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The leading Fock-state light-front wave functions of heavy quarkonia and D and B mesons are obtained
from the projections of their Bethe-Salpeter wave functions on the light front. We compute their leading-
twist time-reversal even transverse momentum distributions and parton distribution functions. Mirroring
the behavior of parton distribution amplitudes, the support of both distributions is increasingly narrower
and shifted toward larger x as a function of the meson mass. The dependence of x and k2l of the transverse
distributions does not factorize into separate functions, and their falloff with ki is much slower than that of

light mesons.
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I. INTRODUCTION

The definition of light-front wave functions (LFWFs)
plays a fundamental role in the light-front quantization
approach to quantum chromodynamics (QCD) [1], where
they are essential objects that encode the nonperturbative
internal dynamics of hadronic bound states. They provide
a frame-independent representation of hadrons and a
unique perspective on the longitudinal and transverse
dynamics of their constituents. One can derive probability
amplitudes from them, which describe the probability of
finding partons, quarks, and gluons with a given longi-
tudinal fraction of the hadron’s total momentum as well as
their transverse momentum dependence. Two of these
distributions, the parton distribution function (PDF) and
transverse momentum distribution (TMD), define hadronic
operators that relate the partons to measurable hadronic
observables [2-5], as they are experimentally accessible
and provide valuable insights into the internal structure of
hadrons.

From the perspective of continuum QCD and its appli-
cation to hadron phenomenology, a LFWF provides a
starting point to compute generalized parton distributions,
form factors, structure functions, and gravitational form
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factors. On the other hand, since the light front is not directly
accessible in nonperturbative approaches formulated in
Euclidean space, the calculation of a hadron’s LFWF poses
a challenge. This is certainly the case in lattice-regularized
QCD and with functional methods in continuum QCD, and it
has prompted alternative approaches to solving light-front
quantized field theories directly [6,7]—for instance, with a
large-momentum expansion of the equal-time Euclidean
correlation functions in instant quantization [8] or with the
projection of the Bethe-Salpeter wave function on the light
front [9,10]. A recent method described in [11] introduces a
contour-deformation technique combined with analytic con-
tinuation methods, offering a promising way to project the
Bethe-Salpeter wave function directly onto the light front.
These approaches collectively contribute to addressing the
challenges of computing LFWFs in a Euclidean framework.

The approaches based on light-front projection have
recently been pursued to extract the LFWF from an
Euclidian wave function computed within the combined
framework of the Dyson-Schwinger equation (DSE) and
Bethe-Salpeter equation (BSE) [12], as well as to compute
the PDF and TMD of light pseudoscalar and vector mesons
[10,13-15]. Likewise, the LFWFs of D and B mesons were
extracted from Mellin moments using an algebraic ansatz
for the Bethe-Salpeter wave function in Ref. [16]. Herein,
we fill a gap and extend these studies to the LFWF of D,
Dy, B, B, and B, mesons with a DSE-BSE calculation that
preserves the axial vector Ward identity [17-22]. With the
wave functions in hand, we then compute the meson’s
TMD and PDF.

Published by the American Physical Society
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II. LIGHT-FRONT WAVE FUNCTIONS

The minimal gg Fock-state configuration of a pseudo-
scalar meson in light-front QCD is given by [3]

[M(P)) = [M(P));—o + [M(P))y =1 (1)

The two states are described by two independent LFWFs,
namely, yo(x,k%) for the angular projection [, = 0 and
w1 (x,k%) for || = 1, where k is the transverse momen-
tum and x = k*/P7 is the light-front momentum fraction
of the quark. In a frame where the meson’s transverse
momentum vanishes, P, = 0, the transverse momentum of
the antiquark is k, = —k, and its light-front momentum
fraction is ¥ = 1 —x. The light-front components of a
Euclidean four-vector k, = (ky, ko, ks, ky) are defined by
k= ik, £ k3, and in terms of a lightlike vector, n? =0,
we have k™ = n - k. Finally, the transverse momentum of
the quark is defined by k|, = (k, k).

Starting from the matrix element definitions of the
LFWFs, one can show that the pion’s minimal Fock-state
LFWEF is obtained from its Bethe-Salpeter wave function
xu(k, P), with the two projections [9]

LI’,Z(x,kz) \/_l/dk :k_é(xP+—k,7+)
X Trp O} (k. P)]. (2)

where (91+ o =7"7sand O} —ic, k| ys/k?, and the

=1~
trace is over Dirac indices. The Bethe-Salpeter wave

function is defined by

xu(k. P) = / d'ze= (0T f(2)(0)|M(P)).  (3)
and can be expressed as
(k. P) = Sy (k, )T (k, P)S, (k). (4)

with the relative and total momenta k and P, respectively.
The momenta of the dressed quark propagators S (k,) of a
given flavor f, k, = k +nP and k; = k — P, define the
momentum-fraction parameters: # + 77 = 1. We recall that
observables cannot depend on them due to translational
invariance. The Bethe-Salpeter amplitude (BSA) of a
pseudoscalar meson made of a quark f and antiquark ¢
is generally defined as [23]

Ty (k; P) = ys [iE}J (k. P) + v - PF}j(k, P)
+7 kGl (k. P) + 6, k,PH} (k. P)]. (5

The wave functions y,,(k, P) of pseudoscalar mesons, in
particular of heavy-light bound states, are discussed in
Refs. [19,22], and we refer to details therein. They are

obtained in the DSE and BSE framework with a self-
consistent solution of the quark gap equation [24], which
yields the dressed quark propagator for a given flavor, and
of the homogeneous BSE, which gives the BSA of the
meson. Our numerical solutions, however, are in Euclidean
space, where do not have direct access to objects defined on
the light front. We use the following strategy to derive the
LFWF from the Euclidean-space wave functions: we
compute k% -dependent moments of the LFWF, defined by

(), () = / L, (K3, (6)

0

from which one can reconstruct the wave function on the
domains x€[0,1] and k3 €[0,A3]. Using Eq. (2) and
integrating over the Dirac function, one finds

oo V3i [dktdk <k+)m

(o) ) = 2 [ A (O
x Trp [(’)Ifs)(M(k, P)] (7)

To facilitate the calculation of the moments defined by
Eq. (7), we use an accurate parametrization of numerical
solutions to the quark DSE and BSAs in rainbow-
ladder truncation. We implement a complex conjugate
pole parametrization (ccp) for the quark propagator,
defined by [25,26]

N AT
Z (Zk) , (8)

= |ir- q+mk W-q+(m{)*

where m{; and Z{ are complex numbers. These parameters
are fitted to the numerical DSE solution for the quark
propagator with N =2 on the real spacelike axis
p?€[0,00). The sets of parameters for each flavor of
quarks are reported in Ref. [19].

With respect to the BSA defined by Eq. (5), the scalar
amplitudes F = (Eys Fars Gy, Hyy) are parametrized by a
Nakanishi type of integral representation [13] that allows a
simultaneous fit of even and odd components of the BSA
under k - P — —k - P and, therefore, of equal mass as well
as flavored mesons,

P=3 | davyfa)

where a dependence on the index i is implicit for all
parameters on the right-hand side. The spectral densities
pj(a) are defined as

U;A™i
(K +ak- P+ A%’

©)

3
I+ Zoncff/”(a)], (10)
n=1

(32
pl(a) :p2(a) = fr(])
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psle) =3 (1= ), (1)

where /% (a) are Gegenbauer polynomials of order 1/2.

The scalar amplitude H(k, P) is negligibly small and,
therefore, neglected. The parameter sets of Eq. (9) are
listed in the Appendix.

With the numerical values for the transverse-momentum-
dependent moments (7) at hand, one can reconstruct the
meson’s LFWF. In order to do so, we need an algebraic
parametrization for ¥; (x,k?%), which allows us to recon-
struct it by comparison of the calculated moments (x™), (k%)
(7) with the ones using the definition in Eq. (6). Motivated by
the algebraic model described in Ref. [16], we implement the
following parametrization for the LFWF:

A2n
(e f). (12)

\prec ,k2 =N
I, (x.k7) M(kzl"‘A%/z)

where we fix n = 4 for all mesons and define the function
A3 (x) = A+ x(x = 1)m3, + x(A3 = A?3).  (13)

Ny, a, B, A;, and A, are unknown scale-dependent
parameters to be determined in the reconstruction process,
while m,, is the ground-state mass eigenvalue of the
meson that corresponds to the BSA (5). For the light-front
distribution amplitude (LFDA), ¢, (x, a, 8), we employ the
parametrization [21]

for light pseudoscalar mesons and
Pu(x, a, p) = dxxe sl (15)

for the heavy-light mesons and quarkonia, with X = 1 — x.
Finally, we reconstruct the LFWFs by minimizing the sum

Mmax

G(NM’AI’AZﬂa’ﬁ) = Z

. (16)

and where the moments (x")f%, are calculated using

Eq. (6) with Egs. (14) or (15), whereas (x™), denotes the
k% -dependent moments in Eq. (7). We use myp, =35
moments in Eq. (16), which allows for a robust recon-
struction. While the k| -dependent part of the algebraic
model only takes into account the dominant amplitude of the
meson BSA [16], we assume here that we can reconstruct
the wave function with all scalar amplitudes of the BSA, the
advantage being that in Eq. (12), the relation between the
LFWEF and the LFDA is simple. We verify that the LFWF
of the light mesons and the heavy quarkonia can also be
extracted directly from Eq. (7), that is, without resorting to
the above reconstruction, by performing the dk™dk™ inte-
gration with the help of a Feynman parametrization and a
suitable variable transformation [27]. However, in order to
do so, a shift k - k —»P has to be applied to the quark
momenta in Eq. (4), which becomes impractical for
P? < —m3, as the integration inevitably reaches poles in
the quark propagators (8).

The fitted parameters are listed in Table I for the angular

pr(x.a.p) = x°% (14) projections I, =0 and I, = 1. Generally, the moments

TABLE I. Parameters obtained from the LFWF reconstruction via Eq. (16) for the angular momenta /. = 0 and /. = |1].
Meson/Parameters I Ny Ay A, a B
7(ud) 0 13.53 £2.05 1.00 £ 0.01 1.00 £ 0.01 0.51 £0.08 0.51 £0.08

1] 47.08 £+ 8.07 1.26 £0.01 1.26 £0.01 0.89 £0.10 0.89 £0.10
K(si) 0 24.60 £0.75 1.20 £ 0.01 1.03 +0.01 1.19 £0.07 0.60 + 0.07

1] 85.77 £ 13.09 1.20 £ 0.02 1.18 +0.01 1.37 £0.13 1.14 +0.08
D, (ci) 0 5.82+£1.03 2.13 4+ 0.06 1.06 £+ 0.03 —-0.29 £0.18 —-1.84 £0.12

1] 16.89 £ 3.46 1.89 +0.08 1.20 +0.03 1.10 £ 0.20 —247+0.16
Dy(c5) 0 3.01 £1.00 2.08 £0.11 1.38 £0.06 —-1.41£0.35 —-1.85+£0.21

1] 5.90+£0.73 1.85£0.18 1.69 £ 0.07 —-0.33£0.13 —-2.36 £0.11
n.(cc) 0 0.17 £ 0.06 2.19+0.04 2.19£0.04 —5.53+£0.40 0.00

1] 6.75 £2.22 2.11 £0.041 2.11 £0.041 —-1.14 £ 041 0.00
B, (bi) 0 10.52 +2.26 5.53£0.14 0.99 £0.07 2.22+£0.20 -2.50£0.19

1] 4.98 £ 0.50 479 £0.18 1.40 + 0.05 4.58 £0.06 —4.72 £0.13
B, (bs) 0 13.21 £3.45 4.86 £0.33 1.56 £0.15 1.93 £0.30 —-2.15£0.23

1] 991 £1.18 4.95+£045 1.68 £0.12 4.1340.32 -4.2540.13
B.(bt) 0 0.61 +£0.23 5.17£0.30 2214022 -3.30+0.36 -3.71+£0.32

1] 3.52£0.90 491 £0.28 2.32+0.18 —0.69 £ 0.26 —2.61 £0.26
1, (bb) 0 0.02 £0.01 547 +£0.11 547+£0.11 —8.05£0.28 0.00

1] 7.97 +2.41 5.28 £0.12 5.28 £0.12 0.56 + 0.46 0.00
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FIG. 1.

Light-front wave functions of light and heavy pseudoscalar mesons for the angular projection /, = 0 reconstructed from

transverse-momentum-dependent moments (x™); (k3) at the scale Qy = 0.53 GeV. The units for the k% axis are in GeV?.

(x™), are monotonously decreasing functions of k% and

tend to zero in the limit k2l — oo0. They are, moreover,
suppressed with increasing values of m. The LFWFs of the
mesons we considered are plotted in Fig. 1 for [, = 0.
For |I,| = 1, they can be readily obtained from Eq. (12)
and Table I. As expected, A; = A, and a = f for equal-
mass mesons, whereas one has A; # A, and a # f for
flavored mesons. In case of the light mesons, we observe
that at large k3, the LFWFs decay as y(x,k3) ~ 1/k%
and y(x,k3)~1/k%, in agreement with perturbative
QCD [28], and the wave functions reflect the dynamical
chiral symmetry breaking properties of the Bethe-Salpeter
wave functions. That is, their x dependence is broad at low
k% and narrows as k3 increases, approaching the asymp-
totic form x(1 — x). The effect of SU(3) flavor symmetry
breaking is clearly visible for the kaon, as the heavier
strange quark gains more support at larger x and the LFWF
is skewed. This observation is exacerbated for charm and
bottom mesons with a strong shift to larger x of the heavy
quark’s support, whereas a ridge forms along k3 with
increasing meson mass. Their LFWFs decay at larger k2, in
particular those of the #, and 7, quarkonia.

So far, we have not discussed the scale dependence of the
LFWE. Since we use a model for the gluon interaction [19,22]

in ladder truncation, the renormalization scale of the quark
propagators S;(k) is not that in a given scheme in
perturbative QCD. We therefore determine the scale with
the experimental value of the momentum fraction carried
by the valence quarks from a zN Drell-Yan analysis,
2(x), = 0.47(2) at a scale of Q> =4 GeV? [29,30]. By
solving the next-to-leading-order (NLO) Dokshitzer—
Gribov-Lipatov—Altarelli—Parisi (DGLAP) evolution equa-
tions numerically with QcbNUM [31], we determine our
model scale to be Oy = 0.53 GeV.

II1. DISTRIBUTION FUNCTIONS

With the meson’s LFWF at hand, one can readily derive
three distributions. The leading-twist distribution amplitude
of the meson is obtained by integrating over the quark’s
transverse momentum [1],

!
- 16x°

o) = 1o | gk )dk,. (1)

normalized with weak decay constant f,,

A () = f. (18)

114033-4
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fr.(2,k3)

10

FIG. 2. Transverse momentum distributions of pseudoscalar mesons for the minimal Fock-state configuration in Eq. (19) at the scale

0y = 0.53 GeV. The units for the k7 axis are in GeV?.

The leading-twist time-reversal even TMD is given in terms
of the minimal Fock-state LFWFs as [4,32]

Fuledd) = s (ol k)P + W (P, (19)

and the PDF is obtained by integrating over the quark’s
transverse momentum,

AL
d(x. Qo) = / Fulek)dk,.  (20)

The normalization condition that guarantees baryon num-
ber conservation of the LFWF is

A (. Qo)dx = 1. (1)

In Fig. 2, the unpolarized TMDs of the pseudoscalar
mesons are presented as functions of k2 and x. We point
out that this includes the first TMD calculation of D and B
mesons within the DSE-BSE approach. The transverse
distributions mirror the functional behavior of the LFWF
discussed in Sec. II. They are smooth functions that decay
with increasing k% and as functions of x. As illustrated in
Fig. 3, an inflection point from a concave to a convex
function of k is located at about 300 MeV in the case of
the pion and kaon, as was already observed in Ref. [13].

It persists at the same scale for the D, B, 7., and #,.
However, the falling off with k3 of the TMD of these
mesons is significantly attenuated, and their x dependence
is narrow. The latter observation is consistent with the fact
that dynamical chiral symmetry breaking is less important
in heavy mesons. Recall that the x dependence of the TMDs
in Eq. (12) does not factorize.

We conclude this section with the presentation of the
PDFs in Fig. 4, which we obtain from the TMDs via
Eq. (20) with the value A2 = 8 GeV?2. We stress that our
results remain unchanged for A% > 8 GeV?. The PDFs
presented in Fig. 4 can be fitted with the Gegenbauer
expansion,

q(x, Qo) = 30[x(1 — x)]2 1+§":a,.cj/2(zx—1) . (22)
j=1

We find that all PDFs can be reproduced with j,, = 17. For
mesons composed of the same valence quarks, only even
Gegenbauer polynomials contribute to the parametrization.
On the left-hand side of Fig. 4, the PDFs of the pion and
kaon are compared to the asymptotic form of Eq. (22),
q(x, Q) = 30[x(1 — x)]?, in the limit Qy — c0. We note
again a clear broadening of the distributions, which is
nothing but a manifestation of dynamical chiral symmetry
breaking in the meson’s Bethe-Salpeter wave function.
Likewise, SU(3) breaking is apparent, and the strange

114033-5
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function generally occurs at about k; =~ 0.3 GeV.
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TMD of light and heavy mesons as a function of k, for selected values of x. An inflection point from a concave to a convex

10

=
&
=
B
©

4t (7, Qo
qT]b(I7 Qo
q(z)

2

FIG. 4. Parton distribution functions of light and heavy mesons calculated at the scale Q, = 0.53 GeV. For comparison, the
asymptotic form g(x) ~ [x(1 — x)]? is plotted. The error bands are due to the reconstruction procedure and stem from the uncertainties in

the parameters Ny, a, B, A, and A, in Eq. (12).

quark carries a larger fraction of the kaon’s longitudinal
light-front momentum. On the right-hand side of Fig. 4,
the PDFs of heavy quarkonia and heavy-light mesons
are shown. Their functional behavior is analogous to that
observed for their distribution amplitudes (see, for example,
Refs. [19,21]): with increasing quark masses, the distribution
functions become narrower, and in case of an infinitely
heavy quarkonia, one expects g(x) ~ &(x — 1/2). The sup-
port of the D-meson distributions is shifted to larger x, even
more so for the B mesons, as is clear from comparison with
the asymptotic distribution g(x).

In Fig. 5, we show our results for the pion valence
distribution »” (multiplied by Bjorken x) as a function of x.
We evolve our results at Oy = 0.53 GeV to a scale of Q =
4 GeV using the NLO DGLAP equations of the QCD
evolution program QCDNUM [31] to compare with the LO
analysis result of Ref. [33]. Finally, the valence distribution
function can be very accurately parametrized with a
Chebyshev expansion, as follows:

xv" =N,x(1—x) |1+

y b,,U,,(Zx—l)]. (23)
n=1

0.4
***** 0" (x)
LO analysis result
0.3 |
2 02
g
0.1
0.0/ , . X X it
0.0 0.2 0.4 0.6 0.8 1.0
xT
FIG. 5. The pion valence PDF evolved to Q =4 GeV and

compared with a leading order (LO) analysis result [33].

IV. FINAL REMARKS

We projected the Bethe-Salpeter wave function of
pseudoscalar mesons on the light front by computing
k% -dependent moments of the leading Fock-state LFWF,
where the wave functions employed are computed in an
improved ladder kernel that accounts for the flavor differ-
ence of the light and heavy quarks [19]. The LFWF (2) and
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TMD (19) of pseudoscalar mesons we obtained provided
an insightful picture of their longitudinal momentum frac-
tion and transverse momentum dependences as a function
of the quark-antiquark mass difference.

We reproduced earlier DSE-BSE calculations of the TMDs
for the pion and kaon [10,15] and for heavy quarkonia [14],
and we reported the first TMD and PDF of D, D,, B, B, and
B, mesons using a functional approach. Not surprisingly, and
mirroring the behavior of the distribution amplitudes [19,21],
the larger the quark-mass difference, the narrower the LFWF,
TMD, and PDF become, and the more they are skewed
toward larger x. Moreover, with increasing meson mass, the
TMDs fall off much slower than those of the pion and kaon as
a function of k3. One therefore ought to be aware of this
behavior when studying the transverse momentum depend-
ence heavy meson production amplitudes. Finally, we
determined our model scale by evolving the pion valence
quark distribution function to the experimental scale.
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APPENDIX: BETHE-SALPETER AMPLITUDE
PARAMETERS

In Table II, we list all the parameters associated with the
BSA of the pseudoscalar mesons. The corresponding
parametrization is detailed in Eq. (9).

TABLE II. Parameters of the spectral representation of the meson’s BSA (9) (dimensioned quantities in GeV).
A Ul U2 U3 np ny ns (] () O3

E, 1.42 0.75 1.45 —-1.21 4 5 6 0.00 1.13 0.00
F, 1.43 —-0.44 0.94 0.01 3 4 1 0.00 -1.30 0.00
G, 0.80 —0.05 0.04 0.01 4 5 1 38.00 2.81 1.25
Ex 1.33 2.36 —1.09 -0.27 4 5 6 —0.97 1.28 —1.53
Fy 1.56 —0.39 0.80 0.01 3 4 1 —0.64 -1.09 1.20
Gy 1.57 0.00 0.25 —0.25 5 6 5 —1.64 2.34 -3.18
E, 1.84 2.08 -1.13 0.06 4 5 1 0.0 —1.65 0.00
F, 2.55 —0.02 0.15 0.00 4 6 1 0.0 -2.14 0.00
G, 2.71 0.82 —0.08 -1.12 8 12 8 —0.33 0.00 0.75
E, 3.31 0.16 0.78 0.06 4 5 1 0.00 -2.22 0.00
F,, 3.50 0.00 0.05 0.00 4 6 1 0.00 -2.30 0.00
G, 3.86 0.08 —0.04 —1.54 8 12 8 —1.00 0.00 3.08
Ep, 1.44 2.49 —-1.50 0.01 4 5 1 0.133 —1.48 0.57
Fp, 2.03 —0.07 0.278 0.00 4 6 1 —0.41 -1.92 0.90
Gp, —2.60 0.14 0.20 —0.36 8 12 8 —-1.09 —1.63 2.23
Ep, 1.56 2.44 —1.45 0.01 4 5 1 0.23 —1.40 0.15
Fp, 1.47 0.33 —0.12 0.00 4 6 1 0.30 —1.88 —0.72
Gp, -1.50 —-0.19 0.12 0.00 4 5 1 3.25 0.95 -5.07
Eg, 1.55 2.61 —1.60 —-0.03 4 5 1 0.13 -2.29 —0.28
Fg, 2.36 —0.05 0.14 0.00 4 6 1 0.34 -2.30 —-1.04
Gy, 2.16 0.142 —0.01 -0.21 5 6 4 —1.36 —0.98 4.26
Eg, 1.71 2.36 —1.31 —0.05 4 5 1 0.55 —2.11 —1.55
Fg, 2.21 —0.01 0.10 0.00 4 6 1 0.60 -2.17 —1.83
Gp 1.58 —-0.41 0.26 0.00 4 5 1 1.35 —1.57 —3.80

(Table continued)
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TABLE II. (Continued)

A U, U, Us n ny ns 01 o) o3
Eg, 2.14 1.94 —0.96 0.02 4 5 1 0.33 -2.13 —0.88
Fg, 2.78 0.00 0.07 0.00 4 6 1 0.33 —2.25 —-0.99
Gp, 245 0.01 0.00 0.05 5 6 4 —43.57 4.04 127.57
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