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1 Introduction

The minimal pure spinor superstring action in a generic supergravity and super-Yang-Mills
(SYM) heterotic background first appeared in [1]. It was also shown in [1] that imposing
that both the BRST operator is nilpotent and the BRST current is holomorphic all the
supergravity and super-Yang-Mills superfield constraints are reproduced. However, the b
ghost in a curved heterotic background was only fully constructed recently [2].

In the pure spinor formalism, the b ghost is a composite operator and it is constructed
as a solution to the equation dgb = T', where §5 means BRST variation and 7' is the energy-
momentum tensor. In order to construct a covariant b ghost in a flat space background,
it is necessary to use the non-minimal pure spinor formalism introduced in [3]. The left-
moving ghost sector of the minimal formalism consist of a pure spinor A* and its conjugate
momentum wy. The non-minimal formalism has the following additional variables: a
bosonic pure spinor Ao and a constrained fermion r, together with their conjugate momenta
W and s® respectively. In [4], the b ghost in a flat space background was simplified, it was
rewritten in terms of RNS-like variables.



The BRST transformations of all the minimal fields in a curved heterotic background
were computed in [5] and they were used to show that the heterotic minimal action is BRST
invariant. The non-minimal formalism in a curved heterotic background was constructed
in [6]. The same set of non-minimal variables described previously for the flat space back-
ground was added to the model and their BRST transformations were found requiring that
the BRST transformations of the minimal variables are unchanged and imposing some
consistency conditions. This non-minimal heterotic formalism was used to construct the
heterotic b ghost. A simplified version of the curved heterotic b ghost, and the one used in
this work, was constructed in [2].

In a flat space background b is a holomorphic operator, i.e. b = 0 where 0 is the
antiholomorphic derivative. However, it is not holomorphic in a generic curved background
and it is expected to satisfy 0b = §5Q for some . Note that Q is defined up to a BRST
exact term. In fact, 2 has been constructed in a Type IIB AdS; x S° background in [7]
and in a super-Maxwell background in [8]. In this work, we find a possible € for the curved
heterotic b ghost of [2].

The pure spinor b ghost in a generic curved Type II background has not been con-
structed yet. It is only known for particular R-R backgrounds [7], being AdSs x S° an
example. Recently, the non-minimal pure spinor formalism in a generic curved Type 11
background was constructed in [9]. It is expected that the b ghost can be constructed
using this new non-minimal formalism.

This paper is organized as follows. In section 2, we review both the minimal and
non-minimal pure spinor formalisms in a curved heterotic background. Moreover, the
expression of the b ghost is presented and all the necessary equations of motion to compute
Ob are derived. In section 3, we explicitly construct € firstly in a super-Yang-Mills heterotic
background, then in the case s = w® = 0 and finally the general case is considered. The
complete expression for {2 is given in section 4. The appendix has all the conventions used
in this work and some important identities.

2 Review of the pure spinor formalism in a curved heterotic background

In this section, we review both the minimal and non-minimal pure spinor heterotic su-
perstring. Moreover, the expression of the b ghost is presented. We also derive all the
necessary equations of motion to evaluate 0b. All the conventions used can be found in the
appendix.

2.1 The minimal pure spinor formalism

The minimal pure spinor heterotic superstring action Sy, is written in terms of the N =1
D = 10 superspace coordinates and background superfields. We will denote the curved
superspace coordinates by Z™ with M = (m,u) and m = 0,...,9, u = 1,...,16. The
tangent superspace indices will be denoted by A = (a,«), with a = 0,...,9, and o =



1,...,16. The action in a generic curved heterotic background is [1]

1

2HAﬁBBBA + d I + w, VA (2.1)

S = /dzz %Haﬁbnab +
+Jr (HAA{4 + d Wi 4 ;A“wﬁU§ﬂ> + S5 +boe,
with
I =9zME,A, T =0zYE,",

where F MA is the supervielbein matrix. In the action, J; are right-moving Eg x Eg or
SO(32) currents with I = 1,...,496 and their action is S, whose explicit form will not
be needed. The (b,¢) are the usual right-moving Virasoro ghosts of the bosonic string.
The additional ghosts are (A%, w,) with w, being the conjugate momentum of A* and \“
a bosonic pure spinor, which means that it satisfies

Mad =0,

where (74)ap are tangent SO(1,9) generalized Pauli matrices. The covariant derivative
that appears in the action is given by

VA = O + N0, 4,

with Mﬁo‘ the background spin connection. The additional background superfields ap-
pearing in the action are: the two-form potential Bjsy, the super-Yang-Mills potential
Ag/[ and finally, the super-Yang-Mills field-strengths W/® and Uéﬁ .

Due to the fact that A* is a constrained variable, its momentum conjugate w, is defined
up to the gauge transformation

dwa = A"(VaN)a (2.2)

for any A“. Imposing that the action is gauge invariant implies that the superfields ,, aﬁ
and Uam have the decompositions
1 1
QAa = Q4 6g + ZQAab('yab)aﬂ ) Uéﬁ = Uldg + ZUJb(’}/a%aﬁ ) (2'3)
which is equivalent to the fact that w, can only appears in the gauge invariant combinations
J = Aw, and N = %()\'yabw). In the decomposition of the spin connection above, (24 is

the scaling connection and €2 4,3 is the usual Lorentz connection satisfying Qa0 = —Qasba-
The action S, is BRST invariant and the left-moving BRST operator is

Q= ?{dz A% . (2.4)

Note that the variable d, also appears in the action. The pure spinor BRST operator
was first constructed in a flat space background in [10] and its origin, at least for the flat



space case, was only discovered recently as a result of the procedure of gauge-fixing a more
fundamental action [11, 12].

The pure spinor formalism is well defined only if the BRST operator is nilpotent and
the BRST current is holomorphic, which means d(Ad) = 0. In [1] the constraints on the
background superfields coming from these two conditions were found and solved and it
was shown that they are the correct N’ = 1 supergravity and super-Yang-Mills constraints
after fixing all the gauge symmetries. In this work, we will need the following set of these

constraints
TABO‘ = Hy,p = Hopy = Tﬁ(ab) =0, Hugp = Topp , (2.5)
1
B _ I I _ 1l Iao _ I
)‘)"YRbﬂ’ya_07 Faﬁ_07 Faﬂ_Wa(,Ya)a,Bv 5 Ba_vﬁwa’
Taﬁ *= 'Ygﬁ ) Ta(z b= 2(’Yab)aﬂ9ﬂ )

where H are the three-form field-strengths, T are the torsions, R are the curvatures, F
are the SYM field-strengths and Vj; are covariant derivatives defined in terms of the spin
connections and SYM connections, see the appendix for precise definitions.

In fact, the action S, of (2.1) is not the complete action. The Fradkin-Tseytlin term
that couples the background dilaton superfield @ with the worldsheet curvature is absent.
This term was not written down because it is higher order in o/ and it is not needed for
classical conformal invariance of the action. However, it is necessary for quantum conformal
invariance [1, 13] and homorphicity of the BRST current (Ad), which imply the additional

constraint
1

Combining the set of constraints given above with the Bianchi identities, one can derive
additional relations among the background superfields. Using that V A'ygﬂ = —2Q A'ygﬁ
and the Bianchi identity involving the super-Yang-Mills field-strength F’ fl p given in (A.3),
one has

1 1
ViaFig + oo’ Fpgg =0 = §UI + QW1 =0 and Fl, = inb + TaaWi*.  (27)

Moreover, three important properties of the background superfields can be derived from
a combination of two Bianchi identities. Consider the Bianchi identities (A.2) and (A.5)

with the following specification of the indices
3
ab A A
1 (ViaTag = Rlaaply + Taa Tiajep) = 0, and VigHpapg) + 5Tja, “Hjajapg) = 0,
one can show that the Bianchi identities above imply
=0, n®Tapy=0,  Tupe+ Hape =0. (2.8)

In what follows, the explicit form of R4p, which are the components of the curvature
constructed from the scaling connection 24, will be needed. Note that for generic values
of A and B, the curvature has the form

Rap = VaQp + Tap Q0



and due to the constraints above, we have
1
Raﬁ = VGQB, Ry = Tab aQa, Raﬁ = V(QQB) = Rag = —z’ygﬂva@. (2.9)

2.1.1 The BRST transformations

As mentioned before, the minimal action S, of (2.1) is BRST invariant. The BRST
transformations of all the variables appearing on the minimal action were derived in [5]
expressing d,, as a function of the other variables and the conjugate momenta and using
the canonical commutation relations. The transformations of A%, w,, d, and J; are

0pA* = =N *N, dpwa = Mg wy +do,  dpJr = Ji R A AL, (2.10)

Opdy = AﬂQBa7d7 + )\B)\VC%R oy I*(Ma)a -

aBy
In addition, the BRST transformations of II4 are

SpTI" = —A“Q,, T — \°TIAT @, 0117 = VNP —\°Q, P17, (2.11)

The transformations of the variables m can be obtained from the ones above by replacing
both IT with IT and @ with 0. Finally, let ¥ be any superfield, it transforms as

SpW = \*0,W . (2.12)

In the expression of the heterotic b ghost derived in [2] which will be reviewed in a
future subsection, the following combination of variables and superfields appears

1
Do = do + ZABTBGZ,(W’)JW7 — 3(A)w, - (2.13)

The BRST transformation of D, was derived in [2]. It was shown that using the constraints
of the superfields and the Bianchi identities, the transformation simplifies to

a 1 al
0 Do = N0, Y Dy + 3(AQ) Doy + T1*(Mya)or — ZABTM,(’y "D)e. (2.14)

One last comment is that sometimes the computations are simplified once one writes the
BRST transformation of w, in terms of D,, it takes the form

1
d0BWa = )\BQBQ’YWW + Dy + 3()\Q)wa - Z)\BTﬁab(’yab)a’yw’Y . (215)

2.2 The non-minimal pure spinor formalism

The non-minimal pure spinor formalism in a flat background was developed in [3]. One of
the motivations for adding new variables to the minimal formalism was that using these
new variables one can construct a covariant b ghost which is important for multi-loop
calculations. The new variables are: a bosonic pure spinor Ao together with its conjugate
momentum @w® and a constrained fermionic spinor r, and its conjugate momentum s¢.
They satisfy

Mad =0, Mar =0, (2.16)



and due to the above constraints the conjugate momenta are defined up to the gauge
transformations

8% = Ay A\)® — 6% (ar)?, 35" = ¢ (YaN)

where A% and ¢% are arbitrary parameters.

The non-minimal pure spinor formalism in a curved heterotic background was con-
structed in [6]. Again, one of the motivations for extending the minimal formalism was the
construction of the b ghost and the same set of new variables was added. The first step of
the construction was finding the BRST transformations of the non-minimal variables after
modifying the BRST operator by adding a new term equal to the flat space case. This
was achieved by noticing that the transformations of the minimal fields do not change and
imposing consistency of the BRST transformations. The answer is

~ ~ 1 ) . 1

0pAa = —Ta +ATAg <Qvaﬁ - 4T7ab(7ab)a5> , O™ = —aP\ <Qvga - 4Tfyab(7ab)5a> ;
. 1 )

Ops” = 07 + 57 <Qvﬁa - 4Tvab(7ab)5a> ,  0pra=—Arg <Qwﬁ - 4T»yab(7ab)o¢ﬁ> :

(2.17)

The non-minimal pure spinor action that we are going to use includes a torsion term
as the one in [2]. The action is

Spm = 0B / d*z <3V5\ + iHATAab(Sfyabj\)) ,
with
Via = 030 — AsIT'Q, 7|
and after computing the BRST transformations, one has
S = / Pz OVA+ sV + iﬁATAa,,wax) + (s720r)] (2.18)
FATT Raa(s)) + %)\“ﬁcRcaab(svabS\) :
and we have used the definition
Reaab = Reaab = VieTujab = Tra “Taab + Teaia Ty (2.19)

where [ | means antisymmetrization without any additional numerical factor. Note that
replacing ¢ by f in the above definition gives Rgaqp = 0 due to the Bianchi identity (A.2).

2.3 The curved heterotic b ghost

In the pure spinor formalism the b ghost is a composite operator and it is constructed as a
solution to the equation dgb = T where T is the energy-momentum tensor. In a flat space
background this equation was solved in [3] using the non-minimal formalism. The result



was rewritten using RNS-like vector variables in a simpler way in [4]. The b ghost in a
curved heterotic background was first constructed in [6], however in this paper we will use
the simplified version of the b ghost of [2] where generalized RNS-like variables were used.
The b ghost is given by

R 1 R
b= —s"VA, — ZHATAab(svab)\) — weII* (2.20)
1 . _ 1 _
+——— (WY A (MY + 10T, — ——— (MY LT,
2(M)( YaA) (Ay*II) 4(M)( YOr) Lol

where I, are the generalized RNS-like variables defined by

1 . 1 .
[, = ————(Dva\) — ——— (rYapeN) N, 2.21
2(M)( Ya) 8(M)2(w ) (2.21)

with D, defined in (2.13) and N% = 1(\y*w).

2.4 The equations of motion

In this subsection, we compute all the necessary equations of motion for evaluating Ob.
The complete curved heterotic action is the sum of the minimal action Sy, of (2.1) and the
non-minimal action Sy, of (2.18). Varying A%, w, and d,, one obtains respectively

_ _ 1 _ -1 .
Bue = T, P + 51U ws + T Raa(sh) + (T Reaan(s7™D), (2.22)

_ — 1 =
N = N = SXNIU T = g

where R qqp was defined in (2.19).

One way of obtaining the equation of motion of J; is writing S; in (2.1) explicitly
and varying the action with respect to the right-moving variables. Another way, which is
independent of any specific representation of Jr, is to note that J; transforms under gauge

transformations and when Wl = Ué

F = 0, its equation of motion has to be VJ; = 0.
Inspecting the action S, of (2.1), one verifies that W/ and ul? couple to Jy similarly to

Aﬂ/l, then when these background superfields are non-zero the equation of motion of Jy is
1
oJr = —fE ;I (MAA) + d W7o + §A“w5U&]B) . (2.23)

The procedure to find the equation of motion of d, is to first vary the action with
respect to ZM and then multiply the result by the inverse supervielbein E, M. Firstly, let
us set w* = s* = 0 which is equivalent to consider only the minimal action. In this case,
one can show that

= 1_ =B 1 _,=A 1— —A —=A
Odysep—o = —§HAH Hp o+ 5T Taoa + §H“HATAM T, s+ 1170, Pdg

_ 1
N W TR + T L + IV W P — SN IVaU3



The expression above greatly simplifies when the constraints of the superfields are taken

into account. The result is
_ _ — 1 1
Odols—imo = 11'0, Pds + N, TR, ) — ixﬁwaIvaUg” n 5J;Uif3dﬂ .

Adding the terms coming from the variation of the non-minimal action and using the
definition of R.gqp given in (2.19), the final result is

0do =110, Pds + Nw, TI'R,, ;7 — %AB%J,VQUQ + %JIU;% (2.24)
—%AﬁJ[UﬁhRW(s;\) T Raal(s7) + (@0)] 4 NPTV Rsa(sX) + NIV 4 Res(s3)
NPT, Rag(sA) — ixﬁﬁcvancﬁab(sya% - iﬁcnmb[(syabm + (@A)
%ABﬁCRCﬁQdTab (57 X) + i)\ﬁﬁATAacchab(syabS\) :

In what follows, we will also need OII* and OII*. One way of computing these equations
of motion is using the definitions of II* and " and evaluating sums and differences.
Note that

(N4 — oIy = 02MaZN o Ey (2.25)

where we have used the expression for the torsion (A.1). Using the expression above and
" = —J;W!e, one finds one of the required equations of motion
ON* = (—J; W) — TI'T'T,,  — TP Qe + T IO Qe (2.26)

In order to find the equation of motion AII%, it is necessary to use (2.25) with A
replaced by a and additionally compute

O + 01" = 200ZM B\ +0ZMOZNONE " + 0ZM0ZN OnEy,* . (2.27)

The combination of terms appearing on the right-hand side of the expression above also
appears when varying the action with respect to Z™ and multiplying the result by £, M.
In this way, one can compute the left-hand side. Combining (2.25) with (2.27), we have

O, = IPTT Qg + T Ty, “do + NwsTl R, P — TV W, + %HbJIUgb (2.28)
%A%ngvanﬁ F T Rual(s7) + (@N)] + AT VR aa(sX) + ATV A Raa(sA)
CNTET B R (s3) + %AaJIU;ﬁRaﬁ(s}) - %ﬁAi)‘iaAbc[(S’ybcr) + (@7 0)]
T aRina(9°3) = AT 4R ae(397°3) + AT R T, (57°3)

| p—} “ 1. .,=4 N 1 R
—Z)\O‘H Tl Ricd(s7°9N) — 5)\0‘11 T4 Raced(s7°0N) + g)\O‘JIUiﬁRaﬁbc(svbcA),



where we have used the definition
Reaas = Reaas + ViaTgap + Tac” T — TAd[aTb}cd : (2.29)

and (2.19). Note that when A is replaced by « in the above expression, one has Reqap =
Reaap- In what follows, we will also need the equations of motion of the non-minimal
variables. Varying the action with respect to w®, r, and s, respectively, we have

. _ R 1— . _ _ 1

Oha = T, N5 = T Tan (1" Na, 5% = =TI 0,057 + {0 Taan(59™)°

3 A 1=a —A - 1. ,—a N

Oro =100, Pry— 0 Taah(Y'r) o + NI Ragha + Z)\ﬁﬂ Rapar(Y"Na . (2.30)

3 Constructing €

In this section, we find a  satisfying 0b = 6. Firstly, the case where all the supergravity
background superfields are set to zero will be considered. Secondly, we will consider the
case where W% = s“ = 0. Finally, the general case will be considered.

3.1 Super-Yang-Mills background

We begin this subsection by reviewing the construction of € in a super-Maxwell back-
ground (open superstring) done in [8]. The authors of [8] argued that db can be extracted
from the OPE between b and the super-Maxwell vertex operator. In the limit where the
field-strengths are constant, the super-Maxwell vertex operator reduces to a linear combi-
nation of the supersymmetry current and the minimal Lorentz current. As the b ghost is
supersymmetric and a Lorentz scalar, they concluded that in that limit Q is

0b

S (3.1)

iﬁﬁ(vab)aﬁ Fap

In this subsection, returning to our construction of €2 in a curved heterotic background,

the case where all supergravity background superfields are set to zero will be considered.

In this case, the b ghost expression given in (2.20) reduces to the flat space one, because

D, — d,. In addition, our linearized equations of motion take the same functional form

of the equations of motion of an open superstring in a generic super-Maxwell background

of [8], apart from the overall §(o) term and including J; and the indices I on the superfields.

Note that, due to (2.7), we have Uulh o %(fy“b)aﬂFaIb. Thus, in the case 9, W!* = 6anIC =0,

or in other words considering the field-strengths constants, we can use the results of [8]
and conclude that

s 9b

2
R (32)

0 = S(UL) As(r)
where the subscript 0 in €2y means that 2 reduces to this expression when all the su-
pergravity background superfields are zero, the SYM field-strengths are constant and the
equations of motion are linearized. In principle, we can use the results of [8] for the case
where the field-strengths are not constant as well, however in [8] the b ghost is not written
in terms of RNS-like variables, thus we will derive it again below.



In what follows, we will explicitly check that €y has the form (3.2) and compute its
correction which includes non-linear terms and derivatives of the SYM field-strengths. At
order r¥ and setting the supergravity fields to zero, one can compute 0b using the equations
of motion and (2.20), the result is the sum of the following three contributions

_ “ 1 "
0 (—SO‘V)\a - ZHATAab(svab)\) - waHa> lsym = (3.3)
a o « 1 «
W lT IV W — Je £ wa WedgWw 7P — 57K Ry wa W N WP

/1 . . B
a(mwmm H)) svad = (3.4)

1 . . 1 5
———— (MY N) JLUL (wye N ) (MY CTT) — ———(wye)* 1 UL (7)) A (M CTT
16(M)2( YA I1U g (wyeA) (AT 1(S(M)( Ve)*T1Uap (V") Ay (A°ID)

~

1 1
+2(A§) (WYad) (MY a (JKfKU wiedsw7P 4 infIfU WX, U7 — HaJIvana) :

and finally
_ _ 1 N N
o1 T, 0 = ————(MPN)J UL TT¢(DA A 3.5
(I1°1%) lsynr, o IG(M)Q(V ) 10U I1(DeA) (3.5)
1 ) 1 A .
+——TI( DY) JiUL (v) P g + ———T14(\ya) Ny J1V UL
160 (DYe)* T1Ug (7)o" Ag 100 (AMa)* N wy J1VaUg
1 . 1 .
———— (DY N\ J VUP + ———(Dy*\)J VW %, .
4(/\>\)( YN wg 2(M)( VNI

The next step is to compute §5€y with Qq given in (3.2) at order r¥ in the limit we are
considering. Using the BRST transformations of the subsection 2.1.1 and the ones given
in (2.17), we have

1 . N
5 — (DN (DA N)J U}, 0 = 3.6
B(lG(A/\)Q( VAN (DYA) 1 b) |syn,ro (3.6)
1 . . 1 A )
— T MYy A) (DA N) J UL, + — (DY N)(DAP ATV UL,
SON)? MY (DYA) JrU g, 16(M)Q( VDY )X TV alg,
and
1 A
0p | —————=2a (™) s* J1UL P(Yeef N My w)II® 0 = 3.7
B( 128(\0)? (v )5 IYap (’Yf)(’Y ) ’SYM70 (3.7)
1

7WX“ (7)™ T1Ua * (ees A) A DI

1 .
+———— (V)% J1UL B (e f A) My w) (M eTT
128002 (V)" J1Uap " (Yeer A) (A w) (Ay“ID)

1 .
——————Aa(Y) N TV UL P (e M) My w)TIe
12802 (V)" NIV Usp (Ve p M) (A w)

,10,



Note that the terms above not having derivatives precise reproduce the terms without
derivatives and linear in the SYM fields of 9b computed previously. To see this, one uses
the identity

1

1 1 1
E(Wab)aw(%b)ﬁé = 173,3%75 - g@ﬁ?ﬂ - 55252, (3.8)

the properties of the gamma matrices and the pure spinor condition.

To reproduce all the terms in 0b containing derivatives of the SYM superfields, we
need to add terms to 2g. We will make an ansatz for these new terms and then verify that
they are the correct ones. The ansatz is

(DY) IV W0, (DN TV W () s AP (A PN) . (3.9)

O

200 AN

Notice that €2 is gauge invariant under the gauge transformation of w, of (2.2). This
property of 1 becomes manifest when € is rewritten using (3.8) as

1 . . 1 . R
= (DY N) I VoW (30) A (MY w) — ———— (DN T VWA (D) .
16(M)2( VA1 (Yoe)a” As (A w) 8(M)2( VA1 (Aw)
The BRST transformations of the two terms of 0 are
55 [ — (DA 3) 1 VT, | | (3.10)
= a o r0 = .
B 2()\)\) Y I SYM,

1 . 1 .
T, (M N T Vo W 0w, — ——— (DA NN I VAV W 0,
200 p( MY YIN) 1 2(M)( YNNIV,

1 R
+——— (DN V W,
2(AN\)

and

1 - N
0p | ————(DY*N) T VoW () 0N (WA 0 = 3.11
B( 4(M)Q( YN () apA” (wy )) Sy M0 (3.11)

LAy ) T VW (1) ap AP (w0 P N)

(DY N) TV W () 0p NP (DAPA)

4(AN)2

1 . .
(DY NN T VAV W () 08 AP (0PN
4<M>2( YNNIV (7)apA” (Wy°A)

To see that in fact all the derivative terms in 0b are reproduced requires several ma-

nipulations, the use of the superfields constraints, the Bianchi identities and the following
property of the covariant derivatives

VA, VB W!™ = =T, 5VeW! + R g WP — 1 PR, (3.12)

where + means commutator or anticommutator depending on the grading of A and B.
Firstly, note that the last term of (3.10) is equal to the last term of (3.5). Secondly, using

— 11 —



the constraint %Uﬁlo‘ = VgWIO‘ and (3.12) with the appropriate indices, we can rewrite the
third term on the right-hand side of (3.5) as

1 1

T (Ma) “Nw  JI VUL = ——T1%(Ay0) 2 Now, Ji Vo VWY = 3.13
40N (Ma) I 8 200 (Ma) v I B ( )
1 . 1 .
———TI(MY0) N w, IV UL — w IO TV W 4+ ———T1,(MP Y N) TV W %W, .
4()\)\) ( 7) yJI V] « I 2()\)\) b( vy ) IVa o

It is immediately to see that the second term in the second line of the expression above
cancels the first term on the right-hand side of (3.3) and the third term is equal to the
first term on the right-hand side of (3.10). Similarly, one has that the fourth term in (3.5)
takes the form

1 . 1 .
———— (DY AN W VU = - (DY N\ s J Vo Vo WP = 3.14
40\/\)( YN A we 1 20\)\)( YN A we 1 (3.14)
1 . 1 .
———— (DY NN IV Vo W W+ ——— (DY NN I f c FEW 2w, .
2(»\)( 7*A) IVy 2()\)\)( YA i gk v

Note that the first term in the second line of the expression above is equal to the second
term on the right-hand side of (3.10). To finish the proof that all the terms with derivatives
in Ob are reproduced, we need to manipulate some of the terms coming from the BRST
variations as well. Using the identity (3.8), the pure spinor condition, F,,53 = 0 and (3.12),
one can show that the last term of (3.7) takes the form

1 R R
AV N TV UL P (e M) (M )¢ = 3.15
138002 (V)" AT IV Uy © (Ve A) (N w) (3.15)
1 . A .
———T(\y0) “Nw, I VUL — ——— Ty, A) (W A AT VUL
100 (AMa) A wy J1 Vg SON)? (A A (@Y M)A T VaUy,

One can verify that the first term on the right-hand side of the expression above is equal to
the first term in the second line of (3.13). In addition, using the following identities valid
in the limit we are considering (the second one follows from %Uiﬁ =V W8 and the pure
spinor condition)

(’)’a)oob’vavvpy =—(VaVg + Vﬁva>W” ) )\a()\'}’a)ﬁ(vawm) =0, (3.16)

one can show that the first term on the right-hand side of (3.11) is

1 ) )
——TL(MYYN) TV o W (1) 0 N (AP A) =

4(AN)2
1 . . 1 .
T YN T VW (1) as NP (0P A) — ——— T T VW (1) as NP (wrPA) =
1002 (M"Y A)Jn (76)apA” (Wy"A) S () apA” (wy"A)
. R 1 N
TV N (WY NN T VUL — ——TI0 VoW (1) 0 NP (0PN
SO0)? (A" 70 A) (WY ANA* T Va Uy, o (Y)apA” (W7 A)

Note that the last term above is equal to the last term in (3.4) and the first term in the
last line above cancels the last term of (3.15). In addition, using the Bianchi identity (A.3)
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in the limit where the supergravity superfields are zero, it is possible to show that the last
term in (3.6) cancels the second term on the right-hand side of (3.11). Finally, one can
show that the last term in (3.11) is equal to

1 . .
O (DY NN TV VoW (1) 0N (w0 PA) = (3.17)

1
4(AN)2

(DY NI g EY W7 () apA’ (@9°4) -

This concludes the proof that all terms linear in the SYM superfields containing derivatives
or not in db are reproduced by d5(2 + Q1) at order 7° as only non-linear terms are left.
The non-linear terms in db come from (3.3), (3.4) and (3.14), they are

1
— Ik 5 waW WP — §JK Ry waW! N wgU)?

+

1 1 a a 1 o
200 (@YaA) (AY)a (JKfKIJ wledgw 7 4 infKIJ w' )\ﬁva?)

1 .
+——— (DY NN T f FEW T, .
2()\>\)( Y ) If JK+ avy

The only non-linear term from the previous BRST variations is the last one in (3.17). It is

not difficult to see, using the BRST transformations of both the subsection 2.1.1 and (2.17)
and the constraints (2.5), that 65y with

K @y V) (Ma)a W wsW78  (3.18)

1
Oy = ~Jr 5w Wiwsw7P —
2 = 3 K1 8 ()\)\)

+ JKfKIJ wie ('Va)tXB)\B (W’VGS‘)W‘M ('Vb)%)\é(w'ybj‘) )

1
8(AN)2
reproduces all the non-linear terms in 9b and cancels the non-linear term coming from the
previous BRST variations. Note that {25 can be rewritten as manifestly gauge invariant as

0y = (;A) T £ [Wfa(%b) P8 w) + 3 Lyytas ()\w)}

A 1 N
X [8W‘”<%d)m<wdw> + 4W‘”A7<Aw>] ,

where we have used (3.8).

This concludes the construction of  at order 7 in a super-Yang-Mills heterotic back-
ground when all the background supergravity superfields are set to zero. The next step is
to construct © at order r in the same limit. To achieve this, one first compute 9b at order
r using the equations of motion. It is possible to show that all the linear terms without
derivatives are reproduce by €2y where € is given in (3.2). One can show that the terms
from 0582y containing derivatives together with both the terms of order r of §5£2; with €y
given in (3.9) and Q3 with

1

1 N A
Q3 = — — [TV WV % — ——— TV WL (72) 0N (w0 N)] (7€ ) My Pw)
3 16(M)2[ i 200 i (Ya)ap A" (Wy )] (17 apA) (A *w)
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reproduce all the linear terms of order r in Ob. The procedure to prove this is similar to the
one described at order r¥ and the details will be omitted. In addition, all the non-linear
terms are canceled or reproduced by 65Qs. At order 2 and 3, one follows the same steps
described for lower orders in r. It is possible to show that all terms in 0b at this order are
reproduced by dp(Q + Q3), however the details will be again omitted as the procedure
is similar to the case r°. This concludes the construction of Q in a super-Yang-Mills

background.

3.2 The case where s =0% =0

In this section, the case where both the supergravity and super-Yang-Mills background
superfields are non-vanishing will be considered. However, a simplifying assumption will
be made, we are going to consider s = &® = 0. In order to construct ), we compute 9b
using the equations of motion. Observing the result, one verify after a few manipulations
that at any order in r the terms linear in ﬁATAab can be combined with the terms linear
in JIUC{b as a function of the combination ﬁATAab + %JIU({b. So, we make the ansatz that
Qp of (3.2) has to be modified to

1

<QO)HGW - 1

g b

A 1 1 3 b
111 + =J;U @ . 1
( Aab 2 I ab) )‘5 (’Y )a or (3 9)

In addition, further analyzing the result of 0b, we add new terms to §; and €23, which are

T « c a
T, (Ve)ap A’ (wy AT, (3.20)

Q4 = ﬁbTabawaFa - =
2(\0)

where I'® are the generalized RNS-like variables defined in (2.21). Using the BRST transfor-
mations, one can show that indeed all the terms in 9b with s* = & = 0 are reproduced. For
the terms containing the super-Yang-Mills fields, one follows the procedure describe in the
previous subsection, but this time keeping the terms with supergravity background fields.
To show that the remaining terms in 9b are reproduced, one uses (2.9) and the following
identities. The Bianchi identity (A.2) with the indices [Sab] and the constraints (2.5) imply

vﬂTaba = Rab,B ¢ - Tﬁac ch ¢ - TbﬁCTcaa .

The same Bianchi identity (A.2), but with the indices [a/3a] implies
b
(’7 )aﬁTba7 = ]%5104,6”y o Rﬁaa'y‘
Finally, one can show that
Rcaab = VcTaab + Tacﬁ(’)/b)/o’a + ch B(’Ya),@a .
In order to prove the identity above, we have used that
1
Reaap = Z(R[caa}b - R[cab}a + R[aab}c) ) (321)

the Bianchi Identity (A.2) three times, the Bianchi Identity (A.5) and Type = —Hape as
proved in (2.8).
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3.3 The general case

In this subsection, we will consider the general case. All the terms in 0b not containing
either s® or @® have already been written as BRST exact in the previous two subsections.
Thus, the remaining terms at order r% in Ob are

_ . 1 .
0 <—saV)\a — ZHATAab(svab)\) — waHa> ls.o = (3.22)

—A ~ 1—4a ab
T Rag(sA) — 0 TR g aap (s7°N)

9 (2 (im (ww(wm) o = (3.23)
: (i 5 0 T Raa () 07 + (i 5 00 T R (393 01
and finally
ALl = 50155 (PN I~ 2(/1\5\)11”(5\%)6“(5%)\5@ (3.24)
+§(&§? TT%(A\ya) T Raa(sh) — 8&;)HCw)%ﬁTﬁab<v“b>JHARAv<sX>
o 00 T Rana(398) = T ) N T ), T R 7).

where 0d,| s and o11?| s can be read from (2.24) and (2.28) respectively. Let us consider
first the terms involving the curvatures with two indices. One can show that the terms
above from db can be written as §5Q0s|,0 with

1

a/y aTFA 3 1 a 74 )\
Qos = _2(/\5\)1_[ (AMa) T Raq (sA) + 200 (DA M) Raq(sA) . (3.25)

The proof is straightforward, it follows from the identities
= 1
ViaRpe) + Tap Ry =0, VA% = = A JU4°.

One can compute the terms in 9b of higher orders in r using the equations of motion. In
this case, one has to add to €5 terms that depend on r. The additional terms are given in
the next section and the proof that they are the correct ones only uses the two identities
above.

Removing the terms with curvatures with two indices from (3.22), (3.23) and (3.24),
we are left with terms with curvatures with four indices and torsions. These remaining
terms can also be written as BRST exact. They are equal to 05€;5/,0, where

1

cry afrd aby 1 e\l aby
D = = (M) I Rgaap (s7Y°N) — — (DY Repap(s7°A) .
1 80O (AMe) doab(87"7A) 8()\)\)( YeN) Dab($7"°A)
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To prove it, we have used the following two non-trivial identities

(Y)apReaas = VaRagab + VAR Acab (3.26)
_TAacRcﬁab - TAﬁ CRcaab — RAC!C[aTb]ﬂ c_ RABC[aTb]aC ,

and

V[CRA}aab + TcA BRBaab + RAad[aTb}c ¢ (_)ARcad[aTb]Ad (327)
= TAadf}{cdab + (_)ATca d%dAab - (_)Ava';ﬁcAab - chd[aTb]ad :

These identities can be checked after tedious calculations by substituting the definitions of
R and R given in (2.19) and (2.29), using the Bianchi Identities (A.2) and (A.4) several
times and the following relation among covariant derivatives

[Va,VBleTep” = —Tup" ViTop”

_RABCFTFDE - (_)C(D+F)RABDFTCFE + (_)(A+B)(F+C+D)TCDFRABFE )

where + means commutator or anticommutator depending on A and B.

This completes the construction of € at order r°

. Using the equations of motion to
evaluate 0b, it is easy to find the terms with s® and &® which depends on R and 9% and
are higher order in r. These terms are again BRST exact if one modifies {215 by terms
depending on r. These additional terms of {214 are given in the next section and the proof
that they are the correct ones is straightforward and follows from the equalities (3.26)

and (3.27).

4 The complete 2

In this section, the complete expression for €2 is presented. The €2 is a solution of the
equation 0b = 650 and it is defined up to a BRST exact term. Our Q is

1 1 A
Q= §JKff§Jwan%ﬁWJﬂ 0 Tre F5 W (40) g AP (wy X ), W
1 «a ay 1
+——— T [N W (32)ap A @y MW7 (1) 15X (01 X)
8(AN)2
—(O " Taay + = A —
+4( Aab T 2J1Uab) 6(7 )a ara
_ _ 1 _ .
F( IV W L TT,, wa I — m(JIVaWIa +I0T,%) (Ye)ap N (w7 AT
1 < —=A N =A N 1 b o\/R —=A N A
————TI%(A)II Raq(sA) + 11" Rag(sAN) I — — (AYT) (Ao ) TL R an (sA) I
200 (M) Aa(8A) Aa(sX) 4()\)\)2(7 )(Ma) Aa(sA) Ty
1 ° —d bR 1—D by 7
——— (M) T Rgaan (s7°N) — =TI Repap (57N €
SO0 (Ae) daab(57A) =TI Repap(s7™°A)
1 . —D oy =
————— (M) (M) T Rpaca(s7N) Ty .
16(M)2( 1) (Aa) Dacd(s7“ M) 1y
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A Notations and conventions

In this paper, we mainly follow the conventions of Wess and Bagger [14] and of Chandia
and Vallilo [13]. The curved superspace indices are denoted by M and take the values
M = (m,p) with m = 0,...,9 and g = 1,...,16. The tangent superspace indices are
denoted by A = (a,a), witha=0,...,9and a =1,...,16. Being ZM the N =1 D =10
curved superspace coordinates, one has

ZM N — (L)MN ZN ZM

In order to define differential forms, one introduces the exterior product, which obeys

dzM N dz" = —(=)MYVdz"V A dz™M.
A p-form O is defined by
1
O — f'dZMl AdZM2 NN dZMe On,.. M, -
p:

The exterior derivative d is an operator which maps p-forms into p+ 1-forms, its action
on O is

1 d
= —dzZ™ N dzZM2 NN dZMP N dZN Oy -

40 p! 0ZN

An important property of the exterior derivative that follows from the above defini-
tions is

dOX) =0(dX) + (-)1(de)X,
where Y is a g-form.

A.1 Connections and covariant derivatives

Three different connections appear in this paper: the gauge connection, the Lorentz con-
nection and the scaling connection. The one-form gauge connection taking values in a Lie
Algebra is

A=dzM AL Ty,
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where 17 are the Lie Algebra generators. The one-form Lorentz connection and scaling

connection are denoted respectively by
Q. =dz™0,,,°, 0, = dZMQy,,

B

with Qprap = —Qape. These two connections appear in the decomposition of ©,, " as

1
QMaﬁ = QM (55 =+ EQMab(’Yab)oaﬁ .

Using the one-form connections given above, one can define covariant derivatives of
forms. Consider a p-form X AB = EAB Ty taking values in a Lie Algebra. The covariant
derivative of X AB is defined by

Using the previous definitions and
1
VE,P = SdzMon Az N A dZM N dZN VN (2R ) AT
p!

it is possible to deduce an expression for the covariant derivative of the components of the
form Y AB .

A.2 Supervielbein, torsions and curvatures
The one-form supervielbein is defined by
EA=dzMEA.
The inverse supervielbein matrix is defined implicitly by the relations
EAEN =6, EME,P =68.

Using the definitions of the one-form supervielbein, the one-form connections and the
covariant derivative, one defines the two-form torsion 74 as

1 1
T4 =VE" = dBE* + EPNQpt = SdZYNdZ N Ty = SECN BP T,
or in components,
TNMA = 8[NEM}A + (_)N(B+M)EMBQNBA - (—)MBENBQMBA ) (A1)

where the brackets means antisymmetrization of the indices without any additional nu-
merical factor, i.e. 8[NEM]A = OnEy A — (—)MN9y EyA. The curvature two-form R P is
given by

1 1
R% =d0,P +0,00F = 5dZMA dZN RypaP = 5ECA EPRpcA P,
or in components
Rypa” = NS A B ()N, 0 C Qe = ()M, Q7
Note that due to the fact that €2, aﬂ has the decomposition (2.3), it is possible to show that
1
RNMa'g = Rymdols + iRNMab(’Yab)o/B,

where the curvature with two indices is constructed from the scaling connection.
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A.3 The super-Yang-Mills field-strength and the three-form field-strength

The two-form super-Yang-Mills field-strength is constructed from the gauge connection as
F=FIT;=dA—ANA= %dZM/\ dZN Fny = %EA/\ EBFpa,
or in components,
Fin = a[NAfTW] — (=) "MAL AN ke

where fIJK are the structure constants of a Lie Algebra, [T, Tx | = f! i T1. The three-
form field-strength H is written in terms of the two-form superfield potential B as

1 1
H=dB = 6dZMA dZNANdZY Hpnar = 6EC/\ EBANEAHupc

or in components

1
Hpny = 5(9[PBNM] ;

where again the brackets mean antisymmetrization of the indices with no additional nu-
merical factors.

A.4 Bianchi identities

In this subsection, we collect all the Bianchi identities. Using the definitions of the previous
subsections of this appendix, we have

TP =VEP, VI? = EP ARg® = VuTpe” — Rupel” + Tiap Tipie” =0, (A2)

VE=0 = ViuFhey +Tag"Fpio =0, (A.3)

VRDE — 0 = V[ARBC]DE + jj[ABFRlFlc}DE = O, (A4)
3

dH =0 = ViaHpcp) + 5T 5" Hpiop) =0, (A.5)

where the indices inside the brackets but outside the double bars || are antisymmetrized.
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