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Resumo

Neste trabalho revisaremos a obtenção de operadores de vértice em teoria
de cordas. Então construiremos o operador de vértice para os primeiros estados
massivos da supercorda aberta em termos dos supercampos de super-Yang-Mills
em d=10 a partir da expansão em produto de operadores dos vértices não massivos,
utilizando o formalismo de espinores puros.

Palavras Chaves: Supercorda; Super-Yang-Mills; Espinor puro.

Áreas do conhecimento: Ciências exatas e da Terra; Física de Partículas e Campos.
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Abstract

In this work we review the construction of string theory vertex operators.
We then construct the vertex operator for the first massive states of the open
superstring in terms of d=10 super-Yang-Mills superfields using the operator
product expansions of massless vertex operators in the pure spinor formalism.

Key Words: Superstring; Super-Yang-Mills; Pure spinor.

Areas of Knowledge: Physical Sciences and Mathematics; Elementary Particle
Physics and Fields.
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Chapter 1

Introduction

String theory can be formulated as a two-dimensional conformal field theory
where the spacetime amplitudes of physical particles are given by correlation
functions of vertex operators on the worldsheet [1] [2]. These operators are
local fields in one-to-one correspondence with Hilbert space states of the string
conformal field theory [3].

The interest in string theory occurs because it is a framework that describes
quantum gravitational interactions consistently. In particular, within the spectrum
that emerges from closed strings, one can identify massless spin-2 particles whose
characteristics are compatible with those required to be identified as mediators
of gravity [4]. Furthermore, its spectrum contains a tower of massive states with
higher spins, which are crucial for the theory’s consistency. By incorporating the
contributions of infinite massive states, one can show that non-renormalizable
divergences in the loop amplitudes cancel each other.

Although bosonic string theory does not contain fermions, and the presence
of excitations with a negative mass-squared implies a non-stable vacuum, it
constitutes a laboratory to explore techniques to be applied in more realistic
theories [3]. In turn, the RNS superstring presents fermionic modes [5] and a
mechanism for eliminating tachyonic modes [6], which also makes the spectrum of
the theory supersymmetric. However, its lack of manifest spacetime supersymmetry
leads to technical difficulties in amplitude computations, such as the need for sum
over spin structures [7].

The pure spinor formalism for the superstring has all spacetime symmetries
manifest [8, 9]. This feature allows the construction of super-Poincaré covariant
expressions for vertex operators through its quantization [10, 11]. These operators
correspond to physical states in the cohomology [12] of the BRST charge Q =∮

dzλαdα expressed in terms of a ten-dimensional worldsheet spinor λα satisfying
the pure spinor condition and the worldsheet variable dα for the spacetime
supersymmetric derivative. The knowledge of vertex operators makes it possible
to establish the equivalence of superstring amplitudes in the pure spinor and RNS
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Chapter 1. Introduction 2

formalisms [13]. Nevertheless, a superfield description of superstring massive
vertex operators remains an open problem.

In order to construct open superstring unintegrated vertex operators of mass
m2 = n

α′ (n ∈ N and α′ is the inverse string tension) using pure spinor formalism,
one can write every possible combination of worldsheet fields with ghost number
1 and conformal weight n, and contract them with d=10 superfields. The onshell
condition provides relations between these d=10 superfields [10]. For integrated
operators, one needs to use the descent relation to constrain the d=10 superfields
[14].

Although straightforward, this method becomes quite involved at higher mass
levels, and it is convenient to resort to other ways of building the corresponding
vertex operators. For this reason, in this dissertation, we address a method for
obtaining massive operators, using the fact that these states can decay to massless
ones and, therefore, can be interpreted as resonances in the massless S-matrix
[5][15][16].

In chapter 2, we will review the construction of the vertex operators corresponding
to bosonic open string states with mass m2 = − 1

α′ , 0, 1
α′ , and RNS open string states

with mass m2 = 0, 1
α′ . We will use the bosonic string as an example to illustrate

the method discussed in chapter 3, and the RNS superstring will be employed
to elucidate the predicted physical states for the first massive level of the open
superstring.

In chapter 3, the open string unintegrated vertex operator at the first massive
level will be constructed from the operator product expansion between a massless
integrated and a massless unintegrated vertex operator using pure spinor formalism
CFT [17]. This massive vertex will be BRST invariant by construction and expressed
in terms of super-Yang-Mills d=10 superfields, which have well-known theta
expansion [18]. This result can be generalized for any higher mass level and used
to compute scattering amplitudes with massive vertex using all the machinery
known for massless scattering amplitude computations [19].



Chapter 2

Vertex operators in Bosonic and RNS
string

In section 2.1, we will use the bosonic string CFT to explain the procedure
for the construction of massive vertex operators involving the OPEs between
integrated and unintegrated ones. This method will be the main computation of
the next chapter, where we will obtain the vertex operator corresponding to the
first massive states of the open superstring. It is interesting to see how the physical
information obtained by this vertex can be deduced using RNS formalism. This
will be done in section 2.2. We do not want to be pedagogical or exhaustive, but
fix the notation and present some conformal field theory techniques used in the
next chapter. This review was written based on the following references: [3], [5],
[20], and [21]. Further details can be found in these references.

2.1 Bosonic string

The bosonic string fixed action can be written in complex coordinates as

S =
∫

d2z
( 1

α′
∂xm∂̄xm + b∂̄c + b̄∂c̄

)
, (2.1)

where xm(z, z̄) is the spacetime embedding of the string; b(z) and c(z) are fermionic
ghosts degrees of freedom resulting from gauge fixing the metric, and ∂ = ∂

∂z . They
account for unphysical gauge degrees of freedom, maintaining Lorentz covariance
[3]. This action has a residual conformal symmetry that must be preserved in
quantization to ensure the vanishing of Weyl anomaly [22], and the Noether charge
related to conformal transformations is given by the energy-momentum tensor by
varying 2.1 with respect to the metric. The holomorphic conformal charge is

Qv =
∮

C0

dzv(z)T(z), (2.2)

3



Chapter 2. Vertex operators in Bosonic and RNS string 4

T(z) = Tmatter + Tghost

= − 1
α′

∂xm∂xm + 2∂cb + c∂b, (2.3)

where v(z) is holomorphic, and Cz is a contour around z. We are working on a
Fock space given by the ghost (cz), anti-ghost (bz), and coordinate (xm) excitations.
Furthermore, one can show that the conformal anomaly on a curved world-sheet
vanishes according to the central charge of 2.1 [22], defined below in 2.19, which
will give us the constraint on spacetime dimension (d = 26).

Propagators are solutions of Schwinger-Dyson equation,

⟨ϕi(z1, z̄1)
δS
δϕj

(z2, z̄2)⟩ = δ
j
i δ

(2)(z12, z̄12), (2.4)

thus, for the action 2.1, one has the following correlations on the complex plane,

⟨xm(z1, z̄1)xn(z2, z̄2)⟩ = −α′

2
δmnln|z12|2, (2.5)

⟨b(z1)c(z2)⟩ =
1

z12
, (2.6)

where z12 ≡ z1 − z2.
Open string states are defined in the world-sheet boundary (the real axis z ∈ R)

[3]. The relevant open bosonic string OPEs are therefore the same as 2.5 and
2.6, but with the fields inserted at the world-sheet boundary, and the shift α′ →
4α′, which correspond to the doubling trick procedure [23]. Instead of working
with the energy-momentum tensor holomorphic (T) and anti-holomorphic (T̃)
components in the upper-half complex plane (Im(z) ≥ 0) and implement the
boundary condition T = T̃, if Im(z) = 0; one can perform the doubling trick:

T(z) := T̃(z̄), Im(z) < 0, (2.7)

and work with T(z), which is holomorphic in the whole complex plane [3]. In
the following equations, we will adopt this doubling trick procedure, and the
convention 2α′ = 1 will be used to simplify the notation in some equations. α′ has
spacetime dimension [α′] = 2, so it can be inserted from dimensional analysis, and
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the open string correlation function becomes

⟨xm(z1)xn(z2)⟩ = −δmnlnz12, (2.8)

⟨b(z1)c(z2)⟩ =
1

z12
. (2.9)

In order to construct the vertex operators, it is useful to note the existence of a
residual symmetry group after the gauge fixing, with generators {Gi} satisfying
an algebra

[Gi, Gj] = i f k
ijGk, (2.10)

and associated with ghosts bi, ci, such that {ci, bj} = δi
j, and the other commutators

being zero [3]. The set of physical states is the cohomology of the nilpotent BRST
operator

QBRST = ci(Gx
i +

1
2

Gg
i ), (2.11)

where Gg
i ≡ −i f k

ijc
jbk.

In the bosonic string, one can represent the BRST charge as an integral of a
conserved current density. So, the gauge fixed action has a symmetry whose
current is

JBRST = c
(
Tmatter +

1
2

Tghost
)
, (2.12)

and the BSRT charge can be written as

QBRST =
∮

dzc
(
− 1

2
∂xn∂xn + ∂cb

)
. (2.13)

Physical states will correspond to conformal primary fields ϕ(h) by

|h⟩ = lim
z→0

ϕ(h)(z)|0⟩, (2.14)

where |0⟩ is the SL(2, R) vacuum state, the image of identity under the state-
operator correspondence. From holomorphicity at the origin, one has

Ln|0⟩ = 0, n ≥ −1 (2.15)

Ln =
∮

zn+1T(z), (2.16)
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and ϕ(h)(z) are defined to satisfy the OPE

T(z1)ϕh(z2) ∼
h

z2
12

ϕh(z2) +
1

z12
∂ϕh(z2), (2.17)

and have the expansion in Laurent modes

ϕ(h)(z) =
∞

∑
n=−∞

(ϕ(h))n

zn+h , (ϕ(h))n =
∮

Cz2

dz1

z12
zm+h

12 ϕ(z2) (2.18)

So the Hilbert space is constructed as a representation of the conformal algebra

T(z1)T(z2) ∼
c

2z4
12

+
2T(z2)

z2
12

+
∂T(z2)

z12
, (2.19)

c = D − 26, (2.20)

by acting combinations of raising operators (L−n, n ≥ 0) on highest weight states
|h⟩. The highest weight states satisfy Ln|h⟩ = 0 and L0|h⟩ = h|h⟩. And the
condition D = 26 implies the vanishing of Weyl anomaly [7], ensuring that Weyl
symmetry holds after quantization.

We also have U(1) ghost current

J = − : bc :, (2.21)

thus physical states, in addition to being in the cohomology of QBRST, are excitations
of a vacuum with ghost number −1

2
1.

In particular, the conformal weight h = 1 primary fields satisfies

[QBRST, ϕ(1)] = ∂
(
cϕ(1)

)
, (2.22)

and when integrated over the boundary, they correspond to BRST invariant states.
It will also be imposed that physical states are annihilated by b0 =

∮
dz(zb)

mode, which correspond to Lorenz gauge [3]. One, therefore, can write an
integrated vertex operator using the conformal primary fields (∂nxm) of weight
n, that correspond to bosonic excited states, and the momentum (Pm =

∮
i∂xm)

1This occurs because the ghost vacuum degenerates in a pair (| ↓⟩, | ↑⟩) with ghost number
(−1/2,+1/2) on the cylinder [3]. To translate the ghost number to radial frame, one has to take
into account the non-tensor transformation of ghost current, which changes Qradial = Ncylinder +

3
2 .
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eigenstate eik · x [5],

V =
∫

dzU(P, k, z), (2.23)

U(P, k, z) = : Peik · x :, (2.24)

where P = P
(
∂xµ, ∂2xµ, ..., ∂nxµ

)
is a polynomial with weight h = n, and α′k2 =

1 − n. The normal ordering : · : is defined as [24]

: A(z1)B(z2) :=
∮

Cz2

dz1

z12
A(z1)B(z2). (2.25)

One can also write the unintegrated version of 2.24,

V(P, k, z) = c(z)U(P, k, z), (2.26)

which is BRST invariant as a consequence of 2.24 definition,

[QBRST, V](z2) =
∮

Cz2

dz1

(
cTmatter + c(∂c)b

)
(z1)

(
cU

)
(z2),

=
∮

Cz2

dz1 c(z1)

(
1

z2
12

cU +
1

z12
∂cU

)
(z2)

= (∂cc + c∂c)U(z2)

= 0, (2.27)

and has the gauge freedom

V −→ V + [QBRST, Λ]. (2.28)

If Λ has conformal weight h = 0 and is constructed out from matter fields, one has

[QBRST, Λ](z2) =
∮

Cz2

dz1
(
cTmatter

)
(z1)Λ(z2)

=
∮

Cz2

dz1c
∂Λ
z12

= c∂Λ. (2.29)

Now, we will verify the conditions the polynomial P should satisfy to U(P, k, z)
have conformal weight h = 1, for n = 0, 1, 2, 3.
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n=0. The simplest vertex operator is the tachyonic one, with P = 1,

UT(k, z) =: eik · x :, (2.30)

k2 = 2,

with conformal weight h = k2

2 . This gives rise to an unintegrated tachyon vertex

VT(k, z) = : ceik · x : . (2.31)

n=1. Considering the massless level n = 1, one can write the general combination
2.24 with

P = ξm(k)∂xm. (2.32)

The cubic pole of the OPE between U(P, k, z) and Tmatter is proportional to ξ · k; it,
therefore, has conformal weight h = 1 if ξ · k = 0. So, BRST invariance implies the
transversality condition

[QBRST, Peik · x] = 0 ⇒ ξ · k = 0, (2.33)

and the gauge invariance 2.28 with Λ = eik · x implies the redefinition δξm = ikm.

n=2. Now, considering the massive level n = 2, one can write the polynomial as

P = ξ1
mn∂xm∂xn + ξ2

m∂2xm, (2.34)

and : Peik · x : has conformal weight n = 1 if the quartic and cubic pole with
energy-momentum tensor Tmatter vanishes. Indeed, from the OPE

Tmatter : Peik · x :=− 1
z4

12

(
δmnξ1

mn + 2ikmξ2
m
)
eik · x

+
1

z3
12

(
− ik(m∂xn)ξ1

mn + 2∂xmξ2
m
)
eik · x

+
2 + k2

2
z2

12
Peik · x +

1
z12

∂
(

Peik · x), (2.35)
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the BRST invariance of : Peik · x : requires the following polarization constraints

ξ1
mnδmn + 2ik · ξ2 = 0

−1
2

ξ1
(mn)ik

n + ξ2
m = 0, (2.36)

where ξ(m1...mk)
= ξm1...mk + (all symmetric permutations).

The gauge invariance 2.28 with

Λ1 =: λm∂xmeik · x :, (2.37)

implies the redefinition

δξ1
mn =

1
2

λ(mikn), (2.38)

δξ2
m = λm, λmkm = 0. (2.39)

And from the combination

Λ2 = λ
(
2 : bceik · x : −3 : ik · ∂xeik · x :

)
, (2.40)

parameterized by a number λ, one has the following spurious state

δξ1
mn = λδmn − 3λikmikn (2.41)

δξ2
m = −5λikm. (2.42)

The first positive mass level therefore has 26 · 27
2 − 27 = 324 physical degrees of

freedom (d.o. f .) represented by a symmetric 2-tensor ξ1
mn (26 · 27

2 d.o. f .), such that

kmξ1
mn = 0

(
− 26 d.o. f .

)
, (2.43)

δmnξ1
mn = 0

(
− 1 d.o. f .

)
. (2.44)

n=3. Considering the massive level n = 3, one can write the polynomial as

P = ξ1
mnp∂xm∂xn∂xp + ξ2

mn∂2xm∂xn + ξ3
m∂3xm, (2.45)
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and : Peik · x : has conformal weight n = 1 if the order 5,4,3 poles with energy-
momentum tensor Tmatter vanishes,

Tmatter : ξ1
mnp∂xm∂xn∂xpeik · x : ∼

(
−3
z4

12
δmnξ1

mnp∂xp − 1
z3

12
ikmξ1

mnp∂xn∂p
)

eik · x,

Tmatter : ξ2
mn∂2xm∂xneik · x : ∼

(
2

z3
12

ξ2
mn∂xm∂xn − ikn

z3
12

ξ2
mn∂2xm

)
eik · x

+

(
− 2ikm

z4
12

ξ2
mn∂xn − 2

z5
12

ξ2
mnδmn

)
eik · x,

Tmatter : ξ3
m∂3xmeik · x : ∼

(
6

z4
12

(
∂xm + z12∂2xm)ξ3

m − 6ikm

z5
12

ξ3
m

)
eik · x. (2.46)

So the BRST invariance of : Peik · x : implies the following polarization constraints

3ikmξ3
m + δmnξ2

mn = 0, (2.47)

3δmnξ1
mnp + 2ikmξ2

mp − 6ξp = 0, (2.48)

−iknξ2
mn + 6ξ3

m = 0, (2.49)

−3ikmξ1
mnp + ξ2

(mp) = 0. (2.50)

Again, spurious states can be found as exact states under the BRST charge 2.13.
For example, the gauge invariance 2.28 with

Λ = Γm : ∂2xmeik · x : +Λmn : ∂xm∂xneik · x :, (2.51)

with Γm, Λmn satisfying 2.36, implies the redefinition

δξ1
mnp =

1
3!

ik(mΛnp), (2.52)

δξ2
mn = 2Λmn + Γmikn, (2.53)

δξ3
m = Γm. (2.54)

One can identify the ξ3
m and ξ2

(mn) as spurious degrees of freedom [25]. So in
the physical gauge of the n = 3 level one has an anti-symmetric 2-tensor ξ2

mn

(25 · 26
2 d.o. f ), and a symmetric 3-tensor ξ1

mnp (28 · 27 · 26
3! d.o. f ), such that [26]

kmξ2
mn = 0,

(
− 25 d.o. f .

)
(2.55)

kmξ1
mnp = 0, δmnξ1

mnp = 0,
(
− 26 · 27

2
− 25 d.o. f .

)
, (2.56)
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It therefore gives the 26 · 25
2 + 28 · 27 · 26

6 − 25 − 27 · 26
2 − 25 = 3200 physical degrees

of freedom of the n = 3 mass level.
Another method to construct massive vertex operators, which is the main

computation of this dissertation in chapter 3, relies on the fact that one can recover
all theory higher mass resonances using the operator algebra of string theory
primary fields [5]. Since unintegrated vertex operators of mass m2 = n−1

α′ =

2(n − 1) should be constructed from combinations P(n) = P(∂x, ∂2x, ..., ∂(n)) with
conformal weight n, one can define the unintegrated vertex operator corresponding
to the massive states of the open bosonic string as

V(12)
(m2= n−1

α′ )
(k̄, z2) =

∮
Cz2

dz1U1
T(k1, z1)V2

T(k2, z2). (2.57)

k̄2 = 2(1 − n) (2.58)

where k̄ = k1 + k2, and U1
T (V2

T) is the tachyon integrated (unintegrated) vertex
defined in equation 2.30 (2.31). The first-order pole gives a massive unintegrated
vertex in the cohomology of QBRST,

[QBRST, V(12)] =
∮

Cz2

dz1

(
[QBRST, U1

T]V
2
T + U1

T[QBRST, V2
T ]

)
=

∮
Cz2

dz1∂1V1
TV2

T

= 0 (2.59)

so one can write

V(12)
(m2= n−1

α′ )
(k̄, z2) =: c

(
∂(n)

(n)!
eik1 · x

)
eik2 · x : . (2.60)

And for n = 1, 2, 3 one can expand 2.60 as

V(12)
m2=0 =: c(ik1 · ∂x)eik̄ · x :, k̄2 = 0

(2.61)

V(12)
m2=2 =: c

1
2
(
(∂x · ik1)

2 + ∂2x · ik1
)
eik̄ · x :, k̄2 = −2

(2.62)

V(12)
m2=4 =: c

1
3!
(
(ik1 · ∂x)3 + 3(ik1 · ∂x)(ik1 · ∂2x) + (ik1 · ∂3x)

)
eik̄ · x :, k̄2 = −4

(2.63)
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The only particles one can obtain from 2.58 are those that couple with tachyons.
In particular, there are no antisymmetric polarizations [27]. Nevertheless, one can
also consider the physical content coming from the residue of the poles of massless
particles 2.32,

V =: c∂x · A : (2.64)

where Am = ξmeik · x, and the respective integrated vertex

U =: ∂x · A : . (2.65)

As an example of 2.22 one can compute, omitting normal ordering simbol : · :,

[QBRST, U] = −1
2

∮
Cz2

dz1
(
c∂x · ∂x

)
(z1)

(
∂x · A

)
(z2)

= −1
2

∮
Cz2

dz1

(
− 2

z2
12

c(∂x · ξ)− 2
z12

c(∂x · ik)(∂x · ξ)

)
eik · x

=

(
∂c(∂x · ξ) + c(∂2x · ξ) + (c∂x · ik)(∂x · ξ)

)
eik · x

= ∂
(
c(∂x · ξ)eik · x),

⇒ [QBRST, U] = ∂
(
cU

)
(2.66)

with a similar computation for

[QBRST, V] = 0. (2.67)

So one can define an unintegrated vertex operator with mass m2 = n−1
α′ as

V(12)(z2) =
∮

Cz2

dz1U(1)(z1)V(2)(z2), (2.68)

k̄2 ≡ (k1 + k2)
2 = −n − 1

α′
. (2.69)

And from the first order pole of the OPE
(
∂x · A(1))(z1)

(
∂x · A(2))(z2), one obtains

for n = 2

V(12) = c
[

∂xm∂xn 1
2

ζ1
(mn) + ∂2xmζ2

m

]
eik̄ · x, k̄2 = −2 (2.70)



Chapter 2. Vertex operators in Bosonic and RNS string 13

ζ1
(mn) =+ ξ1

(mξ2
n) − (ik2 · ξ1)ik1

(mξ2
n) + (ik1 · ξ2)ik1

(mξ1
n)

−
(
ξ1 · ξ2 + (ik1 · ξ2)(ik2 · ξ1)

)
ik1

mik1
n, (2.71)

ζ2
m =− 1

2
(ξ1 · ξ2)ik1

m + (ik1 · ξ2)ξ
1
m − 1

2
(ik1 · ξ2)(ik2 · ξ1)ik1

m, (2.72)

which satisfy the condition 2.36, implying BRST invariance [QBRST, V(12)] = 0.
Now, one can use the gauge invariance 2.40, with λ = − 1

20 , to impose traceless
condition 2.44,

ζ2′
m = ζ2

m + δζ2
m, (2.73)

δζ2
m =

1
4
(
ξ1 · ξ2 − (ik1 · ξ2)(ik2 · ξ1)

)
ik̄m, (2.74)

and the gauge invariance 2.37 with λm = ζ2′
m, which gives the following transverse

traceless tensor
1
2

ζ1′
(mn) =

1
2

ζ1
(mn) + δζ1

(mn), (2.75)

δζ1
(mn) =+

(
1
4

ik̄(mik1
n) +

1
4

ik̄mik̄n +
1

20
(δmn − 3ik̄mik̄n)

)
(ik1 · ξ2)(ik2 · ξ1)

+

(
1
4

ik̄(mik1
n) −

1
4

ik̄mik̄n −
1

20
(δmn − 3ik̄mik̄n)

)
(ξ1 · ξ2)

− 1
2
(ik1 · ξ2)

(
ik̄(mξ1

n)

)
(2.76)

This procedure can be generalized to any level of the bosonic string if one start
with the lower level operators carrying the relevant quantum numbers [28]. Still,
it is not possible to obtain fermionic states here. Therefore, the application of this
method will be saved for the next chapter, where it will be discussed in the context
of open superstrings.

2.2 RNS superstring

In this section, we will review the field content of the first massive states of the
open superstring using the RNS formalism. The supersymmetric partners of the
b, c ghost system described in the previous section require the notion of picture
changing. Furthermore, the spectrum is supersymmetric and free of tachyons only
after the GSO projection, which will be described in more detail below.
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In the case of superstring in RNS formalism, after choosing superconformal
gauge [5], one has the following gauge fixed matter action:

Smatter =
∫

d2zd2θ
1
2

D̄XmDXm =
1
2

∫
d2z

(
∂x · ∂̄x − ψ · ∂̄ψ − ψ̄ · ∂ψ̄

)
(2.77)

where D(i) = ∂θi + θ∂zi . As in the bosonic case, we have a path-integral over a
conjugate pair of ghosts with action:

Sghost =
∫

d2zd2θBzθD̄Cz =
∫

d2z
(

β∂̄γ + b∂̄c
)
, (2.78)

From the equations of motion of 2.77, one can split the embedding field Xm

into holomorphic and anti-holomorphic components. The holomorphic matter
and ghost superfields can be written as

Xµ = θψµ(z) + xµ(z), (2.79)

Bzθ = βzθ + θbzz, Cz = cz + θγθ. (2.80)

The correlation functions involving the left and right moving sectors decouple,
so one can focus on the holomorphic sector, which has the following correlation
functions

⟨Xm(z1)Xn(z2)⟩ = −ηmnln(z12), ⟨B(z1, θ1)C(z2, θ2)⟩ =
θ12

z12
, (2.81)

where zij ≡ zi − zj − θiθj.
The action Smatter + Sghost has a residual superconformal symmetry, and its

associated super energy-momentum tensor is composed of a general combination
of matter and ghost superfields with conformal dimension 3

2

T(z, θ) = Tmatter(z, θ) + Tghost(z, θ) (2.82)

Tmatter(z, θ) = A1
(

DXµD2Xµ
)

(2.83)

Tghost(z, θ) = A2
(
C(D2B)

)
+ A3

(
(DC)(DB)

)
+ A4

(
(D2C)B

)
. (2.84)

Similarly to bosonic case 2.17, one can define a superconformal primary field
ϕ(zi, θi) of conformal dimension h as a superfield with the following operator
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product expansion

T(zj, θj)ϕ(zi, θi) ∼ h
θij

z2
ji

ϕ(zi, θi) +
1/2
zji

Diϕ +
θij

zji
∂iϕ, (2.85)

where θij = θi − θj, so this implies the following set of 2.82 coeficients

A1 = −1
2

, A2 = −1, A3 =
1
2

, A4 = −3
2

. (2.86)

For example, we have

T(z1, θ1)Xm(z2, θ2) ∼
1
2
(

DXm)(z1, θ1)∂1ln(z12) +
1
2
(
∂Xm)(z1, θ1)D1ln(z12)

∼ 1
2
(

DXm)(z1, θ1)
1

z12
+

1
2
(
∂Xm)(z1, θ1)

θ12

z12

∼ 1/2
z12

(
DXm)(z2, θ2) +

θ12

z12

(
∂Xm)(z2, θ2), (2.87)

and for the ghost superfields, using D2
(i) = ∂zi ,

T(z1, θ1)C(z2, θ2) ∼ −C(z1, θ1)∂z1

(θ12

z12

)
+

1
2
(D(1)C)D(1)

(θ12

z12

)
− 3

2
(∂z1C)

(θ12

z12

)
∼ C(z1, θ1)

θ12

z2
12

+
1
2

z12
(D(1)C)−

3
2
(∂z2C)

(θ12

z12

)
∼ −θ12

z2
12
(C + z12∂C)(z2, θ2) +

1
2

z12
(D(2)C + θ12D2

(2)C) +
3
2

θ12

z12
(∂z2C)

∼ (−1)
θ12

z2
12

C(z2, θ2) +
1
2

z12
D(2)C +

θ12

z12
(∂z2C), (2.88)

and

T(z1, θ1)B(z2, θ2) ∼
3
2

θ12

z2
12

B(z2, θ2) +
1
2

z12
D(2)B +

θ12

z12
(∂z2 B), (2.89)

where we have expanded the superfields using Taylor series in superspace,

V(z1, θ1) = ∑
n=0

zn
12∂n

z2

(
V + θ12D(2)V

)
(z2, θ2). (2.90)

The superconformal algebra deduced from T(z, θ) = Tzθ(z)+ θTzz(z) expansion
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2.82,2.86, is

Tzz(z1)Tzz(z2) ∼
1
2 c

(z1 − z2)4 +
2Tzz(z2)

(z1 − z2)2 +
∂Tzz(z2)

(z1 − z2)
(2.91)

Tzθ(z1)Tzθ(z2) ∼
c
6

(z1 − z2)3 +
1
2 Tzz(z2)

(z1 − z2)
(2.92)

Tzz(z1)Tzθ(z2) ∼
3
2 Tzθ(z2)

(z1 − z2)2 +
∂Tzθ(z2)

(z1 − z2)
, c =

3D
2

− 15, (2.93)

and the transformation of superconformal field ϕh(z, θ) = ϕh(z) + θϕh+ 1
2
(z)

components under 2.85 is

Tzz(z1)ϕh(z2) ∼
hϕh

(z1 − z2)2 +
∂ϕh(z2)

(z1 − z2)
(2.94)

Tzz(z1)ϕh+ 1
2
(z2) ∼

(h + 1
2)ϕh+ 1

2

(z1 − z2)2 +
∂ϕh+ 1

2
(z2)

(z1 − z2)
(2.95)

Tzθ(z1)ϕh(z2) ∼
1
2 ϕh+ 1

2

(z1 − z2)
(2.96)

Tzθ(z1)ϕh+ 1
2
(z2) ∼

hϕh
(z1 − z2)2 +

1
2 ∂ϕh

(z1 − z2)
(2.97)

2.2.1 Hilbert Space

Matter Sector

There is a subtlety related to the appearance of two-dimensional spinor fields
in the RNS formalism: the fermionic components are allowed to be double-valued.
There exist two possible periodic conditions,

ϕ f (e2πiz) = e2πiνϕ f (z), (2.98)

ν = 0, 1
2 that correspond to Neveu-Schwarz (NS) or Ramond (R) fields, so the

Laurent expansion on the complex plane has half-odd integer modes for NS fields
and integer modes for R fields. In particular, the energy-momentum tensor 2.82
has the general component structure:

Tmatter(z, θ) = G(z) + θTm(z) = ∑
r

1

zr+ 3
2

1
2

Gr + θ ∑
n∈Z

1
zn+2 Ln, (2.99)
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with r ∈ Z + 1
2 in the NS sector and in the R sector r ∈ Z. The Hilbert space is

then constructed by the standard procedure in conformal field theory of applying
combinations of raising operators L−n and G−r, with n, r > 0 in superfields
highest weight states. The highest weight state satisfies Ln|h⟩ = Gn≥0|h⟩ = 0 and
L0|h⟩ = h|h⟩. The matter superfield in components is

DXm =

(
∑

r

ψm
r

zr+ 1
2

)
+ θ

(
∑
n

αm
n

zn+1

)
(2.100)

then, in the NS sector, the vacuum is annihilated by ψm
r , for r ∈ N − 1/2, while

the R ground-state is degenerated and forms a representation of a gamma matrix
algebra. This follows from the mode commutations deduced from

Xm(z1, θ1)Xn(z2, θ2) ∼ −ηmnln(z12). (2.101)

Ground states in the R sector have conformal dimension D
16 , and one can

construct a spin field Sα(z), which creates these R ground states from NS vacuum
[5]. Using a bosonization procedure, with a set of five free chiral Bosons Hi, such
that

Hi(z1)Hj(z2) ∼ −δij ln z12 (2.102)

one can write the dimension h = 1
2 vector representation and dimension h = 10

16

chiral spinor representation using Weyl-Cartan basis [20]

1√
2

(
ψ2j ± iψ2j+1) = e±iej · Hj , (2.103)

Sα = ei⃗α · Hj , (2.104)

where ej is a unit vector in the jth direction (e.g. e0 = (1, 0, 0, 0, 0)), and the lower
index α correspond to a chiral spinor weight α⃗ = (±1

2 ,±1
2 ,±1

2 ,±1
2 ,±1

2) with even
number of minuses resulting in 24 possibilities. They satisfy the correct Lorentz
transformations under the current jmn(z) ≡ ψmψn(z), and therefore obey operator
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product expansions with rational powers of z12 as

ψm(z1)Sα(z2) ∼
1√

2z1/2
12

γm
αβSβ + ... (2.105)

Sα(z1)Sβ(z2) ∼
1

z5/4
12

δ
β

α +
1

4z1/4
12

(γmn)
β

α ψmψn + ... (2.106)

Sα(z1)Sβ(z2) ∼
1√

2z3/4
12

γm
αβψm(z2) + ..., (2.107)

For example, consider the first OPE, with m = (0, ...,±1, ..., 0), and using 2.103, up
to order O(z1/2

12 ) one has

eim⃗ · H(z1)ei⃗α · H ∼ zm⃗ · α⃗
12

(
1 + z12im⃗ · ∂H(z2) + ...

)
ei(m⃗+⃗α) · H. (2.108)

In the case m⃗ · α⃗ = −1
2 , the resulting vector β⃗ = m⃗ + α⃗ correspond to a spin-field

with opposite chirality, Sβ = eiβ⃗ · H, so one can write

ψm(z1)Sα(z2) ∼ ∑
β

δ(m⃗ + α⃗ − β⃗)

z1/2
12

Sβ, (2.109)

and equation 2.105 follows from the gamma matrices representation in Weyl-
Cartan basis 1√

2
γm

αβ = δ(m⃗ + α⃗ − β⃗). We are omitting Jordan-Wigner cocycle
factors, which are essential to ensure the correct statistics of the exponentials 2.103
and 2.104. For further details, one can consult [20].

Finally, the RNS superstring spectrum will be the projection onto the subspace
of states of even Fermion number. We consider an operator Γ = (−)F that
anticommutes with fermionic field components and commutes with the Bosonic
parts. If one assigns odd parity to the NS ground state, then the lowest energy
ground states in the NS sector will compose a massless vector ψ

µ

− 1
2
|0⟩. And if

the GSO operator projects onto the positive chiral part of the R sector, such that
the R ground-states form a Weyl-Majorana spinor, then R and NS ground-sates
in fact compose a supermultiplet [5]. After discussing the Ghost sector and the
BRST conditions, we will define the GSO operator and show that it projects to a
spectrum without tachyonic states.
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Ghost Sector

To analyze the new features provided by appearance of commuting ghosts, it
is useful to study the action 2.78 from the point of view of general (b, c)-systems,
where b and c are conjugate fields, with dimension λ and 1 − λ respectively. Both
fields are Bose (ε = −1) or Fermi (ε = 1). From 2.78 and 2.82 one can write the
stress-tensor as:

Tbc = −λb∂c + (1 − λ)∂bc, (2.110)

which has central charge c = ε(1 − 3Q2), where Q = ε(1 − 2λ).
There is a further U(1) symmetry on the (b, c)-system that restricts the operators

that produce non-vanishing expectation values. The ghost current is j = −bc,
which counts ghost number charge

j(z)O(w) ∼ qO(w)

z − w
(2.111)

and is not strictly a quasi-primary field,

T(z1)j(z2) ∼
Q
z3

12
+

j(z2)

z2
12

+
∂j(z2)

z12
. (2.112)

This ghost-number anomaly implies that only operators with ghost charge −Q
will produce non-vanishing expectation values [5].

One can bosonize the ghost current defining:

jϕ(z) = ε∂ϕ (2.113)

ϕ(z)ϕ(w) ∼ εln(z − w), (2.114)

we can also bosonize the Fermi (b, c)-system, defining

Tϕ(z) =
ε

2
(
j2
ϕ(z)− Q∂jϕ(z)

)
, (2.115)

with central charge cj = 1 − ε3Q2. For the Bose statistics (b, c)-system, the central
charge:

c = cj − 2, (2.116)

requires the introduction of an auxiliary linear fermi (η, ξ)-system with λ = 1,
nonsingular with respect to ϕ, whose energy-momentum tensor has central charge
cηξ = −2.
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In all, one can recover all OPE’s stated in this subsection with the following
bosonization procedure:

b(z) = e−ϕ(z), c(z) = eϕ(z), (2.117)

for fermi systems, and

b(z) = e−ϕ(z)∂ξ(z), c(z) = eϕ(z)η(z), (2.118)

for Bose systems. For example, one has

Tϕ(z1)eqϕ(z2) ∼ ε

2
(1

2
∂ϕ∂ϕ − Qε∂2ϕ

)
eqϕ(z2) (2.119)

∼ ε

2
(
2∂ϕ

εq
z12

+
q2ε2

z2
12

)
eqϕ(z2) − Qε2

2
(−qε)

z2
12

eqϕ(z2) (2.120)

∼
1
2 εq(q + Q)

z2
12

eqϕ(z2) +
1

z12
∂eqϕ(z2), (2.121)

and the 1
z4 pole of TϕTϕ is

Tϕ(z1)Tϕ(z2) ∼
1
2(1 − 3εQ2)

z4
12

+O(
1

z2
12
). (2.122)

One can construct the Bose sea-levels defining a set of infinite inequivalent
vacua |q⟩ of ghost charge q and dimension 1

2 εq(q + Q):

|q⟩ = eqϕ(0) |0⟩ , (2.123)

and analysing product expansion of eqϕ with b and c, by holomorphicity one
obtains:

bn |q⟩ = 0, n > εq − λ, cn |q⟩ = 0, n ≥ εq + λ, (2.124)

with q ∈ Z+ 1
2 for R sector and q ∈ Z for NS sector. In particular, for (β, γ) system

with λ = 3
2 in the NS sector, where γ(z) = ∑r∈Z+ 1

2

γr

zr− 1
2

, one has the canonical NS
vacuum,

| − 1⟩(β,γ) = e−ϕβγ(0)|0⟩, (2.125)

and for (β, γ) system with λ = 3
2 in the R sector, where γ(z) = ∑n∈Z

γn

zn− 1
2

, one can
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define the canonical R vacuum as

| − 1
2
⟩(β,γ) = e−

1
2 ϕβγ(0)|0⟩. (2.126)

And as in the bosonic case, for the (b, c) system with λ = 2 and c(z) = ∑n∈Z
cn

zn−1

we have the following highest weight vacuum state

|1⟩(b,c) = c(0)|0⟩. (2.127)

2.2.2 BRST Conditions, Picture Changing and GSO projection

The BRST charge will be constructed the same way as in the bosonic case, and
the conditions that the operators must satisfy in order to be in the cohomology of
QBRST will then be derived. Following the procedure of 2.11, one can write

QBRST =
∮

dzdθ JBRST, (2.128)

with BRST supercurrent

JBRST = −Cz(Tmatter +
1
2

Tghost) +
3
4

D(Cz(DC)Bzθ) (2.129)

= +
1
2

CDX∂zX − CzDCzDBzθ +
3
4

DCzDCzBzθ, (2.130)

it is possible to verify that JBRST is conformal primary if the spacetime dimension
is D = 10, and the BRST charge is indeed nilpotent.

To construct vertex operators satisfying

[QBRST,V ] = 0, (2.131)

it is useful to write the BRST charge in the following way,

QBRST = Q0 + Q1 + Q2, (2.132)

Q0 =
∮

dz
(
cT̃

)
, (2.133)

Q1 =
∮

dz γ
1
2

ψm∂xm = −
∮

dz eϕβγ ηG, (2.134)

Q2 = −
∮

dz γ2 b
4
= −

∮
dz e2ϕβγ η∂η

b
4

, (2.135)
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where (2.99,2.110)

T̃ = Tm + Tβγ + ∂cb

= −1
2
(
∂xµ∂xµ + ∂ψµψµ

)
− 1

2
γ∂β − 3

2
β∂γ + ∂cb, (2.136)

because one can analyze the implications of physical states being annihilated by
Q0,Q1,Q2 separately.

Q0 condition. As in the bosonic case, one can define combinations

U(z) = Ph(∂xm, ψm, β, γ)eik · x (2.137)

with matter fields and (β, γ) ghosts, as suggested by 2.136. So, we will consider
the conformal weight with respect to T̃ in this section. Similarly to 2.22, BRST
invariance implies that Uh should have conformal weight h(U) = 1,

Q0 U = ∂
(
cU

)
, (2.138)

with c(z)Uh=1(z) as an unintegrated representation of the same state. Using the
mass-shell condition m2 = −k2 and 2.137 one has

Q0
(
cU

)
(z2) =

∮
Cz2

dz1

[
c(z1)

(
c(1 − h + m2

2 )U
z2

12
+

cU
z12

)
+ c∂c

U
z12

]
(2.139)

⇒ Q0
(
cU

)
(z2) =

(
1 − h +

m2

2
)
c∂cU (2.140)

⇒ m2 = 2(h − 1), 2α′ = 1 (2.141)

and the mass is determined from the Ph conformal weight in 2.137.

Q1 condition. To analyse the constraint Q1|phys⟩ = 0 on vertex operators, one
can rewrite the primary 2.137 associated with the canonial vacuum of NS sector
2.125,

U(z) = Uhe−ϕβγ , (2.142)

where Uh has conformal weight h = 1
2 because Q0 invariance. Vanishing of Q1U(z)

Q1 U(z2) =
∮

Cz2

dz1 η(z2)z12
(
G(z1)Uh(z2)

)
(2.143)
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implies that the pole with G Uh OPE is of order O( 1
z12

), so Uh is the lowest
component of a superconformal primary field of weight h = 1

2 satisfying 2.96.
In the R sector one has

U(z) = Uhe−
1
2 ϕβγ , (2.144)

implying Uh with conformal weight h = 5
8 to ensure Q0 invariance. The Q1

invariance implies that Uh is equivalent to a highest weight state of super-Virasoro
algebra. If one indeed imposes Q1 Uh = 0, and uses 2.134,2.144,

Q1 U(z2) =
∮

Cz2

dz1η(z1)eϕβγ(z1)G(z1)Uh(z2)e−
1
2 ϕβγ(z2), (2.145)

=
∮

Cz2

dz1η(z2)z1/2
12 e

1
2 ϕβγ(z2)

(
G(z1)Uh(z2)

)
, (2.146)

then Uh is annihilated by Gn≥0.

Q2 condition. Finaly, for the vertices 2.142 and 2.144 of NS and R sectors one has

Q2 U(z2) =
∮

Cz2

dz1e2ϕβγ η∂η
b
4

Uh(z2)eqϕβγ(z2),

=
∮

Cz2

dz1
1

z2q
12

(
η∂η

1
4

b
)(

e(2+q)ϕβγUh
)
(z2) (2.147)

which vanishes identically for q < 1
2 .

RNS pictures

Before starting the discussion of massless and first massive level vertex operators,
we will briefly discuss the different pictures of vertex operators. The ghost picture
is the charge under the anomalous U(1) symmetry (2.111), and to write non-
vanishing expectation values in general, one has to represent the same physical
state using operators in different pictures. One can create equivalent vertex using
a picture changing operator P+(z) ≡ {QBRST, ξ(z)}. This can be done in the
following way,

U (n+1) = −2[QBRST, ξU (n)], (2.148)

where the upper index between parentheses will refer to the vertex (β, γ) ghost
number. V(n+1) is not BRST trivial, because only ∂ξ is used to construct irreducible
representations of the ghost algebra 2.118. As an example, the Q2 part of the 2.148
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acting on 2.144 gives rise to a term that is essential to BRST invariance,

[−2Q2, ξUhe−
1
2 ϕβγ ] = −1

2

∮
Cz2

dz1e2ϕη∂ηb
(
ξUhe−

1
2 ϕ
)

= −1
2

∮
Cz2

dz1
[ 1

z2
12

ηb +
1

z12
∂ηb

]
Uhz(−2 ·− 1

2 )
12 e

3
2 ϕβγ

= −1
2

ηbUhe
3
2 ϕβγ , (2.149)

as we will see in the next subsection with the massless vertex of the R sector with
picture q = 1

2 .

GSO projection

Besides BRST invariance, only GSO-projected states should be considered, as
commented below 2.109. Using the bosonizations in 2.103 and 2.118, one can show
that the picture changing operation 2.148 does not change the parity assignments
defined by the following GSO operator

F =
∮

dz
( 4

∑
j=0

i∂Hj − ∂ϕβγ

)
, (2.150)

which assign odd parity to NS canonical vacuum and all its even fermion number
excitations as well as states created by the spin field Sα, as a result of

F
(
eiu⃗ · Heqϕβγ

)
=

∮
Cz2

dz1(
4

∑
j=0

(
i∂Hj

)
(z1)eiuj Hj(z2)ei ∑k ̸=j uk Hk eqϕβγ − eiu⃗ · H∂ϕβγ(z1)eqϕβγ(z2)

)
=

∮
Cz2

dz1(
4

∑
j=0

uj

z12
eiu⃗ · Heqϕβγ − eiu⃗ · H −q

z12
eqϕβγ

)
=

( 4

∑
j=0

uj + q
)(

eiu⃗ · Heqϕβγ
)
, (2.151)

where we used 2.102, 2.114. In particular, the tachyonic state T(z) = ceik · xe−ϕβγ ,
with negative mass (see 2.141) is allowed from the BRST invariance, but satisfies
(−1)F T(z) = −T(z). It is, therefore, ruled out from GSO projection.
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2.2.3 RNS Vertex Operators

Now we will write the massless vertex operators of NS and R sectors in the
canonical ghost picture and one picture above. BRST invariance will be examined
at the massless and first massive levels, as well as the existence of spurious states.

NS sector (m2 = 0) . If one considers the canonical ghost picture q = −1 in the
NS sector, one can write the integrated vertex (2.137) as

U(−1)(ξm, k; z) = ξmψme−ϕβγ eik · x, (2.152)

and BRST invariance implies transverse polarizations (εm),

QBRST U(−1)(z2) =
1
2

η(ik · ε)eik · x ⇒ εmkm = 0. (2.153)

Longitudinal polarizations εm ∼ km are BRST exact,

QBRST
(
2ie−2ϕβγ ∂ξeik · x) = kmψme−ϕβγ eik · x, (2.154)

and U(−1)(km, z) therefore correspond to spurious states.
One can raise the picture of 2.152 using 2.148,

U(0)(εm, z) =
[
ε · x + (ik · ψ)(ε · ψ)

]
eik · x, (2.155)

and the integrated one is

V(0)(εm, z) = cU(0)(εm, z)− 1
2

γ(ε · ψ)eik · x, (2.156)

where the second term of right-hand side comes from [−2Q2, ξcU(−1)], ensuring
BRST invariance of V(0). So, the massless NS sector has 8 physical degrees of
freedom corresponding to the transverse polarization εm.

R sector (m2 = 0) . To construct the unintegrated vertex in the canonical q =

−1
2 ghost picture in the R sector, one can contract the spin-field with a spinor

polarization uα,
U(− 1

2 )(k, uα; z) = uαSαe−
1
2 ϕβγ eik · x, (2.157)
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satisfying the massless Dirac equation as a consequence of BRST invariance,

QBRSTU(− 1
2 ) = 0 ⇒ kmγm

αβuβ = 0, (2.158)

where the OPE 2.105 has been used. There are no spurious states and the Dirac
equation implies that uα is a Majorana-Weyl spinor with 8 degrees of freedom.
Finally, one can consider the picture q = +1/2 operator

[−2Q1, ξU(− 1
2 )] = −

∮
Cz2

dz1
(
eϕηψ · ∂x

)
(z1)

(
uαSαe−

1
2 eik · x)(z2), (2.159)

=
(
∂xm +

1
4
(ik · ψ)ψm

)
uαγm

αβSβe
1
2 ϕβγ eik · x (2.160)

and using the subleading terms of 2.105,

ψmSα ∼ 1

z1/2
12

γm
αβSβ +

z1/2
12
4

(
ψmψnγn

αβSβ +
1

18
ψnψnγm

αδ(γnp)
δ
βSβ

)
, (2.161)

and the term coming from 2.149, one has

U( 1
2 )(k, uα; z) =

1√
2

(
∂xm +

1
4
(ik · ψ)ψm

)
uαγm

αβSβe
1
2 ϕβγ eik · x − 1

2
ηbuαSαe

3
2 ϕβγ eik · x.

(2.162)

NS sector (m2 = 2). For the m2 = 2 mass level of open superstring in the NS
sector one can write the following combination for Ph with conformal weight
h = 3

2 , in the q = −1 picture,

U(−1)(Bmnp, Gmn, Dm; z) =
(

Bmnpψmψnψp +Gmn∂xmψn +Dm∂ψm + Fm∂ϕβγψm)e−ϕβγ eik · x,
(2.163)

and the last term can be eliminated if we add a total derivative ∂
(

Fmψmeik · xe−ϕβγ
)

to U(−1), which does not change the resulting vertex operator and produces the
transformations

δFm = −ξm, (2.164)

δGmn = ikmξn, (2.165)

δDm = ξm. (2.166)
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The vertex can therefore be written as 2.142 with

Uh =
(

Bmnpψmψnψp + Gmn∂xmψn + Dm∂ψm)eik · x. (2.167)

As was shown in 2.143, BRST invariance implies the vanishing of the cubic and
quadratic poles of GUh OPE,

−2G(z1)Uh(z2) ∼− 1
z3

12

(
Gmnδmn + ikmDm

)
eik · x

− 1
z2

12

(
(3Bmnpikm + Gnp)ψ

nψp + (iknGmn − Dm)∂xm)eik · x,

(2.168)

so 2.167 polarizations satisfy the following equations,

3ikmBmnp +
1
2

G[np] = 0,

iknGmn − Dm = 0, (2.169)

δmpGmp + ikmDm = 0,

in order to be BRST invariant.
One can identify spurious solutions to 2.169 if one obtains them from BRST

exact terms. As an example, if one considers a transverse antisymmetric tensor
Cmn, the BRST exact term

[2QBRST, e−2ϕβγ Cmnψmψn∂ξeik · x] =
∮

Cz2

dz1
(
eϕβγ ηψ · ∂x

)(
e−2ϕβγ Cmnψmψn∂ξeik · x)

=
(
2Cmn∂xmψn − 1

3!
ik[mCnp]ψ

mψnψp)e−ϕβγ eik · x,

(2.170)

gives the spurious solution to 2.169 [21]

Bmnp = − 1
3!

ik[mCnp], Gmn = Cmn, Dm = 0, (2.171)

δmnCmn = 0 kmCmn = 0, (2.172)

so one can gauge away the antisymmetric part of Gmn. Similarly one can identify
the trace δmnCmn and the vector Dm as spurious [21], so the physical solution to
2.169 is a symmetric tensor gmn (10 · 11

2 d.o. f .) and a three form bmnp ( 10!
3!7! d.o. f .),
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satisfying

δmngmn = 0 (−1 d.o. f .)

kmgmn = 0 (−10 d.o. f .) (2.173)

kmbmnp = 0 (− 9!
2!7!

d.o. f .) (2.174)

And the NS sector at the first massive level has 128 degrees of freedom, corresponding
to 10 · 11

2 − 10− 1 = 44 degrees of freedom of a spin-two tensor gmn and 10!
3!7! −

9!
2!7! =

84 degrees of freedom of the transverse antisymmetric tensor bmnp.

R sector (m2 = 2). The interaction of fermions with spin-fields complicates the
computations in the R sector. But the reasoning is the same as for all previous
cases. One has to identify all possible terms in the vertex, impose BRST invariance
to constrain the polarizations, and determine the spurious states.

We will comment on the results derived in [21] for the massive vertex. In
the canonical picture, where h(e−

1
2 ϕβγ eik · x) = 3

8 , one can write the following
combination

U(− 1
2 )(u, v, z) =

(
uα

m∂xm + vm
β ψmψn(γ

n)βα
)
Sαe−

1
2 ϕβγ eik · x, (2.175)

so the BRST condition implies the following set of equations for (uα
m, vm

β ),

vm
β = −1

8
umδknγn

δα +
1

36
knuδ

nγm
δβ

uα
mγm

αβ = knkmuα
nγm

αβ, (2.176)

this correspond to 10 · 16 + 16 = 176 independent relations, so the number of
states is constrained to 2 · (16 · 10)− 176 = 144. From supersymmetry, we know
there are 16 spurious states, so one can use the gauge freedom to fix the trace
uα

m, and then the physical solution to 2.176 correspond to a transverse traceless
vector-spinor ψα

m

γm
αβψα

m = 0 (−16d.o. f .)

kmψm
α = 0 (−16d.o. f .), (2.177)
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with 10 · 16 − 32 = 128 degrees of freedom. The vertex is now written as

U(− 1
2 )(u, z) =

(
ψα

m∂xm − 1
8

ψmδkpγ
p
δβψmψn(γ

n)βα
)
Sαe−ψβγ eik · x. (2.178)

This vector-spinor ψα
m 2.177, the spin-two tensor gmn 2.173 and the antisymmetric

tensor bmnp 2.174 compose the spin-2 massive supermultiplet,

(γm)βαψα
m = 0, kmgmn = 0, kmψmα = 0, kmbmnp = 0. (2.179)

In the next chapter, we will present it in superspace using d = 10 super-Yang-Mills
fields.



Chapter 3

Massive vertex in Pure Spinor formalism

In this chapter, after a brief review of pure spinor formalism, the unintegrated
vertex operator at the first mass level will be computed from the OPE between
two massless vertices, and its BRST invariance will be verified. In section 3.1, the
gauge symmetries are used to find a gauge where the vertex operator superfields
are related to the usual supergravity superfields [10], which describe the spin-2
massive multiplet. This computation is an original work published in [17]. For
details of pure spinor formalism at tree level, one can consult [8], [29].

The pure spinor formalism for the open string has the following action

SPS =
1
π

∫
d2z

(1
2

∂xm∂̄xm + pα∂̄θα − wα∂̄λα
)
, (3.1)

where m = 0, ..., 9, and α = 1, ..., 16 are the vector and spinorial indices of SO(10),
together with a nilpotent BRST operator

Q =
∮

dzλαdα, (3.2)

with the GS constraint defined as

dα = pα −
1
2

∂xm(γmθ)α −
1
8
(θγm∂θ)(γmθ)α,

and the field λα satisfying the pure spinor property λαγm
αβλβ = 0. The worldsheet

variables θα, λα have conformal weight h = 0 and their conjugate pairs pα, wα

have conformal weight h = 1. There is a ghost current J = wαλα that can be used
to define the ghost number of pure spinor operators.

The integrated and unintegrated vertex operators are [8]

U(z) = : Πm Am : + : ∂θα Aα : + : dαWα : + :
1
2

NmnFmn :, (3.3)

V(z) = λα Aα, (3.4)

30
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with supersymmetric momentum Πm = ∂xm + 1
2(θγm∂θ), the Lorentz current

Nmn = 1
2 wγmnλ and superfields [Am,Aα,Wα,Fmn] built out of Aα,

Wα =
1

10
(γm)αβ

(
Dβ Am − ∂m Aβ

)
(3.5)

Am =
1
8

γ
αβ
m Dα Aβ (3.6)

Fmn =
1
8
(γmn)

α
βDαWβ, (3.7)

and their super Yang-Mills equations implies the onshell condition Q · V = 0 and
the descent relation Q · U = ∂V. The superfields 3.5, 3.6 and 3.7 are expanded in θ

using the θα Aα = 0 gauge as [30, 18, 31]

Aα(x, θ) =
1
2

ξm (γmθ)α eik · x − 1
3

χβ (γmθ)β (γmθ)α eik · x + · · · , (3.8)

where ξm and χα are the gluon and gluino polarizations, respectively. The normal
ordering : · : prescription is defined as [24]

: A(z)B(w) : ≡
∮ dz

z − w
A(z)B(w). (3.9)

The relevant OPEs for subsequent computations are

xm(z, z̄)xn(w, w̄) ∼ −δmn ln |z − w|2, dα(z)θβ(w) ∼ δ
β
α

z − w
,

dα(z)dβ(w) ∼ −
γm

αβΠm(w)

z − w
, Πm(z)Πn(w) ∼ − δmn

(z − w)2 ,

dα(z)Πm(w) ∼ (γm∂θ(w))α

z − w
, Πm(z)V(w) ∼ −∂mV(w)

z − w
,

Nmn(z)λα(w) ∼ 1
2

(γmn)α
β λβ(w)

z − w
, dα(z)V(w) ∼ DαV, (3.10)

where V(w) = V(θ)eik · x is a superfield, Dα = ∂
∂θα +

1
2(γ

mθ)∂m is the supersymmetric
derivative, and ∂m ≡ ∂

∂xm .
The operator algebra of string theory primary fields can be used to recover all

theory higher mass resonances [5]. Since unintegrated vertex operators of mass
m2 = 2n should be constructed from combinations of [Πm, dα, θα, Nmn, J, λα] with
ghost number 1 and conformal weight n, one can define the unintegrated vertex
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operator corresponding to the first massive state as

V(12)
m2=2 ≡

∮
dz1 U(1)(z1)V(2)(z2), (3.11)

(k1 + k2)
2 = −2, (3.12)

where U(1) and V(2) are integrated and unintegrated massless vertex operators,
respectively. The onshell and descent relations of V(2) and U(1) implies Q · V(12)

m2=2 =

0.
To write 3.11 in terms of super Yang-Mills superfields, first consider the OPE

between the first term of 3.3 with 3.4,

: Πm A1
m(z1) :: λα A2

α(z2) :=+
1

z12
: Πm A1

mλα A2
α(z2) : − 1

z12
: ∂A1

mλα∂m A2
α(z2) : .

(3.13)

Using the equation ∂K = ∂θαDαK + Πm(ikm)K on 3.13, one has∮
z2

dz1 : Πm A1
m(z1) : λα A2

α(z2) = : Πmλα A1
m A2

α :

− : ∂θβλαDβ A1
m∂m A2

α :

− : Πmλα(ik1
m)A1

n∂n A2
α : . (3.14)

Considering the other terms of 3.3, one obtains∮
z2

dz1 : ∂θβ A1
β(z1) : λα A2

α(z2) = : ∂θβλα A1
β A2

α :, (3.15)

∮
z2

dz1 : dβW1β(z1) : λα A2
α(z2) =: dβλαW1β A2

α :

− : ∂θβλαDβW1ξ Dξ A2
α :

− : Πmλα(ik1
m)W

1ξ Dξ A2
α :, (3.16)

∮
z2

dz1 :
1
2

NmnF1
mn(z1) : λα A2

α(z2) =: Nmnλα
(1

2
F1

mn A2
α

)
:

− : ∂θβλαDβ

(1
4

F1
pq(γ

pq) ξ
α

)
A2

ξ

− : Πmλα
(
ik1

m
1
4
(γpq) ξ

α F1
pq A2

ξ

)
: . (3.17)
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The vertex operator can therefore be written as

V(12)
m2=2 =: ∂θβλαB̄αβ :+ : ΠmλαH̄mα : + : dβλαC̄β

α : + :
1
2

Nmnλα F̄mnα :, (3.18)

with

B̄αβ = −(γmW1)β(ik2
m)A2

α − DβW1ξ Dξ A2
α − DβDαW1ξ A2

ξ (3.19)

H̄mα = A1
m A2

α

− (ik1
m)

(
A1

nikn
2 A2

α + W1ξ Dξ A2
α + DαW1ξ A2

ξ

)
, (3.20)

C̄β
α = W1β A2

α, (3.21)

F̄mnα = F1
mn A2

α. (3.22)

It is BRST invariant by construction, as one can see by applying the onshell
condition and the descent relation for U(1) and V(2). But one can check how BRST
charge acts on each term of 3.18,

Q : Πmλα A1
m A2

α : =+ : (γm∂θ)αλαλβ A1
m A2

β : + : Πmλαλβ(Dα A1
m)A2

β : (3.23)

Q : Πn(ik1
n)A1

mλα∂m A2
α :=+ : (γn∂θ)αλαλβ(ik1

n)(ik
2m)A1

m A2
β :

+ : Πnλβλα(ik1
n)(ik

2m)Dα A1
m A2

β : (3.24)

Q : ik1mΠmW1αλβDα A2
β :=+ : λξ(γm∂θ)ξλβ(ik1

m)W
1αDα A2

β :

+ : Πmλβ(ik1
m)λ

ξ DξW1αDα A2
β :

− : Πmλβ(ik1
m)W

1αλξ Dξ Dα A2 : (3.25)

Q : ik1pΠpλαF1
mn(γ

mn)
β
α A2

β :=+ : (γp∂θ)αλαλξ(ik1
p)F1

mn(γ
mn)

β
ξ A2

β :

+ : Πpλξ(ik1
p)λ

αDαF1
mn(γ

mn)
β
ξ A2

β :

+ : Πpλξ(ik1
p)F1

mn(γ
mn)

β
ξλαDα A2

β : (3.26)
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Q : dαλβW1α A2
β :=− : Πmλξλβγm

ξαW1α A2
β :

+ : ∂λξλβγm
ξα(ik

12
m )W1α A2

β :

− : dαλξλβDξW1α A2
β : (3.27)

Q : −∂θξλβDξW1αDα A2
β :=− : ∂λαλβDαW1ξ Dξ A2

β :

+ : ∂θαλβλξ Dξ

(
DαW1γDγ A2

β

)
: (3.28)

Q : −∂θαλβDα A(1)
m ∂m A(2)

β :=− : ∂λαλβ(γmW1)α(ikm
2 )A2

β :

− : ∂λαλβ A1
α A2

β :

+ : ∂θαλξλβγmαγDξW1γ(ikm
2 )A2

β :

+ : ∂θαλξλβDξ A1
α A2

β : (3.29)

Q : ∂θαλβ A1
α A2

β :=+ : ∂λαλβ A1
α A2

β : − : ∂θαλβλξ Dξ A1
α A2

β : (3.30)

Q : ∂θαDαF1
mn(γ

mnλ)β A2
β :=− : ∂λαλξ DαF1

mn(γ
mn)

β
ξ A2

β :

− : ∂θαλδλξ Dξ(DαF1
mn)(γ

mn)
β
δ A2

β :

+ : ∂θαλξλγDαF1
mn(γ

mn)
β
ξ Dγ A2

β : (3.31)

Q :
1
2

NmnλβF1
mn A2

β :=− 1
4

: (γmn)α
ξ∂λξλβDα(F1

mn A2
β) :

− 1
4

: (γmn)α
ξdαλξλβF1

mn A2
β :

+
1
2

: NmnλβλαDαF1
mn A2

β : . (3.32)

Collecting each ghost number 2 component proportional to ∂θξλαλβ, Πmλαλβ,
∂λαλβ, dξλαλβ and Nmnλαλβ, one can see that the BRST variation of V(12)

m2=2 vanishes.
For example, the terms proportional to dξλαλβ in 3.27 and 3.32 cancel each other.
Using the equation of motion ik1

m(γ
mW1)α = 0 and the pure spinor identity
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(λγn)α(λγn)β = 0, one can show that the following constraint [10]

: Nmnλβλα : (γm)αγ =
1
2

: Jλβλα : γn
αγ +

5
2

λβ∂λαγn
αγ +

1
2

λδ∂λα(γsn)
β

δ (γs)αγ,

(3.33)

implies that the last term of 3.32 can be written as

:
1
2

NmnλαλβDαF1
mn A2

β : = :
1
4

∂λαλδ(γns)
β

δ DαF1
ns A2

β :, (3.34)

and therefore cancels all other terms proportional to ∂λαλβ.1

Physical information of 3.18 is obtained through a gauge fixing procedure
wherein the massive vertex operator superfields are related to the spin-2 massive
supermultiplet in 10 dimensions. This multiplet comprises a traceless symmetric
tensor denoted as gmn, a three form bmnp and a spin-3

2 field ψmα, all satisfying

(γm)βαψmα = 0, ∂mgmn = 0, ∂mψmα = 0, ∂mbmnp = 0. (3.35)

3.1 Gauge transformations

In this section, the operator vertex 3.18 will be gauge fixed following the
procedure of [10] to a gauge where

Bαβ = γ
mnp
αβ Bmnp, ∂mBmnp = 0, (3.36)

γmαβHmβ = 0, ∂mHmα = 0, (3.37)

Cβ
α = (γmnpq)

β
αCmnpq, γmαβFαmn = 0. (3.38)

In this gauge, one can check that the θ = 0 components of the superfields Bmnp,
Gmn ≡ Dαγ

αβ

(mHn)β and − 1
72 Hmα are bmnp, gmn, ψmα respectively [10].

The operator vertex 3.18 is gauge invariant by

V(12)
m2=2 −→ V(12)

m2=2 + QΩ, (3.39)

1I would like to thank Carlos Mafra for correcting an error in an earlier version of this
computation.
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where

Ω =+ : ∂θαΩ1α : + : dαΩα
2 : + : ΠmΩ3m : + : JΩ4 : + : NmnΩ5mn : . (3.40)

Using the OPEs 3.10, one finds

QΩ =: ∂λα

(
Ω1α + γm

αξ∂mΩξ
2 − DαΩ4 −

1
2
(γmn)

β
αDβΩ5mn

)
:

+ : ∂θβλα

(
− DαΩ1β + γm

αβΩ3m

)
:

+ : Πmλα

(
− γmαξΩξ

2 + DαΩ3m

)
:

+ : dβλα

(
− DαΩβ

2 − δ
β
α Ω4 −

1
2
(γmn)

β
αΩ5mn

)
:

+ : Nmnλα

(
DαΩ5mn

)
:

+ : Jλα

(
DαΩ4

)
:, (3.41)

so the vertex operator superfields have the following variations

δB̄αβ = −DαΩ1β + γm
αβΩ3m, (3.42)

δH̄mα = −γmαξΩξ
2 + DαΩ3m, (3.43)

δC̄β
α = −DαΩβ

2 − δ
β
α Ω4 −

1
2
(γmn)

β
αΩ5mn, (3.44)

δF̄mnα = DαΩ5mn. (3.45)

There are additional terms proportional to ∂λα and Jλα coming from the gauge
transformation 3.39,

Ḡα ≡ Ω1α + γm
αξ∂mΩξ

2 − DαΩ4 −
1
2
(γmn)

β
αDβΩ5mn, (3.46)

Ēα ≡ DαΩ4, (3.47)

and the following constraint [10]

: Nmnλαγmαβ : −1
2

: Jλαγn
αβ : −2∂λαγn

αβ = 0 (3.48)
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implies that 3.18 is invariant under the field redefinition

δΛḠα = −4γn
αξΛξ

n, (3.49)

δΛFαmn = γmαξΛξ
n − γnαξΛξ

m, (3.50)

δΛĒα = −γn
αξΛξ

n. (3.51)

Finally, after the gauge-fixing procedure 3.36, 3.37, 3.38, all vertex operator
superfields will be expressed in terms of d=10 Yang-Mills superfields and will
satisfy the equations:

Hmα =
3
7
(γst)

β
α DβBmst, (3.52)

Cα
β =

1
4
(γmnpq)α

β∂mBnpq, (3.53)

Fmnα =
1
16

(
6Hmnα − (γp[m)

β
α Hn]pβ

)
, (3.54)

Eα = 0, (3.55)

Gα = 0 (3.56)

where Hmnα ≡ ∂[mHn]α. The above equations and (∂m∂m − 2)V(12)
m2=2 = 0 imply

that 3.18 describes a massive spin-two multiplet with (mass)2 = 2 [10].

3.1.1 Fixing B and H

In this subsection, the 42 degrees of freedom of Ω1β, Ωξ
2, Ω3m will be used to

impose the following constraints on B̄αβ and H̄mβ

Bαβ = γ
mnp
αβ Bmnp, (3.57)

Hmβγmβα = 0. (3.58)

Using Super Yang-Mills equations of motion 3.5, 3.6, 3.7, and Fierz decomposition
A.19 the bi-spinor 3.19 can be written as

B̄αβ ≡ γm1
αβ B̄m1 + γm1m2m3

αβ B̄m1m2m3 + γm1m2m3m4m5
αβ B̄m1m2m3m4m5 , (3.59)
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where

Bm1 = −1
2

W1γm1W2 − F1
m1m A2

m − (ik1
m1
)W1ξ A2

ξ (3.60)

+
γ

αβ
m1

16
Dα

(
(γmW1)β A2

m + DβW1ξ A2
ξ

)
,

Bm1m2m3 =
1

24
W1γm1m2m3W2 (3.61)

+
γ

αβ
m1m2m3

96
Dα

(
(γmW1)β A2

m + DβW1ξ A2
ξ

)
,

Bm1m2m3m4m5 =
γ

αβ
m1m2m3m4m5

3840
Dα

(
(γmW1)β A2

m + DβW1ξ A2
ξ

)
. (3.62)

To obtain the algebraic condition 3.57, one can choose

Ω′
1γ = (γmW1)γ A2

m + DγW1ξ A2
ξ , (3.63)

Ω′
3m =

1
2
(W1γmW2) + F1

mn A2n + (ik1
m)W

1ξ A2
ξ , (3.64)

and 3.58 is therefore implied by,

Ω
′β
2 =

1
10

[
− 7DξW1βW2ξ − 10(ik1

n)W
1β A2n + 3W1ξ DξW2β

]
. (3.65)

In this gauge, B′
mnp = 1

96 γ
αβ
mnp(B̄αβ + δB̄αβ) is

B′
mnp =

1
24

W1γmnpW2, (3.66)

and H′
mα = H̄mα + δH̄mα is

H′
mα =

(
− 8

20
γ

p
αξδ

q
m − 1

20
γ

mpq
αξ

)(
F1

pqW2ξ + F2
pqW1ξ

)
, (3.67)

which is traceless, as one can verify by using γmβα(γpqm)αξ = 8(γpq)
β
ξ .

To understand the relation between 3.66 and 3.67, one can define the tensor

HB′
mα := (γnp)

β
α DβB′

mnp. (3.68)
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It can be expressed from 3.66 as

HB′
mα =

(
− 10

12
γ

p
αξδ

q
m − 2

12
γ

mpq
αξ

)(
F1

pqW2ξ + F2
pqW1ξ

)
, (3.69)

and has a non-vanishing trace

Fβ ≡ γmβαHB′
mα = 2Dξ

(
W1[βW2ξ]

)
. (3.70)

It will be useful to note that the traceless part (HB′
)
(0)
mα ≡ HB′

mα − (γm)αξ

(
1

10 Fξ

)
of 3.68 satisfies the relation

H′
sα =

3
7
(HB′

)
(0)
sα . (3.71)

Nevertheless, the expression 3.66 for B′
mnp does not satisfy the transversality

condition. This is a necessary condition to remove the extra degrees of freedom at
the zeroth order in θ expansion of B′

mnp and H′
mα [32].

3.1.2 Additional gauge-fixing

In this subsection, it will be shown that ∂mBmnp = 0, when Ω1β is written as

Ω1β = Ω′
1β + DβΛ. (3.72)

In this gauge, Bαβ and Hmα are related as 3.52.

The additional contribution Ω(1)
1β = DβΛ does not change the five-form part

of Bαβ because of the identity γ
αβ
mnpqrDαDβ = 0. So the previous subsection gauge

fixing leaves gauge invariances parameterized by Ω(1)
1β . After this additional

gauge-fixing, the resulting Bmnp is

Bmnp =
1

24
W1γmnpW2 − 1

96
γ

αβ
mnpDαΩ(1)

1β . (3.73)

To obtain Λ in terms of SYM superfields, HB
mα := (γnp)

β
α DβBmnp will be

required to satisfy γmαβHB
mα = 0. Indeed, if HB

mα is assumed to be traceless,
3.70 implies that

(γmst)βξ Dξ

(
− 1

96
γδα

mstDδΩ(1)
1α

)
= −2Dξ

(
W1[βW2ξ]

)
. (3.74)



Chapter 3. Massive vertex in Pure Spinor formalism 40

Hitting both sides of 3.74 with Dβ, one finds that

1
96

(DγmnpD)(DγmnpD)Λ = 2DβDξ

(
W1[βW2ξ]

)
. (3.75)

But (DγmnpD)(DγmnpD) = 96 · 48 at the first massive level, then Λ is given by

Λ = −1
6

F1
mnF2

mn, (3.76)

and the additional gauge fixing Ω(1)
1β is

Ω(1)
1β = −1

3

[
ik1

m(γnW1)βF2
mn + (1 ↔ 2)

]
. (3.77)

In the gauge γ
αβ
m Bαβ = 0, γmαβHmα = 0, one has

Ω3m ≡ Ω′
3m + Ω(1)

3m =
1
2
(W1γmW2) + F1

mn A2n + (ik1
m)W

1ξ A2
ξ +

1
2

∂mΛ, (3.78)

and

Ωβ
2 ≡ Ω

′β
2 + Ω(1)β

2 = −∂m(W1β A2
m
)
− 2

3
DαW1βW2α +

1
3

W1αDαW2β, (3.79)

and Bmnp is transverse to k1 + k2 because of

∂m
(
− 1

96
γ

αβ
mnpDαDβΛ

)
= −∂m( 1

24
W1γmnpW2). (3.80)

To demonstrate 3.52, one can write

Hmα ≡ H′
mα + δHmα (3.81)

HB
mα ≡ HB′

mα + δHB′
mα, (3.82)

where δHmα = −(γm)αξΩ(1)ξ
2 + DαΩ(1)

3m is the variation of 3.67,

δHmα = − 1
3 · 10

(γm)αξ

(
DβW1ξW2β + W1βDβW2ξ

)
+ Dα

(1
2

∂mΛ
)
, (3.83)
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and δHB′
mα is the variation of 3.68

δHB′
mα = (γst)

β
α Dβ

(
− 1

96
γ

γδ
mstDγDδΛ

)
, (3.84)

which is implied by 3.68, 3.73 and 3.82. Using 3.71, one can write a statement
equivalent to 3.52,

δHmα =
3
7
(
δHB′

mα +
1

10
(γm)αβFβ

)
, (3.85)

with Fβ defined in 3.70. One finds from the identity

(γst)
β

α (γmst)
γδDβDγDδ = −72∂mDα + 40(γmt)

β
α ∂t, (3.86)

that the variation 3.84 is

δHB′
mα =

7
6

∂mDαΛ − 5
36

(γm)αβFβ, (3.87)

and 3.85 is therefore satisfied,

δHB′
mα +

1
10

(γm)αβFβ =
7
3

[
1
2

∂mDαΛ − 1
60

(γm)αβFβ

]
. (3.88)

So it has been proven that in the gauge 3.57, 3.58 and ∂mBmnp = 0, the equation
3.52 is satisfied.

In this gauge, the superfield Hmα is

Hmα =

[
∂m∂n 1

6
γ

p
αβδ

q
n −

10
24

γ
p
αβδ

q
m − 1

24
(γmpq)αβ

](
F1pqW2β + F2pqW1β

)
, (3.89)

3.1.3 Fixing C

In this subsection, the 46 degrees of freedom of Ω4 and Ω5mn will be used to
impose the algebraic constraint

Cβ
α = (γmnpq)

β
αCmnpq. (3.90)



Chapter 3. Massive vertex in Pure Spinor formalism 42

From the Fierz decomposition A.20, one finds

Ω4 = − 1
24

F1
mnF2mn, (3.91)

Ω5pq =
1

16
(γpq)

α
β

[
W1β A2

α − DαΩβ
2
]
. (3.92)

Using 3.79, Ω5mn is

Ω5mn =
1
2

F1
mn(ik

1 · A2) +
1
4

∂[mW1γn]W
2 − 1

8
∂rW1γmnrW2 +

1
4

F1
p[mF2

n]p. (3.93)

The γ(4) component of Cβ
α is

Cmnpq =
(γmnpq) α

β

384

(
C̄β

α − DαΩβ
2 − δ

β
αΩ4 −

(γpq)
β
α

2
Ω5pq

)
, (3.94)

one therefore obtains from 3.79, 3.91, 3.93 that

Cmnpq =
1

96 · 12
F1
[mnF2

pq] +
1

96 · 36
∂[mW1γnpq]W

2. (3.95)

Finally, the equation

− 1
96

∂[mγ
αβ

npq]DαDβΛ =
1

12
F1
[mnF2

pq] −
1

72
∂[mW1γnpq]W

2 (3.96)

implies that 3.73 and 3.95 are related as

Cmnpq =
1
96

∂[mBnpq]. (3.97)

3.1.4 Fixing F

In this subsection, the gauge invariance 3.50 with

Λβ
n = (γn)

βα
( 1

10
(γn)αξΛξ

n
)
+ Λ(0)β

n (3.98)

will be used to impose the following algebraic constraint

γmβα
[1

2
F̄mnα + δF̄mnα + δΛ F̄mnα

]
= 0, (3.99)

Ēα + δΛEα = 0. (3.100)
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To obtain 3.100, the trace part of 3.98 should be

γn
αβΛβ

n = DαΩ4, (3.101)

so the constraints 3.99, 3.100 imply

Λβ
n = −1

8
γmβα

[1
2

F1
mn A2

α + DαΩ5mn
]
− 1

8
γ

βα
n DαΩ4. (3.102)

In this gauge, 1
2 Fmnα can be written as

1
2

Fmnα =
6
8

(
1
2

F1
mn A2

α + DαΩ5mn

)
− 1

16
(γmn)

β
α DβΛ − 1

8
(γp[m)

β
α

(1
2

F1
n]p A2

β + DβΩ5n]p
)
.

(3.103)

Using the equation γp[mγn]p = 16γmn, one obtains

Fmnα =
1
8
(
6Fmnα − (γp[mFn]p)α

)
, (3.104)

where
Fmnα = F1

mn A2
α + 2DαΩ5mn +

1
10

(γmn)
β

α DβΛ. (3.105)

To show the relation 3.54, one can add F (0)
mnα to Fmnα, such that

6F (0)
mnα = γp[mF

(0)
n]pα

. (3.106)

So one can define the following tensors

AW1

mnα = ∂p(γmnpW1)αF2
pq, AW2

mnα = ∂p(γmnpW2)αF1
pq,

BW1

mnα = ∂r(γ[mW1)αF2
n]r, BW2

mnα = ∂r(γ[mW2)αF1
n]r

M(kiW1)
mnα = iki

[m(γn]pqW1)αF2
pq, M(kiW2)

mnα = iki
[m(γn]pqW2)αF1

pq,

N (kiW1)
mnα = iki

[mF2
n]r(γ

rW1)α, N (kiW2)
mnα = iki

[mF1
n]r(γ

rW2)α, (3.107)
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whose combinations

RWi

mnα = AWi

mnα + 4BWi

mnα, (3.108)

SWi

mnα = 2N (kiWi)
mnα +M(kiWi)

mnα − 4BWi

mnα, (3.109)

T W1

mnα = 2N (k2W1)
mnα +M(k2W1)

mnα , (3.110)

T W2

mnα = 2N (k1W2)
mnα +M(k1W2)

mnα , (3.111)

satisfy the relation 3.106. Expanding 3.105, it is straightforward to check that

1
2
Hmnα = Fmnα +F (0)

mnα, (3.112)

where

F (0)
mnα =

1
30

RW1

mnα +
1

30
RW2

mnα +
1
6
SW1

mnα −
1

12
SW2

mnα +
1

24
T W1

mnα −
5

24
T W2

mnα,

thus 3.54 holds.
The gauge parameter Λβ

n degrees of freedom are sufficient to enforce both
conditions 3.99 and 3.100. Indeed, the following spinor

Λ̃(0)β
n = −1

8
γ

βα
m
(1

2
F1

mn A2
α + DαΩ5mn

)
− γ

βα
n
( 9

160
DαΛ

)
, (3.113)

should be exactly the traceless part of 3.98, as one can see by subtracting (γn)βξ

(
1

10 γm
ξαΛα

m

)
from 3.102. The gamma matrix expression A.9 and super Yang-Mills equations of
motion implies that

γn
ξβΛ̃(0)β

n = −3
8

DξΛ − 3
16

γn
ξβ

(
W1β A2

n + ∂nΩβ
2
)
. (3.114)

After expressing 3.114 in terms of SYM superfields, one obtains

γn
ξβΛ̃(0)β

n =
∂m

32

(
2(γnW2)ξ F1

mn − (γnW1)ξ F2
mn

)
− ∂n

2 · 32

(
2(γpqnW2)ξ F1

pq − (γpqnW1)ξ F2
pq

)
,

(3.115)
which vanishes by expanding the second term of the right-hand side with equation
A.10.
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Finally, it will be shown that Ḡα + δΛGα = 0. Using 3.49, Gα can be written as

Ḡα + δΛGα = Ω′
1α + γm

αβ∂mΩβ
2 − DαΩ4 −

1
2
(γmn)

β
αDβΩ5mn, (3.116)

and performing a computation similar to 3.114, one has

Ḡα + δΛGα =
1
2

DαΛ +
1
4

γm
ξα

(
W1ξ A2

m + ∂mΩξ
2
)
= 0. (3.117)

This is the equation 3.56. So the vertex operator 3.18 has been fixed to the gauge
3.36,3.37,3.37, where it can be written as

V(12)
m2=2 =: ∂θβλα

(
γ

mnp
αβ Bmnp

)
:+ : ΠmλαHmα : + : dβλαCβ

α : + :
1
2

NmnλαFmnα :,

(3.118)

with

Bmnp =
1
36

W1γmnpW2 − 1
36

ik1
[mik2

nW1γp]W
2 +

1
72

∂r(F1
r[mF2

np] + F2
r[mF1

np]
)

(3.119)

Hmα =
3
7
(γst)

β
α DβBmst, (3.120)

Cα
β =

1
4
(γmnpq)α

β∂mBnpq, (3.121)

Fmnα =
1
16

(
6Hmnα − (γp[m)

β
α Hn]pβ

)
, Hmnα ≡ ∂[mHn]α (3.122)

and therefore gives a SYM realization of the massive spin-two multiplet of mass
(mass)2 = 2.
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Conclusions

In this dissertation, we reviewed the construction of vertex operators in the
bosonic open string and in the RNS formalism for the open superstring, and
then show how to compute massive vertex operators using the operator product
expansions of massless vertices in the pure spinor formalism. These operators
correspond to physical states in the cohomology of a BRST operator. The method
for obtaining massive vertex as resonances of massless ones was first presented
in section 2.1. The RNS superstring was presented in section 2.2, and it has a
supersymmetric spectrum free of tachyonic modes after the GSO projection. The
vertex operators up to the first excited state were constructed, and the conditions
for BRST invariance of each vertex were described in both NS and R sectors, as
well as its polarizations after fixing the exact BRST states.

In chapter 3, the unintegrated vertex operator of the open superstring at the
first massive level was computed by expanding the operator product between a
massless integrated vertex operator and a massless unintegrated vertex operator,
using the pure spinor formalism. In principle, the method for deriving massive
vertex operators as resonances of massless operators allows for the description
of all spectrum states accessible through the collision between the lowest-level
particles.

This procedure yields expressions that are automatically BRST invariant for
unintegrated vertex operators and, therefore, differs from the construction in
[10], where the starting point involves arbitrary superfields and thus requires the
imposition of Q · V = 0. This advantage is also emphasized in [16], where the
massive vertex operators are extracted from the scattering amplitudes of massless
particles via factorization, using the RNS formalism, and the conformal invariance
condition of the massive operators is guaranteed by the fact that the residual
amplitudes contain only physical singularities.

In contrast to the RNS formalism presented in Chapter 2, where the manifest
Lorentz invariance must be broken to perform calculations with the spin field
for Ramond states, the vertex constructed in Chapter 3 allows for manifestly

46
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super-Poincaré invariant computations of superstring scattering amplitudes.
As an application of the method, one can compute amplitudes with massive

states in terms of amplitudes of massless states. In particular, a map can be defined
from a massive state with momentum k̄2 = − 1

α′ to two asymptotic massless
states, subject to the constraint k1 · k2 = − 1

2α′ . As the massive polarizations can be
extracted from the θ = 0 components of the superfields [10],

bmnp ≡ Bmnp

∣∣∣∣
θ=0

,

gmn ≡ Dαγ
αβ

(mHn)β

∣∣∣∣
θ=0

,

ψmα ≡ − 1
72

Hmα

∣∣∣∣
θ=0

,

then 3.118 provides the mapping between the massive polarizations and the
product of the massless polarizations. For example, expanding Bmnp using the
main result 3.119 and 3.8, one has the following map

bmnp =
α′

18
(
ik1

[mξ1
nξ2

p] + ik2
[mξ2

nξ1
p] − 2α′(ik1 · ξ2)ik1

[mξ1
nik2

p] − 2α′(ik2 · ξ1)ik2
[mξ2

nik1
p]
)
,

considering only the bosonic sector. Using this map, one can compute the expansion
in components of amplitudes with massive states by writing (Bαβ, Hmα, Cα

β, Fmnα)

as a function of the massless super-Yang-Mills superfields, and in [19] the three-
point amplitude with one massive and two massless bosonic external states is
mapped to the α′2 correction to the massless four-point amplitude [33].

To calculate amplitudes with more than three asymptotic states, integrated
vertex operators whose conformal weight is h = 1 and whose ghost number is
0 must be introduced. The superspace representation of the integrated operator
for the first massive state was obtained in [14] through the descent relation. The
method outlined in Chapter 3 can similarly be employed to derive the integrated
vertex and express it with massless super-Yang-Mills superfields. For integrated
massless vertex operators U(1) and U(2), the contour

U(12)(w) ≡
∮

Cw
dzU(1)(z)U(2)(w)

has conformal weight 1, ghost number 0, and satisfies the condition Q · U(12) =

∂V(12), where V(12) is defined in 3.11. Consequently, it can be identified as the
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integrated vertex operator at the first massive level of the open superstring. Finally,
one can consider the vertex operators for the closed string as the holomorphic
square of the open string vertex, and then massive amplitudes with closed strings
can also be computed [34].



Appendix A

Conventions and Gamma Matrix formulas

The gamma matrices satisfy

(γm)ασ γn
σβ + (γn)ασ γm

σβ = 2δmnδα
β, (A.1)

and the antisymmetrization is represented by square brackets, for instance:

γm1...mk ≡ 1
k!

γ[m1 ...γmk] ≡ 1
k!
(
γm1 ...γmk + all antisymmetric permutations

)
. (A.2)

There are the following important identities,

γm
α(βγm

γδ) = 0 (A.3)

γ
mnp
α[β

γ
mnp
γδ]

= 0 (A.4)

γ
αβ
mnpγ

mnp
γδ = 48

(
δα

γδ
β
δ − δ

β
γδα

δ

)
(A.5)

γ
mnp
αβ γ

mnp
γδ = 12

(
γm

αδγm
βγ − γm

αγγm
βδ

)
(A.6)

γm
αβγm

δσ = −1
2

γm
αδγm

βσ −
1
24

γ
mnp
αδ γ

mnp
βσ , (A.7)

γ
mnp
αβ γ

mnp
δσ = −12γm

αβγm
δσ − 24γm

αδγm
βσ, (A.8)

(γmn)α
δ (γmn)β

σ = −8δσ
α δδ

β − 2δδ
αδσ

β + 4γm
αβγδσ

m , (A.9)

γm1...mk = γm1γm2...mk − 1
(k − 2)!

δm1[m2γm3...mk], k = 2, ..., 5; (A.10)

γmγn1...nk γm = (−1)k(10 − 2k)γn1...nk , k = 2, ..., 5; (A.11)
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γstγmnpqrγst = 10γmnpqr, (A.12)

γstuγmnpqrγstu = 0, (A.13)

γstuvγmnpqrγstuv = 240γmnpqr, (A.14)

γstγmnpqγst = 6γmnpq, (A.15)

γstuγmnpqγstu = 48γmnpq, (A.16)

γstuvγmnpqγstuv = 48γmnpq, (A.17)

γstγmnpγst = −6γmnp. (A.18)

The bispinors Fierz decompositions are

χαψβ =
1

16
γ

αβ
m (χγmψ) +

1
3!16

γ
αβ
mnp (χγmnpψ) +

1
5!16

(
1
2

)
γ

αβ
mnpqr (χγmnpqrψ) .

(A.19)

χαψβ =
1

16
δ

β
α (χψ)− 1

2!16
(γmn)

β
α (χγmnψ) +

1
4!16

(
γmnpq

)β

α
(χγmnpqψ) . (A.20)

And trace relations are given by

Tr (γm1...mk γn1...nk) = +16 · k!δm1...mk
n1...nk , k = 1, 4; (A.21)

Tr (γm1...mk γn1...nk) = −16 · k!δm1...mk
n1...nk , k = 2, 3; (A.22)

Tr (γm1...m5γn1...n5) = 16 · 5!δm1...m5
n1...n5 + 16ϵm1...m5

n1...n5 . (A.23)
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