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Abstract
We investigate the thermodynamics of a self-interacting relativistic charged
scalar field in the presence of weak disorder. We consider quenched disorder
which couples linearly to the mass of the scalar field. After performing noise
averages over the free energy of the system, we find that disorder increases the
mean-field critical temperature for Bose–Einstein condensation at finite density in
the ultrarelativistic limit. In turn, preliminary non-relativistic calculations indicate
that the presence of randomness affects the Bose gas in the opposite way in such
a limit, i.e. disorder reduces the mean-field condensation temperature. The effect
of disorder on the temperature dependence of the chemical potential for a fixed
charge density is investigated. Significant differences from the mean-field tem-
perature dependence of the chemical potential are observed as the strength of the
noise intensity increases. Finally, the temperature dependence of the chemical
potential with fixed total charge and entropy is investigated. It is found that there
is no Bose–Einstein condensation for a fixed charge to entropy ratio in the
presence of weak disorder. The possible relevance of the findings in the present
paper in different areas is discussed.

Keywords: Bose–Einstein condensation, phase transitions, wave propagation
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1. Introduction and motivation

Disorder plays an important role in the critical behavior of second order phase transitions [1].
The relevance of disorder in the criticality can be assessed qualitatively using the critical
exponent α of the specific heat for the disorder-free system [2, 3]; namely, when α>0 (the
specific heat diverges at the critical point), the critical behavior of the disordered system is
changed, when α<0 (the specific heat is finite), disorder has no effect on the critical
behavior. On the other hand, at low temperatures quantum fluctuations may compete with the
random fluctuations; an example is the destruction of the ordered ground state of a spin-glass
—a disorder strongly correlated system—by quantum fluctuations [4]. Conversely, quantum
fluctuations can stabilize a glass phase in a disordered environment; Carleoet al [5]
demonstrated that repulsively interacting bosons can feature a novel quantum phase dis-
playing both Bose–Einstein condensation and spin-glass behavior due to frustration. In the
present paper we investigate the interplay between quantum and random fluctuations in a self-
interacting relativistic charged scalar field theory with a finite chemical potential. Disorder in
relativistic Bose–Einstein condensation (RBEC) has not been considered in the literature,
contrary to the case of non-RBEC, where it has been under intensive study since early seminal
works [6–8].

Disorder has a decisive influence on the zero-temperature phase diagram of non-relati-
vistic Bose systems. As emphasized by the literature, there is a quantum phase transition for
such systems from a Mott insulating phase to a conducting phase. Since no pure Bose system
can be a normal conducting fluid at zero temperature, the conducting-insulator transition must
correspond to the onset of superfluidity. As shown in [8], this scenario is changed dramati-
cally in the presence of a random potential. For the case of a Gaussian colored noise, a Bose
glass phase also arises and the transition to superfluidity only occurs from this third phase,
never directly from the Mott insulator. The introduction of a random potential in such systems
may also imply the destruction of the superfluidity phase, as discussed in [7, 9–12]. In
particular, a recent study by Lopatin and Vinokur [13] employing the replica method found a
negative shift in the condensation temperature of a dilute Bose gas due to disorder—see
also [14, 15].

There is an extensive literature on RBEC following the pioneering works of [16–23],
which discussed RBEC in flat space–times, and [24–27], which discussed RBEC in curved
space–times. While relativistic Bose–Einstein condensates are not yet realizable in con-
trollable experiments like their non-relativistic counterparts, they do relate to observable and
experimentally accessible phenomena. One example, of immense current interest, concerns
the condensation dynamics in relativistic quantum field theories where creation and annihi-
lation of particles play crucial role, like in far-from-equilibrium stages of the early Universe
and in experiments with relativistic heavy-ion collisions [28]. There is also the possibility of
Bose–Einstein condensation of pions and kaons [29–32] in neutron stars. The condensation of
these mesons will affect the equation of state of matter in the interior of the star, which has
direct consequences on the observable mass–radius relation of the star, and will also impact
the early evolution of the neutron star. With this respect, we quote [33] in which the authors
discuss an interesting model with the purpose of studying in detail the Bose–Einstein con-
densation within neutron stars due to the formation of Cooper pairs. In turn, in dark-matter
models where scalar particles constitute a natural ingredient, relativistic Bose–Einstein con-
densates assume an important place in the study of the effects of scalar dark-matter back-
ground on the equilibrium of degenerate stars [34]. In this case there is particular interest in
the charge density and the associated chemical potential.
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In real physical situations, the presence of some sort of disorder in the system is una-
voidable. The disorder can be due to uncontrollable disturbances external to the system; for
instance in a cosmological context such perturbations can originate from standard inflationary
fluctuations, required to generate large-scale structures. On the other hand, random fluctua-
tions can also be the result of an incomplete treatment of degrees of freedom associated with
fields that couple to the field of interest. Furthermore, researches on the stochastic Gross–
Pitaevskii equation for Bose–Einstein condensates indicate that random dynamics is pre-
sumed to be a general result of the interaction between long and short frequency modes [35].
As with non-relativistic Bose–Einstein condensates of condensed matter physics, one expects
that disorder will impact the critical behavior of RBEC. The present study is a first step
toward a systematic study of disorder in relativistic quantum field theory models, in that we
focus on a weakly interacting charged scalar field at finite temperature in the presence of
nonstatic randomness (the precise meaning for nonstatic noise will be defined shortly). Our
model is a kind of generalization of the scalar Landau–Ginzburg theory, where the quenched
disorder is described by random fluctuations of the effective transition temperature [1].

The organization of this paper is as follows. In section 2 we present our model. The
disorder field couples to the charged scalar field via the mass term of the scalar field, just as in
the random-temperature Landau–Ginzburg model. We consider weak disorder and implement
a perturbative expansion for the free energy as power series expansion in the strength of the
disorder field. In section 3 we study the thermodynamics properties of the self-interacting
relativistic Bose gas at finite density with randomness. The self-interactions of the scalar field
are treated in a mean-field approximation. We calculate the noise average of the free energy.
In section 4 we obtain the critical temperature in the presence of random fluctuations. In
section 5 we discuss the net total charge associated with the condensate and also the mod-
ifications in temperature evolution of the chemical potential due to disorder. Conclusions and
Perspectives are presented in section 6. The paper includes appendices containing details of
lengthy derivations. Throughout the paper we employ units with  = = =c k 1.B

2. Scalar field thermodynamics and disorder

We are interested in studying the effects of randomness on a charged scalar field j of massm
in equilibrium with a thermal reservoir at temperatureT. We employ the imaginary time
formalism of Matsubara [36] to write the partition function of the model in the grand
canonical ensemble as [18, 37]

* *òb j j= j j⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦Z N D D e , 1S2 ,[ ]( ) [ ] ( )

where the action S[j, j*] reads

* *

* * *

ò òj j t m j m j

j j j j l j j

= ¶ + ¶ -

-   - -

b⎡⎣ ⎤⎦ ⎡⎣
⎤⎦

S

m

x, d d i i

, 2

V
t t

0

2 2( )
( ) ( )

( )

where V is the volume of the system, β=1/T, μ the chemical potential associated with the
conserved charge, and ∂t=i ∂τ. The field j satisfies the Kubo–Martin–Schwinger [38, 39]
boundary condition j t j t b= +x x, ,( ) ( ). N(β) is a β-dependent but μ-independent
constant that comes from the integration over the canonical momentum conjugated to the field
j [37]. Incidentally, we remark that the existence of a conserved charge is a consequence of
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the U(1) global symmetry displayed by the theory—by Noetherʼs theorem, there must be a
conserved current associated with each continuous symmetry of the Lagrangian.

Next we consider the coupling of a random noise source to the quantum matter field in a
similar fashion to the random-temperature Landau–Ginzburg model, but generalized to a τ-
dependent noise. That is, we perform the replacement n +m m 1 ,2 2 ( ) where ν=ν(τ, x) is
dimensionless. The partition function given in equation (1) becomes replaced by

* *òn b j j= n j j⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦Z N D D e , 3S2 , ,T[ ][ ] ( ) [ ] ( )

where

* * *n j j j j n j j= +⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦S S S, , , , , , 4T I ( )

with S[j, j*] given by equation (2) and SI[ν, j, j
*] contains the coupling of the scalar field

with the noise field:

* *ò òn j j t n t j t j t= -
b⎡⎣ ⎤⎦S m x x x x, , d d , , , . 5I

V

2

0
( ) ( ) ( ) ( )

The physical picture is that the random fluctuations describe average effects of external
disturbances on the system or of degrees of freedom of unobserved fields. Although similar to
a real-time dependence, the τ dependence in ν(τ, x) should be understood as being of similar
nature of the one that arises naturally in a self-energy for the field j when integrating out
fields in favor of effective interactions of j. It is important to note that in general, when
integrating over unobserved degrees of freedom one obtains also effective vertices, in
addition to self-energies. Thereof we stress that there is no implicit assumption here that
equation (5) is an exact replacement for all effects of integrating out unobserved fields, but
solely that the dependence on τ of the noise field is very natural for non-isolated systems.
Hereafter we mean by static noise the noise fields that are τ independent and nonstatic noise
those fields that depend upon τ. Reference [40] presents another situation in which the noise
is nonstatic. In addition, the form of the coupling between the noise and the quantum field
indicates that U(1) global symmetry is still present in the full theory with randomness, which
implies that one must introduce a chemical potential associated with a conserved charge as
considered above.

Here we consider the random function ν(τ, x) as a Gaussian distribution given by

òn = s n-P p e , 6x x
0

1 2 dd2 2

[ ] ( )[ ( )]

where x=(τ, x) and p0 is the normalization constant of the distribution. The quantity σ2 is a
parameter associated with the intensity of the disorder. We will denote the mean value over
the random variable as  ,( ) defined by

òn n n n=A D P A , 7[ ] [ ] [ ] [ ] ( )

with A[ν] being any functional of ν. From equation (6), we have a white noise with two-point
correlation function given by

n t n t s d t t d¢ ¢ = - ¢ - ¢x x x x, , . 82 3( ) ( ) ( )( ) ( )

As well known, it follows from the Gaussian distribution that

n n =+x x 0, 9n1 2 1( ) ( ) ( )
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å n n n n=x x x x , 10n j k1 2
pair comb.pairs

( ) ( ) ( ) ( ) ( )

where n is an integer.
The standard procedure to study Bose–Einstein condensation is to separate from j the

constant zero mode j xº :

j x c= + , 11( )
where χ is a complex field with no zero mode. The χ field is written in terms of real and
imaginary parts as

c c c= +
1

2
i , 121 2( ) ( )

so that the action in equation (4) can be written as

n c c x b x x c c

x c c n c c x

=- +

+ +

S V U S

S S

, , , , ,

, , , , , , 13

T

I

1 2 0 1 2

int 1 2 1 2

[ ] [ ]
[ ] [ ]

( )

( )

with the following potential

x m x lx= - +U m , 142 2 2 4( )( ) ( )

the quadratic part

ò òx c c t c c c c

lx m c c c

c c lx m c

m c c c c

=- ¶ ¶ +  

+ + - + ¶ ¶

+   + + -

- ¶ - ¶

b
t t

t t

t t ⎤⎦

S

m

m

x, ,
1

2
d d

6

2

2i , 15

V
0 1 2

0
1 1 1 1

2 2 2
1
2

2 2

2 2
2 2 2

2
2

2 1 1 2

( )
( )

[ ] [

( ) ( )

and the self-interacting part

ò òx c c t lxc c c

l
c c

=- +

+ +

b ⎡⎣
⎤
⎦⎥

S x, , d d 2

4
. 16

V
int 1 2

0

1 2
1 1

2
2
2

1
2

2
2 2

( )
( )

[ ]
( )

In equations (15) and(16) we neglected the linear terms in the field χ, because their
contributions will be proportional to terms like χ(p=0)=0. In turn, the random
contribution is given by

ò òn c c x t x n t

n t c t c t

x n t c t

=-

- +

-

b

⎡⎣ ⎤⎦

S m x x

x x x

x x

, , , d d ,

1

2
, , ,

2 , , . 17

I
V

1 2
2

0

2

1
2

2
2

1

{[ ]

}

( )

( ) ( ) ( )

( ) ( ) ( )

We are interested in studying the thermodynamics of the above system in the presence of
disorder. We follow closely the path used for the noiseless case [18–20, 41], in that the
transition temperature is determined by analyzing the minimum of the free energy as a
function of the variational parameterξ. Noise average is taken into account using equation (7),
with A being the Helmholtz free energy Ω(β, V, μ, ξ). Specifically, for a uniform infinite
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volume system we have the relation b b m xW = -V Z, , , ln ,R( ) where Zln R is the
renormalized logarithm of the partition function, and thence:

òb m x
b

n n n

b
n

W =-

=-

V D P Z

Z

, , ,
1

ln

1
ln . 18

R

R

( ) [ ] [ ] [ ]

[ ] ( )

Note that we are considering a situation where one has to deal with two kinds of averages,
namely thermal averages and noise averages, which are not treated on the same footing. This
can be justified when the characteristic time scale of the change in disorder is much larger
then the time of observation of phenomena of interest. This means that in order to calculate
random averages of thermodynamic observables, one performs such averages over the
logarithm of the partition function and not over the partition function itself. The noise average
over the partition function is trivial, as one can integrate very easily over ν(x) using the
probability distribution of equation (6). In other words, one calculates the free energy for a
given configuration of the noise ν(x) and then carry out the random average.

Equation (18) requires a method to evaluate the average over noise realizations of the free
energy. For static noise and arbitrary noise intensities the replica-trick is widely used [1]. Here
we consider the weak-noise limit and use a perturbative approach [42, 43], in that one
expands the partition function in a power series in the noiseν. This will be discussed in the
next section.

3. Noise average of the free energy

It is known that random mass models generate effective interactions that mimic a negative
coupling constant. Because of this, we will consider the mean field approximation for the
disorder-free part of the partition function; i.e. one calculates the noiseless free energy
neglecting Sint[ξ, χ1, χ2]. As discussed in [41], one might expect this to be a good approx-
imation if both λ and λξ are small. We note that there is no assumption here that a mean field
approximation captures the full richness of the critical behavior of the relativistic interacting
Bose gas; the approximation is used because it provides the system with a ground state and a
starting point for assessing the role played by disorder in the relativistic model. Therefore, the
model only makes sense when the noise-induced interactions are weaker than the self-
interactions λ (j*j)2 in equation (2). In our treatment we ensure this by treating the noise as a
weak interaction on the top of the mean-field generated by the self-interactions λ (j*j)2. In
other words, the noise is weakly coupled to the scalar field in such a way that the random
fluctuations do not destabilize the mean field solution and still allows for the existence of a
ground state.

In the weak-disorder limit, the partition function in equation (3) can be expanded in a
power series in SI:

ò ån b c c= b x- +

=

¥

Z N
S

n
d d e , 19V U S

n

I
n

2
1 2

0

0[ ] [ ][ ] ( ( ))
!

( )( )

where SI=SI[ν, χ1, χ2, ξ] and S0=S0[ξ, χ1, χ2]. Taking the logarithm of both sides and
then taking the random average leads us to

n n= +Z Z Zln ln ln , 20IMF[ ] [ ] ( )
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where the mean-field contribution Zln MF is given by b x= - +Z V U Zln ln ,MF 0( ) with

òb c c= ⎡
⎣⎢

⎤
⎦⎥Z N D Dln ln e . 21S

0
2

1 2
0[ ][ ]( ( )) ( )

The quantity Zln 0 is calculated explicitly in appendix A and the result is

å
b

b

=-
W

+ -

+
W

+ -

b

b

+ - W

- - W

+

-

⎡
⎣⎢

⎤
⎦⎥

Zln
2

ln 1 e

2
ln 1 e , 22

p
0 ( )

( ) ( )

where the quantities Ω± are properly defined in the appendix A. Therefore, one gets the
following mean-field partition function:

åb x
b

b

=- -
W

+ -

+
W

+ -

b

b

+ - W

- - W

+

-

⎡
⎣⎢

⎤
⎦⎥

Z V Uln
2

ln 1 e

2
ln 1 e . 23

p
MF ( )

( )

( )

( )

Now let us focus on the corrections to the mean-field solution due to disorder which are given
by

ån = +
=

¥⎛
⎝⎜

⎞
⎠⎟Z

S

n
ln ln 1 . 24I

n

I
n

1

[ ]
!

( )

Here the averages ( ) are defined using the mean-field ensemble represented by the action
S0:

ò
ò

c c

c c
=

D D

D D

e

e
. 25

S

S

1 2

1 2

0

0

[ ][ ]
[ ][ ]( )

( )
( )

Expanding equation (24) up to second order in the noise field, one obtains

n = + -Z S S Sln
1

2
, 26I I I I

2 2( )[ ] ( )

where SI is given by equation (17). From equation (9), we have that =S 0.I The other terms
are obtained using equations (17) and(8):

ò òn s t x c c c c c

c c c c

= + + - -

+ -

b ⎡
⎣⎢

⎤⎦

Z m xln d d
1

8

2 2 . 27

I
V

4 2

0

2
1
2

1
4

2
4

1
2 2

2
2 2

1
2

2
2

1
2

2
2

(
)

[ ]

( )

The derivation of the ensemble averages in equation (27) can be performed in the usual way
(see for instance [41]). The result is
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 



å å

å

n s x w
b

w

b
w

= +

+

⎡

⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎤

⎦
⎥⎥

Z m
V

V

p p

p

ln ,
1

4
,

1

4
, , 28

I
n

n
n

n

n
n

p p

p

4 2 2

,
11
0

,
11
0

2

,
22
0

2

[ ] ( ) ( )

( ) ( )

where  w p,ij n
0 ( ), i, j=1, 2 are the zero-order propagators of the fields χj. Since the

propagators have divergent vacuum contributions, equation (28) must be carefully
regularized. The renormalization of the propagators is discussed in appendix B. After
carrying out such a procedure we get

n b
s

x= P + P - P⎡⎣ ⎤⎦Z V
m

ln
2

2 , 29I m m v

4 2
2 2( )[ ] ( ) ( )

where the quantities Πv and b xP ,m ( ) are obtained in appendix B; they are given by

ò òp x p x
P = +

+ -W W

p
p

p
p

1

4

d

2

1

,

1

4

d

2

1

,
, 30v 3 3( ) ( ) ( ) ( )

( )

and

ò

ò

b m x
p x

p x

P = P =
-

+
-

b

b

+
W

-
W

+

-

W

W

p
p

p
p

, ,
1

2

d

2

1

,

1

e 1
1

2

d

2

1

,

1

e 1
. 31

m m 3

3

( )
( ) ( )

( ) ( )
( )

The quantities W±(p, ξ) are properly defined in appendix B. Note that in the above equations
we have considered the large-volume limit. Finally, inserting equations (14),(23) and(29) in
equation (20) and neglecting for the moment the divergent vacuum contributions, one gets the
following expression for the renormalized Zln up to second order in noise intensity:

ò
b

n m lx s x

b p
s

= - - + P

- -

+ - + P

b

b

- W

- W

+

-

⎡⎣ ⎤⎦
⎡⎣

⎤⎦

V
Z m m

d

m

p

1
ln

1

2
ln 1 e

ln 1 e
2

. 32

R m

m

2 2 2 4 2 2

3

4 2
2

( )

( )

[ ]

( )

( )

In the next section we discuss the determination of the critical temperature.

4. The critical temperature

The total Helmholtz free energy is obtained by inserting equation (32) in equation (18):

ò

b m x
m lx s x

b p
s

W
= - + - P

+ -

+ - - P

b

b

- W

- W

+

-

⎡⎣
⎤⎦

V

V
m m

m

p

, , ,

1 d

2
ln 1 e

ln 1 e
2

. 33

m

m

2 2 2 4 2 2

3

4 2
2

( )
( )

( )

( )

( )

( )
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Since we are working in the mean-field approximation, λξ = 1, we neglect contributions
coming from terms proportional to λ2ξ4 in the definition of Ω±(p, ξ) in appendix A. This
leads to

x w m
x w

W »  »
W

p p
p p

, ,
1

,

1
, 34( ) ( )

( ) ( )
( )

with w = + Mp p2 2( ) and lx= +M m 4 .2 2 2 Hence

ò

b m x
m lx s x

b p
s

W
= - + - P

+ - + -

- P

b w m b w m- - - +⎡⎣ ⎤⎦

V

V
m m

m

p

, , ,

1 d

2
ln 1 e ln 1 e

2
35

m

m

p p

2 2 2 4 2 2

3

4 2
2

( )
( ) ( )

( )

( )

( )

( ( ) ) ( ( ) )

with

ò

ò

b m x
p w

p w

P =
-

+
-

b w m

b w m

-

+

p
p

p
p

, ,
1

2

d

2

1 1

e 1
1

2

d

2

1 1

e 1
. 36

m p

p

3

3

( )
( ) ( )

( ) ( )
( )

( ( ) )

( ( ) )

If the above momentum integrals are to be convergent, one must admit μ to be constrained
such that m M. On the other hand, as remarked in [20], in the absence of randomness the
correct interpretation of the emergence of two terms related to each other by m m - is the
following: One must identify one term corresponding to particles (with charge +1) and the
other term corresponding to antiparticles (with charge −1). We claim that this assertion still
holds in the full theory with random noise.

From equation (35), one may read off the classical energy density, i.e. the Helmholtz free
energy density at zero temperature:

m x
m lx x

W
= - +

V

V
m

, ,
, 37cl 2

0
2 2 2( )( ) ( )

where μ0=μ(T=0) is the chemical potential at zero temperature. To such a quantity one
should add the contributions coming from the zero-point energy of the fields as well as the
divergent vacuum term. This leads us to a divergent vacuum energy density. Its regularization
and renormalization are discussed at length in appendix C and the final result is that the
renormalized vacuum energy density equals the classical contribution, Ωcl/V.

As discussed in [41], the parameter ξ is not determined a priori and it should be treated as
a variational parameter, related to the charge carried by the condensed particles. At fixed β

and μ, the free energy is an extremum with respect to variations of ξ. The derivative of
equation (35) with respect to ξ implies that ξ=0 unless

x
l s b m x

m l s b m x ls b m x b m x

=
+ X

´ - - P - P X⎡⎣ ⎤⎦
m

m m

1

2 1 , ,

4 , , 2 , , , , ,

38
m m

0
2

2 4
0

2 2
eff 0

2 4
0 0

( )( )
( ) ( ) ( )( )

( )
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where

l s l
s

= -
m

4
, 39eff

2 4
( ) ( )

and (ω=ω(p))

ò

ò

b m x
p

bw

w

p
bw

w

X =
+ -

-

+
+ -

-

b w m

b w m

b w m

b w m

+

+

-

-

p

p

, ,
1

2

d

2

e 1 1

e 1

1

2

d

2

e 1 1

e 1
. 40

3 3 2

3 3 2

( )

( )

( )
( )

( )

( )
( ) ( )

( )

( )

( )

( )

Here we have used equation (34). Since ξ is related to the charge carried by the condensate, at
the transition we have ξ0=0 and then

m l s b m ls b m b m- - P - P X =m m4 , , 0 2 , , 0 , , 0 0. 41c m c c m c c c c
2 2

eff
2 4( ) ( ) ( )( ) ( )

This equation gives the critical temperature b= -Tc c
1 in terms of the critical chemical

potential μc=μ(Tc) as function of the parameters of the model: m, λ andσ2. Toclarify the
influence of disorder on Tc, let us consider the behavior of the critical temperature in the
ultrarelativistic limit of equation (41). Since this is akin to performing a high-temperature
expansion, we follow the technique developed in [19, 20] to obtain an analytical expression
for the critical temperature. The relevant formulae are collected in appendix D.

Inserting in equation (41) the expression for the ultrarelativistic limit (i.e., β m = 1) of
Πm(β, μ, ξ0), equation (D.12), and noting that in this limit the contributions coming from the
last term of equation (41) can be neglected one gets for the critical temperature

s
l s

= +
⎡
⎣⎢

⎤
⎦⎥T

m
T1

4
, 42c

2
2 4

eff
0
2

( )
( )

where T0 is the mean field critical temperature in the absence of disorder [18]:

l
m= -T m

3
. 43c0

2 2 2( ) ( )

Clearly, disorder implies in an increase of the condensation temperature in the ultrarelativistic
limit. Also, there is a critical value for σ2 for which Bose–Einstein condensation occurs only
if μc=m—namely, s l= m4 ,c

2 4 which implies in λeff(σc)=0. The condition μc=m is
precisely the one for condensation of the free relativistic Bose gas [18]. While one should
keep in mind that there might be important nonperturbative corrections to the precise value of
critical value of the noise intensity, σc, it is clear that noise has induced an effective negative
self-coupling for the scalar field that competes with the original repulsive coupling λ>0.

The T–μ phase diagram λ=0.1 is shown in figure 1. We use rescaled quantities T/m
and μ/m. The noiseless mean field result is indicated by the (black) solid curve, which is the
standard result [18]. The vertical (green) dashed–dotted line is for σ=σc, for which the
effective coupling λeff(σ) vanishes and, as said above, condensation occurs for μc=m.

The chemical potential is a temperature-dependent parameter related to the total charge.
This is discussed in the next section.
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5. Temperature dependence of the chemical potential

5.1. Fixed charged density

Here we investigate the T dependence of the chemical potential for a fixed total charge density
ρ=Q/V, with Q>0, i.e. particles outnumber antiparticles. As usual, the charge density is
calculated by differentiating with respect to μ the Helmholtz free energy at its minimum
(ξ=ξ0):

r
m

= -
¶W
¶ b x

⎛
⎝⎜

⎞
⎠⎟V

1
, 44

V, ,

( )

where it should be understood that b m xW = W V, , , .( ) For temperatures above the critical
temperature, one has ξ0=0; below the critical temperature ξ0 is a solution of equation (38).
Inserting equation (35) in the above equation (44) and employing equation (34) one obtains
for ρ:

*r m s
m

x r b m x r b m x= +
¶P
¶

+ +
⎛
⎝⎜

⎞
⎠⎟m2 , , , , , 45m

I
4 2

0
2

0 0( ) ( ) ( )

where ρ* is the mean-field thermal contribution:

* òr b m x
p

=
-

-
-b w m b w m- +

⎡
⎣⎢

⎤
⎦⎥

p
, ,

d

2

1

e 1

1

e 1
, 46

p p3
( )

( )
( )( ( ) ) ( ( ) )

Figure 1. Temperature versus chemical potential phase-diagram for λ=0.1 and four
different values of the noise intensity σ. The arrows indicate the region of
condensation, where ξ0¹ 0.

J. Phys. A: Math. Theor. 48 (2015) 495002 E Arias et al

11



and ρI is the contribution due to disorder

r b m x s
m

= P
¶P
¶

m, , . 47I m
m2 4( ) ( )

From the discussions aforementioned, equation (46) illustrates the fact that each term in such
an expression may be interpreted as the number density for particles and antiparticles,
respectively. In turn, the above constrain m M can be envisaged as a requisite that the
number densities be non-negative. We require that such statements are retained in the full
model with randomness, at least in the mean-field approximation.

As above, we are interested in analyzing the ultrarelativistic limit of our results. For a
fixed ρ, equation (45) can be formally inverted to give the chemical potential as a function of
the temperature. Using the expressions derived in appendix D, one obtains for ρ*:

*r b m x
m
b

m
p

m
p

» + -
M

, ,
3 4 6

, 48
2

2

2

3

2
( ) ( )

and for ρI:

r b m x
s m

p
m
p b

» -
⎛
⎝⎜

⎞
⎠⎟

m
, ,

16 2

1

3
. 49I

2 4

2 2 2
( ) ( )

Inserting these results in equation (45), one obtains

r m
p

l s x
m
b

s
p

» + + -
⎡
⎣⎢

⎤
⎦⎥

⎛
⎝⎜

⎞
⎠⎟

m
2 1

1

2 3
1

16
. 50

2 eff 0
2

2

2 4

2
( ) ( )

The first term is the charge density associated with the condensate (zero-momentum mode)

r m
p

l s x» +
⎡
⎣⎢

⎤
⎦⎥2 1

1

2
, 51c 2 eff 0

2( ) ( )

and the second is the charge density associated with the thermal particle excitations (finite-
momentum modes)

r
m
b

s
p

» -
⎛
⎝⎜

⎞
⎠⎟

m

3
1

16
. 52th 2

2 4

2
( )

Using equations (38), (41), and(D.12), one obtains for the condensate ξ0:

x
l

m m
l s

b b
» - - -

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

1

2 3

1 1
. 53c

c
0
2 2 2 eff

2 2

( ) ( )

At the critical temperature ξ0=0 and

r
m

b
s
p

» -
⎛
⎝⎜

⎞
⎠⎟

m

3
1

16
. 54c

c
2

2 4

2
( )

Finally, one can obtain the expression of the chemical potential in function of the the
temperature. Inserting equation (53) in equation (50), one obtains a cubic equation for
μ=μσ(T) in terms of the total charge density ρ. For temperatures just below Tc the
approximate solution is given by

m m
l

m l
m

l
p

s
l

l
p

» +
-

+
+ -s ⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥T

T T

T

m

6
1

3

4 4 2
, 55c

c

c c
c

2 2

2 2 2

2 4

2

( )
( )

˜
( )
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where

m
p

l s m= +
⎡
⎣⎢

⎤
⎦⎥1

1

2
. 56c c

2
2 eff

2˜ ( ) ( )

A close inspection of equation (55) reveals that for σ=0 one has the mean-field solution. As
the temperature is reduced beyond Tc, the mean-field μ(T) continues to decrease, even though
for sufficiently low temperatures such an expression ceases to be a good approximation. This
is in agreement with the usual results of [18–20]. This scenario is modified for σ¹ 0.
Neglecting the term 3λ/4π2, in order to keep the same behavior one must require that

s l p<m 2 .4 2 2 2 This situation respects the stability assumption: s lm .4 2 However the
case in which s l p>m 24 2 2 2 is also possible provided that the stability condition remains
valid. Actually, for the special case s l p»m 2 ,4 2 2 2 μ(T) ≈ μc, even though the system is not
at the critical point. Within the scenario in which s l p>m 2 ,4 2 2 2 μ(T) increases as the
temperature is reduced. We interpret this as an energetically non-favorable situation and we
conjecture that disorder may destabilize the condensate. In order to confirm such a conjecture,
one should consider field self-interactions beyond the mean-field approximation employed
here, which is outside the scope of the present work.

Let us analyze the behavior of μσ(T), equation (55), as a function of the noise intensity σ

and for a fixed temperature T�Tc, depicted in figure 2. For small values of σ, the chemical
potential is approximately constant and thereafter it starts to decrease. Close to the critical
value of σ, the chemical potential is close to zero: this is the region where the induced
interactions balance the field self-interactions; for σ>σc, the mean-field solution is
destabilized.

Substituting equation (55) in(51) and using(54) one gets, for 0 = T  Tc and
l s b m m, 14 2

Figure 2. Chemical potential as a function of σ for three different temperatures T�Tc,
for λ=0.1 and Tc/m=50.
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⎤
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2
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This is the same behavior as found for the ground-state charge density of the ideal gas, see
e.g. [19, 20]. This corresponds to a temperature-dependent ξ0 given by

x
s p
l s p

» -
-
+

⎡
⎣⎢

⎤
⎦⎥T T

m1

6

1 16

1 2
. 58c0
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( )

For completeness, let us present the critical temperature as a function of the fixed charge
density ρ:

r
b

l
b

s
b

» + -
⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

m

m

m
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2 2
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Hence, the ultrarelativistic critical temperature in the weak-disorder limit is given by:

b
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b
s
b
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⎠
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Solving this equation by iteration one arrives at a power series expansion of b-
c

1 in the
effective coupling m4σ2. At first order, one has

b b
l s
b

» -- -
⎡
⎣
⎢⎢

⎤
⎦
⎥⎥m

1
12

, 61c u
u

1 1 eff
2( )

( ) ( )

where b-
u

1 is the ultrarelativistic critical temperature for the free gas

b
r
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⎝

⎞
⎠m

3
. 62u

1
1 2

( )

As above, we find a positive shift in the critical temperature due to random fluctuations.
Again, for λeff(σc)=0 the transition temperature is the same as the free case, i.e. the system
behaves effectively as a free Bose gas.

Even though the following analysis falls out of the scope of the present article, it is
instructive to briefly discuss the critical temperature as a function of the fixed charge density ρ
in the non-relativistic limit. From the results derived in appendix D one gets

*r b m x
pb

=
⎛
⎝⎜

⎞
⎠⎟

M
U, ,

2
Li , 63

3 2

3 2 NR( )( ) ( )

and

r b m x s
p b

= m
M

U U, ,
32

Li Li , 64I
2 4

3 2 3 2 NR 1 2 NR( ) ( )( ) ( )

where zLis( ) is the polylogarithm function whose expression is given in appendix D and
b m= = bmU U , e ,NR NR NR

NR( ) μNR=μ−M being the non-relativistic chemical potential. At
the critical temperature, one gets

r
pb

s
p b

= +
⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

m
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m U

m2
Li 1

4 2

Li
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c
c

c

c

3 2

3 2 NR

2 4

3 2

1 2 NR( ) ( )
( )

( )

where b m=U U , .c c cNR NR NR( ) As above, one may solve this equation by iteration to obtain a
power series expansion of b-

c
1 in the effective coupling sm .4 2 At first order, one gets the non-

J. Phys. A: Math. Theor. 48 (2015) 495002 E Arias et al

14



relativistic critical temperature in the weak-disorder limit:

b b
s
p b

» -- -
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m U

m
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Li
, 66c
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where b-
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1 is given by

b
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⎛
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. 67

c
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1

3 2 NR

2 3

( ) ( )

In order to understand in detail the shift in the critical temperature due to random fluctuations one
must insert in the above expression the chemical potential given by equation (41) in the non-
relativistic limit. From the calculations presented in appendix D, one easily notes that the most
important contributions to μc come from the function Ξ(βc, μc, ξ0). In addition, such contributions
have negative values which implies that m m< \ <m 0c cNR (μNRc is also close to zero in the
weak-disorder limit). This is the expected behavior, since in order for ρ in this limit to be real one
should have a negative chemical potential. The most important consequence of this is that in the
leading order p»- zLi e z

1 2( ) for z = 1. Incidentally, note also that in the leading order
z»-Li e 3 2z

3 2( ) ( ) and thus equation (67) describes the non-relativistic critical temperature for
the free Bose gas. Such considerations suggest that the effect of random fluctuations in the non-
relativistic regime is to reduce the condensation temperature, in sharp contrast with the result
uncovered in the ultrarelativistic limit. Such features find a close parallel with the results of [13].

5.2. Charge and entropy fixed

As discussed in the Introduction, RBEC has important cosmological implications. In such a
context, in most cases the volume V changes with temperature but the net total charge Q and
the entropy  remain constant. Therefore it is crucial to study the temperature evolution of the
chemical potential with Q and  fixed (as in the early Universe). The entropy is given by

 b
b

=
¶W
¶ m x

⎛
⎝⎜

⎞
⎠⎟ , 68

V

2

, ,

( )

where again it is to be understood that one must set ξ=ξ0 after taking the above derivative.
Inserting equation (35) in the above expression and employing equation (34), one gets

  
= +

V V V
, 69IMF ( )

where the mean-field entropy is given by


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whereas the corrections due to random fluctuations are given by


s b x

b
= - + P

¶P
¶V

m , 72I
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with b m xP = P , ,m m 0( ) and w lx= + +mp p 4 .2 2
0
2( ) Using the expressions derived in

appendix D, one obtains, in the ultrarelativistic limit
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Taking the ratios of the associated charge densities ρc and ρth, given in equations (51)
and(52), respectively, with the expression above leads to
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where terms proportional to β2σ2m4 were dropped and
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with ξ0
2 given by equation (53). The sum of equations (74) and(75) produces a term

independent of T. In the high-temperature region, the total net charge Q is given by
equation (75). Lowering the temperature, there would be a point such that


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where b = T1 c c
ˆ ˆ is the critical temperature for a fixed Q and mcˆ is the associated critical

chemical potential. After a little algebra one can show that
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Remembering the stability assumption mentioned earlier and assuming that Q is

sufficiently small, the above expression shows that b < 0c
2ˆ and thus in this case adiabatic

cooling will not lead to symmetry breaking. Thence all the net charge is correctly given by
equation (75) and there will be no Bose–Einstein condensation. This result is similar to the
one in the absence of random fluctuations [19, 20].

Thus, there appears that assuming that Q is large enough so that b > 0,c
2ˆ one

could expect Bose–Einstein condensation to take place. However, this expectation falls
apart when one soon realizes that there are other inconsistencies plaguing this particular
case. Summing equations (74) and(75) and inserting equation (53) in the result yields
a cubic equation for μ(T) in terms of the temperature and Q . If mcˆ is the value of
the chemical potential at the critical temperature, then just below Tĉ the approximate
solution is
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where again terms proportional to λ σ2m4 and σ4m8 were dropped and
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Inserting equation (79) in equation (74) one gets
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for 0 = T  Tc and l s b m m, 1,2 4 where Q is given by equation (77). In the
present context, this corresponds to the following temperature-dependent ξ0
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Note that x < 0,0
2 which is clearly unphysical; on the other hand Qc is also negative which

contradicts our initial assumption that particles outnumber antiparticles. Thence for a fixed
Q there will be no Bose–Einstein condensation, a result already expected within the mean-

field theory in the absence of disorder. As emphasized in [19, 20] this is due to the fact that
m2>0. We conclude that a nonstatic weak disorder does not change such a behavior.

6. Conclusions and perspectives

In this paper we investigated the effect of weak disorder on a weakly interacting relativistic
charged scalar field in thermal equilibrium with a reservoir. We studied the effect of coupling
of a random field to the scalar field in the situation where Bose–Einstein condensation takes
place. We considered a quenched disorder which couples linearly to the mass of the scalar
field, just as in the random-temperature Landau–Ginzburg model. After performing noise
averages of the free energy, we obtained the corrections to the mean field critical temperature
for the interacting Bose gas at finite density.

We have shown that the effect of the randomness is to increase the critical temperature
for fixed charge density ρ=Q/V in the ultrarelativistic limit. By contrast, a preliminary non-
relativistic calculation as performed above seems to indicate that disorder tends to lower the
critical temperature for fixed charge density. We observed significant differences from the
mean-field temperature dependence of the chemical potential as the strength of the noise
intensity increases. In particular, we found that for a critical noise intensity, the model
behaves as a free field theory. In addition, having in mind application in the physics of the
early Universe, we have investigated the temperature dependence of the chemical potential
with fixed total charge and entropy. We found that there is no Bose–Einstein condensation for
a fixed charge to entropy ratio in the presence of weak disorder. Within this context, we
expect our model to be suitable to investigate realistic Higgs potentials in the presence of
disorder in a straightforward way. In fact, a natural extension of this work is to consider the
problem of examining more complicated models with several Higgs multiplets.

Naturally, one should keep in mind that these are results valid for weak disorder and
obtained in the framework of a perturbative expansion in the noise intensity. It remains to be
seen if the same results are attainable with a nonperturbative calculation, e.g. using a replica
trick. For τ-independent noise, application of the replica-trick consists in the following [1]:
using the fact that one can write
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= -


Z Z nln lim 1 ,
n

n

0
( )

one has that n = -Z Z nln lim 1 ,n n0[ ] ( ) where n=Z Z ;n
n[ ] the Znʼs are interpreted as the

partition functions of new systems, formed from n statistically independent copies of the
original system. The quenched free energy functional is defined as

º - -F h Z nlim 1 ,q n n0( ) ( ) showing that the quenched free energy functional can be
calculated from a zero-component field theory. On the other hand, still at mean-field level one
could also address the same problem considered in this work within the formalism developed
by Cooper and collaborators which amounts to express the Lagrangian for a dilute Bose gas in
terms of auxiliary fields associated with the normal and anomalous condensate
densities [44, 45].

We remark on an important point with respect to the fact that random mass models
generate effective interactions that mimic a negative coupling constant. Many authors claim
that non-relativistic bosons only make sense in a random potential when they present
repulsive interactions [8]. Nevertheless, there are many examples that even for a free theory
one can define the theory in a controllable fashion. For instance, relativistic scalar field
models with negative coupling constant were investigated in the literature and meaningful
results were obtained—see for example [46–51]. Based on the results obtained in [52], where
it has been shown that the theory with a negative coupling constant develops a condensate,
Ariaset al[53] discussed the thermodynamics of a asymptotically free Euclidean self-
interacting scalar field defined in a compact spatial region without boundaries.

To conclude, we mention that effects of randomness over quantum fields have been
discussed in different physical scenarios. In particular, on the basis of the results of [54–56], it
was proposed in a condensed-matter-physics setting an analog model for fluctuations of the
light cone [42]. Also, a free massive scalar field in inhomogeneous random media was studied
in [43]. After performing the averages over the random functions, the two- and four-point
causal Greenʼs function of the model were presented up to one-loop approximation. Likewise,
[57] and [58] investigated the influence of fluctuations of the event horizon on the transition
rate of a two-level system which interact with a quantum field. More recently studies of
effects of light-cone fluctuations over the renormalized vacuum expectation value of the
stress–energy tensor of a real massless scalar field were carried out in [59]. In this case the
field was defined in a flat space–time with non-trivial topology. In [60] the influence of such
random fluctuations upon the zero-point energy associated with a free massless scalar in the
presence of boundaries was investigated. Nonperturbative extensions of such works are under
investigation by the authors.
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Appendix A. Calculation of the partition function

In this appendix we calculate the logarithm of the free partition function given by
equation (21). We start by introducing Fourier series to the fields χ1 and χ2:
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with i=1, 2 and βωn=2πn due to the constraint of periodicity c c b=x x0, ,i i( ) ( ) for all
x. Inserting this last result in the free field action given by equation (15) we obtain, after
performing an integration by parts:
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where we discarded a total derivative term and we defined the matrix Q = Q pn ( ) as
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2 2 2 Thus, using

equation (A.2) the logarithm of the free partition function now becomes
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Noting that *c c- =- p p ,i n i; ( ) ( ) i=1, 2, as required by the reality of the fields χi(τ, x), the
above integrals are just generic Gaussian integrals. Therefore
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where we have discarded an overall constant multiplicative factor. Inserting this last
expression in equation (A.4), we get:
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and, according to [37], in the large-volume limit

òåb b
p

= -N V
p

ln ln
d

2
. A.9

n
3

( ( ))
( )

( )

J. Phys. A: Math. Theor. 48 (2015) 495002 E Arias et al

19



It is possible to factorize the quantity inside the square brackets in equation (A.8) by defining
the ‘effective mass’
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where Ω±=Ω±(p, ξ). The frequency sums can be performed using standard procedures [61]
and the result is given by equation (22).

In particular, since for a given n and p the propagators can be expressed as functional
derivatives of the partition function [41]
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i, j=1, 2, one notes that the zero-order propagators  w p,ij n
0 ( ) are given by
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Appendix B. Renormalization of propagators

Here we examine the renormalization of the finite-temperature propagators  w p,n11
0 ( ) and

 w p, .n22
0 ( ) Following [41] we define the self-energy wP = P p,n1 1( ) with respect to the

averaged propagator 11 as

  w = + P
-

p, 1 . B.1n11 11
0

1
1

11
0( )( ) ( )

A similar expression holds for wP = P p,n2 2( ) which is the self-energy with respect to the
averaged propagator  .22 Hence, recalling equations (A.14) and(A.15), we get, up to second
order in ν:
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and
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Therefore, inserting equation (28) in the above equations and expanding their left-hand sides
to first order yields the following expressions for the self-energies
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On the other hand, remembering equation (A.15) one gets

 ò

ò

åb
w

p x

p x

= +
-

+ +
-

b

b

-
W

+
W

-

+

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

V W

W

p
p

p

p
p

1
,

1

4

d

2

1

,
1

2

e 1

1

4

d

2

1

,
1

2

e 1
, B.6

n
ii n

p,

0
3

3

( )
( ) ( )

( ) ( )
( )

for i=1, 2 and

x x
m

w x
=

W


W  W p p p
1

,

1

, ,
.

( ) ( ) ( )

In equation (B.6) we consider V to be large compared to all other physical lengths so we can
replace the sum over p with an integral. In this way we have
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Since Πv is a divergent quantity, in order to avoid physically meaningless results the
following counterterm must be added to the original action:
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where we have droped terms linear in χ1 and χ2. Treating this as an additional interaction, we
see from equation (24) that to lowest order this counterterm contributes to Zln I as
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In this way we get a finite result for the propagators. Whence, collecting the above results, the
contribution to Zln up to second order in the noise will be
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where one has that b x b m xP = P + P+ -, , ,m m m( ) ( ) and also P = P + P+ -.v v v

Appendix C. Renormalization of the vacuum energy density

In this appendix we discuss the renormalization of the classical energy density, equation (37).
In the expression(35) we have neglected the shift in Ωcl(ξ) coming from the zero-point
energy density of the vacuum as well as the divergent contribution Πv which results from the
renormalization of the propagators considered in detail in the previous appendix (e.g., see
equation (B.14)). Since we are in the mean field approximation, λξ= 1, we take into account
the same approximation mentioned in section 4. Namely, we neglect the contributions coming
from the terms proportional to λ2ξ4 in the definition of xW p,( ) in equation (A.12). This
means that, in this approximation the zero-point energy density is given by:
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As a regularization procedure we simply choose to place a high-momentum cutoff Λc on the
integration over p . In this way, we get
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where, due to the aproximation earlier observed, lx= +M m 4 .2 2 2 Also, in equations (C.1)
and(C.2) we have dropped constants and terms which vanish as L  ¥.c In order to
renormalize the vacuum energy density, we demand that the final result should be
independent of Λc. Also, we require its minimum to be at the same location as the classical
energy density, i.e., at x m l= - m 2 .c

2
0
2 2( ) This is achieved by adding to the original action

counterterms which depend on the bare parameters m2 and λ as well as on Λc. In addition, one
should specify a suitable set of normalization conditions. Here we choose
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where m x xW = W0, ,0 cl( ) ( ) plus divergent vacuum terms. These are reminiscent of the usual
normalization conditions employed in the effective potential approach of quantum field
theories.

In both expressions for E0 and Πv we have terms proportional to lx+ mln 1 4 2 2( )
which could render the renormalization procedure somewhat cumbersome. Since λ ξ = 1 by
assumption, for simplicity we may Taylor expand this logarithmic function and keep terms up
to λ2ξ4. Using this technique for E0 and Πv and adding the resulting divergent term
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In equation (C.4) we again have retained terms up to λ2ξ4. Employing the normalization
conditions(C.3) we find that
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In this way, after a straightforward calculation one gets
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The (infinite) constant term K(λ, m, Λc) can be set to zero by shifting the vacuum energy
density by a constant amount. This can always be done since in non-gravitational physics
only energy differences are measurable. In this way, we finally get that the renormalized
vacuum energy is just the classical energy density, x m xW = W 0, , .cl 0( ) ( )

Appendix D. Ultrarelativistic limit and non-relativistic limit of Πm β;μ; ξð Þ

Employing spherical coordinates, one can express Πm(β, μ, ξ) as
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where a partial integration was made and ω=ω(p). Let us define

ò=
G + - -

¥ -

⎡⎣ ⎤⎦
g y r

l
x

x

x y ry
,

1
d

exp 1
, D.2l

l

0

1

2 2 1 2( )
( )

( )
( )

ò=
G + + - -

¥ -

⎡⎣ ⎤⎦
h y r

l

x

x y

x

x y ry
,

1 d

exp 1
. D.3l

l

0 2 2 1 2

1

2 2 1 2( ) ( )
( )

( )
( )

The functions of interest here are

= - -G y r g y r g y r, , , , D.4l l l( ) ( ) ( ) ( )

= + -H y r h y r h y r, , , . D.5l l l( ) ( ) ( ) ( )
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Therefore, with y=β M, r=μ/M and after a simple change of variables we get

p b
P =y r H y r,

1

2
, . D.6m 2 2 3( ) ( ) ( )

The calculation of the functions Gl and Hl is discussed at length in [20]. Here we simply quote
the quantities which are relevant for our computations. The following recursion relations
ought to be employed:

= - ++
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with the initial conditions =G 0, 0 0l ( ) , l>0, and z= - -H l l0, 0 2 1 1l ( ) ( ) ( ), l>2, ζ
(s) being the usual Riemann zeta function. Consequently, knowledge of G1 and H1 will yield
Gl and Hl for all positive odd l.

The small y expansions of the functions G1 and H1 are given by, respectively:
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with γ=0.5772... being the Eulerʼs constant. The quantities ak and bk are simple
polynomials in r. For k=1 one has a1=1 and b1=r2+1/2. We refer the reader to [20]
for all important details concerning the derivations of the above relations.

The y = 1 limit allows retain just the first term of the summations in G1 and H1.
Employing equations (D.7)–(D.10) with the aforementioned initial conditions one obtains,
after a straightforward calculation:
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where we used the fact that ζ(2)=π2/6. Hence inserting the above expressions in
equation (D.6) we get
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where
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Terms proportional to β2 or higher powers of β were dropped. On the other hand, the large y
expansion of the functions g y r h y r, , ,l l( ) ( ) are given by, respectively (for details, see [20]):
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where Γ(z) is the gamma function and Lis(z) is the polylogarithm or Jonquièreʼs function:
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In order to present an expression for Πm(β, μ, ξ) in the non-relativistic limit, one must
consider the functions h y r, .3 ( ) In turn, note that, in this limit:
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where we have kept only the leading terms and we have defined
b m= = = bm-U U , e er y

NR NR NR
1 NR( ) ( ) ,m m= - mNR being the non-relativistic chemical

potential (in the non-relativistic limit, m-¥ < < 0NR ). The above equation implies that the
contribution of antiparticles is exponentially small in the non-relativistic limit. Hence, one
may keep only the function h3(y, r) in order to reach a final expression for the function Πm(β,
μ, ξ) in the non-relativistic limit. The leading term in such a limit reads
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