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RESUMO

E feito um estudo de modelos duais sem massa e massivos de spin-1. E proposta uma nova ac¢éio mestra
para particulas sem massa de spin-1 da qual derivamos uma nova teoria dual a Maxwell em termos
de um campo de "rank"3. A reducdo dimensional de Kaluza-Klein € aplicada as acdes mestras sem
massa a fim de encontrar modelos duais massivos de spin-1. N6s obtemos os modelos duais a Proca
usualmente encontrados na literatura e um novo modelo dual de spin-1 massivo descrito por um tensor
de "rank"2 sem simetria. Através do uso de acdo mestra na integral de trajetéria mostramos que a
dualidade do novo modelo com o de Proca € preservada na presenca de matéria para interacdes lineares
no campo de spin-1. Estudamos também a dualidade quanto a deducao das regras de Feynman na

"picture"de interac@o e no formalismo de integral de caminho para modelos to tipo Kalb-Ramond.

PALAVRAS-CHAVE: Modelos duais. SPIN-1. Teoria de campos.



ABSTRACT

A study of dual models of massless and massive spin-1 is performed. A new parent action for massless
spin-1 particles is proposed from which we derive a new model dual to Maxwell, where the field is a
rank-3 tensor. We perform a Kaluza-Klein dimensional reduction of massless parent actions in order to
derive massive models of spin-1. We obtain the dual models to Proca found in the literature and a new
model of massive spin-1 described by a nonsymmetric rank-2 tensor. We use the parent action method
in the path integral to show that the duality between the new model and Proca is maintained in the
presence of interactions linear in the spin-1 field. We also investigate the duality of Feynman rules in

the interaction picture and path integral for dual models of the Kalb-Ramond type

KEYWORDS: Dual models. SPIN-1. Field theory
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1 INTRODUCTION

Cosmology has been in a very exciting era in the last decades with many open problems. We
have the problem of dark matter, which is included in the standard AC DM cosmological model
but has an unknown origin. The accelerated expansion of the universe, (RIESS et al., [1998)) and
(PERLMUTTER et al.,|1999), is still an open problem in physics. More recently we have the Hubble
tension (VALENTINO et al., |2021), a disagreement between the measures of the Hubble constant
today using early and late time Universe data and other open questions.

A proposal with increasing popularity to address some of these tensions is modified gravity
(VALENTINO et al., 2021)), the idea that Einstein’s theory of general relativity is an approximation.
The approaches to modify general relativity can be classified by their physical motivation: high energy
and low energy.

The high-energy approach can start with quantum field theory or general relativity. On the QFT
side, general relativity is considered an effective field theory ((WEINBERG, 1979); (DONOGHUE,
1994); (WEINBERG, [1996); (BURGESS| 2004))), where the Einstein-Hilbert actiorﬂ

M2
Sen = Tp/d‘lx«/_—gR, (1.0.1)

is just the first term in a power series on 1/Mp, where Mp = G~'/? is the Planck mass, which includes
every term compatible with the symmetries of the theory. On the other hand, if we start with general
relativity the modifications are motivated by its singularities. For instance, the black hole and early
universe singularities. So, one looks for a theory compatible with the available data and that does
not have these singularities (JIMENEZ et al.| 2018); (MOFFAT, |2015)); (LIN} 2019); (QUINTIN;
YOSHIDA, 2020)). One could argue that singularities in general relativity occur in high energy where
the quantum gravity theory is needed and the two motivations are the same. We keep them separated
anyway because QFT provides a systematic approach on how to modify gravity, whereas the general
relativity motivation does not seem to follow any well-defined path.

The point of view adopted here, comes from an attempt to solve the tensions in cosmology
and general relativity without postulating any dark sector ((SARIDAKIS et al., |2021); (NOJIRI;
ODINTSOV; OIKONOMOU, [2017)). There is by now a big variety of modified gravity theories, some
of them provide self-accelerating solutions but up to now, none of them have succeeded in replacing
general relativity.

One motivation to modify gravity comes from looking at general relativity from the field theory
perspective. It is well known that Einstein’s equations are equivalent to the wave equations of a
self-interacting field associated with massless spin-2 particleﬂ Then, one obvious modification comes

from adding a mass to this particle. However, this idea has been abandoned for a long time, since

1
2

In natural units h = c =1

See for example (WEINBERG, [1972) section 7.6. Also, it has been shown that the equivalence principle, a central
aspect of general relativity, is an inevitable consequence of any Lorentz invariant long-range interaction mediated by
massless spin-2 particles (WEINBERG, |1964)
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(BOULWARE; DESER,|1972) seemed to rule out this possibility claiming that a non-linear massive
spin-2 could not be physically consistent. Recently this has changed and apparently, a non-linear
theory of massive gravity is possible, see (RHAM; GABADADZE; TOLLEY| 2011) and (RHAM,
2014) for a review. There is now even the so-called "bi-gravity"theory whose content is a massless and
a massive spin-2 particle, see (SCHMIDT-MAY; STRAUSS, 2016).

The introduction of a mass usually breaks the gauge invariance present in the massless theory. In
general relativity, gauge symmetry translates into invariance under general coordinate transformati-
ons. In the recently proposed massive theory, (RHAM, 2014) the symmetry by general coordinate
transformations is recovered by the introduction of Stueckelberg fields. However, this version of
massive gravity does not have stable homogeneous and isotropic solutions which are relevant in
cosmology (KENNA-ALLISON| 2021). In the case of bi-gravity, the symmetry by general coordinate
transformations is guaranteed by the massless part of the theory, but one has to pay the price of having
two spin-2 particles. Also, the stable cosmological solutions of bi-gravity seem to have problems in
describing the late-time acceleration of the Universe.

Considering these points one can ask whether it’s possible to introduce gauge symmetry in a
non-trivial way while keeping only one massive spin-2 particle, and whether a new massive gravity
theory can follow from this linear free theory.

In the search of an answer to this question we are naturally led to the concept of duality, one
can have different descriptions for the same physics. Research in duality has been very fruitful in
the last decades in condensed matter physics, field theory, string theory and gravitational physics
((HARTNOLL] 2009), (SEN| [1994), (GIVEON; PORRATT; RABINOVICI, [1994)). The duality
relation between two theories can be used to do practical calculations in one theory, that are impossible
in the other. Regarding the introduction of gauge symmetry in a nontrivial way, in the context of
massive spin-1 our previous question has a positive answer: the Cremmer-Sherk model, (CREMMER;
SCHERK] |1974). This theory is dual to Maxwell-Proca and has gauge symmetry without Stueckelberg
fields. The Cremmer-Scherk model is of second order in derivatives, but it can be obtained from a
first-order Lagrangian for the Maxwell theory via dimensional reduction. Therefore, in the search
for a Cremmer-Scherk of spin-2, one would look for dimensional reductions of first-order versions
of massless spin-2 theories. There has been some progress in this approach recently (DALMAZI;
SANTOS, 2020).

For massless gravity it is possible to get the non linear theory from a first order linear action with
the help of an auxiliary partially symmetric field ( Fgﬁ = Fga ), as in (DESER| 1970) ﬂ

Sus = / Jh [hw (9.1, — 9,T%,) +n (rgyrga _ rgﬂr{;)] (1.0.2)

where h*" is symmetric. It is also possible to get general relativity also from the first order lagrangian

3 This action can also be understood as the linearized Palatini action (FERRARIS; FRANCAVIGLIA; REINA| 1982)
Sas stands for "auxiliary symmetric"
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of Hilbert-Palatini (PELDAN] [1994)f]

Y, Y«
4

(1.0.3)

1

where, e, is a rank-2 non symmetric tensor, Yo s a partially antisymmetric ﬁelcﬂ Therefore,
we have two first order approaches to free massless spin-2 particles, based on partially symmetric
and partially antisymmetric auxiliary fields. The work (DALMAZI; SANTOS, 2020) is based on a
dimensional reduction of a first order description of massless spin-2 particles dual to (I.0.3)). The
symmetric and antisymmetric first order formulations have geometric meaning on their own. The third
case of a non-symmetric auxiliary rank-3 tensor I'" 5 F re 5 correspond to a non-vanishing torsion, see
(OLMQ, 2011). Its dimensional reduction to a massive spin-2 model has not been considered in the
literature. We will see that there are analogues of the antisymmetric and of the symmetric formulations
for massless spin-1 as well, namely the actions (2.1.4]). As a step towards the dimensional reduction
of the nonsymmetric massless spin-2 case (I': 5 F I';., ) we explore here a nonsymmetric first order
theory for spin-1 particles.

At first, since any non-symmetric field can be decomposed into a symmetric plus an antisymmetric
part, it may seem that the non-symmetric case doesn’t add anything. We will see that a non-symmetric
auxiliary field yields new possibilities even in the spin-1 case. The procedure consists of the generali-

zation of the first order actions (1.0.2)) and (1.0.3) to one based on a non-symmetric auxiliary tensor in

a higher dimension and then making a Kaluza-Klein dimensional reduction in order to find a first-order
massive action in the lower dimension. So far we have only worked out the spin-1 case, which will be
presented here in this dissertation. Here we show that this is indeed a new possibility and the results
obtained in this way are different from those of the symmetric and antisymmetric cases known in the
literature.

Our motivation to work with spin-1 is twofold. At first, the work with spin-1 can serve to develop
an intuition for future work in spin-2. On the other hand, there are important astrophysical and
cosmological applications of massive and massless spin-1 models. There has been a revival in non-
linear electrodynamics, the coupling of these models with general relativity, or even modified theories
of gravity involving non-linear electrodynamics have been successful in eliminating the singularities
of general relativity (see (BANDOS et al., 2020), (SOROKIN, 2021}, (BOKULIC; JURIC; SMOLIC,
2021) and references therein). Self-interacting theories of massive spin-1 have also received great
attention recently ((TASINATO, 2014), (HEISENBERG, 2014), (RHAM; POZSGAY| 2020), (RHAM
et al., 2021)) in the context of Galileon modified gravity theories. These models have all been built up
out of the free theories of Maxwell and Maxwell-Proca. One can wonder if any new physics can be
introduced by working with the dual models of spin-1, which has been only partially investigated in
(HEISENBERG; TRENKLER| 2020). This motivates us to investigate the free dual models of spin-1
and how they interact with matter and gravity (not considered here)

In chapter [2] we will be dealing with free theories, massless and massive. We start by introducing

Saa stands for auxiliary antisymmetric
6 ylwle — _ylvele We also have Ay = (A — Ayp)/2and A,y = (Auw + Auy)/2. Moreover, our signature
will be 1, = (—,+,--- ,+).
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the parent action to derive the massless models of spin-1 dual to Maxwell. We will use dimensional
reduction to derive massive parent actions from the massless ones and deduce massive spin-1 models
dual to the Proca theory. We end the chapter with a brief use of alternative methods to derive dual
models. In chapter [3| we will make an introduction to interactions using the new massless and massive
models of spin-1 following the use of parent actions. Finally, in chapter @] we study dual massive
models with a new perspective, which allows us to make general statements about general interactions

in perturbation theory and also some preliminary statements beyond perturbation theory.
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2 FREE THEORY

We start with a definition of duality and introduce the parent action method as a tool to find dual
models. We use massless parent actions to find dual models to Maxwell and introduce the Kaluza-Klein

dimensional reduction to find massive parent actions, so that dual models to Proca can be found.

2.1 MASSLESS DUAL MODELS

In classical field theory, two actions will be dual if one can establish a map between the field
configurations of those two theories. Usually, the equations of motion are used to show that such map
exists, and the theories can be interacting or free. The parent action procedure (DESER; JACKIW,
1984; HHELMELAND; LINDSTROM, 1997) will be used as a tool to obtain dual theories. The general
scheme in the massless case, for free theories, is to take L = B2 + BDA in the Lagrangian path

integral formalism,
7= / DBDA ¢t/ 72[B*+BDA] 2.1.1)
where D is some differential operator. A Gaussian integral on B leads to
7 /DA e—ifd%%, (2.12)

a theory that depends only on A. On the other hand, the integral on A enforces the functional constraint

DB =0and by replacing the solution B = D'C, where D' is a new differential operator, we have
7 / DC ¢ [P0, (2.1.3)

Since L = —(DA)?/4 and L = (D'C)? were derived from the same master action we say that they
are dual.
Our starting point is the first order action below where {a1, as, as, b, ¢, d} are real constants to be

determined and e, is an arbitrary rank-2 tensmﬂ
S = /de [(aleu,, + age,,,) " A" + bey et + cey et + de? +asge G“Au} ) 2.1.4)

If a; = *a, the requirement that the functional integral on ¢, leads to Maxwell’s theory partially

fixes the remaining constants. After an adequate choice of the constants, it is possible to show that the

I where e = et
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first order lagrangian reduces td7]

1
San = / dPx [ZVMV[’“’] — VW@[MAV]] (2.1.5a)
WQ
Sg = /dDg: {WWWW 51 + 2W’W8(MAZ,)} , (2.1.5b)
for a; = —ay and a; = a respectively, here W, = ¢,y and V},,; = ef,,). The above actions are

the spin-1 analogs of (1.0.3)) and (1.0.2) respectively. From now on we use the notation: <F (ZL‘)> =

[dPzF(x).

2.1.1 Antisymmetric auxiliary field (V},,) = —V},,))

For Sy, the gaussian integral on V/,,; leads to Maxwell’s theory. If instead one integrates on A,
the result is the constraint 9,V = 0. Replacing the general solutio Viml = 9, Tlem ] in S,y the

action becomes
1 [op] 58
STT = Z_l 8aT 0 T‘[ﬁuy} . (2163)

Its equations of motion are just
o9, TPl = . (2.1.6b)

By the Poincaré lemma we infer that 07T},s,) = 03 A, — 0, Az with A, some vector field. Because

the field is antisymmetric we identically have
9°0° g,y = 0 =04, — 0,0° A5 = 0, (2.1.7)

therefore the identity 9°0“T|,4,] = 0 implies Maxwell’s equations.
The antissymmetric case already illustrates a general feature of dual field theories: there is an
exchange between identities and dynamical equations. In a geometric formulation of Maxwell’s theory

the existence of the vector potential follows from the Bianchi identity
0oty =0, (2.1.8)

which shows that F},, is the exterior derivative of A,,, while the Maxwell’s equations are dynamic. In
the dual model St the existence of the vector potential is dynamical, it comes from the equations
of motion (2.1.6b), and Maxwell’s equations for such vector potential originate from the identity
8“85T[aﬁu] = 0. This exchange occurs in the Maxwell theory in the vacuum written in terms

of electromagnetic fields when we replace (E, B) — (—B, E), the Faraday-Lenz equations and

2
3

Where the labels AN stands for antisymmetric and S stands for symmetric, and W = W
The tensor T'[***] s totally antisymmetric in the three indices.
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V-B=0 (identities) become Ampere’s and Gauss law (dynamic) in the vacuum and vice versa.

It is worthy remarking that in D = 4 Sp does not represent a new possibility for massless spin-1
because it is identical to Maxwell’s theory. This happens because for D = 4, A, and T}, have
4 independent componentsﬂ and in fact they can be related by T{,,, = eWaBAﬁ , where €,,,,3 18
the Levi-Civita symbol; replacing this in Spp the result is Maxwell’s action. For D > 4 this trivial
equivalence does not hold, once that our interest is the dimensional reduction of theories from D = 5
to D = 4 the S7r model is a non trivial dual theory to be considered in D = 5.

Another useful concept is that of a dual parent action. Given two parent actions they will be called

dual if, by functional integration, the same theories can be obtained from both. Consider, for instance
Shin = 1V[‘“’]V 1V[‘“’]8”‘T 2.1.9
AN — - Z [pv/] + 5 [apv] /s ( -1. )

by a Gaussian integral on V], the theory St is recovered. While the functional integral over T,
leads to Maxwell’s theory. Therefore S and S 5 are called dual parent actions. The idea of a dual
parent action is that by using a new action which generates one of the dual actions one could establish
new duality relations between the theories already found and possible new ones. A benefit of a dual
parent action was noted in (DALMAZI; SANTOS, |2020) where a dual parent action was used to obtain
a new massive action for spin-2 particles. In D = 4 because A, and Tj,g,) are equivalent S, and
S* v are not really different, by writing Tj,a] = €apA” in S%y, and denoting f/[w,] = €apV 1P is
possible to see that S\ and S,y are the same action.

The Kaluza-Klein dimensional reduction of S 4 was already worked out in (KHOUDEIR| [1998))
it leads to the massive models of Cremmer-Sherk (CREMMER; SCHERK] [1974), Kalb-Ramond
(KALB; RAMOND) (1974)) and Maxwell-Proca (Proca, Al.,[1936)). In (DALMAZI; SANTOS, 2020)
the dimensional reduction of S, was made and the same three massive models of (KHOUDEIR|,

1998)) were recovered.

2.1.2 Symmetric auxiliary field (W,, = W,,,)

The parent action Sg (2.1.5b]) was first introduced in (KHOUDEIR; MONTEMAYOR; URRUTIA|
2008) in D = 4 and further investigated in (DALMAZI; SANTOS, 2011) in D dimensions. The
Gaussian integral on W, leads to Maxwell’s theory, on the other hand the integration on A,, leads
to the constraint "W, = 0 whose solution W,,, = 99" B lau][8v] ives rise to a theory with higher
derivatives

9°9°B" .)*
Sup = < (aaa’BB[W][um>2 - %>, (2.1.10)

where B, has the symmetry properties of the Riemann tensor. For D = 3 + 1 it has been shown
(DESER; TOWNSEND; SIEGEL, |1981)) that this higher order theory describes two degrees of freedom

4 See (WEINBERG, |1972) section 4.11 for a general account of p-forms




19

without ghosts. The equations of motion are

8CM80B(MV) - a,uaﬁg(ow) + a,uauB(aG) - aaau-é(u@)

1 ~ ~ ~ ~
o D—1 (aaaeBnlW - 8“89877&,, + a,uauBnaH - aaauB'n,uG) = O, (2111)

with B(,,) = 0°9°Bas and B = B* . The general solution of these equation is Bl =

duAy) — Nuwds AP, because (Z.I.TT) is equivalent to R}, 5(h) = 0, where R, is the linearized

Riemman tensor and b, = B(W) — nm,B /(D — 1), whose general solution is h,, = 0,4, + 0, A,.
Maxwell’s equations for this vector potential follow from the identity 8“3(“,,) = (0. Again, Maxwell’s
equations come from an identity and the existence of the vector potential is a dynamical result, which

is expected for an action dual to Maxwell. S is invariant under the U(1) gauge transformation
0A, = 0,A(z), W = (0,0 —0,0,) Az). (2.1.12)

A parent action dual to Sg is given by
St = < — W W™ 4+ 2WH5%9° Blojws + W2>, (2.1.13)

the Gaussian integral on W, gives Sy p, and the integral on B[+ leads to Maxwell. S is invariant

under

Wy = 0,0,N  5Bjuias) = Moallus — MwsMua) A+ Qiias)s (2.1.14)

with Qaw] o) transverse in any of the boxes, 8“Q[TW] g = 0. The dimensional reduction of Sg and S7§

will be made latter.

2.1.3 Non-Symmetric auxiliary field

So far only the sub-cases a; = +ay of S have been analysed, now we shall focus in the |a;| # |as|
case. In this regime it is possible to make a change of variables in (2.1.4]) to obtain an equivalent action

in the form
S, = <6W8“A” + be,, e + cey et 4 de? + ageﬁ“AM>, (2.1.15)

and for a3 # —1/D one can make the new invertible change of variables ¢,,, = e,,, + a7, € such that

the action becomes’]

S, = <6W8”A” + be e + ce et + de2> (2.1.16)

where 9, A,) = (0, A, +0,A,)/2

6 we come back to e,,,, via &, — €,,,,, and also perform the redefinition d — d
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which reproduces Maxwell, when e, is integrated, if d = —(b+ ¢)/(D — 1) and b(b*> — ¢?) # 0,

therefore we have hence forth

b
Sng = <6W8“A” + be,, e + cey et — (b+0) €2>, (2.1.17)

which is invariant under the U(1) gauge transformation

1

514“ = auA (56/“, = m (

In fact the functional integral on e, in (2.1.17) gives

bFF,,
SM—<—W>. (2.1.19)

Notice that b/(b* — ¢*) > 0 requires b > 0if |b| > |c| or b < 0 if |b| < |c|.
The functional integral on A, leads to the constraint 9" e, = 0 whose solution e, = 9 Bja,),
furnishes a new model of massless spin-1 particles
3 [ap]v 3 wjp (00 2
SBB = ( bo B[ﬁu}]j@aB H + cO B[ﬁu]yaaB B m (8737) s (2120)
where Bj,g, 1s antisymmetric in the first two indices and B, = B|,,;* . This action is invariant under

the gauge transformations
0Biguy = 189\ — N OsA] + Qs ., (2.1.21)

where 07 QE‘; v = 0. The equations of motion 4 Sgp = 0 are

(b+c)

b (8'y€;w - QL@W) +c (C%eyu — au@w/) _ ﬁ

(D€ — Bueny,) = 0, (2.1.22)

with e, = 0“B|,,),- These equations can be rearranged in a simple form

08 — 0y =0, (2.1.23)
where
L (b+c)
e = bey, + ceyy — men,w. (2.1.24)
The general solution of (2.1.23) is €,,, = 0,,A,, when plugged into (2.1.24) gives
1 N
ew = 5 (b0, A, — c0,A,) — oA (2.1.25)

- b+c 1
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Maxwell’s equations come from the divergence of ¢, in the left index,

ey =

b

Thus, Maxwell’s equations here come from an identity, since e, = 8°‘B[au]y, while the existence of
the vector potential is dynamic which reinforces the fact that Sgp is dual to Maxwell, just like S7r
and S HD

A parent action dual to Sy is given by

* 1 174 1 vV Qo
Sns = < — 5w + 562 + e B[W],,>, (2.1.27)

where we have chosen b = 1/2 and ¢ = 0 for simplicity. An integral on B, leads to Maxwell, and
the integral on e, gives Spp. The dimensional reduction of Syg and S}, ¢ will be investigated latter.

Notice that S}, 4 is invariant undelﬂ
5Biguy = MpvOuh — 0uwOsA] + Q3,0 e = 8,0,A, (2.1.28)

In summary, by using antisymmetric, symmetric and non-symmetric auxiliary fields we have
obtained respectively the higher rank models Srr, Syp and the new one Sgp, dual to the Maxwell

theory.

2.2 MASSIVE DUAL MODELS

The Kaluza-Klein dimensional reduction is introduced as a method to obtain massive theories from
massless ones. We apply the dimensional reduction to the parent actions of the previous section, in
order to obtain massive parent actions and explore what dual massive theories can be obtained from

these parent actions. We also comment on alternative methods to obtain massive dual models.

2.2.1 KK Dimensional Reduction

The beginning of Kaluza-Klein (KK) types of dimensional reduction, of one extra cyclical di-
mension, goes back to Nordstrom in 1914 (NORDSTROM, [1914). Originally the aim was a unified
theory of gravity and electromagnetism, electromagnetism was supposed to be a four-dimensional
manifestation of gravity in five dimensions. Nordstrom tried to use a scalar theory of gravity that he
was developing. The same idea was pursued later by Kaluza, and then Klein, this time using Einstein’s
General Relativity in five dimensions.

The KK dimensional reduction that will be performed here is to be regarded only as a tool for
getting massive field theories out of massless ones. We can get a hint that massless particles in D + 1
dimensions are related to massive particles in ) dimensions by noticing that Wigner’s little group
(WIGNER, 1939) for massive particles in D dimensions is the SO(D — 1), and for massless particles

7

Notice that the first term is the U (1) symmetry of Maxwell via €, = 0, A,
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in D+ 1is ISO(D — 1) (BEKAERT; BOULANGER, 2021). The group of translations and rotations
in a Euclidean space of D — 1 dimensions. Since SO(D — 1) is a subgroup of ISO(D — 1) we can
see that the little groups of massless particles in D + 1 dimensions and those of massive particles in D
dimensions are related. Moreover, in D = 4, the massless particle states are usually defined as a trivial
representation of the translation part of 7.5O(2) (WEINBERG, 1995), so that their quantum numbers
come from the representation of .S 0(2) If this is also the case in higher dimensions, then the same
group would define the quantum numbers of massive particles in D and massless ones in D + 1: the
group SO(D — 1).

For instance, let’s consider Maxwell’s theory in D + 1 dimensions, the signature is (—,+, -+, +)
and one of the directions, say y, has a circular topology with length L: y is the same as y + L. This
condition requires the fields to be periodic in the y coordinate. If AM is the vector potential in D + 1,

with capital letter indices for the D + 1 coordinates M = 0,1, --- | D, the Fourier decomposition is

AY(z,y) = ij: \/ggzbn(x) sin (%) : At (z,y) = i \/gA‘,j(x) cos <%> : (2.2.1)

Where z# are the coordinates of the remaining D directions and r is the compactification radius
defined by 27 = L. Under the transformation y — —y a tensor T}, , ... 4. ..., transforms like
T,

Y1,Y2, " yYn, My
even number of components in the y direction depends only on the cosine and for an odd number of

w = (=1)"Ty, 4o ynuv- Therefore, the Fourier decomposition for tensors with an
components the tensor depends only on the sine. The action in D + 1 dimensions has the usual form
1 [t _
S = -7 / dy / dPxFyyFMY, (2.2.2)
0

with FMN = gM AN _ 9N AM  Using (2.2.1)) and integrating on the y coordinate above one gets

1 [* B P E
St =7 /0 dy / AP (2F Fyy, + FMF,)

1

n? r 2 I v
=3 / dx [Z (272 (Ag(:c) + ﬁﬁ“gbn(x)) + F FW> + 215" F),, (223)
n=1

By defining the mass m,, = n/r it is clear that the action in D dimensions is a sum of massive actions
plus a massless one. The possibility of getting massive field theories from massless ones is our reason
to use KK dimensional reduction. From now on we shall make the dimensional reduction considering
only the term n = 1 in (2.2.1)), once the higher terms give the same theory with a different mass, and
n = 0 furnishes a massless theory which is already known. Neglecting the massless theory and the

massive theories with different mass, (2.2.3)) becomes the Maxwell-Proca action with a Stueckelberg

8  Although SO(2) is a one dimensional Abelian group of continuous transformations the helicity quantum number is still

quantized due to the topology of the group (WEINBERG; [1995)
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field, where m = 1/r,

2 2
Sup = < - }lFWFW - m? <AH + 8“\11) > (2.2.4)

m

A key feature of the dimensional reduction method already appears in 4)), namely, the final massive
theory is still gauge invariant:

§A, = 9,A (2.2.5)
50 = —mA. (2.2.6)

2.2.2 Antissymmetric spin one

Despite the antisymmetric case being well known in the literature, we shall explore it in detail here

as an introduction to the symmetric and non-symmetric cases. In D + 1 the action S,y is
1
- /dDHx |:Z‘/[MN]V[MN] _ V[MN]8[MAN]} ’ (2.2.7)

with the Fourier decomposition

m

Vinlo) = [ Bue)inCm) Vi) = [ Vo) costony),

™

Ay(z,y) = \/glll(a:) sin(my) Au(z,y) = \/§Au(x) cos(my),

after integrating on the cyclic coordinate ! = 4, the massive action in D dimensions becomes

1
s = <ZVWVW —Vv (mA, +0,¥) > (2.2.8)

From the gauge symmetry of Say by Ay = Oy Az, y) in D+1, and with A(z, y) = /ZA(x) cos(my),

we see that S’{y is invariant by the U(1) transformation:
0A, = 0,A(x) oV = —mA(x), (2.2.9)
showing that ¥ is a Stueckelberg field. The functional generator is

1 B, B*
i<ZVuyV“V - nély MQ (mA, + 9, V) >

(2.2.10)

7 = / DV,,, DA, DB, DV exp

The integral of an exponential in the quadratic fields is proportional to the value of the exponential

calculated with the fields that extremize the action. The value of V|, that extremizes the action is
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Viw] = F,u(A), therefore the integral on V], gives

1 B, B"
Z = C’/DAMDB#D\II exp 7,< — ZF’“’FW + “T + B" (mA, + 0,Y) > ) (2.2.11)
where C'is a divergent constant of integration. Doing the integral on B,, we get
- , 1 , 1 2
Z =0CC | DA DVexp |i{ — ZFW,F“ —3 (mA, +0,V) , (2.2.12)
the Maxwell-Proca action (2.2.4).
It’s well known that
/ dze™™ o 6(k). (2.2.13)

In the path integral formalism, the integral of a linear field in the action gives a functional version of
the delta distribution. If, instead of the B,, integral in (2.2.11)), we integrate the ¥ field the functional

generator becomes

B,B"

Z=C / DA, DB, exp [z< - }lFWF“” + + B“mAu> 5 (8,B"). (2.2.14)

The B,, integral selects the B* fields with null divergence or B* = 0, B 4] for any arbitrary antisym-

metric tensor Bl such that

i 1 0% By 0 B

Z=C / DA, DBy exp [2< = JEu " = - %BWFW> (2.2.15)

This is the Cremmer-Scherk action whose content is also massive spin-one particleﬂ

Finally, the integral of (2.2.10) on A,, gives the functional constraint
mB,, + 0"V, =0, (2.2.16)
which solving for B, returns
: 1 nv 0* ‘/[04#] 8/3 4 1B

Z = [ DV, exp |1 ZVWV + 2 , (2.2.17)

the Kalb-Ramond model.
From the path integral perspective, observables always come from the functional generator. Two
theories whose functional generators differ by a constant will give the same observable quantities and

in this sense are called dual. From this point of view we have just proved the duality between the

 In D = 4 we can make the replacement B, — €,,43B%, the last term of (Z2.13) becomes topological and the

Cremmer-Scherk model is also called topologically massive BF' model.
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Maxwell-Proca theory with Stueckelberg (2.2.12)), the Cremmer-Scherck model (2.2.15]) and the Kalb-
Ramond model (2.2.17), also called massive two-form model, starting from (2.2.10)). The reduction
presented here appears in (KHOUDEIR,|1998) from D = 5 to D = 4. Another perspective on duality
among certain classes of theories and an issue regarding the path integral derivation of dual models,
will be given in 4]

We can summarize the results of this section with the following scheme

Sup
Sin = Scs s (2.2.18)

SKR

where Sy p, Scs and Si g are respectively (2.2.12)), 2.2.13)), (2.2.17).

2.2.3 Symmetric spin one

Now we shall proceed with the dimensional reduction of Sg and S§. The parent action Sgin D + 1
is

2

W
Sp+1),s = / d" (WMNWMN -5+ QWMNa(MAN)) , (2.2.19)

the fields in D + 1 can be decomposed as

Wanle,0) = \[ 2200 costms), - Wo(r.) = /2B, (a) snfomy)

W) = | W) costms), Ay(o.) = |/ 200 sn(m)

Aute0) = [ 4,0 costony),

with the following expansion for the gauge parameter

Az, y) = \/gA(x) cos(my). (2.2.20)

After integrating the y coordinate one gets the reduced action in D dimensions

1
Sy = <W,WWW S (W 4+ 0) + 200 Ay + 6 4 2B, B + 2mo¥ + 2B, (~m A" + "W >

(2.2.21)
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The above action is invariant by the gauge transformations

§U = —mA, 5¢ = OA, (2.2.22)
6A, = 0., 6B, = mI,A, (2.2.23)
W = [(O=m?) nu — 8,0,] A, (2.2.24)

which comes from the invariance of the action (2.2.19) in D + 1 dimensions by
6Ay = Oz, y)  IWun = (nunD — 0uOn) Az, 7). (2.2.25)

The functional integration on ¢, W and then ¥ leads to the well known Cremmer-Scherk model

once again

1 1
Ses = < — Fal AP (4) = TP (4) By + 50“B[au]aﬁ3[ﬁﬂl>, (22.26)

with Bj,,; an antisymmetric tensor which comes from the solution B,, = mA, + 0“Bj,, of the
functional constraint 0" (B, —mA,) = 0, arising from the ¥ integral. If the integral on W is

exchanged with the B, integral, the result is Maxwell-Proca with a Stuckelberg field

2 2
Sup = < _ 411 1 — % (AM + 8“—\11) > (2.2.27)

m

Integrating (2.2.21)) on ¢, B and A we get

2 9 v 292D 2
DW : e om > (2.2.28)

I _ uv . “ Bu o = 2
s <W Wa = 5 + 50 Wa@gW P o 2m = = T2 Sy

fixing the gauge U = 0 in the action, this is allowed since V is a Stueckelberg field (MOTOHASHI;
SUYAMA; TAKAHASHI, 2016)), we obtain

w2 2
Sm - <WMVWW, - m + W@“Wauagwﬁ">. (2229)

which was already deduced in (DALMAZI; SANTOS, [2011)). If instead of fixing the gauge W = 0 we
integrate over ¥ we get a fourth order model physically equivalent to (2.2.29).

Now we shift to the dual master action S§, in D + 1 dimensions

Stpins = / APz [ Wy nWMN 1 2WMNGO0P Boyne + W2 (2.2.30)



27

Taking the Fourier decomposition

Winls0) = [ " o0) costms) - Wipte.0) = 2 By(2) sinGm)
WMV(I‘, y) = \/?W;w(x) Cos(my) B[yu] [a,@}(w> y) = \/?ZM[OL/B] (.I‘) Sin(my)
B[yu][yoz] ([L’, y) = \/?Nua ([L’) COS(my) B[uu][ﬂa}(xa y) = \/?B[uu][ﬁa] (37) Cos(my),

where N, = N(,.,), the integral on y leads to the massive parent action
SEm = < — WuWH —2B*B, + 2W ¢ + W? + 200> N + 4mB"0* Ny, + 4B"0%0° Zy 5

—2m2 WM N, — AmWH 0% Z 0] + 2WH 0P Bluajivs) >
(2.2.31)

With the following decomposition for the gauge parameters

m m .
M) = /2 = M) costmy)  Oun(@9) = e sinmy) 2232
or i or i
[yu][ya] (I, y) = ?@(ua) (‘T) COS<my) vl [Ba] (I, y) = ?w[uu] [Ba] (ZL’) Cos(my), (2.2.33)

the action Sg™ is invariant by

8¢ = —m?A, Npa = =1\ + O(a), (2.2.34)
W = 0,0,A B, = —md,A (2.2.35)
0Blu)ias) = (MusTva = Mpalvs) A+ Wiwljas) (2.2.36)
0Zujap) = Lpfag (2.2.37)

which is the version in D dimensions of

IWyn = OpOnA(z,y) dBunior) = (Mvonvp — nvpnom) Mz, y) + QE‘G\/[N][OP}- (2.2.38)

Due to the D + 1 condition 9 Q[TM Nop = 0 we have the following relations among the gauge

parameters in ) dimensions:

HMTppap) =0,  —mO(ap) + " Tpua) = 0, (2.2.39)
mT o) 4 0" wia)ipn = 0. (2.2.40)
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The integral on B8], Zajus and N, leads to Maxwell-Proca with a Stueckelberg field

2 2
Sup = < — }lFWF’“’ _ % <AM n a“—‘ll) > (2.2.41)

m

On the other hand, the integral on W,,,, B, and ¢ recovers (2.2.29) with Stueckelberg fields, when
the Stuckelberg fields are set to zero (2.2.29) is recovered with W, in (2.2.29) replaced by V,,,,. The
Cremmer-Schercker model will result from integrations in BJ,q),, B, and ¢.

Schematically the symmetric master action S¢' provides the dual models

Scs
S 54 Sup (2.2.42)
Sm

whereas the dual master action Sg™ gives the same results.

2.2.4 Non-Symmetric Spin One

For the dimensional reduction of Syg from D + 1 to D (see (2.1.17)), we take the Fourier

decomposition

el ) =\ o) costmy)  eyu(r.) = 25, sin(m)
) = 2B sinimy) ) = || ey l) costomy)
Ao) =[P sintm)  Alep) =\ A, costm),

The massive parent action, after the integral on ¥,

m = <m\IJ¢ — mS, AF + B,oMU + €, 0" A" + b (¢ + S,5" + BuB" + e,et”)

+c (¢ + 25, B* + e et) — (b zJ; ) (¢ + e)2>, (2.2.43)

is invariant by the gauge transformations

DA _ md,A
00 = 2(b+c) 05y = 2(b+ c) (2.2.44)
_ mduA 1 .
5B'u - 2(b + c) 56“” - 2(b+ C) (nl“’(D m ) a,uau) A (2.2.45)

§U = —mA §A, = O,A. (2.2.46)
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As usual these come from the higher dimensional version of:

1

5AM = GMA(x,y) 56MN = 2(b T C)

(N0 = Ouw) Az, y). (2.2.47)

The integral of (2:2:43) on e, leads to the intermediate action

m b 5
S[ = <bBMBH — mA“SM + 2CBHSM + bSMSu — mz‘l“@ugb + B“@M\I/ — WFHVFM >

(2.2.48)

The integral on ¥ leads to the Cremmer-Schercker model if instead, one integrates on 5, and .S, the
dual model is Maxwell-Proca with a Stueckelberg field. Starting from (2.2.43)) the integral on S, B, A

and ¢ results in a non-symmetric model

(b+c¢) 5  me¥ Dm?*¥? Vo, ¥
U] — iz Vi _ _ _
Sle, V] <b€“”e T T I T D1 T Ao =1) 4
c¥d%e  (b*—c?)
- o wh 2.2.4
bm + bm? Oeasue™ ), %)

where W is a Stueckelberg field. It is more convenient to express the equations of motion coming from

d.Sle, ¥] = 0in terms of €, = be,, + ce,,

by — oy Y gy L (00, — ) = 0 2.2.50
w1 T aD—1)  2morY gz (00" = 078a) =0, (2250)
whose trace is:
é mDW c (b—¢) -
— — Ov 4+ ———=0%¢| =0. 2.2.51
D—1 20=1 |2m " m2 O (2-251)
Using the ¥ equation of motion from (2.2.49):
L oo Loe—o (2.2.52)
[ — e _— . .
2(b+ ) m ’
we can rewrite (2.2.30) as
By m 2*¢  9,0%,, ¢ 0%ye O
Taking the 0" divergence we have
N\
07,0, — aumT —0, (2.2.54)

10" The field ¢ is also eliminated by the integral on €,,,,
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which allows us to write

_ v 9% 0,0%q,
Cow = MMy + Ty = == = 0. (2.2.55)
Taking the 0" divergence
Do"é,,, 0,0  9,0%
01, — ——pw T RTE ) (2.2.56)

m2 2 m2

The above equation, and the ¥ equation (2.2.52) will be mapped in Maxwell-Proca equations with
Stueckelberg field, if one defines —0“¢,, /m* = A, and Vgrcr = U/ [2(b + ¢)] showing that (2.2.49)
is dual to massive spin-1. Forgetting for a moment that A, = —9“¢,,,/m? the role of the second order
equations (2.2.53) is to define the rank two tensor as a function of A, and Vgrcx which in turn are
fixed by (2.2.52) and (2.2.56). The e,,, obtained in this way satisfies all the equations of motion and
constraint equations, being therefore a solution. In fact, any rank two tensor can be decomposed as
€ = NMuw® + Opfy + e}, where e'T = 0 = 9¥el.], fix ;] = 0. We can see more clearly
that W is a Stueckelberg compensating field by defining the gauge invariant rank-two tensor

_ v
Cuy = €y + ) (70(8 —m?) — 8,0,) —. (2.2.57)
In terms of this new gauge invariant field (2.2.49) is
Swsld] = (e + e — LTV =Dy ans 2.2.58
nsle] = ( be,.e" + cey et — D 1° + - €ap30,e , (2.2.58)

a massive spin one Lagrangian without gauge symmetry if we set U = 0. The model Sy is an original
result of this dissertation and can not be reduced to its predecessors and via any local
field redefinition.

On the other hand, if one integrates (2.2.43) on S, ¢ and A we get a new model

b b D—-1
Sle, B] = <beu,,e“” + cey et — ( l—gc) e’ + W@“eaﬂaue"ﬁ +b0B"B, + (b+c) ( D ) (0"B,)?
(b+c) 2c
—2D—m€auBu — EB“(? €ap (2259)

This dual theory mixes the rank-2 tensor with a vector field.
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For S} g, see (2.1.27), we take the Fourier decomposition in D + 1

el ) =\ W) coslm) ) = | 28, ) )

) = 2B sinimy) ) = || ey () costomy
Buunle.) = [ A ) costms)  Byinlo) = [ H ) sinm),
B0 = || " @) sinom) Bingalr.) = [ Byaa)cos(m).

the massive parent action becomes

xmo__
NS — -

If we take the following decomposition for the gauge parameters

. 1 .
(024 8,8 + BBy + e ) + 5 (Wt )’ = mALB" + me K,

DO | —

+O,WA* — SYO" K, + BYO" H,,,, + P 0" B g> (2.2.60)

m m
Az, y) = w/?A(x) cos(my) Qﬁ;u]y(x,y) = ,/?)\M(I) cos(my) (2.2.61)
QT m : QT m :
[yu]u<x7 y) = ?Guu(x) Sln(my) [ocu]y(x7 y) = ?F[au] (SE) Sln(my) (2.2.62)
af iy
[Ma(:c, y) = P e () cos(my), (2.2.63)
the action will be invariant by the gauge transformations
SV = —m?A 65, = —md,A (2.2.64)
6B, = —md,\ e = 0,0, (2.2.65)
0A, =0, N+ )\, 0K, = mnuA+ G (2.2.66)
(5H[,W] =T 5B[,W]a = (T]#aa,, — n,,af)u) A+ Q[My}a, (2.2.67)
coming from
dBunio = (MoOn — nonOw) Az, y) + Q[TMN}O depn = OpOnA(z,y). (2.2.68)

Due to the constraint 9™ Q[YEW Njo = 0in D + 1 we have
—MmAy + G“F[W] =0, mGag + 8“(2[“&}5 = 0. (2.2.69)

The integral on ¢, A, and K, results in Maxwell-Proca with Stueckelberg field, on the other

hand integrating ¥, K, and BH one gets Cremmer-Scherck. Integration on ¢, S, and A, leads to an



32

apparently massive version of (2.1.20)

1 (0. B%)? mo Dm*¥?  9,09°0  m’K>
S = ( 20, B 9P By, — 2 - V9,87 — S -
BB <2 Prly = D=1) D—-1 " 2(D — 1) 2 2(D —1)

2

2KV mKosB° 1
e — T MK Blgap, + 50" K 0a K 4+ Ko KT ),

D—-1 D—-1

2
(2.2.70)

with O = ¥ /m. However, the fields U and Bay) are Stueckelberg fields in (2.2.70), fixing U =
Biauw = 0 we are left with (2.2.58) withb = 1/2and c = O and €, — K.
The non-symmetric master action S}/¢ provides the dual models

Scs
Sup
S — . (2.2.71)

Sle, B]

The other hand the dual master action S3'¢ leads to the same models except for S|e, B].

2.2.5 Alternative Methods

There are several methods to obtaining massive dual theories. The dimensional reduction performed
so far is just one among many options. We will use here two alternative methods, which will give dual
theories not obtained in the dimensional reduction.

The first method is due to (SMAILAGIC; SPALLUCCI, |2001)) and consists of three steps. We start
by promoting the symmetry of the kinetic term of the massive Lagrangian to a symmetry of the whole
massive theory through a Stueckelberg field. For example, in the Proca theory, the symmetry in the

kinetic term is by 04, = J,A, we modify the mass term via A, — A, + J,¥/m in order to get

1 m? 0,0\ 7>
S ={( —--F, F*—— (A ’ . 2.2.72
MP < 4 I 2 < m + m ) > ( )
Then we reduce the order of the mass term with a vector field B, such that
1 o,V B, B*
Sp = < — 1w F" +mB" (A,L + £ ) + “2 > (2.2.73)
m

Now we integrate on the Stueckelberg ¥ field in order to get a dual theory. In fact, the integral of
(2.2.73) on ¥ gives the Cremmer-Sherck action which is in fact a dual massive spin one model.
If we take the non-symmetric dual model (2.2.58))'!| the symmetry transformation of the kinetic

""" We make €, — e,
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term is de,, = 0Ny, The action invariant by this symmetry transformation is

b? 2 b
&:<L72@ww%+ﬁb%wwwmww%g%ﬂ> (2.2.74)
- aaB[a v
e;u/ = eul/ - m - 3 (2275)

where B, is a Stueckelberg field, d Bjo,,), = mA[4,),. We reduce the order of the mass term with

the tensor f,,, such that

Silf] = <uaae°‘“aﬁeﬁu — wa,f‘“’ + ;fwﬂw“ n 4(bf+ 3

b 4(b? — ?) 4(b? — ?)

B
+ (ew _ 9By nf;"””) > (2.2.76)

The integral on the Stueckelberg By, ), leads to the constraint 9% f** — 9 f*” = 0, whose solution is
fH = oF A, This leads to the new dual model

* <b2 B 62 (0% B LV 17
SI = <T)8ae “8565M + m2 mFMVF‘ + el (%AV . (2277)
The equations of motion are
La"F — 0", =0 (2.2.78)
2(b% — ¢?) " "
2(b? — c?
—%aﬂaaew +m20,A, =0, (2.2.79)

using the first equation in the second one we have
0y (0°Fy, —m?A,) =0 (2.2.80)

whose solution is the Proca equation for A, showing that (2.2.77) is in fact dual to Proca.
The second method relies on the parent action. The idea now is to construct a massive parent action
by adding a mass term to the massless parent action (2.1.17). Take the action

(b+ c)e?

D1 tewd A

(2.2.81)

bm?A, A¥
S = <beu,,e“” + ce et — ™ u >,

4(b2 — ?)
we define a parent action Sp by adding a second term without content

b+ c)e? , 1 _ 5 BN
% + € 0" A" — 9 (e[ul/] - e[ul/]) (FM (A) — F* (A))

2 H
_ M> . (2.2.82)

m 17 14
Sp = <beu,,e“ + ce, et —

4(b? — ¢?)
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notice that the integral on é,,, or A, recovers (2Z.2.81). On the other hand, if we integrate on ej,,; and

A, we get the new dual model, U(1) invariant,

- b+t (B 1
S (6 Ay) = <<b+c> et - HAC O Dz, a2 — ey (A)

(D—1)  tm? A
P4 FW >

2.2.83
16(b ( )
where €y = €y t+ é[lﬂ/}'
Its equations of motion are
_ (b+c)nue (b*—¢ _ F.
R (s iy = =0 (2.2.84)
O'F,, _
R —) 22.
10— + 0"€pu =0 (2.2.85)
the trace and 0" divergence of (2.2.84) lead to
(btoe (B -c)oe
=0 2.2.86
(D-1) bmn? ( )
o'F,,
(b + c)&”é(,w) — 4'u = 0. (2.2.87)
From the second equation we have 9%¢ = 0, and from (2.2.84) in (2.2.87) it comes
(b+ )0 €y — (b— )8 €y = 0. (2.2.88)
Finally, if we apply 0" on (2.2.84) we get
2 b2 2
2= (g 2y e, =0 (2.2.89)

bm?
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3 INTERACTIONS

Up to now our investigation of duality was restricted to free theories at the classical level. Here
we approach the study of duality at the quantum level with the usual method found in the literature:
examining the correlation functions with path integrals. We investigate the most interesting models of
the last chapter: Spp and S[é| given in (2.1.20) and (2.2.58)) respectively.

3.1 MASSLESS CASE

We shall introduce an external source in the parent action (2.1.16)) to search for a map between

correlation functions

(b+ c)e?

SNS = <b6uu€W + cep et — Dol + 0" A e, + G’WJ[W}>. 3.1.1)

From the gauge symmetry (2.1.18) we see that e}, is gauge invariant as well as the source term above.

The integral on e, leads to

bF.  FHv Jwlp Jooo gl
EF Hv uv [uv]

_ _ 1.2
S < 8(b2—c%) 4(b—rc) 4(b — c) ’ (3.1.2)

and an integral of (3.1.1) on A, recovers the Spp model with sources

(b+c)

SEE <baﬁB[ﬁM]VaQBW” + 0 Big, 00 B — -

(078, )? + 0 By, ! > (3.1.3)
The correlation functions come from the derivative of the functional generator with respect to Jj,,) on

the "point".Jj,,; = 0. Therefore one can read off the dual map between correlation functions, up to
contact terms, from functional derivatives of (3.1.2)) and (3.1.3)):

F,

uv

—_— 1 O
“I0 =g ¢ g (0" Bl = 0" Blouiu) (3.1.4)

We note that this map between the usual Maxwell theory and the Spp model is gauge invariant and
compatible with (2.1.25)), which was inspired only by the analysis of the classical equations of motion.

Not all gauge invariants of the Spp theory are given in terms of ey, [ B], where e, [B] = 0° Bja,.,.-
We also have gauge invariants in terms of e(,,,)[B]. We can show that these gauge invariants are also

mapped in F},, through the following parent action

b 2
SNS = <b6W6W + cep et — % + 0" A%, + € W)> (3.1.5)

06, 7" =0, (3.1.6)
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with 6, = 1, — 0,0,/0 . The condition (3.1.6) on the source 77, insures the gauge invariance of

the coupling. If we integrate on e,,,, or A, we obtain, respectively

bE,, FH (k) T ()

8(b2 — ) + 2(b + O) (77;“/3 Ao — a(MAV)) + 4 Nu T — T(IW)) > (3.1.7)

(b+c) (

b
Spp = <baﬁB[5u],,8aB[W]” + ¢0° By, 0o B — % (0"B,)* + aﬁBWVT<W>>. (3.1.8)

We can decompose T, in helicity variables:

T(O()) =S, T(Oj) = S; + 8ja, T(ij) = SZ -+ &Uj -+ 8j0'i -+ V2§Z’j5 + (‘2@-5‘, (319)
_ 8,0,

8j8j = 8j<7j = 8’32 = 52]83 = 0, Qij = 5ij — ﬁ, (3110)
and use (3.1.6)) to eliminate one of them
06, 7" =0 — s = (D —2)0S - S — 25. (3.1.11)

Using this helicity decomposition in the coupling term e, 7" in (3.1.8)), the independent components
of T(,,) are coupled to gauge invariants

) 200,1; 2s;04:D, SV20,1; 80,0:I; 20:0:0;1 L
T )e(w) i _ V;j :i— JVJ2 + V2J Iy V; Jj 49 V2J
ezke ‘lIkl 01 'ekl [kl
+ 85 ( v T Do 2ﬁ> : (3.1.12)

where we have the gauge invariants
Ij = VQQ(OJ')[B] — 8()8]'600[3], Iij = V2e(w)[B] + (D(Sz - (91(93) eoo[B]. (3113)

From functional derivatives of (3.1.7) and (3.1.8) with respect to the independent components of 77,

and fixing 7(,,) = 0 at the end we have the following gauge invariant map between the Maxwell and

Sppr model up to contact terms

0; (ajFOi - aOFij)

], 3.1.14
2(b+c) ’ ( )
8k (25ij80F0k — asz] - a]sz) . >Iij- (3.1.15)

2(b+¢)

Thus, we end up mapping the symmetric and antisymmetric parts of ¢,,, in the new massless spin-1

model and the usual Maxwell’s theory.
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3.2 MASSIVE CASE

First, we note that from the parent action

. e (b+0)e? L bm?A A"
SP = <b€MV€M + cewe H— ﬁ + 8MAV€M — 4({)2——Mcz) (321)

it is possible to get Maxwell-Proca after a functional integral on e,,. The non-symmetric model
(2.2.49), without the Stueckelberg field W, is obtained after an integral on A,,. In order to establish the
quantum map we shall use (bellow 7, # T,,,)

, o (b4 0)é? L bm?A A" ,
SP{J, T} = <b€#y€‘u + Cceu€ H— ﬁ + 8#141,6“ — 4([)2——NC2) + A“J'u —+ GW,T‘LL .
(3.2.2)
Integrating on A,, gives
b 2 b2 a2
SEF[e] = <beuyeﬂy + Ceﬂyey'u - (D+—C)]_€ + ( meC )aﬂeﬂyaaeau + €#VT“V
(bQ - C2) v
+W (J#J“ + 2et 8“(]”) s (323)
on the other hand the integral of (3.2.2)) on ¢, leads to
—bF, F*™  bm2A, A" TH
EF _ uv m
SHA] = < 8(b2 — 2) - 402 — 2) + A J" — m (b0, A, — O, Ay — (b — )10, AY)
e v v
_m (bT — T - (b - C)T]MVT>
(3.2.4)
Therefore the dual maps are, up to contact terms,
—2(b* — ¢
A< (bm2 )8%&“ (3.2.5)
1
—m [b@qu, — c@,,Au — (b — 0)77,“,80/10‘] S Cuw (326)

between the correlation functions of Maxwell-Proca and the S[e] model.

In order to investigate the duality in the presence of interactions we propose the parent action

(b+ c)e?
D -1

bm?A, A"

po 2NV Ap
+0,Ae )

Sp = <bewe’”’ + cepe — + 7, A" + et + £M>,

(3.2.7)

where j, and t,,, are functions of matter fields 1/;, while £, is the free matter lagrangian. The integral
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on A, leads to

(b+c)e? N (b — ?)
D -1 bm?

Sle] = <be,we“” + cey et — 0,e" 0% + et + Ly

v —c?) .
+% (]M]u + 2¢et au],,) >, (328)
whose equations of motion 6,5%[e] = 0 are
(b+c)e 0 =)y e tw | 0 =%,
bepy + cevy — 5 Maw = 75— 0u 0o + % + 50y = 0, (3.2.9)
and the trace is
b+cle (b? —c2 t (=) .
_(D_)l _( — )026+§+( - )aah:o_ (3.2.10)
Replacing the trace back in (3.2.9) we get
_ =)ot (0P —) 0* =),
EIW = bewj + Ceyy — —Wa e+ 5 + Wa Ja | Muv b2 (9#(9 €av
tw (P =), .
w2y 5, =0. (3.2.11
+ 2 + bm? w ( )
From 0E,,, — cE,,, = 0 we have
1
6#1, = —m I:bt‘u/l/ — Ctuu — (b — C)T]#Vt]
1 . o . .
t2 [60,,(0%€ar — Ju) — cOL(0%€ap — ju) — (b — ¢)(0%e — D,j™)] (3.2.12)
the 0" divergence gives
(D — m2) o . au 2 . le} le}%
T (8 Cav — ],/) — ﬁ (8 € — 8“]M) — m [b@ toa/ — 0 t,/a — (b — c)@,,t]
_jz/ = 07
(3.2.13)
The integral of (3.2.7) on ¢, gives
bE,, F*  m2bArA tH
I v .
tH
—m [bﬁﬂAy - Ca,,Au - (b - C)nwjaaAa] + LM y (3214)
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the equations of motion §45%,, = 0 are

b m?bA 1
——(OA, — 0,0MA,) — ———— 4+ j, + ——— [b0% 0, — 0%y — (b—¢)O,t] = 0.
20— ) QWO Au) = g — ey T T pgE gy P9 e = 0 ta = (b= )t = 0
(3.2.15)
We see from (3.2.13) and (3.2.13)) that there is a map between the vector field
- 20 =A) ., :
AV = —W (8 Cav — ]V) s (3216)

in (3.2.13) and A,, in the equations (3.2.15). This map is preserved when one takes into account the
equations for matter fields. In fact, using (3.2.12)), 6,57 [e] = 0 gives

0Ly 200° =), ., L 0gY 1

51/}[ - bm2 (8 Carv — ju) (Swl + - 2(b2 — 02) [bt/“/ - Ctuy - (b — C)?’]Ml,t]

1 bd,, (0% ' 9, (0% ' b e — 0, 5" o _ 0 3.2.17
+bm2[ (0% €an — jv) = cOL(0%€ap — ju) — (b — )(07€ — Dyuj )] so (3.2.17)

The matter equations 6,54, of (3.2.14)) are

52/11 2(b2 — 02) 2(b2 — 02) 6¢l
o+
+AM5_1/JZ =0. (3.2.18)

Therefore the vector field (3.2.16) appears on (3.2.17) in the same way as A, in (3.2.18)), leading to a
map between the interacting theories S[e] and S%, .. The mixing (3.2.16) between matter fields and

0La { b = ctys = (0= ] | b0, A, = O, A, = (b= 04, }(wv

spin-1 fields and the presence of quadratic terms in the matter sources has appeared before in (MALUF
et al., 2020)).
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4 CANONICAL ANALYSIS

We adopt the point of view introduced in (BARBOSA| 2022) for a class of massive dual models,
which will be defined as Kalb-Ramond type duals. The advantage of this approach is that it provides
a systematical framework to understand the free theories and make general statements about the
interacting dual models, in the perturbative sense. We shall see that some of the so called "dual

models"have their origin in a change of coordinates.

4.1 FREE KALB-RAMOND

Consider again the Kalb-Ramond theory (2.2.17))

SKR = /d4l'

with the usual notation for the antisymmetric field: B, = —B,,,. In order to see the spin-1 content of

LB )2 2
@_zw) +mIBWB’“’ , “.1.1)

this theory we will canonically quantize it. The conjugate momenta are
n" = -o,B", 9 = 0. (4.1.2)

The spatial components of the momenta are zero and become therefore constraints. We will be using

the Dirac-Bergmann algorithm to deal with constrained systems. The Hamiltonian is
3. | Loirqoi i10i Lo k m’ v ij
H = /d x {ﬁﬂ I — B;;0°II™ + 58‘730]‘8 Boi, — TBWBM + A 1Y ] 4.1.3)
where \;; are some Lagrange multipliers. Due to the antisymmetry of B, the Poisson brackets are
{Bu(,t), I (y, 1)} = (670) — 62007) 6°(w — y). (4.1.4)
The consistency condition of the primary constraint [T¥ = 0 generates a new constraint
¢r={11", H} =o' — ¢’11" + m*BY = 0, (4.1.5)

whose consistency condition fixes \;; ending the algorithm.
The reduced Hamiltonian can be easily expressed as a function of the independent variables

(B, 11%), it is definite positive and reads

R 3101’02‘13’ I m? m2i0j 77700\ 2
HKR: d°x EH II —|—§8 BojaBol‘f‘?BOjBoj—f—T(aH — o'11 ) . (416)
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The non-zero Dirac-brackets among the independent variables By; and 1% are
{Boi(z,t), I (y,t)}p = 6/6°(x — y). (4.1.7)

In order to quantize the theory we should promote fields to operators, the reduced Hamiltonian (4.1.6))

to the Hamiltonian operator and the commutation relations between fields will be given by
[Boi(x,t), 1Y (y,t)] =i {Bo(w,t), 1Y (y,t)}p = i076%(x — y). (4.1.8)
The Heisenberg equations of motion are
By =i [HER, By) ="+ &' By, % =i [Hf,, 0% = 0'0" By; — m*By;,  (4.1.9)
with these equations we can recover the covariant equations of motion from (4.1.1J):
m? B, — 0,0 Bay, + 0,0° B, = 0. (4.1.10)
The divergence of (d.1.10) is the Klein-Gordon equation:
(O —m*)0*B,, = 0. 4.1.11)
The general solution for B,,, in (4.1.10) is
B,, = F.(A)=0,A, —0,A,, 4.1.12)
with A, being the general solution for (4.1.11)

9%Ba, = mA,, (4.1.13)
(O-mHA, =0, O"A, =0. (4.1.14)

Given (4.1.9), @.1.12)) and (4.1.13) we can show that

et (o). =, w119
m

using the commutation relations (4.1.8) we have

[Ai(y, 1), (A; — 9;A)(, 1)) = 1 6]6° (@ — y) (4.1.16a)

[Ai(y,t), Aj(x,t)] = [(A; — 0;A0)(y,t), (Aj — 0;Ap)(x,t)] = 0. (4.1.16b)

The variables A; and m; = A; — 0; Ay are also canonical, in particular we can use (4.1.13)) to write A,

as an auxiliary variable

Ag= —— = 4.1.17)



42
Therefore, (4.1.15)) is to be understood as a canonical transformation

, 1% = —mA, (4.1.18)

3|

By, =
and we can use these new coordinates to rewrite (4.1.6)), in which case the Hamiltonian reads
d? V- m)?
Hip = /Tx {mQAQ + # + 7+ (V x AP (4.1.19)
m

The set of equations (.1.16), (4.1.17) and (@.1.19) are what define the canonical structure derived
from the Proca Lagrangian (2.2.4)) without Stueckelberg fields:

1 2
Lp = = FuF* = %AMA“. (4.1.20)

The Lagrangians (#.1.1)) and (4.1.20) when canonically quantized give the same Hamiltonian, but in
different canonical coordinates. This is the reason for Kalb-Ramond and Proca being associated to the
same content.

Starting with the basic postulates of quantum mechanics || the first consequence of adding special
relativity is the existence of a conserved Hamiltonian (WEINBERG, 1995). So, the Hamiltonian is
the natural starting point in a relativistic quantum mechanics. In particular, the Hamiltonian of a free

theory is
1 3. .01
=33 [ Epap.ojatp.o). @121)

where ¢ are the spin projections of the particle and a(p, o), af(p’, o’) are creation and annihilation

operators ZEI

la(p,0), a'(p/, o")] = 6,0:0°(p — P'), [a(p,0), a(p’,o")] = 0. (4.1.22)

We can use the creation and annihilation operators to construct field canonical variables (¢'(x, t), p'(x, t))
so that (4.1.21)) is a functional of these variables and

[¢'(z, 1), Py, t)] =078 (x — y), (4.1.23a)
[d'(x. 1), ¢ (z,1)] = [p'(z,1), P (2,1)] =0, (4.1.23b)
i'(z,t) =i, H], p'(zt)=1i[p", H|. (4.1.23¢)

Finally, the Lagrangian is introduced as the Legendre transform of the Hamiltonian

L= /di”xzpiqi — Hlq, p]. (4.1.24)

' Physical states are described by rays in a Hilbert space, observables are represented by Hermitian operators and Born’s

probabilistic interpretation

2 These are creation and annihilation operators for bosons, for fermions one should use the anti commutation relations
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The fact that a Lagrangian has spin s means that when canonically quantized it gives the right answer,
that is (4.1.21).

The advantage of this point of view is that it explains some features of Kalb-Ramond-like dualities.
The construction of canonical variables from the creation and annihilation operators is not unique, so
we can rewrite as a function of different canonical coordinates and they are all equivalent.
Naturally, the Legendre transformation of the same Hamiltonian in different canonical coordinates
will give different Lagrangians. However, all these Lagrangians are equivalent since they furnish
the same Hamiltonian. It was shown in (BARBOSA, [2022)) how one can start from (4.1.21) and by
different choices of canonical variables recover either the Proca or Kalb-Ramond Lagrangians. One
may wonder if there are additional choices of coordinates that lead to Lagrangians that are neither
@.1.20) or @.1.1), but also have spin-1 content. It is shown in the next section that this is the case
for the non-symmetric spin-1 model. The ambiguity in the choice of canonical coordinates

is not exclusive to massive spin-1. It is possible to show that the Curtright-Freund model for spin-0
(CURTRIGHT; FREUND, 1980) is also related to massive Klein-Gordon by canonical coordinate
changes. The same relations should also exist for higher spins. It has been emphasized in the literature
that dual Lagrangians like (4.1.1)) and (.1.20) describe the same physics for non-zero mass, but have
different content in the massless limit. This can be easily understood from our point of view. The
coordinate change (.1.13) is not defined for zero mass, so in the massless limit we can not relate these
Lagrangians by coordinate changes.

Before closing this section we shall make a comment on the correlation functions. Similarly to
what was done in[3.2] using the parent action method is possible to show that the Kalb-Ramond and

Proca field strength propagators differ by contact terms, that is

(Bu (%) Bap(y)) = (Flu(2) Fap (1)) + thuifas ' (z — ), (4.1.25)

where #[,,)(o5] 18 some tensor. However, from our canonical analysis these propagators should always
be equal, since B, « F),,(A) is an identity between quantum fields. This is not a contradiction, or
even a new problem. For instance, the Proca field propagators calculated from the canonical and path
integral formalism are respectively

(z,y) +m 26" (x — y)0°6° (4.1.26)

(a2

cC = A,uu
<Au<x>Au(y)>PI = A,Lw<x> Z/), (4127)

where A, (x,y) is the usual covariant propagator

- +m~2q,q,) €@y
A(z,y) = (2r 4/d4 (o 4 4.1.28
wly) = (2m)7 [ g et (4.128)
This does not pose a problem to the equivalence of path integral and canonical formulations because in
the context of free theories we can not compare the points x = y. The comparison has to be done in the
context that contact terms matter, that is the Feynman rules for interacting theories. In this example the

vertex derived from the canonical and the path integral formalism are not equal at first. However, by
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summing the effect of contact terms in the canonical formalism is possible to redefine the perturbation
theory, so that the effective Feynman rules have the same vertex coming from the Path integral and the
propagators to be used are just A, (z,y). A similar mechanism applies to the relation of Feynman

rules derived from Kalb-Ramond and Proca theories.
4.2 NON-SYMMETRIC MODEL
Instead of working with (2.2.49)) it will be more convenient to express the action in terms of
Euv = bey,, + ceyy, 4.2.1)

with the gauge fixing W = 0. Taking the redefinition ¢,,, — e, the action reads

Sns = <(bewe"” —coue™) | _de (b0%a —cdya) > 4.2.2)

(b2 — ¢?) (b+c)? bm?2(b? — ?)
The conjugate momenta are

(b9ge™ — cOze?) (bdge” — cOge?)

I = —2 bm?2(b + ) = - m2(b? — ¢?) (4.2.3)
Bl _ g
0 — %(basli 7 _C‘i/;;f ) o 0 (4.2.4)
in addition to II¥ = 0 we also have the primary constraint
1% + bI1° = 0. (4.2.5)
The Hamiltonian is given by
H= /d3 [ bb_—i_c)C) (172 4 m2(bzb_ CQ)HOZHOZ _ (b@lelz : Z@;em) % _ (deel)
(bOke™ ; cOhe®) Lor _ (beuye’; : - ZSW‘EV”) + I\ (bIT0 + 1)
(4.2.6)
The consistency condition of bI1! + cII% = () generates the new constraint
I = (b+ )0 + 2 = 0, (4.2.7)

whose consistency condition fixes \;.
The consistency condition IT¥ = ( generates the new constraint
bO'TIY — cHITT% bell — celt dé¥e

X7 = {7, H} = ; G i = (4.2.8)
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The consistency condition X = 0 give]

cd? o' 2b6i€0j —cde% ¢ (bd'el® — cde™)

= (Y — _9
{X ) } b + B2 _ 2 b(bQ _ 62)
(BAY — cNI) dbm2§9T1% do" (b0,e® — cO,e™) A6 6" Ny,
2 2 2 =0 4.2.9
P_2 e T hrom=a) ooz (4:29)

whose trace is a new constraint

VA om21I® b (b — ® + be) 9,el®

=09l = — — — =0. 4.2.10
¢ =0"¢ b —e Tp_a (% — 2 (4.2.10)
The time derivative ¢ leads to a new constraint
2bm?e
{¢,H} =~ =0 (4.2.11)

02— ) (D -1)

and the time derivative ¢é fixes 0 \;; ending the algorithm. The set of the constraints which are all

second class, is

TV = 0, bIT? 4 1% = 0, e=0, (4.2.12)
bOTIY — cOITIY el — cet
2610 + (b + )01 = 0, AT L (4.2.13)
b b2 — 2
VA" om*1I% b, e (b — ¢ + be) 9yel®
B _9 —0. 42.14
b —e Tp_a b7 — 2 0 (42.14)

It will be convenient to work with the equivalent set of constraints

N B2 — )91
L (= om

X7 = el 50 =0, xJ=0IY=0 Y,=boI"+c0%=0, (4.2.15)
b+ alHOO O 0l

X4 Ee“@% =0, = (V-m? H°0+2<bljc> =0, (4.2.16)
b2 ) O HOl

6 = e + % = 0. 4.2.17)

The reduced Hamiltonian reads’]

HE = /d%

Is not obvious that the above Hamiltonian is positive defined, in order to see this consider the

B bI10,e® (b — c2)m 1T N (b* — *)(V x II)? N beoieor

2b—c) m 1 poa| @218

decomposition

eq = O + v, (4.2.19)

Recall thatd = —(b+¢)/D — 1
4 Note that IT is the vector T
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where 9,v] = 0. Using the constraint x5 = 0 we can show that

b m2¢ (—=V) o\ (b —A)m’I*  (* — ) (V x II)?
R __ 3 t,t
H —/d x[b2_02 (Ulvl+ m2—v2 ) + 4b + 4b 5

which is positive defined.

Given the constraint matrix

Cvm ={x~, xum}, (4.2.20)

one can show that the matrix elements of the inverse are

- _ sk - _ (bz_CZ)mi j
(C 1)Xl2k(m)aX§j(y) - 615] (53(56 - y)7 (C 1)X§n(m) 7X;j(y) - 2bm?2 aa: awagvég(w - y)a

-1 _ (b—0) i aje3 -1 _ 51253(5” ~Y) c0L080% (x — y)
(c )xa(w),xéj(y) - 0p 050" (x — ), (© )xﬂm),x’;(y) = b B D22 )

bm?2
. _ (b+)0Be(z —y) -1
(C )XS(ZB)ng(?J) - 2m2b ’ <C )
) 0z — y)
1 _
(C )Xe(w) xs(y) m2 ’

2c006°% (x — y)
X6 () 7Xi(y) - b(b + C)m2 ’

the other matrix elements are either zero or fixed by antisymmetry of the inverse matrix.

With the inverse of the constraint matrix we can show that

oL ok
{eq(zx,t), H%(y,t)}p = <5lk + ﬁ) & (x —y), {eq(z,t), Ty, t)}p =0, (4.2.21)
ak(53 _
MG, 1t =222V e o =0 @22
{1%(a, 1), 1% (y, ) }p = 0. (4.2.23)

In order to apply canonical quantization to this field theory, we promote the fields to operators, the

reduced Hamiltonian to the Hamiltonian operator and postulate the commutators

lear(z,t), I%(y, )] = i{eq(z,t), I%(y,t)}p, (4.2.242)
leai(z, 1), I (y,1)] =0, (1% (z,t), 0y, t)] =i {I1%(a, 1), 1™y, t)}p, (4.2.24b)
leqi(z, 1), eon(y,t)] = [I1%(z, t), I (y,t)] = 0. (4.2.24¢)

We can use the Hamiltonian equations of motion and constraints to recover

me,, = 0,0%0,  0’eq = 0. (4.2.25)

Using the same arguments of the Kalb-Ramond case we can show that the general solution for (4.2.25])
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is

€ = 0,A,, (4.2.26)

(O-mHA, =0, 0"A, =0, 4.2.27)

where the square root factor is chosen for normalization reasons. Using the constraints of the theory

we can show that

20 20
ol al !
I = _mz(bQ — 62)%6 = \iz_ c2A , (4.2.28)
2b 20 b+ c)OI® ,
m (60[ - 610) = m (60[ - ( ; > = Al - 8;140 = 7Tl. (4229)
Using (4.2.24)) we can show that
[Au(z, 1), 7*(y,1)] = i6°(x —y), (4.2.30)
[A(z,t), Ae(y, )] = [r'(, 1), 7" (y,t)] = 0. (4.2.31)
We can use the constraints Y}, = 0 and x5 = 0 to show that
b2 — 2 AV V-m
eq = o (nl - > , Ay = — — (4.2.32)

In terms of the variables, A4; and 7' (#.2.18)) is just the Proca Hamiltonian.

4.3 PERTURBATION THEORY

Here we follow the textbook approach of (WEINBERG;, |1995). The canonical duality between free
theories of Kalb-Ramond and Proca allows us to immediately say something about the relation between
interacting theories. To understand why this is possible we do a quick review on the interaction
picture. Consider the Hamiltonian H as a functional of canonical fields W;(x,t),II;(, t), in the
Heisenberg picture. The interaction picture fields are related to the Heisenberg picture ones by a

similarity transformation

Ul (x,t) = ol (2, 0)e o (4.3.1)
I (x, ) = o' (, 0) e~ Hot (4.3.2)

where H is the free part of the full Hamiltonian and the upper index [ stands for interaction picture.

Applying this similarity transformation to [ gives

eiHOtHefiHot — e’iHot(HO + V)eiiHOt — HO + V(t)’ (4.3.3)
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where V is the interacting part of the full Hamiltonian. The term V() is an integral of the Hamiltonian
density H(x):

V(t) = / d*xH(z), (4.3.4)

so that the S-matrix (WHEELER, [1937; HEISENBERG, |1943a; HEISENBERG, |1943b) is given by
(DYSON, [1949)

S=1+ i =i /d4x1 coedtr, T{H(z1) - H(zn)}, (4.3.5)

where T is the time ordering product. The interaction picture Hamiltonian #(x) is a function of the
free fields W/ and I1}. Expressing I1/ as a function of U/ we can rewrite #(z) in terms of ¥/ and its
derivatives. The propagator of the fields U/ in H(z) is defined by:

—i&pm (2, y) = (T{Y] ()5, (y) o- (4.3.6)

We already noted that the free canonical variables of Kalb-Ramond and Proca are related by
so any function of the free variables of Kalb-Ramond can be rewritten in terms of Proca variables.
Therefore, any 7 (x) derived from a Kalb-Ramond Lagrangian will be a function of Proca fields. Given
a Hamiltonian density H(x) involving Proca fields we generally expect that it can be derived from the
canonical quantization of a Proca Lagrangian. This leads to our definition of perturbative equivalence
between Kalb-Ramond and Proca: Given an interacting Kalb-Ramond Lagrangian from which we
derive a set of Feynman rules, we expect that there is an interacting Proca Lagrangian such that the
same set of Feynman rules can be derived.

In practice it may be difficult to explicitly write #(x) as a function of the independent canonical
variables for which (d.1.15) is valid, but there should be a solution in principle. We shall see that the

equivalence between Feynman rules can also be supported in the context of path integral.

4.4 SCALAR INTERACTION

In order to illustrate our previous argument consider the interacting theory
5= [dtw|-Lo.0% + Lo.Bor B, + BB 4 26D, B
= d*x —§8ugz§8 ¢ + 58(1 0 m + T " + Zgﬁ v s (441)
where A > 0. The conjugate momenta are now

=0, % = —9,B%, 19 = 0, (4.4.2)
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and the Hamiltonian is

1 1 . o 1 1, i
H = /d3x [§T2 + §HOZH01 +11Y& Bj; + §(V<]§)2 + 5((‘31301‘)2 + A1

1
—1(m2 + A\¢*) B, B" |. (4.4.3)
The consistency condition of the primary constraint now gives

2
O'TIY — ¢TI 4 m? (1 + A ) B;; =0, (4.4.4)

m2
whose time derivative once again fixes A;;. The reduced Hamiltonian is

. |1 1. 1 1 . m? Ap?
HR 3 2 HOZHO’L 2 i 2
KR — /d X {571 + 5 + §(V¢) + 5(8 BOi) + 7 (1 + W) Boi Bo;

-1
+ = 5 (1 + MQ) (V x H)Q} (4.4.5)

2m m2

In order to quantize the theory we note that ¢ and I1% have zero Poisson-brackets with all constraints
of the theory. Therefore, we postulate the only non-zero commutators among independent canonical

variables
(¢, 7] =id’(x—y),  [Bu, 0¥ =idd(x—y). (4.4.6)

As usual, for the quantized theory the function

2\ —1
(1 + ﬁ) , 4.4.7)

is to be understood in terms of its Taylor series. The interacting Hamiltonian of the interaction picture
is

2 0 2\ 1
Hye(z) = /\%SBOZ-BOZ- + #(V x II)? (Z(—U” (%) ) : (4.4.8)

n=1
where the label NC' stands for non-covariant Hamiltonian density. Since we are in the interaction

picture we can use the free field relation (4.1.12])

Ap? 1 [ A2\ "
n=1

Therefore, given (4.4.1) we can rewrite its interaction Hamiltonian as function of Proca fields, as

argued in the previous section.
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Now, we consider the interacting Proca Lagrangian
1 A2\ L, m? 1
S = / d*z [_Z (1 + W) E,,F" — 7AMA“ - éaugb@“gb , (4.4.10)

the conjugate momenta are

_ _ A2\ T .
° =o, H’:—(1+—2) FY T = ¢, (4.4.11)
m
so that the Hamiltonian is
A2\ I 7 _ 202\ T (V x A)? 2
H:/d3x 1+i —+W——A0V-H+ 1+ ¢ (v x 4) +(V¢>
m? ) 2 2 m? 2 2
m? ~=0
+7AMA“ + AT . (44.12)
The consistency condition of the primary constraint IT° = 0 gives
m*Ay+V -II = 0, (4.4.13)
whose consistency condition fixes \. The reduced Hamiltonian is
B MO\ —o A2\
R _ 2 2 2
Vv - 11)?
+m?A® + (V-I17 . ) ] (4.4.14)
m

The non zero Dirac-brackets among canonical variables motivate the commutation relations:
[Ai(z,t), P (y,1)] = 683 (x —y), [p(x,t), m(y,t)] = 8 (x —y). (4.4.15)

The interaction picture Hamiltonian is

Hye(r) = ML, (Z(—l)" (Aqﬁ)n) 84 >;A)2, (4.4.16)

2m? — m?
using the interaction picture relation II* = —F% we can rewrite the Hamiltonian density
A2 R (AP
Hye(w) = 55 FoiFoi + > (-1 5 ) | FaFu (4.4.17)
n=1

This is the same interacting Hamiltonian (4.4.9) derived from (4.4.1]), as expected from our discussion
of the interaction picture.
In order to derive the covariant Feynman rules associated with we first rewrite the Hamil-
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tonian density as

1
Hwe(w) = =5 P OwasF % (4.4.18a)
_ (Ag?/m?)?
O,uyaﬁ = _4 (1 + )\¢2/m2) (nunanl/ﬁ — NyNaNup — NN plva + nynﬁnua)
Ap® A% /m?
+ 4_7712 (1 B H_TZSZ/WL? (naﬂnﬁ’/ - nﬁunau) 5 (4418b)

where n, = (1,0, 0,0). The propagators associated to this perturbation theory are

(T{o(x)d(y)})o = i AF (2, y), (4.4.19)

(T{F™ (2)F*(y)})o = —i [64@: —y) (den" = o — oyden™ + sogm)

— "IN (1, y) + OMOP AV (z,y) + 0V O AP (2, ) — 0"0P AP (2, y) |, (4.4.20)
where A" (z,y) is given in (.1.28) and
m=0 N
AT (z,y) = (2m) /d q 7 i (4.4.21)

For an interaction of the form of (4.4.18al) we can use the methods of (LEE; YANG, [1962)) to sum the
effect of contact terms to the perturbation theory. We represent the full propagator (4.4.20) as a sum of
straight and spring lines, with the spring lines representing the contact terms. The effect of inserting

n — 1 spring lines between two straight lines i{]

n—1
In =1 /d4[L’ FaﬁF‘uyOaﬁoiOoioj s Oopﬁg
; A\
. / Qe po (AN s (4.4.22)
2 m2

and the sum over all n, including n=1 which is is the new vertex

, Ap* F, P
(—i) / d'z (—4m2 Y /m2)) : (4.4.23)

We should also consider the contribution to perturbation theory coming from loops of spring lines. The

contribution of a loop with n springs is

n—1 2
I, = —%54(0)/#95(_1) (M ) n>1, (4.4.24)

n n

5 Notice that we have n factors of O,
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the sum over all loops gives the contribution
3 4 4 2 2
—50 (0) [ d*z In (14 Xp*/m?). (4.4.25)
The covariant Hamiltonian density to be used in the power series (4.3.5) with the covariant part of
@A) is

A2 P

He®) =~ g2 T3 Ag2md)

=~ 250 (14 A m?). (4.4.26)

Starting with either (4.4.1) or (4.4.10) we will obtain the same covariant Feynman rules given by

(#.4.26). This is straightforward in the canonical formalism because both Lagrangians gave the same
Hne(x) from which the Feynman rules will be derived. However, there are two drawbacks. First we
have to solve for the auxiliary variables in order to compare the interacting Hamiltonian densities,
which can be very difficult depending on the interaction. Second, the Feynman rules are not covariant
from the start, we have to sum the effect of contact terms to obtain the covariant perturbation theory.
We will explore now the path integral formulation of this theory, where the Feynman rules are covariant

from the start.

4.5 PATH INTEGRAL

The path integral associated to (4.4.1)) and (4.4.10)) are

(Vac,in|Vac,out)y = C / D¢D By, o [ e[ LY 367 By B —5164(0) 1H(1+)‘¢2/m2)]’ (4.5.1a)

(Vac,in|Vac,out) = C’/ngDAM eifd%{ﬁ%Jr%&%J’%wo) 1“(1“@52/7”2)]7 (4.5.1b)
where

Lo, = —% 606 + %aaBaﬂaVBw + %ZBWBW (4.5.1¢c)

LY = —% GO — }1 Y %QAMA“. (4.5.1d)

The covariant perturbation theory derived from (4.5.1b) clearly agrees with the one derived from
#.4.26). However, from (4.5.14) is not obvious that we will get the same perturbation theory. In order
to see the equivalence we recast the problem in the language of the canonical formalism. The set of
Feynman rules coming from (4.5.1a)) are the same that one would obtain from

>‘¢2 v 31 4 2 2
Hpr(r) = —TBWB“ + ?5 (0)In (1 + X¢?*/m?), (4.5.2)
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where the B, propagator is

o 54 :I; — o, UV ro

(T{B" (x)B**(y)})o = —i | — —<m2 v) (00" — oy
Lt gugenve 9P Ave 9" 9% A1 9" 9P Ake 453
+ 5[ (z,y) + (z,y) + (z,y) - (@] | 453

The interacting Hamiltonian density (4.5.2)) and the propagator (¢.5.3)) have the same structure of
#@.4.17) and (4.4.20)), so that we can use the same methods of the previous section to sum the effect of

contact terms. The sum of spring lines between two straight lines gives the corrected vertex:

A\ B, B
—i [ d'z |- o 454
Z/ “’[ LA+ A m?) | 9
and the contribution of loops is
—356%(0) / d*zIn (1+ A\¢®/m?). (4.5.5)

When we add this loop contribution to (4.5.2]) we revert the sign of the delta term and end up with the

effective Hamiltonian

\¢? By, B"
(14 Ap?/m?)

Herp(z) = ~1 — %54(0) In (1 + Agbz/mQ) . (4.5.6)
This effective Hamiltonian is to be used in perturbation theory calculations with the second line of
(@#.523)), that is the covariant part of (#.4.20) multiplied by m 2. This is exactly the perturbation theory
that we would obtain from a path integral where the free Lagrangian is Proca and the interaction
Lagrangian is £; = —H.ss(x) with B, replaced by F},,/m, which is just (4.5.Tb).

Our specific choice of interaction should not divert our attention from the generality of this result.
For any interaction Lagrangian in the path integral of Kalb-Ramond, the propagator will always be
(#@.5.3)) since it is derived from the free Lagrangian. Therefore, the Feynman rules will always contain
contact terms. We did use one specific technique to sum the effect of this contact terms, which works
for interaction we had, but the sum itself is not interaction dependent. The redefinition of the vertex
involves a sum of a subset of all diagrams contributing to the S matrix, which we can always do
in principle. This is the path integral version of our argument for perturbative equivalence between
Kalb-Ramond and Proca, defended in canonical terms at the end of @ Given a general Kalb-Ramond
Lagrangian in the path integral, the corresponding Feynman rules are always equivalent to the Feynman

rules derived from a Proca Lagrangian once we sum the effect of contact terms.

4.6 PARENT ACTION

Despite of having formulated the notion of perturbative duality with general arguments, in the
path integral and canonical formalism, we are left with a practical problem: given a Kalb-Ramond

Lagrangian how do we know what is the dual Proca Lagrangian? For the simple theories explored here
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this can be guessed from the parent action method (DESER; JACKIW/ [1984). Consider

2 2 2
Sp = / dz [ - %AMA“ + mTBWB’“’ — mB"9,A, + %BWBW
"
_M 7 (4.6.1)
2
if we do the coordinate change
_ A\ Tl (A)
B, — B, = B, 1+ — p- (4.6.22)
O — O, (4.6.2b)
then (4.6.1) reads
1 Ao\ L m? 1
Sp = /d4$ [ - Z (1 + W) FM,/FM - TANAM - 5@@8’%
m? AP\ 5 =
+I <1 + W) B,.,B"|. (4.6.3)

This is just the Proca action (#.4.10) with an extra term, quadratic in B,,, that can be droped since its

equations of motion are B,,, = 0. On the oder hand, we could integrate by parts in (#.6.1)) so that

2 2 o2
Sp = / dz [ - %AMA“ + mTBWB’“’ +md, B A, + %BWB‘“’
0, 0"
M] e
2
and then we can do the coordinate change
B, — By, (4.6.5a)
- J"B,,
A, — A, =A, — = (4.6.5b)
m
and the new action is
1 1 2 A
Sp = / d'z [ = 504006+ S0, B B + mIBWB“” + 59 BB
m? - -
_TAMAM . (4.6.6)

This is the interacting Kalb-Ramond model (#.4.1)) with an extra term A, A* that can also be dropped.

Summarazing we can recover (4.4.1)) or (4.4.10) from the same action by coordinate changes and
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integration by parts.The coordinate changes we did are invertible so in principle they do not affect the
content of the theory. Moreover, for fields that vanish at infinity it is known that integration by parts in
the Lagrangian also does not affect the quantum structure (WEINBERG, [1995). Therefore, the parent
action (4.6.1)) suggests that (4.4.1)) and (4.4.10) have the same content, which we already checked at
the level of the Feynman rules in the previous sections.

The coordinate changes we have just defined are non perturbative, this suggests that the relation
between (4.4.1)) and (4.4.10) does not hold only in perturbation theory, but goes beyond that. Adopting
the definition

q"(x,t) = A(z, 1), wp(x,t) = (x, t); (4.6.7)
qz(wvt) = BOi(ma t)? ﬂ-i(‘rl’.?t) = HOi(wJ t)7 (468)

we can see that the coordinate change
gi(z,t) = malh(x, t), T (xz,t) = —mql (x,1), (4.6.9)

relates the Hamiltonians (4.4.5)) and (4.4.14). These are coordinate changes between Heisenberg picture

operators. Therefore, as in the free case the relation between the Kalb-Ramond and Proca Lagrangians
is that they furnish the same Hamiltonian but in different canonical coordinates. The theories are not
equivalent only at the level of Feynman rules, but even non perturbatively. Naturally, we are led to
wonder if any two Kalb-Ramond and Proca Lagrangians related by coordinate transformations of the
parent action will define the same Hamiltonian in different coordinates. In our simple examples, free
and interacting, this is true, but this does not constitute a proof for general cases. That is, the fact
that for simple interactions changes of coordinates at the Lagrangian level correspond to canonical
coordinate changes at the Hamiltonian level does not guarantee that for any coordinate change in
the Lagrangian there is a corresponding coordinate change for the Hamiltonians. However, it is a
reasonable expectation that coordinate changes in the Lagrangian correspond to coordinate changes in
the canonical formalism. Another relevant question is whether this mechanism will always work, that
is, given a Kalb-Ramond Lagrangian we can always find a parent action so that the dual Proca theory
can be defined. We already know that perturbatively Kalb-Ramond is always equivalent to Proca. If it
was possible to connect any Kalb-Ramond Lagrangian to a Proca Lagrangian through the parent action

the equivalence would always be true even non-perturbatively.
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5 FINAL-REMARKS

It has been shown that the duality of massless field theories is a useful approach to investigate the
duality of massive theories. Moreover, it is remarkable that the construction of a parent action with
a non-symmetric rank two tensor allows us to establish dualities that are not possible either with a
symmetric or antisymmetric field, in the massless and massive case, see the new spin-1 models (2.1.20))
and (2.2.58)) respectively. Those models are original results of the present work. It has also been shown
how alternative methods can be used to derive new dual models. We have provided a preliminary
approach to the presence of interactions and a different analysis from what is found in the literature.

Our search for dual models, from the beginning, was motivated by the possible new physics that
they can offer when interactions are added, since we are searching applications for interacting theories
in cosmology and astrophysics. Therefore, the search for new dual models at the free level is important,
but the status of the duality when interactions are added is equally relevant.

Regarding the dual massive models without gauge symmetry of spin-1 and spin-0 (BARBOSA|
2022), our preliminary calculations suggests that, in the context of perturbation theory, no new
interactions can be obtained from dual models, neither a strong-weak coupling relation. In the context
of Feynman rules, there is nothing new to be gained with dual models of the Kalb-Ramond type,
since they are always equivalent to the Feynman rules coming from a Proca Lagrangian once we sum
the contact terms. In fact, as far as the Feynman rules are concerned it is not convenient to work
with these dual models since the vertex can not be easily read from the starting Lagrangian. The
effective Feynman rules to be used after the summation of the contact terms can give vertex that are
not necessarily similar to the original interacting Lagrangian. About the non-perturbative content, in
simple cases we have shown that dual massive models lead to the same Hamiltonian that could be
derived from a textbook Proca Lagrangian for spin-1 and Klein-Gordon Lagrangian for spin-0, in
different canonical coordinates. Of course, the relevant question is whether this will always be the case,
that is if any Hamiltonian derived from a dual massive model can be associated with a Hamiltonian
derived from the standard massive Lagrangians by coordinate changes. Even without such a theorem,
it would be interesting to see if that is the case for physically motivated theories involving massive dual
models like the one in (HEISENBERG; TRENKLER,[2020). Since our conclusions were obtained
in the absence of gravity, further investigation should be performed in the presence of curved space.
However, we would like to point out that a preliminary investigation (BUCHBINDER; KIRILLOVA;
PLETNEV, 2008), for spin-0 and spin-1, shows that there is still an equivalence between dual massive
models in curved space.

Our search for dual models of spin-1 was also motivated by the search of new dual models of spin-2.
Due to the success of the parent action method in obtaining dual models for spin-1 we expect that the
same method can be used in order to obtain dual models for spin-2. In fact there are already positive
results in this direction (DALMAZI; SANTOS, 2020). Regarding our investigation of interactions in
dual models without gauge symmetry we expect that the same techniques can be applied to higher

spin models leading essentially to the same conclusions. In particular, the Curtright-Freund model of
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spin-2 (CURTRIGHT; FREUND; 1980) is a massive dual model without gauge symmetry and has
been suggested in the context of modified gravity (ALSHAL; CURTRIGHT, [2019).
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APENDICE A - HELICITY DECOMPOSITION

Since the dual Maxwell theory (2.1.20) is a new model not known in the literature it is important
to check its particle content, however the use of Hamiltonian methods would be cumbersome, so here

we use helicity decomposition.

A.1 MAXWELL

Helicity decomposition analysis is an approach for investigating the content of a theory by a change
of variables which does not involve time derivatives, so it does not change the canonical structure
of the phase space. For an introduction see JACCARD; MAGGIORE; MITSOU, 2013). As a first

example consider
Ag =1 Aj = v; + 050, (A.1.1)

in Maxwell’s theory, despite the existence of derivatives this change of variables has an inverse because
the boundary conditions require that the fields go to zero at infinity; the index ¢ denotes transversality
with respect to spatial divergence, &’ v;- = (. Solving the gauge transformations of the Maxwell theory

for the gauge parameter A

iA.
it is possible to find a set of (D — 1) gauge invariant{]
bo =0 51}; =0, (A.1.3)

with 0 = (v — 9). Because the action is gauge invariant it can be written in terms of the gauge

1 viOvt oV3o
= —_ — v = J J —
S < 4FW,F > < 5 5 . (A.14)

Maxwell’s theory propagates a spatially transverse vector (U§), which in D space-time dimensions

invariants above

has D — 2 independent components, in agreement with the standard result of canonical analysis.
Furthermore we see that there is also a non propagating degree of freedom, it corresponds to the

longitudinal component of the electric field (V20 = —V - E).

' Originally we have 6(V?0) = 0 but due to the boundary conditions o is also gauge invariant
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A.2 NEW SPIN-1 MODEL
Consider the helicty decomposition of the gauge parameter Q[ o 0 C1.2T)

Q[OJ]O )\3 +aﬂ¢ Q[Oz = €y (A.2.1)
Qo =0l — Opul + oy Qb = 0wl — 0wl + T, (A.2.2)

where the index "t"means spatial transversality, "7™"is space-time transversality and Lt is transverse in

the left index. The space-time transversality 8“(2 e = 0 gives
p=0  de; =0 (A.2.3)
At oLt
t _ Lt _ —jk

For b = 1/2, ¢ = 0 in (2.1.21) the gauge transformation for Bjgj is
0Bigji0 = A + 95, (A2.5)

taking the divergence is possible to solve for A and then one can solve for )\3 as

0™ Biom

From &’ [§ Bojjx = e% + 0;,A] the first gauge invariant is given by

m " Blomjo
Ij=0"Bom; = 0i—g5 A2.7)
solving (2.1.21)) for of;; and 'l ;;,., additional gauge invariants are found
: 0" Blom

= 9" Bimjjo — Biojlo + 0; —v[2 L (A.2.8)

~ " 8mB[0m]0 akamB[Om]O - 9" Biom)o

[]th - (3 B[m]}k —|— 8j < vz - V4 - B[Oj]k + (3;45@7

0" Biom

+ 3 (% - 8””‘B[Om]0) . (A.2.9)

The number of gauge invariants can be checked by a simple counting of gauge parameters. The

gauge parameter Q" is subjected to D? conditions €,, = 9"Q

independent, they are related by 0”¢,, = 0. So, there are D?—D independent relations for QT the

= 0, but these conditions are not

amount of gauge invariants is the number of field components minus the number of independent gauge
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parameters, recalling also the U(1) gauge parameter A, we have

D¥D—1) [DXD-1)

5 — 5 —(D*~-D)+1| =D*-D —1, (A.2.10)

which is the same number of independent components encoded in {/;, fj’?, I ijf .

The helicity decomposition for Bj,,|, can be written as
B[Oj}() = U;- + a]\lf B[Oj]k = fjk (A211)
Bijro = Otk — Oupt + Ky Bljkim = 00k — Ok + Vijim: (A.2.12)
in these variables the gauge invariants are

L =0"frn;— 0,0 It =V’pl— 0! (A.2.13)

. . O frute OV
IH =2t — fi — 0,00 + 0;0,9 + 0 (% - %) : (A.2.14)

and (2.1.20) in terms of these gauge invariants is

. 2 . 2
1 . ~ I; 1 S A

T o s ~Lt . . .
where I = ¢*I;:. This does not look like (A.T.4), but it does propagate the correct degrees of freedom.
In order to see this, first notice that to derive the equations of motion one cannot extremize the action in
. . . t t t Lt t . . .
terms of gauge invariants. The corfect Var1a1~)1es are {vj, U, fiks b, K k] Dl Vi k]m}, but_lt is pcismble
to make a change to {v}, ¥, fj, [}, K[tjk], Ikt 7[tjk]m} . The equations of motion for I} are I = 0

and the equations for /%7 are

R , . i gk . .
i Déj—k : (ILt LYk q,) _0 (A.2.16)

The double divergence and trace of this equation leads to
ijkt = ajjj =0, (A.2.17)

the ¥ equation leads again to 971 ; = 0. On the other hand the f;;, equations lead to

Ok <Ij — %) =0, (A.2.18)

2 In the ordinary Maxwell theory the gauge invariant o is linear in one helicity variable and the transverse vector v§- is

another independent variable. So it is possible to treat all the gauge invariants as independent variables over which one
extremizes the action
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taking the 0* together with (A.2.17) leads to the propagating gauge invariant
OL,=0 &I =0. (A.2.19)

So the transverse invariant /; plays the role of the transverse modes v§ of the Maxwell theory.
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