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1 Introduction

The minimal pure spinor superstring action in a generic supergravity and super-Yang-Mills

(SYM) heterotic background first appeared in [1]. It was also shown in [1] that imposing

that both the BRST operator is nilpotent and the BRST current is holomorphic all the

supergravity and super-Yang-Mills superfield constraints are reproduced. However, the b

ghost in a curved heterotic background was only fully constructed recently [2].

In the pure spinor formalism, the b ghost is a composite operator and it is constructed

as a solution to the equation δBb = T , where δB means BRST variation and T is the energy-

momentum tensor. In order to construct a covariant b ghost in a flat space background,

it is necessary to use the non-minimal pure spinor formalism introduced in [3]. The left-

moving ghost sector of the minimal formalism consist of a pure spinor λα and its conjugate

momentum ωα. The non-minimal formalism has the following additional variables: a

bosonic pure spinor λ̂α and a constrained fermion rα together with their conjugate momenta

ω̂α and sα respectively. In [4], the b ghost in a flat space background was simplified, it was

rewritten in terms of RNS-like variables.
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The BRST transformations of all the minimal fields in a curved heterotic background

were computed in [5] and they were used to show that the heterotic minimal action is BRST

invariant. The non-minimal formalism in a curved heterotic background was constructed

in [6]. The same set of non-minimal variables described previously for the flat space back-

ground was added to the model and their BRST transformations were found requiring that

the BRST transformations of the minimal variables are unchanged and imposing some

consistency conditions. This non-minimal heterotic formalism was used to construct the

heterotic b ghost. A simplified version of the curved heterotic b ghost, and the one used in

this work, was constructed in [2].

In a flat space background b is a holomorphic operator, i.e. ∂̄b = 0 where ∂̄ is the

antiholomorphic derivative. However, it is not holomorphic in a generic curved background

and it is expected to satisfy ∂̄b = δBΩ for some Ω. Note that Ω is defined up to a BRST

exact term. In fact, Ω has been constructed in a Type IIB AdS5 × S5 background in [7]

and in a super-Maxwell background in [8]. In this work, we find a possible Ω for the curved

heterotic b ghost of [2].

The pure spinor b ghost in a generic curved Type II background has not been con-

structed yet. It is only known for particular R-R backgrounds [7], being AdS5 × S5 an

example. Recently, the non-minimal pure spinor formalism in a generic curved Type II

background was constructed in [9]. It is expected that the b ghost can be constructed

using this new non-minimal formalism.

This paper is organized as follows. In section 2, we review both the minimal and

non-minimal pure spinor formalisms in a curved heterotic background. Moreover, the

expression of the b ghost is presented and all the necessary equations of motion to compute

∂̄b are derived. In section 3, we explicitly construct Ω firstly in a super-Yang-Mills heterotic

background, then in the case sα = ω̂α = 0 and finally the general case is considered. The

complete expression for Ω is given in section 4. The appendix has all the conventions used

in this work and some important identities.

2 Review of the pure spinor formalism in a curved heterotic background

In this section, we review both the minimal and non-minimal pure spinor heterotic su-

perstring. Moreover, the expression of the b ghost is presented. We also derive all the

necessary equations of motion to evaluate ∂̄b. All the conventions used can be found in the

appendix.

2.1 The minimal pure spinor formalism

The minimal pure spinor heterotic superstring action Sm is written in terms of the N = 1

D = 10 superspace coordinates and background superfields. We will denote the curved

superspace coordinates by ZM with M = (m,µ) and m = 0, . . . , 9, µ = 1, . . . , 16. The

tangent superspace indices will be denoted by A = (a, α), with a = 0, . . . , 9, and α =

– 2 –
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1, . . . , 16. The action in a generic curved heterotic background is [1]

Sm =

∫

d2z
1

2
ΠaΠ

b
ηab +

1

2
ΠAΠ

B
BBA + dαΠ

α
+ wα∇λα (2.1)

+JI

(

ΠAAI
A + dαW

Iα +
1

2
λαwβU

Iβ
α

)

+ SJ + b̄∂c̄ ,

with

ΠA = ∂ZME A
M , Π

A
= ∂ZME A

M ,

where E A
M is the supervielbein matrix. In the action, JI are right-moving E8 × E8 or

SO(32) currents with I = 1, . . . , 496 and their action is SJ , whose explicit form will not

be needed. The (b̄, c̄) are the usual right-moving Virasoro ghosts of the bosonic string.

The additional ghosts are (λα, ωα) with ωα being the conjugate momentum of λα and λα

a bosonic pure spinor, which means that it satisfies

λγaλ = 0 ,

where (γa)αβ are tangent SO(1, 9) generalized Pauli matrices. The covariant derivative

that appears in the action is given by

∇λα = ∂λα + λβΠ
A
Ω α
Aβ ,

with Ω α
Mβ the background spin connection. The additional background superfields ap-

pearing in the action are: the two-form potential BMN , the super-Yang-Mills potential

AI
M and finally, the super-Yang-Mills field-strengths W Iα and U

Iβ
α .

Due to the fact that λα is a constrained variable, its momentum conjugate ωα is defined

up to the gauge transformation

δωα = Λa(γaλ)α , (2.2)

for any Λa. Imposing that the action is gauge invariant implies that the superfields Ω β
Mα

and U
Iβ
α have the decompositions

Ω β
Aα = ΩA δβα +

1

4
ΩAab(γ

ab) β
α , U Iβ

α = U Iδβα +
1

4
U I
ab(γ

ab) β
α , (2.3)

which is equivalent to the fact that ωα can only appears in the gauge invariant combinations

J = λαωα and Nab = 1
2(λγ

abω). In the decomposition of the spin connection above, ΩA is

the scaling connection and ΩAab is the usual Lorentz connection satisfying ΩMab = −ΩMba.

The action Sm is BRST invariant and the left-moving BRST operator is

Q =

∮

dz λαdα . (2.4)

Note that the variable dα also appears in the action. The pure spinor BRST operator

was first constructed in a flat space background in [10] and its origin, at least for the flat
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space case, was only discovered recently as a result of the procedure of gauge-fixing a more

fundamental action [11, 12].

The pure spinor formalism is well defined only if the BRST operator is nilpotent and

the BRST current is holomorphic, which means ∂̄(λd) = 0. In [1] the constraints on the

background superfields coming from these two conditions were found and solved and it

was shown that they are the correct N = 1 supergravity and super-Yang-Mills constraints

after fixing all the gauge symmetries. In this work, we will need the following set of these

constraints

T α
Aβ = Hbaβ = Hαβγ = Tβ(ab) = 0 , Hαβb = Tαβb , (2.5)

λβλγR α
bβγ = 0 , F I

αβ = 0 , F I
aβ = W Iα(γa)αβ ,

1

2
U Iα
β = ∇βW

Iα ,

T a
αβ = γaαβ , T b

αa = 2(γ b
a )

β
α Ωβ ,

where H are the three-form field-strengths, T are the torsions, R are the curvatures, F

are the SYM field-strengths and ∇M are covariant derivatives defined in terms of the spin

connections and SYM connections, see the appendix for precise definitions.

In fact, the action Sm of (2.1) is not the complete action. The Fradkin-Tseytlin term

that couples the background dilaton superfield Φ with the worldsheet curvature is absent.

This term was not written down because it is higher order in α′ and it is not needed for

classical conformal invariance of the action. However, it is necessary for quantum conformal

invariance [1, 13] and homorphicity of the BRST current (λd), which imply the additional

constraint

Ωα =
1

4
∇αΦ . (2.6)

Combining the set of constraints given above with the Bianchi identities, one can derive

additional relations among the background superfields. Using that ∇Aγ
b
αβ = −2ΩAγ

b
αβ

and the Bianchi identity involving the super-Yang-Mills field-strength F I
AB given in (A.3),

one has

∇[aF
I
αβ] + T F

[aα F I
|F |β] = 0 ⇒

1

2
U I +ΩαW

Iα = 0 and F I
ab =

1

2
U I
ab + TαabW

Iα . (2.7)

Moreover, three important properties of the background superfields can be derived from

a combination of two Bianchi identities. Consider the Bianchi identities (A.2) and (A.5)

with the following specification of the indices

ηab(∇[aTαβ]b −R[aαβ]b + T A
[aα T|A|β]b) = 0 , and ∇[aHbαβ] +

3

2
T A
[ab H|A|αβ] = 0 ,

one can show that the Bianchi identities above imply

Ωa = 0 , ηabTcab = 0 , Tabc +Habc = 0 . (2.8)

In what follows, the explicit form of RAB, which are the components of the curvature

constructed from the scaling connection ΩA, will be needed. Note that for generic values

of A and B, the curvature has the form

RAB = ∇[AΩB] + T C
AB ΩC ,
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and due to the constraints above, we have

Raβ = ∇aΩβ , Rab = T α
ab Ωα , Rαβ = ∇(αΩβ) ⇒ Rαβ = −

1

4
γaαβ∇aΦ . (2.9)

2.1.1 The BRST transformations

As mentioned before, the minimal action Sm of (2.1) is BRST invariant. The BRST

transformations of all the variables appearing on the minimal action were derived in [5]

expressing dα as a function of the other variables and the conjugate momenta and using

the canonical commutation relations. The transformations of λα, ωα, dα and JI are

δBλ
α = −λβΩ α

βγ λγ , δBωα = λβΩ γ
βα ωγ + dα , δBJI = JKfK

JI λ
αAJ

α , (2.10)

δBdα = λβΩ γ
βα dγ + λβλγωδR

δ
αβγ +Πa(λγa)α .

In addition, the BRST transformations of ΠA are

δBΠ
a = −λαΩ a

αb Πb − λαΠAT a
Aα , δBΠ

β = ∇λβ − λαΩ β
αγ Πγ . (2.11)

The transformations of the variables Π
A
can be obtained from the ones above by replacing

both Π with Π and ∂ with ∂̄. Finally, let Ψ be any superfield, it transforms as

δBΨ = λα∂αΨ . (2.12)

In the expression of the heterotic b ghost derived in [2] which will be reviewed in a

future subsection, the following combination of variables and superfields appears

Dα = dα +
1

4
λβTβab(γ

ab) γ
α ωγ − 3(λΩ)ωα . (2.13)

The BRST transformation of Dα was derived in [2]. It was shown that using the constraints

of the superfields and the Bianchi identities, the transformation simplifies to

δBDα = λβΩ γ
βα Dγ + 3(λΩ)Dα +Πa(λγa)α −

1

4
λβTβab(γ

abD)α . (2.14)

One last comment is that sometimes the computations are simplified once one writes the

BRST transformation of ωα in terms of Dα, it takes the form

δBωα = λβΩ γ
βα ωγ +Dα + 3(λΩ)ωα −

1

4
λβTβab(γ

ab) γ
α ωγ . (2.15)

2.2 The non-minimal pure spinor formalism

The non-minimal pure spinor formalism in a flat background was developed in [3]. One of

the motivations for adding new variables to the minimal formalism was that using these

new variables one can construct a covariant b ghost which is important for multi-loop

calculations. The new variables are: a bosonic pure spinor λ̂α together with its conjugate

momentum ω̂α and a constrained fermionic spinor rα and its conjugate momentum sα.

They satisfy

λ̂γaλ̂ = 0 , λ̂γar = 0 , (2.16)
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and due to the above constraints the conjugate momenta are defined up to the gauge

transformations

δω̂α = Λ̂a(γaλ̂)
α − φa(γar)

α , δsα = φa(γaλ̂)
α ,

where Λ̂a and φa are arbitrary parameters.

The non-minimal pure spinor formalism in a curved heterotic background was con-

structed in [6]. Again, one of the motivations for extending the minimal formalism was the

construction of the b ghost and the same set of new variables was added. The first step of

the construction was finding the BRST transformations of the non-minimal variables after

modifying the BRST operator by adding a new term equal to the flat space case. This

was achieved by noticing that the transformations of the minimal fields do not change and

imposing consistency of the BRST transformations. The answer is

δBλ̂α = −rα + λγ λ̂β

(

Ω β
γα −

1

4
Tγab(γ

ab) β
α

)

, δBω̂
α = −ω̂βλγ

(

Ω α
γβ −

1

4
Tγab(γ

ab) α
β

)

,

δBs
α = ω̂α + sβλγ

(

Ω α
γβ −

1

4
Tγab(γ

ab) α
β

)

, δBrα = −λγrβ

(

Ω β
γα −

1

4
Tγab(γ

ab) β
α

)

.

(2.17)

The non-minimal pure spinor action that we are going to use includes a torsion term

as the one in [2]. The action is

Snm = δB

∫

d2z

(

s∇λ̂+
1

4
Π

A
TAab(sγ

abλ̂)

)

,

with

∇λ̂α = ∂̄λ̂α − λ̂βΠ
A
Ω β
Aα ,

and after computing the BRST transformations, one has

Snm =

∫

d2z ω̂∇λ̂+ s∇r +
1

4
Π

A
TAab[(ŵγ

abλ̂) + (sγabr)] (2.18)

+λαΠ
A
RAα(sλ̂) +

1

4
λαΠ

c
Rcαab(sγ

abλ̂) ,

and we have used the definition

Rcαab = Rcαab −∇[cTα]ab − T d
cα Tdab + Tcd[aT

d
b]α , (2.19)

where [ ] means antisymmetrization without any additional numerical factor. Note that

replacing c by β in the above definition gives Rβαab = 0 due to the Bianchi identity (A.2).

2.3 The curved heterotic b ghost

In the pure spinor formalism the b ghost is a composite operator and it is constructed as a

solution to the equation δBb = T where T is the energy-momentum tensor. In a flat space

background this equation was solved in [3] using the non-minimal formalism. The result

– 6 –
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was rewritten using RNS-like vector variables in a simpler way in [4]. The b ghost in a

curved heterotic background was first constructed in [6], however in this paper we will use

the simplified version of the b ghost of [2] where generalized RNS-like variables were used.

The b ghost is given by

b = −sα∇λ̂α −
1

4
ΠATAab(sγ

abλ̂)− ωαΠ
α (2.20)

+
1

2(λλ̂)
(ωγaλ̂)(λγ

aΠ) + ΠaΓ̄a −
1

4(λλ̂)
(λγabr)Γ̄aΓ̄b ,

where Γ̄a are the generalized RNS-like variables defined by

Γ̄a = −
1

2(λλ̂)
(Dγaλ̂)−

1

8(λλ̂)2
(rγabcλ̂)N

bc , (2.21)

with Dα defined in (2.13) and N bc = 1
2(λγ

bcω).

2.4 The equations of motion

In this subsection, we compute all the necessary equations of motion for evaluating ∂̄b.

The complete curved heterotic action is the sum of the minimal action Sm of (2.1) and the

non-minimal action Snm of (2.18). Varying λα, ωα and dα, one obtains respectively

∂̄ωα = Π
A
Ω β
Aα ωβ +

1

2
JIU

Iβ
α ωβ +Π

A
RAα(sλ̂) +

1

4
Π

c
Rcαab(sγ

abλ̂) , (2.22)

∂̄λα = −λβΠ
A
Ω α
Aβ −

1

2
λβJIU

Iα
β , Π

α
= −JIW

Iα ,

where Rcαab was defined in (2.19).

One way of obtaining the equation of motion of JI is writing SJ in (2.1) explicitly

and varying the action with respect to the right-moving variables. Another way, which is

independent of any specific representation of JI , is to note that JI transforms under gauge

transformations and when W Iα = U
Iβ
α = 0, its equation of motion has to be ∇JI = 0.

Inspecting the action Sm of (2.1), one verifies that W Iα and U
Iβ
α couple to JI similarly to

AI
M , then when these background superfields are non-zero the equation of motion of JI is

∂JI = −fK
IJJK(ΠAAJ

A + dαW
Jα +

1

2
λαωβU

Jβ
α ) . (2.23)

The procedure to find the equation of motion of dα is to first vary the action with

respect to ZM and then multiply the result by the inverse supervielbein E M
α . Firstly, let

us set ω̂α = sα = 0 which is equivalent to consider only the minimal action. In this case,

one can show that

∂̄dα|s=ω̂=0 = −
1

2
ΠAΠ

B
HBAα +

1

2
ΠaΠ

A
TAαa +

1

2
Π

a
ΠATAαa −Π

A
T

β
Aα dβ +Π

A
Ω β
Aα dβ

+λβωγΠ
A
R

γ
Aαβ +ΠAJIF

I
Aα + JI∇αW

Iβdβ −
1

2
λβωγJI∇αU

Iγ
β .
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The expression above greatly simplifies when the constraints of the superfields are taken

into account. The result is

∂̄dα|s=ω̂=0 = Π
A
Ω β
Aα dβ + λβωγΠ

A
R

γ
Aαβ −

1

2
λβωγJI∇αU

Iγ
β +

1

2
JIU

Iβ
α dβ .

Adding the terms coming from the variation of the non-minimal action and using the

definition of Rcβab given in (2.19), the final result is

∂̄dα =Π
A
Ω β
Aα dβ + λβωγ Π

A
R

γ
Aαβ −

1

2
λβωγJI∇αU

Iγ
β +

1

2
JIU

Iβ
α dβ (2.24)

−
1

2
λβJIU

Iγ
β Rγα(sλ̂)−Π

A
RAα[(sr) + (ω̂λ̂)] + λβΠ

A
∇αRβA(sλ̂) + λβΠ

A
∇ARαβ(sλ̂)

+λβΠ
A
T a
Aα Raβ(sλ̂)−

1

4
λβΠ

c
∇αRcβab(sγ

abλ̂)−
1

4
Π

c
Rcαab[(sγ

abr) + (ω̂γabλ̂)]

+
1

2
λβΠ

c
RcβadT

d
αb (sγabλ̂) +

1

4
λβΠ

A
T c
Aα Rcβab(sγ

abλ̂) .

In what follows, we will also need ∂̄Πα and ∂̄Πa. One way of computing these equations

of motion is using the definitions of ΠA and Π
A

and evaluating sums and differences.

Note that

(∂̄ΠA − ∂Π
A
) = ∂ZM ∂̄ZN∂[NE A

M ] (2.25)

= −Π
B
ΠCT A

CB −ΠBΠ
C
Ω A
CB +Π

B
ΠCΩ A

CB ,

where we have used the expression for the torsion (A.1). Using the expression above and

Π
α
= −JIW

Iα, one finds one of the required equations of motion

∂̄Πα = ∂(−JIW
Iα)−Π

a
ΠbT α

ba −ΠβΠ
C
Ω α
Cβ +Π

β
ΠCΩ α

Cβ . (2.26)

In order to find the equation of motion ∂̄Πa, it is necessary to use (2.25) with A

replaced by a and additionally compute

∂̄Πa + ∂Π
a
= 2 ∂̄∂ZME a

M + ∂ZM ∂̄ZN∂NE a
M + ∂̄ZM∂ZN∂NE a

M . (2.27)

The combination of terms appearing on the right-hand side of the expression above also

appears when varying the action with respect to ZM and multiplying the result by E M
a .

In this way, one can compute the left-hand side. Combining (2.25) with (2.27), we have

∂̄Πa = ΠbΠ
A
ΩAab +Π

b
T α
ba dα + λαωβΠ

B
R

β
aBα − JI∇aW

Iαdα +
1

2
ΠbJIU

I
ab (2.28)

+
1

2
λαωβJI∇aU

Iβ
α +Π

A
RAa[(sr) + (ω̂λ̂)] + λαΠ

A
∇aRAα(sλ̂) + λαΠ

A
∇ARαa(sλ̂)

−λαΠ
A
T B
Aa RBα(sλ̂) +

1

2
λαJIU

Iβ
α Raβ(sλ̂)−

1

4
Π

A
RaAbc[(sγ

bcr) + (ω̂γbcλ̂)]

+
1

4
λαΠ

b
∇aRbαcd(sγ

cdλ̂)−
1

4
λαΠ

A
∇ARaαbc(sγ

bcλ̂) +
1

2
λαΠ

b
RbαcdT

d
ae (sγceλ̂)

−
1

4
λαΠ

A
T b
Aa Rbαcd(sγ

cdλ̂)−
1

2
λαΠ

A
T c
Ab Raαcd(sγ

bdλ̂) +
1

8
λαJIU

Iβ
α Raβbc(sγ

bcλ̂) ,

– 8 –



J
H
E
P
0
3
(
2
0
1
6
)
2
0
0

where we have used the definition

RcAab = RcAab +∇[ATc]ab + T B
Ac TBab − TAd[aT

d
b]c , (2.29)

and (2.19). Note that when A is replaced by α in the above expression, one has Rcαab =

Rcαab. In what follows, we will also need the equations of motion of the non-minimal

variables. Varying the action with respect to ω̂α, rα and sα respectively, we have

∂̄λ̂α = Π
A
Ω β
Aα λ̂β −

1

4
Π

A
TAab(γ

abλ̂)α , ∂̄sα = −sβΠ
A
Ω α
Aβ +

1

4
Π

A
TAab(sγ

ab)α ,

∂̄rα = Π
A
Ω β
Aα rβ −

1

4
Π

A
TAab(γ

abr)α + λβΠ
A
RAβλ̂α +

1

4
λβΠ

d
Rdβab(γ

abλ̂)α . (2.30)

3 Constructing Ω

In this section, we find a Ω satisfying ∂̄b = δBΩ. Firstly, the case where all the supergravity

background superfields are set to zero will be considered. Secondly, we will consider the

case where ω̂α = sα = 0. Finally, the general case will be considered.

3.1 Super-Yang-Mills background

We begin this subsection by reviewing the construction of Ω in a super-Maxwell back-

ground (open superstring) done in [8]. The authors of [8] argued that ∂̄b can be extracted

from the OPE between b and the super-Maxwell vertex operator. In the limit where the

field-strengths are constant, the super-Maxwell vertex operator reduces to a linear combi-

nation of the supersymmetry current and the minimal Lorentz current. As the b ghost is

supersymmetric and a Lorentz scalar, they concluded that in that limit Ω is

1

4
λ̂β(γ

ab) β
α Fab

∂b

∂rα
. (3.1)

In this subsection, returning to our construction of Ω in a curved heterotic background,

the case where all supergravity background superfields are set to zero will be considered.

In this case, the b ghost expression given in (2.20) reduces to the flat space one, because

Dα → dα. In addition, our linearized equations of motion take the same functional form

of the equations of motion of an open superstring in a generic super-Maxwell background

of [8], apart from the overall δ(σ) term and including JI and the indices I on the superfields.

Note that, due to (2.7), we have U Iβ
α → 1

2(γ
ab) β

α F I
ab. Thus, in the case ∂aW

Iα = ∂aF
I
bc = 0,

or in other words considering the field-strengths constants, we can use the results of [8]

and conclude that

Ω0 =
1

8
(JIU

I
ab) λ̂β(γ

ab) β
α

∂b

∂rα
, (3.2)

where the subscript 0 in Ω0 means that Ω reduces to this expression when all the su-

pergravity background superfields are zero, the SYM field-strengths are constant and the

equations of motion are linearized. In principle, we can use the results of [8] for the case

where the field-strengths are not constant as well, however in [8] the b ghost is not written

in terms of RNS-like variables, thus we will derive it again below.
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In what follows, we will explicitly check that Ω0 has the form (3.2) and compute its

correction which includes non-linear terms and derivatives of the SYM field-strengths. At

order r0 and setting the supergravity fields to zero, one can compute ∂̄b using the equations

of motion and (2.20), the result is the sum of the following three contributions

∂̄

(

−sα∇λ̂α −
1

4
ΠATAab(sγ

abλ̂)− ωαΠ
α

)

|SYM = (3.3)

ωαΠ
aJI∇aW

Iα − JKfK
IJ ωαW

IαdβW
Jβ −

1

2
JKfK

IJ ωαW
IαλγωβU

Jβ
γ ,

∂̄

(

1

2(λλ̂)
(ωγaλ̂)(λγ

aΠ)

)

|SYM = (3.4)

1

16(λλ̂)2
(λγabλ̂)JIU

I
ab(ωγcλ̂)(λγ

cΠ)−
1

16(λλ̂)
(ωγc)

αJIU
I
ab(γ

ab) γ
α λ̂γ(λγ

cΠ)

+
1

2(λλ̂)
(ωγaλ̂)(λγ

a)α

(

JKfK
IJ W

IαdβW
Jβ +

1

2
JKfK

IJ W
IαλβωγU

Jγ
β −ΠaJI∇aW

Iα

)

,

and finally

∂̄(ΠaΓ̄a)|SYM,r0 = −
1

16(λλ̂)2
(λγabλ̂)JIU

I
abΠ

c(Dγcλ̂) (3.5)

+
1

16(λλ̂)
Πc(Dγc)

αJIU
I
ab(γ

ab) β
α λ̂β +

1

4(λλ̂)
Πa(λ̂γa)

αλβωγJI∇αU
Iγ
β

−
1

4(λλ̂)
(Dγaλ̂)λαωβJI∇aU

Iβ
α +

1

2(λλ̂)
(Dγaλ̂)JI∇aW

Iαdα .

The next step is to compute δBΩ0 with Ω0 given in (3.2) at order r0 in the limit we are

considering. Using the BRST transformations of the subsection 2.1.1 and the ones given

in (2.17), we have

δB

(

1

16(λλ̂)2
(Dγaλ̂)(Dγbλ̂)JIU

I
ab

)

|SYM,r0 = (3.6)

1

8(λλ̂)2
Πc(λγ

cγaλ̂)(Dγbλ̂)JIU
I
ab +

1

16(λλ̂)2
(Dγaλ̂)(Dγbλ̂)λαJI∇αU

I
ab ,

and

δB

(

−
1

128(λλ̂)2
λ̂α(γ

ab) α
β JIU

I
ab

β(γcef λ̂)(λγ
efω)Πc

)

|SYM,r0 = (3.7)

−
1

128(λλ̂)2
λ̂α(γ

ab) α
β JIU

I
ab

β(γcef λ̂)(λγ
efD)Πc

+
1

128(λλ̂)2
λ̂α(γ

ab) α
β JIU

I
ab

β(γcef λ̂)(λγ
efω)(λγcΠ)

−
1

128(λλ̂)2
λ̂α(γ

ab) α
β λγJI∇γU

I
ab

β(γcef λ̂)(λγ
efω)Πc .
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Note that the terms above not having derivatives precise reproduce the terms without

derivatives and linear in the SYM fields of ∂̄b computed previously. To see this, one uses

the identity

1

16
(γab) γ

α (γab)
δ

β =
1

4
γaαβγ

γδ
a −

1

8
δγαδ

δ
β −

1

2
δδαδ

γ
β , (3.8)

the properties of the gamma matrices and the pure spinor condition.

To reproduce all the terms in ∂̄b containing derivatives of the SYM superfields, we

need to add terms to Ω0. We will make an ansatz for these new terms and then verify that

they are the correct ones. The ansatz is

Ω1 =
1

2(λλ̂)
(Dγaλ̂)JI∇aW

Iαωα −
1

4(λλ̂)2
(Dγaλ̂)JI∇aW

Iα(γb)αβλ
β(ωγbλ̂) . (3.9)

Notice that Ω1 is gauge invariant under the gauge transformation of ωα of (2.2). This

property of Ω1 becomes manifest when Ω1 is rewritten using (3.8) as

Ω1 = −
1

16(λλ̂)2
(Dγaλ̂)JI∇aW

Iα(γbc)
β

α λ̂β(λγ
bcω)−

1

8(λλ̂)2
(Dγaλ̂)JI∇aW

Iαλ̂α(λω) .

The BRST transformations of the two terms of Ω1 are

δB

(

1

2(λλ̂)
(Dγaλ̂)JI∇aW

Iαωα

)

|SYM,r0 = (3.10)

1

2(λλ̂)
Πb(λγ

bγaλ̂)JI∇aW
Iαωα −

1

2(λλ̂)
(Dγaλ̂)λγJI∇γ∇aW

Iαωα

+
1

2(λλ̂)
(Dγaλ̂)JI∇aW

Iαdα ,

and

δB

(

−
1

4(λλ̂)2
(Dγaλ̂)JI∇aW

Iα(γb)αβλ
β(ωγbλ̂)

)

|SYM,r0 = (3.11)

−
1

4(λλ̂)2
Πc(λγ

cγaλ̂)JI∇aW
Iα(γb)αβλ

β(ωγbλ̂)

−
1

4(λλ̂)2
(Dγaλ̂)JI∇aW

Iα(γb)αβλ
β(Dγbλ̂)

+
1

4(λλ̂)2
(Dγaλ̂)λγJI∇γ∇aW

Iα(γb)αβλ
β(ωγbλ̂) .

To see that in fact all the derivative terms in ∂̄b are reproduced requires several ma-

nipulations, the use of the superfields constraints, the Bianchi identities and the following

property of the covariant derivatives

[∇A ,∇B]±W
Iα = −T C

AB ∇CW
Iα +R α

ABβ W Iβ − f I
JKFK

ABW
Jα , (3.12)

where ± means commutator or anticommutator depending on the grading of A and B.

Firstly, note that the last term of (3.10) is equal to the last term of (3.5). Secondly, using
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the constraint 1
2U

Iα
β = ∇βW

Iα and (3.12) with the appropriate indices, we can rewrite the

third term on the right-hand side of (3.5) as

1

4(λλ̂)
Πa(λ̂γa)

αλβωγJI∇αU
Iγ
β =

1

2(λλ̂)
Πa(λ̂γa)

αλβωγJI∇α∇βW
Iγ = (3.13)

−
1

4(λλ̂)
Πa(λ̂γa)

αλβωγJI∇βU
Iγ
α − ωαΠ

aJI∇aW
Iα +

1

2(λλ̂)
Πb(λγ

bγaλ̂)JI∇aW
Iαωα .

It is immediately to see that the second term in the second line of the expression above

cancels the first term on the right-hand side of (3.3) and the third term is equal to the

first term on the right-hand side of (3.10). Similarly, one has that the fourth term in (3.5)

takes the form

−
1

4(λλ̂)
(Dγaλ̂)λαωβJI∇aU

Iβ
α = −

1

2(λλ̂)
(Dγaλ̂)λαωβJI∇a∇αW

Iβ = (3.14)

−
1

2(λλ̂)
(Dγaλ̂)λγJI∇γ∇aW

Iαωα +
1

2(λλ̂)
(Dγaλ̂)λγJIf

I
JKFK

aγW
Jαωα .

Note that the first term in the second line of the expression above is equal to the second

term on the right-hand side of (3.10). To finish the proof that all the terms with derivatives

in ∂̄b are reproduced, we need to manipulate some of the terms coming from the BRST

variations as well. Using the identity (3.8), the pure spinor condition, Fαβ = 0 and (3.12),

one can show that the last term of (3.7) takes the form

−
1

128(λλ̂)2
λ̂α(γ

ab) α
β λγJI∇γU

I
ab

β(γcef λ̂)(λγ
efω)Πc = (3.15)

−
1

4(λλ̂)
Πa(λ̂γa)

αλβωγJI∇βU
Iγ
α −

1

8(λλ̂)2
Πa(λγbγaλ̂)(ωγ

cλ̂)λαJI∇αU
I
cb .

One can verify that the first term on the right-hand side of the expression above is equal to

the first term in the second line of (3.13). In addition, using the following identities valid

in the limit we are considering (the second one follows from 1
2U

Iβ
α = ∇αW

Iβ and the pure

spinor condition)

(γa)αβ∇aW
Iγ = −(∇α∇β +∇β∇α)W

Iγ , λα(λγa)β(∇αW
Iβ) = 0 , (3.16)

one can show that the first term on the right-hand side of (3.11) is

−
1

4(λλ̂)2
Πc(λγ

cγaλ̂)JI∇aW
Iα(γb)αβλ

β(ωγbλ̂) =

1

4(λλ̂)2
Πc(λγ

aγcλ̂)JI∇aW
Iα(γb)αβλ

β(ωγbλ̂)−
1

2(λλ̂)
ΠaJI∇aW

Iα(γb)αβλ
β(ωγbλ̂) =

1

8(λλ̂)2
Πa(λγbγaλ̂)(ωγ

cλ̂)λαJI∇αU
I
cb −

1

2(λλ̂)
ΠaJI∇aW

Iα(γb)αβλ
β(ωγbλ̂) .

Note that the last term above is equal to the last term in (3.4) and the first term in the

last line above cancels the last term of (3.15). In addition, using the Bianchi identity (A.3)

– 12 –



J
H
E
P
0
3
(
2
0
1
6
)
2
0
0

in the limit where the supergravity superfields are zero, it is possible to show that the last

term in (3.6) cancels the second term on the right-hand side of (3.11). Finally, one can

show that the last term in (3.11) is equal to

1

4(λλ̂)2
(Dγaλ̂)λγJI∇γ∇aW

Iα(γb)αβλ
β(ωγbλ̂) = (3.17)

−
1

4(λλ̂)2
(Dγaλ̂)λγJIf

I
JKFK

γaW
Jα(γb)αβλ

β(ωγbλ̂) .

This concludes the proof that all terms linear in the SYM superfields containing derivatives

or not in ∂̄b are reproduced by δB(Ω0 + Ω1) at order r
0 as only non-linear terms are left.

The non-linear terms in ∂̄b come from (3.3), (3.4) and (3.14), they are

−JKfK
IJ ωαW

IαdβW
Jβ −

1

2
JKfK

IJ ωαW
IαλγωβU

Jβ
γ

+
1

2(λλ̂)
(ωγaλ̂)(λγ

a)α

(

JKfK
IJ W

IαdβW
Jβ +

1

2
JKfK

IJ W
IαλβωγU

Jγ
β

)

+
1

2(λλ̂)
(Dγaλ̂)λγJIf

I
JKFK

aγW
Jαωα .

The only non-linear term from the previous BRST variations is the last one in (3.17). It is

not difficult to see, using the BRST transformations of both the subsection 2.1.1 and (2.17)

and the constraints (2.5), that δBΩ2 with

Ω2 =
1

2
JKfK

IJ ωαW
IαωβW

Jβ −
1

2(λλ̂)
JKfK

IJ (ωγ
aλ̂)(λγa)αW

IαωβW
Jβ (3.18)

+
1

8(λλ̂)2
JKfK

IJ W
Iα(γa)αβλ

β(ωγaλ̂)W Jγ(γb)γδλ
δ(ωγbλ̂) ,

reproduces all the non-linear terms in ∂̄b and cancels the non-linear term coming from the

previous BRST variations. Note that Ω2 can be rewritten as manifestly gauge invariant as

Ω2 =
1

2(λλ̂)2
JKfK

IJ

[

1

8
W Iα(γab)

β
α λ̂β(λγ

abω) +
1

4
W Iαλ̂α(λω)

]

×

[

1

8
W Jγ(γcd)

δ
γ λ̂δ(λγ

cdω) +
1

4
W Jγ λ̂γ(λω)

]

,

where we have used (3.8).

This concludes the construction of Ω at order r0 in a super-Yang-Mills heterotic back-

ground when all the background supergravity superfields are set to zero. The next step is

to construct Ω at order r in the same limit. To achieve this, one first compute ∂̄b at order

r using the equations of motion. It is possible to show that all the linear terms without

derivatives are reproduce by δBΩ0 where Ω0 is given in (3.2). One can show that the terms

from δBΩ0 containing derivatives together with both the terms of order r of δBΩ1 with Ω1

given in (3.9) and δBΩ3 with

Ω3 = −
1

16(λλ̂)2
[JI∇cW

Iαωα −
1

2(λλ̂)
JI∇cW

Iα(γd)αβλ
β(ωγdλ̂)](rγc abλ̂)(λγ

abω) ,
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reproduce all the linear terms of order r in ∂̄b. The procedure to prove this is similar to the

one described at order r0 and the details will be omitted. In addition, all the non-linear

terms are canceled or reproduced by δBΩ2. At order r
2 and r3, one follows the same steps

described for lower orders in r. It is possible to show that all terms in ∂̄b at this order are

reproduced by δB(Ω0 + Ω3), however the details will be again omitted as the procedure

is similar to the case r0. This concludes the construction of Ω in a super-Yang-Mills

background.

3.2 The case where sα = ω̂α = 0

In this section, the case where both the supergravity and super-Yang-Mills background

superfields are non-vanishing will be considered. However, a simplifying assumption will

be made, we are going to consider sα = ω̂α = 0. In order to construct Ω, we compute ∂̄b

using the equations of motion. Observing the result, one verify after a few manipulations

that at any order in r the terms linear in Π
A
TAab can be combined with the terms linear

in JIU
I
ab as a function of the combination Π

A
TAab +

1
2JIU

I
ab. So, we make the ansatz that

Ω0 of (3.2) has to be modified to

(Ω0)new =
1

4

(

Π
A
TAab +

1

2
JIU

I
ab

)

λ̂β(γ
ab) β

α

∂b

∂rα
. (3.19)

In addition, further analyzing the result of ∂̄b, we add new terms to Ω1 and Ω3, which are

Ω4 = Π
b
T α
ab ωαΓ̄

a −
1

2(λλ̂)
Π

b
T α
ab (γc)αβλ

β(ωγcλ̂)Γ̄ a , (3.20)

where Γ̄ a are the generalized RNS-like variables defined in (2.21). Using the BRST transfor-

mations, one can show that indeed all the terms in ∂̄b with sα = ω̂α = 0 are reproduced. For

the terms containing the super-Yang-Mills fields, one follows the procedure describe in the

previous subsection, but this time keeping the terms with supergravity background fields.

To show that the remaining terms in ∂̄b are reproduced, one uses (2.9) and the following

identities. The Bianchi identity (A.2) with the indices [βab] and the constraints (2.5) imply

∇βT
α

ab = R α
abβ − T c

βa T α
cb − T c

bβ T α
ca .

The same Bianchi identity (A.2), but with the indices [αβa] implies

(γb)αβT
γ

ba = R
γ

aαβ −R
γ

βaα .

Finally, one can show that

Rcαab = ∇cTαab + T β
ac (γb)βα + T

β
cb (γa)βα .

In order to prove the identity above, we have used that

Rcαab =
1

4
(R[cαa]b −R[cαb]a +R[αab]c) , (3.21)

the Bianchi Identity (A.2) three times, the Bianchi Identity (A.5) and Tabc = −Habc as

proved in (2.8).
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3.3 The general case

In this subsection, we will consider the general case. All the terms in ∂̄b not containing

either sα or ω̂α have already been written as BRST exact in the previous two subsections.

Thus, the remaining terms at order r0 in ∂̄b are

∂̄

(

−sα∇λ̂α −
1

4
ΠATAab(sγ

abλ̂)− ωαΠ
α

)

|s,ω̂ = (3.22)

ΠdΠ
A
RAd(sλ̂)−

1

4
Π

A
Πd

RdAab(sγ
abλ̂) ,

∂̄

(

1

2(λλ̂)
(ωγaλ̂)(λγ

aΠ)

)

|s,ω̂ = (3.23)

1

2(λλ̂)
(λ̂γa)

αΠ
A
RAα(sλ̂)(λγ

aΠ) +
1

8(λλ̂)
(λ̂γd)

αΠ
c
Rcαab(sγ

abλ̂)(λγdΠ) ,

and finally

∂̄(ΠaΓ̄a)|s,ω̂,r0 = −
1

2(λλ̂)
(Dγaλ̂)(∂̄Π

a)|s,ω̂ −
1

2(λλ̂)
Πa(λ̂γa)

α(∂̄dα)|s,ω̂ (3.24)

+
3(λΩ)

2(λλ̂)
Πa(λ̂γa)

αΠ
A
RAα(sλ̂)−

1

8(λλ̂)
Πc(λ̂γc)

αλβTβab(γ
ab) γ

α Π
A
RAγ(sλ̂)

+
3(λΩ)

8(λλ̂)
Πd(λ̂γd)

αΠ
c
Rcαab(sγ

abλ̂)−
1

32(λλ̂)
Πc(λ̂γc)

αλβTβab(γ
ab) γ

α Π
d
Rdγef (sγ

ef λ̂) ,

where ∂̄dα|s,ω̂ and ∂̄Πa|s,ω̂ can be read from (2.24) and (2.28) respectively. Let us consider

first the terms involving the curvatures with two indices. One can show that the terms

above from ∂̄b can be written as δBΩ0s|r0 with

Ω0s = −
1

2(λλ̂)
Πa(λ̂γa)

αΠ
A
RAα(sλ̂) +

1

2(λλ̂)
(Dγaλ̂)Π

A
RAa(sλ̂) . (3.25)

The proof is straightforward, it follows from the identities

∇[ARBC] + T F
[AB R|F |C] = 0 , ∇λα = −

1

2
λβJIU

Iα
β .

One can compute the terms in ∂̄b of higher orders in r using the equations of motion. In

this case, one has to add to Ω0s terms that depend on r. The additional terms are given in

the next section and the proof that they are the correct ones only uses the two identities

above.

Removing the terms with curvatures with two indices from (3.22), (3.23) and (3.24),

we are left with terms with curvatures with four indices and torsions. These remaining

terms can also be written as BRST exact. They are equal to δBΩ1s|r0 , where

Ω1s = −
1

8(λλ̂)
Πc(λ̂γc)

αΠ
d
Rdαab(sγ

abλ̂)−
1

8(λλ̂)
(Dγcλ̂)Π

D
RcDab(sγ

abλ̂) .
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To prove it, we have used the following two non-trivial identities

(γc)αβRcAab = ∇αRAβab +∇βRAαab (3.26)

−T c
Aα Rcβab − T c

Aβ Rcαab −RAαc[aT
c

b]β −RAβc[aT
c

b]α ,

and

∇[cRA]αab + T B
cA RBαab +RAαd[aT

d
b]c − (−)ARcαd[aT

d
b]A (3.27)

= T d
Aα Rcdab + (−)AT d

cα RdAab − (−)A∇αRcAab −RcAd[aT
d

b]α .

These identities can be checked after tedious calculations by substituting the definitions of

R and R given in (2.19) and (2.29), using the Bianchi Identities (A.2) and (A.4) several

times and the following relation among covariant derivatives

[∇A,∇B]±T
E

CD = −T F
AB ∇FT

E
CD

−R F
ABC T E

FD − (−)C(D+F )R F
ABD T E

CF + (−)(A+B)(F+C+D)T F
CD R E

ABF ,

where ± means commutator or anticommutator depending on A and B.

This completes the construction of Ω at order r0. Using the equations of motion to

evaluate ∂̄b, it is easy to find the terms with sα and ω̂α which depends on R and R and

are higher order in r. These terms are again BRST exact if one modifies Ω1s by terms

depending on r. These additional terms of Ω1s are given in the next section and the proof

that they are the correct ones is straightforward and follows from the equalities (3.26)

and (3.27).

4 The complete Ω

In this section, the complete expression for Ω is presented. The Ω is a solution of the

equation ∂̄b = δBΩ and it is defined up to a BRST exact term. Our Ω is

Ω =
1

2
JKfK

IJ ωαW
IαωβW

Jβ −
1

2(λλ̂)
JKfK

IJ W
Iα(γa)αβλ

β(ωγaλ̂)ωγW
Jγ

+
1

8(λλ̂)2
JKfK

IJ W
Iα(γa)αβλ

β(ωγaλ̂)W Jγ(γb)γδλ
δ(ωγbλ̂)

+
1

4
(Π

A
TAab +

1

2
JIU

I
ab) λ̂β(γ

ab) β
α

∂b

∂rα

+(JI∇aW
Iα +Π

b
T α
ab )ωαΓ̄

a −
1

2(λλ̂)
(JI∇aW

Iα +Π
b
T α
ab )(γc)αβλ

β(ωγcλ̂)Γ̄ a

−
1

2(λλ̂)
Πa(λ̂γa)

αΠ
A
RAα(sλ̂) + Π

A
RAa(sλ̂)Γ̄

a −
1

4(λλ̂)2
(λγabr)(λ̂γa)

αΠ
A
RAα(sλ̂)Γ̄b

−
1

8(λλ̂)
Πc(λ̂γc)

αΠ
d
Rdαab(sγ

abλ̂)−
1

4
Π

D
RcDab(sγ

abλ̂)Γ̄ c

−
1

16(λλ̂)2
(λγabr)(λ̂γa)

αΠ
D
RDαcd(sγ

cdλ̂)Γ̄b .
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A Notations and conventions

In this paper, we mainly follow the conventions of Wess and Bagger [14] and of Chandia

and Vallilo [13]. The curved superspace indices are denoted by M and take the values

M = (m,µ) with m = 0, . . . , 9 and µ = 1, . . . , 16. The tangent superspace indices are

denoted by A = (a, α), with a = 0, . . . , 9 and α = 1, . . . , 16. Being ZM the N = 1 D = 10

curved superspace coordinates, one has

ZMZN = (−)MNZNZM .

In order to define differential forms, one introduces the exterior product, which obeys

dZM ∧ dZN = −(−)MN dZN ∧ dZM .

A p-form Θ is defined by

Θ =
1

p!
dZM1 ∧ dZM2 ∧ . . . ∧ dZMp ΘMp...M1

.

The exterior derivative d is an operator which maps p-forms into p+1-forms, its action

on Θ is

dΘ =
1

p!
dZM1 ∧ dZM2 ∧ . . . ∧ dZMp ∧ dZN ∂

∂ZN
ΘMp...M1

.

An important property of the exterior derivative that follows from the above defini-

tions is

d(ΘΣ) = Θ(dΣ) + (−)q(dΘ)Σ ,

where Σ is a q-form.

A.1 Connections and covariant derivatives

Three different connections appear in this paper: the gauge connection, the Lorentz con-

nection and the scaling connection. The one-form gauge connection taking values in a Lie

Algebra is

A = dZMAI
MTI ,
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where TI are the Lie Algebra generators. The one-form Lorentz connection and scaling

connection are denoted respectively by

Ω b
a = dZMΩ b

Ma , Ω̂s = dZMΩM ,

with ΩMab = −ΩMba. These two connections appear in the decomposition of Ω β
Mα as

Ω β
Mα = ΩM δβα +

1

4
ΩMab(γ

ab) β
α .

Using the one-form connections given above, one can define covariant derivatives of

forms. Consider a p-form Σ B
A = ΣIB

A TI taking values in a Lie Algebra. The covariant

derivative of Σ B
A is defined by

∇Σ B
A = dΣ B

A − Ω C
A ∧Σ B

C +Σ C
A ∧ Ω B

C −Σ B
A ∧ A+ (−)pA ∧ Σ B

A .

Using the previous definitions and

∇Σ B
A =

1

p!
dZM1 ∧ dZM2 ∧ . . . ∧ dZMp ∧ dZN ∇N (ΣI

Mp...M1
) B
A TI ,

it is possible to deduce an expression for the covariant derivative of the components of the

form Σ B
A .

A.2 Supervielbein, torsions and curvatures

The one-form supervielbein is defined by

EA = dZME A
M .

The inverse supervielbein matrix is defined implicitly by the relations

E A
M E N

A = δNM , E M
A E B

M = δBA .

Using the definitions of the one-form supervielbein, the one-form connections and the

covariant derivative, one defines the two-form torsion TA as

TA = ∇EA = dEA + EB∧ Ω A
B =

1

2
dZM∧ dZNT A

NM =
1

2
EC∧ EBT A

BC ,

or in components,

T A
NM = ∂[NE A

M ] + (−)N(B+M)E B
M Ω A

NB − (−)MBE B
N Ω A

MB , (A.1)

where the brackets means antisymmetrization of the indices without any additional nu-

merical factor, i.e. ∂[NE A
M ] = ∂NE A

M − (−)MN∂ME A
N . The curvature two-form R B

A is

given by

R B
A = dΩ B

A +Ω C
A ∧ Ω B

C =
1

2
dZM∧ dZNR B

NMA =
1

2
EC∧ EDR B

DCA ,

or in components

R B
NMA = ∂[NΩ B

M ]A + (−)N(M+A+C)Ω C
MA Ω B

NC − (−)M(A+C)Ω C
NA Ω B

MC .

Note that due to the fact that Ω β
Mα has the decomposition (2.3), it is possible to show that

R
β

NMα = RNMδβα +
1

4
RNMab(γ

ab) β
α ,

where the curvature with two indices is constructed from the scaling connection.
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A.3 The super-Yang-Mills field-strength and the three-form field-strength

The two-form super-Yang-Mills field-strength is constructed from the gauge connection as

F = F ITI = dA−A ∧A =
1

2
dZM∧ dZNFNM =

1

2
EA∧ EBFBA ,

or in components,

F I
NM = ∂[NAI

M ] − (−)NMAJ
MAK

Nf I
JK ,

where f I
JK are the structure constants of a Lie Algebra, [TJ , TK ] = f I

JKTI . The three-

form field-strength H is written in terms of the two-form superfield potential B as

H = dB =
1

6
dZM∧ dZN∧ dZPHPNM =

1

6
EC∧ EB∧ EAHABC ,

or in components

HPNM =
1

2
∂[PBNM ] ,

where again the brackets mean antisymmetrization of the indices with no additional nu-

merical factors.

A.4 Bianchi identities

In this subsection, we collect all the Bianchi identities. Using the definitions of the previous

subsections of this appendix, we have

TD = ∇ED , ∇TD = EB ∧R D
B ⇒ ∇[AT

D
BC] −R D

[ABC] + T F
[AB T D

|F |C] = 0 , (A.2)

∇F = 0 ⇒ ∇[AF
I
BC] + T D

[AB F I
|D|C] = 0 , (A.3)

∇R E
D = 0 ⇒ ∇[AR

E
BC]D + T F

[AB R E
|F |C]D = 0 , (A.4)

dH = 0 ⇒ ∇[AHBCD] +
3

2
T E
[AB H|E|CD] = 0 , (A.5)

where the indices inside the brackets but outside the double bars | | are antisymmetrized.
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