a decreasing of
a comparison with three-body correlations of previouse‘c]cICIenCy as the density increases. See Fig. 2.

studiest’
C. Three-body correlations

IV. RESULTS AND DISCUSSION Several simulation studies of one component mono-
atomic systems have been made in order to compare the
three particle correlations obtained with MC and RMC

In Fig. 1, we present typical rdfs obtained by our RMC and thereby to verify Evans’ proSfTo a large extent the
algorithm and compare them with MMC simulations. It is comparisons have relied upon analyses of what has been
clear that the structure is well reproduced for both[lf§)s.  termed the “bond-angle”(which does not refer to a true
1(a) and Xb)] and LJ fluids[Figs. Xc) and Xd)] at low as  chemical bong distribution function,b(8), and the coordi-
well as at high densities. In fact, it is only possible to see thenation number distribution functiof®(n). Given that a par-
differences between the MMC and RMC data if we plot theticle has more than one neighbor within a cutoff distamge,
MMC minus the RMC rdf. The difference is on the order of b(#)dé is the probability for the position vectors of the
10 4—10"° and even smaller than what one would obtainneighbors relative to the central atom to form an angle be-
by two distinct MMC runs. It is important to notice that our tween @ and 6+dé. However, as we will show below, this
algorithm gives excellent convergence without the usadf function by itself is not particularly useful in making a criti-
hoc hard-core constraints. Even with the hard-core con<cal comparison on three-body correlations generated by the
straint, other RMC simulations seem to have a worse agredwo simulation technique$®(n) is the probability of observ-

A. Radial distribution function

TABLE Il. Summary of LJ runs performed withl =256 particles. The unit fo and u®* are NkT andkT,
respectively Uy ajea, aNd 1l siea, Were taken from Ref. 16. The standard deviation was obtained from a subdi-
vision of the production run into 20 parts.

System  p* —Ugrwmc —Ummc ~Uvalleau — HRMC — KmMc ~ KValleau
1 0.1 06926 0.7002) e 0.7262) 0.7222) e
2 0.2 1.34061) 1.3568) 1.35812) 1.3403) 1.3273) 1.3257)
3 0.3 1.88501) 1.9087) 1.89812) 1.8256) 1.8084) 1.81415)
4 0.4 2.356(Q2) 2.3869)  2.3887) 2.1996) 2.1998) 2.19110)
5 0.5 2.840R2) 2.8793) 2.8815) 2.44210) 2.4438) 2.43217)
6 0.6 3.3667) 3.4182)  3.4172) 2.44315) 2.43116) 2.44716)
7 0.7 3.892(R) 3.9631) 3.9652) 2.01425) 1.97531) 1.94652)
8 0.8 4.367(3) 4.4682) 4.4734) 0.609113 0.564100 0.687136)
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FIG. 1. Comparison between experimerita) rdf and RMC(®). HS system ata) low density(»=0.05 and(b) at high density(7=0.4); LJ system afc)
low density(p*=0.1) and(d) at high density(p* =0.8) with reduced temperature &t =1.2. Reduced units are used in this graph and in all the following

ing n particles within a specified distance from a central par-

ticle. For reasons which will be obvious later, it seems that
this function is not suited as a critical test.

one has

rC rC
b(0):f f drypdrsg®(rog,rs, (ri+ris
0 Jo

—2r 113 €0s 0) Y125 15 sin 6,

where a normalization constant has been left out. For conve-

nience we introduce the correlation functiéiy; given by

TABLE llI. Influence of the bin sizeAr, for the LJ system 6U and u®*¢

are given inNkT andKkT units, respectively.

Ar —Ummc —Ugrmc yive — KRMc
0.050 3.410) 3.36652) 2.43116) 2.44810)
0.030 e 3.391Q@9) e 2.44210)
0.025 3.40591) 2.41810)

0.020 3.41031) 2.41811)
0.010 3.41612) 2.41411)

exc ¥

FIG. 2. Theu®€in kT units as a function of the density for LJ syste(i@®,)
RMC, (O) MMC, (X) Ding and ValleauRef. 1§ and(A) Smit and Fren-

da Silva et al.
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Writing theb(6) function in terms of the radial distribu- This function gives the deviation from the superposition
tion function at the three particle leved®)(r15,r13,r2a),
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approximation® which in turn will depend on the pair inter-
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06 | 4
action, density and the separations between the three par- P— -

ticles. For any system with pair interaction8,,; will ap- =~
proach unity as the separation between two of the particles _, ¢4 | i
becomes large. It is clear that if the superposition approxi-

mation is accurate at all separations for the particular system =

under study, the agreement between li¢é€) functions ob- 02tk ]
tained by MMC and RMC becomes trivial. However, there

are further weaknesses in using this function as a probe of [ L
the three-body correlation functions. Evendf,; deviates 0.0 . L . L . L .

from one, the dominating contribution tm(#) comes from o) -1.0 -0.5 cog:o@ 05 1.0

the larger separations where, depending on the cutoff value
(r¢), d123 may be close to unity. There is also a possibility FIG. 4. Bond-angle distribution fa@) LJ system ap* =0.65,T* = 1.56 and
that the integration will cancel the contributions from regionsr.=1.62%, and (b) HS system aty=0.276 andr.=1.725. For both
which may have positive or negative deviations from thecases/. corresponds to the first rdf minimum. MME-), RMC (@) and
. ; ] the superposition approximatidn-—) data.

superposition approximation.

As an illustration we reinvestigate a LJ system recently
described in the literatureWe performed our simulation function is shown as a function of the distance at an isosceles
with data described befor@J system 9, although the refer-  fixed particle separation. Within the statistical fluctuations
enced one has a slightly higher densify*0.67). This  we obtain the same deviation from unity in both MMC and
difference is not significant for our purposes and our systenRMC. RMC results tend to underestimaig,; function only
has the further advantage to be directly comparable to argt very short distances. It is probably a confirmation that
other three-body correlation wotk.Figure 3 shows the rdf RMC tends to generate a more disordered structure as sug-
with 256 LJ particles. In Fig. @ we compard(6#) obtained
using a MMC, RMC and the superposition approximation
with a cutoff distance equal to the position of the first mini-
mum in the rdf,r,=1.625r. The excellent agreement be-
tween RMC and MMC is seen to be trivial in this case as the
superposition approximation gives an almost equally good
result. A more convincing example is given in Figbx for
a HS system with a packing fraction of 0.276. It is expected
that HS usually shows less deviations from the superposition
approximation and so the agreement with MMC and RMC is
even closer.

It seems natural then that a first criterion for a critical
structural comparison between MMC and RMC has to be

1.00

0.90

8,01

0.80

made on a system which shows deviations from the super- )
position approximation. To make the test sensitive, we sug- 070 0 1.5 20 25 30
gest that it is based on a comparison of g5 function r

itself, and furthermore the function should not be integrated. s 5 1, SurdT1sT1ar2) function for LI particles(p*—0.65 and
over large volumes where its structure may be !OSt- We haves_ 1 56) atdifferent isosceles configurations with,=r 5 andr s fixed
made such analyses for the LJ system 9. In Fig. 5,4B6  at 1.0256. RMC (®), MMC (--) and Ravechet al. (—) (Ref. 17.
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[ — T T ] rdf, together with the superposition approximation, does not
130 F J reproduceP(n). As far as we are aware, this has never been
- 1 done. Thus, a simple comparison®fn) obtained with the
two techniques gives limited information regarding the qual-
ity of the many-body correlation functions generated by

RMC.

81 L1)

V. CONCLUSION

We present a new algorithm with improved convergence
properties for reversed Monte Carlo simulations. The RMC

0.80

070 1® ) technique has been investigated using thermodynamic and
0.60 —_— structural analyses. The agreement between the input and
1.0 1.2 14 16 18 20 generated rdfs was impressive, even though system sizes

r . .
were very small and no hard-core constraints were imposed.

FIG. 6. Thed xr12,13,29 function for a HS systeninp=0.276 atisos- It was shown that bond-angle distribution functions and co-

celes configurations with both ; andr 3 fixed at 1.025. RMC (@), MMC  grdination number distribution function are of little value in

(--) and Ueharaet al. (—) (Ref. 18. proving the accuracy of the higher order correlation func-
tions generated by RMC. Instead, it was argued that sensitive
tests should be based on functions, which clearly show de-

gested beford.lt is clearly seen that thé,,; function ap-  viation from Kirkwood’s superposition approximation. The

proaches unity with increasing of distance. Our results ar&RMC-generated configurations produced similar configura-

also close to the data of Ravécéeall’ tional energy and excess chemical potential as the MMC

We extend our study to the previously investigated HSsimulations. It seems that this version can be easily extended

systems, at a packing fraction of 0.2¥%6Figure 6 shows to other molecular liquids and can provide an extra tool for

d103 a@s a function of the particle separation and at an isoscdiquid crystallography studies.

les fixed particle distance. Again, RMC seems to slightly

underestimates;,; close to contact. Thg®)(r,,r13,r,39 ACKNOWLEDGMENTS
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