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Tunneling time through a rectangular barrier
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In this paper, we discuss the tunneling time of a quantum particle through a rectangular barrier. The
reflection and transmission times associated with the wave packets representing the particle are discussed. By
using an initial Gaussian momentum distribution, we carry out a comparative analysis of the stationary phases
of the incident, reflected, and transmitted wave packets leading to the reflection and transmissidn tieres
Aty, respectively. In the present treatment of this old and very known problem we take into account the
deformations of the reflected and transmitted momentum distributions. These deformations produce a depen-
dence of the reflection and transmission times on the location of the initial wave packet. In a parallel calcu-
lation, by numerically monitoring the time evolution of the system, we characterize a reflection and a trans-
mission time. Such times agree with the ones obtained via the stationary phase method.
[S1050-294{@8)07912-9

PACS numbsd(s): 03.65~w, 73.40.Gk, 73.30ky, 73.40:-cC

. INTRODUCTION 0, x<0, region 1,
In the literature, we can find a number of papers suggest- V(x)=1 Vo, 0<x<a, region 2, @)
ing different expressions for the so-called tunneling time, the 0, x>a, region 3.
time a quantum particle spends in a classically forbidden _
potential region. In particular, we cite some of those worksThe corresponding Schdger equation and its solution are
that propose a method of associating the tunneling time withvell known and presented in practically all quantum me-
a phase timeA 7, [1-6]. According to such a method, the chanics text books. For the sake of notation, we present in
tunneling time is obtained from an analysis of the phase ofhis section a summary of the relevant results.
the function that describes a wave packet incident on the The energy eigenfunctiong(x), for E<V,, is given by

potential. [2,8]

In Ref. [3], Biitiker and Landauer point out some diffi- ) ) _
culties in the method of phase due to the deformation of the up(x)=Ae**+A’e ™ region 1,
wave packet during its time evolution. Haugeal. [4] are _!{ u.(x)=Be "”+De”™ region 2
concerned with the lack of clarity in dealing with situations Ug(X) 2(%) o - g NG
in which the momentum distribution associated with the us(x)=Ce", region 3,

wave packet has finite width. In Rg6], a correction to the |
method is discussed and the tunneling time obtained in firstwvith
order approximation coincides with the phase time. Collins

[6] presents some numerical results to establish validity lim- k2:2mE k2:2mVo 2_12_ )2 3)
its to the phase method. 52 0 0T T PR

In this paper, we consider a quantum particle of endétgy
incident on a rectangular barrier potential of heiyht>E. The boundary conditions at=0 andx=a determine the

The particle is initially represented by a Gaussian distribucoefficients in Eq(2), which can be given in a convenient
tion and the deformations in the momentum distribution ofnotation if we introduce the quantitie R, and a through
the reflected and transmitted wave packets are taken inige definitions

account. The reflection and transmission time are obtained

using the stationary phase methpd. The validity of the ) p
expression so obtained faxr, is discussed. An extensive cosf=1— and sing=; -, (4)
numerical analysis is made in order to support the results. 0 0

In Sec. I, we formulate the qguantum problem and present (e¥0e~203_ 210\ —Rgie, (5)

its (well known) solution in order to define notation. The
wave packets are constructed and discussed in Sec. lll. Thaience
time evolutions are studied in Sec. IV. Finally, in Sec. V we

develop an extensive numerical analysis and present the re- R=\1+e *2—2e 2r3cos 49 (6)
sults.
and
Il. THE PROBLEM AND ITS SOLUTION
tana = cothpatan 26. (7)
We consider a particle of mass and energyE moving
towards a rectangular barrigt(x) defined by In terms of these quantities, we have that
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(e 2,2—1) Once the initial wave packef(x) = ¢(x,0) is defined, we
=—Fx ¢ (8)  can obtain the momentum distribution by imposing
R ’ V2 Jo
_p2isin20 . so that
C=—e PP———e "' (10)
1 ® .
- —ikx
and (k) N e Y(X) dx. (16)
D=e*2"a2 Cosee,ige,ia (11) The integral ink must be done througk, since we are

considering patrticles witle<V,,.

For practical purposes, we consider a Gaussian wave
As a check, it can be easily seen that the reflection coefficierpacket centered iR=—//, namely,
|A|2 and the transmission coefficien€|? satisfy the ex-

pected relation 2 \ ¥4 _ )2
l/I(X): — e|k(x+|)ef(x+l) /xO, (17)
|A|2+]|C|?=1. X0
General solutions to the Schtiager equation can be ob- Which corresponds to the momentum distribution centered in
tained as superposition of the eigenfunctiop$x), K,
w(x,t):jECEe—(i/ﬁ)EtuE(X)dE_ (12) g(k_?)eikl:;eiklef(kff)ZM(ri (18)

(2770'%)1/4

Such superpositions define wave packets and are shaped ih

cording to the initial conditions of the physical system. In the

next section we construct some of these wave packets, re- o2=(K?)— (k)2
k_ .

quired for our present purpose. (19

We choose this momentum distribution for our wave
1. CONSTRUCTION OF THE WAVE PACKETS packet imposing, however, the same previous upper limit to

We start by constructing a wave packet that represents @€ momentum integration, i.e.,
free particle, with defined enerdy<V,, moving in region
1, defined in Eq(1), towards the potential barrier. Classi-
cally, such a particle should be bounced by the barrier, but
guantum mechanically there is a nonvanishing probability
that the particle penetrates the barrier and emerges on thge to this restriction ok to the region belovky, Eq. (20)
other side, again as a free particle. In terms of wave packetgpes not result exactly in the Gaussian spatial distribution
part of the packet is reflected and part penetrates the potentigly. (17). Nevertheless, it represents, with good accuracy a
region and emerges on the other side as another wave packgfayssian wave packet centeredxis —/, at t=0, if the

As initial conditions, let us place the incident particle momentum distribution widtii19) is taken sufficiently small
somewhere to the left of the barrier, specifically at the posisych that the momentum distributigi(k) goes quickly to
tion x=—/, and let it move to the right with group velocity zero ask approaches,. So
v. The best we can do to represent this particle, from the
point of view of quantum mechanics, is to consider a very
narrow wave packet with a sharp peak in the momentum
probability distribution,|#(k)|?, as well as in the spatial
probability distribution¢(x)|?, around the respective mean The above-mentioned condition is also necessary to assure
values that the momentum expectation val(k) is equal to the

— momentum distribution peak, i.e.,
k=— (13

W(x,0)= ifkog(k—?)eik'ei“dk (20)
o 2mlo '

k . % —
fog(k—k)e'k'e'kxdk:f g(k—kekekxdk. (21)
0 — o0

K, _ el — —
(k>=J 0k|g(k—k)|2dsz klg(k—k)|?dk=k. (22
_ 0 0
andx=—/ att=0. Such a wave packet will arrive at the

barrier, inx=0, at time Now we proceed to construct the wave packets in all three
. . regions defined in Eql). At any time, the wave function is
to=/Tv=m/1hk. (14  given by
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P (X0 = (X, 1)+ Pr(X,t),  x<0, 3.0 ' ' ' '
P(x,t)=1{ PaAx,t), 0<x<a, (23
Pa(X,)=yr(X 1), x>a,
where the indices, R, and T stand for incident, reflected,

and transmitted, respectively. For the incident wave packet
P (x,t), we take a Gaussian probability distribution initially

centered orx=—/, i.e., 20 - 8
1 [ TN Ak 1) a—io(k)t <
(X, t)= \/? . g(k—=k)e e dk, (29 =
77 -
£
whereg is given by Eq.(18) and <
hk?
w=w(k)=m. (25 10 r .
The reflected wave packet is given by
f (e*Z"a 1)
Pr(X,t) = 2n T
—ik(x—Da—io(Kta—ia .
e © e " dk %20 0.8 1.0
1 (ko
- —ik(x=a—iw k)t —ia
Vy2mJo rlk) e € dk FIG. 1. Momentum distributiorj (k)| (full line) and g(k)

(dashed lingfor k=0.35,, 02=0.002%2, andk,a= 1.
(26) k 0

wherep, 6, R, anda are defined in Eq€3), (4), (6), and(7),  With
respectively, and

(e -1 Bk = 9(k—Ko) o R @

— - — 2\ A)— — Ko

¢r(k)=g(k—k) —F—=[Alg(k—k), (27

where the reflection coefficiedt is given in Eq.(8). R= /e %ag2rx 1 g~ 20X _ g~ 2racqg 2, (32
Figure 1 displays the momentum distributions associated

with the incident and reflected wave packets. It shows thag,q

the reflected wave packet presents a small shift to the left

with respect to the incident one. This fact produces a shift in tana=coth p(x— a)]tan 26 (33)

the average momentum associated with the distributions

ko ) — It should be noticed th& dependence of the probability dis-
(K= | M el <k @9 tibution b,

Finally, the transmitted wave packet is given by
Since the reflected peaTﬁ is also shifted, it is expected that

o 2sin26
(k)r=kg<k. (29  ¥rxH= J g(k—kye "
. Thebwave packet in the classically forbidden region is X @ik(xtI=a)g—io(Kitg—iag=im2q K
given by
2 cosh_ _ 1 fkodh(k) eik(xtI—a)g-io(ktg-iag=im2q K
Yo(X,t)= f R v2mJo
2 R
_ (34)
X e*l‘y k,x)elkleflw(k)tefladk
1 fx where
0 . . . .
— (ﬁz(k,x)efly(k,x)elkleflw(k)tefladk,
\/27Tj0 — 2 sin 26
¢r(k)=g(k—k)e " : (35

(30
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3.0 ' ' ' ' TABLE I. ks as a function ok for o2=0.002%3 andka=1.
k Ky k Ky k Ky
0.30 0.313 0.46 0.467 0.62 0.624
0.32 0.332 0.48 0.486 0.64 0.644
0.34 0.351 0.50 0.506 0.66 0.663
0.36 0.370 0.52 0.526 0.68 0.683
20 r 1 0.38 0.389 0.54 0.545 0.70 0.703
0.40 0.409 0.56 0.565 0.72 0.723
= 0.42 0.428 0.58 0.585 0.74 0.743
o
3
= IV. EVOLUTION OF THE WAVE PACKETS
A. The incident wave packet
1or i As we have mentioned before, the maximum of the prob-
ability distribution |#,(k)|?, associated with the incoming
particle, arrives at the barriex€0) at timet, given by Eq.
(14). The phase of the incident wave packed) is given by
fi(K)=(x+/)k—w(k)t. (38
0.0 . By imposing a stationary phase through the condifith
~0.0 0.8 1.0
df,(k)
——| =0, (39
FIG. 2. Momentum distributiong-(k) (full line) and g(k) dk |,

(dashed lingfor k=0.35,, o2=0.002%2, andk,a=1.
we get the equation corresponding to the classical path in
Figure 2 displays the momentum distribution associatedegion 1,
with the transmitted wave packet. It shows that the transmit-

ted wave is well localized around a well defined pdak

which validates the stationary phase analysis to be carried
out below. Figure 2 also shows that the transmitted momen-
tum distribution is shifted to the right with respect to the As expected, this is the motion equation for a classical par-

initial distribution. Consequently, there is a shift in the aver-ticie moving fromx=—/, att=0, to the right with velocity

age momentum of th_e tr_ansmltted wave Wlth respect to th%—: Akim, reaching the position=0 at timet=m//4k.
average value of the incident momentum, i.e.,

ik
x(t)= Ft—/. (40)

B. The reflected wave packet

ko _
— 2
(k)r= fo K| (k)| “dk>k. (36) The condition of stationary phase applied to the reflected
wave packet26) gives us

A numerical analysis of the transmitted momentum distribu- da(k)
tion shows that the average value coincides with the peak X(t)=/"—vgt— gk | (42)
value, i.e., k=kg

(K)r=kr>k. (37)

TABLE Il. kg as a function ofk for o2=0.002%2 and

. — e koa=1.
Table | contains the values &f for several values df;. 08

It can be seen that the peak deviation is greater for small— — — — — —

— —. . : k kg k kr k Kr
values ofk and decreases &sincreases. There is practically
no deviation fork>0.6. Table Il contains the values &  0-30 0.296 0.46 0.455 0.62 0.615
for several values df. It can be seen that the peak deviation 0.32 0.16 0.48 0.475 0.64 0.635

. - — . 0.336 0.50 0.495 0.66 0.655
is greater for great values &fand decreases &sdecreases. 036 0.356 052 0515 068 0675
There is practically no deviation fde<0.5k,. Figure 3 dis- (3g 0.376 0.54 0535 0.70 0.695
plays the momentum distributions peaks of the transmitteg) 4o 0.396 0.56 0.555 0.72 0.715

and reflected wave packets and the respective shifts, fqy 4,
some values ok.

0.416 0.58 0.575 0.74 0.735
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1.0 T T T T

0.5

(2n62)l/4¢

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 4. Behavior of¢g(k) as a function of the momentui
for several distribution widthsz?(k)=0.0250 (a), 0.0100 (b),
0.0050(c), and 0.0025d) in units of k3.

interval Aty is always positive, i.e., the peak of the reflected
wave packet leaves the barrier after a delay tivig since
the arrival of the incident packet.

As can be seen in Fig. $x(k) has a maximum shifted to
the left relative to the maximum of the distributiog(k

0.0 0.2 0.4 0.6 0.8 1.0 —?). In Fig. 4, we observe tthR goes tok when o(k
Wy —K) approaches a delta functiaifk—k), i.e.,
FIG. 3. Momentum distributiorb+(k) and ¢g(k) for?=0.3ko ) — —
(dotted ling, 0.5, (full line), 0.7, (dashed ling o2=0.00252, im kg=k. (46)
angk0a=£ Also displayed are the respective shifts corresponding 9(k—k)— 8(k—k)
to kr andkg. . — . .
In this casepg—uv and the reflection timétg, Eq. (45),
where goes to the so-called tunneling time obtained through the
method of phases
fikg _
UVR=—— (42) [2%))
m AtR:tR_tOZ_::AT(p, (47)
1%
andVR is the value ok that maximizes the distribution prob-
ability (27). where
By imposing x(t) <0, the appropriate condition for the
reflected wave packéR6), we observe, from the equation of — da(k) 48
motion (41), that the reflected wave packet presents a maxi- T k_? (
mum that emerges from=0 at timetg given by N
/'—ER C. The transmitted wave packet
tr= 43 . . .
R™ g “3 For the transmitted wave packeir(x,t) given in Eq.
. (34), the equation of motion obtained by using the stationary
with phase method is
— da(k) :1 (2 sinh 2pa—kasin 46) x+/—a—vit—ar=0, (49
ap= =31 .
k h pa— —
dk |, ¢ p (cosh2a—cos49) K=k where
(44)
ime di fikq
The time difference UT:_T (50)
o m
_ . / aR / o
AtR_tR_tO_U_R VR (45 angET is given by Eq.(44), but now evaluated &; instead

of kgr. The quantityk; determines the maximum of the mo-
shows that the arrival at=0 of the incident-wave-packet mentum distributiong+(k) given in Eq.(35). Obviously, in
peak does not coincide with the departure of the reflectedgeneral k;+# kg which implies different group velocities for
wave-packet peak from=0. As, in generalyzr<v, the time  the transmitted and reflected packets.
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Kk,

FIG. 6. Behavior of$(k) as a function of the momentukj for

several distribution widthso?(k) =0.0250(a), 0.0100(b), 0.0050
(c), and 0.0025d) in units of k3.

relatively to the maximum of(k—Kk). This shift ofk; with

respect tdk increases for distributions centered around small
values ofk. For large values okga, this effect is more
evident for distributions centered on greater value&.ofn
general, (k) tends to have maximum shifted to the right
with respect to the maximum af(k—Kk) and this shift de-

pends ork as well as on the widtiAk of the distribution.

FIG. 5. Behavior of the transmission coefficient as a function of\\/hen g(k—?) approaches a delta distributioﬁ(k—?),

k and the barrier width.

By imposing x(t)>a, the appropriate condition for the
transmitted wave packet, a stationary phaseytx,t) will
exist starting at timeé; given by

/ CYT
tr=———. (51)
Ut (%
The time difference
Atemtetg=" ar_/ (52)
T—'T 0 vr Ut U_

corresponds to the time interval between the arrival of the
incident-wave-packet peak &t=0 and the departure of the
transmitted-wave-packet peak frans a.

Sincea+>0 and, in generayt>v, the time intervalA t;
may assume negative values meaning that the transmitteca
wave-packet peak emerges before the arrival of the incident
wave-packet peak. This phenomenon can occur because tt
faster components of the incident packet are more likely to
tunnel through the barrier than the slower ones which are
more likely to be bounced. This fact is illustrated in Fig. 5,
which displays the transmission coefficient in function of the
momentumk for several values of the barrier width. We can
see that for barriers with very small width, the transmission
coefficient increases quickly to values near 1. Distributions

g(k—?) not centered neak=0 generate transmitted distri-

butions with peaks very close to thosegik—k). For large
koa, the transmission coefficient is nearly zero in almost the

whole range 8<k<kg,. Only those distributiongg(k—Kk)

S
s

¢+1(k) tends to present a maximum very close to the maxi-

mum of g(k—k). An analogous analysis of the reflection
coefficient and of the functiogR(k) Ieads_to similar results.

In Fig. 6, we observe thdt; goes tok as g(k—?) ap-
proaches a delta function, i.e.,

20.0 T

15.0

100

]

00

R

-10.0 .
0.2 04

06
Kk,

0.8 1.0

~! FIG. 7. Behavior ofAty, Atg, andAr, as a function ok for
centered very nedgk will present maxima ofg(k) shifted  ¢2=0.002%3, koa=1, and//a=100.
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lim
g(k—k)— 5(k—k)

(53

In this casepr—v and a;— ag, and the transmission time
Atr, Eq.(52), goes to—aq/v, i.e.,

ag
AtT:tT_to—> e :AT
v

(54

"

Figure 7 displays the behavior of the quantities; and
Atg in function of k, for the physical parameters used in
constructing Tables | and Il. As a behavior limit, both tend to
the phase timeA 7,,, where

k3 (sinh 2palkp) — 2ka(k?— p?)/k3
sintfpa+ (2kp/k3)

and 7y is the characteristic time given by

h

To= 2_\/0 . (55)

V. NUMERICAL ANALYSIS

In the following discussion and tablels,is expressed in
units ofky, defined in Eq(3). Lengths are expressed in units
of the barrier widtha. Generically, we assumiga=1, un-

x/a
Jm B
X/

a

0.040
t=270.0
=

0.020

0.000

0.08

s 0.04

0.00

0.060 T T T
t=370.0

A

-100.0 0.0 100.0
x/a

0.040

Ml

0.020

0.000

-200.0 200.0 300.0

FIG. 8. Spatial distributiory(x,t)|? for t=220, 326.83, and
370, in units ofrg.
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0.008 [ x=-101. _
x=1013 x=1.0 X=86.45
S t=0 1=326.83 1=600.0
- A(\ _
0.000 -
-200.0 -100.0 0.0 100.0 200.0
x/a
0.040 T T T
x=-75.5 x=5.5 x=102.33
o = =326.. =0
Se 0020 | =600 1=326.83 |
0.000 L .
-200.0 -100.0 0.0 100.0 200.0

x/a

FIG. 9. Spatial distributiong ¢r(x,t)|? and |g(x,t)|? for
t=0, 326.83, and 600 in units af,.

less otherwise explicitly pointed out. Times are given in
units of the characteristic time, defined in Eq.(55).

Let us consider the time evolution of the probability den-
sity function | y(x,t)|? associated with the amplitude distri-
bution defined in Eq(23). The initial distribution| ¢(x,0)|?
was constructed atko=/=—100. Figure 8 represents
|p(x,t)|? for t=220, 326.83, and 370 and a distribution

g(k—k) of width given by(r§=0.0025, and centered ik
=0.3. This figure shows us that the tunneling process is a
very slow one.

Let us now conside#, (x,t), ¥r(x,t), andyg(x,t) given
by Eqgs.(24), (26), and(34), respectively. A numerical analy-
sis of the distribution] ¢,(x,t)|?, unnecessary in this case,
would show that it propagates to the left with velocity

=fik/m. The other two distributionsg|?> and |y+|?, are
given in Fig. 9 fort=0, 326.83, and 600. An analysis of the
plottings in Fig. 9 allows us to associate witligz(x,t)|? a
velocity vg=0.296),, and with |7(x,t)|2 a velocity vt
=0.313,, wherevo=nky/m.

Notice thatyg(Xx,t) and+(x,t), taking into account their
respective valid ranges<0 andx>a, only contribute to the
process after positive timeg andt; have elapsed.

TABLE Ill. Propagation velocity of the transmitted wave packet
peak in function of the group velocity=#k/m of the incident
wave packetAr; is the transmission time. Comparison between
the peak positiox; and the expected valye)+ is also shown, for
t=600.

? T A T AtT XT (t= 600) <X> (t = 600)
0.30 0313 -6.33 -6.23 86.45 86.59
035 0.361 —-2.08 -2.09 115.05 114.86
0.50 0.506 1.58 1.59 202.60 202.63
0.70  0.703 1.82 1.83 321.14 321.15
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TABLE IV. Propagation velocity of the reflected wave-packet VI. CONCLUSION

peak as a function of the group velociy:ﬁ?/m of the incident In this section. we present some general conclusions and
wave packetA 7y is the reflection time. Comparison between the IS Sectl o We pres ,S g ; ,US', S
peak positionxs and the expected valug)r is also shown for notes. For barriers of small widthya<1, and distributions

t=600. g(k—k) not centered around small, the reflection and
— transmission times both tend to the tunneling titne, ob-

k vg  A7g  Atg  Xg (t=600) (X)r (t=600)  tained through the method of phases.

030 0296 1186 1190 —7550 554 VV.I'[hII’I some limits, to be dlschsseg belov& the v.alues
035 0346 972 977 —105.38 ~105.39 obtained forAt; and Atg, for the givenk; andkg, are in
050 0495 591 596 —195.15 ~195.16 complete agreement with a numerical analysis of the prob-
070 0695 356 356 —315.15 _31517 lem. The criticism of Bttiker and Landauef3] that “the

peak is not a reliable characteristic of packets distorted dur-
ing the tunneling process” does not apply to the present
analysis.

In Tables Il and IV, we display the group velocities of  The limit of validity of the calculations carried out until
the transmitted and reflected packets, for some valuds of now are directly connected to the approximate Gaussian
The respective distributions have widé=0.0025. The form of the distributionspr(k) and ¢g(Kk). In Fig. 3, (k)
quantitiesx; andxg correspond to the maxima of the distri- has an approximate Gaussian shape fak?=0.01 andk
butions determined from the plottings, afk); and(x)r ~ =0.7. In Hartmann’s papd®], such distributions arounk
were determined numerically and correspond to the expected 0.7 andAk=0.1k, are discarded. According to Hartmann
values associated with those distributions at a given instanit js necessary to introduce components with energies greater

Transmission and reflection time&. numerical analysis than the barrier height. The corresponding coefficients would
of the time evolution of| y(x,t)|? allows us to associate be extremely small, as can be seen from his figure.
with this distribution a velocity +, and a positiorL(t7) at The numerical analysis carried out to obtain the time
a given instantt>t,. With these data, an observer would spent in the reflection and transmission processes shows that
associate to the process the expressfon particles in the At and At obtained via stationary phase method are in
regionx>a) excellent agreement with the numerical results. This kind of
analysis, in the present case limited only by the approximate
Gaussian form of the distributiodaﬁT,RF, does not present

¢ —Z+A N Li(tr)—a 56 &V difficulty when we deal with a distributiog(k—k) of
L ™ vr finite width o, a concern of Hauget al. pointed out by
those authors in Ref4]. An analysis of the results obtained

and presented in Fig. 7 shows the tendency of the quantities

where/ /v is the time a particle takes to reach the potentialAtT and At to approach thephase timewhen Kiko—1.
barrier, A7 is the delay time associated with the transmis-Additionally, for distributionsg(k— k) defined fork in the
sion process, anfiL(ty)—al/v+ is the time taken by the vicinity of k, i.e.,g(k—k) ~ 8(k—k), the quantities\t; and
particle to cover the distander(ty) —a with velocity vr. Atg approach 7,,. This quantity can be used as a very good
From Eq.(56), we obtain approximation in these cases.
Another conclusion that can be drawn from the applica-
tion of the stationary method to the analysis of the time
.7 Li(tp-a evolution of a wave packet incident on a potential consists in
Arr=tr= > ur 57 the observation of a filtering effect due to the presence of the
barrier. On average, particles traversing the barrier have ve-
locity v such thatjv+|>|v]|, and those reflecting have ve-
A similar analysis for the reflection process leads to the fol{ocity v such thaﬂvR|<| |
lowing expression for the corresponding delay time: The/ dependence okt andAtg is inherent in the pro-

cess. Itis related to the spreading of the wave packet as time

flows.
A B C_ LR(tR) (58) As a last comment, in the case of a wave packet incident
R=1IR v UR on a rectangular barrier with distributiom(k) symmetric

aroundk, the application of the stationary phase method is

limited only by the symmetric form of the distributions
The numerical results obtained fdrr; and A7g, in com-  |¢1g|% Our analysis, shown in Fig. 7, is limited to the in-
parison with the corresponding valugs; and Atg deter-  terval 0.3<k/k,<0.7, since outside this interval the distri-
mined through the stationary phase method, for a given dishutions |¢T R|2 tend to deform and the positions of the
tribution g(k— k) and some values &, are given in Tables maximaxt g(t) fail to coincide with the expected values
[l and IV. (x)1 r(t) associated with the distributiongr g|°.
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