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Resumo

Neste trabalho revisaremos a obtencdo de operadores de vértice em teoria
de cordas. Entdo construiremos o operador de vértice para os primeiros estados
massivos da supercorda aberta em termos dos supercampos de super-Yang-Mills
em d=10 a partir da expansdo em produto de operadores dos vértices ndo massivos,

utilizando o formalismo de espinores puros.

Palavras Chaves: Supercorda; Super-Yang-Mills; Espinor puro.

Areas do conhecimento: Ciéncias exatas e da Terra; Fisica de Particulas e Campos.
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Abstract

In this work we review the construction of string theory vertex operators.
We then construct the vertex operator for the first massive states of the open
superstring in terms of d=10 super-Yang-Mills superfields using the operator

product expansions of massless vertex operators in the pure spinor formalism.

Key Words: Superstring; Super-Yang-Mills; Pure spinor.

Areas of Knowledge: Physical Sciences and Mathematics; Elementary Particle
Physics and Fields.
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Chapter 1

Introduction

String theory can be formulated as a two-dimensional conformal field theory
where the spacetime amplitudes of physical particles are given by correlation
functions of vertex operators on the worldsheet [1] [2]. These operators are
local fields in one-to-one correspondence with Hilbert space states of the string
conformal field theory [3].

The interest in string theory occurs because it is a framework that describes
quantum gravitational interactions consistently. In particular, within the spectrum
that emerges from closed strings, one can identify massless spin-2 particles whose
characteristics are compatible with those required to be identified as mediators
of gravity [4]. Furthermore, its spectrum contains a tower of massive states with
higher spins, which are crucial for the theory’s consistency. By incorporating the
contributions of infinite massive states, one can show that non-renormalizable
divergences in the loop amplitudes cancel each other.

Although bosonic string theory does not contain fermions, and the presence
of excitations with a negative mass-squared implies a non-stable vacuum, it
constitutes a laboratory to explore techniques to be applied in more realistic
theories [3]. In turn, the RNS superstring presents fermionic modes [5] and a
mechanism for eliminating tachyonic modes [6], which also makes the spectrum of
the theory supersymmetric. However, its lack of manifest spacetime supersymmetry
leads to technical difficulties in amplitude computations, such as the need for sum
over spin structures [7].

The pure spinor formalism for the superstring has all spacetime symmetries
manifest [8, 9]. This feature allows the construction of super-Poincaré covariant
expressions for vertex operators through its quantization [10, 11]. These operators
correspond to physical states in the cohomology [12] of the BRST charge Q =
§ dzA%d, expressed in terms of a ten-dimensional worldsheet spinor A* satisfying
the pure spinor condition and the worldsheet variable d, for the spacetime
supersymmetric derivative. The knowledge of vertex operators makes it possible

to establish the equivalence of superstring amplitudes in the pure spinor and RNS
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Chapter 1. Introduction 2

formalisms [13]. Nevertheless, a superfield description of superstring massive
vertex operators remains an open problem.
In order to construct open superstring unintegrated vertex operators of mass

m2

= I (n € N and &' is the inverse string tension) using pure spinor formalism,
one can write every possible combination of worldsheet fields with ghost number
1 and conformal weight 71, and contract them with d=10 superfields. The onshell
condition provides relations between these d=10 superfields [10]. For integrated
operators, one needs to use the descent relation to constrain the d=10 superfields
[14].

Although straightforward, this method becomes quite involved at higher mass
levels, and it is convenient to resort to other ways of building the corresponding
vertex operators. For this reason, in this dissertation, we address a method for
obtaining massive operators, using the fact that these states can decay to massless
ones and, therefore, can be interpreted as resonances in the massless S-matrix
[51[15][16].

In chapter 2, we will review the construction of the vertex operators corresponding
to bosonic open string states with mass m? = — %, 0, %, and RNS open string states
with mass m? = 0, % We will use the bosonic string as an example to illustrate
the method discussed in chapter 3, and the RNS superstring will be employed
to elucidate the predicted physical states for the first massive level of the open
superstring.

In chapter 3, the open string unintegrated vertex operator at the first massive
level will be constructed from the operator product expansion between a massless
integrated and a massless unintegrated vertex operator using pure spinor formalism
CFT [17]. This massive vertex will be BRST invariant by construction and expressed
in terms of super-Yang-Mills d=10 superfields, which have well-known theta
expansion [18]. This result can be generalized for any higher mass level and used
to compute scattering amplitudes with massive vertex using all the machinery
known for massless scattering amplitude computations [19].



Chapter 2

Vertex operators in Bosonic and RNS

string

In section 2.1, we will use the bosonic string CFT to explain the procedure
for the construction of massive vertex operators involving the OPEs between
integrated and unintegrated ones. This method will be the main computation of
the next chapter, where we will obtain the vertex operator corresponding to the
first massive states of the open superstring. It is interesting to see how the physical
information obtained by this vertex can be deduced using RNS formalism. This
will be done in section 2.2. We do not want to be pedagogical or exhaustive, but
tix the notation and present some conformal field theory techniques used in the
next chapter. This review was written based on the following references: [3], [5],
[20], and [21]. Further details can be found in these references.

2.1 Bosonic string

The bosonic string fixed action can be written in complex coordinates as
1 = = -
5 = / d22(=0x™3x™ + bdc + bac), @.1)
b

where x"(z, Z) is the spacetime embedding of the string; b(z) and ¢(z) are fermionic
ghosts degrees of freedom resulting from gauge fixing the metric, and 0 = %. They
account for unphysical gauge degrees of freedom, maintaining Lorentz covariance
[3]. This action has a residual conformal symmetry that must be preserved in
quantization to ensure the vanishing of Weyl anomaly [22], and the Noether charge
related to conformal transformations is given by the energy-momentum tensor by
varying 2.1 with respect to the metric. The holomorphic conformal charge is

Qv = A dzv(z)T(z), (2.2)
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T(z) = Twmatter + Tghost

_ _%axmaxm +29ch + b, 2.3)

where v(z) is holomorphic, and C; is a contour around z. We are working on a
Fock space given by the ghost (c*), anti-ghost (b,), and coordinate (x™) excitations.
Furthermore, one can show that the conformal anomaly on a curved world-sheet
vanishes according to the central charge of 2.1 [22], defined below in 2.19, which
will give us the constraint on spacetime dimension (d = 26).

Propagators are solutions of Schwinger-Dyson equation,

(i(z1,21) o (22, 22)) = 816@) (210, 212), 2.4)

0S
o,

thus, for the action 2.1, one has the following correlations on the complex plane,

/

(x"(z1,21)x" (22, 22)) = —%5mnln|212|zz (2.5)
(bz1)e(z2)) = 26
12

where z1p = 21 — 25.

Open string states are defined in the world-sheet boundary (the real axis z € R)
[3]. The relevant open bosonic string OPEs are therefore the same as 2.5 and
2.6, but with the fields inserted at the world-sheet boundary, and the shift &’ —
4o/, which correspond to the doubling trick procedure [23]. Instead of working
with the energy-momentum tensor holomorphic (T) and anti-holomorphic (T)
components in the upper-half complex plane (Im(z) > 0) and implement the

boundary condition T = T, if Im(z) = 0; one can perform the doubling trick:
T(z) := T(2), Im(z) <0, (2.7)

and work with T(z), which is holomorphic in the whole complex plane [3]. In
the following equations, we will adopt this doubling trick procedure, and the
convention 2a’ = 1 will be used to simplify the notation in some equations. &’ has

spacetime dimension [a'] = 2, so it can be inserted from dimensional analysis, and
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the open string correlation function becomes

(x™(z1)x"(z2)) = =™ Inzqy, (2.8)
(b(z1)c(22)) = le 2.9)

In order to construct the vertex operators, it is useful to note the existence of a
residual symmetry group after the gauge fixing, with generators {G;} satisfying
an algebra

Gi, Gj] = G, (2.10)

and associated with ghosts b;, ¢! such that {ci, b]-} = 5;, and the other commutators
being zero [3]. The set of physical states is the cohomology of the nilpotent BRST
operator

: 1
Qprst = ¢ (G + - GF), 2.11)
2

where G;.g = —i gcfbk.
In the bosonic string, one can represent the BRST charge as an integral of a
conserved current density. So, the gauge fixed action has a symmetry whose

current is

1
JBRST = C(Tmatter + ETghost)r (2.12)
and the BSRT charge can be written as
1 n n
QBRST = %dzc( — Eax ox" +9cb). (2.13)

Physical states will correspond to conformal primary fields ¢ ;) by
|h) = lim ¢, (2)]0), (2.14)
z—0

where |0) is the SL(2, R) vacuum state, the image of identity under the state-

operator correspondence. From holomorphicity at the origin, one has

La0) =0, n>—1 (2.15)

L, = 7{ 2T (2), (2.16)
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and ¢;)(z) are defined to satisfy the OPE

h 1
T(z1)¢pn(z2) ~ ZT%(ZZ) + Za%(zz)/ (2.17)
12

and have the expansion in Laurent modes

o n d
Py (z) = _Z (f,i’fﬂZ / (@) = ]i L antip(22) (2.18)

2 212

So the Hilbert space is constructed as a representation of the conformal algebra

c 2T(z 0T (z
- (22) n ( 2)’
2212 Z7p Z12

c=D—26, (2.20)

T(z1)T(z2) ~ (2.19)

by acting combinations of raising operators (L_,, n > 0) on highest weight states
|h). The highest weight states satisfy L,|h) = 0 and Lo|h) = h|h). And the
condition D = 26 implies the vanishing of Weyl anomaly [7], ensuring that Weyl
symmetry holds after quantization.

We also have U(1) ghost current

J=—:bc; (2.21)

thus physical states, in addition to being in the cohomology of Qprst, are excitations
of a vacuum with ghost number —% L

In particular, the conformal weight & = 1 primary fields satisfies

[Qsrst, ¢1y] = 9(cp)), (2.22)

and when integrated over the boundary, they correspond to BRST invariant states.
It will also be imposed that physical states are annihilated by by = ¢ dz(zb)
mode, which correspond to Lorenz gauge [3]. One, therefore, can write an
integrated vertex operator using the conformal primary fields (9"x™) of weight
n, that correspond to bosonic excited states, and the momentum (P, = f 10Xy)

IThis occurs because the ghost vacuum degenerates in a pair (| }), | 1)) with ghost number
(—=1/2,41/2) on the cylinder [3]. To translate the ghost number to radial frame, one has to take
into account the non-tensor transformation of ghost current, which changes Q,sgia1 = Neylinder + %
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eigenstate etk x 5],

V= / dzU (P, k,z), (2.23)
U(P,k,z) =: Pe*~ ., (2.24)

where P = P(dx*,0%x¥, ..., d"x#) is a polynomial with weight 1 = 1, and a/k* =

1 — n. The normal ordering : - :is defined as [24]
le
. A(z1)B(z3) := f Y21 4 (21)B(22). (2.25)
Cz, 212

One can also write the unintegrated version of 2.24,
V(P,k,z) = c(z)U(P,k,z), (2.26)

which is BRST invariant as a consequence of 2.24 definition,

[QsrsT, V](22) = f dzy (CTmatter + C(ac)b) (z1) (cU) (22),

22

— %CZ dz c(Z1)(%CU+ iacu) (22)

212 “12
= (dcc + coc)U(z)
=0, (2.27)
and has the gauge freedom
V — V + [Qprst, Al (2.28)

If A has conformal weight & = 0 and is constructed out from matter fields, one has

[QBrsT, A](22) 27{ dz1 (cTnatter) (z1)A(22)

22
oA
= dzic—
Cz, 212

= cOA. (2.29)

Now, we will verify the conditions the polynomial P should satisfy to U(P, k, z)
have conformal weight h =1, forn =0,1,2, 3.
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n=0. The simplest vertex operator is the tachyonic one, with P =1,

Up(k,z) =: €%, (2.30)
K =2,

with conformal weight i = "2—2 This gives rise to an unintegrated tachyon vertex
Vr(k,z) =:ce* ¥ (2.31)

n=1. Considering the massless level n = 1, one can write the general combination
2.24 with

P = & (k)ox™. (2.32)

The cubic pole of the OPE between U(P, k, z) and Tiatter is proportional to ¢ - k; it,
therefore, has conformal weight h = 1if ¢ - k = 0. So, BRST invariance implies the

transversality condition
[Qprst, Pe* " ¥ =0=¢-k =0, (2.33)
and the gauge invariance 2.28 with A = ¢/*'* implies the redefinition 6¢,; = iky.

n=2. Now, considering the massive level n = 2, one can write the polynomial as
P =& ox™ox" + &2,.0%x™, (2.34)

and : Pe’*"* : has conformal weight n = 1 if the quartic and cubic pole with

energy-momentum tensor Tj,u¢ter vanishes. Indeed, from the OPE

1

- (5mn§}nn + 2ikm52m)eik'x
212

Tnatter - pelk ¥ .=

1 .
+ T( _ Zk(maxn)gilﬂn + 2axm€%1)ezk'x
212
Lk 1 .
+ 28 Zpeitex . L g(peik-ny, (2.35)
21 212
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the BRST invariance of : Pe’*'* : requires the following polarization constraints
gl oMt 4 2ik .2 =0
1 .
_Egémn)lkn +& =0, (2.36)

where ¢, ) = Gmy..my + (all symmetric permutations).
The gauge invariance 2.28 with

A1 =: Ayox™et (2.37)
implies the redefinition
1 1 )
OCmn = EA(mzkn), (2.38)
0F2 = A, Amk™ = 0. (2.39)
And from the combination
AZ:)\(Z:bceik'x: —3:ik-8xeik'x:), (2.40)

parameterized by a number A, one has the following spurious state

6L = Abyn — 3Aikmiky, (2.41)
0G2 = —5\iky,. (2.42)

The first positive mass level therefore has %Tﬂ — 27 = 324 physical degrees of

freedom (d.o.f.) represented by a symmetric 2-tensor &1, (# d.o.f.), such that

K" &y =0 (—26d.o.f.), (2.43)
gl =0 (—1d.o.f.). (2.44)

n=3. Considering the massive level n = 3, one can write the polynomial as

P= g}waxmax”axr’ + @2, 97X ox" + &2 %K™, (2.45)
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and : Pe’*"* : has conformal weight n = 1 if the order 5,4,3 poles with energy-
momentum tensor Tyt Vanishes,

. -3 1 . i
Toatter : Epunpdx""0x"9xPel ¥ : (M*"”é}nnpaxp - wkmé}nnpax”a")e”‘ g
Z1p Z1p
T ,ZaZmanik-x_ i2aman_ik1282m ik - x
matter © G0 X 0X"'€ tv [ 5 Cmn0x"ox 5 Cmnd X" e
21 21
2ik™ 2 .
+ <_ 14 ér%/maxn - = %,mémn)elk x’
212 212
3 \3.,.m ik x 6 m 2,..m\ x3 6ik™ 3 ik x
12 12

So the BRST invariance of : Pe’*"* : implies the following polarization constraints

3ik™ES 4 5ME2 =0, (2.47)
36" E iy + 20K T, — 68, =0, (2.48)
—ik" 2, + 655, =0, (2.49)

~3ik" Gpunp + Gy = O- (2.50)

Again, spurious states can be found as exact states under the BRST charge 2.13.
For example, the gauge invariance 2.28 with

A =Ty : 2x™e % . L Ay Ox™MOx"eR Y (2.51)

with I'y,, Ay satisfying 2.36, implies the redefinition

1,
O8mup = 37K Anp). (2.52)
56371;1 = 2Amn + Diky, (2.53)
683 =T (2.54)

One can identify the ¢3, and &2 . as spurious degrees of freedom [25]. So in
m (mn)

the physical gauge of the n = 3 level one has an anti-symmetric 2-tensor &2,

(25é—26 d.o.f), and a symmetric 3-tensor §}nnp (28'237'26 d.o.f), such that [26]

K"E2, =0, (—25d.0.f.) (2.55)

KLy = 0, "L, =0, (-2 5d0f),  @56)
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26,2 4 28:27:26 _ p5 _ 27:26 _ 25 = 3200 physical degrees

It therefore gives the
of freedom of the n = 3 mass level.

Another method to construct massive vertex operators, which is the main
computation of this dissertation in chapter 3, relies on the fact that one can recover
all theory higher mass resonances using the operator algebra of string theory
primary fields [5]. Since unintegrated vertex operators of mass m? = ”[X—_,l =
2(n — 1) should be constructed from combinations P(") = P(dx,%x, ..., (")) with
conformal weight 1, one can define the unintegrated vertex operator corresponding

to the massive states of the open bosonic string as

V(lZ):

(m?

ERESE fc dzy U (ky, 21) V2 (k2 22). (2.57)
lX/ 22

k2 =2(1-n) (2.58)

where k = ki + kp, and U% (V%) is the tachyon integrated (unintegrated) vertex
defined in equation 2.30 (2.31). The first-order pole gives a massive unintegrated
vertex in the cohomology of Qprsrt,

[Qprst, V1] = ?{j dz; ([QBRST, Ut VZ + Ur[QprsT, V%])

2

:7{ {JlZlalV%V%
C,
= (2.59)
SO one can write
V(lZ) (]2 z ) — c &eikl'x eikz'x . (2 60)
(m2:na;/1) ,Z22) =: (1’[)' . .
And for n = 1,2,3 one can expand 2.60 as
Vnglzzz)o =: c(iky - 9x)e ¥, =0
(2.61)
1 . . -
vnilfiz =: CQ((ax-zkl)z +0%x -ikp )Y, =-2
(2.62)

v c%((ikl -0x)3 + 3(iky - 9x) (iky - 92x) + (iky - %x))e* ¥ :, B2 = —4

m2=4
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The only particles one can obtain from 2.58 are those that couple with tachyons.
In particular, there are no antisymmetric polarizations [27]. Nevertheless, one can
also consider the physical content coming from the residue of the poles of massless
particles 2.32,

V=icox-A: (2.64)
where A, = &,e’* ¥, and the respective integrated vertex
U=:0x-A:. (2.65)

As an example of 2.22 one can compute, omitting normal ordering simbol : - :,

[Qprst, U] = _%j{c dzq (cdx - 0x) (z1) (9x - A) (22)

22

= —% dzl(—%c(ax-é‘) —%c(ax'ik)(ax-(f))eik'x

= (ac(ax'ﬁ) +¢(%x- &) + (cax~ik)(8x-§)>eik"‘
= 9(c(dx-&)e'* ),
= [Qprst, U] = 9(cU) (2.66)

with a similar computation for

[QBrst, V] = 0. (2.67)

So one can define an unintegrated vertex operator with mass m? = ”a—_,l as

V(12 (2,) = ?i A U (2) V@) (2,), (2.68)
&)

n—1
DC/

= (ki +k)?=— (2.69)
And from the first order pole of the OPE (dx- A()(z1) (3x - A?))(z,), one obtains
forn =2

Vi = ["’xmax”ééémm + azxm@i] N (2.70)
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Clom) = + €l — (ika - E1)ik(,, &2) + (iky - &2)ik{,, 8
(mn) = T S(mbn) o) e

— (G182 + (iky - G2) (ik2 - E1) )ik iky, (2.71)
1 . . 1. . .

Cn = = 5(81- Ca)ikyy + (i - §2) 80 — 5 (1K' - &) (ika - &1) ik, (272)

which satisfy the condition 2.36, implying BRST invariance [Qprst, V(lz)] =0.
Now, one can use the gauge invariance 2.40, with A = —21—0, to impose traceless

condition 2.44,
2 =%+ 602, (2.73)
1 , . .z

0% = 3 (61-G2 — (k- §2) (k2 1) )ik, (274)

and the gauge invariance 2.37 with A,, = {2, which gives the following transverse
traceless tensor
1 1/ 1

_ 1 1
2 0mn) = 28 (mn) T 0% () (2.75)

((Smn - 31]21711]_(11) (Zkl : (;[2) (1k2 : Cl)

)
(s — 3i1‘<mﬂ‘<n>) (E1-8)
— 5 (iky - &2) (ik(mg;lq)) (2.76)

This procedure can be generalized to any level of the bosonic string if one start
with the lower level operators carrying the relevant quantum numbers [28]. Still,
it is not possible to obtain fermionic states here. Therefore, the application of this
method will be saved for the next chapter, where it will be discussed in the context

of open superstrings.

2.2 RNS superstring

In this section, we will review the field content of the first massive states of the
open superstring using the RNS formalism. The supersymmetric partners of the
b, c ghost system described in the previous section require the notion of picture
changing. Furthermore, the spectrum is supersymmetric and free of tachyons only
after the GSO projection, which will be described in more detail below.
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In the case of superstring in RNS formalism, after choosing superconformal
gauge [5], one has the following gauge fixed matter action:

Smatter = / dzzdzeéf)mexm = % / d%z(9x - 9x — - 9p — - 9P) (2.77)

where D(;) = dg, + 09;,. As in the bosonic case, we have a path-integral over a
conjugate pair of ghosts with action:

Sghost = / 122d*0B,,DC* — / 2 (Bdy + bdc), 2.78)

From the equations of motion of 2.77, one can split the embedding field X™
into holomorphic and anti-holomorphic components. The holomorphic matter
and ghost superfields can be written as

Xt =0yt (z) + x¥(z), (2.79)

B.g = Bop + 0., C7 = c* + 677, (2.80)

The correlation functions involving the left and right moving sectors decouple,
so one can focus on the holomorphic sector, which has the following correlation

functions

6
(X"™(z1)X"(z2)) = —y™"In(z12), (B(z1,61)C(z2,602)) = Z—E, (2.81)
where Zij =Zj— Z]' — 919]
The action S;a¢ter + Sghost has a residual superconformal symmetry, and its
associated super energy-momentum tensor is composed of a general combination

of matter and ghost superfields with conformal dimension 3

T(Z/ 9) = Tatter (Z/ 6) + Tghost(zr 6) (2.82)
Tnatter(z,0) = A1 (DX'D?XH) (2.83)
Tenost(z,0) = Az (C(D?B)) + A3((DC)(DB)) + A4((D*C)B). (2.84)

Similarly to bosonic case 2.17, one can define a superconformal primary field

$(z;,0;) of conformal dimension & as a superfield with the following operator
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product expansion

0; 1/2 0;j
T(Z]', 9]')(]5(21, ;) ~h ](p( 0;) + / D¢+ Z—_]_ai(P, (2.85)
]z ]1 Jt

where 0;; = 0; — 0}, so this implies the following set of 2.82 coeficients

1
Ar=—5 Ar=—1,As =7, As=—. (2.86)

For example, we have

1 1
T(Zl, 91)Xm(22, 92) ~ E(DX’”) (er 91)8117’[(212) + —(aXm) (Zl,el)Dlli’l(le)

L pxm L m b12
2(DX )(21,91) + = (aX )(21,91)212

1/2 9
~ é (DX™) (z2, 92) + L(axm) (22,62), (2.87)

and for the ghost supertields, using D(zl.) = 0y,

012 1 012 3 612

T(z1,01)C(z2,62) ~ _C(leel)azl(E) + E(D(l)C)D(l)(le) 2(5Z1C)(212)
0, 4 01>

~ C(z1,0 —+ 2 (D C d,,C

(z1,61) 2, le( 1)C) — (Zz )(le)

5 2 3012

212 (C + leaC)(Zz, 92) + E(D(z)c + 912D(2)C) 2 (aZZC)
N(—1)912C(z 6,) + iD c+9£(a C) (2.88)
2 PO gy T gy '

and

36 1 0
T(z1,601)B(z2,62) ~ EZ%B(ZZ’ 62) + iD(z)B + Z—iz(azzB), (2.89)
12

where we have expanded the superfields using Taylor series in superspace,

Zl, 91 Z zua V + 912D(2) V) (Zz, 92). (2.90)

The superconformal algebra deduced from T(z,0) = T,y(z) 4+ 6T,z (z) expansion
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2.82,2.86, 1s
1
Tzz(21) Tz (22) CE R AT (2.91)
< lT Zz)
Tz9(z1)Tz0(22) ~ & _622)3 (22122_(22) (2.92)
3
5T,
TZZ(Zl)Tze(ZZ) o 2 29(22) i aTzf)(ZZ) = @ . 15 (293)

(Zl — 22)2 (21 — Zz) 2

and the transformation of superconformal field ¢,(z,0) = ¢5(z) + 0¢,, 1 (2)
components under 2.85 is

Toz (21)p(22) ~ (Zlh_‘l’ ’;2)2 + (Z‘fh_(zzzz)) (2.94)
Tea(21) 3 (22) ~ (Z %)Zh)? a(i’f (Z;)) (295)
Too(z1)n(22) ~ % (2.96)
Too(z1)dy, 1 (22) ~ (Zlh_qb’;z)z + (2%8_4)’;2) (2.97)

2.2.1 Hilbert Space

Matter Sector

There is a subtlety related to the appearance of two-dimensional spinor fields
in the RNS formalism: the fermionic components are allowed to be double-valued.

There exist two possible periodic conditions,

gbf(ezmz) = ezm‘pr(z), (2.98)

v = O,% that correspond to Neveu-Schwarz (NS) or Ramond (R) fields, so the
Laurent expansion on the complex plane has half-odd integer modes for NS fields
and integer modes for R fields. In particular, the energy-momentum tensor 2.82
has the general component structure:

n+2
r neZ
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withr € Z + % in the NS sector and in the R sector r € Z. The Hilbert space is
then constructed by the standard procedure in conformal field theory of applying
combinations of raising operators L_, and G_,, with n,r > 0 in superfields
highest weight states. The highest weight state satisfies L, |h) = G, >o|h) = 0 and
Lo|h) = h|h). The matter superfield in components is

m

DX — ( Y Z‘fi ) +6 < D ) (2.100)

r n

then, in the NS sector, the vacuum is annihilated by ¢}, for r € N — 1/2, while
the R ground-state is degenerated and forms a representation of a gamma matrix

algebra. This follows from the mode commutations deduced from
X"(z1,601)X"(z2,62) ~ —y""In(z13). (2.101)

Ground states in the R sector have conformal dimension %, and one can
construct a spin field S,(z), which creates these R ground states from NS vacuum
[5]. Using a bosonization procedure, with a set of five free chiral Bosons H;, such
that

H;i(z1)Hj(z2) ~ —d;jInzyp (2.102)

one can write the dimension h = % vector representation and dimension h = %

chiral spinor representation using Weyl-Cartan basis [20]

1

Sy g = (2103)

S, = et H (2.104)

where ¢; is a unit vector in the jth direction (e.g. eg = (1,0,0,0,0)), and the lower
index a correspond to a chiral spinor weight & = (£1,+3,+1 +£1 +1) with even
number of minuses resulting in 2¢ possibilities. They satisfy the correct Lorentz

transformations under the current ;" (z) = ¢"¢"(z), and therefore obey operator
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product expansions with rational powers of z1, as

1
P (21)Sa(22) ~ —=777apSP + - (2.105)
\/5215 ’
B 1 g 1 B m n
Sa(z1)SP(2z2) ~ 5_/4(50c + W('Ymn)a L2 e (2.106)
212 4215
1
Sa(zl)Sﬁ(zz) ~ ﬁ’ymﬁgbm(zz) + ..., (2.107)
\/5215 ’

For example, consider the first OPE, with m = (0, ..., £1, ...,0), and using 2.103, up
to order O(z142) one has

) G H o E (1 4 2t OH () 4 ) ) 1, (2.108)

In the case 7ii- & = —1, the resulting vector B = if + & correspond to a spin-field

with opposite chirality, SP = ¢iP"H, 50 one can write

P (z)Se(z2) ~ YOI P, 2109)
B 212

and equation 2.105 follows from the gamma matrices representation in Weyl-
Cartan basis \%'y% — (i + & — B). We are omitting Jordan-Wigner cocycle
factors, which are essential to ensure the correct statistics of the exponentials 2.103
and 2.104. For further details, one can consult [20].

Finally, the RNS superstring spectrum will be the projection onto the subspace
of states of even Fermion number. We consider an operator I' = (—)f that
anticommutes with fermionic field components and commutes with the Bosonic
parts. If one assigns odd parity to the NS ground state, then the lowest energy
ground states in the NS sector will compose a massless vector ¢" | [0). And if
the GSO operator projects onto the positive chiral part of the R sectzor, such that
the R ground-states form a Weyl-Majorana spinor, then R and NS ground-sates
in fact compose a supermultiplet [5]. After discussing the Ghost sector and the
BRST conditions, we will define the GSO operator and show that it projects to a
spectrum without tachyonic states.



Chapter 2. Vertex operators in Bosonic and RNS string 19

Ghost Sector

To analyze the new features provided by appearance of commuting ghosts, it
is useful to study the action 2.78 from the point of view of general (b, c)-systems,
where b and ¢ are conjugate fields, with dimension A and 1 — A respectively. Both
fields are Bose (¢ = —1) or Fermi (¢ = 1). From 2.78 and 2.82 one can write the
stress-tensor as:

Tpe = —Abdc+ (1 — A)dbe, (2.110)

which has central charge ¢ = ¢(1 — 3Q?), where Q = &(1 — 2A).
There is a further U(1) symmetry on the (b, ¢)-system that restricts the operators
that produce non-vanishing expectation values. The ghost current is j = —bc,

which counts ghost number charge

90 (w)
j(2)O0(w) ~ ——— (2.111)
and is not strictly a quasi-primary field,
. j(z dj(z
T(z1)j(z2) ~ % + ](22) 1 A) (2.112)
2 2 212

This ghost-number anomaly implies that only operators with ghost charge —Q
will produce non-vanishing expectation values [5].

One can bosonize the ghost current defining:

jo(z) = €9 (2.113)
P(z)p(w) ~ eln(z —w), (2.114)

we can also bosonize the Fermi (b, ¢)-system, defining
€. .
Ty(2) = 5 (i3 (z) — Qdjg(2)), (2.115)

with central charge ¢; =1 — €3Q?. For the Bose statistics (b, ¢)-system, the central
charge:
c=c¢j—2, (2.116)

requires the introduction of an auxiliary linear fermi (7, §)-system with A = 1,
nonsingular with respect to ¢, whose energy-momentum tensor has central charge

C,ﬁ; = 2.
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In all, one can recover all OPE’s stated in this subsection with the following

bosonization procedure:
b(z) = e 93, ¢(z) =), (2.117)
for fermi systems, and
b(z) = e ?@3E(2), c(z) = ?Py(2), (2.118)

for Bose systems. For example, one has

Tp(z1)e®) ~ %(134,34, — QedPp)ele2) (2.119)
2.2 2
£ 4 T () _ R (27€) gz
~ (29 q9(z2) _ == 1% oq9(22) 2.120
2( 4;212 Z%z e > 2, e ( )
1
~ M e19(z2) 4 _a q9(z2) (2.121)
212 212

and the Z% pole of T, Ty is

1 2
5(1—3eQ?) 1

One can construct the Bose sea-levels defining a set of infinite inequivalent
vacua |q) of ghost charge g and dimension eq(g + Q):

lq) = e |0y, (2.123)

and analysing product expansion of e?? with b and ¢, by holomorphicity one
obtains:

bulg) =0,n>eq—A, cilg) =0, n>eq+A, (2.124)

withg € Z +5 ! for R sector and g € Z for NS sector. In particular, for (B, y) system
with A = 2 in the NS sector, where y(z) = Y., 1 +1 :7 T, one has the canonical NS
vacuum,

| = 1)) = 1 0)0), (2.125)

and for (B, ) system with A = 3 in the R sector, where y(z) = ¥, z: 1 , one can
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define the canonical R vacuum as

| — %><m> = ¢ 2900 |0), (2.126)

And as in the bosonic case, for the (b, ¢) system with A = 2 and ¢(z) = ¥,ez it
we have the following highest weight vacuum state

|1>(b,c) = C(0)|0>. (2.127)

2.2.2 BRST Conditions, Picture Changing and GSO projection

The BRST charge will be constructed the same way as in the bosonic case, and
the conditions that the operators must satisfy in order to be in the cohomology of
Qprst Will then be derived. Following the procedure of 2.11, one can write

Qurst =  dz0]prsr, (212)

with BRST supercurrent
JersT = —C*(Tmatter + %Tghost) + ZD(CZ(DC)Bze) (2.129)
= +%CDX82X — C*DC*DB,p + ?IDCZDCZBZQ, (2.130)

it is possible to verify that Jprst is conformal primary if the spacetime dimension
is D = 10, and the BRST charge is indeed nilpotent.
To construct vertex operators satisfying

[QBrstT, V] =0, (2.131)

it is useful to write the BRST charge in the following way,

QprsT = Qo + Q1+ Q2, (2.132)
Qo = ]{ dz(cT), (2.133)
Q= 74612 vétpmaxm = — fdz 511G, (2.134)

Q) = — %dz ,YZZ = — j{dz 62¢ﬁ717317§, (2.135)
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where (2.99,2.110)

T = Ty + Tg, + ocb

= _% (axﬂaxy + alpylpﬂ) — %fya[% — gﬁa'y + dcb, (2.136)

because one can analyze the implications of physical states being annihilated by

Q0,Q1,Q2 separately.
Qo condition. As in the bosonic case, one can define combinations
U(z) = Py (ax™, ™, B, y)e™ (2.137)

with matter fields and (B, v) ghosts, as suggested by 2.136. So, we will consider
the conformal weight with respect to T in this section. Similarly to 2.22, BRST
invariance implies that Uj, should have conformal weight #(U) = 1,

Qo U = 3(cl), (2.138)

with ¢(z)Uy—1(z) as an unintegrated representation of the same state. Using the

mass-shell condition m? = —k? and 2.137 one has
1—h+"u
Qo (cU)(z2) :7{ dzq {c(zl) <C( 2+ 7) + ﬂ) —{—cacg} (2.139)
Czy Z1 212 212

= Qo (cU)(z2) = (1—h+ mTZ)cacU (2.140)
=m?>=2h—-1), 24/’ =1  (2.141)

and the mass is determined from the P, conformal weight in 2.137.

Q; condition. To analyse the constraint Q;|phys) = 0 on vertex operators, one
can rewrite the primary 2.137 associated with the canonial vacuum of NS sector
2.125,

U(z) = Uye 98, (2.142)

where U}, has conformal weight h = % because Qp invariance. Vanishing of Q1U(z)

01 U(z) = fc dz1 1(22)212 (G (z1) Uy (22)) (2.143)
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implies that the pole with G Uj, OPE is of order O( %), so Uy is the lowest
component of a superconformal primary field of weight h = 1 satisfying 2.96.

In the R sector one has
U(z) = Uye 2%, (2.144)

implying U, with conformal weight h = % to ensure Qg invariance. The Q;
invariance implies that Uj, is equivalent to a highest weight state of super-Virasoro
algebra. If one indeed imposes Q1 U, = 0, and uses 2.134,2.144,

Q1 U(z2) = f dz117(21)e?$1 ) G (21 ) Uy (zp) e~ 29012, (2.145)
C.,

= 7{@2 dzliy(zz)zgze%q’ﬁw(zﬁ (G(z1)Up(z2)), (2.146)
then U}, is annihilated by G,,>.
Q> condition. Finaly, for the vertices 2.142 and 2.144 of NS and R sectors one has
Qo U(zp) = 7{ dzlez¢ﬁ717817§Uh(zz)eq¢ﬁ7(z2),

—7{ d21 17817419) (el D%111,) (22) (2.147)
le

which vanishes identically for g < 3

RNS pictures

Before starting the discussion of massless and first massive level vertex operators,
we will briefly discuss the different pictures of vertex operators. The ghost picture
is the charge under the anomalous U(1) symmetry (2.111), and to write non-
vanishing expectation values in general, one has to represent the same physical
state using operators in different pictures. One can create equivalent vertex using
a picture changing operator Py (z) = {Qprst,¢(z)}. This can be done in the
following way,

U = —2[Qprsr, U™, (2.148)

where the upper index between parentheses will refer to the vertex (B, v) ghost
number. V,,, 1) is not BRST trivial, because only d¢ is used to construct irreducible
representations of the ghost algebra 2.118. As an example, the Q; part of the 2.148
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acting on 2.144 gives rise to a term that is essential to BRST invariance,

1 1 B
[2Q, EUe 2991] = 2 7{: dzle2¢;78;7b(§uhe 19)
&)

1 (—2- l) 3
=—=¢ dz;[—5nb —a blUu 2 20y

_ _%nbuhe%%, (2.149)

as we will see in the next subsection with the massless vertex of the R sector with

picture g = %

GSO projection

Besides BRST invariance, only GSO-projected states should be considered, as
commented below 2.109. Using the bosonizations in 2.103 and 2.118, one can show
that the picture changing operation 2.148 does not change the parity assignments
defined by the following GSO operator

4
F= ddz( ) idH;— agy,), (2.150)

j=0

which assign odd parity to NS canonical vacuum and all its even fermion number

excitations as well as states created by the spin field S*, as a result of

4 , -
F (e HetPpr) :j{ dz Z (19H;) (z1)eiMi (zp) ' Hiri “iHigtPsr — i1 Hopp (21)e06r(22))

4 _
— j{ le ( Z ] zu Heq¢/57 zﬁ . H_qeq(pm)
Cz, j=0 212 Z12

= u; +a) (e Helsr , .
i+q) (e et (2.151)
where we used 2.102, 2.114. In particular, the tachyonic state T(z) = celk xo=Ppy

with negative mass (see 2.141) is allowed from the BRST invariance, but satisfies
(—=1)F T(z) = —T(z). It is, therefore, ruled out from GSO projection.
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2.2.3 RNS Vertex Operators

Now we will write the massless vertex operators of NS and R sectors in the
canonical ghost picture and one picture above. BRST invariance will be examined

at the massless and first massive levels, as well as the existence of spurious states.

NS sector (m?> = 0) . If one considers the canonical ghost picture § = —1 in the
NS sector, one can write the integrated vertex (2.137) as

U (&, k;z) = Euyp™e Pore (2.152)
and BRST invariance implies transverse polarizations (&),
(-1) _ . ik - x m __
Qprst U\ (22) = Eiy(zk-s)e = g,k = 0. (2.153)
Longitudinal polarizations €, ~ k;, are BRST exact,
OBRrRST (2i€_2¢l378§€ik ) x) = kmzpme_‘/bﬁveik X (2.154)

and U=V (k,,, z) therefore correspond to spurious states.

One can raise the picture of 2.152 using 2.148,
U (e, 2) = [e-x + (ik-9)(e- )] e %, (2.155)

and the integrated one is
VO (e, 2) = el (e, 2) — S7(e- 9o, (2.156)

where the second term of right-hand side comes from [—2Q,, écl(~1)], ensuring
BRST invariance of V(?). So, the massless NS sector has 8 physical degrees of
freedom corresponding to the transverse polarization &,.

R sector (m? = 0) . To construct the unintegrated vertex in the canonical g =
—% ghost picture in the R sector, one can contract the spin-field with a spinor
polarization u®,

U(_%)(k, ut;z) = u“Sae_%‘PﬁWeik'x, (2.157)
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satisfying the massless Dirac equation as a consequence of BRST invariance,
QprsrU( "2 =0 = km’y?ﬁuﬁ =0, (2.158)

where the OPE 2.105 has been used. There are no spurious states and the Dirac
equation implies that u* is a Majorana-Weyl spinor with 8 degrees of freedom.
Finally, one can consider the picture g = +1/2 operator

20y, U] = —fc dzy (P - 3x) (21) (u*Sue~ 26 %) (z,), (2.159)

22
= (0xm + (zk )P ) u Sﬁezq’ﬁvelk X (2.160)
and using the subleading terms of 2.105,
S1/2

1 1)
lpmsl’é 1/2r)/aﬁs'8+ 12 <¢ %’Yaﬁs + 181/] IP 7045(’)’np)’35ﬁ), (2161)

and the term coming from 2.149, one has

1
V2

Ul

N|—

)k, u%;z) = (02 + (Zk )P ) u® SﬁeZ‘PﬁWelk *— qbu“Sae%‘Pﬁveik"‘_

(2.162)

NS sector (m? = 2). For the m? = 2 mass level of open superstring in the NS
sector one can write the following combination for P, with conformal weight
h = %, in the g = —1 picture,

UV (Bunp, Gouns Diis 2) = (Buanp " ¢ P + Gndx™ 9" + Dydp™ + Fridgpp, ™ ) e~ P6re* %,
(2.163)

and the last term can be eliminated if we add a total derivative o (Fmtpmeik ’ "674’!”)

to U(=1), which does not change the resulting vertex operator and produces the

transformations

O0Fy = —Cm, (2.164)
5Gmn = lkmén/ (2.165)
0D = Cm- (2.166)
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The vertex can therefore be written as 2.142 with
Up = (Bunp™ 9" 9P + Gundx™ " + Dypdgp™ )™, (2.167)

As was shown in 2.143, BRST invariance implies the vanishing of the cubic and
quadratic poles of GU}, OPE,

—2G(z1)Uy(z2) ~ — %(Gmném” + k™ Dy ) e

212
1 .
_ ZT((3anplkm + an)lljﬂlpp + (lknGmn o Dm)axm)elk x’

12

(2.168)

s0 2.167 polarizations satisfy the following equations,
o 1
3ik™ Binnp + EG[nP] =0,
ik" Gpun — D = 0, (2.169)

O"PG"P +ik™D,, =0,

in order to be BRST invariant.

One can identify spurious solutions to 2.169 if one obtains them from BRST
exact terms. As an example, if one considers a transverse antisymmetric tensor
Cuun, the BRST exact term

2QprsT, € 25 Cnyp™ "3z’ ] = ]{: dzy (P81 - 0x) (e 206 Cpyp™ 9™ )

22

= (2cmnaxm¢n — %ik[mcnp] lpmwnlpp)e*%wihx,

(2.170)
gives the spurious solution to 2.169 [21]
1.
Bunp = _alk[mcnp]r Gmn = Cin, Dy =0, (2.171)
0" Cpyy =0 kK"Cpn =0, (2.172)

so one can gauge away the antisymmetric part of G, Similarly one can identify
the trace 6" C;;, and the vector D, as spurious [21], so the physical solution to
2.169 is a symmetric tensor gy (1251 d.o.f.) and a three form byyp (35 d-0.f.),
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satisfying
5mngmn — O (_1 d.O.f.)
K" G = 0 (=10d.0.f.) (2.173)
. 9!

And the NS sector at the first massive level has 128 degrees of freedom, corresponding
to % —10 — 1 = 44 degrees of freedom of a spin-two tensor g, and 31,—07', — % =

84 degrees of freedom of the transverse antisymmetric tensor byp.

R sector (m?> =2). The interaction of fermions with spin-fields complicates the
computations in the R sector. But the reasoning is the same as for all previous
cases. One has to identify all possible terms in the vertex, impose BRST invariance
to constrain the polarizations, and determine the spurious states.

We will comment on the results derived in [21] for the massive vertex. In

the canonical picture, where h(e*%"’ﬁveik'x ) = %, one can write the following
combination
U2 (u,0,2) = (4,95 + O urtpu(7")P%) Sae~ 2007¢% %, (2.175)

so the BRST condition implies the following set of equations for (15, vg’),

1 1
o = —gu" k¥, + 5K il
U Yup = K kmiiy Yups (2.176)

this correspond to 10-16 + 16 = 176 independent relations, so the number of
states is constrained to 2- (16-10) — 176 = 144. From supersymmetry, we know
there are 16 spurious states, so one can use the gauge freedom to fix the trace
uy,, and then the physical solution to 2.176 correspond to a transverse traceless
vector-spinor ¢y,

Yap¥m =0 (—16d.0.f.)
k™ = 0 (—16d.0.f.), (2.177)
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with 10-16 — 32 = 128 degrees of freedom. The vertex is now written as

—5 o m 1 m n\ Bu — ik x
uf %)(urz) = (¢max - §¢ 5kp’)’§[3¢mlpn(’)’ )[3 )S[xe Ypreik X, (2.178)

This vector-spinor ¢y, 2.177, the spin-two tensor g, 2.173 and the antisymmetric
tensor bmnp 2.174 compose the spin-2 massive supermultiplet,

(’)’m)ﬁoﬂnb% =0, kmgmn =0, kml/Jle =0, kmbmnp =0. (2.179)

In the next chapter, we will present it in superspace using d = 10 super-Yang-Mills
fields.



Chapter 3

Massive vertex in Pure Spinor formalism

In this chapter, after a brief review of pure spinor formalism, the unintegrated
vertex operator at the first mass level will be computed from the OPE between
two massless vertices, and its BRST invariance will be verified. In section 3.1, the
gauge symmetries are used to find a gauge where the vertex operator superfields
are related to the usual supergravity superfields [10], which describe the spin-2
massive multiplet. This computation is an original work published in [17]. For
details of pure spinor formalism at tree level, one can consult [8], [29].

The pure spinor formalism for the open string has the following action

Sps = %/dzz(%axméxm + Pad0” — woA"), (3.1)

where m = 0,...,9, and a« = 1, ..., 16 are the vector and spinorial indices of SO(10),

together with a nilpotent BRST operator

Q= fdz)wda, (3.2)

with the GS constraint defined as
1 m 1 m
A = pu = 50x" (Ymb)a — 5(87"90) (Ymb) .

and the field A* satisfying the pure spinor property /\“'y:fﬁ/\ﬁ = 0. The worldsheet
variables 6%, A* have conformal weight i = 0 and their conjugate pairs pu, wa
have conformal weight i = 1. There is a ghost current ] = w,A* that can be used
to define the ghost number of pure spinor operators.
The integrated and unintegrated vertex operators are [8]
1
U(z) =:T1"Ay -+ : 90" Ay : + 1 d,W* 1 4+ EN'””an : (3.3)
V(z) = AYA,, (3.4)

30
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with supersymmetric momentum IT" = Jx™ + %(9’7’”89), the Lorentz current
N — %wfym”/\ and superfields [A;;, Ax,W*,Fy,] built out of A,

1

W= 5 (1) (DpAn — dnAp) (3.5)
1

A = 37 DalAg (36)
1

Fon = g(%,m)f’éﬁD,,(wﬁ, (3.7)

and their super Yang-Mills equations implies the onshell condition Q- V = 0 and
the descent relation Q - U = 9V. The superfields 3.5, 3.6 and 3.7 are expanded in 0
using the %A, = 0 gauge as [30, 18, 31]

1 . 1 .
Au(x,0) = 5Gm (7"0), @ = 2P (170) g (ym), € 4o, (38)

where ¢, and x* are the gluon and gluino polarizations, respectively. The normal
ordering : - : prescription is defined as [24]

dz
Z—w

. A(2)B(w) : = 74 A(z)B(w). (3.9)

The relevant OPEs for subsequent computations are

B
xX"(z,2)x™ (w, @) ~ =6 In |z — w|?, dy(2)0F (w) ~ . i"w,
"1y mn
dy(z)dg(w) ~ —’Y“Qf;]m, T (2)IT* (w) ~ —mf
da (1" (w) ~ s, @)V (a) ~ 20,
mn\& 3B
N (2)A% (1) ~ %(7 Z) fi‘u w) d(2)V(w) ~ DoV,  (310)

where V(w) = V(0)e’* ¥ is a superfield, Dy = 5% + 1 (7"0)dy, is the supersymmetric
derivative, and 9,, = Bxim'

The operator algebra of string theory primary fields can be used to recover all
theory higher mass resonances [5]. Since unintegrated vertex operators of mass
m? = 2n should be constructed from combinations of [I1", d,, 8%, N™", ], A*] with

ghost number 1 and conformal weight 1, one can define the unintegrated vertex
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operator corresponding to the first massive state as

mz 2_7{dzlu (z1) VP (22), (3.11)
(k1 + ko)* = =2, (3.12)
where U1 and V?) are integrated and unintegrated massless vertex operators,

respectively. The onshell and descent relations of V(2) and U(!) implies Q - Vrfllfz)z =
0.

To write 3.11 in terms of super Yang-Mills superfields, first consider the OPE
between the first term of 3.3 with 3.4,

TIMAL (21) = A*A2(20) _+Zi IT"ALA* A2 (2, )-—Z— AL N A2(25) -
12 12
(3.13)

Using the equation 0K = 00*D,K + IT"(ik,,)K on 3.13, one has
f dzy s T AL (21) : A¥A2(z) = : TI"A% AL A2 .
Z
— 1 90PA“Dg AL, 0" AL
— TI"™A*(ik},)ALO" A2« (3.14)

Considering the other terms of 3.3, one obtains

7{ dzy : 0P AL (z1) : A“A%(z) = : 90PARALAL (3.15)
2

]{ le Id,gwl'B(Zl) :)L“Ai(22) = dﬁ/\“wlﬁAi .
Z2

— 1 90PA"DgW Dz A2 -
— t TI"A%(ik), W' Dz A2 ¢, (3.16)

fdzl SN™EL (z1) 1 A*A2(zp) =: N’”"/\”‘(%

1
. 98PADR (=
: 90P ) Dﬁ(4

P,}mAi) :
B (1) 42

— 1A (iky Ly CELAD . (317)
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The vertex operator can therefore be written as

Vnglz‘zz)z =: aeﬁA“Baﬁ 4 T"AYHpyy s+ d,g)\“C_/i c 4 %Nm”/\“lfmm ;, (3.18)

with

Bug = —(v"W")g(iky,) A7 — DgW'€ Dz A7 — DgD W' AZ (3.19)

— (iky,) (Aniks A7 + W'Dz A7 + D,WC AZ), (3.20)
Ch = Wb a2, (3.21)
Funa = FL, A2 (3.22)

It is BRST invariant by construction, as one can see by applying the onshell
condition and the descent relation for U} and V(2). But one can check how BRST

charge acts on each term of 3.18,

Q: IT"A%A AL - =+ 1 (Y"90)uA"APAL AT : +  TTI"AAP(Dy Ay ) AG - (3.23)

Q : T1" (iky ) Ay A“0™ A7 :=+ = (7"90) A AP (iky,) (iK*™) A}, A5 -
+ : TT"APAY (iky ) (ik*™) Dy Ay A (3.24)

Q : ik I T"W AP D AT :=+ : A%(77960) AP (iky, W' Dy A -
+ : T AP (ik;, ) A D W' Dy A -
— t TI"AP ik}, )W A Dz D A2 : (3.25)

Q : ik TP A" EL,, (") A% i=+ : (1790)a A A% (ikD ) EL, (1) A3 -

+ : TIPAS (i} ) A" Dy Fyy (7™ A

+: TIPAS (il gy (") ADW A% - (3.26)
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p p
Q: da/\ﬁwl"‘A% = HmACAﬁfyg;wMA; :

+: IACAPY L (iky )W A -

— 1 dy ASAPDWI AT (3.27)
Q: —90°APDW Dy AG :=— : IA*APD, W' D¢ AF -
+: 90"APASDs (DLW D, A3) - (3.28)
Q1 —00"APDL AR O AL) i=— : DAAP (7, W) (iKY A3
— D OAAPALAG
+ 1 90" AAP 0 D W' (ik5') AT

+: 90" AAPD AL AT (3.29)
Q: I APALAT :=+ 1 OANAPALAT : — : 00“APASDL AL AT : (3.30)

Q : 00Dy Ej, (Y™ A)PAY i=— 1 0A*AE D, Fl, (1" A2«

— 1 90“A°AL D (Do FLy) (7" )/3 A%
+ : 00%ASAYDFL (4™ ) (3.31)
1 1
Q: EN’””AﬁF,}mA% == (7"") %A AP Dy (Fy, AZ) -
1

ok (Y"") % doaASAPEy, AT -

% N APAYDyFy,, AG - . (3.32)

Collecting each ghost number 2 component proportional to 99 A*AP, TT" A AP,
IAXAP, dg)\“)\ﬁ and N"™A*AP, one can see that the BRST variation of Vn(1122:)2 vanishes.
For example, the terms proportional to le(:/\”‘/\/3 in 3.27 and 3.32 cancel each other.

Using the equation of motion ik}, (7"W?'), = 0 and the pure spinor identity
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(AY")a(Avn)p = 0, one can show that the following constraint [10]

1 5 1
P NTTAPAS : (g )ay = 5 £ TAPA ol SAPOARY L, + ZA00A (1) f (e )ar,
(3.33)
implies that the last term of 3.32 can be written as
1 1
 SN™AAP Dy, A = 1 200N (7) PDFL A, (3.34)

and therefore cancels all other terms proportional to dA*AP.!

Physical information of 3.18 is obtained through a gauge fixing procedure
wherein the massive vertex operator superfields are related to the spin-2 massive
supermultiplet in 10 dimensions. This multiplet comprises a traceless symmetric
tensor denoted as gy, a three form by, and a spin—% field 1y, all satisfying

(,)/m)ﬁlxgbm“ e 0, amgmn e 0, amlpmﬂ( — O’ ambmi’lp e 0_ (3_35)

3.1 Gauge transformations

In this section, the operator vertex 3.18 will be gauge fixed following the
procedure of [10] to a gauge where

Y"PH, =0, 3" Hypo = 0, (3.37)
lex _ (,Ymnpq)ﬁacmnpq, ,szxﬁpamn —0. (3.38)

In this gauge, one can check that the 6 = 0 components of the superfields B,
Gun = Da'y?néHn)[; and —%Hma are bynp, §mn, Yma respectively [10].
The operator vertex 3.18 is gauge invariant by

vy — vl

m2=

,+00, (3.39)

T would like to thank Carlos Mafra for correcting an error in an earlier version of this
computation.
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where
Q=+:00"0q, : +:d Q5 -+ I1"Q3 0 + 1 JQq 0 + - N Qs - (3.40)

Using the OPEs 3.10, one finds

1
QQ =: d\% (Qla + vamgam()g — Da04 - E(’)’mn)'gaD‘BQSmn) :

+ : 00P )X ( — D + 7;”ﬁ03m> :

1 TIAR ( — Vg + D“Q3m> :

+ 1 dgA® ( — DOE — 5Py, — %(ymn)’fxmmn) :
4 NTMAR (Daﬂ5mn) :

4 A (Daﬂ4) y (3.41)

so the vertex operator superfields have the following variations

5B = —Dalip + 715 m, (3.42)
5Fme = —YmazQ + DOy, (3.43)
5Ch, = ~Du0 — 8804 — S ("), (3.44)
5E e = DaOspun. (3.45)

There are additional terms proportional to dA* and JA* coming from the gauge
transformation 3.39,

1
G = Qi + 710 — DOy — E(7’“”)ffxDﬁQg;mn, (3.46)

E, = Dy, (3.47)
and the following constraint [10]

1
s N™IA Yy g —5 ]A“’yZﬁ : —28/\"‘73[5 =0 (3.48)
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implies that 3.18 is invariant under the field redefinition

OaGu = —475 A, (3.49)
OAFamn = 'Ymvcé‘Agz - 'me@Agw (3.50)
SnEa = 72N (3.51)

Finally, after the gauge-fixing procedure 3.36, 3.37, 3.38, all vertex operator
superfields will be expressed in terms of d=10 Yang-Mills superfields and will

satisfy the equations:

3
Hyp = 5(7“)“[*1)53% (3.52)
1
Ch = 3 (7" *53nBupg, (3.53)
Fpp = p 4
mna = E(6,Hmmx - (’)’p[m)a Hn]pﬁ)/ (3.54)
E, =0, (3.55)
Gy =0 (3.56)

where Hypa = 9|, H,),. The above equations and (9" d, — 2)V11(1122:) , = 0 imply
that 3.18 describes a massive spin-two multiplet with (mass)? = 2 [10].

3.1.1 Fixing Band H

In this subsection, the 42 degrees of freedom of ()4 B Qg, )3, will be used to
impose the following constraints on B,z and H,,g

Ba,B = ’YZTBanmnpz (3.57)
Hypy"P* = 0. (3.58)

Using Super Yang-Mills equations of motion 3.5, 3.6, 3.7, and Fierz decomposition
A.19 the bi-spinor 3.19 can be written as

mympms MMMz migmns

BD(‘B = r)/z/lﬁl B?’l’ll + Py“ﬁ Bm1m2m3 + ,Y“ﬁ Bm1m2m3m4m5, (359)
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where
1 .
By, = —Ewlvml W2 — Fy o Any — (iky, YW AZ (3.60)
b
+ ¢ Da ((ymwl)ﬁA; + D,;Wl‘ng),
1 1 2
Bunymymy = ﬂw Yimymamy W (3.61)
wp
v
+ e, ((v’”wlnsA%n + DﬁwlgA%)
ap

Bunymymamems = %Da <('ymW1) gA2 + DﬁW15A§>. (3.62)
To obtain the algebraic condition 3.57, one can choose

Wh), A2 + D, W1 A2, (3.63)

QSm =

= ("
%(wly W2) + EL A% 4 (ikL )W A2, (3.64)
and 3.58 is therefore implied by,

af = 11_0 [ — 7DWPW% —10(ik},) WP AZ" + 3WHDW?#].  (3.65)

In this gauge, anp 91—6’)/%1,9(304/3 +0B,p) is

1

Bhunp = 5 W Ymnp W?, (3.66)
and H),, = Hyy + 6Hypy is
8 1
o posq mpq 1 w28 | 12 Wi
H,, = ( SV heh — 55l )(FMW +F2W > (3.67)

which is traceless, as one can verify by using 7% (Y pgm )az = 8('ypq)l3 2
To understand the relation between 3.66 and 3.67, one can define the tensor

Hr%/rx = (,)/np) 'BDﬁanp (3.68)
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It can be expressed from 3.66 as

: 10 2
B _ [ _ posq mpq 1 w26 | 2 Wi
Hm,x_< S TheOn 5T )(FMW +F2LW ) (3.69)

and has a non-vanishing trace

FP = ymPeHB — 2D (WHPW]), (3.70)

It will be useful to note that the traceless part (H BI)S;%)( =HE — (vn) o <% a9 )

of 3.68 satisfies the relation

3 (0
H, = Z(H")Q. (3.71)
Nevertheless, the expression 3.66 for B,’nnp does not satisfy the transversality
condition. This is a necessary condition to remove the extra degrees of freedom at

the zeroth order in 6 expansion of B;,,, and H,,, [32].

3.1.2 Additional gauge-fixing

In this subsection, it will be shown that 0" By, = 0, when ()4 p is written as
Oip = O+ DpA. (3.72)

In this gauge, Bug and H,,, are related as 3.52.
The additional contribution leﬁ) = DgA does not change the five-form part

of B,g because of the identity 'y%ﬁnpqr DyDg = 0. So the previous subsection gauge

fixing leaves gauge invariances parameterized by Q%) After this additional
gauge-fixing, the resulting By, is

Bunp = - W'y W2 — =928 D, QY 3.73

mnp — ﬂ ’)’mnp - %’)’mnp a% 218 ( : )

To obtain A in terms of SYM superfields, HZ, := ("? )f DgBnp will be

required to satisfy 7"*PHBE = 0. Indeed, if HE, is assumed to be traceless,

3.70 implies that

1
(v’"“)%Dg( - %'y%’;@sﬂﬁ)) = 2D (W”ﬁwz‘ﬂ) (3.74)
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Hitting both sides of 3.74 with Dg, one finds that
i(D’y’"””D)(D’ymnpD)A = 2DgD; (wl[ﬁwzﬂ). (3.75)

96

But (Dy""PD)(D7YmunpD) = 96 -48 at the first massive level, then A is given by

1
A=——F. F2

6 mn’s

and the additional gauge fixing Q%) is

17,
O = 5 |k (W) B + (12 2) |

In the gauge 'yﬁ{g B,Xﬁ =0, 'ym“ﬁHma =0, one has

1 ) 1
Qi = Qb+ Q) = 5 Wy W2) + Ey AY + (il )W A2 4 290,

2

and

of =af + olVf = —am(Wha2) - %Dawlﬁwz“ + %w“‘DawZﬁ,

and By,,p is transverse to ki + k» because of

1 1
" ( — %’yzﬁwDaD/gA) = _am(ﬂwlrymnpmﬂ).

To demonstrate 3.52, one can write

Hy, = H;W + 0Hya
HE, = HE, +oHE,,

where 0H,,;;, = — ('ym)aéﬂél)g + DaQ(l) is the variation of 3.67,

3m

1 1
6Hpe = —m(ym)ag(Dﬁwléwzﬁ + WPDW) + Dy (50mA),

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)
(3.82)

(3.83)
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and (5H}Zla is the variation of 3.68

/ 1 5
SHp = (Y )RDp( — gemuDaDsA), (3.84)
which is implied by 3.68, 3.73 and 3.82. Using 3.71, one can write a statement

equivalent to 3.52,
3

7
with FP defined in 3.70. One finds from the identity

1

OHmy = = (8Hp + 75 (1) F?), (3.85)

(Yo (Ymst) °DpDy Dy = —728,u Dy + 40( Yt 9", (3.86)

that the variation 3.84 is

/ 7 5
6Hpy = Z0mDaA — — (Ym)apFP, (3.87)
6 36
and 3.85 is therefore satisfied,
/ 1 711 1
SH e + E(')’m)aﬁFﬁ =3 [EamDaA — @(ym)“ﬁﬂﬂ . (3.88)

So it has been proven that in the gauge 3.57, 3.58 and 0" By, = 0, the equation
3.52 is satisfied.
In this gauge, the superfield Hy, is

1
6

1
S — _(’)’mpq)(xﬁl (F'PIW2P + F2PIW1F),  (3.89)

10
P <4 p
Vap 24

Hyp = 0"9" n ﬂ’)ﬂxﬁ

3.1.3 Fixing C

In this subsection, the 46 degrees of freedom of ()4 and Qs,,, will be used to
impose the algebraic constraint

ch = (YN Conpa- (3.90)
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From the Fierz decomposition A.20, one finds
Q= — L), Fmm 3.91
4 — 24 mn 4 ( . )
1
Qs = 1 (Vo) § [WPAT — Da2)]. (3.92)
Using 3.79, Qs is
T g1 a2y, 1 1 2 1n 2 1
The %) component of C, is
(Y"™"P)g /. PP
cmnpg — Wﬁ (ci — DO - 550, - (v 2) “Q5pq>, (3.94)
one therefore obtains from 3.79, 3.91, 3.93 that
cmpg — L _p1op + LSNP w2 (3.95)
= 9612 mntpal T 9. 36 m Y Ynpgl PV '
Finally, the equation
1o 0 pDgA= 1p P2 1o i, 2 (3.96)
96° 1M Vnpg) Za =B = 15 Fmn'pg) ™ 730"V Ynpq) '
implies that 3.73 and 3.95 are related as
1
3.1.4 Fixing F
In this subsection, the gauge invariance 3.50 with
1 0
Al = (1) (35 (" aeh) + A7 (3.98)
will be used to impose the following algebraic constraint
1. _ _
,)/mﬁa [Eanzx + 0Funa + (SAPmna} =0, (3.99)

Ea —‘I_ 5AE0( — O.

(3.100)
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43

To obtain 3.100, the trace part of 3.98 should be
1 Ah = D)
r)/a‘B n as 44,

so the constraints 3.99, 3.100 imply

1 1 1
Aﬁ = _g,)/mﬁuc [ER}MA‘% + D[xQSmn} - g’)’g{XDaQ‘l'

In this gauge, %me can be written as

1 6/(1 1 1 1
EF’“”“ ) (EFr}mAi + DaQSmn) - E(')’mn)ocﬁDlgA - g(’)/p[m)aﬁ(iFi]pA%

Using the equation 7y, (,,7,,), = 167mn, one obtains

anzx -

(6~anﬂé - (,Yp[mfn}p)lx)/

| —

where .
Fnna = F,}mAﬁ + 2Dy Qspn + E(r)’mn)aﬁDﬁA-

To show the relation 3.54, one can add ]—",510”)“ to Fiuna, such that

0 _ (0)
6fmna = ryp[m‘/?n]pa'

So one can define the following tensors

1 2
Afina = ap(’)’mnpwl)ap;%qr Abine = dp (’)’mnpwz)aF;q/
1 2
B”VX”‘" - ar(,)/[mwl)“Fif}T’ Brernoc = ar('y[mwz)ﬂcFrll]r
KiW? i kiw?2 i
Mi(nmx ) = Zkl[m(r)’n]pqwl)apgq/ Mgﬂ”lx ) - Zklm(fyn]PqWZ)“F;q’

itwl . iTA72 .

(3.101)

(3.102)

+ DﬁQSn]p)'

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)
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whose combinations

R = Al + 4B, (3.108)
SW = oNEWD L g B g (3.109)
T = NS M, (3.110)
T — N+ MmN, (3.111)

satisfy the relation 3.106. Expanding 3.105, it is straightforward to check that

1
E%mna = Fmna + Frggz)m (3.112)
where

0 1 1 1 2 1 1 1 2 1 1 5 2
figm)rx - %RnVYnzx + %erzvna + gSrl;ana - E‘Sn‘gvna + ﬂTmVXm - ﬂﬁnwnw
thus 3.54 holds.
The gauge parameter AP degrees of freedom are sufficient to enforce both

conditions 3.99 and 3.100. Indeed, the following spinor

- 1 1 9
A;gO)ﬁ = _gr)/fnlx (iFr}mAi + Dth5mn) B ’YEIX (ﬁD“A)’ (3.113)

should be exactly the traceless part of 3.98, as one can see by subtracting (7y,,)f¢ (f—ofygqu;’%>

from 3.102. The gamma matrix expression A.9 and super Yang-Mills equations of

motion implies that

~ (0 3 3
YViphi P = —ZDeh — kg (WPA] +0,05). (3.114)

After expressing 3.114 in terms of SYM superfields, one obtains
n [\(O)ﬁ — % 2 W2)-EL _ WhH -F2 _ In 2(APIW2)EL — (A PPN - F2
’)’CIB n - 32 (')’n )C mn (’Yﬂ )é‘ mn 7.3 (’7 )C pq (’Y )C pq |’
(3.115)
which vanishes by expanding the second term of the right-hand side with equation
A.10.
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Finally, it will be shown that Gu + 060G, = 0. Using 3.49, G, can be written as

_ 1
G+ 06AGa = Oy + 17%0mOk — DOy — = (7"™)F, DOy, (3.116)
B 7 B

and performing a computation similar to 3.114, one has

] 1 1
Gu+02Ga = 5 Dalh + J7E (W'EAL, +0,05) = 0. (3.117)

This is the equation 3.56. So the vertex operator 3.18 has been fixed to the gauge
3.36,3.37,3.37, where it can be written as

1
Vaely =2 90PN (7 Bunp) i+ 2 TI"AH : + 2 dpACl s 42 SN A Fy
(3.118)
with

1 1.4 . 1
Bunp = %wlymnpwz — —ik! zk%Wlfyp]Wz + ﬁar (Frl[ F? i Fz[ F! ]) (3.119)

36 M m=np] T Sr[m”np
Hypo = ;('r“)gD,gBmst, (3.120)
Cy = i(ymw)“ﬁamsw, (3.121)
Fyune = 11—6(6’Hmm ~ Vo) Hlpp)r Hna = 3 Hie (3.122)

and therefore gives a SYM realization of the massive spin-two multiplet of mass
(mass)? = 2.
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Conclusions

In this dissertation, we reviewed the construction of vertex operators in the
bosonic open string and in the RNS formalism for the open superstring, and
then show how to compute massive vertex operators using the operator product
expansions of massless vertices in the pure spinor formalism. These operators
correspond to physical states in the cohomology of a BRST operator. The method
for obtaining massive vertex as resonances of massless ones was first presented
in section 2.1. The RNS superstring was presented in section 2.2, and it has a
supersymmetric spectrum free of tachyonic modes after the GSO projection. The
vertex operators up to the first excited state were constructed, and the conditions
for BRST invariance of each vertex were described in both NS and R sectors, as
well as its polarizations after fixing the exact BRST states.

In chapter 3, the unintegrated vertex operator of the open superstring at the
first massive level was computed by expanding the operator product between a
massless integrated vertex operator and a massless unintegrated vertex operator,
using the pure spinor formalism. In principle, the method for deriving massive
vertex operators as resonances of massless operators allows for the description
of all spectrum states accessible through the collision between the lowest-level
particles.

This procedure yields expressions that are automatically BRST invariant for
unintegrated vertex operators and, therefore, differs from the construction in
[10], where the starting point involves arbitrary superfields and thus requires the
imposition of Q-V = 0. This advantage is also emphasized in [16], where the
massive vertex operators are extracted from the scattering amplitudes of massless
particles via factorization, using the RNS formalism, and the conformal invariance
condition of the massive operators is guaranteed by the fact that the residual
amplitudes contain only physical singularities.

In contrast to the RNS formalism presented in Chapter 2, where the manifest
Lorentz invariance must be broken to perform calculations with the spin field

for Ramond states, the vertex constructed in Chapter 3 allows for manifestly

46
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super-Poincaré invariant computations of superstring scattering amplitudes.

As an application of the method, one can compute amplitudes with massive
states in terms of amplitudes of massless states. In particular, a map can be defined
from a massive state with momentum k?> = —% to two asymptotic massless
states, subject to the constraint kq - ko = —%. As the massive polarizations can be

extracted from the 8§ = 0 components of the superfields [10],

7

0=0

bmnp = Bumnp

mn = Duc')’?nliHn)ﬁ

1

Ymg = — ﬁHmfx

6=0

then 3.118 provides the mapping between the massive polarizations and the
product of the massless polarizations. For example, expanding B,y using the

main result 3.119 and 3.8, one has the following map

/

o : , . . . , ,
Drunp = E(zk%m{;ll f,] + zkfmﬁ@;} — 24/ (ik! -(",‘Z)Zk%m{,‘,lizki] — Za’(zkz-él)zkfméflzk;]),

considering only the bosonic sector. Using this map, one can compute the expansion
in components of amplitudes with massive states by writing (B, g Hina, C“ﬁ, Finna)
as a function of the massless super-Yang-Mills superfields, and in [19] the three-
point amplitude with one massive and two massless bosonic external states is
mapped to the a’? correction to the massless four-point amplitude [33].

To calculate amplitudes with more than three asymptotic states, integrated
vertex operators whose conformal weight is 1 = 1 and whose ghost number is
0 must be introduced. The superspace representation of the integrated operator
for the first massive state was obtained in [14] through the descent relation. The
method outlined in Chapter 3 can similarly be employed to derive the integrated
vertex and express it with massless super-Yang-Mills superfields. For integrated

massless vertex operators U(") and U(?), the contour

U™ (w) = ) dzUW (z)u® (w)

has conformal weight 1, ghost number 0, and satisfies the condition Q- U1?) =
oV(12) where V(1) is defined in 3.11. Consequently, it can be identified as the
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integrated vertex operator at the first massive level of the open superstring. Finally,
one can consider the vertex operators for the closed string as the holomorphic
square of the open string vertex, and then massive amplitudes with closed strings
can also be computed [34].



Appendix A

Conventions and Gamma Matrix formulas

The gamma matrices satisfy
(V™)™ vap + (") g = 205, (A1)
and the antisymmetrization is represented by square brackets, for instance:

my..mj —

0% = %fy[ml...'ymk] = —(y™...y™ + all antisymmetric permutations). (A.2)

Tl

There are the following important identities,

Va(pVye) =0 (A3)
YVaig Vos] =0 (A4)
Vot = 48 (8508 — 8403 (A5)
Vet =12 (v, — Vi) (A.6)
1 ]- mnp mnp
Vap Voo = _E’Yamﬂ?;a “ g Yas Vpo (A7)
Tug Voo! = =12905750 — 247057 fir (A.8)
(V™) * (ymn) g 7 = =838 — 26085 + 45 (A9)
my...my — mq M. My ml[mz m3...mk] k — 2 5 AlO
Y Ty k= 2)!5 Y , soer 5 (A.10)
ey, = (—1)K(10 — 2k)y™ " k = 2, ..., 5; (A.11)
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')’St’)’mnpqr')’St = 10Ymnpqr, (A12)

Y Y pnpgry™™ =0 (A.13)
')’Stuv')’mnpqr')’smv = 240')’mnpqr/ (A.14)
')’St')’mnpq'YSt = 6Ymnpq, (A.15)
')’Stu')’mnpq')/sm — 48'Ymnpq/ (A.16)
’)’Stuv’)’mnpq')’smv = 48’)’mnpq/ (A17)
')’St')’mnp')’St = —6Ymnp- (A.18)

The bispinors Fierz decompositions are

1 1 1 /1
X P = Eﬁf (XY™ ) + ﬁ’y%@p (XY™ ) + 577 (5) Yobpar (XY™ PO P) .

(A.19)

g_ 1 5P 1 B mn 1 B mnpq A20

X = 720 (XW) = 57z (rmn)w (XY™9) + 72 (Ymnpg) (XY™"79) . (A.20)
And trace relations are given by

Tr (7" "y ) = +16- kLo, k= 1,4; (A.21)

Tr ("™ ™y, ) = =16kl %, k= 2,3; (A.22)
Tr (,le...m57ﬂ1...ﬂ5) - 16 : 5[5;’111””;5 + 16€m1mm1’51)1...7’l5' (A23)
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