
Physica A 493 (2018) 286–300

Contents lists available at ScienceDirect

Physica A

journal homepage: www.elsevier.com/locate/physa

Supersymmetric quantum mechanics method for the
Fokker–Planck equation with applications to protein folding
dynamics
Franciele Polotto a, Elso Drigo Filho a, Jorge Chahine a,
Ronaldo Junio de Oliveira b,*
a Departamento de Física, Instituto de Biociências, Letras e Ciências Exatas, Universidade Estadual Paulista ‘‘Júlio de Mesquita Filho’’, Rua
Cristóvão Colombo, 2265, 15054-000, São José do Rio Preto, SP, Brazil
b Laboratório de Biofísica Teórica, Departamento de Física, Instituto de Ciências Exatas, Naturais e Educação, Universidade Federal do
Triângulo Mineiro, Av. Dr. Randolfo Borges Junior, 1400, 38064-200, Uberaba, MG, Brazil

h i g h l i g h t s

• The Fokker–Planck equation is mapped onto a Schrödinger-type equation.
• It is solved for the double well potential with supersymmetric quantum mechanics.
• Time-dependent probability distributions are obtained with the variational method.
• Kinetics of the cold shock protein is characterized with a coarse-grained Cα model.
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a b s t r a c t

This work developed analytical methods to explore the kinetics of the time-dependent
probability distributions over thermodynamic free energy profiles of protein folding and
compared the results with simulation. The Fokker–Planck equation is mapped onto a
Schrödinger-type equation due to the well-known solutions of the latter. Through a semi-
analytical description, the supersymmetric quantum mechanics formalism is invoked and
the time-dependent probability distributions are obtained with numerical calculations by
using the variational method. A coarse-grained structure-based model of the two-state
protein TmCSP was simulated at a Cα level of resolution and the thermodynamics and
kinetics were fully characterized. Analytical solutions from non-equilibrium conditions
were obtained with the simulated double-well free energy potential and kinetic folding
timeswere calculated. Itwas found that analytical folding time as a function of temperature
agrees, quantitatively, with simulations and experiments from the literature of TmCSP
having the well-known ‘U’ shape of the Chevron Plots. The simple analytical model devel-
oped in this study has a potential to be used by theoreticians and experimentalists willing
to explore, quantitatively, rates and the kinetic behavior of their system by informing
the thermally activated barrier. The theory developed describes a stochastic process and,
therefore, can be applied to a variety of biological as well as condensed-phase two-state
systems.
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1. Introduction

The Fokker–Planck (FP) equation is one of the basic tools suitable to manage fluctuations in a large range of dynamic
systems [1,2]. It has been widely applied in diverse and, on some occasions, non-correlated areas such as physics, chemistry,
biology, finance, economics, forecasting among many others [3–6]. Several branches of physics make use of the FP equation
to describe and to understand their underlying complex dynamics, for instance, quantummechanics, astrophysics, statistical
physics [7–10], and, specifically in this work, it is applied to the protein folding biophysics problem [11–16].

Solutions of the FP equation provide the time-dependent probability density distributions to find a particle for a given
position and velocity and a variety ofmethods to obtain exact or approximate solutions have beendevelopedover the last few
decades [1,2,17,18]. Specifically regarding this study, statistical physics has borrowed from quantummechanics theoretical
methods such as supersymmetry, originally developed to study particle physics, in order to solve the FP equation [19–31]. By
using appropriate tools, one can transform the FP equation into a Schrödinger-type equation and apply the supersymmetric
quantum mechanics formalism to solve the resulting equation. Recently, this resulting equation was solved analytically for
both the generalized Morse potential and the Hulthén potentials [32].

The variational method allied with supersymmetric quantum mechanics is used in order to analyze the Schrödinger-
type equation. This approach has been successfully used in the study of quantum potentials [25,33–38]. In this context, the
formalism was first discussed in Ref. [33] and applied to analyze the Morse potential in Ref. [25], in an independent way.
Subsequently, this approach was extended for different kind of problems such as confined quantum systems [34,35,38]. It is
possible to use this approach to study stochastic problems by taking advantage of the relationship between the Schrödinger
and the Fokker–Planck equations. The viability of this treatment was tested by the study of Fokker–Planck equation with a
bistable potential [38].

Bistable double-well potentials are very commonly employed to study many biophysical processes [39], as is the case of
protein folding dynamics [40–42], since the reaction rate theory proposed by the Kramers’ seminal paper in the 40’s [43]. In
order to numerically solve the corresponding Schrödinger differential equation with a one-dimensional bistable potential,
one choice would be the variational method [25,29,31,44]. The eigenvalues and eigenfunctions can be used to calculate the
time-dependent transition probability distributions and, as a consequence, the biologically relevant relaxation rates and first
passage times [22,24,30,31,39,45–47].

There are many studies of protein folding where the reaction is described by a one-dimensional diffusion process.
Although the one-dimensional diffusion view of the folding processmay be considered a simplified description of the folding
reaction, several other studies, in which the folding reactionwas described by the projection of themultidimensional energy
landscape onto the one-dimensional reaction coordinate, have contributed to enhance our understanding of the protein
folding dynamics [48,49]. In this regard, the energy landscape theory [49,50] has shown to be a useful framework to correlate
theoretical and experimental data, such folding rates [51] and transition state studies [52]. Recent papers [53–55] describe
experiments where folding trajectories of molecules were held in optical tweezers in order to compare the conditional
probability of being on a transition path, obtained from the trajectory, with the prediction for ideal one-dimensional
diffusion. The authors found good agreement between the experimental data and the theoretical prediction.

Protein folding, being a diffusive process, can be an application of the FP stochastic time evolution equation. Folding
of small globular two-state proteins are reasonably described by the concepts of a one-dimensional diffusive process
in a double-well potential along the most relevant reaction coordinate or order parameter [56–58]. The protein folding
thermodynamics and kinetics can be described by the most accepted energy landscape theory [59–62]. According to this
theory, an ensemble of unfolded protein conformations with high energy and entropy diffuses through many pathways en
route to the lowest energy native state [57]. The protein energy landscape is intrinsically multidimensional and resembles
a funnel of structures partially folded with a kinetic and thermodynamic bottleneck narrowed at the transition state lying
between the folded/unfolded ensembles [51] (see Fig. 1). Fig. 1 shows the folding funnel landscape of the cold-shock protein
TmCSP, similar to the density of states of the previous study [63], whichwill be further and better exploredwithin this study.
Understanding the mechanism by which a protein folds to its native structure is crucial to create new treatments to prevent
many pathological conditions, including Alzheimer’s, Parkinson’s, spongiform encephalopathies, type II diabetes and many
others disorders [64].

Although a more general understanding of how a protein folds has emerged from many experimental and theoretical
studies, a general principle that would explain rate mechanisms applicable to a broad range of proteins different in size
and fold motifs is still a puzzle to solve [13]. Folding rates (kf ) or its inverse, the folding time (τf ), spans about 6 orders
of magnitude (from microseconds to seconds) for proteins with around 100 residues of amino acid [51,65]. Such diversity
of scenarios demands more quantitative theoretical methods to predict folding rates that could shed light on the specific
factors shaping the protein motion along the energy landscape funnel.

Folding times of many two-state proteins produces exponential distributions. Thus, the multidimensional energy
landscape can be projected onto an effective one-dimensional free energy profile along a reaction coordinate with the
folded and unfolded states, similar to a double-well separated by the energy barrier [42]. Based on the energy landscape
theory, experimental and theoretical frameworks are able to determine the protein free energy profile and rates, at least
for small globular proteins [58,66–71]. Recently, it was demonstrated that folding rates strongly correlate with folding and
binding funnel energy landscape topography parameters associated with each particular protein: native to the transition
state energy gap, landscape roughness and configurational entropy [42,72]. In thismanuscript, an analytical approach, based
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Fig. 1. The folding funnel landscape of the protein TmCSP is represented by the configurational entropy (S) as a function of the reaction coordinate (x) of the
system: S = log [n (x)], where n is the density of states. High entropic ensemble of configurations at the top of the funnel diffuses through many pathways
crossing the transition state (TS) ensemble in which a few are selected en route to the native ensemble at the bottom. Integration of the time-dependent
probability distribution of an ensemble of configurations in x (P(x, t)) for a given effective potential (F (x)) along the folding funnel results in the protein
analytical folding time (τf ).

on quantum mechanics supersymmetric theory, is developed to connect the biophysical experimental/computational free
energy transition barrier to the theoretically predicted folding times of proteins.

In this article, the thermodynamic free energy profile is calculated via alpha carbon (Cα) coarse-grained simulations
with the structure-based model [52,73]. Kinetic folding times obtained with computer simulations were recovered with
the analytical approach, given the protein free energy profile. The two-state cold-shock protein TmCSP [74–77] was
chosen for the simulations. The study is presented in the following way. In the first section, the theory necessary to
calculate rates analytically is developed. The Fokker–Planck equation is modified to resemble the Schrödinger equation
and the supersymmetric quantum mechanics approach is applied to solve the resulting differential diffusion equation.
The variational method [29] is used to solve the Schrödinger-type equation for the bistable potential, and to compute
time-evolution distribution functions of the system for a range of relevant temperatures. The second section presents the
simulation details and the thermodynamic and kinetic analysis employed in the TmCSP hyperthermophilic protein. The
last section is devoted to showing the comparison between the analytical and the computational folding times (τf ), which is
related to themean first passage time (mfpt) and the reaction rate theory [16,39,45,46]. The experimental ‘U’ shape behavior
for the kinetic folding times and rates were also obtained from the analytical theory and simulations. These results provide
the bridge between theory and experiment. The theory could be extended to other proteins and ratemechanismswhere one
has information about the thermodynamic free energy barrier.

2. Theory

2.1. The Fokker–Planck equation associated to a Schrödinger-type equation

The FP equation can be studied by converting it to a Schrödinger-type equation [2]. Following this approach, the FP
equation is given by

∂

∂t
P (x, t) = −

∂

∂x
[f (x) P (x, t)] +

Γ

2
∂2

∂x2
P (x, t) (1)

where f (x) is a function which resembles the ‘‘force’’ and Γ is a constant related to the diffusion coefficient. The solution of
Eq. (1) gives the time evolution of the probability distribution and can be written as [1]

P (x, t) = ψ0 (x)
∞∑
l=0

alψl (x) e−t|Λl| (2)

with the al coefficients inside the sumgiven by al =
ψl(x0)
ψ0(x0)

. The time-dependent probability of Eq. (2) is subjected to the initial
condition x0 where the system starts its diffusive motion and, therefore, defines the conditional probability P (x, t|x0) [39].
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x0 will be omitted for clarity of the following equations, yet its value used in the numerical calculations of P will be informed
when necessary. The eigenfunctionsψl and the eigenvaluesΛl represent the solutions of the Schrödinger-type equation [18]
obtained by substituting Eq. (2) in (1) and results in

−
Γ

2
∂2ψl

∂x2
+

1
2

{
∂ f (x)
∂x

+
[f (x)]2

Γ

}
ψl = Λlψl. (3)

Supersymmetric methods in quantum mechanics and statistical physics allow one to solve the Schrödinger-type
Eq. (3) [78,79]. Using the supersymmetric formalism, a given Hamiltonian H+ can be factored in terms of bosonic operators
a±

H+ = −
ℏ2

2m
d2

dx2
+ V (x) = a+a−

+ E+,0 (4)

where a±
= ∓

d
dx + W (x), W (x) is the superpotential, V (x) is the potential of the system investigated and E+,0 is the

eigenvalue of the ground state. Eq. (4) results in a Riccati equation [80], the solution of which gives E+,0. It is possible to
obtain the ground state wave function once the superpotential is determined.

The algebraic structure of the supersymmetry formalism gives a hierarchy of Hamiltonians related to each other [78,79]. It
is possible to determine the relationship between eigenvalues and eigenfunctions of the hierarchicalmembers by associating
them with the original Hamiltonian H+. This method can be applied to any potential that has an exact solution.

Unfortunately, the Schrödinger equation only has an exact solution for rather a few potentials and even the eigenfunction
expansion method is quite restricted [2]. Alternatively, Schrödinger equations with potentials that do not have exact
analytical solutions can be solved numerically by approximatedmethods such as the variationalmethod [25]. The variational
method is employed to estimate a good test function, written in terms of a set of parameters that minimizes the energy. The
variational method can be written as∫

ψ∗
µ (x)Hψµ (x) dx∫ ⏐⏐ψµ (x)⏐⏐2dx ≥ E (5)

where H is the Hamiltonian operator of the problem, E is the energy eigenvalue of the state in study and ψµ(x) is the test
function to be chosen in terms of a set of µ parameters. The eigenfunctions obtained by applying the supersymmetric
formalism can be used as the test functions. The closer the test function is to the real wave function, the better are the
results for E. This method described to solve the one-dimensional FP equation by exploiting the correspondence between
an arbitrary potential and the supersymmetric quantum mechanics formalism can be used to study, for example, a particle
diffusing in a viscous medium [19]. Trial wave functions for the variational method and the construction of the effective
Hamiltonians hierarchy can be used to obtain eigenfunctions and energies of the excited states, necessary to compute the
probability distributions densities [29,30]. The supersymmetry theory can be applied to investigate the kineticsmechanisms
of the protein folding process, which, apropos, have a strong resemblance to the diffusing particle problem [12,66,70].

Within the protein folding scenario, f (x) in Eq. (1) is rewritten as

f (x) = −
1
γ

∂

∂x
F (x) (6)

where F (x) is the free energy as a function of the one-dimensional reaction coordinate (x) and γ is the friction coefficient.
By putting Eq. (6) into Eq. (1), it results in

∂

∂t
P (x, t) = −

∂

∂x

[(
−

1
γ

∂

∂x
F (x)

)
P (x, t)

]
+ D

∂2

∂x2
P (x, t) (7)

where D is the diffusion coefficient, which is related to the constant Γ
2 in Eq. (1) and x describes the reaction coordinate,

which is the number of native contacts (normalized to one, or the fraction) formed during the folding reaction. The domain
of x, which is between 0 and 1, is shifted to the left, so that the barrier is at x = 0. That is the reason to have values, for
example, between −0.45 and 0.55. Eq. (7) is the diffusion equation used to describe the time evolution of the probability
distribution (P(x, t)) of a protein for a given x diffusing over a free energy profile F (x) [57,66,81–84]. Eq. (7) results in the
stationary solution of the Fokker–Planck equation given by

P (x) = Nexp
{
−

F (x)
γD

}
(8)

where N is the normalization constant. By using the Einstein relation γD ∼ kT [7], the probability distribution is rewritten
as

P (x) = Nexp {−βF (x)} (9)

where β =
1
kT , k is the Boltzmann constant and T is the temperature of the system.
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In the Schrödinger-type Eq. (3), f (x) is related to an effective potential, the free energy, and a suitable choice can be

Vef (x) =
D
2

{
β2

2

(
−
∂

∂x
F (x)

)2

− β
∂2

∂x2
F (x)

}
. (10)

The solution of the FP equation can be obtained from the associated Schrödinger-type equation. In order to study the
protein folding process, effective potentials of the type of Eq. (10) are used in the Schrödinger-type equation to obtain the
eigenfunctionsψl (x) and the eigenvalues Λl, which compose the probability distribution P(x, t) in Eq. (2), i.e., the solution
of the FP equation. Thus, the Schrödinger-type Eq. (3) with the effective potential given by Eq. (10) becomes

− D
∂2

∂x2
ψl (x)+ Vef (x) ψl (x) = Λlψl (x) . (11)

The formalism of the supersymmetric quantummechanics will be applied to solve Eq. (11). The solution is obtained state
by state by invoking the Hamiltonian hierarchy [78,79].

2.2. Bistable potential solution of the Schrödinger-type equationwith the supersymmetric quantummechanics and the variational
method

The solution of the FP equation is obtained in this manuscript by using the supersymmetric quantummechanics formal-
ism along with the variational method. This approach determines approximated wave function and energy eigenvalues of
the system. In order to do that, the double-well protein free energy profile will be given by the polynomial

F (x) = ax4 + bx3 + cx2 (12)

where a, b and c are constants. The free energy shown in Eq. (12) was chosen to display a bistable function and to fit
appropriately the free energy profile calculated via computer simulations. F (x) is the free energy function and bistable
potentials are broadly reported to describemany two-state folders [51,57–62,64–66]. The shape of the double-well potential
depends of the values chosen for the constants of Eq. (12). Constant a inverts the twominima to a twomaxima potential and
constant c changes the wells depth. Considering a < 0 for the double-well potential and assuming that Eq. (12) is centered
at x = 0, if b > 0, the deepest minimum appears for negative values of x; otherwise (b < 0), the asymmetry implies a more
pronounced minimum for positive values of x.

Substituting Eq. (12) into Eq. (10), the effective potential is written as

Vef (x)
D

= β2
{
4a2x6 + 6abx5 +

(
4ac +

9b2

4

)
x4 + 3bcx3 +

(
c2 −

6a
β

)
x2 −

3b
β

x −
c
β

}
(13)

where β =
1
kT and k is the Boltzmann constant. From the Schrödinger-type Eq. (11), the initial Hamiltonianwith the effective

potential is given by

H+,1 = −
d2

dx2
+ β2

{
4a2x6 + 6abx5 +

(
4ac +

9b2

4

)
x4 + 3bcx3 +

(
c2 −

6a
β

)
x2 −

3b
β

x −
c
β

}
. (14)

The initial Hamiltonian can be factored in the terms of

H+,1 = −
d2

dx2
+ W 2

1 (x)− W ′

1 (x)+ E(1)0 . (15)

In order to guarantee the equality between Eqs. (14) and (15), it is sufficient to write the superpotentialW1 (x) as

W1 (x) = β

(
2ax3 +

3
2
bx2 + cx

)
(16)

with the lowest energy eigenvalue being

E(1)0 = 0. (17)

The ground state wave function of the superpotential given by Eq. (16) can be written as

ψ
(1)
0 (x) = exp

{
−
β

2

(
ax4 + bx3 + cx2

)}
. (18)

This case has an analytical solution for the ground state. However, the supersymmetric partner of H+,1 should be
determined to obtain the solution of the Schrödinger-type equation for the first excited state

H−,1 = −
d2

dx2
+ W ′

1 (x)+ W 2
1 (x)+ E(1)0 (19)
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or in terms of the new operators

H+,2 = a+

2 a
−

2 + E(2)0 = −
d2

dx2
− W ′

2 (x)+ W 2
2 (x)+ E(2)0 . (20)

The equality between Eqs. (19) and (20) requires thatW2(x) must satisfy the following equation

β2
{
4a2x6 + 6abx5 +

(
4ac +

9b2

4

)
x4 + 3bcx3 +

(
c2 +

6a
β

)
x2 +

3b
β

x +
c
β

}
= W 2

2 (x)− W ′

2 (x)+ E(2)0 . (21)

Unfortunately, it is not possible to determine the exact solution of this equation. Therefore, a modified superpotential is
suggested of the type

W2 (x) = α2x3 + µ2x2 + k2x + η2 (22)

where α2, µ2, k2 and η2 are the parameters to be determined by the variational method. The ground state wave function of
the superpotential given by Eq. (22) is written as

ψ
(2)
0 (x) = exp

{
−α2

x4

4
− µ2

x3

3
− k2

x2

2
− η2x

}
. (23)

It is sufficient to apply the bosonic operator a+

1 = −
d
dx +W1(x) inψ

(2)
0 to obtain the eigenfunction of the first excited state

ψ
(1)
1 [78]. The eigenfunction, the original Hamiltonian H0 and the variational method are used in Eq. (5) in order to calculate

the energy eigenvalues for the first excited state with the four variational parameters α2, µ2, k2 e η2.
By repeating this process, it is possible to build a hierarchy of Hamiltonians and eigenvalues for higher excited states. This

procedure requires superpotentials that generate test wave functions for each excited state. The suggested superpotentials
adopt the same form of Eq. (22) with different variational parameters αn, µn, kn e ηn. These wave functions are used by the
variational method to obtain the energy eigenvalues [29].

3. Simulation and numerical details

The protein used in this study was the cold-shock protein from the hyperthermophilic bacterium Thermotoga maritima
(TmCSP Protein Data Bank entry 1G6P [85]), with its three dimensional structure shown in Figs. 1 and 2. TmCSP is a small
globular 66-amino-acid β-barrel protein that is known to have well-defined two-state folding behavior by experiments
[74–77] and theory [42,63,66,67,86]. The simulations were executed with the widely used structure-based model at the
protein-coarse-grained-in–alpha-carbon (Cα-SBM) level of resolution [52,73]. The simulation inputs were generated via
the SMOG webserver [87] with the shadow map algorithm to create the contact map list [88]. The functional form of
the simulated potential energy and protocol used to perform kinetics (mean first passage times or folding times) and
thermodynamics (free energy profiles) calculations were accomplished in the sameway as in previous studies except for the
shadow map contact list and the latest SMOG version 2.0 [42,63,66,67,86]. The reaction coordinate (x), chosen to monitor
folding/unfolding events, was that commonly employed for protein folding studies i.e. the native contacts [89] formed
in a given structure normalized between −0.5 and 0.5, which are the numerical boundaries for the analytical approach.
Computational folding times (τf ) were obtained averaging over 1000 folding runswith TmCSP initiating the simulations from
completely open random conformations and stopping when it first reached the native state at xfolded = +0.4 (examples of
opened and closed structures are shown in Figs. 1 and 2). Free energy profiles were calculated with theWeighted Histogram
AnalysisMethod (WHAM) [90] over 24 runs of different temperatures spanning from lower temperatures (fully folded states)
to higher temperatures (unfolded states), including the transition temperature from folded to unfolded state (Tf ). Each run
was performed long enough, 1 × 109 steps (with time step ∆t = 0.5 fs), which is 3 orders of magnitude higher than one
folding event at Tf , to ensure proper accurate sampling. The configurational entropy (S), was calculated using the logarithm
of the density of states as a function of the reaction coordinate (S = log [n (Q )]) obtained with the WHAM algorithm.

Numerical integrations were executed by using the software Wolfram Mathematica R⃝ licensed to Universidad de
Valladolid.

4. Results and discussions

4.1. Temporal evolution of probability distributions and folding transition times

It is assumed that the polynomial Eq. (12) can fit the thermodynamic free energy profile (F (x)) of the protein simulation
data. The Schrödinger-type equation will be solved analytically with this double-well potential for the ground state
and higher excited states with the supersymmetric quantum mechanics theory and the variational method. Then, the
temporal evolution of the probability distributions (P(x, t), Eq. (2)) will be integrated to obtain the kinetic protein folding
transition times. Fig. 1 presents the probability distribution (P(x, t) diffusing along the TmCSP folding landscape with the
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Fig. 2. Thermodynamic free energy profile (F (x)) as function of the reaction coordinate native contacts (x). Filled circles represent F (x) obtained with
Cα-SBM simulations and the continuum curve is the polynomial fit (F (x) = ax4 + bx3 + cx2) over the simulation data with parameters a = 460, b = −48
and c = −115. It also shows the unfolded (xunfolded ∼ −0.4) and folded (xfolded ∼ +0.4) structures of TmCSP (Protein Data Bank entry 1G6P). F (x) is shown
at temperature T = 1.080 (in reduced units), which is lower than the folding transition temperature (Tf = 1.112). Energy is in units of kT .

configurational entropy (S) as the horizontal axis and the reaction coordinate (x) as the vertical axis. S is calculated with the
density of states (n) computed with the TmCSP simulated thermodynamic data by S = log [n (x)] (see the Simulation details
section). The kinetic folding times over the TmCSP folding landscape will be further calculated analytically (integration of
P(x, t)) and computationally (simulation runs of mean first passage time).

Fig. 2 shows the thermodynamic free energy profile (F (x)) as a function of the reaction coordinate native contacts (x)
of the simulated protein TmCSP. In Fig. 2, the free energy results calculated with the coarse-grained Cα-model are shown
using circles for the simulated temperature T = 1.080 (in reduced units of simulation temperature), which is lower than
the transition temperature for folding (T = Tf = 1.112). The simulated F (x) has a thermodynamic free energy barrier
of ∆F ∼ 6.5kT centered at x = 0, consistent with previous experimental [74–77] and theoretical [42,63,66,86] studies
of this hyperthermophilic protein. At lower temperature, folded states (xfolded ∼ +0.4) are more stabilized than unfolded
states (xunfolded ∼ −0.4). Also, Fig. 2 presents the simulated protein TmCSP in its native folded and unfolded conformations.
The simulated data are used to fit the analytical F (x) by determining the constants a, b and c from Eq. (12). The adjusted
values for F (x) were a = 460, b = −48 and c = −115. The asymmetry of the double-well minima guarantees that the
probability distribution function migrates from the unfolded to the folded state by the analytical method developed. It is
possible to obtain the solution to the Schrödinger-type Eq. (3), where the effective potential (Eq. (10)) is written in terms of
the analytical free energy profile F (x) from Fig. 2 by following the procedure outlined in the previous sections.

The ground state energy eigenvalue and eigenfunction are determined as there is an exact analytical solution (Eqs. (17)
and (18)) with constants a, b and c , previously computed. However, excited state eigenfunctions are calculated in terms of
the variational parameters αn,µn, kn and ηn as they do not have exact analytical solution. As described in the Theory section,
eigenvalues for the excited states were obtained by building a hierarchy of Hamiltonians [78]. The superpotentials generate
wave functions for each excited state through the relation between the eigenfunctions, when applying the bosonic operator
a+
n = −

d
dx + Wn(x) successively [78], as

ψ
(1)
0

ψ
(1)
1 = a+

1 ψ
(2)
0

ψ
(1)
2 = a+

1 ψ
(2)
1 = a+

1 a
+

2 ψ
(3)
0

ψ
(1)
3 = a+

1 ψ
(2)
2 = a+

1 a
+

2 ψ
(3)
2 = a+

1 a
+

2 a
+

3 ψ
(4)
0

...

ψ (1)
n = a+

1 a
+

2 a
+

3 . . . a
+

n ψ
(n+1)
0 . (24)

Table 1 shows the results using the described iteration procedure in Eq. (24). It contains the minimized parameters αn,
µn, kn, ηn and the energy eigenvalues En obtained by the iteration of thewave functions for excited stateswith the variational
method and the free energy profile from Fig. 2. The energy eigenvalue calculations were truncated at n = 5 since the
probability distributions for n = 4 and n = 5 are practically the same for long times (t > 0.08) and do not include any
new contribution to P(x, t). Also, the analytical computational time increases a great deal for higher order eigenvalues.

Fig. 3 presents the time-dependent probability distribution of the reaction coordinate x (P(x, t), Eq. (2)). It shows P for
three examples of increasing analytical times (P(x, t = 0.046) in green, P(x, t = 0.050) in red and P(x, t = 0.080) in blue)
with the initial condition of the reaction coordinate set at x0 = −0.35 and with time in absolute units of the numerical
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Table 1
Minimized parameters αn , µn , kn , ηn and the energy eigenvalues En obtained
by the supersymmetric quantum mechanics formalism with the variational
method using a = 460, b = −48, c = −115 and β =

1
1.080 .

n αn µn kn ηn En
1 889.308 511.96 140.363 6.55981 188.159
2 −40.689 15.0036 84.7965 3.84468 190.815
3 −4.7722 −45.6839 69.8482 5.03949 297.025
4 866.976 −377.05 78.0321 −1.26092 368.834
5 386.904 −83.9753 53.774 −1.83139 404.222

Fig. 3. Probability distribution (P(x, t)) as a function of the reaction coordinate (x) for different times (t) of P migrating from the unfolded free energy
minimum (xunfolded ∼ −0.4) to the folded valley (xfolded ∼ +0.4). P(x, t) reaches the steady state for t higher than 0.08. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

integrations. The P(x, t) was calculated with the eigenfunctions (Eq. (24)) and eigenvalues from Table 1. The series was
truncated at n = 5, since at t = 0.08, with n = 4 and n = 5, both P distribution curves almost coincide. Fig. 3 shows
that, for the three curves, the probability distribution decreases at the unfolded state (xunfolded ∼ −0.4) for increasing time
and P concentrates in the region of x corresponding to the protein native state (xfolded ∼ +0.4), the second minimum in
the free energy F (x) in Fig. 2. The temporal evolution of the system and the transition is observed between the two minima
of the potential. Also, P(x, t) diffuses fast over the thermodynamic free energy barrier at x = 0, even for low values of t .
This is a consequence of the numerical calculations performed with the minimized variational parameters from Table 1 and
the potential F (x), which has its global minimum at the folded state. The probability of finding the system in the region
corresponding to the minimum of the potential in x > 0 (the deeper minimum) is greater than the probability to find the
system in the region corresponding to the shallow minimum in x < 0. The probability distribution reaches equilibrium, the
stationary state, for higher time values (t > 0.08).

In order to observe the temporal evolution of the system, the probability as a function of time of the model protein being
in the unfolded state were calculated by integration of Eq. (2) on the left side of the quadratic potential (x < 0)

N1 (t) =

∫ 0

−1
P (x, t) dx (25)

and the probability of the system being in the folded state by integrating P on the right side of the potential (x > 0)

N2 (t) =

∫ 1

0
P (x, t) dx. (26)

The next step was to introduce the quantity that calculates the mentioned temporal evolution of the system [31,39,56]

∆N (t) = N1 (t)− N2 (t) =

∫ 0

−1
P (x, t) dx −

∫ 1

0
P (x, t) dx (27)

that is the difference of the areas close to each potential minimum. The relaxation rate of the system, initially at x0, is
completely accounted for by the exponential decay of∆N(t) [38]. Thus,∆N (t|x0) = exp [−t/τ (x0)],where τ is the relaxation
time. τ measures the time that the system takes to reach equilibrium, the stationary state, and is related to the mean first
passage time (mfpt) and the protein folding time (τf ) [39,46,56,91].

Fig. 4 shows∆N as a function of time (t) with the starting point set at x0 = −0.30 and temperature T = 1.080, same as
Fig. 2. In Fig. 4, the symbols represent∆N as a function of t obtained by numerical calculations of Eq. (27) and the continuous
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Fig. 4. Temporal evolution of the probability distributions. Difference between the integral of the probability distributions from folded and unfolded states
(∆N) as a function of time (t). For the filled circles, ∆N is obtained by numerically solving ∆N (t) from Eq. (27). The continuous curve is the exponential
decay fit to the numerical data (τ = 5.42 × 10−3 in units of inverse absolute time). τ is the relaxation time of the system, which is related to the protein
folding transition time (τf ). The broken line represents the convergence of the system approaching the stationary state. The system is at temperature
T = 1.080 (in reduced units).

curve is the exponential decay adjustment (∆N = A exp (−t/τ) + C) and (τ = 5.42 × 10−3 in units of inverse of absolute
time). In Eq. (27) the initial condition is∆N (t → 0) → 1 due to the initial high concentration of the probability distribution
at x0 = −0.30 in the left well of the potential which represents the unfolded state. The probability concentration converges
to∆N → −1 (N1→0 and N2→1) as t increases and the system moves to the second minimum at x>0, which is the folded
state. Actually, the probability distribution is not all concentrated in the second minimum. There is a residual probability in
the unfolded well, so the probability concentration N1 (t) is ∼ 5% of the total probability. This difference can be observed in
Fig. 4. The exponent τ is the only parameter to be considered in this analysis. The parameters A and C in∆N are not relevant
for the present analysis. The exponent τ is extracted from the exponential fit to the curve as shown in Fig. 4. The value of τ
corresponds to the folding transition time (τf ) obtained from the folding simulations and also to the experimental folding
rates of TmCSP [92,93].

The temporal evolution of the system can also be evaluated for different initial conditions of the protein motion (x0). The
difference between the time-dependent probability concentrations in the double-well potential (Eq. (27)) is also dependent
on the reaction coordinate starting point of the distribution (∆N (t|x0)). Thus,∆N was calculated by the numerical procedure
(the same as Fig. 4) for different values of x0 and the exponential decay as a function of the initial condition (τ (x0)) was
extracted from each exponential fit (∆N (t|x0) = exp [−t/τ (x0)]). Fig. 5, on the left axis, compares the relaxation times
as a function of the starting configuration of the system obtained by the numerical analysis (τf (x0) in diamonds) with the
folding times calculated with the computer simulations of TmCSP (τf (x0) in circles). The analytical folding transition times
were rescaled with the simulation time step (∆t = 0.5 fs) in order to compare with the computational τf . Fig. 5 also shows,
superposed, on the right axis, the free energy profile as a function of the native contacts F (x) (shaded curve). The simulated
τf (x0) shows large error bars due to the large dispersion of the values of first passage times (that is, the time required for
a random conformation to visit xfold for the first time) of the unfolded model protein to overcome the energy barrier. Each
value of τ , starting from a particular x = x0, were averaged over a diverging number of fast and slow folding trajectories
and this is a consequence of the stochasticity of the diffusion process of the protein folding problem studied. Nevertheless,
the analytical and simulated τf (x0) agrees reasonably over the entire reaction coordinate. It is worth noting in Fig. 5 that τf
coincides with the F (x) profile, τf decreases abruptly as the initial position of the motion approaches the thermodynamic
energy barrier at x = 0. Earlier lattice, off-lattice and analytical theoretical works have also reported this behavior, an abrupt
decrease in the kinetic folding times as the initial position of the motion approaches the thermodynamic barrier [31,66,68].

Exhaustive computational and experimental sampling of the protein folding thermodynamics and kinetics is replaced
by an efficient numerical calculation. The numerical solutions of the FP equation with the double-well potential are shown
to be a valuable tool to describe the kinetics of fixed temperature protein folding over a thermodynamic energy barrier.
The probability distributions diffuse through the free energy barrier and the supersymmetric quantum mechanics method
applied to the Schrödinger-type equationwas sufficient to accurately calculate the folding times for the given protein TmCSP.
The estimates from the analytical results capture the dynamic process of the protein, as it escapes from local traps along the
energy landscape.

4.2. Temperature-dependent thermodynamic profiles and kinetic folding times

This section extends the analytical and computational studies for a range of temperatures commonly explored in
protein folding studies. The thermodynamic free energy profile (F (x)) and other related parameters are transformed into
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Fig. 5. On the left axis, the folding times (τf ) versus the starting point of the system (x0) of the reaction coordinate at T = 1.080 (in reduced unit of
temperature). Filled circles are the simulated folding times and diamonds represent the analytical folding times. The relaxation time is extracted from the
exponential decay fit of the analytical expression∆N (t|x0) (Eq. (27)) for each initial condition of the motion (x0). On the right axis, the free energy profile
(F (x)) is shown as a function of the reaction coordinate (x). Error bars of the simulated τf (x0) are the standard deviation of themean over 1000 runs for each
x0 . The vertical broken line marks the position of the thermodynamic free energy barrier.

temperature-dependent parameters. The numerical methodology developed to solve the Schrödinger-type equation with
the variational method has to be modified in order to properly shift the difference between the two minima of F (x) and to
account for the time-dependent probabilities diffusing from one minimum to another over the energy barrier.

Accordingly, the double-well free energy as a function of the reaction coordinate adopted in this work (Eq. (12)) for a
given temperature (T ) is rewritten as

FT (x) = ax4 + b
(

T
Tf

)
x3 + cx2 (28)

where Tf is the transition temperature between folded and unfolded states. Specifically for further calculations, a > 0 and
c < 0. The term b

(
T/Tf

)
in Eq. (28) is a function that depends of the given temperature (T ) of the system. To model b in

Eq. (28), the hyperbolic function

b
(

T
Tf

)
= C tanh

(
T
Tf

− 1
)

(29)

was chosen where C is a constant. The above function in Eq. (29) incorporates the properties to numerically solve the FP
equation and provides the elements for the free energy profile to vary smoothly with the temperature of the system.

The polynomial adjustments to the values of the free energy obtained from the Cα structure-basedmodel of TmCSP in the
proposedmodel were made in Eqs. (28) and (29). Fig. 6 shows the free energy profile as a function of the reaction coordinate
(FT (x)) for three relevant temperatures: T = 1.080 < Tf (circles), T = Tf = 1.112 (squares) and T = 1.130 > Tf (triangles).
The fit to the simulation data is represented by the continuum curves with the polynomial function from Eq. (29) which
have been adjusted with the parameters Tf = 1.112 (folding temperature) and C = 1669. F represents the balance between
the total energy (E) and the configurational entropy (-TS) of the system. A lower temperature contributes to diminishing
the entropic term and, as a consequence, the probability to find the system in the native basing at xfolded ∼ +0.4 is higher
(T < Tf in Fig. 6). On the other hand, a higher temperature plays the role of stabilizing high energetic states and the unfolded
state (xunfolded ∼ −0.4) becomes more probable (T > Tf in Fig. 6). At the transition temperature (Tf ), both free energy terms,
the energetic and the entropic, are balanced along the reaction coordinate except at the transition state around x = 0;
an effective thermodynamic barrier arises in between the folded and the unfolded states. These temperature-dependent
thermodynamic effects are mapped by the Schrödinger-type equation and the time-dependent probability distribution
motions can be investigated analytically for different temperatures.

The folding times (τf ), i.e. the characteristic times of the protein folding process, were calculated for different thermody-
namic conditions following the same protocol presented in the previous section. The free energy profiles obtained with the
thermodynamic algorithmWHAM for different temperature runs of the Cα-model were fitted with the polynomial function
to extract the potentials input into the FP equation. The resulting probability distribution curves were used to obtain the
concentration probabilities; ∆N from Eq. (27) was calculated for each temperature. The procedure used to calculate ∆N is
the same as that presented in the previous section. The exponential fit of the type∆N = e−t/τ to the numerical calculations
of ∆N versus t was performed and τ was extracted for each temperature. Each τ was obtained with the initial condition
of the probability concentrations: x0 = −0.3, if T < Tf , and x0 = +0.3, if T > Tf . Therefore, the concentrations are able
to flow to the deeper potential minimum, a condition required for the numerical calculations performed with the temporal
evolutions of the Schrödinger-type equation.
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Fig. 6. Thermodynamic free energy profile (F (x)) as a function of the reaction coordinate native contacts (x) for different temperatures (T ). Filled shapes
represent F (x) obtained by the Cα-SBM simulations and the continuum curves are the polynomial fit (F (x) = ax4 + bx3 + cx2) over the simulation data
with parameters a = 460, c = −115 and b = −48 (for T = 1.080 < Tf )), 0 (for T = Tf = 1.112) and 27 (for T = 1.130 > Tf ). Tf is defined as the folding
transition temperature in which the system has equal probabilities of being folded (x > 0) and unfolded (x < 0), marked by the aligned dashed lines in
T = Tf . Energy is in units of kT .

Fig. 7 presents the folding time (τf ) as a function of temperature (T ) rescaled by the TmCSP folding temperature (Tf ). On a
logarithmic scale, Fig. 7 shows a good agreement between τf calculatedwith the folding time runs of the Cα-SBM simulations
and the analytical folding times given by the supersymmetric quantum mechanics method, previously described. In Fig. 7,
error bars of the folding time simulations were calculated as the standard deviation of the mean over diverse 1000 first
passage time runs, same effect as in Fig. 5 for the τf (x0). Fig. 7 shows the characteristic ‘U’ shape average kinetic behavior
in temperature or denaturant concentration of many earlier investigations: i.e. theoretical (analytical and computational)
folding times and experimental Chevron Plots for folding rates [15,57,66,94–96]. This occurs because the folded state is
unstable at a high temperature, high energetic states are more populated and, thus folding to the lowest energy native
state is slow. At the other end, the system has low thermal energy at a low temperature, becomes kinetically trapped in
the underlying energy landscape roughness and thus, folding abruptly slows down. At the fastest folding time temperature
(T ≈ 0.85), the thermodynamic free energy barrier is lower than that in Tf , nevertheless with enough thermal energy
to overcome the landscape roughness and thus, folding is fast. The temperature region that is interesting to investigate is
that around Tf and the analytical calculations were focused on this vicinity. Exactly at Tf , it was not possible to calculate
the analytical τf due to numerical instabilities. The approach developed in this study is based on the diffusion of the time-
dependent probability distributions between both wells of the bistable potential and, as the potential is symmetrical at Tf ,
there is no effective migration of the probability distribution from one minimum to the other. Even so, there is reasonable
agreements between analytical and simulation τf results.

Despite the fact that the temperature-dependent kinetic rates, or flux, calculated with the analytical method outlined
in this paper were in a good agreement with the simulations, inside the mean first passage time dispersion, τf were
overestimated for T < Tf and, τf were underestimated for T > Tf if the average τf is considered. This is a direct reflection
of the eigenfunction expansion method of the Schrödinger equation, which is fairly restrictive as previously quoted [2]. Five
terms were used for the eigenfunction iteration to reach the numerical solutions as stated in Table 1 and more terms could
be considered in amuch bigger numerical effort to increase accuracy. Another less computationally expensive improvement
to the analytical method would be to compute a coordinate-dependent diffusion coefficient (D(x)) in the Schrödinger-type
equation, instead of the constant diffusion D employed in this paper. D(x) takes into account the effective kinetic free energy
barrier of folding (about 1.0kT ), which increases the thermodynamic free energy barrier (originally 5–7kT ) and shifts the
transition state [66]. Also, one might consider the funnel landscape roughness (as represented in Fig. 1) in the drift of the
probability distributions, which is on average 1.7kT [66]. The folding landscape roughness varies as a function of position
(as seen in Fig. 1) and time, which is described by the diffusion coefficient [66]. Previous studies have suggested that not
only coordinate but also time-dependent diffusion plays a significant role in the folding of TmCSP and other proteins as
well [49,82,84], but this was not included in this study. As seen, there is a lot of room to improve the accuracy of the
supersymmetric quantum mechanics approach to the kinetic estimations using thermodynamic profiles as an input for the
Schrödinger-type equation.

5. Conclusion

This work developed both analytical and computational methods to explore the kinetics of the time-dependent prob-
ability distributions over thermodynamic free energy profiles of protein folding. The analytical results were in complete
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Fig. 7. On a logarithmic scale, the folding times (τf ) versus temperature rescaled by the folding temperature (T/Tf ). Filled circles are the simulated folding
times obtained by kinetic Cα-SBM runs of the protein TmCSP and diamonds represent the analytical folding times calculated by the exponential decay fit of
the expression∆N (t) (Eq. (27)) for each temperature (T ). Error bars of the simulated τf were calculated as the standard deviation of the mean over 1000
runs for each T . The vertical broken line marks the folding temperature.

agreement with the simulations. The analytical method developed was to solve the Fokker–Planck equation with the
supersymmetric quantum mechanics formalism mapped onto a converted Schrödinger-type equation and the variational
method was used in the numerical calculations. The coarse-grained structure-based model of the protein TmCSP was
executed at a Cα level of resolution and the protein thermodynamics and kineticswere fully characterized by the simulations.

The computational double-well free energy profiles were modeled (Figs. 2 and 5) and used as the input for the diffusion
equation of the Schrödinger-type. Analytical expressions of probabilities of concentrations migrating between the potential
minima (Fig. 3) described reasonably the folding kinetics as revealed by the analytical folding times extracted from the
concentration differences (Fig. 4). Analytical and computational τf were coincident and strongly dependent on the initial
condition of the motion (x0). τ (x0) follows exponential decay distributions as the thermodynamic barrier is approached
(Fig. 5), a result similar to that of previous works [31,66,68].

This paper also developed temperature-dependent parameters for the numerical calculations of the probabilities (Fig. 7).
Temperature has an important role in theoretical and experimental protein folding studies. Folding times as a function
of temperature has the well-known ‘U’ shape and analytical and simulation results converged to similar values within
error boundaries. It was outlined previously by analytical works that folding times or rate mechanisms are strongly
affected by the temperature range [31,66]. Low to intermediate temperatures where the system has enough energy to
overcome the activation barrier gives the Arrhenius behavior, non-exponential and non-Poissonian kinetic distributions.
At lower and higher temperatures, the system deviates from the Arrhenius behavior and exponential and Poissonian
kinetic distributions better describe the rates. This temperature-dependent phenomenon has implications to downhill (low
or none thermodynamic folding barrier) and activated folding dynamics of several proteins as seen in both theory and
experiment [67,97]. The analytical method allows the description of the temperature range for the Arrhenius behavior (in
Fig. 7), non-exponential and non-Poissonian kinetic distributions, around the transition temperature for folding.

Folding is governed by the diffusion of P(x, t) throughout the funneled landscape surface (Fig. 1). Landscape roughness
plays an important role in the protein motion or distributions down the funnel and, therefore, the diffusion coefficient as
a function of the reaction coordinate (D(x)) might influence the analytical folding times in Fig. 7. However, the analytical
τf obtained with the Schrödinger equation solutions with constant diffusion coefficient, was in line with simulations and
experiments. For this reason, this study was successful in its first attempt to build simple and numerically cheap model
to describe the kinetics of activated dynamics. One could enhance the accuracy by including D(x) to the model and/or
by accounting for more terms in the eigenfunction iteration method. The laborious supersymmetric quantum mechanics
method applied to the Schrödinger equation resulted in a rather simple analytical expression to investigate folding kinetics
mechanisms.

The theory and methodology developed in this study provide the basis for connecting theory to experiments. The
methodology can be employed in studies where theoreticians and experimentalists have determined the thermodynamic
barrier and are interested in predictions of the kinetic behavior of the system. The theory can be applied to a wide variety of
biological as well as condensed-phase two-state systems in order to investigate their kinetics mechanisms.
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