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Abstract

Aspects of classical and quantum integrability are explored. Gauge transformations play a fundamental
role in both cases.

Classical integrable hierarchies have an underlying algebraic structure which brings universality for
the solutions of all the equations belonging to a hierarchy. Such universality is explored together with
the gauge invariance of the zero curvature equation to systematically construct the Backlund trans-
formations for the mKdV hierarchy, as well as to relate it with the KdV hierarchy. As a consequence
the defect-matrix for the KdV hierarchy is obtained and a few explicit Bécklund transformations are
computed for both Type-I and Type-II. The generalization for super mKdV hierarchy is also explored.

We studied symmetries and degeneracies of families of integrable quantum open spin chains with
finite length associated to affine Lie algebras ¢ = Agi), Agn)_l, Br(bl), C’,(Ll), D7(Ll) whose K-matrices
depend on a discrete parameter p (p = 0,...,n). We show that all these transfer matrices have
quantum group symmetry corresponding to removing the p** node of the Dynking diagram of §. We
also show that the transfer matrices for 07(11) and Dg) also have duality symmetry and the ones for
Agi)_l, B7(L1) and DS) have Z, symmetries that map complex representations into their conjugates.
Gauge transformations simplify considerably the proofs by allowing us to work in a way that only
unbroken generators appear.

The spectrum of the same integrable spin chains with the addition of D' is then determined

n+1
using analytical Bethe ansatz. We conjecture a generalization for open chains for the Bethe ansatz
Reshetikhin’s general formula and propose a formula relating the Dynkin labels of the Bethe states

with the number of Bethe roots of each type.

Key-words: Integrable Hierarchies, Backlund transformations, quantum group symmetries, open

spin chains, Bethe ansatz.






Resumo

Aspectos de integrabilidade classica e quantica sao explorados. Transformacoes de gauge tém papel
fundamental em ambos os casos.

Hierarquias integraveis classicas tem uma estrutura algébrica subjacente que traz uma universa-
lidade para as solucoes de todas as equagodes que a compoem. Essa universalidade é explorada jun-
tamente com a invariancia da equacao de curvatura nula por transformacgoes de gauge para construir
sistematicamente as transformagoes de Backlund da hierarquia mKdV, assim como para relacioné-la
com a hierarquia KdV. Como uma consequéncia a matriz de defeito para a hierarquia KdV é obtida e
alguns exemplos explicitos sdo calculados tanto para o Tipo-I quanto para o Tipo-II. A generalizagao
para a hierarquia mKdV supersimétrica também é discutida.

Noés estudamos simetrias e degenerecéncias de familias de cadeias de spin quanticas integraveis com
comprimento finito associadas a algebras de Lie afins § = Aéi), Aéi)—l’ BS), ,(11), Dg) cujas matrizes
K dependem de um parametro discreto p (p = 0,...,n). Nés mostramos que todas essas matrizes de
transferéncias tém simetrias de grupos quanticos correspondente a remover o nodo p do diagrama de
Dynkin de g. Também mostramos que as matrizes de transferéncia para C'7(L1) e DS) tém também
simetria de dualidade enquanto Agi)_l, Br(ll) e D7(L1) tém simetrias Z3 que mapeiam representacgoes
complexas em seus conjugados. Transformacoes de gauge simplificam consideravelmente as provas
pois permitem-nos trabalhar com apenas os geradores que nao foram quebrados.

O espectro dessas matrizes de transferéncia juntamente com DS-L ¢ entao calculado usando o
método do Bethe ansatz analitico. Nés conjecturamos uma generalizacao para cadeias de spin abertas

para a formula de Reshetikhin e propomos uma férmula relacionando os indices de Dynkin dos estados

de Bethe com o niimero de raizes de Bethe de cada tipo.

Palavras-chave: Hierarquias Integraveis, Transformacoes de Backlund, simetrias de grupos quanticos,

cadeias de spin abertas e Bethe ansatz.






Preface

This PhD thesis is divided in two completely separated parts. The Part 1 is devoted to classical
integrable models while the Part 2 is focused in quantum integrable models. Since the models we
work in each part are completely different we write separated introductions and conclusions for each
part.

The thesis is heavily based on the following published papers:

e R. I. Nepomechie and A. L. Retore, “The spectrum of quantum-group-invariant transfer matri-

ces,” Nucl. Phys. B 938, 266 (2019), https://arxiv.org/pdf/1810.09048.pdf.

e R. I. Nepomechie and A. L. Retore, “Surveying the quantum group symmetries of integrable

open spin chains,” Nucl. Phys. B 930, 91 (2018), https://arxiv.org/abs/1802.04864

e A. R. Aguirre, A. L. Retore, J. F. Gomes, N. I. Spano and A. H. Zimerman, “Defects in
the supersymmetric mKdV hierarchy via Bécklund transformations,” JHEP 1801, 018 (2018),

https://arxiv.org/abs/1709.05568.

e J.F. Gomes, A. L. Retore and A. H. Zimerman, “Miura and generalized Bécklund transformation
for KdV hierarchy,” J. Phys. A 49, no. 50, 504003 (2016), https://arxiv.org/abs/1610.

02303.

e J. F. Gomes, A. L. Retore and A. H. Zimerman, “Construction of Type-II Backlund Transforma-
tion for the mKdV Hierarchy,” J. Phys. A 48, 405203 (2015), https://arxiv.org/abs/1505.

01024.
and on the conference proceedings :
e J. F. Gomes, A. L. Retore, N. I. Spano and A. H. Zimerman, “Backlund Transformation for

Integrable Hierarchies: example - mKdV Hierarchy,” J. Phys. Conf. Ser. 597, no. 1, 012039

(2015), https://arxiv.org/abs/1501.00865.

but also includes some results and comments from the following works



R. I. Nepomechie, R. A. Pimenta and A. L. Retore, “The integrable quantum group invariant
Aéi)_l and D7(12-s)—1 open spin chains,” Nucl. Phys. B 924, 86 (2017), https://arxiv.org/abs/

1707.09260.

e A.R. Aguirre, A. L. Retore, N. I. Spano, J. F. Gomes and A. H. Zimerman, “Recursion Operator
and Backlund Transformation for Super mKdV Hierarchy,”, https://arxiv.org/abs/1804.

06463.

e N. I. Spano, A. L. Retore, J. F. Gomes, A. R. Aguirre and A. H. Zimerman, “The sinh-Gordon

defect matrix generalized for n defects,” https://arxiv.org/abs/1610.01856.

e A. R. Aguirre, J. F. Gomes, A. L. Retore, N. I. Spano and A. H. Zimerman, “An alternative
construction for the Type-II defect matrix for the sshG,” , https://arxiv.org/abs/1610.

01855.

and on the following paper which was already submitted to J.Phys.A

e R. I. Nepomechie, R. A. Pimenta and A. L. Retore, “Towards the solution of an integrable Dgz)

spin chain, https://arxiv.org/abs/1905.11144

Since the two parts of the thesis are very different some notations were used in both parts meaning
different things. K-matrix for example has two completely different meaning in Part 1 and Part 2. I

ask the reader to keep this in mind when reading this work.
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Chapter 1

Introduction

Classical integrable models are known to have an infinite number of conserved charges that guarantees the
stability of their solitons solutions. Along the history they were studied in various approaches such as
inverse scattering method, the Lax method and the Zakharov-Shabat formulation [I]-[3]. These methods
are systematic providing ways to construct many integrable non-linear differential equations such as the
Korteweg-de Vries (KdV) equation, the non-linear Schrédinger (NLS) equation and the Sinh-Gordon (S-G)
equation .

There is another method, however, which has several interesting qualities. It consists of constructing
infinite towers of nonlinear integrable differential equations starting from a zero curvature equation [5 [6] and
an underlying graded affine algebra. These models are called integrable hierarchies. The advantage of them
is that due to their algebraic construction one can compute the features of an infinite number of differential
equations in a universal way. For example, §l(2) with a principal gradation generates the so-called mKdV
hierarchy. This process turns clear that both mKdV (modified KdV) equation and S-G equation are part of
the same integrable hierarchy and therefore have soliton solutions with the same general structure [].

This method involves two (141)-dimensional gauge potentials A, and A;, called Lax pair. While the
A, is the same for all the equations within a hierarchy, each A;, is related to a different time evolution
and therefore generates a different evolution equation. The universality of the A, in each hierarchy has a
fundamental role in the computation of many physical quantities in a general way.

The solutions of these models can be obtained through the so-called Dressing method [7]-[9] which makes
use of gauge transformations to create multi-soliton solutions by starting with a vacuum solution. The
Dressing method provides a way to simultaneously construct the soliton solutions for all the equations of a
given hierarchy.

Another interesting way to compute solutions of integrable models is called Bécklund transformations
(BT). These Bécklund transformations, among other applications, generate an infinite sequence of soliton
solutions from a non-linear superposition principle (see [10],[I],[11],[12]).

Bécklund transformations have also been employed to describe integrable defects [I3]-[I7] in the sense
that two solutions of an integrable model may be interpolated by a defect at certain spatial position. After
the introduction of the defect, the integrability is only preserved if the two field configurations are related by a
Bécklund transformation. Under such formulation the energy and momentum have to be modified to take into
account the contribution of the defect [I3]. Well known (relativistic) integrable models as the sine (sinh)-
Gordon, Tzitzeica [I8], Lund-Regge [14] and other (non-relativistic) models as Non-Linear Schroedinger
(NLS), mKdV, etc have been studied within such context [I6]. Also the N=1 and N=2 supersymmetric
sinh-Gordon and the super Liouville were studied using integrable defects.

There are two known types of Backlund transformations. The first involves only the fields of the theory
and is called Type-I. In particular, it may be observed that the space component of the Type-I Backlund
transformations for the mKdV and sinh-Gordon equations coincides for their corresponding fields [10]. Today
we know that this happens because they are part of the same integrable hierarchy (the mKdV hierarchy) and
that actually all the equations in this hierarchy have the same spatial part of the Backlund transformation.

More recently a new type of Backlund transformations involving auxiliary fields was shown to be com-
patible with the equations of motion for the sine (sinh)-Gordon and Tzitzeica models [I§]. These are known
as Type-II Béacklund transformations. They are obtained by introducing two defects instead of only one and
taking the limit where both defects are the same point is [21]-[27].

Historically all the methods to compute Bécklund transformations require an individual computation
for each model. When studying integrable defects, for example, for each model we want to compute the
Béacklund transformations we need to construct its Lagrangian. Although this would be in principle feasible
and would bring a lot of interesting discussions, it would also be very hard. This is because the Lagrangians

15



16 CHAPTER 1. INTRODUCTION

for differential equations with high orders could take very complicated forms.

In [I9] it was shown that the Bécklund transformations may be constructed from gauge transformation
relating two field configurations of the same equation of motion. Such gauge transformation is encoded in
the so-called K-matrix (or defect matrix).

The outline of Part 1 is as follows. The chapter [2]| is dedicated to explain the construction of integrable
hierarchies and to extend the results in [I9] to all integrable equations of the mKdV hierarchy[20], [2§]. This
is again a consequence of the universality of the spacial Lax along the hierarchy. In the chapter [3]we construct
the KdV hierarchy starting from the Lax pair of the mKdV hierarchy and using gauge transformations. As a
consequence we also obtain the K-matrix of the KdV hierarchy in terms of the one for the mKdV hierarchy.
We also introduce the idea that the Type-II K-matrix can be constructed as a product of two Type-I K-
matrices and discuss some solutions [29]-[30]. The Chapter [4]is dedicated to the generalization for the super
mKdV hierarchy[31]-[33]. In Chapter [b| we present some conclusions and further developments.



Chapter 2

Integrable Hierarchies and Backlund
transformations

The outline of this chapter is as follows. The zero curvature equation is introduced in section In section
[2:2] is introduced the concept of integrable hierarchy. The construction of integrable hierarchies is discussed
and quickly exemplified using the mKdV, AKNS and KdV hierarchies. The gauge invariance of the zero
curvature equation is presented in section [2:3] The section 2.4 is dedicated to introduce the concept of
Bécklund transformations as well as to discuss a its construction using gauge transformations as well as
integrable defects.

2.1 Zero Curvature equation

Consider a linear system, with coordinates (z,ty),

(0p + Ax)y =0,
(atN + At}\r)w = 07 (21)

in which, A, and A;, are two-dimensional gauge potentials, in our case written as matrices whose elements
are functions of the n fields of the theory and their derivatives of any order. They are known as Lax pair.

By acting with J, in the second equation of and with 0;, on the first equation and then subtracting
the results we obtain

[0 + Ay, sy + Agy] = 0. (2.2)

which is called zero curvature equation.

In (1+1) dimensions, we say that a model is classically integrable if it can be generated by a zero curvature
representation.

The zero curvature equation plays a very important role in classical integrability since it enables the
construction of the so called integrable hierarchies. An integrable hierarchy is an infinite set of integrable
equations constructed from a given algebra. The differential equations belonging to the same integrable
hierarchy have several properties in common such as: its equations have soliton solutions in a universal form
and also its Backlund transformations can be constructed in a systematic way. Such universality due to their
algebraic structure makes possible to understand features of an infinite number of equations at once.

Usually, for each hierarchy, A, remains the same for all its equations while each A;, gives rise to a new
differential equation. The order of the differential equation is directly related with N. For example, for the
mKdV (modified Kortweg-deVries) hierarchy, the A:, generates the mKdV equation

40,,v = 321} — 6020,v, (2.3)
while A; , generates the Sinh-Gordon equation
Oy v =i vwt-)dy _ =2 [Fv(yt-1)dy (2.4)

So, the A;, generates a non-linear differential equation with order 3, while A; , generates one with one
integral, so we can say, that it has order —1.
Notice that the equation (2.4)) becomes the usual Sinh-Gordon equatiorﬂ

INotice that for Sinh-Gordon equation ¢t_1 = z and = = Z are the light-cone coordinates .

17



18 CHAPTER 2. INTEGRABLE HIERARCHIES AND BACKLUND TRANSFORMATIONS

Or 0y = €% — 720 (2.5)

if we change variable v = 0,.¢.
Let us now see more in detail how such hierarchies are constructed.

2.2 Constructing integrable hierarchies

In order to construct an integrable hierarchy we need:
e choose an algebra;
e choose a gradation of this algebra;
e choose a semi simple element E(1).

Let us consider the sl(2) centerless Kac-Moody algebra.
The gradation operator () decomposes the algebra in graded subspaces in the form

G = ®Gm, (2.6)

where

[Qa gn] = nGp, (2'7)

with n € Z and it is called degree. In addition, due to Jacobi identity we have
(Gn, Gm] C Gt (2.8)

As we mentioned, in this and on the next chapter we are dealing with hierarchies related to a §l(2) centerless
Kac-Moody algebra. It is generated by [{ (™) = XA, Ei? =\"Ei,, A€C, me Z satisfying

(hm) B = 42"t (B BT = plmtn) (2.9)

For this algebra two different gradations will be considered: the principal gradation and the homoge-
neous gradation.

The principal gradation is defined by @, = 2/\% + %h and generates the so called mKdV hierarchy
(modified Kortweg-de-Vries hierarchy). @, decomposes the affine sl (2) algebra into graded subspaces accord-
ing to powers of the spectral parameter A —, where the subspaces Gaon, Goam41 and Ga,—1 contain
the following generators

Gom = {h™ =X\"h},
g2m+1 == {E((Xm) = AmEa}v
Gom—1 = {E) =X"E_.} (2.10)
ie.
[Qp) g2n+1] - (27’l + 1) g27n+17 [Qp; g?n—l} = (2n - 1) g2m+1 and [Qp: g?n] = (27’1) an' (211)

The homogeneous gradation is defined by Qp = ¢ d% and it generates the AKNS hierarchy (Ablowitz-
Kaup-Newel-Segur hierarchy) and the KdV hierarchy (Kortweg-de-Vries hierarchy). @j, decomposes the affine
sl (2) algebra into graded subspaces according to powers of the spectral parameter - where the
subspace G,, contains the following generators

Go = {P") = "R, B = "B, BN = ("B}, (2.12)
i.e.

[Qn,Gn] =nGn. (2.13)

2The representation used is: h = ((1) _01>, E, = (8 é) and F_, = ((1) 8

3Notice that for the principal gradation we are using \ as spectral parameter while in the homogeneous gradation we are
using ¢ as spectral parameter. This is to avoid some confusion.



2.2. CONSTRUCTING INTEGRABLE HIERARCHIES 19

After choosing a gradation, the next step is to construct the Lax pair (A, Aty ) of the model. Let us
define A, = Ag + F®) where E() is a semi simple element and has degree 1, while Ay contains the fields of
the theory and has degree 0. But how to construct E®") and Ay? First of all, by choosing a gradation we
automatically know which generators have degree 0 and 1, according to and . We do now a new

decomposition in the algebra: G = K @& M where K stands for Kernel and M is the image. The kernel is
defined as

K:{feé/ [f,Em] :0} (2.14)
and M is its complement. Notice that to choose a semi simple E()) means that K and M have to satisfy
K,KlcK, [K,MccM and [M,M]CK. (2.15)

With these informations we are able to construct the spatial Lax operator A,. And how about the A;,? In
order to find A;, we separate the hierarchy into two sub-hierarchies: the positive sub-hierarchy and the
negative sub-hierarchy.

2.2.1 Positive sub-hierarchy

The positive integrable sub-hierarchy is obtained by writing A;, = DW) - pDIN=1) 4 DO in such a way
that the zero curvature equation decomposes (2.2)) according to the graded structure as

[E(l),D(N)] = 0
[EMW, DN=D] 4 [4g, DM+ 0,0 = 0
Ay, DO+ 0,D® —9, Ay = 0, 2.16
N

Here D € G;. The equations in (2.16) allows solving for DY) i = 0,--- N and the last equation in (2.16)
yields the time evolution for fields in Ag. We should point out that D(®) are constructed systematically for
each value of V and so is A; .

2.2.2 Negative sub-hierarchy

The negative integrable sub-hierarchy is obtained by writing A; ,, = DEN) . pEN+D 4 DD The
zero curvature equation then is decomposed in

9, DN) 1[4, DN = 0
9, DN+ 4 [AO,D(_N+1)] + [E(1)7D(_N)] - 0
8, DY 4 [Ag, DV + [EW D] = 0

[EW DED o, Ay = 0, (2.17)

Notice that just as in the positive case, the equation with degree zero is the only one which depends on
the t_n. So, we start by solving the equation with degree equal to —N and recursively solve until the one
with degree 0.

We discuss in the following the mKdV hierarchy, the AKNS hierarchy and the KdV hierarchy.

2.2.3 mKdV hierarchy

The informations about E(!) and A for all the hierarchies we work on this and on the next chapter can be
find in the Table 21

Gradation Gradation Operator EM Ay Hierarchy

principal Qp=2)4% +1in EQ + E(J(l v(x,ty)h mKdVv
homogeneous Qn = Cd% R(H) q(z,tN)Eo + (2, tN)E_q AKNS
homogeneous Qn = (d% A —E,+ J(x,tn)E_, KdV

Table 2.1: In this table we put the explicit forms of E(Y) and Ag for the hierarchies considered.
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Let us start with the mKdV hierarchy and therefore with the principal gradation. The semi simple element
EW is defined as EV = EY) + EY) while Ay = v(x,tx)h. Notice that there is not much freedom to choose
0 1)

E®M and Ay in this case, since the only objects in G; are EY and F o, and the only object in Gy is h.

Positive sub-hierarchy

Let us do an example in order to make things clearer. Consider N = 3 and therefore A;, = D®) 4 D) +
DW + DO with D(®’s as linear combinations of the generators in G;. For N = 3, (2.10) becomes

gs = {E((xl)vE(—zgc}’

g2 = {h(l)}a
G = {E&O)7E£1c1 )
Go = {h} (2.18)

Consequently,

D® = a3 BY + b3 EC),
D@ — ¢,h M),
D(l) = alE((),O) + blE(l)

—

DW = ¢oh. (2.19)

Until this moment we do not know what are the a;’s, b;’s and ¢;’s. In order to compute them we substitute
the D®) in the first equation in for N = 3. From this equation we conclude that D) needs to be on the
Kernel K. So, by = az. Now we substitute this new D®) and the D® (from ([2:19)) in the second equation
in and solving the resulting equations we obtain az = constant = 1 and co = v. By continuing this
process we find that the complete solution is

1 1 1
ag=bs=1, by=v, a3 =—50"+ Qazv, by = —-v?

2. o3
5 5 (920 —20%),  (2.20)

=~ =

1
—53301) and c¢g=

while the last equation in (2.16) is the one which has the time-derivative and therefore it gives the time-
evolution. By substituting on it D) with ¢ given by (2.20) we obtain the mKdV equation
4040 — 0, (B2v —20°) =0 mKdV (2.21)

which is the equation that names the hierarchy.
The first next few explicit equations are

1600 — 0y (O5v — 100*(92v) — 100(9,v)* + 6v°) =0
(2.22)
640,v — 9, (90v — T0(9,v)?(02v) — 42v(02v)* — 56v(d,v)(82v))
+ 0, (14v°05v — 1400°(0,0)? — T00*(92v) +20v7) = 0
-+ etc. (2.23)

constructed from N =5 and N = 7, respectively.

Notice that, for positive mKdV sub-hierarchy we did not mentioned any differential equation for even
N. This has a very fundamental reason. If we start with an even N, let us say N = 2n, D) has to be
of the form D" = (™ (due to ) which belongs to the image M. But the first equation in
requires DY) being in the Kernel. Therefore if we try to construct a differential equation with even order
in the mKdV hierarchy we just find that all the coefficients are equal to zero. Notice that the equations

(2.21)-(2.23) are invariant under v — —v.
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Negative sub-hierarchy
An interesting fact is that if we do the same procedure for the negative sub-hierarchy, for v = d,¢ with N =1
we will obtain the Sinh-Gordon equation

Or_, 0,0 = 2sinh(2¢) (2.24)
and for N =3 and N =5 we have

O 0pp=4e 2%d " (*d " (sinh2¢)) +4e2?d" (e72?d ™! (sinh 2¢))
Oy_y0p0 =8e 22d™" (e?d™ (e72d ™" (€?d ™! (sinh 29)) + *?d ™" (e72%d ™" (sinh 2¢)))) +
8et2d ! (e72%d"! (e 2?d! (e*?d ™! (sinh 2¢)) + *?d ™! (e ??d ™! (sinh 2¢))))

(2.25)
where d~'f = [* f(y)dy. And for N =2 and N = 4 we have
Oy, 0pp = 4e*0d™1 (672(#) + e 2%q7 ! (ew) ,
O 10y = 4e*?d™" (729 (e2°d! (e729) + e 2%d ! (e29))) +
de™2q1 (e (2! (e72) + e 2?d ! (e2))) (2.26)

Notice, that opposite to what happens in the positive sub-hierarchy we do not have any restriction for
even N. For the negative sub-hierarchy decomposition the first equation does not require that DY)
commutes with the F1) and therefore does not create any difficulty.

However, the equations constructed from even N do have some properties that are different from the
ones with odd N. The first property is that while the equations for odd N are invariant under ¢ — —¢ (by

inspection on equations ([2.24)-(2.25)))the ones for even N are not (see (2.26))). The second property is that
on contrary of odd N (2.24)-(2.25), the equations for even N (2.26) do not have the vacuum ¢ = 0 as a

solution.

2.2.4 AKNS hierarchy

Following the same procedure, but now considering the homogeneous gradation and E") and Ay as in the
Table 2.1 we obtain for N = 2

o
Or,q = 7582(] +70.q + ag®r

O, 7 = %357" + 70,1 — ar’q (2.27)

where o and vy are constants. Notice that for ¢ = ¥ and r = 1* we obtain the nonlinear Schrédinger equation.
Now for N = 3 we obtain

« 3 1
O = Zﬁi’q — —arqd.q — ivaiq +vq*r

2
3 1
Op7 = %8i’r — iaqraﬁ + ?/agr —yr?q. (2.28)

The above equations are just examples. One could continue obtaining higher and higher degree differential
equations by assuming larger values of V.

2.2.5 KdV hierarchy

By making ¢ = —1 and r = J in the AKNS Lax and doing again the computations for N = 3 we obtain the
KdV equation

40y, J = 02T + 6.J0,J, (2.29)

Notice that by doing v =0, ¢ = —1 and r = J directly on equation (2.28)) we obtain the equation (2.29).
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Similarly for A, and for A;., (details are given in the appendix@), we find the Sawada-Kotera equation
12l

160;,J = 92J + 200, J02J + 10J02J + 30J%0,.J, (2.30)
and

640;,J = 01 J — T002J02J + 420, J0+J + 70(0,J)% + +14J02J
+280J0, JO2T + T0J202.J + 140.J30,,.J, (2.31)

respectively. Higher flows (time evolutions) can be systematically constructed for generic N from the same
formalism.

2.3 Gauge-invariance of the zero curvature equation

If we do a gauge transformation on the Lax pair as follows

A =KAK ' -0, KK, (2.32)
Ay =KA K ' -0, KK (2.33)

the zero curvature equation remains invariant.

The gauge invariance of the zero curvature equation plays a very important in finding universal features of
integrable hierarchies. It allows the systematic construction of universal soliton solutions for the hierarchies
through the so called Dressing Method [7]-[9]. Also, it allows the generation of Bicklund transformations for
entire hierarchies in a systematic way as we will see in next section and next two chapters.

2.4 Backlund transformations

2.4.1 Basics

Bécklund transformations (BT) [0} 2, [T, B] consists of a system of equations which relates two solutions
of the same nonlinear differential equation El Backlund transformations have at least one order in x less than
the original equation which makes them, in most of the cases, a lot easier to solve. Also, they depend on at
least one new parameter (which is not present on the original equation) and is called Backlund parameter.

Usually nonlinear differential equations can be very hard to solve. What makes BT so important is that
they work as generating functions of new solutions given that you already know some solutions (at least one).
One simple example is that if you know that the vacuum is a solution, you can substitute it in the BT and
then solve the system to find a 1-soliton solution.

Let us see the Backlund transformations of the Sinh-Gordon equation as an example. The equations

Os_, (14 ¢2) = —%Sinh(% — ¢2)
Oz (1 — ¢2) = —Fsinh (¢1 + ¢2) (2.34)

are the BT for the Sinh-Gordon equation . The 3 is the Béacklund parameter, while ¢; and ¢, are two
solutions of the S-G equation. Notice that while the S-G equation has two derivatives, one in x and one in
t_q, its Backlund transformations have or one derivative in ¢t_; or one derivative in z. If we act with 9, on
the first equation on and use the second one, the 8 disappears and we obtain two S-G equations, one
for ¢, and one for ¢s.

4There are also BT which can relate a solution of a differential equation with a solution of another differential equation.
Those, however, will not be considered in this thesis.
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The solutions of the S-G equation for vacuum, 1-soliton and 2-soliton solutions are given by m

QSO—sol =0
1 +R1p1>
L= In L
P1—s0l (1 “TRup
1+ (p1 P2)+Plp2)
—sol — In 2.35
$r-sal (1—5(p1—p2)+p1p2 (2.35)

where p; = Exp (2kix + 2k;1t,1), R; is a constant and § = %

P(ki)

K The solutions were introduced now in order to
present a very important theorem: the permutabil-
ity theorem. It says that if we start with a vac-

Pk uum solution ¢g_ s, and using the BT go to 1-soliton

solution ¢1_si(k1) with 8 = f(k1) and then to a

P2—so1(k1, k2) with 8 = f(ke) we will obtain a result

ke which is completely equivalent to the one obtained
ik by going from ¢g_ 4o to 1-soliton solution ¢1_ 4 (k2)

with 8 = f(k2) and then to a ¢o_s0(k1,k2) with

Figure 2.1: Permutability theorem for 8= f(ky) as is represented in the ﬁgure

solutions of vacuum, one-soliton and
two-solitons.

Another possible solution is to start with a 1-soliton and obtain another 1-soliton with a phase difference.

If we start with a ¢(1_s0) = In (}fgigi) we could obtain ¢(;_s.) = In <1+g2p1> with Ry = (2k1+’8) R;.

The Bécklund transformations presented in this section are called Type-I Backlund transformations. They
depend only on the fields of the theory ¢; and ¢o and have one Bécklund parameter only (called 8). There is
another type which was introduced by Corrigan et al [I8] in the context of defects which depends on the fields
of the theory but also on an auxiliary field which they called A and depends on two Backlund parameters.

2.4.2 Gauge transformations and the Backlund transformations for mKdV hi-
erarchy

Consider a gauge transformation as in (2.33) but now make (A%, A} ) = (Az(d2), Ay (¢2)) and (Ag, Ary) =
(A (é1), Aty (61)) in such a way that (2.33) becomes

O K = KAy (¢1) — Au(92) K (2.36)
Oin K = KAy (91) — Ary (92) K (2.37)

i.e. the K matrix connects two field configurations ¢; and ¢s.

But how to obtain the K'? Remember that A,(¢) is the same for the whole hierarchy. So if we can find
K using only the spacial part of the Lax we automatically have a K which is valid for the entire hierarchy.
Notice that both Type-I and Type-II Bécklund transformations for S-G equation were well known. What we
did was to write K as a polynomial function on the spectral parameter, substitute the A, (¢;) (which we had
from the hierarchy construction) on the first equation of and solve for the coefﬁcientsﬂ in order to find
the spacial part of the Type-I BT and the spacial part of Type-II BT.

By doing this we found

1 —Be-p 1— L et BoAD (e peay
KType—I — l:_ﬁep 2\ :l and KType—II =" Z;’EA 20\ ) _(Le . 77)
8 .

X L (2.38)

Using those transformations, we explicitly constructed the Biacklund transformations for several equations
of the mKdV hierarchy, including many in the negative sub-hierarchy (including with even N). In order to

5The solution of any other equation with odd order in the mKdV hierarchy is the same as by just making —1 — N in
the definition of p;.

6The equations for even N will be very similar, except that vacuum is ¢ = constant nonzero and that we have to add a
constant in the 1-soliton and 2-soliton solutions.

"In order to see the complete calculation see the appendix B of [my first proceedings]
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see some examples please see [20, 2§]. But since the K matrix is general we could construct the Bécklund
transformations for any equation in the mKdV hierarchy.

We would like to highlight that the K matrix for Type-II was already developed before by [19]. Our
contribution in this part was to notice that since the K could be constructed using only the spacial part of
the Lax pair we could use this K to obtain any Bécklund transformation in the hierarchy.

2.4.3 Integrable defects

There are also applications of Bécklund transformations to describe integrable defects [13] [16, [I8] in the
sense that one solution when hits a defect becomes another solution through Béacklund transformations. So,
it is possible to compute Béacklund transformations using Lagrangian defects. It is considered a line and
introduced a defect in x = 0. In each side of the defect we have a theory described by ¢; and ¢, respectively.
In order to preserve the integrability after the introduction of the defect the ¢; and ¢ have to satisfy a Type-I
Béacklund transformation at the defect point. Historically the way the Type-II defect was introduced was by
considering two defects, one at a point x; and one at a point z3, and considering a field ¢ in (—oo, 1), a
field A in (x1,22) and a field ¢3 in (z2,00). Then they took the limit of 23 — x; and obtained a Bécklund
transformation depending on two parameters and on the fields ¢1, ¢2 and A.

We thought that maybe something similar could be done using K matrices (defect matrices). In chapter
one of the things we show is that the Type-II K matrix can be obtained by the product of two Type-I K
matrices, i.e. Krpype—r11(d1,02) = Krype—1(P1,00)Krype—1(¢0, ¢2) [29]. In the proceedings [30] we discuss
the generalization for n-defects. And in [31] we use this idea to reconstruct the K matrix for the super
Sinh-Gordon equation.

Another thing we show in the next chapter is related with Miura transformations. It is well known that
one can relate the mKdV and the KdV equations through Miura transformations. What we show is that this
can be generalized in order to connect the whole mKdV hierarchy with the whole KdV hierarchy [29], by
using a sequence of two gauge transformations. This allows us also to construct the K matrix for the KdV
hierarchy using the known one for the mKdV hierarchy, and therefore to have the Backlund transformations
of all the equations of the KdV hierarchy.

The chapter [d will be dedicated to construct explicitly the Bicklund transformations for the super mKdV
hierarchy.



Chapter 3

Miura and Generalized Backlund
transformations for KdV hierarchy

This chapter is divided in three main parts. The section is dedicated to construct the KdV hierarchy
through gauge transformations applied on the Lax pair of the mKdV hierarchy. In the section [3.2] we present
the construction of the K matrix for the KdV hierarchy using the one for the mKdV hierarchy and the results
obtained in section In this same section, we show some solutions of the Type-I Backlund transformations
constructed in this section. The section [3.3]is then dedicated to the construction of the Type-IT K-matrix for
the KdV hierarchy. Actually, we start by showing that the mKdV Type-II K-matrix can be obtained by the
product of two Type-I K-matrices. And then we proceed to construct the one for the KdV hierarchy. Again,
some solutions are discussed.

3.1 The Algebraic Formalism for KdV Hierarchy

Following the algebraic formalism described in the chapter [2| we recall that the nonlinear equations of the
mKdV hierarchy can be derived from the zero curvature representation(2.2) underlined by an affine s1(2)
centerless Kac-Moody algebra and using a principal gradation. With this in mind we discuss in this section
the construction of the KdV using a different approach from the one discussed in the section 2.2.5] The
gauge transformations will be again a powerful tool for the process. The procedure will consist in construct
the KdV hierarchy starting from a mKdV hierarchy.

Consider now the global gauge transformation generated by

1
gl—<§ _1>, = (3.1)
which transforms Af:::;(dv =EW +u(z,ty)h = ( ;\} —lv ) , into
om Tinc — — v
AZ,mKdV =0 (Az,mkdv) 91 Y=g (E(l) + v(m,tN)h) 91 b= < g ¢ ) ) (3.2)

i.e., transforms the principal into homogeneous gradation, @, = ¢ d—dc .
A subsequent local Miura-gauge transformation [39], [36]

1 €
92('0;6) - ( —ew _U+2€< ) ’ (33)
transforms Ay pxav — Az kav. ie.,
om - - -1
Aveav = (0. DAL cay 67 (0,6) = Dusnto, 07 0,0 = (G L) (3.4

and realizes the Miura transformation,
J=edv—1? € =1. (3.5)

25
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We should emphasize that for each solution v(x,tx) of the evolution equations for the mKdV hierarchy, the
Miura transformation (3.5 generates two towers of solutions, J.(z,tn), €= +£1, of the KAV hierarchy [36].
The zero curvature under the homogeneous gradation

[0 + Az kav, Oy + Aty xav] =0, (3.6)

with Ay xav = DWN) 4 DIN-1) 44 15(0), DU e Qj yields the KdV hierarchy equations of motion. For
instance

_ G+ i+ 10, —2-1J
Atkav = |27 V1o T+ LR+ L2 —¢3— LT 2 10,0 (3.7)
yields the KdV equation
40;,J — 02T — 6J0,J = (€0, — 20) [40s,v — 0,(0%v — 20°)] = 0, (3.8)
Similarly from A;, and for A;., given in the appendix, we find the Sawada-Kotera equation [12]
160,,.J — 05.J — 200, J02.J —10J02.J — 30J20,.J
= (€dy — 20) [160;,v — 05 (920 — 1002020 — 10v(9,v)* + 60v°)] = 0,
(3.9)
and [
640;, J — 07T — T002J02J — 420, J0%J — 70(9,J)> — 14J9>T
—  280J0,J0%J — T0J%93T — 14030,
= (€dy — 20) (640, v — 05 (0%v — T0(9,v)20%v — 42v(9%v)? — 5600, vV
1402020 4 14003 (0,0)? + 700*9%w — 2007)) =0 (3.10)

respectively.  Eqns.( [3.813.10) are displayed as explicit examples as illustration of the formalism. Higher
flows (time evolutions) can be systematically constructed for generic N from the same formalism.

3.2 Backlund Transformation

3.2.1 mKdV

In this section we start by noticing that the zero curvature representation (2.2]) and (3.6) are invariant under
gauge transformations of the type

Au(p,0p,--) = A, = KA, K + K19, K, (3.11)

where A, stands for either A;, or A,.

The key ingredient of this section is to consider two field configurations ¢, and ¢» embedded in A, (¢1)
and A, (¢2) satisfying the zero curvature representation and assume that they are related by a Bécklund-
gauge transformation generated by K (¢, ¢2) preserving the equations of motion (e.g,, zero curvature

or (39 ) , ic.,

K(p1,02)A,(01) = Au(d2) K (91, d2) + 0, K (91, d2)- (3.12)
If we now consider the Lax operator L = 0, + A, for mKdV case within the principal gradation,
O d(x,tN) 1
_ (1) _ T )
Aw,mKdV =FEY + Ay = |: I\ —0,6(x,tx) (3.13)
is common to all members of the hierarchy defined by (2.2)). We find that
K(¢1,02) Az mxav (1) = Az mrxav (02) K (d1, ¢2) + 0. K(¢1, ¢2), (3.14)

where the Bécklund-gauge generator K (¢1, ¢2) is given by [20], [28]

1 _%e—(%-‘r(ﬁz)
K(p1,¢2) = B o(é1+62) 1

T2

(3.15)

I In general, we find KdV (J) = (0 — 2v)mKdV (v).
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and (3 is the Backlund parameter. Eqn. (3.14]) is satisfied provided

0z (61 — ¢2) = —Bsinh (¢1 + ¢d2) . (3.16)

For the sinh-Gordon (s-g) model, the equations of motion 9;0,¢, = 2sinh2¢,, a = 1,2 are satisfied if we
further introduce the time component of the Béacklund transformation,

Oy (6 + ) = %sinh (62— ). (3.17)

Eqn. (3.17) is compatible with (3.12) for A, = A;, with

0 Mle 2@
Apuy = [ 20 g ] . (3.18)

For higher graded time evolutions the time component of the Bécklund transformation can be derived
from the appropriated time component of the two dimensional gauge potential. Several explicit examples
within the positive and negative graded mKdV sub-hierarchies were discussed in [20]. We now give a general
argument that the Backlund Transformation derived from the gauge transformation for arbitrary N
provides equations compatible with the eqn. of motion. Consider the zero curvature representation for certain
field configuration, namely ¢1, i.e.,

[0z + Az (d1), Oty + Aty (61)] = 0. (3.19)
Under the gauge transformation,

K(¢1,02)[00 + As(¢1), 0ex + Avy (01)K (1, ¢2)
= [K (0 4+ As(61) K1 K (Ory + Ary (1)K ]
= [az + Az(¢2)a atN + AtN (¢2)] = 0. (320)

where the last equality comes from our assumption ((3.14)).
The gauge transformation of the first entry in the zero curvature representation implies the x-component

of the Bécklund transformation (3.16]). Since the zero curvature <|3.19 and ({3.20) implies that both ¢y and

¢2 satisfy the same equation of motion, the gauge transformation (3.14) for A, = A;, of the second entry in
(3.20) generates the time component of BT which, by construction has to be consistent with the equations
of motion with respect to time ¢ .

3.2.2 KdV

In order to extend the same philosophy to the KdV hierarchy recall the fact that the two dimensional
gauge potential A, xqy can be obtained by Miura-gauge transformation from the homogeneous mKdV gauge
potentials A"m . as in (3.4), i.e.,

Az wav(T) = g2(v, )91 (A micav (V) g7 g5 (v, €) = Duga(v,€)g5 (v, ), (3:21)
where v = 0,¢(x,tn) By assuming (3.12) for the KdV hierarchy, i.e.,
K(J1, Jo) Ay icav (1) = Ap av (J2)K (J1, J2) + 9. K (J1, Ja). (3.22)

the Bicklund-gauge transformation for the KAV hierarchy K (.J1,.J;) constructed in terms of K (1, ¢s) can
be written as

K = ga(v2, €2) (glK(¢17¢2)9f1) g2(v1,€e1) 7" (3.23)

At this stage we should recall that for each solution of the mKdV hierarchy v, the Miura transformation (3.5|)
generates two solutions, J., = €;0,v; —v?, €= 41 satisfying the associated equation of motion of the KAV

hierarchy. This is precisely why we assume €; and €5 in eqn. ([3.23]) independent. In terms of mKdV variables
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v; = Oy, K is given for the particular case where €; = —e, = € and denote K(Jl, Ja) = I~((61 = —€ =€)

K(J,Jy)y, =1— % - g(l —e)e P — %(1 +e)er

~ 1
K(J1,J2)1, = ~

R, Je)ay = 42 (0a(1 49 + a1 = ) e 7
+ 4’% (v1(1 =€) — va(1+€)) eP — %
K(J1, Ja)gy = —1 — % — 4’%(1 +e)e P — 4%(1 —€)eP (3.24)

where p = ¢1 + ¢o. Substituting in eqn. (3.22)) we find the following equations:

e Matrix element 11:

1
¢l g — el — iﬂvl(ep —e PY+vve=0 (3.25)
e Matrix element 12:
¢t vlfv2+§(epfe*p):0 (3.26)
e Matrix element 21:
¢ A+t %(1 +e)e P — %(1 —e€)e?
ﬁ’l}g —p BU? P _
- 7(1 —ee P+ 7(1 +e)e?l + 2003 =0 (3.27)

¢t e(Jivg — Jov1) — 010,09 — v20,v1

€p

— ?W,Q(ep —e ) =0 (3.28)
e Matrix element 22:
-1 Bva,
¢ — Jy — €0,v9 — T(e —e P)=0. (3.29)
Using the mixed Miura transformation, i.e., €2 = —€; =€,
Ji = €dpvy — v}, Jo = —€0yvg — V3 (3.30)

together with the mKdV Bécklund transformation (3.16))
_ Bp_or
V] — Vg = —5(6 —e™P), (3.31)

we find that eqns. (3.25), (3.26)), (3.28) and (3.29) are identically satisfied. Defining the new variable @ and
taking into account the Bécklund eqn. (3.31) we find the following equality

%Q = ev + g(l —e€)e P+ g(l +e)e? (3.32)
= evy+ g(l +e)e P+ g(l —e)eP. (3.33)

2Notice that K is given in terms of mKdV variables v1,v2 and we need to rewrite it in terms of KdV variables Jy, Jo. This
requires solving Riccati eqn. v = v(J) (3.9)
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Eliminating v; and vy from eqns (3.32) and (3.33)) we find

€ B 5 B
=50 - Cle—1)e? —E(et1)er 34
n=0- e - Lietne (3.34)
€ B 5 B
=50 - Clet1)e® — E(e—1)er .
vy 2Q 1 (e+1e 4(6 Je (3.35)
and henceforth
g .
1 (—v1(l4+€)+va(l—€))e
2 2
—‘ré(’l}l(l—ﬁ)—U2(1+6))6p—?]1v2 5 Q— (3.36)
4 4 4
Eqn. (3.27)) then becomes
B @
J1+ Jo = 9 5 (337)
From ([3.32) and (3.33) we find that
Q= clvr ) + 2 (e 4 e77) (3.39)

Acting with 9, in (3.38]) and using (3.30) and (3.31)),

0,Q = €0y (v1 +v2) + g(vl + vg)(eP —e7P)

= €0y (v1 +v2) — (v1 — v2)(vy + v2)
=J1—J2
0, (w1 — wn) (3.39)

where we have used J; = 0, w;,i = 1,2. It therefore follows that
Q=w —ws (3.40)
and the Béacklund transformation for the spatial component of the KdV equation becomes,

2 _ 2
Tt g —op=  (wi—w)

5 5 ) P =w; +ws. (3.41)

which is in agreement with the Béacklund transformation proposed in [11] and with [40].
In the new variable @ defined in (3.32)) and (3.33]) we rewrite the gauge-Bécklund transformation K (Jy, Jo)

in (3.24) as

_ 1 —2§+%Q 1 >
K(J,J2, B) = <<_f+i622 cr10 ) (3.42)

Other cases with €; = e = %1 lead to trivial Backlund transformations in the sense that for K(+1,+1)
is trivially satisfied for mKdV Béacklund and Miura transformations and . There is no new equation
relating the two KdV fields J; and J;. From now on we shall only consider K(+1,—1) = K given in
and Miura transformation given by

We now discuss the extension of the Biacklund transformation to the time component of the KdV hierarchy.
Notice that in the zero curvature representation the spatial component of the two dimensional gauge potential
A, is the same for all flows and therefore universal among the different evolution equations. They differ from

the time component A;, written according to the algebraic graded structure and parametrized by the integer
N.

Ay ay =DM 4+ DN-D .. 4 DO D) e gi, (3.43)

The Bécklund-gauge transformation (3.42) acting on the potentials Ay, xqv, Ai kav and Ay, kqv given by
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eqns. (A.2))- of the appendix leads to the following Backlund equations respectively

40,P = —Q0%Q+ = (( Q)%+ 3(0,P)?) (3.44)
160, P = —Q0,Q + 0,Q92Q + 50, PI3P
b5 (P — (2QP) + 20.P ((0.P) +3(0.Q)) (3.45)
640;,P = —Q0°Q+ 9,Q05Q + 70, PIP — 32Q64Q + 1402P02 P

+  350,Q02Q02P + 350, PO, Qa3Q+ (83 )2+ %(agQF

+ Eaxp«aimma?@?)+382P(<6$P> +(2.Q)?)

bR OPP0.07 + 0P+ 20,0 (3.46)

where 0, P = J; + Jo. Equations (3.41) and (3.44) coincide with the Bécklund transformation proposed in
[T1] for the KdV equation. Equations (3.41)) and (3.45)) correspond to those derived for the Sawada-Kotera
equatlon in ﬁ In the appendix we have checked the consistency between the spatial, and time
Components — of the Bécklund transformations for N = 3,5 and 7. By direct calculation, using
software Mathematlca, we indeed recover the evolution equations (3.8)-(3.10). We would like to point out
that our method is systematic and provides the Bécklund transformations for arbitrary time evolution in
terms of its time component 2-d gauge potential A;, rqy in terms of graded subspaces D(i),i =0,---N.
The examples given above for t3,t5 and ¢7 just illustrate the potential of the formalism.

3.2.3 Examples

e Vacuum - One soliton solution

Consider ¢7 = 0 and ¢ = ln(}f—ﬁ), p= 62’“”+2th’\’,]\[ = 3,5, 7 two solutions of the mKdV hierarchy.

The mixed Miura transformation yields

Ji = 02¢1 — (0:01)° =0, J? = =202 — (0:¢2)° (3.47)
Integrating to obtain J = d,w we find

4k
wp = 07 wo = —m + 2k (3.48)

Type-I Backlund transformation 9, (w1 + ws) = % %(wl — wo)? is satisfied by 1) for 8 = £2k

e Scattering of two One-soliton Solutions

Consider the one-soliton of the mKdV hierarchy given by

1 i )
bi :ln<1fgz> =12 p=eket2liv . N 35 7. (3.49)

Miura transformation generates two one-soliton solutions of the KdV hierarchy, namely

JLo= 931 — (0:01)% (3.50)
J2 = =020y — (0x02)%; (3.51)
leading to
4k 4k
=—-——+2k =———+2k .52
w1 1+R1p+ ) w2 1—R2p+ (35)

The Type-1 Béacklund transformation is satisfied for Ry = R,. Notice that although Ry = Rs, J; and
Jo correspond to different solutions due to opposite e-sings in the Miura transformation.

3 Notice that there are typos in eqn. (45.11) of ref. [40]
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e Ome-Soliton into Two-Soliton Solution
Taking ¢ given by the one-soliton solution (3.49)) and ¢ by

14+ 6(p1 —Pz)—P102> ki + ko
—n R 3.53
#2 <1—5(P1 — p2) — p1p2 k1 — ko (3:53)

leading to

_ 20k — K3)(1+ p1)(L + p2)
ki — ko — (k1 + k2)(p1 — p2) — (k1 — k2)p1p2

where p; = e2kiz T2k tn § — 1 2 satisfy the Type-I Béicklund transformation for 8 = £2k,.

All these verifications were made in the software Mathematica.

3.3 Fusing and Type-II Backlund Transformation

In this section we shall consider the composition of two gauge-Bécklund transformations leading to the
Type-1I Bécklund transformation. Let us consider a situation in which we start with a Bécklund relation
transforming solution v; into another solution vy. A second subsequent Bécklund relation transforms vg into
vg. Such algebraic relation for the mKdV hierarchy is described by

KII(U1,U0,U2) ZK(UQ,UQ)K(UQ,’Ul) (355)
where K (v;,v;) is given in (3.15) with 8 = f;;. It leads to
—éo

K (01,00, v9) = L o (Bowe? + o) (3.56)
» V0, _%eqﬁo (5016¢1 + 502€¢2) 1+ [51%\302 =4

where ¢ = ¢1 — ¢ and 02 = —m. Inserting the following identity

(Bore™ + Boze?)(Bore™ " + Boze™ **) = Bo1Boz(n + e? + ™) (3.57)
where 1 = % Defining A = —¢o — In(Boze™?* + Bore ??) —In 2, eqn. (3.56) becomes
K (1, 00, v9) = 1— et CQA)\;P (e?4e 141) | (3.58)
1, Y0, 0V2) = er,A 1—ie*q . .

o Ao?

Eqn. (3.14) with K!Z(v1, v, vs) leads to the following Biicklund equations

— L A-poa —q 2 p-a
0zq = 5¢ (e?+e 9+n) e (3.59)
1
0N = %el\_p(eq—e_q). (3.60)

Eqns. (3.59) and (3.60) coincide with the z-component of the Type-II Bicklund transformation proposed for
the sine-gordon model in [I8]. Considering now the time component of the 2-d gauge potential for ¢t = ¢3 ,
(i.e., for the mKdV equation),

1 1
A, = AEo+NE_,+v)lh+ 5(89311 —v)E, — 5(&”@ +0?)AE_4
1
+ 1(8511 — 20%)h,
(3.61)
we find from eqn. (3.12]),

160°0;,q

AP (e + e+ 1) [202(8217 +02q) + 02 (Oup + 02q)° — 86‘1] +
+ e [<20%(02p + 029) + 0% (9o + 0pa)” — 877 +
+ 1600,p (e +e 9 +1n) (3.62)
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together with
1009, A = (0] + 0pv1)et P — (0] + Dpvg)e TP, (3.63)

which is compatible with equations of motion for the mKdV model. These Type-II Bécklund equations
(13-59])-(3.63) coincide with those derived in detail in ref. [20] where  — x4 ,t — x_ and was extended to all
positive higher graded equation within the mKdV hierarchy ﬂ In the case of the KdV hierarchy

KtypeII(Jl, J(), JQ) = R(JQa JOa 602)K(J0a Jl?ﬁ(ll) (364)

where .
- 1| —C+3Qi 1
K(Jj, Ji, Bij) = ~z —@—lez c+ion|

4 4% 2%
Such transformation can be interpreted as an extended Béacklund transformation dubbed Type-II Backlund
transformation (see [18]). Explicitly we find directly from (3.64)

1 By +B-)  Q

(KM (I Jo, o))y = 1= 3@ "Tm — +ga@+P-20)
KOk = 550
(KT (J1, o, Jo)lyy = 1+21<Q—(5+2226)+;§2(Q_p+29)
(KM (1, Jo, Jo)lyy = —f;QJFfCQ(P—mH;zQ(—QHQP_T+¢f)
= %—F%(P—QQ) (3.65)

where Q = Q10+ Qo2 = w1 — w2, P = Q10— Qo2 +2Q = wy +wz, Q= wy, 4B+ = B3 £S5, and
Qij = w; —wj.
Acting with K®Wrell( ], Jy, Jo) in 1' we find the Béacklund transformation for the KdV equation, i.e.,

1
0:Q = 26--5PQ+9Q0Q,
0:(2Q+P) = 28, — i}ﬂ - iqﬁ - Q* +QP. (3.66)

Similarly for the time component gauge potential (A.2]) we find

Q
8
Q o

50

0, Q@ = %&CP&TQ + %&Q&TQ + iQ@iQ + iQé)ﬁQ - g@ﬁ@ - 292pP

1

1 1 P
0:,(2Q+ P) = Z(aIP)2 + 1(a,,vQ)2 + anpagcﬂ + (0,9)* — ga;P -

1 1 1
ZPY20 + —Q92P — ZQ30.
MR 2

(3.67)

Equations (3.66]) and (3.67) are compatible and lead to the eqns. of motion ([3.8).
Alternatively in terms of the mKdV Bécklund transformation (3.23)), eqn. (3.64) can be obtained by
gauge-Miura transformation, i.e.,

KTvell (], o, Jo) = ga(v2, €2)g1 (K (¢a, ¢0)IK (¢, ¢1)) g7 ga (v, €1)

where we may introduce the identity element, I = g; Lgo (vo,€0) " tg2(vo, €0)g1 depending upon an arbitrary
e-sign, say, €g. As argued when establishing (3.23]), we are considering transitions with opposite e-signs such

that €1 = —eg = € and ¢y = —eg = —e¢. It therefore follows that
KTvpell (1 o, Jo) = ga(v2, €)g1 [K (b2, o) K (do, ¢1)] g7 ga(vi, €)™
= g2(va, )1 K (¢, ¢1) g7 ' g2(v1,€) ! (3.68)

4 Observe that the Type-II Bicklund transformation via gauge transformation was constructed in [[9] where a solution
presented there was chosen to reproduce the Béacklund transformation proposed in [I8]. Here we choose a gauge transformation
solution of [19] that reproduces [2§].
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The equation (3.68)) yields

|:RTZIP€II (J1>J07J2)i| . =141 (]‘ +6) A*;D (eq + e 1 +n) _ (1 — e)eP*A

4o( o
(1—¢) _ (1+e€) (1—¢) _A
- 202(2 ¢ - 202(2 et - o(? vie”
1
A
e (-0 pon 05 ay a
[T H(Jl,Jo,Jg)L2: T e ),

|:I~(Typell (1, Jo, ']2)}21 — _U%C (e —e™9) — (10C6) (v1 +vo)eP ™

1
- 4:;) (01 +02) X 7P (e e +1)
(v1 + v2) _ e(v1 — va) _
Tgcg(eqfe ‘) *ngz(ehre ’)
1 1—
(40_226) 010277 (€9 +e7 4 7) — ( UC;) v1vge?
- 1 1 _
KTypeII (Jl,Jo,JQ) . -1— (4::<6) eA—p (eq +€—q +77) + ( U<€> ep—A
1 1-— 1-—
( +6)efq7 ( E)eq+ ( 6)7)26137/\
20.2c2 20’2C2 0.<2
1
(40—226) voe P (eq +e 1+ n) .

33

(3.69)

Comparing the matrix elements of (3.64) with (3.68]) we find the following relations between the mKdV

and KdV variables:

e matrix element 11

—1. 1 (I+e) 5o - (1-€) ,oa
¢ —iQ— Pt P(e?+e T4n) e?
_ 1-— 1
S —7(5+ ;—5 ) + %(Q+P— 2Q) = —( 2026)67‘1 - (20—;—;2)&
— (10226)1;1&’" _ (i:czﬁ)vlezxp (e9+ e +1)
e matrix element 21:
¢t fﬁ_+§(P729):70—2 (e —e™?) — (1= (v1 + vo)eP A
_ (14;'<€) (’Ul+?12) A p(eq+e q+77)
-2, 5+ B Q 2 Q2
e 7O+ (P20 + (-0 —|—QP—T+T)
+ _ - _
_,_@1%%2) (e7—e™7) — €(v1202”2) (e7 +e7)
+ (14—1;6)1)1’(}261\71) (eq_’_efq_’_n) o (1;6)’01@2617 A
e matrix element 22:
_ (B =8-) @ (I+e , (-9
¢ Ty tR@- Py =- T
+( . 2 ep_A+7(14—;6)vgeA_p (e?+e 9+mn).

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)
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The element 12 and the element 22 with (~! gives us the same result of (3.70). Eliminating the mKdV
variables p, ¢ and A we recover the Type-II Bécklund transformation for the KdV hierarchy (3.66) as shown
in the Appendix

3.3.1 Examples and Solutions

e Vacuum - 1-soliton - Vacuum

The first example is to consider vacuum to 1-soliton and back to vacuum again given by the following
configuration,

4k
=0, =0=——— + 2k, =0 3.75
w1 wo 1+ p(z,tn) - b ( )

with p(z,tn) = e2ke+2k"ty Tt ig straightforward to check that eqns. (3.66) and (3.67) are satisfied for
B_ =0 and By = 2k%.

e 1-soliton - 2soliton - 1-soliton

Consider now a configuration of 1-soliton transforming into a 2-solitons solution and back to 1-soliton.
It is described by

4k; N
.= &Ry 2%k, i—1.2 ; = 2k;x+2k; tN, 3.76
v T+ pim ) o nee 70

2(k7 — k3)(1 + p1)(1 + p2)

Q = Wop = — 3.77
0 ki — ko — (k1 + k2)(p1 — p2) — (k1 — k2)p1p2 (3.77)
Eqns. (3.66) and (3.67) are satisfied for B_ = k32 — k? and B, = k? + k3.
e Vacuum - 1-soliton - 2-soliton
Consider the solution of eqn. (3.66) and ([3.67)
4k
w1 , Wo 1+p1(x,tN)+ 1 ( )
and
2(k3 — k3)(1 1
. (8 ~ BB)(1+ pa)(1 + p2) 519

ki — ko — (ky 4 k2)(p1 — p2) — (k1 — k2)p1p2’

where p; = e2kiz 2k tn Eqns, 1) and 1D are satisfied for f_ = k? — k3 and B, = k? + k3.



Chapter 4

Super mKdV hierarchy and its
Backlund transformations

This chapter is divided in two sections. The section [4.1|is dedicated to a review of the construction of the
super mKdV hierarchy. In section[£.2] we obtain the Bécklund transformations for the super mKdV hierarchy
as a generalization of the discussion presented in the previous chapters. The explicit examples of N = 3 and
N =5 are computed.

4.1 The supersymmetric mKdV hierarchy

In this section we present a brief review of the systematic construction of the supersymmetric mKdV hierarchy
based on the affine Kac-Moody superalgebra G = si(2,1) [35]. The structure explained in the first chapter
of the thesis and used in the second one will be again crucial here (with some adaptations to include the
supersymmetric generators).

Let us start by considering the super Lie algebra si(2,1), which has four bosonic generators {hl, ho, E1q, },
and four fermionic generators {Eiqa,, Ei(a,+as)}, Where oy is bosonic simple root and as, a1 + ay are
fermionic simple roots. The affine gl(2,1) structure is introduced by extending each generator T, € sl(2,1)
to Tén), where d is defined by [d, Tén)] = nTé"). The hierarchy is further specified by introducing a decom-
position of the gl(2,1) superalgebra through the definition of a constant grade one element E("), where

B+ = g2 oplr ) g gt

—a1 )

(4.1)

and the so called principal grading operator
1
Qp=2d+ §h§0). (4.2)

The grading operator (), and the constant element E® decompose the affine superalgebra G=0 ém =
K ® M, where m is the degree of the subspace G,, according to @, K = {x €G/[z,EM] = O} is the kernel
of EM and M its complement, in the following way

-C;2n+1 _ {Kl(znﬂ)7 K§2n+1)’ ]\41(2n+1)}7
g2n = {M2(2n)} )

5 2n+1 2n+ L

Gy = (B0 60

~ 3 3
g2n+% _ {F1(27L+2)7 Gé2n+2)}7 (43)

where the generators F;, G;, K;, and M; are defined as linear combinations of the gl(2,1) generators [35]. The
representation of these generators is given in Appendix

Now the construction of the integrable hierarchy is based on the zero curvature condition . In general,
A, is defined as A, = EM + Ay + Ay where Ag + Ayjp € M, ie,

AO = UMQ(O), A1/2 = \/;1/; Ggl/Q) (44)

35
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Here, u and 1) are the corresponding fields of the integrable hierarchy. Now, we will assume that A, N =
DW) 4 pIN=1/2) 4+ D(/2) 4 DO) for the positive hierarchy, where D™ has grade m. Then, the equation
to be solved reads

{895 +EM 4+ Ag+ Ay 3,8y + D)+ DW-VD 4 DO/ 4 D“ﬂ =0. (4.5)

The solving method consists on splitting the above equation grade by grade, which leads us to the following
set of relations,

(N+1): [E(l),D(N)} —0,

(N+1/2): [EQ, DNYD] 4[4y, D] =0,

(N) : 9, DN + [0, D™] + [EW, DNV 1[4, 5, DV-1/2] =0,

(1) : 8;1)(1) + [40, DV] + [EW, DO + [ 4,5, D] =0,

(1/2) : 8, D1/ 1 [Am DU/?)} + [Am, D<0>] Oy Ay =0,

0) : 8,0 + [Ao, D<0>} — 9, Ay = 0. (4.6)

Note that, the image part of the zero and the one-half grade components of (4.6 yields the time evolution
for the fields introduced in eq. (4.4). Now, it is possible to expand each term D™ by using the generators
in eq. (4.3), as follows

D(2n+1) - a2n+1K£2n+1) + 52n+1K§2n+1) + 6277.+1-Z\41(2n—~_1)7

D(2n) _ aZnMg(Qn)7

1 - ntl
DEtE) = 52n+éF2(2n+2) + b2n+%G§2 l+2)7
a3 - nt3
D(2n+%) = d2n+%F1(2 +2) + b2n+%G§2 +2)7 (47)

where the @, by, and ¢, are functionals of the fields v and 1. Substituting this parametrization in eq. (14.6),
one can solve recursively for all D) m = 0,---N. Notice that the Lax component A, does not depend
on the index N and will be the same for the entire hierarchy. It takes the following form (see for instance
126, 51)

NE_oe 1| Vi
Ay = Y A2 40,0 | Vi | (4.8)
\/7? )\1/2 1/_1 \/id_) ) )\1/2
where we have redefined u = —0,¢. This parametrization establishes the explicit relationship between the

relativistic (sinh-Gordon) and non-relativistic (mKdV) field variables.

In what follows we will apply the procedure and consider explicit solutions of the integrable hierarchy
equations for the simplest members. For the N = 3 member, we find that the solution for the Lax
component A, = DG + DG/2) 1 D) 4 pB/2) 1 pM) 4+ p(/2) 4+ DO is given by

ao + )\1/2(11/2 — A0pp + N3/? ay — A g + A0, 4+ MW
Ayy = —da_ —\? —ag + AY2ay o + A0+ N2 | N2+ dvm + X2y |
N2 — vl + N2V pe — M0y 4+ MWin 2012y o + 2X3/2
(4.9)
where
1 R A 1 o
ap = _Z (83(;5 - 2(ax¢))3 + 323m¢¢3x¢) y  arje = —Q?ﬁaﬂ/% at+ = § (6§¢ + (8z¢)2 + Z?ﬁaﬂ/}) )

<
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The equations of motion, which correspond to the zero and one-half grade components of 7 are in this
case the N/ = 1 supersymmetric mKdV equations, namely

40p,u = O3u — 6u*dpu + 3ih0, (ud,v) (4.11)
404,00 = O3 — 3ud, (u) . (4.12)

Now, for the N = 5 member, the solution for the Lax component A;, = D®) 4 DO/2) ... 4+ DO i given
explicitly in appendix [E] In this case, we find the following equations of motion,

160;,u = Pu — 10(9pu)® — 40u(0pu) (02u) — 10u?(93u) + 30u (Opu) + 510,100, (ud?))
+ 5it)0, (ud) — 4P 0,10 + 0pud?y + 02ud,)), (4.13)
160;, ¢ = 029 — 5udy (U0t + 20,ud ) + 02u)) + 1060, (u?eh) — 10(0pu) 0y (Dpur)). (4.14)

It is worth pointing out that the negative integrable hierarchy can be also constructed by considering the
following zero curvature condition,

[0, + EW + Ao + Ay y9,0,_,, + DEM) 4 DEMAY2) 4y DD 4 DEV2] = o, (4.15)

The solutions are in general non-local, however, for the simplest case of N = —M = —1, we find that the
Lax component A, , = D=1 4+ D(=1/2) corresponds to the N = 1 sshG equation |27, [35], i.e

)\—1/2 _)\—1 €2¢> —/\1/2\/77;’¢6¢
At71 - 7672(1) )\71/2 7\/’;'1,[]67(15 . (416)

Vie? AV2\/ipe? 2A~1/2

In this case, the fields ¢, ¢ and v satisfy

0;_,0,¢ = 2sinh2¢ + 2i7)sinh ¢,
0y, = 2ipcoshg, (4.17)
0, = 2¢pcosho,

the equations of motion of the N/ = 1 sshG model in the light-cone coordinates (z,t_;). We note that
the equations of motion for all members of the hierarchy are invariant under the following supersymmetric
transformations,

1

6p = iep, o 7
1

0,0, (4.18)

where € is a Grassmannian parameter.

4.2 Super-Backlund transformations

In this section we derive a general method to generate the super-Béicklund transformations (sBT) for all
members of the hierarchy. We will use the defect matrix associated to the hierarchy in order to derive the
sBT in components. The key ingredient is the gauge invariance of the zero curvature representation generated
by the defect matrix which, in turn is again assumed to relate two field configurations.

As explicit examples we construct the super-Bécklund transformation for the first two flows, namely,
N = 3 (smKdV) equation, and for the N = 5 super-equation. One nice check will be to put the fermioninc
fields to zero and recover the “classical” Béacklund transformations.

Based upon the fact that the spatial Lax operator is common to all members of the mKdV hierarchy, it
has been shown recently in the previous chapters that the spatial component of the Backlund transformation,
and consequently the associated defect matrix, are also common and henceforth universal within the entire
hierarchy. Here, we will extend these results to the supersymmetric mKdV hierarchy starting from the defect
matrix already derived for the (N = —1 member), the super sinh-Gordon equation. The so-called type-I
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defect matrix can be written as follows [26],

A\1/2 — 2 et AL/ 72\756%f1
K=| _—Zeosp12 AL/2 _ 2= p N1/ (4.19)
%—ﬁe*%fl)\l/z 2f€¢7+f1 2 4 al/2

where ¢+ = ¢1 £ 2, w represents the Backlund parameter, and f; is an auxiliary fermionic field. The defect
matrix K, connecting two different configurations ¢; and ¢, satisfies the following gauge equation,

arK = KAI(¢17 1;1) - A.’E(¢2? QZQ)K (420)
Now, by substituting and (4.19) in the (4.20]), we get

0u6 = g sinh(6.) — o sinh(%5) i (4.21)
Y= %cosh (¢+) 11, (4.22)
Oz f1 = lcosh(qb by . (4.23)

the spatial part of the Bicklund transformations, where we have denoted ¥4 = 1)1 + 1)5. To derive the time
component of the transformation, we consider the corresponding temporal part of the Lax pair A;, .

4.2.1 N=3
For the smKdV equation (N = 3), the second gauge condition reads,

Ory K = KAy (¢1,91) — Agy (2, 92) K. (4.24)
By substituting (4.9) and (4.19) in the above equation, we obtain

40,6 = {32@ cosh (“;*) By ) sinh (¢ )] B fi
_ % [azm cosh (%)8961/_4 — 2sinh (¢+)82w+] f
+ 2 [20204) cosh 61— (0.0+)? sioh 6 + iy (0. ) sinh o,

— % [Sinh (%) + 4 sinh® (¢+) + 3sinh® (¢+>} Ui fi

w5
32
5 sinh® ¢, (4.25)

and
401, fr = i cosh (¢+) (2024 — ¥4 (0:04)%] + i sinh (¢+) (010201 — (020+)(0uty)]
- 01T2 sinh ¢ cosh? (¢2 )( 0:0+) 1 + — smh ¢ cosh (%)&4_ (4.26)

Equations (4.21)—(4.23), and (4.25) and (4.26) correspond to the super-Bécklund transformations for the
smKdV in components. It can easily verified that they are consistent by cross-differentiating any of them.

Limit to bosonic case

Notice also that by setting all the fermions to zero we recover the bosonic case, i.e., the Backlund transfor-
mation of the mKdV [2§],

Oz = i sinh ¢, (4.27)

2
40;,¢— = —a 26, coshpy — 7( Dy, )% sinh ¢y — % sinh® ¢, . (4.28)
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4.2.2 N=5

Now, to derive the temporal part of the super-Backlund transformation for the N = 5 member of the hierarchy
we consider the corresponding Lax operator A;,. The gauge condition reads,

O K = KAy, (¢1,91) — Ag (92, 92) K. (4.29)

By solving this condition for A;, given in Appendix @, we obtain

*5 [coths + €1 Oaths + 2 0204 + €3 00h4 + 1 Optpy ] fu

Jr% [c5 4 ice 1h4 Outhy + icy Py 02ty +ics (1hyO3thy — (0at01)(02404)) ]

160, 6 =

P _ _ 1 o
—— [cothq + 10 0uthy + 11 0204 | f1 + —5 [c12 +ic13 1 0aty |
w w

) — C15
t=5 ciafivy + 10 (4.30)

160, /1 = [do s + di Opthy + dg 03001 + d3 02004 + dy O30 ]

€l

1 . - _ 1 _ _ _
= [do +ids 04 0u0i] fr + — [dr by + ds Outhy + do O30 |

d1o di1 ~
+F fi +F¢+a (4.31)

where ¢;, 1 =0,..,15 and d;, j =0, .., 11 are functions depending on ¢, and its derivatives, and their explicit
forms are given by (F.1)) and (F.17)-(F.28) from Appendix[F] respectively. The equations ([4.21])-(4.23)),
and and (4.31)) correspond to the super-Bécklund transformations for the N = 5 super equation. Cross
differentiating (4.30]) and with respect of = we recover the equations of motion and after
using eqns. .

In this chapter we reviewed the construction of the super mKdV hierarchy using the graded super algebra
él(?, 1) and the principal gradation. We then used the universality of the K-matrix construction along
the hierarchy to explicitly construct the Backlund transformations for the super N = 3 and super N = 5
equations.

Although we are presenting it here,we also computed the Backlund transformations for those equations
using the super fields formalism. The super charges were also computed, giving particular attention to the
changes on the conserved charges due to the introduction of the defect [311 [33].
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Chapter 5

Conclusions and further developments

In the Part [[] of the thesis we explored the algebraic structure underlying integrable hierarchies in order to
find universal features of their equations. The gauge invariance of the zero curvature equation allowed the
construction of a defect-gauge matrix connecting two different field configurations of the same integrable
model and hence generating its Bicklund transformations. In Chapter [2] the main result is the fact that the
construction of the defect matrix depends only on the A, and therefore is universal within the hierarchy. This
means that one can systematically construct the Backlund transformations for any equation in the mKdV
hierarchy [20], [28§].

The main result of the Chapter [3]is the extension of such construction to the KdV hierarchy by proposing
a Miura-gauge transformation denoted by the product gsg; given in and mapping the mKdV into
the KdV hierarchy (see ) [29]. A subtle point is that such Miura mapping allows a sign ambiguity such
that each solution of the mKdV hierarchy defines two solutions for its KdV counterpart. The Bécklund-gauge
transformation for the KdV hierarchy is constructed by Miura-gauge transforming the Backlund transforma-
tion of the mKdV system as shown in . An interesting fact is that the Bécklund transformation for
the KdV hierarchy is solved by mixed Miura solutions generated by the mKdV Bécklund solutions. A few
simple explicit examples illustrate our conjecture. A more general evidence of the mixed Miura solutions is
shown to agree with the Backlund transformation proposed in [I1] for the first two KdV flows.

The composition law of two subsequent Backlund-gauge transformations leading to Type-II Béacklund
transformation (see (3.55))) introduced in [I8] in the context of sine-Gordon and Tzitzeica models was extended
to the KdV hierarchy. We have showed that the ideia of fusing to defects in the Lagrangian formalism can
be translated within our construction, to the direct fusion of two KdV Bécklund-gauge transformations in
3.64) and alternatively, the Miura transformation of mKdV Type-II Bécklund transformation as shown in
3.68)). These two approaches generate relations between the mKdV and KdV variables which were shown
in the Appendix [B] to be consistent. In [30] we discuss the generalization of this idea for n defects for the
Sinh-Gordon equation.

Another interesting point is that we explored only the positive part of the mKdV hierarchy, by using it
to construct the positive part of KdV hierarchy and corresponding Bécklund transformations. It would be
very interesting to understand which kind of result it would be obtained for the negative part of the KdV
hierarchy by starting with the negative part of the mKdV hierarchy, both in a the sense of hierarchy itself as
well as for its Backlund transformations.

In the ChapterElwe have studied the presence of a Type-I integrable defects in the sl(2, 1) supersymmetric
integrable hierarchy through super Backlund transformations. What we computed in principle would be called
Type-I defect in the literature. However, let us call the attention to an important property appearing in the
corresponding supersymmetric extensions. It turns to be that what we are calling type-I integrable defect for
the supersymmetric mKdV hierarchy contains intrinsically an auxiliary fermionic field necessary to describe
defect conditions for the fermionic fields. In that sense, this kind of defect should be treated as a “partial”
Type-II defect, i.e. there is only one auxiliary fermionic time dependent quantity defined on the defect, but
not a bosonic auxiliary field. A genuine Type-II defect will then contain one bosonic and two fermionic
auxiliary fields as it is the case of the super sinh-Gordon model. Then, by using the universality argument,
the type-1I super Béacklund transformation for the smKdV can be obtained either directly from the type-II
defect matrix for the super sinh-Gordon previously obtained in [27], or by applying the fusing procedure
of two partial type I defect matrices. We discuss this in [3I]. The latter procedure can be achieved by
performing two type-I Backlund transformations frozen at different points and then taking the limit when
both points coincide. The auxiliary fields will then appear after an appropriate reparameterization of the
“squeezed” fields valued only at the defect point. We expect that solutions for the auxiliary fields will be
same as those for the super Sinh-Gordon equation due to the universality of the spatial component of the
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Lax within the hierarchy, as it is in the bosonic case [20], [28]. We expect to return to these issues in future
investigations.

One natural continuation for this work would be to construct the super KdV hierarchy and its K-matrix
through gauge transformations starting with the super mKdV hierarchy as a generalization for what we did
in the bosonic case.

An interesting result we did not discuss here but it is worth to mention is that in [32] we also showed the
construction of the super integrable hierarchy and of the Backlund transformations by recursion relations as
a generalization of [36].

Finally we should mention that the idea of an universality of the Béacklund-gauge transformation is most
probably valid for other hierarchies such as the AKNS and higher rank Toda theories. It would be interesting
to see how such examples can be worked out technically.

Also, for an §l(3) for example we could construct a Toda hierarchy if we assume the principal gradation.
A good question is if there exist something analog to the Miura-gauge transformations which would lead to
the correspondent hierarchy for the homogeneous gradation.

One extra question would be how to translate the discussion present in this Part[[]to the classical r-matrix
formalism.

It should be interesting to develop the concept of integrable hierarchies for discrete cases and investigate
whether the arguments involving Backlund-gauge transformation employed in this thesis can be extended.
The relation between the integrable discrete mKdV [37],[38] and its Miura transformation to discrete KdV
equations should be understood under the algebraic formalism.
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Chapter 6

Introduction

The Part [[T] of this thesis is focused in quantum integrable spin chains. More specifically we are interested in
compute the spectrum of a certain class of finite length spin chains and explain the high degeneracies present
in their spectra.

Quantum spin chains have many interesting applications in several different areas of physics including
but not restricted to condensed matter [41], statistical mechanics [42] 43] and AdS/CFT [44] with possible
applications in black-holes [45]. Recently, relations between integrable spin chains and a four dimensional
Chern-Simons theory were also found [46]-[48].

To have good ways to compute the spectra of such systems is therefore very important. However, this is
not usually easy since they are interacting systems with many particles.

For those quantum spin chains which are integrable, several techniques have been developed, such as
quantum inverse scattering method (QISM), algebraic Bethe ansatz, analytical Bethe ansatz, nested algebraic
Bethe ansatz, separation of variables, etc [49]-[53].

In the context of open integrable quantum spin chains the most important objects are the R-matrix and
the K-matrices. The R-matrix encodes the bulk information and satisfies the so-called Yang-Baxter equation
(YBE)[50, 51]. The K-matrices, KX and K%, on the other hand contain the information about the left and
right boundaries, respectively. The K-matrices satisfy an equation called Boundary Yang-Baxter equation
(BYBE) or reflection equation [52 [53]. By having R, K* and K we are able to construct the so-called
transfer matrix which is the generating function of an infinite number of conserved quantities. For a review
see [54], [B5].

Three important types of R-matrices are: rational, trigonometric and elliptic. Spin chains constructed
from rational R-matrices have classical (Lie group) symmetries which are in fact, the same symmetries of
the R-matrix. This is not the case for trigonometric and elliptic R-matrices, whose transfer matrices do not
have the same symmetries of the R-matrices. Several explicit R-matrices were computed by [56]-[58]. For
each R-matrix the BYBE has to be solved in order to find the corresponding K-matrices. Several solutions
for the reflection equation were find by [59]-[62].

In this work we focus on anisotropic spin chains. They are constructed from trigonometric R-matrices,
which are themselves associated to affine Lie algebras. Some of these spin chains have quantum group (QG)
symmetries that help to explain the degeneracies and multiplicities of their spectrum. The first example to
be solved was the XXZ integrable spin chain which was proved to have QG symmetry U, (sl(2)) [63] [64].
Since then many other examples with higher ranks have been investigated, see e.g. [65]-[87].

In this work we construct finite length integrable quantum spin chains using the R-matrices for the affine
Lie algebras algebras § = {Agn)7 A(zi)_p BV ¢V, D%l)} [56]-[58]. Since we want to describe the spin chains
which have more symmetry we use diagonal K-matrices [59]-[62]. Those K-matrices depend on a discrete
parameter p which runs from 0 to n. As we prove [88] in chapter El those spin chains have quantum group
symmetry corresponding to removing the p'" node from the Dynkin diagram of §.

In the work of Nepomechie and Mezincescu [67] for R-matrices associated with Agl) and Ag) they noticed
that the asymptotic monodromy matrix could be expressed in terms of only the coproducts of the generators.
This is not immediately true for the § models above. A fundamental step is to do a gauge transformation on
the R-matrix and K-matrices in such a way that they still satisfy YBE and BYBE but the new asymptotic
monodromy would depend only on the unbroken generators, i.e. the ones corresponding to the nodes on lhs
and rhs of the p*™ node.

In the Table [6.]] are summarized the QG symmetries each spin chain has.

It is important to notice that some cases were already well understood. Our main contribution is for the
cases where 0 < p < n which from our knowledge are new. The cases for p = 0 were know already from a long
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g QG symmetry Representation at each site
Agi) Uq(Br—p) ® Uyg(Cyp) (2(n—p)+1,1) @ (1,2p)
A5y Uy(Cap) @Ug(Dy) (0 #1) (2(n—p). 1) @ (1,2p)
B | Uy(Buey) ©UDy) (n>1p#1) | (2n—p)+1,1) & (1,2p)
Cr) Us(Cp) © Uy(C) (2(n—p),1) @ (1,2p)
DY | Uy(Duy) @Uy(Dy) (n>Lp#Lin—1) |  (2(n—p),1)& (1,2p)
Table 6.1: QG symmetries of the open-chain transfer matrix, where p =0,1,...,n.

time [65]-[69]. The case of p = n and § = Aéi) was computed more recently in [78] 86] while for § = Agill
was computed by us in [87].

In addition to the symmetries described in Table the cases CS" and D" have also a duality symmetry
p — n—p. Such symmetry is a consequence of the Dynkin diagram be invariant under reflection. When p = 5
we also have a self-duality symmetry. In addition to that, when p = & and the parameter of the K-matrix
Yo = —1 we also have what we called bonus symmetry. The bonus symmetry makes representations as 2(a, a)
degenerate to 2a2.

The cases for Aéi)_l, B and DM have also Z, symmetries transforming complex representations into
their conjugates.

The duality symmetry, self-duality symmetries, bonus symmetry and the Z, symmetries are all explicitly
constructed in the Chapter [7] and are used to explain the degeneracies and multiplicities of the spectrum.

Recently the case of D,(fH was also studied [89] and showed to have QG symmetry U, (By—p,) @ Uy(By),
duality p — n — p, self duality and bonus symmetry in the same situations as the ones described above.

The process of directly diagonalize the transfer matrix can be computationally very difficult. The di-
mension of the matrices increases very fast with the number of sites in such a way that this process quickly
becomes impossible to continue. An alternative is to use the method of analytical Bethe ansatz to obtain
the eigenvalues. Again the cases for p = 0 were already been considered several years ago [68, 69], 84, [85], [87].
And some of the cases for p = n [84] [86], [87].

When talking about Bethe ansatz, on Chapter [§ in addition to the cases described in Table [6.1} we also
consider Df_?_l . For closed spin chains there is a general formula by Reshetikhin for Bethe ansatz for all
algebras. In this work we conjecture a generalization of such formula for open spin chains. We also construct
formulas for the Dynkin labels of the Bethe states in terms of the number of Bethe roots of each type.

In chapter [7] we prove that the spin chains have the QG symmetries presented in Table the dualities
and Zs are explicitly constructed and proved. In the process to prove these symmetries several interesting
properties for the R-matrices were found and proved. Several examples are given in order to illustrate the
symmetries. In Chapter |8| we compute the Bethe ansatz and give explicit formulas for all the algebras
mentioned, as well as a conjecture for a general formula. The relation between Dynkin labels of the Bethe
states and the number of Bethe roots of each type is also presented. A more detailed outline of each chapter
is presented at the beginning of them.



Chapter 7

Surveying the quantum group
symmetries of integrable open spin
chains

The outline of this chapter is as follows. The transfer matrix is introduced in Sec. The QG symmetry
of the transfer matrix is proved in Sec. The duality symmetry of the transfer matrix (for the cases C'T(Ll)
and D7(L1))7 and the action of duality on the QG generators, are worked out in Sec. The additional Z5
symmetries of the transfer matrix (for the cases Aéi?_l, BY and D,(ll)), and the action of these symmetries
on the QG generators, are worked out in Sec. [7:4 These symmetries are used in Sec. [7.5] to explain the
degeneracies in the spectrum of the transfer matrix for generic values of the anisotropy parameter n. The
R-matrices are recalled in Appendix [G] details about the QG generators are presented in Appendix [H] and

the Hamiltonian is noted in Appendix [} Proofs of several lemmas are outlined in Appendix [J}

7.1 Basics

We consider an integrable open quantum spin chain with a vector space ¥V = C¢ at each of its N sites, where

(2 pA)
d—{ 2n+1 fOI’AQn,Bn , n:172’.... (71)

o for AP DY)

The Hilbert space (“quantum” space) of the spin chain is therefore V&V,

7.1.1 R-matrix

The bulk interactions of the spin chain are encoded in the R-matrix R(u), which maps ¥V ® V to itself, and
satisfies the Yang-Baxter equation (YBE) on V@V ®V

R12(u — U) ng(u) Rgg(’l)) = R23(’U) ng(u) ng(u — ’U) . (72)

We use the standard notations Rio = RRQR I, Ro3 = 1 ® R, Ri3 = PasR12P23 = P12Ra3P12, where I is the
identity matrix on V, and P is the permutation matrix on V@ V

d
P = Z €ij @ €ji (7.3)

ij=1

where e;; are the d x d elementary matrices with elements (e;;)ag = 0i,a0;,3-
We consider here the anisotropic R-matrices (with anisotropy parameter 1) corresponding to the following
affine Lie algebras [[]

g={45) A5) . BV, C) DY (7.4)

2n

1We do not consider here the case As), which does not have crossing symmetry; it has been studied in a similar context in
[T, (72, 7).
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These R-matrices, which are given by Jimbo [56] (except for Agi)_l, in which case we consider instead

Kuniba’s R-matrix [58]), are in the homogeneous picture (gauge) ] These R-matrices, which can be found in
Appendix [G] all have the following additional properties: PT symmetry

Ro1(u) = Pia Ris(u) Pra = Ry (u), (7.5)
unitarity
R12(U) RQl(—U) = C(u) I, (76)
where ((u) is given by
() = €@ E(-u). &) = ~28, sinh(L (u+ 4n) sinh (3 (u + ). (7.7

where §; is given by

. 2 2
= {l 7
1 for By’ ,Cy’,Dy”,
and crossing symmetry
Raa(u) = Vi Riy(—u— p) Vi = V3* Riy(—u—p) V*, (7.9)
where the crossing parameter p is given by
_J —2knp—ir for Agi) ,Aéi)_l (7.10)
P —2kK1 for B,(Il) ,C,(ll) ,DS) ’ '
with x defined in (G.4)). The crossing matrix V' is an antidiagonal matrix given by
d —
V=0 e eqqr, V=1, (7.11)
a=1
where d5 is given by
L1 e A2 BY DY
i for Aéill No's ’
and the other notations are defined in (G.5)-(G.7). The corresponding matrix M is defined by
M=V'V, (7.12)
and it is given by the diagonal matrix
d a+1
M =63 Z S e (7.13)
a=1

7.1.2 K-matrices

The boundary interactions are encoded in the right and left K-matrices, denoted here by K% (u) and K% (u),
respectively, which map V to itselfﬂ We choose K ®(u) to be the diagonal d x d matrix
“+1 “+1
—u € L 0CE L e, (7.14)
v +e Yt er ———
d—2p

KB (u) = KR (u,p) = diag (e ™“,... ,e

where p =0,1,...,n, and

706(4p72)77+%p for Agi)_l 7B7(11) ,DS)
N = , o = %1, (7.15)
yoelPtntze  for Aéi) ,07(11)

2Bazhanov’s R-matrices [57] are equivalent, but are instead in the principal picture.

3Following Sklyanin [52], the right and left K-matrices are usually denoted instead by K~ (u) and K7 (u), respectively.
However, we adopt a different notation here in order to avoid confusion with the £ used in subsequent sections to denote the
limits u — Fo0.
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where p is the crossing parameter (7.10)). Unless otherwise noted, all the results in this chapter hold for both
values (£1) of the parameter ~vy. As observed in [62] (see also [59, [60, [61]), the matrices (|7.14) are solutions
of the boundary Yang-Baxter equation (BYBE) on V ® V [52] [92] 93]

Riz(u —v) KE(u) Roy(u+v) KE(v) = KE(v) Ria(u 4 v) KE(u) Roy(u — v). (7.16)
For p = 0, we see that K®(u,p) in (7.14) is proportional to the identity matrix,
KT (u,0) < I, (7.17)

which is the solution noted in [65]. We emphasize that the solution depends on the bulk anisotropy
parameter n and the discrete boundary parameters p and g, but does not have any continuous boundary
parameters.

For the left K-matrix, we take

KL(U):KL(u’p):KR(—U—p7p)M7 (718)
where M is given by (7.12)), which is a solution of the corresponding BYBE [52] 53]
Rio(—u+v) KEU (u) M7 Ryy (—u — v — 2p) My K£'2(v)

= K& (v) My Rig(—u — v — 2p) M7V KE" (u) Roy (—u + v). (7.19)

7.1.3 Transfer matrix
The open-chain transfer matrix, which maps the quantum space V&V to itself, is given by[52]
t(u, p) = trg KX (u,p) Tu(u) K2 (u,p) Tu(u), (7.20)
where the single-row monodromy matrices are defined by
Ta(u) = RaN(u) RaNfl(u) te Ral(u) y
To(u) = Rig(u) -+ Ry_10(t) Rya(u), (7.21)

and the trace in ([7.20]) is over the “auxiliary” space, which is denoted by a. The transfer matrix is engineered
to satisfy the fundamental commutativity property

[t(u,p),t(v,p)] =0 for all u,v, (7.22)

which is the hallmark of integrability. The transfer matrix contains the Hamiltonian (~ ¢'(0, p), see Appendix
m) and higher local conserved quantities.The transfer matrix is also crossing invariant

t(u,p) = t(—u—p,p), (7.23)

where the crossing parameter p is given by equation ([7.10]).

7.2 Quantum group symmetry

We now proceed to show that the transfer matrix has QG symmetry, in accordance with the second
column in Table

A key step of our argument is to use a gauge transformation to bring the right K-matrix “as close
as possible” to the identity matrix. By transforming to this “unitary” gauge, the asymptotic (single-row)
monodromy matrix becomes expressed in terms of only the unbroken symmetry generators, which then allows
us to bring the powerful QISM machinery to bear on the problem. To this end, we set (see e.g. [56])

Ri2(u,p) = Bi(u,p) Ria(u) Bi(—u,p) = Ba(—u,p) Ri2(u) Ba(u,p), (7.24)
and [53]

K% (u,p) = B(u,p) K™(u,p) B(u,p),
B(—u,p) K*(u,p) B(—u,p), (7.25)

=

~

—~
I
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where B(u,p) is a diagonal matrix that maps V to itself, which we choose as follows

B(u,p) = diag (e2,...,e2,1,...,1,e7% ... e 2). (7.26)
N——— N——————

P d—2p P
Indeed, this gauge transformation brings K (u, p) (7.14) to a form with mostly 1’s on the diagonal

_ wq w
KR(u,p) = diag (1,...,1,29 L 220y ).
~—— 7 te Vet e———
p p
d—2p

(7.27)

For p = n, we see that K ®(u,n) is exactly equal to I if d = 2n (i.e., for A§2n)717 ¢V and DS)); and K (u,n)
differs from I only in the middle matrix element if d = 2n + 1 (i.e., for Aéi) and By(ll)).
The matrix B(u, p) satisfies

B(u,p) B(v,p) = Bu+wv,p),  B(0,p)=1, (7.28)

as well as
[B1(u, p) Ba(u,p) , Ri2(v)] =0. (7.29)

With the help of these properties, it can be shown that the gauge-transformed R-matrix and K-matrices
continue to satisfy their respective Yang-Baxter equations. The crossing symmetry is also maintained,
with [53] 3

V(p) =V B(p,p) = B(—p,p) V, (7.30)

and
M(p) = V*(p) V(p) = Blp,p) M B(p,p).- (7.31)
The transfer matrix ((7.20]) remains invariant under these transformations [53]

Hu, p) = tra K2 (u, p) Tu(u, p) K2 (u, p) Ta(u,p) (7.32)

where

Ta(U,p) = Ral\/(u7p) RaN—l(uap) e Ral(uvp) 3
Ta(uap) = Rla(uap) T RN—la(uap) RNa(uvp) . (733)

As already remarked in the Introduction, prior to any gauge transformation, the R-matrix has the property
that R(u) = PR(u) commutes with the coproducts of generators of the “left” quantum group U,(g")) in

Table with p = 0, i.e[f]

p=0: [R(@,A(H}”(@))} —0= [R(u),A(E;—“”)(o))} . j=1,....n. (7.34)

In contrast, the gauge-transformed R-matrix given by (7.24) and (7.26)) with p = n has the property that

R(u,n) = PR(um) commutes with the coproducts of generators of the “right” quantum group Uq(g(r)) in
Table [6.1] with p = n, i.e.

p=n: [R(u,n) , A(Hy)(n))} —0= [R(u, n), A(EE® (n))} . g=1,....n. (7.35)

We now use such gauge transformations to prove the QG invariance of the open-chain transfer matrix ¢(u, p)
for any integer p € [0,7]. }
Let us denote by R*(p) the asymptotic limits of the gauge-transformed R-matrix R(u,p) (7.24)

R*(p) = lim eT“R(u,p), (7.36)

u—+o0

and we similarly denote by Tai (p) the asymptotic limits of the gauge-transformed monodromy matrix T, (u,p)
(7.33) ~ } } }
Tai (p) = Rj[N (p) RfN—1(p) T R(jﬁ (p) - (7.37)

Let us further denote by Tlij (p) (1 <i,j < d) the matrix elements of TF(p) in the auxiliary space, which are
operators on the quantum space Yo,

4Further details about the generators, coproducts, etc. can be found in Appendix@
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We show in Appendix@that the operators Tfj (p) can be expressed in terms of (the quantum enveloping
algebra of) the unbroken ¢ generators, i.e. the generators of the quantum groups in the second column of
Table[6.1] Hence, in order to demonstrate the QG symmetry of the transfer matrix, it suffices to show that

[Tfj(p) ,t(u,p)] =0  ij=12....d. (7.38)

To this end, following [95] (see also [64] [66]), we first establish several lemmas.

Lemma 1. R ~
50), K (w,p)] = 0. (7.39)

A proof is outlined in Secs. [J.4 and

Lemma 2.

[R5 (p) N1 (p) K (u,)] = 0. (7.40)

Proof. We observe that
K*(u,p) = K™(—u—p,p) M(p) = M(p) K" (~u—p,p), (7.41)
as follows from (7.18)), (7.31)) and (7.25). Hence,
Ri5(p) Mi(p) K3 (u, p) = Ri5(p) Mi(p) Ma(p) K5 (—u — p, p)

1
= My (p)M2(p)Ri5(p) K3'(—u — p,p)
= M (p) Mz (p) K5'(—u — p,p) Ri3(p)
=M (p)K2 (u, p) Ritz(P) ) (7.42)
where the first and last equalities follow from ; the second equality is a consequence of the fact [53]
[Ri2(u), M1 Ms] = 0; (7.43)
and the third equality follows from Lemma 1 . O
Lemma 3. R
R (0) T (9) o, ) K (. ) Ta(u,p)] = 0. (7.44)
Proof. ~ We recall the gauge-transformed fundamental relation
R12(U1 — Uz, p) Tl(ul,p) Tz(uz,p) = Tz(uz,p) Tl(ul,p) Rl?(ul —uz,p). (7.45)
Taking asymptotic limits of u; yields
R (p) T{(p) To(u, p) = Ta(u, p) Ty (p) Ri5(p) , (7.46)
which further implies
Ty (u,p) Riz(p) Ti(p) = 11 (p) Riz(p) Ty *(u, p)- (7.47)
Therefore,
Ris(p) T () To(u, p) K5 (u, p) Ty ' (—u, p)
= T(u, p) 1 (p) Riz(p) K3 (u, p) Ty (—u, p)
= To(u, p) K3'(u,p) T{ (p) Riz(p) Ty ' (—u.p)
= To(u, p) K3'(u,p) Ty (—u, p) R (0) T7" (1) , (7.48)

where the first equality follows from (|7.46[), the second equality follows from Lemma 1 ([7.39)), and the third
equality follows from ([7.47). We have therefore demonstrated the commutativity property

[R%a<p> T (v), To(u,p) K5 (u,p) T3 (—u.p)| = 0. (7.49)
Finally, we see from ) that
T () = R (u,p) - i (u,p)
 Ria(~u,p) -+ Ria(—u,p) = Tu(~u.p), (7.50)

where the second line follows from unitarity (7.6). Substituting into (7.49)) we obtain the desired result
(2. 0
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Lemma 4. i ) b )
N ) ((R) ™) N (p) B ™ (0) =152 (7.51)
Proof.  We write the gauge-transformed unitarity condition as
Ruo(u,p) Riy* (—u,p) = C(u) 12, (7.52)
and then use crossing symmetry to obtain
Vi(p) Rig(—u— p,p) Vi(p) Vi (p) Rib(u — pp) Vi (p) = ((u) %2, (7.53)
where V (p) is given by . By taking asymptotic limits of and noting that V(p)2 = I, we obtain
Riy"™(p) My (p) R, " (p) Ma(p) = X I%?, (7.54)
where x is given by
x= lim eT? ((u) = 3512 . (7.55)
Moreover, from we obtain
RliQ (p) Rlez %2 (p) = x1%?, (7.56)
which implies that
RE"(0) = x(Ro) ™" o RE"w) =x ((Raw) )" (7.57)
Substituting into , we obtain
RE™ ) N7 o) () ™) M) =197, (758)
which can be rearranged to give the desired result . O

We are finally ready to prove the main result , which is equivalent to the following
Proposition 1.
[T () ()| = 0. (7.59)
Proof.  Recalling that the transfer matrix remains invariant under gauge transformations , we obtain

T (p) t(u, p)

— try {T () K (u.p) Ta(,p) KfH (0, p) To(.p)}
= try {317 (9) M1 (p) KF (. ) (RS (9)) ™ Re0) 5 (p) T, p) K5, p) T, )}

= try { W17 (p) (Ria(p)) ™ NI () K (0, ) T (0, p) Kf () T (0, 9) R () T ()}

=... (7.60)
In passing to the third equality, we have used Lemma 2 and Lemma 3 . Then
=t { NI ) (R0 N () K ) o, p) K8, ) T, ) ) } T )
= try {Alz Q2 Ri5(p) } i (p)
— tr { Al R (0) QF } T (0) = ... (7.61)

In passing to the second line we have made the identifications Ao = M; ! (p) (R, (p)) ™! My (p) and Qq =
KE(u, p) To(u, p) K& (u, p) To(u, p). Finally, we obtain

o= {10 (R0 )” M) R ) Q| T0)
= tro {ng } TljE (p)
= t(u.p) T (p). (7.62)

In passing to the second line we have used Lemma 4 ([7.51)); and we have used (7.32) again to pass to the
third line. 0
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7.3 Duality symmetry

93

We now show that the transfer matrix ¢(u, p) 1|7.20. for the cases Cy(Ll) and Dg) has a p <> n — p “duality”

symmetry. In order to prove the general result (8.12), we need the following lemma:
Lemma 5. The R-matrices for both ¢ and DYV obey

Uy Riz(u) Uy = Wy (u) Ria(u) Wy (u)
Uz Rya(u) Uy = Wi(u) Rig(u) Wi(u),

S

where U and W (u) are the following (2n) x (2n) matrices

U _ < 0 ann , U2 — I[’
]I”X" 2nX2n
W(u) _ < . 0 ‘ E_Eann ) , W(U)2 —1.
82]In><n 0 2nX2n

Furthermore, the K-matrices and obey

W (u) K% (u,p) Wh(u) = f%(u,p) K*(u,n — p)
W (u) K (u,p) W(u) = f*(u,p) K" (u,n —p),

where f(u,p) and fX(u,p) are scalar functions given by

7 et 4 e(2n—4p)n

R
[ (u,p) = ~o + eut@n—ap)y ’
. B Y% ev 4+ e(4p+2n:|:4)77 i + fOT‘ Cy(ll)
f (Uap) - Yo e(dntd)n 4 cut(4p—2n)n wi for DS) )

where vg = £1 is a parameter appearing in the K-matrix, see .

A proof of ([7.63)) is outlined in Sec.

The main duality result is given by the following proposition:
Proposition 2. For the cases C,(Ll) and DS), the transfer matrixz has the duality symmetry
Ut(u,p)U = f(u,p)t(u,n —p),
where U is the quantum-space operator
U=U,...Uy, U> =19V,
and the scalar factor f(u,p) is given by
flu,p) = f*(u,p) fF(u.p).
Proof.  We see from that the monodromy matrices transform as follows

UT,(u)U = Wy (u) Ty (u) Wy (u),
UTo(w)U = W) Ta(u) Wi(u).

(7.63)

(7.64)

(7.65)

(7.66)

(7.67)

(7.68)

(7.69)

(7.70)

Evaluating U t(u, p) U using the definition (7.20) of the transfer matrix together with (7.70) and (7.65), we

arrive at the desired result (8.12]).

A similar duality symmetry was noted for the case Agll_)l in [77].

O

As a consequence of the duality symmetry (8.12), for each eigenvalue A(u,p) of t(u,p), there is a corre-

sponding eigenvalue A(u,n — p) of t(u,n — p) such that

A(u,p) = f(u,p) AMu,n —p).

(7.71)
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7.3.1 Action of duality on the QG generators

For the case CS", the transfer matrix t(u, p) has the symmetry U,(C\—_p,) @ Uy(C)p) (see again Table ,
while ¢(u,n — p) (its image under the duality transformation (8.12)) has the symmetry Uy(Cp) ® Uy(Cr—p).
Under a duality transformation, the generators of the “left” symmetry factor of t(u, p) (namely, Uy(Cr—p))
are mapped to the generators of the “right” symmetry factor of t(u, n—p) (which is also Uy(Cp—p)). Similarly,
the generators of the “right” symmetry factor of ¢(u,p) (namely, Uy(C})) are mapped to the generators of

the “left” symmetry factor of ¢(u,n — p) (which is also U,(Cp)). The case DS is identical, except with D’s
replacing the C’s. In other words,

UHY(p)U = H" (n—p), UVEFOpU=EDm-p), i=12...n-p,
UHM (p)U = HY (n —p), UEED U =EFYm-p), i=12...,p. (7.72)
and similarly for the coproducts. In order to obtain the general result (7.79)), we need a few lemmas.

Lemma 6.
W'(u) = B(u,n — p) U B(—u,p), (7.73)

where U and W (u) are given by .

Proof. We evaluate the RHS by writing all three matrices in terms of n x n blocks:

RHS
Fn—p)x(n-p) : F
— DPXP nxn B —u,p
Lxp ( Lnxn | ) (Fur)
€ 2 Lin—p)x(n—p)
€ Fln—p)x (n—p) e Ly
_ Ipxp Ltn—p)x (n—p)
Ixp ln-p)xn-p)
e 2 ltn—p)x(n-p) ez lpxp
_ ‘ G%Han -
_ < —] > _ LHS. (7.74)
O
Lemma 7. The gauge-transformed R-matrices for 07(11) and D,(ll) obey
U1 ng(u,p) U1 = U2 ng(u,nfp) UQ. (775)
Proof. Recalling the definition of the gauge-transformed R-matrix ([7.24)), we see that
Uy Riz(u,p) Uy = Uy By(—u, p) Ria(u) Ba(u,p) Uy
= Bay(—u,p) Ur Ria(u) Uy Ba(u, p)
= By(—u,p) Wy(u) Ria(u) Wj(u) Bz (u, p)
= Uy Ba(—u,n — p) Ria(u) Ba(u,n — p) Us
= U Ris(u,n—p)Us. (7.76)
In passing to the third line, we have used the result (7.63)); in passing to the fourth line, we use
B(_uap) Wt(u) = UB(—u,n—p), Wt(u)B(u,p) = B(u,n—p)U7 (777)

which follow from ([7.73)); and we pass to the last line using again the definition of the gauge-transformed
R-matrix. 0

Lemma 8. The gauge-transformed monodromy matrices for C,(ll) and D;l) transform under duality as
UT,(u,p)U = Uy Ty (u,n —p) Uy, (7.78)

where U is given by .
Proof. This result follows immediately from the definition of T, (u,p) (7.33) and the result (7.75). O
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Finally, taking asymptotic limits of the result ([7.78)), we obtain the sought-after result:

Proposition 3. For the cases C’fll) and DSLI), the asymptotic gauge-transformed monodromy matrices T;t (p)
transform under duality as
UT(p)U = U T (n — p) U, - (7.79)

From the result (7.79)), we can read off the transformation properties of the coproducts of the QG generators
under duality, thereby generalizing (7.72)).

7.3.2 Self-duality

For p = § with n even, we see that the duality relation (8.12)) implies that the transfer matrix is self-dual

U, tu, %) =0, (7.80)

since f(u,§) = 1. This self-duality symmetry maps the “left” and “right” generators into each other
Din n +()/n +(r)/n . n
UH(5)U=H"(3), UEFOBU=EFT(G),  i=12...%, (781

as follows from (7.72). Hence, this symmetry maps the representations (1,R) and (R, 1) (i.e., with “left”
and “right” singlets, respectively) into each other; and therefore these states are degenerate (i.e., have the
same transfer-matrix eigenvalue). This degeneracy is discussed further in Section

Bonus symmetry for v = —1

For the self-dual cases (namely, ¢V and DS with p = 5 and n even) with 79 = —1, there is an additional
(“bonus”) symmetry, which leads to even higher degeneracies for the transfer-matrix eigenvalues.
In order to exhibit this symmetry, it is convenient to introduce the matrix U, which is similar to the

duality matrix U (7.64),

ilnyn
2 2
— —illayn — 9
U= . 22 , U =1, (7.82)
—illgxg
ily Xg 2nXx2n
and which satisfies
UU =-UU =iD, (7.83)
where D is the diagonal matrix
D =diag(1,...,1,-1,...,—1,1,...,1). (7.84)

\‘,_/\W_/\‘n,_/
2

NE
3

Similarly to ([7.75]), we find that the gauge-transformed R-matrix obeys
Ul Rm(u, %) Ul = UQ ng(u, %) UQ y (785)

as well as
D1 R12(u7 %) D1 = D2 ng(u, %) D2 . (786)

Moreover, the gauge-transformed right K-matrix (7.27) is equal to D[]

Kf(u,2)=D. (7.87)
It follows from the BYBE (7.16|) that
ng(u — v, g) D1 Rzl(u + v, %) D2 = D2 ng(u + v, g) D1 Rgl(u -, %) . (788)

The key result is given by the following proposition

5We emphasize that the result 1) holds only for 79 = —1, and we assume that y9 = —1 in the remainder of this subsection.



56CHAPTER 7. SURVEYING THE QUANTUM GROUP SYMMETRIES OF INTEGRABLE OPEN SPIN CHAINS

Proposition 4. For the cases CT(LI) and DSLI) with p = 5 (n even) and o = —1, the transfer matriz has the
bonus symmetry B
U, tu,2)] =0, (7.89)
where U is the quantum-space operator given byEl
U=TU, Uy, U2 =18V, (7.90)

Proof. We see from (7.85|) that the gauge-transformed monodromy matrices (|7.33) transform as follows
Z/_[Ta(ua %)L_{ = —1 UaRaN(u; %) Ra,N—l(ua %) T RaQ(“z %) Da Ral(uy %) Ua 5

UTo(u, 2)U = iU, Rig(u, %) Dy Roq(u, 2) Raa(u, 2) -+ Rya(u, 2) Uy, (7.91)

where we have also used 1|7.83 . Starting from the gauge-transformed expression for the transfer matrix

(7.32)), and also making use of 7.8E|), we obtain

Ut(u, 3)U
= tr, ~£(u,%)f~ia1\z(u,%) -~Ra2(u,%)Daéal(u,%)DQRla(u,%)Daf%ga(u,g) ]:INa(u, 5)
= tro K (u, 3) Ran(u, ) -+ Ra1(u, 3) Do Rag(u, 3) - Rya(u, %)
= trg KE(u, ) Ty (u, ) Dy Talu, )
=t(u,5), (7.92)

which implies the desired result (7.89). In passing to the first equality, we have used the cyclic property of
the trace, and the fact U, KL (u, 5)Us = ~KE(u, 5); and to pass to the second equality, we have used the
result

Dy Ra1 (u, 5) Do Ria(u, %) Do = Ra(u, 3) Do Rua(u, 3), (7.93)
which follows from . O
Recalling the definitions of U and U (7.90)) as well as the property , it is easy to see that
U, U] =-2iD, (7.94)
where D is the quantum-space operator defined by
D=D=DI®W-D_ p2_1&N, (7.95)
The fact that D commutes with the transfer matrix is now a simple corollary of :
Corollary. For the cases C’,(ll) and DS) with p = 5 (n even) and o = —1, the transfer matriz commutes
with the operator D
[D,t(u,2)] =0. (7.96)
Proof. Using and the Jacobi identity, we see that
(Dt )] = 5 [[U.U] L t(u, 5)]
= L[] ]~ ([t 3).24)
=0, (7.97)
where the final equality follows from the symmetries and . O

The symmetry (7.96]) gives rise to additional degeneracies of the transfer-matrix eigenvalues. Indeed, let
|A) be a simultaneous eigenket of the transfer matrix and of the self-duality operator U,

t(u, 5) |A) = Au, 3) |A)
UIN) = pn|A), w==xl. (7.98)

Since U and D do not commuteﬂ , |A) is not necessarily an eigenket of D, in which case D |A) is a linearly
independent eigenket with the same transfer-matrix eigenvalue A(u, %) as |A). Note that |A) necessarily
belongs to a QG representation of the form (R,R) or (Ri,R2) @ (R2,R1); hence, the bonus symmetry
implies the existence of a second set of states of the form (R,R) or (R1,Rs2) & (Ra, R1). In particular, the
degeneracy of the corresponding transfer-matrix eigenvalue becomes doubled as a consequence of the bonus
Syminetry.

6Note that I contains only one factor of U; all the other factors are U.

"Indeed, [U,D] = [U,D]®@U® - ®U = 2il, see (7.83).
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7.4 7, symmetries

We now show that the transfer matrix ¢(u, p) has a discrete “right” Z5 symmetry that maps complex
representations of Uy(D,) to their conjugates for the cases Agi)_l, BY and DS); and, for the latter case,
there is an additional “left” Z, symmetry that maps complex representations of Uy (D,,_,) to their conjugates.
We shall see in Section that these discrete symmetries give rise to degeneracies in the spectrum beyond
those expected from QG symmetryﬂ

7.4.1 The “right” 7,
In order to prove the main result (8.14)), we need the following lemma:

Lemma 9. The R-matrices for Agl)fl, B and DS obey

Z") Rig(u) 27 = Y (u) Rua(u) Y (u)
25" Ria(u) 257 = Y1 (u) Raa(u) Ya (u) (7.99)

where Z() and Y (u) are the following d x d matrices

0 0 1
Z0 = 0 La-gyx@-2 O ; zM? =1,
1 0 0 dxd
0 0 e v
Y(u)=| 0 Ig-2x@-=2 0 : Y(u)?=1. (7.100)
e 0 0 dxd

Furthermore, for p > 0, the K-matrices and obey
Y (u) K™ (u,p) Y(u) = K" (u, p),
Yi(u) K5 (u,p) Y (u) = K (u,p). (7.101)

A proof of (7.99) is outlined in Sec.

The main result concerning the “right” Zs symmetry is contained in the following proposition:

Proposition 5. For the cases Agi)_l, Bél) and D;l) with p > 0, the transfer matriz has the “right” Z
symmetry

[ZW ,t(u,p)} ~0, (7.102)
where Z() is the quantum-space operator
20 =720 ...2p, z02=eV, (7.103)

Proof. ~ We see from ([7.99) that the monodromy matrices (7.21) transform as follows
ZO T, (u) 27 = Y, (u) Ta(u) Yo (u),
ZO To(u) 20 = Y w) Ty (u) Y (u) . (7.104)

Evaluating Z(") t(u, p) Z(") using the definition (7.20) of the transfer matrix together with ((7.104)) and (7.101)),
we arrive at the result (8.14). O

Action of the “right” Z; on the QG generators

In order to determine the action of the “right” Z; on the QG generators, we use a set of lemmas that are
analogous to (7.73)), (7.75) and (7.78)), and which have similar proofs:

Lemma 10.
Y(u) = B(=u,p) Z") B(u,p),  p>0, (7.105)

where Z") and Y (u) are given by (7.100)).

8The Zz symmetry for the case AéQTLI with p = n was conjectured in [87].
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Lemma 11. The gauge-transformed R-matrices for Agi)_l, B,(ll) and Dg) with p > 0 obey
Z") Rig(u,p) 27 = Z8) Ryg(u,p) 287 . (7.106)

Lemma 12. The gauge-transformed monodromy matrices for Aéi)fp B,Sl) and Dg) with p > 0
transform under the “right” Zs as

20 To(u,p) 27 = Z{) Ta(u,p) 257 (7.107)
Finally, taking asymptotic limits of the result (7.107)), we obtain the sought-after result:

Proposition 6. For the cases Agi)fl, B,(ll) and DSE) with p > 0, the asymptotic gauge-transformed mon-
odromy matrices Tai (p) transform under the “right” Zs as

20T 2 = 20 T (0) 27 (7.108)

We can read off from this result how the coproducts of the “right” QG generators transform under this
Zo symmetry. In particular, we observe that

72 g g = HJ(‘T) forj=1,....p—1,
“ J “ —H]gr) forj=p

+(r .
Z(r) g () _ E]j-t( D oforj=1.p-2, _ (7.109)
“ ¢ Ef" forj=p—1

Hence, this transformation maps complex representations of U,(D,) to their conjugates.

7.4.2 The “left” Z,
In order to prove the main result , we need the following lemma:
Lemma 13. The R-matriz for DSLI) obeys
79 Ris(u) 289 = Z Ryy(u) 2V (7.110)
where ZW is the following 2n x 2n matriz

T—1)yx(n-1)

zW = (1) (1) , zZWZ=1. (7.111)
In-1)x(=1) / gpszn
Furthermore, for p <n, the K-matrices and obey
20 K™ (u,p) 29 = K*(u,p).
ZW K (u,p) 20 = K (u,p). (7.112)

A proof of (7.110) is outlined in Sec.

The main result concerning the “left” Zs symmetry is contained in the following proposition:

Proposition 7. For the case Dﬁll) with p < n, the transfer matrix has the “left” Z, symmetry

[Z(” ,t(u,p)] =0, (7.113)
where ZU) is the quantum-space operator
z0=z®  zQ0,  z02_1oN, (7.114)

Proof.  We see from ([7.110)) that the monodromy matrices ([7.21]) transform as follows
ZO0 T (u) 2O = 2O T, (u) 20 |
ZO T, (w) 20 = 20 T, (u) 20 . (7.115)

Evaluating Z® t(u, p) Z) using the definition (7.20) of the transfer matrix together with (7.115)) and (7.112)),
we arrive at the result (8.15]). O
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Action of the “left” Z,; on the QG generators

The gauge-transformed R-matrix 1) for DYV with p < n obeys
23" Riz(u,p) 2" = 7§ Riz(u,p) 2§, (7.116)

in view of the property ([7.110) and the fact that [Z(l) 7B(u,p)] = 0 for p < n. Hence, the gauge-transformed
monodromy matrices ([7.33)) transform as follows

Z(l) fa(u,p) Z(l) = Z(gl) Ta(uap) Z(S,l) )
Z(0) Ta(u,p) 0 _ Zél) Ta(u,p) yAUR (7.117)

a

Taking asymptotic limits of this result gives the following proposition:

Proposition 8. For the case D,(ll) with p < n, the asymptotic gauge-transformed monodromy matrices Tai (p)
transform under the “left” Zs as

20T 20 = 20T (p) 250 . (7.118)

We can read off from this result how the coproducts of the “left” QG generators transform under this Z5
symmetry. In particular, we observe that

—H,(llfp forj=n—p

@ -
Z(SI)H](Z)ZC(J){ H; fOI']—l,,TL*pfl7

+(1) .

E* f =1,....n—p—2

ZL(LI) Eji(l) Z((Ll) — Jj:(l) OI'.]' ) yM—D ) (7119)
E,~, forj=n—p-1

Hence, this transformation maps complex representations of Uy(D,,—,) to their conjugates.

7.5 Degeneracies of the transfer matrix

The symmetries identified above can be used to understand the degeneracies in the spectrum of the transfer
matrix. Most importantly, the QG symmetries of the transfer matrix , summarized in Table are
directly manifested in the degeneracies of the spectrum. Indeed, for generic values of the anisotropy parameter
n, the N-site Hilbert space V&V can be decomposed into a direct sum of irreducible representations of the
corresponding classical group, whose dimensions are generally equal to the degeneracies of the eigenvalues.
For the cases Agi)fl, Bfll) and D,(Ll)7 the transfer matrix has an additional “right” Zy symmetry

that maps complex representations of U, (D)) to their conjugates. Moreover, for the case Dy(ll), the transfer

matrix also has a “left” Zy symmetry (8.15) that maps complex representations of U,(D,,_,) to their con-
jugates. Consequently, the degeneracies of eigenvalues corresponding to complex representations are larger
than expected from the decomposition of the Hilbert space.

For the cases 01(11) and D,(ll) with n even and p = 7, the transfer matrix has a self-duality symmetry 1)
that maps the representations (1, R) and (R, 1) into each other, and therefore those states are degenerate.
If 9 = —1, then there is a bonus symmetry (7.89)), (7.96) that leads to additional degeneracies.

For the cases Cr(bl) and D,(Ll) with n odd and p = "Til, we also observe some higher degeneracies, which
presumably can also be attributed to some discrete symmetries that remain to be elucidated.

We now consider examples of each of these cases.

7.5.1 AP

For Agi) and generic values of 7, the degeneracies of the transfer matrix exactly match with the predictions
from the decomposition of the Hilbert space based on the QG symmetry. That is, in contrast with the other
cases considered below, we do not find any higher degeneracies. As an example, let us consider the case n = 5
and N = 2 (two sites). By direct diagonalization of the transfer matrix ¢(u,p) for generic numerical values
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of u and n, we find that the degeneracies are as follows:

p=0: {1,55,65}

p=1: {1,1,3,18,18, 36, 44}

p=2: {1,1,5,10,21, 27,28, 28}

p=3: {1,1,10, 14, 14, 21, 30, 30}

p=4: {1,1,3,5,24, 24, 27, 36}

p=5: {1,1,10,10, 44,55} . (7.120)

In other words, for p = 0, one eigenvalue is repeated 65 times, another eigenvalue is repeated 55 times, and
another eigenvalue appears only once; and similarly for other values of p.

On the other hand, according to Table the symmetry for Agl) with n =5 is Uy(Bs—p) @ Uy(C)), and
the representation at each site is V = (11 — 2p, 1) @ (1, 2p). For generic values of 7, the QG representations
are the same as for the corresponding classical groups. Performing the tensor-product decompositions here
and below using LieART [96], we obtairﬂ

p=0:B;s (11)*?* =155 65

p=1:By®C; ((9,1) ® (1,2))%? =2(1,1) @ (1,3) ©2(9,2) © (36,1) ® (44,1)

p=2:B3®C, (7,1) @ (1,4))®2 = 2(1,1) ® (1,5) ® 2(7,4) ® (1,10) @ (21,1) ® (27,1)
p=3:By®C;y ((5,1) ® (1,6))%? =2(1,1) © 2(5,6) © (10,1) ® (1,14) © (14,1) & (1,21)
p=4:B ®C, ((3,1) @ (1,8))®* =2(1,1) @ (3,1) @ (5,1) © 2(3,8) © (1,27) @ (1, 36)
p=5:Cs (1®10)%* =2(1) ©2(10) © 44 © 55. (7.121)

Comparing the degeneracies (7.120)) with the corresponding tensor-product decompositions ([7.121)), we see
that they exactly match. We obtain similar results for other values of n and N. The special cases p = 0 and
p = n are discussed further in [86].

7.5.2 AP |

For Agi)_l and generic values of 7, the degeneracies of the transfer matrix either match with the predictions
from QG symmetry, or are larger due to the “right” Zs symmetry . As an example, let us consider
the case n = 5 and N = 2 (two sites). By direct diagonalization of the transfer matrix ¢(u,p) for generic
numerical values of u and 7, we find that the degeneracies are as follows:

p=0: {1,44,55}
p=2: {1,1,6,9,14,21,24, 24}
=3: {1,1,5,10,15, 20,24, 24}
=4: {1,1,3,16,16,28,35}
=5: {1,45,54} . (7.122)
Note that we exclude the case p = 1.

On the other hand, according to Table the symmetry for Aéi)_l withn =>5and p # 1 is Uy(C5-p) ®
Uqy(Dp), and the representation at each site is V = (10 — 2p, 1) & (1, 2p). The tensor-product decompositions
are as follows:

p=0:Cs (10)*? =13 44355
p=2:C35® Dy ((6,1) @ (1,4))®* =2(1,1) @ (1,3) © (1,3) © 2(6,4) © (1,9)
®(14,1) @ (21,1)
p=3:Co® D3 (4,1) @ (1,6))%? =2(1,1) @ (5,1) ©2(4,6) @ (10,1)
®(1,15) @ (1,20)
p=4:C1®D, ((2,1) @ (1,8,)%2 = 2(1,1) @ (3,1) © 2(2,8,) ® (1,28) @ (1, 35,)
p=>5:Ds (10)*? =1 @450 54. (7.123)

Comparing the degeneracies with the corresponding tensor-product decompositions (7.123), we see
that they match, except for p = 2. For the latter case, the degeneracies are larger, due to the “right” Z,
symmetry mapping complex representations of D), to their conjugates (here, the 3 and 3). We obtain similar
results for other values of n and N. The special cases p = 0 and p = n are discussed further in [87].

9We recall that A; = By = C1, while the D, series starts with n = 2.
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7.5.3 BWY

For B,(LD and generic values of 7, the degeneracies of the transfer matrix also either match with the predictions
from QG symmetry, or are larger due to the “right” Zs symmetry . As an example, let us consider
the case n = 5 and N = 2 (two sites). By direct diagonalization of the transfer matrix ¢(u,p) for generic
numerical values of u and 7, we find that the degeneracies are as follows:

p=0: {1,55,65}

p=2: {1,1,6,9,21,27,28,28}

p=3: {1,1,10, 14,15, 20, 30, 30}

p=4: {1,1,3,5,24, 24, 28, 35}

p=5: {1,1,10,10, 45,54} . (7.124)

Note that we again exclude the case p = 1.

On the other hand, according to Table the symmetry for B,(«Ll) withn =5and p # 1 is Uy(Bs_p) ®
U,(Dp), and the representation at each site is V = (11 — 2p, 1) & (1, 2p). The tensor-product decompositions
are as follows:

p=0:Bs (11)®*? =19 55 @ 65

p=2:B3® D, (7,1) @ (1,4))®? =2(1,1) © (1,3) © (1,3) @ (1,9) © 2(7,4)
@ (21,1) & (27,1)

p=3:By® Ds ((5,1) @ (1,6))®? = 2(1,1) © 2(5,6) @ (10,1) @ (14,1)

@ (1,15) @ (1,20)
p=4:B ® D, ((3,1)®(1,8,))®* =2(1,1) & (3,1) & (5,1) ® 2(3,8,) & (1,28) & (1, 35,)
p=>5:Ds (1910)%? =2(1) ©2(10) © 45 © 54. (7.125)

Comparing the degeneracies with the corresponding tensor-product decompositions , we see
that they match, except for p = 2. For the latter case, the degeneracies are larger, due to the “right” Z,
symmetry mapping complex representations of D,, to their conjugates (here, the 3 and 3). We obtain similar
results for other values of n and N.

754 (O

For C7(11) and generic values of 7, the degeneracies of the transfer matrix match with the predictions from QG
n

symmetry, except when n is even and p = % (in which case there is a self-duality symmetry (8.13)) or when

n is odd and p = "Til Moreover, the spectrum exhibits a p — n — p duality symmetry.

Example 1: even n

As a first example, let us consider the case n = 4 and N = 2 (two sites). By direct diagonalization of the
transfer matrix ¢(u, p) for generic numerical values of u and 7, we find that the degeneracies are as follows:

p=0: {1,27,36}
p=1: {1,1,3,12,12,14,21}
. {1,1,10,16,16,20} for vy = +1
P ' {2,10, 20, 32} for vo = —1
p=3: {1,1,3,12,12,14,21}
p=4: {1,27,36} . (7.126)

The fact that the degeneracies are the same for p and n — p is a consequence of the duality symmetry (8.12]),

(7.71).

On the other hand, according to Table the symmetry for OV with n = 4 is Uqg(Ca—p) @ Ug(Cp), and
the representation at each site is V = (8 — 2p, 1) @ (1, 2p). The tensor-product decompositions are as follows:

p=0:C4

pZ].ZCg@Cl ((6,1)@(
p=2:C20C ((4,1)s(1,

(8)®? =1®27® 36
2(1,1) ® (1,3) ©2(6,2) ® (14,1) ® (21,1)
®2 = 2(1,1) @ (5,1) @ (1,5) ©2(4,4) ® (10,1) & (1,10).  (7.127)
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There is no need to display the tensor-product decompositions for p > 2 due to the symmetry p — n — p.
Comparing the degeneracies with the corresponding tensor-product decompositions 7 we
see that they match, except for p = 2. For the latter case, the degeneracies are larger, due to the self-duality
symmetry for even n and p = %, which here maps (1,5) to (5,1) (resulting in a 10-fold degeneracy),
and also maps (1,10) to (10,1) (resulting in a 20-fold degeneracy). If 79 = —1, then the bonus symmetry
, implies that the two (4,4) are degenerate (giving rise to a 32-fold degeneracy), as well as the

two (1,1) (resulting in a 2-fold degeneracy).

Example 2: odd n

As a second example, let us consider the case n = 5 and N = 2 (two sites). By direct diagonalization of the
transfer matrix ¢(u, p) for generic numerical values of u and 7, we find that the degeneracies are as follows:

{1,44,55)

{1,1,3,16,16, 27, 36}

{1,1,5,21, 34,38}

{1,1,5,21, 34, 38}

{1,1,3,16,16, 27, 36}

{1,44,55} . (7.128)

ST S L~ B~ B S
|
T W N = O

We see again that the degeneracies are the same for p and n — p, as a consequence of the duality symmetry

(8.12). (7.71).
On the other hand, according to Table the symmetry for O with n = 5 is Uy(Cs—p) @ Uy(Cp), and
the representation at each site is V = (10 —2p, 1) ® (1, 2p). The tensor-product decompositions are as follows:

p=0:Cs (10)®2 =1® 44 © 55

p=1:C,0C; ((8,1)®(1,2)%* =2(1,1)® (1,3) ©2(8,2) ® (27,1) ® (36,1)

p=2:C50C, ((6,1)®(1,4)%? =2(1,1)® (1,5) ®2(6,4) ® (1,10) ® (14,1) @ (21,1).  (7.129)
Again, there is no need to display the tensor-product decompositions for p > 2 due to the symmetry p — n—p.

Comparing the degeneracies (|7.128) with the corresponding tensor-product decompositions ({7.129), we
see that they match, except for p = 2. For the latter case, the degeneracies are larger: the (1,10) and one
(6,4) are degenerate (resulting in a 34-fold degeneracy); and the (14, 1) and the other (6,4) are degenerate

(resulting in a 38-fold degeneracy). We expect that such degeneracies for odd n and p = %ﬂ can be attributed
to some discrete symmetries, which remain to be elucidated.

7.5.5 DW

For Dgl) and generic values of 7, the degeneracies of the transfer matrix match with the predictions from QG

symmetry, except for the following exceptions: when n is even and p = § (in which case there is a self-duality
symmetry (|8.13 ); when n is odd and p = ’%1; and when there are additional degeneracies due to the “right”

and “left” Zs symmetries (8.14)), (8.15). Moreover, the spectrum exhibits a p — n — p duality symmetry.

Example 1: even n

As a first example, let us consider the case n = 6 and N = 2 (two sites). By direct diagonalization of the
transfer matrix ¢(u, p) for generic numerical values of v and 7, we find that the degeneracies are as follows:

p=0: {1,66,77}
p=2: {1,1,6,9,28,32,32, 35)
. {1,1,30,36,36,40} for o = +1
b= (2,30, 40,72} for vo = —1
p=4: {1,1,6,9,28,32,32,35)
p=6: (1,66, 77} . (7.130)

Note that we exclude the cases p =1 and p = n — 1. The fact that the degeneracies are the same for p and

n — p is a consequence of the duality symmetry (8.12)), (7.71).



7.5. DEGENERACIES OF THE TRANSFER MATRIX 63

On the other hand, according to Table the symmetry for Dg) with m = 6 and p # 1,n — 1 is
Uqy(Ds—p) ® Uy(Dp), and the representation at each site is V = (12 — 2p,1) & (1,2p). The tensor-product
decompositions are as follows:

p=20:Dg (12)®2=1966 © 77
p=2:D,® Dy ((8,,1)®(1,4))®? =2(1,1) @ (1,3) @ (1,3) ® (1,9) © 2(8,,4)
@ (28,1) @ (35,,1)
p=3:D3® Ds ((6,1) @ (1,6))%* =2(1,1) © 2(6,6) ® (15,1) @ (1,15)
@ (20°,1) & (1,20'). (7.131)

There is no need to display the tensor-product decompositions for p > 3 due to the symmetry p — n — p.

Comparing the degeneracies with the corresponding tensor-product decompositions , we
see that they match for p = 0. For p = 2, the degeneracies are larger due to the the “right” Zs symmetry
, which maps (1, 3) to (1,3), and results in a 6-fold degeneracy.

For p = 3, the degeneracies are larger due to the self-duality symmetry for even n and p = %, which
maps (1,15) to (15,1) (resulting in a 30-fold degeneracy), and also maps (1,20") to (20’,1) (resulting in
a 40-fold degeneracy). If v = —1, then the bonus symmetry , implies that the two (6,6) are
degenerate (giving rise to a 72-fold degeneracy), as well as the two (1,1) (resulting in a 2-fold degeneracy).

Example 2: odd n

As a second example, let us consider the case n = 5 and N = 2 (two sites). By direct diagonalization of the
transfer matrix ¢(u, p) for generic numerical values of u and 7, we find that the degeneracies are as follows:

0 {1,45,54}
2: {1,1,6,20, 33,39}
3 {1,1,6,20, 33,39}
5 {1,45,54} . (7.132)

SRR~ S R
I

We again exclude the cases p = 1,n — 1, and observe that the degeneracies are the same for p and n — p, as
a consequence of the duality symmetry (8.12)), (7.71).

On the other hand, according to Table , the symmetry for DY with n = 5 and p# 1n—1is
Uqg(Ds—p) ® Uqg(Dp), and the representation at each site is V = (10 — 2p,1) & (1,2p). The tensor-product
decompositions are as follows:

p=0:D;s (10)®? =1 @ 45 54
p=2:Ds® Dy ((6,1) @ (1,4))®? =2(1,1) @ (1,3) ® (1,3) © 2(6,4) @ (1,9)
@ (15,1) @ (20,1). (7.133)

Again, there is no need to display the tensor-product decompositions for p > 2 due to the symmetry p — n—p.

Comparing the degeneracies with the corresponding tensor-product decompositions (7.133)), we
see that they match for p = 0. For p = 2, the 6-fold degeneracy is due to “right” Z, symmetry, which maps
(1,3) to (1,3). Moreover, the (1,9) and one (6,4) are degenerate (resulting in a 33-fold degeneracy); and
the (15,1) and the other (6,4) are degenerate (resulting in a 39-fold degeneracy). We expect that such
degeneracies for odd n and p = ’%1 can be attributed to some discrete symmetries, which remain to be
elucidated.
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Chapter 8

The spectrum of
quantum-group-invariant transfer
matrices

The outline of this chapter is as follows. The key results of the Chapter El and [88] BY] are briefly reviewed
in Sec. B} Expressions for the eigenvalues of the transfer matrix and corresponding Bethe equations are
obtained in Sec. Formulas for the Dynkin labels of the Bethe states (in terms of the numbers of Bethe
roots of each type) are obtained and illustrated with some examples in Sec. We briefly study how duality
transformations are implemented on the Bethe ansatz solutions in Sec. A connection between “bonus”
symmetry and singular solutions of the Bethe equations is noted in Appendix [K] and some additional cases
are considered in Appendix [[}

8.1 Review of previous results

8.1.1 R-matrix

As in the previous chapter, we consider here the trigonometric R-matrices given by Jimbo [56] (except
for Aéi)_l, in which case we consider instead Kuniba’s R-matrix [58]), corresponding to the following non-
exceptional affine Lie algebras

(8.1)

g = {Aéi)fl vAgi) 7B7(7,1) 707(11) ’D’ELI) ’D7(12+)1} .
We use the specific expressions for the R-matrices given in Appendix (including the one for Df_?_l tat had
not been discussed in the previous chapter). We emphasize that we consider here exclusively generic values
of 1. Various useful parameters related to these R-matrices are collected in Table[81] In particular, d is the
dimension of the vector space at each site of the spin chain; hence, the R-matrix is a d? x d? matrix. Also,
d =0 (0 = 2) for the untwisted (twisted) cases, respectively.

N R R R R
d 2n 2n+1 2n+1 2n 2n 2n+2
K 2n 2n+1 2n—-112n4+2 | 2n—-2 2n
p | —2km—im | —2km —im | =2k | —2KkN | —2KN —RKN
w K42 K—2 K42 K—2 K42 K

w K—2 K42 K—2 K42 K—2 K

0 2 2 0 0 0 2

13 1 0 0 1 0 0

& 0 0 0 0 1 0

Table 8.1: Parameters related to the R-matrices.

65
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8.1.2 K-matrices

For all the cases except Dg)_l, we take the right K-matrices given by the expressions ([7.14]) and (7.15) where
p is a discrete parameter taking the values

p=0,..,n for Aéi),Cﬁtl),
p=0,...,n, p#l1, for ASB?I,BS),
p=0,...,n, p#£l,n—1, for DS). (8.2)
and g is another discrete parameter
Yo = %1. (8.3)
It is convenient to define the corresponding parameter
1—7
= 8.4
e= 21, (54)
which therefore can take the values € = 0, 1.
Note that in (8.2) (as well as in the previous chapter) the following cases are excluded:
AP | with p=1,
Bfll) with p=1,
DM with p=1,n—1. (8.5)

For these cases, to which we henceforth refer as “special” cases, we take instead the following right K-matrices:

K®(u,1) = diag(e 2%, 1, ..., 1, e*%) (8.6)
d—2

for Agi)_l ,Bfll) ,Df«bl) with p = 1; and

KT (u,n—1) =diag(e™®,...,e %, ", e %, e, ...,e") (8.7)
——

n—1 n—1

for Dg) with p = n — 1. We choose these K-matrices because they lead to QG symmetry, as explained in

Sec. B 1.3l

For the case Dfi)_l, the right K-matrix is given by the d x d block-diagonal matrix [89
k- (u)lpxp
9(W)tn—p) x (n—p)
ki(u)  ka(u)
KB (u,p) = , 8.8
9(w)Ln—p)x (n—p)
Ky (u)pxp
where
ki (u) = e:tZu ;
(w) cosh (u — (n — 2p)n + Fe)
u) = . ,
cosh (u+ (n — 2p)n — Ze)
cosh(u) cosh ((n — 2p)n + Ze)
kl (U) = T ’
cosh (u+ (n — 2p)n + Ze)
sinh(u) sinh ((n — 2p)n + Ze

cosh (u+ (n — 2p)n + Fe)

and ¢ is, again, a discrete parameter that can take the values € = 0, 1.

IThe Df_,?_l K-matrices K ®(u,n) (i.e. with p=n) with ¢ = 0 and ¢ = 1 are proportional to the DSLQ_')_I K-matrices K~ (u) in

[87] for the cases I and II, respectively; explicitly, K[?WJI,II(U) = —2e2%t11 cogh (u —nn+ %5) KB(u,n).
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Finally, for the left K-matrices, we take (as in the previous chapter) [52] 53]
KL(u,]o):KR(—u—p,p)M7 (8.10)

which is a solution of left boundary Yang-Baxter equation , and corresponds to imposing the “same”
boundary conditions on the two ends.

Using then the R-matrices and K-matrices mentioned above we can use the same description presented
in the subsection [Z.1.3] to construct the transfer matrices.

8.1.3 Symmetries of the transfer matrix

It has been shown in the previous chapter (for all the cases except DSJZ1) and in [88], [89] that the transfer
matrices (7.20) constructed using the K-matrices (7.14) and (8.8) have the QG symmetries in Table[8.2] For

g QG symmetry Representation at each site
A | Ug(Cusp) @ Ug(Dy) (p # 1) (2(n —p),1) & (1,2p)
AS) | Uy(Buop) ® Uy(Cy) (2(n —p) +1,1) & (1,2p)
BY | Uy(Bup) ® Uy(Dy) (p # 1) (2(n —p) +1,1) @ (1,2p)
O | Ug(Cap) @ Uyg(Cy) 2(n - p),1) ® (1,2p)
DY | Uy(Dup) @ Uy(Dy) (n>1,p#1,n—1) | (2(n—p),1) & (1,2p)
DY), | Uy(Bu_y) @ Uy(B,) (2(n—p)+1,1) @ (1,2p +1)

Table 8.2: QG symmetries of the transfer matrix ¢(u,p), where p =0,1,...,n.

0 < p < n, the QG symmetries are given by a tensor product of two factors, to which we refer as the “left”
and “right” factors. For p = 0, the “right” factors are absent; while for p = n, the “left” factors are absent.
That is,

An(EH @) tw.p)] = [AnEOE) Hup)| =0, =1 n-p,
A ) tu,p)| = [Ax(ET V@) tup)] =0, i=1,...p. (8.11)

where Hi(l)(p) ,Eii(l)(p) are generators of the “left” algebra ¢ : Hi(r) (p),Eii(T)(p) are generators of the
“right” algebra ¢{™ ; and Ay denotes the N-fold coproduc
It can be shown in a similar way that the transfer matrices for the “special” cases (8.5, which are

constructed using the K-matrices —, have the QG symmetries in Table [8.3]

g QG symmetry | Representation at each site
A1 (p=1) Uy(Ca) 2n
W p=1) U,(Bn) o + 1
DY (n>1,p=1n-1) Uqy(Dy) 2n

Table 8.3: QG symmetries of the transfer matrix ¢(u, p) for the “special” cases |i

The QG symmetries displayed in Tables and correspond to removing the p* node from the §
Dynkin diagram, as can be seen in Fig. [8.1

For the cases C\"), D" and D,(fll (i.e., the last three rows of Table , the transfer matrices have a
p <> n — p duality symmetry

Ut(uap)u_l = f(uvp) t(uvn_p)v (812)
see [88] [89] for explicit expressions for the quantum-space operator U and the scalar factor f(u,p). In
particular, for p = % (n even), the transfer matrix is self-dual

[Z/{ , t(u, %)] =0, (8.13)

2The explicit form of Ay for N = 2 can be found in [88], [89]

3The symmetries for the “special” cases with p = 1 are the same as for p = 0, while the symmetry for D,g) withp=n—1is
the same as for p = n. (See Table ) These observations can be readily understood from the Dynkin diagrams, see Fig.
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n n-1 n-2

n n-1 n-2

n n-1 n-2

n n-1 n-2

n-1 O\
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n O/n—Z n-3m

n n-1 n-2
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O
p
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p

Figure 8.1: Subalgebras of affine Lie algebras corresponding to removing the p‘® node from the extended

Dynkin diagram.
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since f(u, %) = 1. For p = % (n even) and € = 1, there is an additional (“bonus”) symmetry, which leads to

even higher degeneracies for the transfer-matrix eigenvalues [88], [89].
The cases Agi)_l, BY and DY (for which the “right” factor in Table is Uy(D,)) have a “right” Z,

symmetry

[Z(’”) ,t(u,p)} =0; (8.14)
and the case DS (for which the “left” factor in Table is Ug(Dr—p)) also has a “left” Zy symmetry
20 t(u.p)] = 0. (8.15)

see [88] for explicit expressions for the quantum-space operators 2 and 20,

8.2 Analytical Bethe ansatz

We now proceed to determine the spectrum of the transfer matrix (7.20]) for all the cases in Tables and

The results hold for both values € = 0,1 except for the case Dn2+17 where we consider only ¢ = 0. The
results for some of these cases have already been known:

e For p=0:

— A [68, 184, ;85 K6

— A, [69, 85, 87

- B, ¢V, DY 69, ;&5
e For p=n:

~ AL [84,186]

2 2

- A, DY, B

e For 0 <p<n:

— AL 84

3

The eigenvalues of the transfer matrix are determined in Secs. [8.2.1} [8.2.2] and the corresponding Bethe
equations are obtained in Sec. [8:2.3]

8.2.1 Eigenvalues of the transfer matrix

The transfer matrix and Cartan generators can be diagonalized simultaneously

t(u,p) |A(m17~-- 7mn)> — A(ml""’m”)(u,p) |A(m1,4..,mn)> ’
AN(Hi(l)(p)) ‘A(mh...,mn)) — h_l) |A(m1,...,mn)> , i=1,....n—p,

(
AN (H (p)) [Ammn)y = B A omn)y =y (8.16)

as follows from (7.22)) and (8.11). We focus here on determining the transfer matrix eigenvalues A1) (4, p);
the eigenvalues of the Cartan generators A h") are determined in Sec. m

1 0
We take the analytical Bethe ansatz approach, whereby the eigenvalues of the transfer matrix are obtained
by “dressing” the reference-state eigenvalue. The “dressing” is assumed to be “doubled” with respect to the
corresponding closed chain. Hence, the main difficulty is to determine the reference-state eigenvalue. For the

reference state corresponding to the cases in Table we choose [[]

£ =0
[0,p) = UI?N, vp = e lobp , (8.17)
e, for p=1,...,n
where e; are d-dimensional elementary basis vectors (e;) ;= d;,j. Like the usual reference state e?N , the state
(8.17)) is an eigenstate of the transfer matrix with no Bethe roots (m; =... =m, =0)
t(u,p) 0, p) = A (u,p) [0, p) . (8.18)

4 For the special cases in Table we choose (see again footnote [3) the reference state |0, 0) for A<231)—17 B,(LD7 DS) with
p = 1; and the reference state |0, n) for D%l) with p=n — 1.
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However, in addition, this state is a highest weight of the “left” algebra
AnE P 0.p) =0,  i=1....n—p, (8.19)

and a lowest weight of the “right” algebra

An(E; V) 0.p) =0,  i=1,....p. (8.20)
In view of the crossing invariance li and the known results for p = 0 [68, [69] and for Dgﬂ 7], we

propose that the eigenvalues of the transfer matrix for general values of p are given by the T-Q equation

A (u, ) =¢<u,p>{A<u> 2o(u) yo(w,p) ()™ + Au) Zo(u) o p) ()™
+ {2 [z (. p) Bu(w) + 20(u) (. p) Bu(w)| + w1 () o, ) Bu(w)

w2 2 () Y (1 9) B () + Zn(w) G (1, p) Bu(w)] } b(u)”} : (8.21)

The overall factor ¢(u,p) is given by

U () () o AR O AR ),
<p¢1>, DY (p#1,n-1)
o(u,p) = { (=1)¢ for Agill (p=1),BY (p=1), (8.22)
DV (p=1,n-1)

cosh(u—(n—2p)n) cosh(u—(n+2p)n) (2)
cosh(u+(n—2p)n) cosh(u—(3n—2p)n) for D7L+1

where + is defined in (7.15)), and the parameters £ and p are given in Table The tilde denotes crossing
A(u) = A(—u— p), etc. The functions A(u) and B;(u) for j = A;L), A2n 1 (for n>1), B BV, ¢V (for n > 1),
2% (for n > 2) are defined as

_ QU(u+2n)
Au) = Q0 (u—29)°
By(u) = QW (u —2(1 + 2)n) QI+ (u — 21 — 1))

QU(u—2in)  QU+(u—2(1+1)n)’
I=1,..,n—3for DV

I=1,..,n—2for AY ,
I=1,...,n—1for A® B, (8.23)

Moreover, for the values of [ not included above:

@ . _ QU (u—2(n 4 1)n) QM (u — 2(n — 2)n)
A23L—1 . Bn—l(u) - Q[n_l] (U — 2(7’l — 1)77) Q[n] (U, — 2n77)
QM (u—2(n — 2)n +im)
QM (u—2nn+ir) (8.24)
@) . _ QM(u —2(n + 2)n) QMI(u — 2(n — 1) + i)
Ay Bn(u) = QMl(u—2nn)  QM(u—2(n+1)n+in)’ (8.25)
1) . _ QM(u—2(n—2)n) QI"(u—2(n + 1)n)
B . B (u) = Ol —omm) Q=21 (8.26)
1) . _ QM (u—2(n+ 1)n) QM (u —2(n - 3)n)
cw Bn_1(u) = QT (u =2 — 1) Qa2+ 1))’ (8.27)
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a) . QI (w—2nn) QM U(u—2(n—3)n) QM (u—2(n —3)n)

Duts B = o5t — 2y @ u = 2(n— D) Qa2 )" )

QU (w—2(n—3)n) QM(u—2(n+1)n)
Bua () = OF T~ 2(n — 1)) @ (u — 2(n — 1)) (8.29)

For the values of n not included above:
(2) QM (u + 2n) QM (u + 21 + i)
AT A = Qi ) Qw2+ im) (530
(1] 4

e Aw) = gm Ez i 4:’]; , (8.31)

1) QU (u +2n) QP (u + 2n)

et A = Qi = 2) QI — 2n)

~ QW (u—6n) QP (u+ 2n)

B = Qi —2m) QI —2n) (532
Finally, for D7(12+)1
~ QW (u+n) QW(u+ n+im)
A = QU — ) QU+ im)
By(u) = @0~ (L4 2)n) QUu — (1+ 2y + i)
! QU (u —In) QWU (u — In+im)
QM (=) QU (=g i)
QU (u— (I+1)n) QU+ (u — (I 4+ 1)y +im)’ S ’

QM (u —nn) QM (u — nm + im)

In the above equations (8.23) - (8.33) for the functions A(u) and B;(u), the functions QU (u) are given by

QY (u H sinh (% — H)) sinh ( (u+ u[l])) , QU (—u) = Q(u), (8.34)

where the zeros ug] (and their number m;) are still to be determined. Note that these expressions for A(u)
and Bj(u) are “doubled” with respect to those in [94] for the corresponding closed chains.
The functions ¢(u) and b(u) are given by

2sinh (% — 2n) cosh (% — kn) for Agi) ,Agi) 1
c(u) = { 2sinh (% — 2) sinh (% — k) for BY,CY DY, (8.35)
4 sinh (u — 2n) sinh (u — kn) for Dfi)_l ,
and
2sinh (%) cosh (% — &n) for Aéi) , Aéi)_l )
b(u) = { 2sinh (%) sinh (% — kn) for BSY,ct? DY, (8.36)

4sinh (u) sinh (u — kn) for DS—?—l

For all § except D%, the functions z1(u) are given by

n+1»

(w) = sinhusinh(u — 2kn) cosh (u — wn + (2 — 6)4°) (8.37)
= sinh(u — 2{n) sinh (u — 2(1 + 1)n) cosh (u — kn + (2 — §)F) ’ '

where w and § are given in Table For Dfﬂl

cosh(u—(n—1)n) sinh(2u—4nn) sinh(u—(n+1)n) sinh(2u) [=0 n—1
; (u) sinh(u—nn) cosh(u—nn) sinh(2u—2In) sinh(2u—2(I+1)n) 3 eeey ; (8 38)
! stnh(u—(n—1)n) b= |
Zn—1 (U) sinh(u—(n+1)n) i
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Finally, the quantities wq(u) and wy are defined as

sinh u sinh(u—2kn) (2) (1)
wy (U) _ sinh(u—(k+1)n) sinh(u—(k—1)n) for AQ;L ’Bn i N 9
0 for Agn)fvaT(L)aDgl)ﬂszll’
(2)
wy= 4t T Prin (8:39)
0 otherwise

In the expression (8.21]) for the transfer-matrix eigenvalue, only the functions y;(u, p) remain to be spec-
ified. For y;(u,p) = 1, the expression (8.21)) reduces (apart from the overall factor) to the transfer-matrix
eigenvalue for the case p = 0 for all the cases except Dfizl [68, [69]. The functions y;(u,p) for general values

of p are determined in the following section.

8.2.2 Determining y;(u, p)

We now proceed to determine the functions yo(u,p), ... ,yn(u,p) for general values of p. We emphasize that
these are the only functions (besides the overall factor ¢(u,p) (8:22)), through the quantity v (7.I5))) in the
expression for the transfer-matrix eigenvalue with explicit dependence on p.

For the special cases in Table the functions y;(u,p) are simply given by

yi(u,p) =1, l=0,...,n, (8.40)

i.e., the same as for the case p = 0. We therefore focus our attention in the remainder of this section on the
cases in Table
We make the ansatz

) {0 020 1)
and .
G(u) = G(—u—p) = G(u), (8.42)

which guarantees that the only Bethe equation with an extra factor (in comparison with the case p = 0) is

the equation for the p** Bethe roots {ug-p ]}, as discussed further in Sec.
The explicit form of F(u) and G(u) are

cosh (% — <1 — (6 — 4e)T) cosh (¥ — 4! — (6 — 4e)T)
cosh (g _ % — (56— 45)%) cosh (% _ (ov+24p)n —(6— 45)%’)

, (8.43)

F(u) = G(u), (8.44)

cosh? (% -5 —(6- 45)%)

for g = Agi), Agi)_l, B,(Ll)7 C’r(ll), DS). Note that w,w,d are given in Table Moreover,
cosh? (u — nn)
cosh(u — (n — 2p)n) cosh(u — (n + 2p)n)’

cosh? (u + (n — 2p)n)
cosh? (u — nn)

G(u) =

(8.45)

F(u) = G(u), (8.46)

for g = Dﬁizl. Note that G(u) = 1 for p = 0 in all cases. The rest of this section is dedicated to explaining
how the above expressions can be obtained, starting with F'(u).

According to (8.41), yo(u,p) is equal to F'(u) for any value of p except p = 0. We can use this fact to
determine F'(u) by arranging to kill all the terms in except the one with yo(u, p), which can be accom-
plished by judiciously introducing inhomogeneities. Indeed, it is well known that arbitrary inhomogeneities
{6;} can be introduced in the transfer matrix ¢(u, p;{6;}) while maintaining the commutativity property

[t(u,p;{0i}) . t(v,p; {0:})] = 0. (8.47)

By appropriately choosing the inhomogeneities, all the terms in (8.21)) except the first one can be made to
vanish. A similar procedure has been used in e.g. [87, [74].
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As an example, let us consider the case Agzn) The only effect on the eigenvalue of introducing
inhomogeneities {6;} in the transfer matrix is to modify the expressions for ¢(u), ¢ and b ) (8:35), (8:36)
as follows:

c(u)® = [2 sinh <% — 277) cosh (g - /{77)} w

N
»—)H {QSinh (u—;@i )cosh (u—;@i I<.?77>:| {QSinh <u—29i )cosh (u—Qé)l my)] , (8.48)
i=1

l—>f[1[2sinh (u—;ei)cosh (“‘;9 —(H—Q)T]):| {2sinh (“_29) cosh <“_29 —(H—Q)T]):| , (8.49)

b(u)? = [2sinh (5 ) cosh (5 ~ m)]”
i (5 (5o (5 (5 )]

i=1
By choosing 6; = u, the modified expressions for ¢(u) and b(u) (but not ¢(u)) evidently become zero; hence,
the only term in that survives is the first term, which is proportional to yo(u, p) = F(u). On the other
hand, by acting with the transfer matrix ¢(u,p;{6; = u}) with N =1 and n = p = 1 on the reference state
, we explicitly obtain the corresponding eigenvalue. Comparing these two results, keeping in mind that
the reference state is the Bethe state with no Bethe roots and therefore A(u) = 1, we can solve for F(u). By
repeating this procedure for n = 2 and p = 1,2, we infer the general result , which can then be easily
checked in a similar way for higher values of n,p, V.

In order to determine G(u), we return to the homogeneous case 9 = 0 SO that all the functions
yo u,p), . ..,yn(u p) again appear in . Using , the ansétze and (| 7 and the result
) for F'(u), we obtain an expression for the reference-state eigenvalue (A( ) = Bl( ) = 1) in terms of
G( ) We albo calculate this eigenvalue explicitly by acting with ¢(u,p) (with N = 1) on the reference state
(8.17). By comparing both expressions, we can solve for G(u). We again use the results for small values of
n and p to infer the general result (8.43). Having obtained both F'(u) and G(u) for general values of n and
p, the reference-state eigenvalue can be easily checked for higher values of n,p, V.

Using the same procedure for the other § in Table we arrive at the results - . As already
noted, for the special cases in Table we have y;(u,p) = 1 .

8.2.3 Bethe equations

The expression (8 for the transfer-matrix eigenvalues is in terms of the zeros uB] of the functions Q[l]( ),
which are still to be determlned. In principle, these zeros can be determined by solving corresponding Bethe
equations, which we now present. We find that these Bethe equations are the same as for the case p = 0
[68,[69], except for the presence of an extra factor ®;,, »(u) , that is different from 1 only if I = p
The only dependence on p in the Bethe equations is in this factor.

For g =A% A% B V' DY

We determine the Bethe equations from the requirement that the expression (8.21) for the transfer-matrix
eigenvalues have vanishing residues at the poles. In this way, we obtain the following Bethe equations for all

the cases in Tables and E except for Dfﬁlz

2N
sinh ( + 7]) [1] ( (1] +477) Q) (ULIJ _ 277)
1
# P1p n(UL]) =0/ m 21 (1 ;o k=1,...,m, (8.51)
sinh ( — 77) k (uk - 477) Q (uk + 277)
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B (ul))) =

Q-1 (u[l] 277) Q) (uk +477) Qli+H (ug] - 2n)

where Q[ (u) is given by li and Qg] (u) is defined by

Q-1 (u[z] + 277) Qk (uk 477> QUi+1] (U%J + 217) B (5:52)
I=1,..,n—3 for DY (n>2)
I=1,..n—2 for CP(n>1),4%  (n>1)
l=1,...n—1 for Aéi),B ON
1) I Y ooy (1 1)
e (1) = H smh( (u — uj )) sinh (5(“ + uj )) . (8.53)

j=1.j#k

Moreover, for the values of [ not included above:

G (u[n—u _277) [n—1]< [ ]+4n)
Aot Betan™ = Qln—2] (u;:"” +2n) an] (u Z - an)
QI (uly =~ 2n) QU (uf ™ — 294 i)
X ol <ugvn_1] +277> Q! (uggn—l] +277+i7'r) ) (8.54)
] Q-1 (ugcn] — 277) Q-1 (u[n] —2n+ iﬂ)
Pppn(uy,’) = Qln—1] (ULTL] +277) Q[n71]< (n] —1—277—1—@77)
Q' (wf” +4n) QI (uf! + 49+ ir) -
R (uf? —an) QY (uf — an+ir) (559
Qr=1 (uh — 2) QI (uft! + 4n) QI (uf! — 20+ i)
@) [n]
Ao B ) ) Q) () @ ()
ay_ Q7 (! = 2n) QU (ul” +20)
B Bl - Q1 (! +2n) ¢ (! = 2m) o
oy 8 ) G o ) o)
ciM D, l,p,n(u/[k: 1 Q[" 2] (uZ" 19 ) Q- 1]( fn 1) )Q[nl< +477> (8.58)
Qin-1 (ugn ) [n]( [n] +877)
D ()] Q[n 1 (UL" " ) Q["]( i _87]) , (8.59)
Qi (Wl ) QI (W gy
Dils Bz () = Q3] EUEC"?J +2 % fn—ﬂ Eu;?] _ 473

)
, (8.60)
)

- Qln—2] (u[n—l] _277) Ec"_” (uk"‘” + 4

) = Qln— 2]( [n—1] ) Eﬂnfl](

o 2 () 277) ol
("

)
S

)
, (8.61)
)

(8.62)
[n 2]
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The Bethe equations for values of n not included above:

-y 12 [ (1 [ (1 :
2) sinh(—4- + 27) ay @k (uk + 417) Qg (uk +4n + zw)
A ull Prpa ) = i [ (0 N
sinh(=- — 27) & (uk - 477) Q. (u,,C 4n + m)

ol 12" [ (1 2] (1] 2] (11 _ -
e ERTC ] BTN (i +4n) @2 (! —20) QP (uf! — 29+ ir)
3 u[l] 1,p,2 ( k )_ [1] [1] 9 [1] 5 [1] .

sinh(“%- — 1) | A (uk - 477) QR (uk + 277) QEl (uk +2n+ Z7T)
ooy @ ) QE 0
2,p,2\U} ") = .
QM (uf] + 277) QM (uf] +2n+ m)
5] (UE] +477) QE] (uf] + 4 +z’7r)
X
2 2 2 2 . ’
ng] (UL] 477) QL] (ui] 4dn + m)
L1 2N 1 1 (1] (. [ .
e sinh(=5- +n) ), QE:] (UEC] + 477) Qk (uk —2n+ Z7r)
2 U/Egl] 1,p,1(uk ) - [1] [1] 4 Q[l] [1] 9 . )
sinh(=5- —n) Q;, <uk - n) i (uk + 17+z7r)
ul! N [ (0
m, |sih(G+m | oo % (" +20)
Bl e 1,p,1(uk ) NG 1 )
sinh(—5- —n) Qy, ( i _277)
S 2N
smh( ! +2n) QL” (“Ecl] + 877)
c® L I O
[1] 5 9 )
smh( 5= —2n) | QL” (UE] - 877)
e 1] (1 2 (1 _
o sinh(=5- +7n) ® (um) B Q% (uk +477> Q (“k 477)
2 oY NI AN TR W G TR
sinh(=5- — ) | Qp (Uk - 77) Q (Uk +4n
oy L) ()
22 = 2] 2] (1] ’
QM (ugi +477> Qy (uk - 877)
i [ 12 [ (, [
(1, | sinh(5-+n) ny _ (“k +47’>
D, ] (I)l,p,Q(uk ) o/ 0
sinh(—5- —n) | QR (u 47])
r 2] 12N 2] ( [2]
sinh(=%- +n) o o Q (uk + 477)
2] 2,p,2(uk ) =
s u (21 (, 2]
sinh(=5- —n) | o ( Ug, 477)
i ull] 12 1T (1 4 2] -
W, sy O (i + 1) Q¥ (u}! - 20)
3 - vt = Zar )
sinh(=5- —n) | Qy, ( - 47]) Q ( )
QW (uf! - 21)
O ()
s 5(ufl) " (uf] 277) Qv (uf] +477>
2,p,3\U ") = )
QI (uf] + 277) 2] ( E] — 477)
(1, Bl _ [3] (3]
By, 5(ul)) = @ <Uk 277) (Uk +477> )
P 3 ( 3
o (o7 20) @l (o7 )

75

(8.64)

(8.65)

(8.66)

(8.67)

(8.68)

(8.69)

(8.70)

(8.71)

(8.72)

(8.73)

(8.74)
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The ug] — uf] symmetry of the Bethe equations 1 , 1) is a reflection of the U, (D3) symmetry (see
again Table [8.2) and the fact Dy = 4; ® A;.
The important factor ®;, ,(u) in the Bethe equations for most of the cases in Table is given by El

G(u+2pn) _
21 for | =
() = L EZD) :{F(Hzpn) . (8.75)

yi—1(u+2n,p) |1 for l #£p

where the second equality follows from (8.41)). Using the expressions for G(u) (8.43) and F(u) (8.44), we
conclude that ®; , ,(u) is given by

Cosh(%fﬁz,p((w722p)77+%7(574€))) ’ for B(l) C(l) D(l) A(2)
COSh(%+5l,p(wn+%(6_4s))) n’ 2n yUn "y Agy

and for A | with [ <n,
Py pn(u) = (870

2
sinh(u—5l,p((W_2p)77+%(5_48))) 2 =
|:Sinh(u+5l,p((“’2?)”+T(545))) for A2n ' with f=m-

Note that ®; , ,(u) is different from 1 only if [ = p. That is, the Bethe equations are the same as for the case
= 0 [68, 69], except for an extra factor in the equation for the p'* Bethe roots {u[p ]}

The factor ®;,, »(u) for all the special cases in Table is simply given by

Py pn(u) =1, (8.77)

as follows from ({8.40).

For p = n, the Bethe equations for Aéi) with € = 1 reduce to those found in [86]; and (again for p = n)

the Bethe equations for Aéill with ¢ = 0 reduce to those found in [87]. We have numerically verified the
completeness of all the above Bethe ansatz solutions for small values of n and N (for all p = 0,...,n and
e =0,1), along the lines in [86] [87].

For § = wa)l

We emphasize that, for Dnll, we consider only the case ¢ = 0. We obtain the following Bethe equations:
Forn—1W1thp—O,1.

. 2N (1 ([
sinh(u;, [ ] -n) QE] (ug] — 277)
Forn>1withp=0,...,n
2N ( [ +2n) ] ( +2n+ i

sinh(ug] +n)
sinh(ugcl] -n)

N—— [ N——+

(I)l,p,n(ugcl]) - ( 1] 277> Q[l] ( —2n+im
Q! (UE] _ ) Q2 (u[l] —n+im

X
Q2 (uE] ) QL ( +n4ir
k=1,...,mi, (8.79)

)

N——"—

5The exceptions are as follows:

Un—1(u+2nn,
A% ){yl(er) forl=mn

1»P=n: D, p n(u = Yn—1(ut+2nn,p) ,
forl #n

In—1(ut2(ntlnp) o 0

Cr(Ll) p=n: O p,(u)= Yn—1(ut+2(n+1)n,p) ,
1 forl #n

Yn—1(ut+2(n—1)n,p)
) - {

forl=n
forl;én.

D)

Dy’ p=n: &)= Yn—2(ut+2(n—1)n,p)
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Qli=1]

) QU (uf) =+ i)

(1 -

Q- 11( ”+n> QU1 (uf! + 1+ i)
Yl +
3¢

q)l,p-,n(

277) Q[l] (u[l] +2n + m)

EC ) Ll]( [ 277+Z71’>
) QI+ ( - n) QI+ (ULH - n+i7f)
QU+ ( + 77) QU+ (u%] + 1+ iw)
k=1,....my, 1=2,....,n—1, (8.80)

Qln—1] (ugf] ) Q-1 ( -n+ m) n] ( [n] + 27})

Qln—1] (ugcn] +77) Qln-1] ( [n] +77+”T) [n] (UE:] B 277) ;
k=1,....m,. (8.81)

9

D pn(uy) =

The factor ®;, »(u) in the above Bethe equations is given by

Glutpn) o1 —
Oy () = 20D ) Fy forl=p (8.82)
Yi—1(u+In,p) 1 for Il #p
Using the results for G(u) (8.45)) and F'(u) (8.46)), we obtain
cosh (v — &, p(n — p)n) 2
P = : . .
pn() Losh (u+ 8 p(n—p)n) (8.83)

As for (8.76)), this factor ®; , ,(u) is different from 1 only if { = p

For p = n, these Bethe equations reduce to the one found in [87]. We have numerically verified the
completeness of the above Bethe ansatz solutions for small values of n and N (for all p=0,...,n) along the
lines in [87].

Towards a universal formula for the Bethe equations

Let us denote in this subsection the affine Lie algebras § in Tablesand.by g®), where g is a (non-affine)
Lie algebra with rank r, and ¢ = 1 (untwisted) or ¢t = 2 (twisted)/’| The above formulas for the ¢g* Bethe
equations can be rewritten in a more compact form in terms of representation-theoretic quantities following
pa{]
0 , N
1 | sinh <u§ + (A, 0%°q))n + WS)
Oy [l])

111
s=0 | sinh (ug — (A, 0%)n+ “TS)

t—1 n ™V ginh B ( U] uy/]) + (au, ) n + %} sinh B (u%] + ug»l/]> + (au, ) n + ?}
s=01'—1 j=1 sinh [1 ( 4 uy,]) (ay, 0%y )n+ 2 } sinh [% (uﬁj + ug-l,]) —(au, 0%y )n+ ?}
k=1,. , 1,...,n, (8.84)

where the product over j has the restriction (j,1’) # (k,1). The simple roots a; of g are given in the orthogonal
basis by

Q; = €, — €441, 2.21,...,1‘—17
€r — €ri1 for A,
e for B
ar =14 o (8.85)
2ey for C;
€r—1 + ey for D,

6 The notation g(*) introduced here for affine Lie algebras should not be confused with the “left” and “right” algebras g()
and ¢g(") introduced in Sec.

"For D' le, a rescaling n — g in lb is necessary in order to match with the Bethe equations as written in Sec.
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where e; are r-dimensional elementary basis vectors (except for A,, in which case the dimension is r + 1).
The notation (x,x) denotes the ordinary scalar product, and \; is the first fundamental weight of g, with
(A1, @;) = 6;1. For the twisted cases g(?), the order-2 automorphisms 6 of g are given by

9041’ = Q2n—i, 1= 1,,2”*1 for Agl)*l’
Oa; = agnyr—i, i=1,...,2n for A,
bo; =i, i=1....n—1, Oap=anm for D3, (8.86)

The factor ®;,,(u) in (8.84) is understood to be the appropriate one for g, see (8.76), (8.77), (8.83). It
would be interesting to also have a universal expression for this factor.

8.3 Dynkin labels of the Bethe states

In this section we obtain formulas for the Dynkin labels of the Bethe states in terms of the numbers of Bethe
roots of each type. Since the Dynkin labels of an irrep determine its dimension, these formulas help determine
the degeneracies of the transfer-matrix eigenvalues.

8.3.1 Eigenvalues of the Cartan generators

We now argue that the eigenvalues of the Cartan generators for the Bethe states (8.16) are given in terms of
the cardinalities of the Bethe roots of each type by

O] / .
h = Mp4i—1 — Mp4i — §5i,n_pmn — § 5¢7n_p_1mn s 1= 1, s — D,

hz(r) =MmMy; — My;—1 +§§l7nmn + fl §i,n_1mn 5 1= 1, Py (887)

where £ and &’ are given in Table
The first step is to compute the asymptotic behavior of A1
value

") (u, p) by computing the expectation

(AL [, p) | A O ) (8.88)

for u — 0co. The main idea is to perform a gauge transformation to the “unitary” gauge [88] [89], so that the
asymptotic limit of the monodromy matrices in ¢(u, p) become expressed in terms of the QG generators. We
assume that the Bethe states |A(™1™n)) are highest-weight states of the “left” algebra

AN(EfO(p)) |Aom)y =0 i=1,... n—p, (8.89)
and lowest-weight states of the “right” algebra
An(E; D (p)) |Amm)y =0 i=1,...,p, (8.90)
as is the reference state , . We eventually obtain

Almasemn) (4 1) ~ o (u) 62’“7N{ —2n+ Z [ (=t )) + L —an(=j+hy )

f(r)
- 1) ,—an(n—j+n" ) i an(n—j+h® )
+ Z e + e ip for u— oo, (8.91)
j=p+1 f
where o o 1) R
U(u) _ 9—2N ,2Nu for A2n 1 7A2n s ,Cn 7Dn (892)
etNu for Dfﬁl ’
and
-1 for AY IV
= qet for Ay B DY (8.93)
2
e for Df”zl
— 2 1 2
e 2n for A%’L , )1D( )
fO=q-e* for Aén)fl,cé) : (8.94)

1 for D;l)
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Note that the result ( is in terms of the eigenvalues of the Cartan generators for the Bethe states.
The second step is to compute again the asymptotic behavior of A(™1:™=) (4, p), but now using instead
the T-Q equation (8.21). We obtain in this way

n—1
A(m1,...,mn)(u’p) ~ O'(U) 6—2577N{d — 9+ Z |:gle4n(l—n+ml+1—ml+§5l,n,1mn+§’51m,,2mn)
=0
+ gle_477(l—n+ml+l_ml+€5L,n71mn+€/5l,n72mn):| } for u— oo, (8.95)
l

where

(Medn(n—p) | < p_1
g = {f i -7 ) (896)

f(l)e477 [ Z P
o(u) is given by (8.92), and §),§(!) are given by (8.94). Moreover, we define mg as
mo=N. (8.97)

Note that the result (8.95]) is in terms of the cardinalities of the Bethe roots of each type.
Finally, by comparing (8.91)) and (8.95]), we obtain the desired result (8.87).

8.3.2 Formulas for the Dynkin labels

The “left” Dynkin labels are expressed in terms of the eigenvalues of the “left” Cartan generators by (see,
e.g. [86, R7))

NUNTCRTY im1m—p—1,
2h£f)_p for ¢ = B,_, ie., for A(Q) B(l) D(2_~)_1
aﬁ) p = hg),p for ¢ =C,_, ie., for A2n 1 ,C(1 . (8.98)
h(l) 1+ h(l) for g(l) =D,_, ie, for DS)

Similarly, the “right” Dynkin labels are expressed in terms of the eigenvalues of the “right” Cartan generators
by

agv.) _ *hl(»T')Jth(Ql i=1,..,p—1,
—2h{" for ¢ =B, ie,for DY),
o) = { ) for ¢ =0, ie,for AP : (8.99)

—hy,)l — h;,r) for ¢(") = D, ie., for Aghl 7B7(11) ,D,(Ll)

We introduce extra minus signs in (in comparison with corresponding formulas in ) since the
Bethe states are lowest weights of the “right” algebra . The algebras ¢(¥) and ¢(") for the various affine
algebras § are given in Table [8:2}

Finally, using the results @ for the eigenvalues of the Cartan generators in terms of the cardinalities
of the Bethe roots of each type, we obtain formulas for the Dynkin labels in terms of the cardinalities of the
Bethe roots. Explicitly, for the “left” Dynkin labels (p =0,1,...,n— 1):

CL(vl) = Mpyi—1— 2mp+i + Mmptiv1, (8100)

. (2) 1 (2)
i=1,..,n—p—1 for Aj B() s Dyl

. 2
i=1,...,n—p—2 for 2,1)_1,07(11),
i=1,...,n—p—3 for DSLI).

Moreover, for the values of i not included above:

A2 BM D) al) ) =2m,_y —2m,, (8.101)
Agi—l’ Or(bl : aﬁf)_p_l =Mp_o —2Mp_1 + 2m,, ,
gll)—p =Mp_1 — 2My,, (8.102)
Dfll) : g)p 9 =Mp—3 —2My_o +Mpy_1 + My,
g) p—1 = Mn—2 — 2Mp_1,

) = —2m,. (8.103)

np
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For the “right” Dynkin labels (p =1,...,n):
az(-r) =mi_1 — 2m; + M1, (8104)
i=1,...,p—1 for Agi),Br(Ll),D;a)_l,
1=1,....,p—2 for Agl)_l,C'fll)
i=1,..,p—3 for DS).

Moreover, for the values of i not included above:

AS} : al(f) =Mp_1 — My, (8.105)
B . alr) =mp_y —my, (8.106)
AR %(:21 =mp—g = 2mp_1 + (1 + 6p.n)my,
al") =mp_s — (14 6pn)my (8.107)
oY oty =y s = 2my 1+ (14 8y )y,
alr) =mp_1 — (14 6p0)my (8.108)
Dsll) al(f_)2 =Mp_3 —2Mp_9 +Mp_1 + Op nMyp,
aff_)l =Myp_2 = 2mp_1 +Myp + (Spn—1 — Sp,n) M ,
al”) =my_o —my — (Spn—1+ Opn)my, (8.109)
D& . al") = 2m,_1 —2m,. (8.110)

We remind the reader that mg is defined in (8.97).
For the cases of overlap with previous results (namely, Agl) with p = 0,n [86l; Aézn)_l with p = 0,n [87];
and DSJ_I with p = n [87]), the results match.

8.3.3 Examples
We now illustrate the results of Sec. with two simple examples.

Agi) with n =3

As a first example, we consider the case A(Qi) with n = 3, two sites (N = 2), and either ¢ = 0 or ¢ = 1. The
four possibilities p = 0,1, 2,3 are summarized in Table By solving the Bethe equations (see Sec.
with a generic value of anisotropy 7, we obtain solutions (not showrﬂ) with the values of mj, mo, ms displayed
in the table. The corresponding Dynkin labels obtained using the formulas from Sec. [8.3.2] are also displayed
in the table. Finally, the irreducible representations of the “left” and “right” algebras corresponding to these
Dynkin labels (obtained e.g. using LieART [96]) are shown in the final column. By explicit diagonalization of
the transfer matrix, we confirm that the degeneracies of the eigenvalues exactly match with the dimensions
of the corresponding irreps.

DY with n =4

As a second example, we consider the case Dr(Ll) with n = 4, two sites (N = 2), and with e = 0. The three
cases p = 0, 2,4 are summarized in Table (We omit the “special” cases p = 1,3, whose results are the
same as for p = 0,4, respectively, see Table [8.3]) By solving the Bethe equations (see Sec. with a
generic value of anisotropy 7, we obtain solutions (not shown) with the values of my, mg, ms, m4 displayed in
the table. The corresponding Dynkin labels obtained using the formulas from Sec. are also displayed
in the table. Finally, the irreps of the “left” and “right” algebras corresponding to these Dynkin labels are
shown in the final column.

Notice that the values of m’s and Dynkin labels for p = 0 and p = 4 in Table are exactly the same,
which is due to the p <> n — p duality .

8Tor the cases p = 0 and p = n, such solutions can be found in tables in [86].
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mi | m2 | m3 agl) agn agl) Irreps
0 0 0 2 0 0 27
p=0U,(Bs) tlolo| ol 1|0 21
2 2 2 0 0 0 1
mi | ma | ms agl) aél) agr) Irreps
010 o0l o0 0 2| @1L3
_— 1 ofol] 1] o0 1 |252
— 2 0 0 2 0 0 14,1
UsB2)®Ua(Ch) | 5 | 4 | g | 0 | 2| o E10:1§
2212 0] 0] 0211
mi | mz | m3 agl) aﬁ” aér) Irreps
00 l0 0 2] 0 (L0
1lolo| ol o] 1| @y
p=2 1] 1|0 ] 2] 1] 0289
UB)oUC) | 2 | 210 ] 4] 0] 0| (501
22120 0] 31
22120 0| 0211
mi | ma | ms aﬁ” agr) a;(;) Irreps
0 0 0 2 0 0 21
1 0 0 0 1 0 14
p=3Uq(Cs) 1|1 | 1| 1] o0 ]| 0| 26
2212 0] 0] 0] 21

Table 8.4: Numbers of Bethe roots and Dynkin labels for Agl) withn =3, N = 2.

The degeneracy pattern is particularly interesting for the case p = 2 in Table Indeed, by explicitly
diagonalizing the transfer matrix for this caseﬂ we find the following degeneracies

{1,1,12,16,16,18} . (8.111)

That is, one eigenvalue is repeated 18 times; two distinct eigenvalues are each repeated 16 times; etc. What
is happening is that the irreps

(1,9),(9,1) (8.112)

(see Table are degenerate, thereby giving rise to the 18-fold degeneracy, due to the self-duality (8.13]).
Moreover, the irreps

(1,3),(3,1),(1,3),(3,1) (8.113)

(see again Table are all degenerate, thereby giving rise to the 12-fold degeneracy, due to the self-duality
and Zs symmetries , .

For eigenvalues corresponding to more than one irrep, it is enough to solve the Bethe equations corre-
sponding to just one of those irreps, such as the irrep with the minimal values of m’s. Hence, for the example
, it is enough to consider the reference state (m; = ma = ms = my4 = 0). For the example , itis

enough to consider the state with m; = 1, mg = m3 = my = 0. Note that a non-minimal set {m,ma, ..., my}
generally does not form a monotonic decreasing sequence, i.e. does not satisfy m; > mo > ... > m,
For e = 1 (and still n = 4,p = 2), the transfer matrix has an additional “bonus” symmetry [88].

Consequently, the two irreps (4, 4) in Table [8.5| become degenerate (giving rise to a 32-fold degeneracy), and
the two irreps (1,1) become degenerate (giving rise to a 2-fold degeneracy). Interestingly, these levels have
the singular (exceptional) Bethe roots uM = 21, u® = 4n; and for the 2-fold degenerate level, these Bethe
roots are repeated. This phenomenon is discussed further in Appendix [K]

9We emphasize that we restrict to generic values of 7.

10 Tt can happen that an eigenvalue corresponding to a single irrep is described by more than one set of Bethe roots, and
therefore by more than one set of m’s; and (for some cases with % < p < n), the set of m’s corresponding to the Dynkin labels
for the irrep may not be minimal. For example, for C’il) with p = 3 and N = 2, the transfer matrix has an eigenvalue with
degeneracy 12 and Dynkin labels (a§l>7 agT) s aér), a(3T)) = (1,1,0,0), which according to the formulas in section corresponds
to (m1, ma, m3,ma) = (1,1,1,0). Indeed, one can solve the Bethe equations ([8.51), (8.52)), (8.58)), (8.59) and find such a solution

for this eigenvalue. However, this set of m’s is not minimal, as one can find another solution of these Bethe equations for this
eigenvalue with only (m1,ma2, m3, ms) = (1,1,0,0). Another example is Df) with p = 2 and N = 2, for which there is an

eigenvalue with degeneracy 3 and Dynkin labels (agl),agr),a;”) = (2,0,0), corresponding to (m1i,ma2,m3) = (2,2,1); but by
solving the Bethe equations we can also find it with (m1,m2, m3) = (2,1,1).
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mi | ma | ms | ma| a? | o aé” a | Trreps.
0 0 0 0 2 0 0 0 35
p =0 Uy(Ds) tlololol o] 1]o]o 28
2 2 1 1 0 0 0 0 1
m1 | M2 | M3 | Mg agl) aél) agT) a?) Irreps.
ololofo|l o o] 2]2]a@o9 }18
2l 2lo0]o |2 ]|21]0] o0/ @®
11 ]oflo| 1] 1| 1] 1244
p=2 1 0 0 0 0 0 0 2 (1,3)
Uq(D2) ®@ Uq(D2) 1 [ 2] 1110 0 2 0 | 131,
2 2 0 1 2 0 0 0 (3,1)
2 2 1 0 0 2 0 0 (37 1)
2 2 1 1 0 0 0 0 2(1,1)
mi | ms | ms | ma a<1r> agr) aér) ay) Irreps.
0 0 0 0 2 0 0 0 35
p =4 Uy(Da) 0 0 0 0 1 0 0 28
2 2 1 1 0 0 0 0 1

Table 8.5: Numbers of Bethe roots and Dynkin labels for DS) withn =4, N = 2.

8.4 Duality and the Bethe ansatz

For the cases C’,(ll), DS) and Dfi)_l, the p <> n — p duality property of the transfer matrix 1) is reflected

in the Bethe ansatz solution. For concreteness, we restrict our attention here to the case C,(Ll), for which

where ¢(u,p) is given by (8.22)).
The duality property of the transfer matrix (8.12)) implies that corresponding eigenvalues satisfy

A(u,p) = f(u,p) A(u,n —p). (8.115)
Let us define the rescaled eigenvalue A(u, p) such that
A(u,p) = é(u, p) A(u, p). (8.116)

In terms of A(u,p), the duality relation (8.115)) takes the form

A(u,p) = ] Au,n —p), (8.117)

1
flu,p

as follows from (8.114), (8.116]) and f(u,n —p) = 1/f(u,p).
Let us now try to understand how the duality relation (8.117) emerges from the Bethe ansatz solution

(8-21), which in terms of A(u,p) (8.116) reads
Au, p) =A(u) zo(w) yo(u, p) c(w)* + A(u) Zo(w) Jo (u, p) &(u)*™

{3 [ ) B + () ) )] b2 (8.118)
=1

For the self-dual case p = n/2, the relation (8.117) is obvious, since f(u,n/2) = 1. For the case p = 0, we

note the identity
Y (u7 O) 1
- . 1=0,1,...,n—1. 8.119
wlun) ~ Fw0) (5419
Since A(u) and {B;(u)} for p = 0 are the same as for p = n (the Bethe equations for p = 0 are the same as
for p = n), it follows from (8.118]) and (8.119)) that

A(w,0) =

! 5 Au,n), (8.120)
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in agreement with (8.117]).
To derive the duality relation (8.117)) from the Bethe ansatz solution for 0 < p < n/2 requires more effort.
For simplicity, let us consider as an example the case n = 3 with p = 1, which is related by duality to p = 2.

The rescaled eigenvalue is given by (8.118))

u U 2N
A, p) = z0(u) yo(u. ) |2sinh (5 — 2) sinh(5; — 8)]
QU(u—6m) Q)

]

+ {Zl(u) y1(u, p) QM (u — 2n) QB (u — 4n)

QPl(u—8n) QFl(u) Cw
QP ) Qs ) 250h(3) simbh (5 — 0

2N
+ z2(u) y2(u, p) } +.y (8.121)

where the crossed terms (indicated by the ellipsis) have not been explicitly written. Let us define the barred
Q-functions

QU (u) = [ sinh (%(u - ag.”)) sinh (%(u + ag.”)) L O (—w) = QW (), (8.122)

S(u) — S(—u) = ¢ sinhQN(g) sinh(u) Q% (u), (8.123)
S(u) = x(u+2n) QM (u+ 2n7) QM (u — 29), (8.124)
QP (w) = Q¥ (u), (8.125)
Q¥ (w) = Q¥(u), (8.126)

where
x(u) =1+ cosh(u), ¢ = 2sinh(2n(1 4 2my —mg — N)), (8.127)

and

mlzN—ml +m2, ’n_’LQZmQ, mgzmg. (8128)

(The above results for m; and ¢ follow from the asymptotic limit u — oo of (8.123)).) We show below that,
if QM (u) are the Q-functions for p = 1, then QU (u) are the Q-functions for p = 2.

8.4.1 Duality of the Bethe equations

We first show that (8.123))-(8.126]) map the p = 1 Bethe equations:

(1] N (1) 2

sinh (“5 + 77> cosh <“§ - 217> Qg] (UE] n 47]) Q) (UE] _ 277)
1 [ T 0 ’ (8.129)

sinh (ué - n) cosh (ug + 277) Qy, (uk - 477) QP (Uk + 277)
1= QU (i~ 20) QF (u? + 40) Q¥ (u? — 20) . (8.130)

Q1 (T 20) O (o7 — 1) @9 (o7 + )

QB (! —an) @ (w + sn)

1= 0 (uf] +477) Qf] (UE’] B 877) ’ (8.131)
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to the p = 2 Bethe equations:

1 2N
sinh( -+ 77) Qg] (ag] + 477) o)kl (ﬁLﬂ _ 277)
7 N| T Amm e : (8.132)
sinh (u’“ —77) Qr, (“k _477) Q (“k +277)
cosh (“ ) Q[l] (ﬂg] _ 277) QE} (ﬂf} + 477) QB! ( (2] _ 277)
al A (712! A2] (=121 A (2] (8.133)
cosh (u’“ ) Q[ ] (uk + 277) Qy (uk o 477) QP ( + 277)
o)t (af] _ 477) QY (ﬂf] n 8,7)
= (8.134)
[2] [3] 4 58] (=[3] -8 ’
Q +4n) Q" Ui
Evidently, it follows from (8.125)) and (8.126)) that (8.131)) implies (8.134)).
Setting u = uf] in (8.123), remembering that Q! (uf]) = 0, we obtain the relation
QU (uf] — 2n) ( 2y 277) QU (u,f — Qr]) (5.135)

QM (UE] + 2n) X (UL] - 277) QM (UE] + 2n) '

With the help of this relation, it follows that (8.130]) implies (8.133).

Setting u = :I:ug] + 27 in (8.123)), noting that therefore QM (u — 2n) = 0 and S(—u) = 0, we obtain the
pair of relations

(1]
X(ug} + 4n) QM ]( oy 4n) QM ](ugcll) =c sinh2N(% +n) sinh(ug] + 2n) Q1 (ug] +27n),
(1]

(! = 4n) QU — 4n) Q) = —e st (21 — ) sinb(u! - 20) QP! —20). (8.136)

Forming the ratio of these relations, we arrive at the Bethe equation (8.129)). Similarly, setting u = iag] —2n
in (8.123)), we obtain the Bethe equation (8.132)).

8.4.2 Duality of the transfer-matrix eigenvalues

In order to relate the transfer-matrix eigenvalues for p = 1 and p = 2, we observe from (8.123)) that

_ S(u) = S(=u) _ S(u —4n) — S(—u + 4n)
- Smh2N( 5) sinh(u) QPl(u) SinhQN(% — 2n) sinh(u — 4n) Q1 (u — 4n) ’ (8.137)

where the second equality follows from shifting v — u—4n. Making use of (8.124)) and (8.125)), and rearranging
terms, we obtain the relation

51nh2N(§ — 2n) sinh(u — 4n) x(u + 27) M
2 Q[l]( 77) QP (u)
+ il (5) sinh(u) x(u = 60) S5 S om e
QM (u +2n)

2N Y . _ _
= sinh (2 2n) sinh(u — 4n) x(u — 27n) Qil(u—21)

QM(u—6n) _ QPl(u)
QU (u — 2n) QPl(u — 4n) -

+ blnh2N( 2) sinh(u) x(u — 2n) (8.138)
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This relation implies that

(g U U 2
zo(u) yo(u,1) M {2 sinh(§ —2n) sinh(§ - 817)} v
QU(u—6m) _ Qw) [y N
+ z1(u) y1(u, 1) Qi (u—2) Q2 (u — dn) [2 smh(§) smh(§ — 817)]
7[1] u u u
= f(ij, 0 {zo(u) yo(u, 2) m {2 sinh(§ —2n) sinh(§ — 81))} o

QM (u — 6n) Qe (u)
QM (u — 2n) QP (u — 4n)

Finally, in view of also (8.121]), (8.125)), (8.126)) and the identity

yQ(ua 1) _ 1
y2(u,2)  flu,1)’ (8.140)

we conclude that the duality relation (8.117)) is indeed satisfied by the Bethe ansatz solution for n = 3,p = 1.

u u 2N
+ 21 () 1 (u, 2) [2 sinh(3) sinh( — sn)} } . (8.139)

8.4.3 Duality of the Dynkin labels

It is interesting to see if the formulas in Sec. for the Dynkin labels are compatible with duality. For the
case n = 3,p = 1, where the QG symmetry is Uy(Ca) ® Uy(Ch), the Dynkin labels are given by

O]

a;’ =mq — 2mg + 2ms3,
ag) = me — 2ms3,
" =N—my. (8.141)

On the other hand, for the dual case n = 3,p = 2, where the QG symmetry is U,(C1) @ Uy(C2), the Dynkin
labels are given by

al! = my — 2ms,
al"” = N — 2m; +ms,

al"” =my —ms, (8.142)

where we again use a bar to denote quantities for the p = 2 case. If a transfer-matrix eigenvalue (A(u, 1) or
equivalently its dual A(u,2)) forms a single irreducible representation of the QG, then we expect that the
corresponding Dynkin labels (8.141f) and (8.142)) should be related by the duality relationslzl

dgz) _ agr) ’

a”"=a",  i=12. (8.143)

Making use of the relation (8.128]) between {m;} and {m,;}, we find that the relations (8.143) are indeed
satisfied, provided that the m’s satisfy the constraint

N =mq +mo — 2m3 or equivalently my, — 2me +2ms3 = 0. (8.144)

Some simple examples for N = 2 are displayed in Table

Interestingly, not all transfer-matrix eigenvalues have Bethe roots that satisfy the constraint . (A
simple example is the reference-state eigenvalue, for which m; = mgs = mgs = 0.) Such transfer-matrix
eigenvalues correspond to reducible representations of the QG (i.e., they correspond to a direct sum of two or
more irreps). Indeed, it was noted in the example 2 of section that for 07(11) with odd n and p = ”Til,
there are additional degeneracies in the spectrum, which may be due to some yet unknown discrete symmetry.

HFor general values of n and p, we expect the duality relations

&1(-”:%(-7")7 i=1,...,p,
agr):al(_l)’ i=1,...,n—p,

where the unbarred and barred quantities correspond to p and n — p, respectively.
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my | mg | ms agl) agl) agr) Irreps.
2 oo 2071 0o

=1U,(Cy) @U,(C
p=10Uy(C) ©Ts(C) 21100 0211
my | mo | ms | @ | al” | al? | Trreps.
oloflol o] 2] o0/]@n10

=2U,(C1)@U,C
p=2U GOl |, |, 0] 0| o |211)

Table 8.6: Numbers of Bethe roots, which satisfy the constraint (8.144]), and the corresponding Dynkin labels
for C\V withn =3, N =2 and p = 1, 2.

8.4.4 Further remarks

We have seen that, for the case C,(LI) with n = 3, the relations (8.123])-(8.126f implement the duality trans-
formation p = 1 < p = 2 on the Bethe ansatz solution. Note that the Bethe roots corresponding to

transfer-matrix eigenvalues related by this duality satisfy uf] = ’E] and uE’] = EE]; i.e. only the type-1

Bethe roots (ugj]ﬂg]) are different. We expect that, for 07(11) with other values of n, as well as for Dr(Ll) and
D(2+)1, generalizations of the relations ([8.123))-(8.126) can be found to implement the duality transformations

n
p <> n—p on the Bethe ansatz solutions. For supersymmetric (graded) integrable spin chains, a different type
of “duality” transformation can be defined, which can be implemented on the corresponding Bethe ansatz
solutions by relations somewhat analogous to (8.123)-(8.126), see e.g. [98, [09] and references therein.



Chapter 9

Conclusions and further developments

We used quantum group symmetries and some additional discrete symmetries to explain de degeneracies and
multiplicities of spin chains constructed from anisotropic R-matrices and diagonal K-matrices depending on
a discrete parameter p. We have proved that such spin chains have QG symmetry corresponding to removing
the node p of the extended Dynkin diagram of g.

The cases C,(Ll) and Dy(,l) were proved to have a duality symmetry p — n — p which makes the spin chains
for p and n — p have the same degeneracies. The existence of such symmetry could be expected by looking the
middle column of the Table or the form of their Dynkin diagrams in the Figure In addition to that,
when n is even and p = § there is a self duality symmetry that makes representations of the type (1,a) and
(a,1) become degenerated. When there is self-duality but also e = 1 (79 = —1) there is an extra symmetry
which we called bonus symmetry making states with representation 2(a,a) become degenerated, i.e., have
degeneracy 2a2.

For A(Qi)fl, BT(LU and DS) we also have a left Zo symmetry transforming complex representations (R, 1)

into their conjugates (R, 1). In addition to that DV has also a right Z, symmetry transforming (1, R) into
(1, R).

We constructed explicitly the transformations which generate all the symmetries described above and
prove that they are responsible for the already mentioned effects. The proofs (even the ones in the appendix
which were done using Mathematica) were performed without to specify a number of sites N, and are
therefore valid for any finite number of sites. It is worth to mention that in the process to prove those
symmetries we found new properties for the R-matrix which in our knowledge are also new.

Still for C,(LD and Dy(ll), when n is odd and p = % there is some unknown symmetry making states
with different dimensions become degenerated. In the example presented in section the representations
(1,9) and one (6,4) become a 33 and the (15,1) and the other (6,4) become a 39. This is happening also for
D7(:,2421 in [89]. All the other symmetries we worked with related representations with same dimension. What
is happening for these cases is different and it would be very interesting to find what is the symmetry which
causes this effect.

All the models described in this work (except D;Q_?_l whose symmetries were understood in [89]) were
constructed using diagonal K-matrices depending on a discrete parameter p. There are, however some
additional diagonal K-matrices solutions with a boundary parameter [62] which in principal would generate
spin chains with QG symmetry. We leave these cases for future investigations.

In chapter [§] we have done analytical Bethe ansatz for all the cases discussed in the Chapter [7] for both
e =0,1 and the case with Dfﬁl (for e = 0).

Usually, for a same model, the difference for the Bethe equations of close spin chains and open spin chains
appear in two points: the NV in the lhs of the Bethe equations becomes 2N, and the @-functions become
doubled. In our case we found an additional effect, we have an overall factor ®; , ,,(u) which is different from
1 for [ = p and equal to 1 otherwise. We numerically checked completeness for a small number of sites.

We also conjectured a generalization for open chains for the Reshetikhin’s formula for the Bethe equations.
Such formula depends on the simple roots of the algebras.

In addition to that we constructed formulas relating the Dynkin labels of the Bethe states with the
number of Bethe roots of each type. These formulas help to determine the degeneracies of the transfer-
matrix eigenvalues.

There is one case, however, which remains to be solved. The Dﬁ)_l for € = 1 has so far resisted to our
attempts to find its Bethe ansatz. We have made some progress for this case with n = 1 in [9I] where

! the investigations for this case started in [87]).
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88 CHAPTER 9. CONCLUSIONS AND FURTHER DEVELOPMENTS

we constructed an ansatz which gives all the levels with odd degeneracy but none of the ones with even
degeneracy. In principle, we expected that all the levels would have odd degeneracy but it was found in [89]
that some degeneracies are doubled. This does not happen for the other algebras considered and we do not
know so far what symmetry is generating this effect. It happens that all the states our ansatz do not find
are exactly the ones which have the doubled degeneracy. The difficulty increases with the number of sites,
since the proportion of states with even degeneracy grows fast with the number of sites.



Appendix A

Zero Curvature for KdV hierarchy

Here we write down the time component of the two dimensional gauge potential generating the first three
flows for the KdV hierarchy. Let

Ay xay =D 4N 4O i) g g (A1)

where we find by solving the zero curvature representation (3.6 in the homogeneous gradation. For N = 3
we have

DI(S) _ Cghv
D' = —CEy+ JCE,

1 1
p = 500 CE_ o+ 5 ICh,

0 _ 1 Lo, 1o 1
DO = B+ (46IJ+2J >Ea+481Jh,

(A.2)
and N =5
D/(5) — CSh
D' = (1B, + JCUE_,
'@ = %axJCBE_a + %J@h,
1 1 1 1
D' = S JCE, + (02T + 5% ) CE_ol® + £0,JCh,
2 4 2 4
1 3 1 3
D,(l) _ (293 2 R E,a 92 2 72
g0sd + 7700 | CB—a + 50T + 27 | Ch
1 _ (_lgas 3 Loy 3
DY = ( $0od =37 )Ea+ <168m<]+ gJ0:J | I
1 4 3 2 1 2 3 3
- 29, - “JP ) E_q
+ (16@” < (0n)? o SO + 2
(A.3)
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and for N =7

+

+

+

APPENDIX A. ZERO CURVATURE FOR KDV HIERARCHY

D" = (h,
'D/(G) _ —CGEa + JCGE—(X7
1 1
p® = §ang5E_a + §J<5h,

1 1 1 1
o — Ly, 4 (4a§J n 2J2> C B+ 10.IC'h,

1
p'® = (;afgj - iJaﬁJ) CEoo+ (803J + Zﬂ) Ch

1 3 1 3
@ _ (_885J _ 8J2) C2Eq + (1683J + 8J8xJ> ¢*h

1 3 1 3
— AT+ 28, )2+ =JPT + 2T ) CPE_,
(16$+8( )"+ I T+ 2T )¢
15

16

/(1) 1 5 ) 2 0 3
_ (= 2 (0, —J(02]
D (328IJ+ 5 (02)(0J) + 157 (02T) +

J2(azJ)) CE_,

1o 5 2 O g2 RIE
(35008 + 35007 + S + 5 cn

0 _ (L a9 IR U
P ( 33 02l) = 33 (0u])" = 35102 T) = 36T ) B

i 6 D92 12 L5 3
(64(61J) e (02D 4+ S (0n)(02D) ) Boat

3 35 o 25 5,0 5 1
3 35 2 2 ) E
<16J(azJ) + 357 0uT)" + 5T (020) + 157 ) ot
Losn+ 2onen+ Zietn+ 2o, (A.4)
64/ T yg e e g e T g AT '



Appendix B

Equivalence between mKdV and KdV
variables

We now verify the equivalence between mKdV and KdV variables. From (3.70)) we find

0:Q = — (1;_ ) Oz (A — p) eA—p<€q +e 7+ 77)
o
- Maxqu—P(eq —e )+ 20-¢) Du(p — N)eP™2 (B.1)
20 o
and using (3.72)), (3.59) and(3.60) we obtain
0.Q =20_ — QTP + Q0 (B.2)

Consider now 9, P = J; + Jy = 0 (w1 + ws). In terms of Miura transformation

1 1
0P = €0,(v1 +v2) — (v +v3) = €d?p — = (0up)? — 5(8xq)2.) (B.3)

2
Acting with 9, in (3.72)) and using (B.3)) and (3.70) we find

Ox
% (81P + 2610) = 2Q (P - ZQ) + %Q [(alp)Q - (8IQ)2]
~ Qowpon+ LY 0ypOyqet P (el —e 1) + % 2q(e? + e ) (B-4)

where p = v1 +v3, ¢ = v; — v2. Substituting the equation (3.70)) in the equation (3.73) we find

% [(00p)* = (2:0)°) = 22229 (e —e™?) — % q(e? + e 7)
Q 5 P2 2
_2<_Q +QP—4+4>+B+Q—B(P—2Q) (B.5)

Substituting this result in and eliminating the mKdV variables using (3.59) and (3.60) we obtain
1
0x P +20,Q = —Z(PQ + Q) +QP -0 +28, (B.6)

Eqns. (B.2)) and correspond precisely to the Type-IT Backlund for the KdV hierarchy.
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APPENDIX B. EQUIVALENCE BETWEEN MKDV AND KDV VARIABLES



Appendix C

Consistency with Equations of Motion

In this appendix we verify that the compatibility of Backlund transformations lead us to the equation of
motion.
We start with the spatial part which is common to all N. For the KdV equation it is given by

|

0P == = §Q2. (C.1)
In what follows it will be useful calculate its spatial derivatives:
2P = —Q0,Q; (C.2)
9P = —(0:Q)* - Q(9:Q); (C.3)
9P = —3(0:Q)(97Q) — Q(;Q); (C4)
93P = —3(92)° - 4(0,Q)(8;Q) — Q(9;Q); (C.5)
8P = —10(02Q)(92Q) — 5(0.Q)(9Q) — Q(IQ); (C.6)
03P = —10(9;Q)* —15(9;Q)(9;Q) — 6(9,Q)(9;Q) — QZQ; (C.7)
93P = —35(95Q)(9;Q) — 21(9:Q)(8;Q) — 7(9.Q)(95Q) — Q(9;Q)- (C.8)
N=3 (KdV)
The temporal part of the KAV BT is given by
10, P = ~Q2Q) + 5 [(9:Q) + (9. P)?] (C9)

In order to verify the consistency of this transformation we act with the spatial derivative to obtain

40,01, P = —QI3Q + 3(0,.P)(02P), (C.10)
eliminating the term —Qd3Q from equation (C.4) we find

40,0;, P = 93P + 3(0, P)(02P) + 3(0.Q)(02Q). (C.11)
Substituting
0P =J1 + Ja, 0:Q =J1 — Jo (C.12)
becomes precisely the sum of two KdV equations.

N=5
The temporal part of the BT for N=5 equation is given by

160, =~ QUO1Q) + (2:Q)(02Q) + 50 P)(OEP) + 2 (2P)? — L (D2Q)°

+2(0.P) [(0:P) +3(0,Q)°) (C13)
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Acting 9, in the equation ([C.13|) we obtain

160,0;, P = — Q(03Q) + 100 P)(9LP) + 5(0, P)(0LP) + (0, P)*(32P)

+ D(OP)0.Q) + 15(0.P) (0:Q)(07Q). (C14)

Then we isolate the term —Q(92Q) from equation to find
160,0;, P =05 P + 10(92Q)(92Q) + 5(9,Q)(92Q) + 10(92P)(92P) + 5(0,P) (92 P)
+2@P) [(0.P) + (0.P)] +15(0,P)(0.Q)(32Q), (C15)

Substituting (C.12]) we obtain the sum of two equations for N = 5, i.e., eqn. (3.9)).

N=7
The temporal BT for the N = 7 equation is
640, P = — Q(5Q) + (9,Q)(02Q) + (0, P) (92P) — (92Q)(92Q) + 14(82P) (01 P)
+5(00Q) + 2 @R + D @) OP) + 2 (92P)(0:Q)
+3(02Q)(0.P)(0:Q) + 2 (0, P) [(92P) + (32Q)°] + 35(0%P)(22Q)2(0.Q)

+ B 0.2+ 0.0 + L 0.02 0.7 (C.16)

Likewise we did for other values of N, acting 9, in the above equation. Then we isolate —Q(97Q) from
equation to find
640,0;, P =03 P + (0, P) (95 P) + 7(0,Q)(95Q) + 21(9; P)(9; P) + 21(92Q)(9Q)
£ 3(2P)(OLP) + 35(02Q)(D2Q) + 2 (91P) [(9:P)? + (2.Q)°
£ 835(0,P)(0,Q)(0Q) + T0(0,.P) [(92P)(02P) + (2Q)(62Q)]
£T00,Q) [(Q)(GEP) + (2P)(EQ)] + 2 (@2P)°
+ I @P)0Q) + 2@ P)0.P) + 2 (2Q)(0.Q)°

Q@R + 1 (2P)(0,P)(0:Q) (1)

Substituting (C.12)) we obtain the equation of motion for N =7 (3.10).



Appendix D

Representation of the si(2,1) affine Lie

superalgebra

In this work we are considering the following representation of the ;7(2,1) affine superalgebra,

0 A" 0 Atz 0
K@D — [yt o0 of, KPT=| o i o |,

0 0 0 0 0 2\"ts
0 —A" 0 A00
METY — it o o), MPY =0 - o],
0O 0 0 0 0 0
0 0 A3 0 0 -\
n43 n+L
FER _ g 0 x| B[ g o b,
ALtz AR A0
0 0 AP 0 0 _)\n—&-%
n+1 n+3
S R 2 TNC. S Ul I (R U
AP A0 AL At
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Appendix E

N =5 Lax component

The Lax component A;, takes the following form,

where,

bll

b3

b13
bes | (E.1)

bir b2
Ay = bar  bao

bs1 b3 ‘ b33

i)\3/2

A2 4 A2 920 — 5

R 1 1 3i. . -
wﬁaﬂp + A <2(8x¢)3 - iag(b - 4ax¢¢ax¢>

N2 (5000 0,0+ 00020 - (D020 ) + £(0.00%6 + J0,0(0%0)°

20 (0,0) 00,0 — 20,0 0000 — 20RO — 2R T0,T — (0.0, (5.2
N D (020 + (0,0)" — i90,0) — (020)? + L0k + 10,008 — 5(0.00%0

20000 + L0u0002 + 0.0V 000 + LR DO+ L0 — Lo, (53
N + AS/;*/E (000 + 0ut)) + %ﬁ (0:602% = 2(009)* — g0 + O39)

AT (0, 60245 — 3(0,0)70,1 — 260,15 + Do — 30,0025 — 3(0,0)°5 + 0%9)

P (0,0000 - 20080 + 200, — 910D + 01D) — 10,0920,

+% (076 (020)" ¥ — (0:0)*0utp — (920)” 030))

Y (30,0015 - 30,0087 - (2203 (©4
—A %2 (=070 + (020)" — P0u) + A (iamai’cb - é(aias)? - éaiqb

2000+ 20,0002 + 0,000, — S0.000% — L0600,

+ 500020 - 50025, (©.5)
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ba3

b33

)\5/2 + )\28m¢ -

)\1/2
ARV
)\1/2
+ 4\6

)\1/2\/
+ 4

APPENDIX E. N =5 LAX COMPONENT

3/2 ; o
P04 A (1020 - 50,0 + Y0.000,0)

a2 <§<am¢>2¢aw¢ + 0.0 - waw) + 000~ 20,6(020)°

2000 + 2 (000)° + T PRSPOD + D o001 + P60

16 16

_*( ar(b) ¢8a:1/)7 (E6)

)\2\@ 3/2\/

(02t — 0u9)) + (0300 — 2(0:0)*Y — Dy pdut) + O30))

S (a%aww Du 02D — 5 — 3(000)20uD + 3(0.0)6 — 30,0020 + 60)

12J

(0309 — 030 00 — 00 0 + 29 030 + 831)) — 020 03¢ 0,0

16

((am)?’azu? — (0:9)°070 — 0;6(0:0)*P + i(am) v = 120;6 0,6
—4(02¢)° ), (E.7)

)\ \[( a:@qu - 83:&) /\3 2\[

i

+5 (0:0024) — 0200, + 03 + 30,0029 — 3(0:0)* Y + 3(0:0)>0pth — 1))

)\1 2\/ )\1 2\[

16

(Opd v — 030 0uth — 0u 03t + 0o O30 + 0p0) — 00 05 Dyt

<<am¢)3arw — (0:0)° 030 — 9;6(0:9)"¢ — %(ai@ W~ 120,006
+12(0,0)" §) (E.8)

3 2
aevig - J( Do + Ou) + M( D00 — 026 — 20,0)° & + O20)
)\1 2\/

\12( 0w O3tp — 05 1 — 34¢w+33¢8x¢+841//) 8x¢3§¢3x1§

3

+2(0:0)'0, (£9)

(30,0020 + 3(0:0)*) — D2 + 240, — Dy pO24 + 3(D)20pth — O24))
Vi

2N/2 — i XY 20,0 + iAL/? ((8z¢)2 oY + 38115851/7 — id?@i@) : (E.10)



Appendix F

Coefficients of the Backlund
transformations for N =5 member

The coefficients ¢; in Béacklund equations (4.30]) are given by,

o = -, cosh (¢+) (826.)" sinh ( +) +3(0%04) (D64 ) sinh (%*)

+(2264) (@20, cosh (25) =2 (@,0,)" sion (%), (F.1)
c1 = 02y cosh <¢+> — (D2¢p4)? cosh (%) 4(02¢+) (0y¢+) sinh (%), (F.2)
o = —(02¢)cosh (%) +2(dp4)” sinh (%), (F.3)
cg = Oypq cosh (%), (F.4)
¢y = —2sinh <¢2+) (F.5)
e = 4(94y)coshoy —6(926,) < Du1)" cosh by +2 (9294) " sinh 6.4

—4(93¢+1) (0x64) sinh . + ( 0z )" sinh o, (F.6)
co = 4(07¢1)coshy —4(Dupy) Slnh¢+a (F.7)
cr = 2(0:¢4)(coshoy), (F.8)
cs = 2sinh¢,, (F.9)
¢ = |-20cosh%F LAk 2

9 = cos 5 + 20 cosh 5 + 80 co (0504)
{35 sinh < ) - ?5 32 ) + % < > )} w1 )?, (F.10)

clo = [70 cosh <¢+> — 25cosh <32+> <¢)] Oz P+, (F.11)
ci1 = —20sinh (¢2+> + 10sinh (3?_) + 305si ((b) ) (F.12)
c1a = 400%2¢, (cosh¢, — cosh(3p,)) — 20(0,¢4)? (5sinh ¢4 + sinh(3¢)), (F.13)
c13 = 30sinh ¢ — 10sinh(3¢, ), (F.14)
cig4 = —120sinh <¢2+) + 80 sinh <&§+> + 240 sinh <5¢;+> — 60 sinh (?)

—100sinh (92*> , (F.15)
c1s = 240sinh ¢y — 120sinh(3¢.) + 24sinh(56,). (F.16)
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And the coefficients g; in the Backlund equations (4.31)) are the following,

g1

g2

gs

g4
gs

ge

g7

gs

g9

gio

g11

go = {7 1(82¢+)2 _ §(83¢+)(8x¢+) + %(3”5”4] cosh (%)
[ Dnty — *( 261 )( z¢+)2:| sinh (%),

{ fa3¢++ (006r2) }smh(‘z’;)—2(a§¢+><am¢+>cosh (%*),
1
2

(9264, ) sinh (¢+> — (0yp4 )* cosh (%),
—%amm sinh (%),
cosh (%),
[10sinh ¢ — 5sinh(2¢4)] Oz ¢+,

- |5+ 20coston + 3 conio)] @) 0,04)

| 2
35 3 45 5

1z cosh (¢2+) + ik osh (?) + vy cosh (q;_ﬂ (x4 )?

— |15sinh (3?) + 15sinh (5@> 2o,

v () - S (5) - (5

inh
10 cosh <¢+) — 5cosh ( ) <§
[-120sinh ¢ — 40sinh(2¢4) 4+ 40sinh(3¢4) + 20sinh(4¢4 )] O b4,
sh ( +> + 10 cosh (?)

60 cosh ((é) — 40 cosh () —40co

+10 cosh <9¢;+) .

~ [10sin o + Ssinh(264)] 020, — | F sinh o+ 7 sinh(204) | (0.0,

(F.24)
(F.25)

(F.26)

(F.27)

(F.28)



Appendix G

R-matrices

The R-matrices are given by

R(U) = C(U) Z Caa by €aa + b(u) Z Caa ® €gp
atal aB,p’

+lew D Few D |eap®@esat Y tap(ueas @ ears

a<B,a#p’ a>fB,a#p a,B

where e, are the elementary d x d matrices, with d given by (7.1)). Moreover,

c(u) = 2sinh(% -2 “ 2 2
bgu; = 2sinhgﬁ) " X cosh(3 — k) for Aén) ’Aén)fl
e(u) = —2¢ % sinh(2n) sinh(y — ) for By, CY DY

e(u) =e"e(u),

. : _ (1)
bu) + { 2sinh(2n) sinh((2n — 1)n) for By o= Bo=d

—2sinh(2n) cosh((2n + 1)n) for Aéi)

aap(u) =
$eaeﬂe(i”+2(&_5))’7 sinh(¥)
—0ap cosh(y — kn) for Agl) ,Aéill
2sinh(2n)eTs x
eqegeEt2@=—pE)n sinh(%)
—GOap sinh(% — K1) for BS) ,C’r(Ll) ,Dfll)
where
2n for Aéi?_l
2n+1 for Aéi)
k=4 2n—1 for By(l ;

1)
2n+2 for 07(11)
2n —2 for DT(LI)

for 1<a<n

(2) (1)
for n+1<a<?2n for Ay, Cy

for A$Y B DO

)
Q
Il
P
|
I
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“ cosh(2 — (k —2 for AP ,A(z)
2sinh (%) x ) (3 ( ) (21’3 (2{’)*1 (1) a=0a#d
sinh(§ — (k —2)n) for Bp’,Cp’, Dy

(G.4)
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B a—% 1<a<n
a:{a—ké n+1<a<2n forAfn)_l,Cﬁll)
a+1 1§0¢<%
a=< « =4 (G.6)
a—31 Hloa<d for ASL,B(D s
o =d+1—-a,
a,B=1,...,d. (G.7)

All but one of these R-matrices are the same as in [56], up to the change of variables = €%, k = €2 and
an overall factor. The one exception is the R-matrix for Aéi) 1, which we obtain from the C(l) R-matrix in

[56] by replacing ¢ = k*"*2 by ¢ = —k2"; i.e. by changing & — —¢k~2. It is the same as the A _1 R-matrix
in the appendix of [58] up to some redeﬁmtlons of the anisotropy and spectral parameters, and an overall
factor. This A(2) 1 R-matrix was used in [69} 85 [87].

We use the D( _21 R-matrix given by Jimbo [56], except we use the variables v and 7 instead of  and k,
respectively, which are related as follows:

x=e", k= e, (G.8)

We also multiply the Jimbo R-matrix by an overall factor e=2% e~2("*17 in order to have nice crossing and
unitarity properties. (See also [97, [57].) Hence, this R-matrix is given by

R(u) = e™ 2 72N R (y) (G.9)
with
RJ(U) — (eZu _ 6417) (e2u _ e4nn> Z Con @ Con + e27] (eQu _ 1) (eQu _ e4n77) Z
a#n+1,n+2 a#B,8'

aor ﬂ;én:i-l,n-&-Z

“eaa ®egg — (€M — 1) (e — ') Z +e?u Z €as @ €gq
a<p,azp’ a>B,a#s’
a,B#n+1,n+2 a,B#n+1,n+2
1 4
_ = n _ 2u _ _4nn u u
2(6 1) (e e )((e +1) Z +e Z
a<n+1,f=n+1,n+2 a>n+2,f=n+1,n+2
“(€ap ®€ga + eprar Qeap) + (" —1) | — > tet )
a<n+1,b=n+1,n+2 a>n+2,f=n+1,n+2
1
(eap ®egra +egar ® ea’ﬁ)> + Y aap(Weas ®earp + 5 >
a,B#n+1,n+2 a#n+1,n+2,=n+1,n+2

- (b4 (u) (eap @ earpr + €prar @ ega) + by (u) (Cap @ €arp + €par @ €ga))

+ Z (C+ (u)eaa ® €a’a’ + c (u)eaa ® €aa
a=n+1,n+2

+dT(u)eqn @ eara +d (U)eqe @ e,m/) , (G.10)

where for o, 8 #n+1,n+ 2

(647762“ _ 64nn)(62u _ 1) a= B
aap(u) = { (€1 —1)(e2mme21(@=F) (e2u — 1) — G5 (€24 — 1)) a < g, (G.11)
(6417 _ 1)62u(e2n(6¢—ﬁ)(e2u _ 1) _ (saﬁ’ (6211, _ 647117)) a> ﬁ
+ 2n(a—1/2) (,4n _ 1 -1 + 211 1
bE(u) =14 (M —1)(e™ et £ a<ntl (G.12)
e2(@=n=5/2) (¢4 _ 1)(?* — 1)e%(e® £ *™) a>n+2
1
ctu) = ii(e‘”’ — 1)(e® 4 1)e (e F 1) (e + ™) + e21(e®* — 1)(e? — ™), (G.13)
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(e —1)(e®™ — 1)e"(e" £ 1)(e" £ e2), (G.14)
and
a+l 1<a<n+1
3
B = 1
="ty a=nt , (G.15)

n+35 a=n+2
a—1 n4+2<a<?2n+2
o =2n+3-a. (G.16)

The elementary matrices e, s have dimension (2n + 2) x (2n + 2) with

a,B=1,...,2n+2. (G.17)
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Appendix H

Ug(g"V) @ Uy(g™)) and T (p)

We show here that the asymptotic gauge-transformed monodromy matrix Ti(p) can be expressed
in terms of coproducts of the generators of a QG of the form Uq(g(l)) ® Uq(g(r)), where g and ¢(") are
(non-affine) simple Lie algebras of type B, C or D, with rank n — p and p, respectively. Specifically, the
pairs of algebras (¢, g(")) are given in Table [H.1} where § is the affine Lie algebra in the list that is
associated to the R-matrix. The algebras ¢! @ g(") are in fact the subalgebras of § obtained by removing the

" node from the (extended) Dynkin diagram of §, which has n + 1 nodes. We emphasize that the possible
values of p are 0,1,...,n; it is understood that the “right” algebra ¢(") is absent for p = 0, while the “left”
algebra ¢ is absent for p = n.

g (99, 9")
A% (Bup: Cy)
A9 (CopDy) (P #1)
B (Bu-p. Dp) (n>1,p#1)
oy (Cop: Cp)
DY | (Dp_p,D,) (n>1,p#1,n—1)

Table H.1: Pairs of Lie algebras (¢”, (™) corresponding to the affine Lie algebras §, where p=0,1,...,n.

H.1 Generators
We denote the generators corresponding to the simple roots of ¢ and ¢(") by

Hl-(l)(p), Eii(l)(p), i=1,....n—p,

and
H (), Ef7%), i=1,...p,

K3
respectively. (To lighten the notation, we shall refrain from displaying the dependence of these generators on
p when there is no ambiguity in so doing.) The “left” generators satisfy the commutation relations

1), 1 ()] =0,
l + (1 i) (1
1w B V)] = ol B V).

{Ej(l)( ) E (l }: z_: H(l (Hl)

and the “right” generators similarly satisfy the commutation relations
(r) (r) _
|:Hi (p), H, (p)] =0,

27 ®), Ef o (p)] = 2o EEO(p),

[Ej(r)(p) - } 5 Za(])H(7 (H.2)
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Moreover, the “left” and “right” generators commute with each other

[10w). EF O w)] = [EF ), B 0)] = B0, B O w)] = [EE 0w BT Ow)] =0, @13)

The simple roots {a?, ..., a(™} (where m is either n — p or p) in the orthogonal basis are given by
oz(j):ej—ej_H, j:l,...,m—l,
em for B,,
o™ ={ 2, for Cy, (H.4)

em—_1+ e, for Dy,

where e; are the elementary m-dimensional basis vectors (e;); = 0; ; (i.e., e1 = (1,0,0,...,0),e2 = (0,1,0,...
etc.).
In terms of the g generatorsEl
Hi=¢e;; —eat1—id+1—i; i=1,...,n,
El =€ 11+ €d—id+i—i, i=1,...,n—1,
enn+l + €d—ndri—n if g = B, i.e., for Aéi) ,B( )
Ef = \/Een,nﬂ if g0 = Ch—p ie., for Agl_l ,C’,(Ll) ,
€n—1m+1 + €nnt2 if g = D,,_, i.e., for DY
i V2eq1 if ") = C,, i.e., for Aézl NS
o = it 0™ — D, ; @ g )
ed—11+eqo ifg'" =Dpie, for Ay, _,,Bn’, Dy
E; = (BN, i=0,1,...,n, (H.5)
the “left and “right” generators are given by
!
( )(p) Hp+z ,
+ (1
E; ”(p) Ef,, i=1l..,n-p, (H.6)
and
p) = —Hypy1i,
EF " (p) = EX i=1,...,p (H.7)
v p—i> IARERY ) .
respectively. Indeed, one can check that the commutation relations (H.1)) - are satisfied. Note that the

“broken” generators E;t in do not belong to either the “left” lm) or “rlght” set of generators;

indeed, dropping the ¢ generators E;t corresponds to deleting the p'* node from the (extended) Dynkin
diagram of g.

H.2 Coproducts

We now present the coproducts for the quantum groups Uq(g(l)) and Uy (gM).

INote that e;; are the elementary d x d matrices introduced below , where d is defined in We see from that
the generators in 1) with ¢ = 1,...,n are in fact the generators of g(l) with p = 0; and we see from { i that Eo in
are the nt" generators of (") with p = n.

,0),
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H.2.1 “Left” generators

The coproducts for the “left” generators are given by

Ay =1 9 1+10H", j=1,...,n—p,
AEED) = BEO g rtm I ni | o=t @ gEO oy o p
2D @ etrtimHL,
te-(rimHD, @ gt if g0 = B,_, i.e., for A% BV
A(Ei (l)) —{ g0 o 2nH) —2H o gt O )0 e for AZ oW (H.8)
n—p) = n—p @€ P te P L, o, gV =Cpple,tor Ay 1 ,0n . .
EEO @ entiLpatrtmH
+677]H£4,11p717(77+7;ﬁ)H7(Lllp (4] E;i:_(;) lf g(l) = Dn—p i.e., fOI‘ D7(q,1)
These coproducts satisfy
O] ESON RN +(0)
[AmE"), AEF )] = e A ), (1.9)
and
ol A N aE; V) - aE; Dam el (H.10)
sinh |2n > P oz<j)A(H(,l)) 9 1 1
i,j [ s’;nlll(er;) k } fOI' Aén) ,Bg ) ,D’EL )
= , (H.11)
sinh |2 3720 af) A(HL) 2) 1)
8 j(1+ 6in—p) £in}1(2(1+511n7p)7]) ] for Ay, _1,Cn
where Qg) is given by
inH® . o
e G T |i—jl=1 forAgL),B,(Ll)
Il otherwise
QE? _ . (H.12)
inHY . o . ..
e @D @I |i—jl=1and 1 <min(i,j) <n—p—2 for Agi)fl o pm
Il otherwise
H.2.2 “Right” generators
The coproducts for the “right” generators are given by
AHNY=H" 91+10 H" =1
(H;") jo@l+led;”, J=L..p,
A(E]i (7’)) _ E]:t (r) ® 6(77+i7r)H](.T)*nHJ(-:_)1 4 6*(77+i7T)H_](-T)+TIH](.:_)1 ® E]ﬂ: (r) , j=1,...,p—1,
E;,t r) ® e2nH;” + e~ 2nH;” ® E;t ™ gf g = Cp i.e., for Agl) 707(11)
+(r)y _
A(E; ™) = FE ) g (lrim B, A (H.13)
NG r r . .
e~ (rHmHD = D g Ef( ) if ") = D, i.e., for Agi),l ,BSY, DYV
These coproducts satisfy
(r) C O TN )) + (1)
[A(Hi ), A(E; )} — o AEED), (H.14)
and
ODAE N AE ") - AE; DaE )l (H.15)
sinh|2n >°P_ a(‘j)A(H(T)) 2 1 1
0,J { sl;nlll(;?) - ] for Agn)—lv B7(l ) 7D7(1 )
= , (H.16)

sinh|2n Zi: aij)A(H](:)) (2) (1)
5i,j(1 + 6i,p) {Sinh(2(11+6i'p)n) ] for A2n ,Ch
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where QE;) is given by

irH . S .
e max(i) @I |t —j|=1and 1 <min(¢,j) <p—2andi#p for Aéi),Cff),
IRI otherwise
o) — S . (H.17
“ e maxn) @ 1 li—jl=1and 1< min(i,j) <p— 2, (FL17)
in (HMD +HO) . ) ) 2 (1) p)
e (H'l +H; )®]I li—jl=2 and (i =por j =p) for Ay, 1, Bn", Dn
Il otherwise
H.3 T*(p)

The matrix elements of the asymptotic gauge-transformed monodromy matrix T+ (p) (7.37)) can be expressed

in terms of the coproducts of the “left” and “right” generators introduced above. We now exhibit a set of ma-

trix elements T; (p) that includes all A(N)(E;r (l)) b ,A(N)(E:{,(Q) and all A(N)(E;r (T)) yeen ,A(N)(E;r (T)).
For j # n and for all the considered affine algebras, we find that

s (7‘) (7")> r .
A )A“\”(HP—J)+’7A(N)(HP—-7+1)A(N)(E;r_(j)) j=1,.,p—1

Tj—:l,j(p) =40 Jj=p ) (H.18)
—ntin D ® 1 .
o eTNHmAN (H)2,) "A“V)(HJ*PH)A(N)(E;Z(Z))) Jj=p+1..,n-1

where
e—(& N-1)n )
The set of matrix elements {T;l (P),-.., T;fn_l(p)} evidently contains all the generators except Ay, (B (T))

!
and A(N)(E;,(p)).
For the p-th “right” generator Ay (Ey (T)) we have

0 p=0
_%1/)677 COSh(2?’])A(N) (E;r (T)) p=1,...n for g(r) =C,
T o (0) = ie., for AD W (H.20)
¢€(_n+mm<”)(Hz(ﬂi)l)Jr"A(N)(Hy))A(N)(E; ™y p=2 .. nforg" =D,
i.e., for Aéi)_l ,B,(Ll) ,Dg)
where

2n—1 for Agi)_l ,Dg)
o(n) =1 2n for BV i) . (H.21)
2n+1 for Aéi)

For the (n — p)-th “left” generator Ay (Ei_(l)) we have (for p=10,1,...,n—1)

P
pemrmAm L) A (D) for g0 = B,,_,,
i.e., for Aéi) ,B’r(Ll)
. —%we” cosh(21) Ay (E:_(Q) for g = G,y
Triom(®) = i (2) (1)  (H22)
; ie, for Ay’ ,,Ch
_we*nmw)(H,(fl,,_l)Jr(nHvr)A(N)(Hffip)A(N)(E:f;)) p#nn—1for g =D,_,
i.e., for DS)
where 2 42 1) ~()
_ n for A, As,) 1, By’ ,Cy
5(n) — n > An , H.23
() {n —1 for DS) ( )
Similar expressions can be found for Tl; (p) in terms of Ay (E} (l)) Yo ,A(N)(E,;(Q) and

Ay (EC ) Ay (B 7).



Appendix I

The Hamiltonian

The transfer matrix (7.20)) contains [52] the Hamiltonian #H(p) ~ t'(0,p). More explicitly, using the regularity
properties

R(0) =£(0)P,
KR(O,p) =1, (I.1)
one obtains
N—-1 1 , 1
= h *KR T t aKL h a IQ
H(p) ; k1t 5K (0’p)+trKL(O,p) 1, K (0,p)hna s (1.2)
where the two-site Hamiltonian hy 41 is given by
1
hk',k 1= 7Pk,k 1R/ 0). 1.3
+ 5(0) + k,k+1( ) ( )
The Hamiltonian is gauge invariant [53]
N—1 1
Hp) =S L RR 00+ — ey RE(0, ), 14
(p) 2 kk+1(p) + 5 KT (0,p) T RL(0.p) (0, p)hn (I4)
where the gauge-transformed two-site Hamiltonian is given by
- 1 .
P k+1(p) = 77 Prp1 Bj 0,p
+ ( ) 5(0) + k,k+1( )
- hk,k+1 + Bl/c+1(07p) - B]/c(07p) ) (I5>

where we have used the definition ([7.24) of the gauge-transformed R-matrix to pass to the second line.

I.1 Special cases

For the special case with p = 0, the K-matrix K (u,0) is proportional to the identity matrix (7.17). It
followd!] that only the first term in ([.2) contributes [65]

N-1
H(0) = Z P ko1 - (1.6)
k=1

Similarly, for the special case with p = n and d = 2n, the gauge-transformed K-matrix K Bu,n) is
proportional to the identity matrix, see ([7.27). Hence, only the first term in ([.4) contributes

N—-1
H(n)= > hegppa(n)  (d=2n). (1.7)
k=1

This explains the observation in [87] that the Hamiltonian for this case is given by a sum of two-body terms.
A similar result holds for the special case with p =n and d = 2n + 1 [86).

!ndeed, the second term in (I.2)) is evidently proportional to the identity matrix; moreover, using an identity from 165, [861, 187,
one can show that the third term in (I.2)) is also proportional to the identity matrix.
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Appendix J

Proofs of four lemmas

We outline here proofs of Lemmas [0 and [I3] for any value of n. For all of these proofs, it is useful to
rewrite the R-matrix (G.1)) as follows

R(u) = ¢(u) RV 4 b(u) R® + e(u) R® + e(u) R + RO (u), (J.1)
where
R(l) = Z €ao @ €ao = Zeaa @ €aa — En+tln+1 @ €ntlntl (1 - 6d,2n); (J2)
aFa’ «a
R® = Z €aa K epp = Z €aa K epg — Z epp @ egp — Z egp & egg, (J.3)
a#B,p’ a,B B#B’ B
R(g) — Z 6@[3@650‘: Ze(w@elgaf Z 6[3/5@6/@5/7 (J4)
a<fB,a#p’ a<f g>%
RW= 3" cup®epa=) cap®epa— Y epp®esy, (J.5)
a>fB,a#p’ a>f 5<%
R®) (u) = Z aap(U) eap @ €qrpr. (J.6)
a,B

We follow a similar basic strategy for all the proofs: express all the matrices in terms of the elementary
matrices e;; and the identity matrix I, perform the matrix products using the identity

€ij €kl = Ojk €41 (J-7)

and then effectuate the resulting Kronecker deltas. Since many terms are generated by this procedure, we
use the software Mathematica to perform the necessary algebra. Since the proofs are too long to present all
the details, we explain the main steps, and point out some of the subtleties. We start with the simplest proof
(Lemma [13)), and then work our way to the most difficult one (Lemma [T).

J.1 Lemma[13

We wish to prove the relation
ZO Riy(u) 29 = 7 Ris(u) 2V (J.8)

for the Dg) R-matrix. We begin by rewriting Z® ((7.111)) as
Z(l) =I1- €nn — €ntlntl T €nntl + ntin - (JQ)

The relation (J.8)) is in fact separately satisfied by each of the terms in the expression (J.1]) for the R-matrix,

which we now discuss in turn.

J1.1 RW and R®

Since we consider here only the DSLI) R-matrix, here d = 2n; therefore, the second term in (J.2) is absent.
For R and R®, the sums in o and 3 do not have any restriction of the type o < 8 or a > j3; hence, it is
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straightforward to show using (J.7) that

ZW RW ZzO =z ) 7z
ZW R® z0 =z 2 7z (J.10)

J1.2 R® and RW

These terms require much more effort. Let us start by considering the first term in R®), and calculating

ZO S eas @ esa | 210 (J.11)

a<f

Using the relation we obtain an expression depending on Kronecker deltas. But we cannot directly
effectuate these Kronecker deltas to evaluate the sums because of the condition o < 5. We can put terms
such as 65,8 0nt1,a5 On,80n,a a0d 6,,11,80p+1,o to zero, because they do not obey o < 8. After doing this,
we remain with expressions such as

Z enp Qepa 57170(. (J].Q)
a<pf

Notice that we cannot simply set & = n in this expression. In order to satisfy the condition a < 3, if a = n,
then 8 € {n+1, ...,2n}. Hence, we can rewrite (J.12)) as

2n
Z €n,p ® €3,a 671,04 = €n,n+1 & €n+l,n + Z €n,B ® €8,n;s (J13)
a<fB B=n+2

where we separate the term with 8 = n + 1 from the sum, since this helps to cancel with other terms. For
the same reason, we can rewrite

2n
Z €n.8 ® €80 0ntl,a = Z €n,8 ® €B nt1- (J.14)
a<f B=n+2

Using similar logic with all of the terms, we obtain
Zfl) Z €ap ® €Ba Zfl) - Z2(l) Z €ap ® €Ba Zél) = €l4n,n & €l14n,n — En,14n & €n,14n- (J15)
a<f a<p
We still must consider the contribution of the second term in R®)
zP [ - z J.16
1 > epp@ess | 2y (J.16)
B> 4t

Notice that, since d = 2n, the condition 8 > % is equivalent to 8 > n + 1. Due to this condition, all terms
with 6, 8 and dy41,2n+1—5 must vanish. Taking this into account, we obtain

Zfl) B Z €sg @ egpr Zl(l) - ZQ(l) - Z egrp @ egp ZQ(I) = —€l4n,n @ Clynn T €n14n @ €n 14n,
B>t B>t
(J.17)
which exactly cancels with (J.15). We conclude that R(®) satisfies
ZW R® 7O =z pB) 7z (J.18)
We prove that R™®) satisfies
z" R® 7V = 7§ R® z{) (J.19)

using the same arguments presented for R®), but considering a > 3 instead of o < .
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J.1.3  RO)(u)

For R(5)(u), there are no restrictions on the sums over « and 3; hence, we can directly effectuate all the
Kronecker deltas. However, doing this is not enough to show that

Zy) Z aap(u) eap @ earpr Zf) — ZQ(Z) Z aap(U) eas ® eqrpgr ZZ(l) =0. (J.20)
a, a,B

To this end, it is useful to separate all the terms with «, 8 € {n,n + 1} from the sums. For example,

> anp(w) eni1s® ey =tnn (W) eniin @ €nni1 + Anni1() eniing1 @ et
3

2n

n—1
+) anpw)eni1 s @eng + Y anpu)eniis @ en g (J.21)
B=1 B=n+2

By doing this, we find that all the terms without sums cancel. The remaining terms can also be seen to
cancel by using the following properties of the functions aqs(u) 1) for D%l)

Gn,n = Gn+1,n+1,
Upn+1 = Gp41,n,
anpg =apnt1,3 for 1< <n—-1 andfor n+2< [ <2n,
agn =agnty1 for 1<f<m—1 andfor n+2<pg<2n. (J.22)

We conclude that
ZO RO ) 2V = Z) RO (u) ZV (3.23)

which concludes the proof of (J.8).

J.2 Lemma

We now turn to the proof of the relations

24" Ria(u) 2{" = Y{(u) Ria(u) Y3 (u),
ZQ(T) R12 (u) Z2(T) = Yl (u) ng(u) Yl (u) 5 (J24)

for the Agi)_l, B'Y and DY’ R-matrices. We begin by rewriting Z(" and Y (u) (7.100) as follows

Z(T) =1—- €1,1 —€ddteidtedqn,
Y(u)=I—e11 —eqgate “e1a+eeqr. (J.25)

The rest of the proof is very similar to the one for Lemma . However, whereas in the previous case
all the terms are written in such a way that «, 8 € {n,n+ 1} appear explicitly and not inside the sums, here
we should write all the terms in such a way that «, 8 € {1,d} appear explicitly. Another difference is that
now not all the terms in the expression for the R-matrix separately satisfy the relations . Indeed,
the linear combination R®) +¢* R satisfies these relations, but not R®) and R™) separately. Otherwise, all
the intermediate strategies are analogous. At the end, we must use the following properties of the functions

aap(u) 1} for Agi)fp BV and DY

a1,1 = Qd.d,

ad,1 = e a1,d,

agp=¢e"arp for 2<pB<d-1,

agg=-¢e "ag1 for 2<pf<d—-1. (J.26)
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J.3 Lemma [l
We now present some details about our proof of the duality relation
U2 ng(u) U2 = W1 (u) ng(u) Wl (U) (J27)

for the C’T(ll) and Dg) R-matrices, for which d = 2n. In contrast with the previous proofs li l) the
matrices U and W (u) (7.64) cannot be expressed in the form (I — few terms). We rewrite these matrices
instead as

U= Z (€in+i + €ntii) (J.28)
i=1
and .
W(u) = Z (67% €imti+e? Entii) - (J.29)
i=1

We now proceed to analyze separately the contributions of the terms in the expression (J.1]) for the R-matrix

to the relation (J.27]).

J.3.1 RW and R®

After applying the rule , we must deal with the ranges of the sums. The ranges for the sums in
and (J:29) (from 1 to n) are dlﬁerent from the ones in and (from 1 to 2n). We cannot effectuate
the Kronecker deltas to evaluate the sums in R unless we split those sums into two ranges: 1 < a <n and
n+l1<a<2n. In we write the Uy on the left hand side of R with a sum in i, and the Uy on the
right hand side with a sum in j. For the range 1 < a < n, all the terms with ;15 o and dj4p o are zero,
because « is always smaller than n +i. For n+1 < o < 2n, all the terms with J; o, and ;o are zero, because
max(i) and max(j) are n, while « is always greater or equal to n + 1. After applying such arguments, we
obtain

2n
Uy RV Uy = Zew®ea+m+n+ > Can®@eanan- (3.30)
a=1 a=n+1

By applying analogous arguments for the terms with Wi (u), we find

2n

W()R(l)Wl Zea+na+n®eaa+ Z Ca— n,o— n®eaa- (ng)
a=1 a=n+1
We conclude that
Us R Uy = Wy (u) RD Wy (u), (J.32)
since the right-hand-sides of (J.30) and - become identical upon redefining the «’s in the sums. We

prove in a similar way that R(®) satisfies

Uy R® Uy = Wi (u) R® Wy (u). (J.33)

J.3.2 R® and RW

The duality relation is not satisfied separately by R®) and R™), but is instead satisfied by the linear combi-
nation R® + e* R® . That is,

Us (R<3> +et R<4>) Us = Wi (u) (R<3> +et R(4>) Wi (u) . (1.34)
In order to manage the cases with v < 8 and a > 3, we split the sums over a and (8 into four ranges:
1<a<n and 1<p<n,
1<a<n and n+1<8<2n,
n+l1<a<2n and 1<g<n,
n+1<a<2n and n+1<p<2n. (J.35)
For each of these ranges, we put to zero terms that contain Kronecker deltas where o and § are outside of

the relevant interval. Again, at the end, it is necessary to redefine o and 5 on the sums to see that (J.34) is
satisfied.
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J.3.3 RO(u)

For this term we also split the sums over o and 3 into the four ranges (J.35). All the other strategies are
similar to the ones presented above, and we obtain

Us RO (u) Uy = Wi (u) RO (u) Wy (u). (J.36)

J.4 Lemma (1] for d = 2n
In order to prove
|[Rhm) K wp)] =0 (.37)

for any value of n, we proceed in three steps: finding an explicit expression for the gauge-transformed R-
matrix Ria(u,p), performing the limit u — oo in e~ Rya(u, p) to obtain R5(p), and finally evaluating the
commutator. We consider here the case d = 2n, leaving the case d = 2n + 1 for the following subsection.

J.4.1 Finding Ri5(u,p)

In order to obtain an explicit expression for the gauge-transformed R-matrix Rio (u,p) (7.24)), it is useful to
rewrite B(u) (7.26]) in terms of elementary matrices

P n 2n—p 2n
u _u
B(u) =e2 E €+ E €+ E e t+e 2 E €ii (J.38)
=1 i=p+1 i=n-+1 i=2n—p+1

forl<p<n-— 1E|
We now point out some useful simplifications for the contributions from each of the terms in the expression
(J.1) for the R-matrix.

Since B(u) is a diagonal matrix,

By (u) R By(—u) = RW | (J.39)
By (u) R® By(—u) = R® . (J.40)

Let us now consider the first term in By (u) R®) By(—u), where a < 8. After applying the rule (J.7), we
obtain terms such as
2n—p

2n
Z Z Z €ij ®€padiadjs, (J.41)

a<fi=2n—p+1j=n+1

for example. Several terms like this appear, but they are all equal to zero, because the §’s force a =i and 8 =
4; but i > j in this sum, which contradicts the condition a < 3. For the second term in By (u) R® By (—u),
several terms are zero because the Kronecker deltas force 8 to have values that are not greater than %.
Similar arguments can be used for B;(u) R™® By (—u).

For Bj(u) R®) (u) By (—u), after applying the rule , we can directly use the §’s to evaluate the sums,
because there are no restrictions on the o’s and ’s. The functions a; ;(u) have different expressions depending
on whether ¢ = j, ¢ < j or ¢ > j. For later convenience, we separately calculate the contributions from each

of these three cases. For example, consider the term

2n p
Yo Dawe; Qe (7.42)

i=2n—p+1 j=1

This term contributes only to ¢ > j, due to the ranges in the sums and the fact 2n —p+1 > p.
We refrain from displaying the final result for Ris(u, p), which is quite lengthy even after the simplifications
noted above.

For p=0 and p =n, KE(u,p) « I, so [J.37) is trivially satisfied.
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J.4.2 Performing the large-u limit

We now proceed to perform the limit v — oo in e™* I:Elg(u, p). To this end, we need the following results

lim e “e(u) =0 = lim e Ze(u) = lim e” 2 &(u) = lim e 2“é(u),

U—00 U—o0 U—00 U— 00
o B 0 — T et ®) ) — Jin e2u (AN ()
Jm eTags(w) = 0= lim e™Fags(w) = lim e™Mags(u) = Hm ™= aq5(u),
1
— i —u _ _ k7
b= ulg{.loe b(u) 5¢
1
= i —u — 2o (rt+2)n
c_ulirgloe c(u) = 5¢ ,
o o —km TR
e = ul;rrgo e(u) e " sinh(2n) uhﬁrgoe e(u),
M = lim e~*aM L2
P
@) — iy o @Dy Lk
a fulirgoe aaﬂ(u)er m
o) = lim a9 (u) = 77 sinh(2n) (8262 De e5 —5,5)
(4,)5 = ulgr;oe ua(;/; = e~ sinh(2n) (62(&—6_)U6a65 — 50[’5/) , (J.43)
where
as%(u) fora=0, a#d
( fora=8,a=a
aa,p(u) = a?’)ﬁ(u) oro=pa=a ; (J.44)
aaf(u) for a < 8
aéﬁ(u) for a > p

and the definition of a((j?ﬁ(u) can be read off directly from 1)
With the help of these results, we find that ]:Zfz (p) li is given, ford =2nand 1 <p <n -1, by

2n

n
Rify(p) —Czeaa®€aa+b Yoocaa®egs—c| D+ > |eps®esns
aF#B,p’ B=p+1 B=2n—p+1
n 2n—p 2n 2n—p n

+e zp:Jr >+ + > +Z Z + 3 Y |eas®esa

a,=1 «,b=p+1 oa,f=n+1 «a,f=2n—p+1 a=1p=2n—p+1 a=n+1p=p+1
a>f a>p a>p a>p

+al) can®ew RS SRS SRR
a=1p=2n+1—p

2n—p 2n 2n—p n

DD SIS SIETED ST S D I T (7.45)

a,8=1 «a,f=p+1 «a,=n+1 «a,=2n—p+1 a=n+1p=p+1
a>B a>B a>f a>f

J.4.3 Evaluating the commutator

In order to evaluate the commutator (J.37)), we rewrite K (u,p) (7.27) in terms of elementary matrices, and
obtain

R S ye' +1 - ve' +1 g
Ky (u,p) =1® Z+<7+eu> > +<7+€u> >+ Z eii- (J.46)

=1 i=p+1 1=n—+1 i=2n—p+1

It is then just a matter of applying the same ideas presented above, and putting to zero all the terms that
do not belong to the relevant range. In this way, one can see that each of the terms in (J.45)) commutes with
(J.46).
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J.5 Lemma [l for d =2n+1

The cases where d = 2n+1 can be analogously proved. However, it is more suitable to separate the “middle”
terms in B(u) and K& (u,p), i.e. we set

2n—p+1 2n+1
- 62 Zezz Z €ii +en+1 n+1 + Z €ii +e 2 Z €i,i (J47)
i=p+1 i=n—+2 1=2n—p+2
and
)4 w n " 2n—p+1 2n+1
. P B ye' +1 ye' + 1
K (u,p) =1®ept1n+1 +1I® Z+(7+eu)'z +(7+e“ Z +_ Z €ii s (J.48)
=1 i=p+1 1=n+2 1=2n—p+2

for 1 <p <n—1. For this case, RTQ (p) is given by

2n+1
Ri(p)=¢ Y €an®€aatb Y eaa®egs—c¢ > Z ep g ®egp
a#a’ a#£p,B’ B=2n—p+2 P=p+1
D 2n—+1 2n—p+1 2n+1 2n—p—+1 n
)PED SRS SRS SEFED SEETED SENEED SR DN PTT
a=1p=2n—p+2 o,f=1 o,pf=p+l o,f=n+2 «opf=2n—p+2 a=n+2 f=p+l
a> a>f a>p3 a>f

n 2n+1 P 2n+1
+aM (Z + ) ) Con®Carar D D O0peas® ey

a=1 a=n+2 a=1p=2n+42—p

2n—p+1 2n+1 2n—p+1 n

+ Z Z S Y+ Y Y | dYeseas

a,f=1 «,B=p+1 «,f=n+2 «,F=2n—p+2 a=n+2 B=p+1
a>f a>f a>pB a>f

2 2 1)n —2
+ Cl( )€n+1,n+1 K eptintl —C€ (n+1) E e ’8776 n+1,8 @ €nt1,8

B=p+1
2n—p+1 B
— ee—2(n+1)n Z €2ﬁn€ﬁ,n+1 ® epr ni1
B=n+2
2n—p+1
( Z n+l,a @ €ant1 + Z Cantl @ Enit, a) . (J49)
a=p+1 a=n+2
For p = n, it is suitable to write B(u) and K4'(u, p) as
2n+1
_62Zell+en+ln+l+ Z €ii s (J50)
1=n+2
and iy
~ e Jr
Kf(u,p) =1 X I-1 & €n+1,n+1 + </7’/)/ T eu > I ® Cn+ln+l - (J51)
For this case, R5(p) is given by
2n—+1
RTQ _czeaa®eaa+b Z €a,a@epp—¢ Z eg g egp
ata’ B, B=n+2

n 2n+1 2n+1

X T+ + Y |emnoen

a=1p=n+2 «,f=1 «,f=n+2
a>pg a>p3

n 2n+1
e <Z + Z ) Ca,a D Co/ of + al? entlntl @ entintl

a=1 a=n+2
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n 2n+1 n 2n+1
3 4
+3 3 s @east| Do+ D 0l eas @ earp - (1.52)
a=1 f=n+2 a,f=1 «,f=n+2
a>p a>p

For p =0, Kf(u,p) < I, so (J.37) is trivially satisfied.



Appendix K

Bonus symmetry and singular
solutions

For the cases C,(ll) ,DS}’ ,Dr(izl with p = % (n even) and € = 1, the transfer matrix has a “bonus” symmetry
(i.e., a symmetry in addition to self-duality), leading to higher degeneracies in comparison with e = 0 [88] [89].
We observe here that the solutions of the Bethe equations corresponding to such degenerate levels are singular
(exceptional).

As an example, we consider the case cV with n = 2,p = 1. From the Uy(C1) ® Uy(C1) symmetry of the

transfer matrix, we expect (for generic values of n) the following Hilbert space decompositions

N=2: [(2,1)®(1,2)]%*=2(1,1)®2(2,2)® (3,1) ®(1,3), (K.1)
N=3: [(21)®(1,2)]% =52,1) ®5(1,2) ®3(3,2) ©3(2,3) ® (4,1) @ (1,4). (K.2)

However, by diagonalizing the transfer matrix directly, we observe the following degeneracy patterns

N=2: {1,1,4,4,6} when e =0, (K.3)
{2,8,6} whene =1, (K.4)
N=3: {4,4,4,4,4,8,12,12,12} whene=0, (K.5)
{4,8,8,8,12,24) when e = 1. (K.6)

Let us first consider the case N = 2. Comparing the decomposition with the degeneracies for e = 0
(K.3), we see that they do not completely match: the (3,1) and (1,3) are degenerate (thereby giving rise
to the 6-fold degeneracy) due to the self-duality . However, the degeneracies for ¢ = 1 are even
higher: the two (2,2) are degenerate (thereby giving rise to the 8-fold degeneracy) and the two (1,1) are
degenerate (thereby giving rise to the 2-fold degeneracy) due to the “bonus” symmetry.

The key new point is that, among the Bethe roots corresponding to the levels with 8-fold degeneracy and
2-fold degeneracy, is the exact Bethe root ul) = 27 (which is repeated for the 2-fold degenerate level), for
which the Bethe equations have a zero or pole.

The bonus symmetry is also present for N = 3, see , , . The levels that are degenerate
due to the bonus symmetry (namely, the level with 24-fold degeneracy, and two levels with 8-fold degeneracy)
again contain the singular solution ul') = 2n, which is repeated for the 8-fold degenerate levels.

For all the examples that we have checked (another example is noted in Sec. , singular solutions
occur if and only if the states are affected by the bonus symmetry. However, a general understanding of this
phenomenon is still lacking.
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Appendix L

Bethe ansatz solutions for some
additional cases

In the main part of this work, we do not consider the K-matrices (7.14]) for the cases A%LI and B with

p = 1, and Dg) with p = 1,n — 1, as emphasized in . These K-matrices are excluded because the
corresponding transfer matrices do not have QG symmetry corresponding to removing one node from the
Dynkin diagram. (This is the reason why we consider instead the K-matrices and for these cases.)
Nevertheless, the transfer matrices for these cases are integrable, and we have also determined their spectra.
We briefly note here the Bethe ansatz solutions for these cases.

For these cases (i.e., for the transfer matrices constructed using the K-matrices (]ml) for Agzl1 and B,,(Ll)

with p = 1, and for D,gl) with p = 1,n — 1), the transfer matrix eigenvalues are in fact given by 8.21|), where

the functions y;(u, p) are given by (8.41)), (8.43)), (8.44)). Hence, the Bethe equations for Agl)_h B and D7(L1)
with p = 1 are again those in Sec. [8.2.3] with the functions ®; ,,, given by (8.76).

For D,(zl) (n > 3) with p = n— 1, the Bethe equations for | < n—2 are the ones given in (8.51)),(8.52)),(8.60));
but the Bethe equations for [ = n — 1,n are given by

2

cosh (ug“nzl] +n+ ?) o (uf ™" = 20) QU (w4 4n)
cosh ("[n 1 n+ ”TE> Q[”72] (“Ey e 277) E:_l] (ugcn_l] - 477) ? (b
cosh (“[2] g) 2 Q[n—z] ( [n] _ 2n) QY ( [n] | 477) .

cosh ([] —n+ ”5) Q-2 (uk + 277) v (u&jl - 477) ’

instead of by (8.61) and (8.62). In contrast with the QG-invariant case, the LHS of (L.2)) has a nontrivial
(# 1) factor, even though I =n # p.
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