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Abstract

Interferometers are extremely sensitive measurerdemices, which use the principle of
interference between two or more sources of lighgjgnerate a pattern of constructive and
destructive interference. This pattern containgrim@tion about the physical phenomenon
under study, and their light intensity can be usmdalculate the optical path difference
traveled by the two beams. The optical path diffeesand light intensity relationship is given
by a cosine type function. Large disturbances d@nge the interferometer operation point,
reaching nonlinear regions of the interferomettcve and even inducing ambiguities due to
the periodicity of the input/output relationshighelpresent work concerns with the modeling,
development and application of a control strateggel on sliding mode control, in a two-
beam quadrature interferometer. It was used the drggn approach, which consists in to fully
compensate the phase shifts induced on the semsawrith the control system, in such a way
that the voltage control signal becomes proportitméhe phase disturbances. Therefore, the
demodulation process does not require phase unmgpdgorithms. This implemented
system showed capability to improve dynamic rangé bandwidth when compared with
other control systems in literature that were basedifferent high gain approach topologies.
Also a new method of interferometric phase demdahrais proposed allying this control
strategy to a virtual emulated interferometer. Tddlsws keeping the real interferometer in
open-loop and retrieving the phase shift infornratioom the control signal of the virtual
closed-loop interferometer, thus leading to considie simplification of the required
instrumentation. An ellipse fitting algorithm wagpdied to the system, allowing the
correction of the Lissajous figure formed by bothtput interferometric signals from an
ellipse to a unitary circle. Therefore, the syststimates the phase shift even with quadrature
mismatches. Inertial sensors such as acceleromatersyyroscopes can benefit from this
system in two major points: first, the sensitivtign be increased without limiting the end of
scale of the sensor due to the proportional relatb the voltage control signal and the
measured phase shift; and second, the system cempbEmented without the need of PZT
feedback actuators or modulators and PZT drivesuitiy, reducing cost, volume and weight

of the sensors.

Key-words: Optical interferometry. Quadrature interferomegiding mode control.



Resumo

Interferdmetros séo dispositivos de medicdo extreemie sensiveis, 0s quais utilizam o
principio de interferéncia entre duas ou mais fnde luz para gerar um padrdo de
interferéncia construtiva e destrutiva. Este padréatém informacdo sobre os fenbmenos
fisicos sob estudo, e sua intensidade luminosa pedeisada para calcular a diferenca de
caminho Optico acumulada pelos dois feixes de Aidiferenca de caminho Optico e a
intensidade de luz sdo relacionadas por uma fungésenoidal. Grandes disturbios podem
alterar o ponto de operacdo do interferometro,nglmado regibes néo lineares da curva
caracteristica do interferémetro e até mesmo imdiezambiguidades, devido a periodicidade
da relacdo entrada/saida. Este trabalho preocugoars 0 modelamento, desenvolvimento e
aplicacdo de uma estratégia de controle basead=eimle com modos deslizantes, em um
interferdmetro de dois feixes em quadratura. Htizatla a abordagem de alto ganho, a qual
consiste em utilizar o sistema de controle parapemsar completamente os deslocamentos
de fase induzidos no braco sensor, de tal formaogsieal de controle se relaciona com 0s
deslocamentos de fase por uma equacdo de retant®od processo de demodulacdo néo
necessita de algoritmos de desdobramento de fassist®ma implementado mostrou
capacidade de melhorar a faixa dinamica e largarbashda quando comparado com outros
sistemas de controle na literatura, também base@mlabordagem de alto ganho. Destaca-se
gue um algoritmo de identificacao de elipse foiagulo no sistema, permitindo a correcéo da
figura de Lissajous formada pelos sinais de satdatrferometro, de uma elipse para um
circulo. Portanto, o sistema estima o deslocamaatiase mesmo com erros na condi¢ao de
quadratura. Um novo método de demodulacdo de fptieadé proposto, aliando esta
estratégia de controle com um interferometro enwbladualmente. Isto permite manter o
interferémetro fisico em malha aberta e recuperaf@amacdo de deslocamento de fase a
partir do sinal de controle do interferdmetro \atfutrazendo consideravel simplificacdo da
instrumentacao requerida. Sensores inerciais ¢tam @celerdbmetros e giroscopios podem se
beneficiar deste sistema em dois pontos princigasensitividade pode ser aumentada sem
limitar o fim de escala do sensor devido a relgm@porcional entre o sinal de controle e o
deslocamento de fase medido; o sistema pode sdenmptado sem a necessidade de
moduladores e circuitos de acionamento de PZT zreda o custo, volume e peso.

Palavras-chave Interferometria 6ptica. Interferémetro de quagdirat Controle com modos

deslizantes.
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1 Introduction

The literature about interferometry is a wide aadt\subject, since it has been used as
a laboratory technique for almost a hundred yeaeseral developments have increased the
accuracy and extended the range of applicationsopiical interferometry. The most
significant of these developments was the advettiefaser in 1960, when, for the first time,
an intense source of light, with a remarkably hilgigree of spatial and temporal coherence
became available (HARIHARAN, 2003).

Optical interferometry can be described as a measemt technique, which is based
on a phase shift on the electromagnetic field & beam of light, produced by a physical
guantity to be measured. In general, the deteafoalectromagnetic field phase in optical
frequencies (Terahertz) is a nontrivial and prdhibitask, due to the lack of instrumentation
capable to operate in such high frequencies. Camithis phase shifted beam with another
beam of light (used as a reference of phase), dladive phase can be estimated from the
optical intensity, measured with conventional iastentation, such as quadratic law

photodetectors allied to a transimpedance circuit.

The interference phenomenon that occurs with thexlapping of two or more light
beams can cause maximum and minimum points ofaptitensity as a result of constructive
and destructive interference between the diffelight beams. These intensity distributions
are called interference fringes (UDD; SPILLMAN, 401

When both light beams of the interferometer have gsame wavelength, it is called
homodyne interferometer, and when the phase shafteldthe reference beams have different

wavelengths, it is called heterodyne interferometer

The main advantage of interferometric sensors cofr@s their extremely high
sensitivity, when compared to other matured setstnologies. Adversely, this quality is
also their main drawback, since they are more gide to spurious disturbances which,
allied with the nonlinear nature of the interferdarecharacteristic curve, can cause signal
fading (UDD; SPILLMAN, 2011; SHEEMt al., 1982), as well as ambiguity of results and
direction (CHENEet al., 2014). This behavior usually leads to nontriiedbcedures to extract
the signal of interest, due to the complexity of #ignal demodulation process, since it is

phase-modulated with a superimposed fading signal.
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It will be presented in Chapter 2 that the two-behomodyne interferometric

characteristic curve can be expressed as:

I(t) = %"{1 + Veos[Ag(t) + dol}, (1)
wherel(t) is the optical intensity outpuly is the optical intensity of the laser beam in the
input of the interferometric system add(t) is the phase shift related with the physical
quantity to be measured. Facioiis the fringe visibility, a parameter that varieghe range
of 0 up to 1 and takes in account the paralleligtwben the electrical field and polarization
of the two combining beams and their optical inties The parametep, ideally is a static

phase shift related to the difference betweendhgths of the interferometer arms.

When the static phase shif, is equal to (ig +2k7r) rad, for k € Z, the

interferometer operates at its maximum sensitipigynts. As it can be seem in Figure 1,
where ¥ = A¢ + ¢, these operation points are located at the cesftehe quasi-linear

regions of the cosine characteristic curve andsequently, for interest signalsp with
amplitudes much smaller thai’zﬁrad, the output optical intensity can be considered

proportional tAA¢.

Figure 1 - Interferometric characteristic curve.

[1+ V cos(¥)]

Ig
2

Source: (Modified from MARTIN, 2018)

In an ideal caseg, should be constant. However, due to the real-wegddrious
disturbances over the interferometer, caused by@mental changes, such as, temperature

variation (even on the scale of micro kelvin), weadchanical vibration and air turbulence, it
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is actually a quasi-static quantity (whose varmtiosually occurs bellow 20 Hz
approximately). Because of this, in practice, bliserved that in a few seconds the amplitude
of this drift can easily reach the order2f rad or greater (SHEEM al., 1982). Eventually
the drift of ¢, may lead the operation point of the interferometekr rad, fork € Z,
therefore the operation point may lie in the mamtlimear regions of the characteristic curve.
The interferometer input/output relationship in arfiyhese regions distorts and attenuates the

output signal, which may vanish (see Figure 1} ghienomenon is known as signal fading.

Another drawback that the nonlinear nature of titerferometric characteristic curve
brings is the ambiguity of phase shift8(¢)) direction. As it can be seen in Figure 2, the

optical intensityl (t) would be the same, regardless if the phase dhifieanput was¥(t) or

—Y(t).

Figure 2 - Interferometric characteristic curve with high modulation depth input signal.
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Source: (Modified from MARCAL, 2008)

Different techniques to overcome the signal fadiage been published in literature
such as homodyne and heterodyne techniques, watitrapor temporal approaches as well as
open-loop or closed-loop methods (UDD; SPILLMAN 12).

When using the closed-loop methods, a common amidspread methodology to
control nonlinear interferometric systems and avthid signal fading is to perform the
linearization around an operation point by using/l®a series. This approach allows the

designer to use the well-developed theory of lireeentrol and, for example, techniques based
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on root locus, Bode and Nyquist diagrams, and modentrol with the description of the
system using state space modelling (MELCHION&Ial., 2015; KARHADEE€t al., 2010;
PARK et al.,, 2005). Another interesting approach, sometimesdled “feedback
interferometry” (SHIRAI et. al, 1999; CHEUNG et, &003), utilizes closed-loop to convert
the well-known cosinusoidal input/output curve giviey (1) into a saw-tooth profile, where
output intensity varies almost linearly within aven interferometer phase range. Works
previously reported by some authors (FRITSCH ; ADBWSKY, 1981; BASILEet al.,
1991) presented as main drawbacks of this apprtaehneed for reset circuits and the
limitation of operating only in small deviationsoand the operating point (FLEMMING;
ROUTLEY, 2015; CHAO; FA-JIE, 2011), once the cohttesigned for the linearized system
can only guarantee local stability.

In the particular case of reset circuits, the resdtage action will interrupt the
measurement function, and this reset glitch careredy compromise the phase detection
capability of the sensor temporarily. In many padtions, it has been described how to solve
this problem by using an optical fiber Michelsotenfierometer and employing fiber Bragg
gratings (FBGs) (XIEet al., 2009a; XIEet al., 2009b; XIEet al., 2009c). However, the reset
system is adequate for laboratory conditions hificdit to be used in real-world applications.
Moreover, even such an approach still follows thassical concept of a closed-loop
interferometer established in the 1980s, by usingpgrtional-integral-derivative (PID)

controllers.

In this scenario, one can observe that only fevhaut exploit the full potential of
advanced control theory to solve the interferomptoblem, which makes clear that this issue
is a very promising field of investigation. Examplef works that use such modern theories
include some versions of closed-loop optical vadtagnsors (OVS) based on Pockels effect, a
kind of polarimetric interferometer whose inputqowtt characteristic curve follows equation
(1). Based on the Lyapunov or Lyapunov—Krasovikictions, control schemes have been
designed as robust as possible to solve this problelLl et al. (2015) and LEt al. (2014). A
control algorithm was developed to guarantee cldsepd OVS mean-square exponential
stability with a prescribed H performance level. Robust control law and Lineaati%
Inequalities (LMIs) were also applied in (Hetlal., 2013) to implement a tracking system for
the gain drift of the phase modulator based on-fbaie modulation, which provides a
significant improvement in the performance of aniagh voltage sensor, and in (DENgb
al., 2017) for analysing the influence of opticalgraeters on the performance of closed-loop
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OVSs based on Pockels effect, aiming the propdsaloontrol algorithm that suppresses the
nonlinearity caused by the non-ideal parametersomtical devices for optimizing the

detection precision of sensor. However, in the exinof LMI applied to these systems, the
projects still take into account the linearizedtegs Since the interferometer is a nonlinear
system, the linearization can limit the operatimgge around small deviations from the
operation point, and in cases of large disturbartbes closed-loop system may reach
instability, not ensuring the necessary robustnassyracy and inserting the need for reset

circuits.

The control strategies generally used in closeg-lbomodyne interferometers are
concerned with the compensation of the spurious fleguency disturbancesgp{). Some
authors, however, have used control systems to ensgpe both the spurious signals and also
the signal of interesA¢, by the so called “feedback interferometry”, asntrened before
(EOM et al., 2001; FRITSCH; ADAMOWSKY, 1981; FISHER; WARDEZ919). This
approach allows obtaining a proportional relatiopdbetween the signal of interest and the
control signal used to drive the actuator of thetaw. In this way, the accuracy of the
interferometric systems can be combined with araegn of the measuring range and real-

time operation of the system.

The work described by (FISHER; WARDE, 1979) useaihgle-pole low pass-filter to
control a bulk homodyne Mach-Zehnder interferometenere, by the adjustment of the

cutoff frequency and the gain of the filter, theéhaw was capable to compensaig within
the limits of3.5m rad of phase amplitude for low frequencies and|dnges up to;E rad for

150 Hz of bandwidth. In 1981, Klaus Fritsch and gany Adamowsky (FRITSCH;
ADAMOWSKY, 1981) proposed an electronic controlcaiit for a single mode optical fiber
Mach-Zehnder interferometer. The control system migsed two cascaded integrators and
allowed the detection of phase shifts of the oafes00 urad rms for frequencies above 500

hertz. After its warmup, the system usually resetece a minute.

In 2001, (EOMet al., 2001) proposed a dynamic compensation of nceityein a
homodyne laser interferometer, where a computéeateld two phase-quadrature signals, and
calculated the DC offsets, the AC amplitudes amddifference from the phase-quadrature by
the elliptical fitting with a least-squares methdtie authors, however, reached 0.2 Hz for the
update rate of the control voltages and conclutiatithe system cannot be used in real-time

applications.



19

More recently, in the work (XIEt al., 2017), the quadrature technique together with a
novel iterative algorithm with a digital lock-in pee demodulator was proposed in order to
compensate the nonlinear error of a heterodyneféntemeter caused by phase demodulating
electronics. The algorithm used the quadrature assgniterative translating and scaling
transforms, to correct the phase diagram of thedutput signals of the phase demodulator
from an ellipse to a circle at the origin. The expental setup used polarized light in order to

obtain the quadrature signals.

Up to the moment, the group at LOE (Laboratory gtd@lectronic - UNESP - Ilha
Solteira) has achieved good results in implementimegnonlinear control system based on
variable structure in bulk Michelson interferomsteand in all-fiber Mach-Zehnder
interferometers. This control technique showed stiress, low cost and easy implementation
(MARTIN etal., 2017a; MARTINet al., 2017b; LYRAet al., 2019).

Within this scope, the present work concerns wlid application of a novel sliding
mode control using the high-gain approach (as dessgl by Udd and Spillman, 2011) to
fully compensate the phase shift ¢f and A¢ in a Michelson bulk interferometer. The
interferometer was modified, as proposed by (LEME&]4), in order to generate phase
guadrature signals, exploring the spatial phadt Iséiween consecutive interference fringes,
therefore without the need of complex polarizingicg As it will be further discussed in this
text, the proposed technique has potential to asgethe frequency bandwidth and phase
dynamic range of operation when compared to sins§y@tems based on high gain approach

described in literature.

Also an innovative concept of demodulation methadduadrature interferometers is
presented, having the main advantages of estim#éitiegpohase shifts in real-time, without
applying phase unwrapping algorithms and withouting a feedback PZT in the reference
arm of the interferometer. This proposed methods uke output signals of the open-loop
guadrature interferometer and performs a calculatith a dynamic system digitally
implemented, in such a way that the overall sysib&romes equivalent to the closed-loop
guadrature interferometer using the high gain aggroIn other words, it is an equivalent

system, but virtually controlled.

In Chapter 2, a brief theoretical background of tveam interferometers is presented,
covering the experiment of Young, which serves asisfor the subsequent deductions of
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Michelson bulk interferometer and the modified Midon interferometer, in order to

generate the output signals in quadrature.

The sliding mode control theory is briefly explainen Chapter 3, as well as the
modeling of the interferometric system in statecgpaariables and the choice of the sliding
surface. Yet in this chapter, the stability anaysilosed-loop simulations and theoretical
phase plan are presented. At the end of the chameslso explained the new concept of
demodulation method for quadrature interferometesing the equivalent system virtually

controlled.

In Chapter 4, it is described the implementatiothefcontrol and logging data system
in the chosen embedded plataform, the main ditiiesiland associated practical issues. The
description of the experimental setup and procedad®pted to evaluate the control system
are presented. And also, the implemented equivagstem virtually controlled with the
ellipse fitting algorithm, in order to guaranteeetlphase shift estimation, even with

mismatches in the quadrature condition betweetvibenterferometers outputs, is discussed.

Finally, in Chapter 5 the main conclusions and psas for future works are
presented.



21

2 Two-beam optical interferometry

Light can be though as an electromagnetic tranavevave propagating in space
(HARIHARAN, 2007), and therefore, it is subjecteml the wave interference phenomenon
when two or more light beams are superimposed,ltie@gun constructive or destructive
interference. Interferometers are devices basesliam phenomenon, generally having two
different optical paths, one isolated and anotimeien the influence of the physical quantity to
be measured, called respectively reference armsandor arm. Both light beams are them
combined at a determined spot, where the opti¢ahsity or irradiance is a function of the

relative phase between the two beams.

Extremely small deviations in the optical path proel significant changes in the
optical intensity due to the order of magnitudethad light wavelength. In this work it was

used a HeNe laser (Helium Neon), which operaté82i8 nm wavelength.

In order to explain the deductions of the opticatensity for the different
interferometers, some theory background mainly dase (HECHT, 2002) and
(HARIHARAN, 2007) is presented in this section.

The propagation of the light can be studied throitghelectrical field component
(HECHT, 2002). The vector representing the eleatriield of a monochromatic light beam

propagating in free space can be described as:

e = Eocos(wt — k.74 £), (2)

where EO express the amplitude and direction of the elealtrfield oscillation,w is the

frequency in radians per second of the sourceghtt,I¥ is the actual position of the wave

front being analyzedfc is the wave vector, which express the directiontled wave

propagation and is related with the wavelengjtind the refractive index of the propagation

mediumn (|E| = 2%”) and¢ is the initial phase.

One can see that the electrical field also carnxpeessed by (3):

éwe) = Re {E')Oej(“’t_ﬁﬁg)} = Re{EeJ®t}. 3
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A common practice that leads to simplification oathematical operations and manipulations

is to use the complex vectE(;,t) associated with the electrical field, describein

E(ppy = Egel(TF7+9), (4)
The energy that crosses an unit area, normal tprihygagation direction of the beam,

in unit time, is related with the instantaneous Ring vectors:

-

$=8 x h, (5)

wherek is the magnetic field vector, which can be expddsy (6):

{ h = Re {Itfoej(“’t‘zﬂf)} = Re{He/**} (6)

He ¢y = Hoel (744

The optical intensity is proportional to the timeeeage of the Poynting vector,
therefore, it can be expressed as:

I x = j éxXhdt= = j Re{Ee/®t} x Re{He/*t} dt
T 0 T 0

1 (T . Hel®t + Hre ot 1T L
=_f Re{Eert}x( ¢ ¢ )dt=—j Re{E x Hel2ot + F x H*} dt,
T, 2 2T J,

whereT is the period of the monochromatic signal.

The termE x H* does not depend on time, and the ave;}'%tdé Re{E x Hel2%t } dt

is equal to zero, therefore:

1 o -
IocERe{ExH*}. 7

Considering now a propagation medium without ohlogses, the complex vectar

is related tcE through the relationship (8) (BORN; WOLF, 1986):

H=

)

E ®)
z

wherez, corresponds to the intrinsic impedance of the oredi
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Considering the laser beam propagating in thedpaeez, = 1207 Q . In this thesis

the optical intensityl will be considered as the time average of the Bognvector,

. 1
normalized by; :
0

p= 2\t RetExEY = 1B = BB 9
—IZ—ZOQ{X}—H— 9)
2z,

The relationship expressed in (9) will be usedartrsubsections in order to obtain the

characteristic curve of the interferometers.
2.1 Experiment of Young

Thomas Young (1773 — 1829) was a British mathenaatiand physicist known to be
the first scientist to explain the light diffracticon the basis of the wave theory of light
(RUBINOWICZ, 1957). The experiment of Young (ilttested in Figure 3) demonstrated for
the first time the principle of optical interferencbecoming the basis for posterior
interferometers (SALEH; TEICH, 2007).

Figure 3 - Young double slit experiment.

a —plane B — plane

Difracted
beams

Source
of light

interference
fringes

Screen Screen
with pinholes

Source: (Modified from HARIHARAN, 2007)

In this experiment, an opaque screen with two pesdocated in thex-plane
separates the source of light from fwplane located at A distance from the screen, where
the interference fringes are formed. The pinhadtestcan be regarded as secondary sources
that overlap their diffracted beams in the shadowegibn off-plane (HARIHARAN, 2007).
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In Figure 4 it is shown a closer look at the expemnt of Young, which facilitates
some considerations and mathematical approximatorabtain the characteristic curve of
the interference fringes optical intensity. In thgure, it is assumed that plare is at a
sufficiently large distanced from the pinholes such that the wave can be censil

approximately a plane wave.

Figure 4- lllustration of the experiment of Young.

Source: (modified from Hecht, 2002 )

The expression of the complex vector associated thie electrical field of the light

beams that passed by pinhole 1 and pinhole 2 awth the plang are respectively given by:

{51 = By e @t-ku 481 (10)
EZ — Eozej(wt—%z-?ﬁfz)

Assuming now that the distaneé between the two pinholes is in the order of
micrometers, and, therefore, much smaller thandit&nceD between the planes andp,
the scalar products between the wave vectors anddbrdinates of the wave front can be

considered to be in parallel directions, and troeeef

Ky 7 o= kymy (11)
{EZIFZ = ko1, .
It is known that for the two wavefronts propagatiimg mediums with the same
refractive index, the wavelength will be the samed also the absolute value of the wave

vectors, resulting in:

2mn
_m_ (12)
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The electrical field of the overlapped region carelipressed as:

EZt = El + EZZ = EZOlej(wt—k r1+¢€1) (13)

+ Eozej(wt—k T2+&2) )

and considerin@)01 andl?02 as real vectors, the associated optical intemnsigyven by:
- 2 - - - - * - 2 - 2 - = =4
I = |E| =(E,+E;) (E, +E;) =|Ey| +|E;| +Ei.E5+Ef.E;=
= |E')01|2 + |E')02|2 + EOl_Eoz[ef(krz—kr1+f1—fz) + e—j(krz—kr1+f1—fz)] =

- 2 - 2 - —
= |E01| + |E02| + 2E01.E02 COS(k TZ - k Tl + fl - 62) . (14)

From Figure 3 one can observe the following refegiops:

_dZ
ré =(y—d)*+ D? :>r1=D/1+(yD—2), (15)
y2
r2=y2+D? =21,=D 1+37. (16)

By using Taylor series fop « D and(y —d) « D in (15) and (16)y; andr, are

and

approximated by:

(y —d)?
~ >~ 7 17
=D+ D (17)
and
yZ
~ Z_ 18
=D+ 5D (18)
Substituting (17) and (18) in (14), leads to:
kd kd? (19)
I = 1,1+ Vcos Fy—5+€1—§2 ,

where [, is the of the optical intensity of the secondaoyrses, and/ is called fringe
visibility, a parameter that assumes values betweemd 1, depending on the parallelism
between the vectoré01 andﬁo2 and their module similarity (HARIHARAN, 2003; BORN
WOLF, 1986). Those parameters are defined as:
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L2 L 2
Io=|Eo1| +|E02| ’ (20)

and

_ 2E'>01-E'>02
|’§01|2 + |§02|2

(21

2.2 Michelson Interferometer

In the 19" century most physicists believed that electromtgneaves needed a
medium to propagate, such as sound travels inrauidace waves in water. This theoretical
medium was called “luminiferous aether” and alsowds foreseen that with the orbital
movement of earth around the sun, the flux of aethesarth surface would originate an
“aethereal wind”, which could be detected throulgh measurement of the relative velocity
between aether and earth (AMERICAN PHYSICAL SOCYE2005; HARIHARAN, 2007,
BORN; WOLF, 1986). Therefore, Albert Abraham Micdmh (1852 — 1931) in partnership
with Edward Morley (1838 — 1923) developed an ertly high accuracy experiment, shown
in Figure 5, to carry out such measurement and thsults showed that aether did not exist.
Nowadays the apparatus is known as Michelson eranieter.

Figure 5 - Michelson interferometer.

Conventional
Michelson Interferometer

=3

M2
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Mirror
B N Screen

BS1

Source of Light

Fringe pattern

Source: (Modified from Le&o, 2004)
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The proposed interferometer uses a single sourbghtfthat emits a light beam that is
divided by a beam splitter, and then each beamagiates in a different optical path, called
interferometer arms. At the end of each arm, aanig positioned, that reflects the light back
to the beam splitter and the two beams are recadbithereby forming the patterns of
constructive and destructive interference on aescréd percentage of the light beams that

reflect back to the beam splitter propagate badckédaser cavity direction and is lost.

The two beams emerging from the beam splitter amidggin the direction of the
screen can be though as the experiment of Yournbtherefore can be described by equation
(19). Considering now the expression of the optictdnsity at the photodetector positioned
at a constant point = d/2 on the screen, the optical intensity becomes:

I
L, = 50(1 +Veos(§, — &)). (22)

It is noteworthy that the optical intensity of theser I, is divided by two in the
expression of, , due to the percentage of the recombined beantsrehans to the laser

cavity (considering the division rate of the beafiter 50:50).

The term (¢, —¢&,) is a relative difference of phase, arising frone tmismatch
between the optical paths traveled by the two be&uassidering that the lengths of the arms
1 and 2 of the interferometer, are respectivgly L, L, = L + AL, and also that the
interferometer is in the free space=(Q), the optical paths traversed by the light beaarsbe
written as (BORN; WOLF, 1986):

2T 2T

& =72L1 =72L, (23)
and
2T 2T
& = TZLZ = TZ(L + AL), (24)

regarding that the total distance traveled by tpbtlbeams is two times the length of the

interferometers arms. Then, the relative phasediffce results in:

W =g -5 =2 200), (25)
or

w=2Tp = ¢y . (26)
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If the displacemeniL has a time varying componeht,can be rewritten as:

Substituting (27) in (22) leads to:

I
Iy = 7"{1 +Vcos[Ape) + o} (28)

As one can see, (28) and (1) are the same expnes§3ig.D.

In this work the modeling, development and appiocaiof a novel control strategy
based on sliding mode control is proposed, for b&am quadrature interferometers, with the
high-gain approach (UDD; SPILLMAN, 2011; GIALLORENZt al., 1982). This approach
consists of controlling the interferometer in suehway that the phase correction signal
compensates the total phase shifi + ¢, at the input of the interferometer. In this case,
reading the control signal, the demodulation precdses not require phase unwrapping
algorithms, i.e., the phase correction signal prese straight-line relationship with the

interferometer phase shifip + ¢,.

This control law requires the measurement of thépuwusignals with a phase

difference of% rad. A modified Michelson interferometer was usedbtain the signals in

phase quadrature, this modification is explainethéefollowing Section 2.3.
2.3 Modified Michelson interferometer

Generally several changes in the polarization eflgser beam in the interferometer
arms are necessary, in order to obtain the outgnalks in phase quadrature. This is achieved
by adding different optical devices, increasing tleemplexity of the quadrature

interferometers, when compared to the homodyneedional ones.

As described by (LEMES, 2014) it is possible tceasisle a quadrature interferometer
configuration without the use of polarized optidalices. First, refer to equation (19), which
expresses the optical intensity, in fhe- plane of the experiment of Young (see Figure 3).
One can see that the argument of the cosine fungtoies with changes in the positipn
therefore, two photodetectors in different posiiai the fringe pattern will generate signals

with a relative phase difference.
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The configuration proposed by (LEMES, 2014) is presd in Figure 6. It consists of
a conventional Michelson interferometer, with awliadnal beam splitter BS2 at the output,
and two photodetectors, positioned perpendiculéinedoeams that emerge from BS2. In each
of the two outputs of the beam splitter BS2 a daciéringe pattern will form. Placing the two
photodetectors at different positions of their extive fringe pattern will generate signals
with a relative phase difference, which can be stéjg to obtain the value af/2 rad and,

consequently, the output signals in quadrature.

Figure 6 - Modified Michelson interferometer.

Conventional Michelson  pyzr o
Interferometer

Reference Arm

M2
PZT 1 Mirror

M1
Mirror

N ]
BS 1
Beam

splitter

Sensor Arm Negative

Lens

Laser

Source: (LEMES, 2014).

The optical intensity at each photodetector is ity (considering BS2 rated as
50:50):

I kd kd?
11=Z 1+V1COS Fyl_ﬁ‘l‘gl_gz ) (29)
and
I kd kd?
12=Z 1+ V,cos Fy2—5+€1—€2 , (30)

wherey; andy, are adjusted according to:

kd =
_ = _= 31
(2 —y1) D > (31)

or

Dr
=—= . 32
Y2 (kd2)+y1 (32)
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Substituting (32) in (30) leads to:
| —101+V kd +7r kdz+ (33)
2= 7 2 COS DY1 > 2D $1— 6 )

or

(34)

Iy (kd  kd?
Izzz 1 -V, sin F)ﬁ—ﬁ"‘ﬁ—fz

By consideringy; = d/2, grouping the constant terms and simplifying tb&aton with (25)

and (27), equations (29) and (34) are rewritten as:

I = %"[1 +V, cos(Ad + b)] (35)
and

I = %0[1 — V, sin(A¢ + ¢y)] (36)

The output signal of a quadratic law photodetecttlied with a transimpedance

circuit, is proportional to the incident opticatensity. Therefore, the voltage signadls(t)

andv, © respectively from the photodetectaP®, and PD, are expressed by:

Vi = A1[1 4+ Vicos(Ad + ¢o)] (37)

and

V2iy = A[1 -V, sin(Ad + ¢o)] (38)

where the parametes, and A, are proportionality constants (measured in vdhs) take
into account the responsivity of the photodetecamd the gain of the transimpedance circuit,

andV;andV, , as explained before, are the fringe visibilities
2.4 Quadrature Correction

The properly work of the proposed control systesnwil be further discussed, rely on
the feedback signals without the offset; (and 4, in (37) and (38)) and with the

interferometric phase difference %f radians. These conditions require fine adjustmemd
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even then, the DC levels or the phase differentedsn the quadrature signals may slowly

vary in time.

Several authors have proposed ways to estimate@nelct the errors induced by the
guadrature condition mismatches, where it is higgtied a great number of works using
methods based on least squares ellipse fittind) asdHeydemann (1981), Birch (1990), Wu,
Su and Peng (1996), Eom, Kim and Jeong (2001), décey Pozar and Mozina (2009),
Pozar and Mozina (2011), among others. Recent appes are focusing on neural networks
and deep learning algorithms to identify and conspém the quadrature errors in resolver
based angular position sensors, which also provite output signals in quadrature
conditions; as an example, one can cite Gab. (2018) and Dhaet al. (2010).

The algorithm adopted in this work was implementfiad on-line correction of the
guadrature signals, therefore the classical metbggqresented in (HEYDEMANN, 1981)
was chosen, due to the simplicity of implementatioid because it does not require heavy
processing. The mathematical deduction and algebnanipulation in order to apply the
least squares method to (37) and (38), as prodmséttydemann (1981), are shown as in the

following.

Let us firstly define the desired ideal quadratsignals a%;,; , v,;4 and the

measured signals, ,, andv, ,, as expressed in the following equations:

vy,q(t) = AV, cos(¥), (39)
and

Vy:q(t) = A;V;sin(W), (40)
and

V1 m(t) = A1Vicos(W) + 44, (41)
and

Uz’m(t) = Asz Sin(qj - a) + Az ) (42)
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where the parameter represents a phase deviation from the quadratnditton. It can be
seen that the Lissajous figure formed§§ andvi? is a circle with radiu® = A,V;, while

the measured signalg§™ andv* form an ellipse. Rewriting{¢ and vi¢ as function of the

measured signale{*, v3*) and substituting the parameter= 21;1
2V2

, leads to:

V1ia(t) = v (t) — Ay, (43)

(44)

vp,ia(t) = [T(vz,m(t) - Az) + sin(@) (v,m(t) — Al)] .

cos(a)

In this way, it is possible to correct the signaigh lack of quadrature, as long 4s, 4,, r

anda are known.

Therefore, in order to estimate such parametersiatemns (43) and (44) are
substituted in the parametric equation of the sdljpwhere the resulting relationship is
manipulated into a form suitable to be appliedhe keast squares method, such as shown
below:

(45)

(V1,m - A1)2 + {cos(a) [ (U2m Az) + sin(a) (U1,m - 1)]} = (A11)?

From (45) it is obtained:

vl,mz - 2A1v1,m + A% +

r2(vy 2 — 200 A, + A2) +
cosz(a)[ (vam 2mAz + 43) (46)

sin?(@) (Vi m? — 2V1mA1 + A2) + 21(vym — A2) (Vim — A1) sin(@)] = (4,V1)?,
or

5 5 5 T 5 2r sin(a)
vl,m [1 + tan ((l)] + 'Uz,m m + vl,m —2A1 - 2A1 tan ((l) - m 2
—2r24, 2rA;sin(a) 2r sin(a)
+ - + st 47
Vam Icosz(a) cos2(a) VimV2,m cos?(a) (47)

243  2rsin(a)
cos?(a) cos?(a)

+ A%[l + tanz(a)] + AlAZ = (A1V1)2 )

or else
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1 r? —2A, — 2rA, sin(a)
vlmz [—] +v2m2 YN +v1m
" lcos?(a) " 1cos?(a) ' cos?(a)
—2r2A4, — 2rA,; sin(a) 2r sin(a) A3
+ + 48
Vam I cos?(a) V1imV2m cos2(a) cos?(a) (48)

r24%  2rsin(a)
AA, = (A V)2,
cos2(a)  cos?(a) M2 (4:71)

Multiplying both sides of the expression &5 (a), equation (48) can be rewrited as:

Avl'mz + B'Uz’mz + Cvl'va,m + Dvl'm + Evz'm == 1 ) (4‘9)

where:

A = [(A,V})? cos?(a) — A? —r2A3 — 2rA; A, sin(a)]™?
B=r%4A
C = 2rAsin(a) .
D = —2A[A; + rA, sin(a)] (50)
E = —2Ar[rA, + A;sin(a)]

—_—

The coefficients4, B, C, D andE are obtained from the fitting operation using the
least squares method on the experimental data.efner considering; ,,, and v,,, as
sampled data from the output signals of the interfeeter, containing samples, disposed in

p X 1 column vectors, equation (49) can be disposedaitnixiformat such as:

XQ+e=Y, (51)

whereX € RP*5, Q € R5*1, £ € RP*! andY € RP*! are expressed by:

2 2 A
[Vim, © V2m, Vim,V2m; Vim; Vzm,| [B] 1
2 2
v v v v v v | | 1
X = | 1,rf12 2,7.nz 1m, ¥2,m, 1m, 2,m2| ) Q =lcl, vr=| B (52)
DJ )
2 2
v v Vim. U v v J l 1
[ 1Lmy, 2,my, 1my, Y2,m,, 1Lmy, 2,my E px1

It is important to highlight that in the presentmiationvl-'mj represents the measured

j-th sample of thé-th output signal, and; represents thgth error between the experimental

data and the fitted curve.

The objective then is to find the mati@xof the coefficients that minimizes the sum of
the squares of the difference between the samplpdriemental data and the fitting curve
(JOHNSON; FAUNT, 1992). This sum can be expressdte following terms:
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S = isf . (53)

L

Isolating the error vector in equation (51), thensuican be rewritten as:

S =¢le, (54)
or
S=¥-XQ)Y-XQ), (55)
or else
S =YY —Y'XQ — Q'X'Y + Q'X'XQ. (56)

The minimum error is achieved when the gradierf of equal to zero. Deriving in

relation to the matrixQ and equaling it to zero results in:

0S
2= X - VX +2QXX =0, (57)
aQ
or
0S
2 = 2(-¥'X + Q'X*X) =0, (58)
Q
or else
S
30" 2(—=X'Y + X'XQ)' = 0 = X'XQ = X'y . (59
Therefore, the resulting coefficients can be cal@d by equation (60):
Q= (X'X)"'X'v, (60)
and the ellipse parameters are obtained usingtloening relationships:
B s C 2BD — EC 2AE — CD 61)
r= 7 emwein(ag) . A= Ao

Using this method, a Matlab routine was designedsitmulate the non-ideal
interferometric measured signaig,, andv,,, and perform the correction algorithm. In
Figure 7 both signals are presented, as functiotineé, with an Additive white Gaussian

noise (AWGN) to the deterministic signal. In Fig@are shown the Lissajous figure formed
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by the simulated signals together with the ellipseve, fitted by the method proposed by
Heydemann (1981). By the last, in Figure 9 the djmss figure formed by the corrected
quadrature signals is shown. The elaborated sironlabutine is presented in Appendix at the

end of this work.

Figure 7 - Simulated measured interferometric signks.
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Figure 9 — Lissajous figure of the quadrature correted signalsvy ;4, v ;4.
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3 Sliding Mode control

This chapter gives a brief theoretical backgrouboua the sliding mode control
technique and the modeling of the interferometystam, where the stability analysis of the
closed-loop system is carried out using an anallyticethod and by a graphical approach.
Closed-loop simulations, showing the behavior @& $lystem around the different groups of
equilibrium points are presented, where the chatemphenomenon is observed and
discussed. Also at the end of this chapter it ées@nted a new concept of phase demodulation
technique, based on the same proposed control ldwldsigned as a virtually implemented

equivalent closed-loop system.

Dynamic systems driven by a control law that igsta@htinuous function of the state
variables can originate the so-called sliding mddes operating regime is characterized by a
fast switching control action, which forces theteys trajectory to certain regions of the state
space, where the system will present the desirbdvibar. These regions are referred to as
sliding surfaces (UTKIN, 1982). The main advantagéssuch control strategy are: the
robustness with respect to parameters variatiagtuidiance rejection, decoupling designing

procedure and simple implementation (UTKIN, 1993).

Let us consider the state space representatiog@haric dynamic system be:

x=f(t,x,u), (62)
with
(uly  ifs(x)>0 (63)
B {u("x) if s(x)<0’

wherex € R" is the state space n-dimensional vector of thieeBy S (¢, x, u) € R", andu is
a scalar control action with discontinuous functi®he sliding surface(x) is a closed space

in the state space defined as:

{x(©)] s(x) = 0}. (64)
Therefore, the problem of designing a sliding mamtrol system consists in
choosing the appropriate sliding variasleand afterwards, design the appropriate control

functionu to drive the system to the sliding surface (RIBEJR006).
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According to (BARBASHIN, 1967), the sliding modeigts on a discontinuous
surface whenever the distances to this surfacettandelocity of its change are of opposite

signs, at the vicinities of the sliding manifolds.iwhen:

lim_,+$<0 and limg,-$>0. (65)
This condition is achieved if the control actionagantees the reachability criterion,

given by (66), where is a strictly positive constant:

d /1

= (5529) = -mis@ - (66)
As will be seen, it will be chosex(x;) = x,, and therefore:

d (1 2 d 67

a(ﬁ(x)) =25 Z ) s, ©”
or

s(x) $(x) < —nls(x)| , (68)

meaning that the multiplication of the sliding \adiie s by its temporal derivate results in a

negative number, satisfying the existence condit&).

In order to apply the aforementioned control stygtéen the interferometric system
(shown in Figure 5), a suitable state space moglétircarried out in the next section, as well
as the choice of the sliding surface and contmsl la

3.1 Sliding mode control applied to the interfeatnt system

The modified Michelson interferometer, showed igufe 5, was assembled with the
mirrors M1 and M2 attached at PZT1 and PZT2 re$palgt The PZT at the sensor arm is
used to induce the signal of interagt, while the PZT at the reference arm is respongible

induce the phase correction siggal

A block diagram of the interferometric dynamic &ystis shown in Figure 10, for
¢ = A¢ + ¢y + ¢, and where it was chosen the output signal of tequletector 1, without

the DC component4; in (37)), as a state space variable, leading to:
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Figure 10 - Block diagram of the interferometric dynamic system.

A¢ + ¢o
Interferometer
Vacl
u Gec Ot | A1Vi cos(o)
—> [
—A;Vosin(¢p) f——
Vac2
Source: elaborated by the author.
Vac1 = A1Vicos(¢e + A + o) = X1(¢) 7 (69)
and so
) d
frg = (A1Vicos(p. + Ad + ¢y)) 70)
= —AVisin(gc + A + ¢o)(de + A + o).
Defining the functiorf (¢, + A¢ + ¢,) as:
f(@e, A, Po) = —A1V; sin(g. + A + o), (71)

which will be referred ag for simplicity of notation, and substituting eqgoat (71) in

equation (70), leads to:

J'51(,;) =f (]Sc + f(A¢ + ¢0) (72)
According to Figure 10,
d)c =u, (73)
and so
X1 = fu+f (Ad + o) - (74)

Regarding now the output signal of the photodeteztavithout DC componen#, in
(38)), and equation (74¥,., can be written as:

AV . 75
Vacz = ﬁf = —4,V, Sln(¢c +A¢ + ¢0) . (75)

Following the nomenclature established by Udd apdlrsan (2011), the high-gain
approach considers the signdlg + ¢, as disturbances to be rejected, while keeping the
interferometer operating at one of the quadratuoentp, where the output,., =

AV, cos(Ap + ¢y + d.) = 0. Thereby, a suitable choice for the sliding vaaab:
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S(xl) = Vac1 = X1, (76)

or

s(x1) = AVi cos(Pe + A + o) . (77)

Let us now use the equivalent control method asritesd by (UTKIN, 1977) to
obtain the equations of the phase correction signallhis method is used to obtain the
control signal of a continuous dynamic system egjent to the original discontinuous one,
considering that the system is confined in thergljcurface. This means thatx) = 0 and

s(x) = 0 as well, therefore:

=0 B km
's(x) = X1 Vs e = —Ap— ¢ + 2 wherekis odd. (78)
$(x) = %, =0 ¢ = —Ad — ¢,

From (78) it can be seen that for the system cedfito the sliding surface,. will
follow the displacements induced between the iaterheter arms. This result can be
interpreted as illustrated in Figure 11, wheres ipiesented the transfer curves taking as input
the total phase shift at the input of the intenfieeter adding the equilibrium point to which
the system initially converged. For the system alxpyhe reachability criterion (as it will be
further explained), the operation of the systenh gl confined to one of the straight lines.

Figure 11 - Transfer curves ofg. in relation to Ag + ¢,.

A

-1 0 1
A¢ + ¢g [m rad]

Source:(elaborated by the author).
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It is necessary now, to obey the reachability dote thus ensuring the convergence
of the system trajectory to the sliding surface.tBg substitution of equation (77) in equation

(67) and remembering that= ¢, the following expression is obtained:

S(x)S(xy) = A1Vy cos(Pe + Ad + o) [-A1Vy sin(¢p, + A + $o)1( e

- (79)
+A¢ + o),
or
SanSe = () (u+ A + ). (80)
Choosing the control law as:
u = —Csign(x,f), (81)
and substituting in equation (80), it is obtained:
SanSe) = @ f)(=Csign(xif) + Ad + ¢o) . (82)

The block diagram of the closed-loop system witk tontrol law is represented in Figure 12,
wherev,., = f(x;), consideringi,V; = A,V,. However this is not a necessary condition for
the correct work of the control system, once the multiplication (x,f) is inside the

argument of §ign” function.

Figure 12 — Closed-loop system

Ag + ¢o
Interferometer
ch ¢ A1V cos(¢) UCLCl
— *é)* CT®
—As Vs sin(¢p
= Vac2
Y
sign (1 f)

—(—@]—( B —
U
Source: elaborated by the author.

-1, if x<0

+1, if x>0 'Sthe

The parametec€ is the total gain of the feedback system &ayl= {

sign function.
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It is known that the functiorjx| and sign(x) are related byx| = x sign(x) ,

and x = |x|sign(x). Therefore, equation (82) can be rewritten as:

Step)Stey) = —COaf)sign(xf) + (e f)(Ad + ), (83)
or

StepSy) = —Cxaf)sign(xif) + (x1f)sign®(xyf) (A¢ + 430) ’ (84)
or else

SanSee = (—C + (8 + bo)sign(x, f)) Geuf)sign(e, f). (85)

ChoosingC > C, + |Ad + ¢o|sign(x,f) , whereC, is a strictly positive constant,

leads to:

S(xp)S(xp) < <_ (Cn + |Ag + d')olsign(xlf))

(86)
+ (8 + ho)sign(xa)) G Psign(af),

or

S(xl)s'(xl) < (xlf)(A 4) + (]50) — Cplxif1 = |A ¢ + d30||x1f| . (87)

It can be seen that the upper bound of the riglg ef equation (87) occurs whén, f) > 0
and(A ¢ + ¢o) > 0, or, when(x; f) < 0 and(A ¢ + ¢,) < 0. Both cases lead to:

Seae)Seey) = —Calfllxql . (88)
From equation (88), it can be seen that the realdlyatriterium is satisfied for every
f # 0. In other words, for every initial condition ofetargument of the functiofi such that

Ap + pg + ¢ # km, k € Z, the system will reach and remain within the siidsurface.

Finally, consideringn = C,|f|, the following expression is obtained:
SepSen < NSyl (89)
3.2 Stability Analysis

In this Section, the study of the closed-loop eysstability is carried out, using an
analytical method through the variation rates @ #tate variables in the vicinities of the
equilibrium points. For this purpose, it is consatethat the system is without disturbance
inputs. Afterwards, a graphical approach is usegite a more intuitive understanding of the
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control action, by comparing the control signal ahd characteristic output curve of the

interferometer.
3.2.1 Equilibrium points

First the equilibrium points of the closed-loop teys must be determined. These are
points where the variation rates of the state spac@bles are equal to zero, let us consider
A¢p + ¢, = 0, and denote such points k. Regarding equation (74) the equilibrium points

can be obtained as follows:

% (0) = fu . (90)
Substituting (81),

x1(t) = f(—CSign(Jﬁf))’ (91)
and usingsign[x; (o) f (¢e)] = signlx, (¢c)] signlf(de)], together withe = |x|sign(x),

%1 = —CIF (D Isignlz; ($D] = 0, (92)

where two conditions are originated:
f(pe) =—AVisin(¢e) =0 = ¢; =kn, kEeL (93)
from (71), or,
T
sign[x,(¢p2)] = sign[A Vi cos(pl) ] =0= ¢} = 5 +km, k€L (94)

The union of the conditions gives origin to the ietium points:

kn (95)

3.2.2 Analytical method

The stability of the state variablg at the vicinities of the equilibrium points can be

studied through the lateral limits af, tending to the equilibrium points. First the

equilibrium points are divided in the following fosets{ ¢c = —g + 2km |k € Z},{qb;‘ =

§+ 2km |k € Z}, { ¢c = 2km |k € Z}, and{ ¢; = (2k + 1) |k € Z}, due to the differences

in the inclination, positivity and negativity oféhpoints in the interferometric curve. Then,
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after applying the lateral limits, if the value a@f forces the system trajectory to the

equilibrium point, it is classified as stable, athise, it is an unstable equilibrium point:

a) For¢; = —§+ 2km

Lim _x,1(¢po) = Lim _%1(¢py + 2km),

b (—5+2kn) ¢n-(-73) (56)

or
Lim % = Lim_(=CIf(¢y + 2km)lsign(xs(¢n + 2km))), (97)

¢n_’(_§) ¢’n_’_5

or

JLim %= Lim (=Cl=A1Vy sin(@y + 2km)Isign(4sV; cos(@n + 2km)  (gg)
L) n-o2

or

, Lim _%; = , Lim, _(=Cl=A1V; sin(¢n)|sign(4;V; cos(¢,))) (99)
n7"y n>7y
or

le _561 = CA1V1 > 0
Pn-—7
n 2

(100)

This indicates that fop, less than—g + 2km , but infinitesimally close t&g + 2km,

the variablex; will increase its value. By the other hand,

Lim + Q'Cl(d)c) = len- +5C1(¢TL + ZkT[) y

101
bem(-F2i) on(5) (1on
or
¢Lir_11£+ X%, = ¢Lir_11z+ (=CIf (¢ + 2km)Isign(xy (¢ + 2km))), (102)
or
Limﬂ+ X, = Limn+(—C|—A1V1 sin(¢,, + 2km)|sign(A,V; cos(¢, + 2k7r))) ' (103)

¢n_>_7 ¢n_>_7

or
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Lim , % = Limn+(—C|—A1V1 sin(¢y,) |sign(A,V; cos(¢r))), (104)

¢n_’_7 ¢n_’_7

or

len'+ X1 = _CA1V1 <0. (105)

¢’n_’_§

This result demonstrates that iy greater thar+§ + 2km , but infinitesimally close

to —g + 2km, the variablec; will decrease its value.

These pointsp; = —§+ 2krm are stable, as it can be seen in Figure 13, winere

interferometer output characteristic curxe= A,V; cos(¢.), is negative for ¢, —

- +
(—§+ an) and the value of, increases. While, fop, — (—§+ 2kn) the variable

x; IS positive and the value of; decreases, thereby in both conditions the valug; o

pushed to zero.

The analysis will be carried out, considering ndw points whereg; = g + 2km

k €.
b) Fore; = =+ 2kn:

Lim

X = Lim _%;(¢, + 2km),
¢>c—>(g+2kﬂ) (¢ ¢n_)(g) 1¥n (106)
or
iy = Ling_ (=Clf (@ + 2km)Isign( (@ + 2km)) (107)
n="y n—y
or
¢Li_>r2— X, = ¢Li—>rg_(_C|_A1V1 sin(¢y, + 2km)|sign(A,V; cos(¢,, + 2km))), (108)
n—y n "2
or
¢Lin7%_ X, = ¢Limn_(—C|—A1V1 sin(¢y)|sign(A;V; C05(¢n))) ’ (109)
n=oy n77
or
Lim_x, = —CA,V; <0 . (110)

¢’n"§



46

It can be seen, that fgr. less than’zE + 2km , but infinitesimally close t% + 2km, the

variablex; will decrease its value. By the other hand,

Lim + 2'61(¢)C) = Lim + Xl(d)n + ZkT[) )
s

b (5+2kn) on—(3) (111)

or
Lim i = Lim, (—C |f (¢ + 2km)|sign(x; (¢ + 2kﬂ))) ) (112)

¢n_’7 n>y

or

¢LL['%+ X, = ¢LLII&+(—CI—A1V1 sin(gl)n + 2k7T)|Sign(A1V1 COS(¢n + Zkﬂ))) ’ (113)
n—a n -2

or
L1n71T+ _)'51 = Lin71t+(_C|_A1V1 sin(qbn)lsign(AlVl COS(¢n))) ) (114)

or
Lim x, = CAV; > 0. (115)

Pn— 2

This result shows that fop. greater tha|§r+2kn, but infinitesimally close to

§+ 2km , the variablex; will increase its value.

Again, it can be seen that these are stable equiilibpoints, where the interferometer

output characteristic curve;,, = A,V; cos(¢.) , showed in Figure 13, is positive fgr. —

- +
(g + 2k7r) and the value ok; decreases. While, fap, — (g + an) the variablex; is
negative and the value af;, increases, thereby in both conditions the value, a§ pushed to

Zero.

The same procedure will be followed for the pointere ¢ = 2km, k € Z and for

the points wherep; = 2k + 1)t , k € Z.
c) For ¢; = 2km:
o Him  di(¢e) = Lim g (¢, + 2km), (116)

or
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Jim iy = Lim (=CIf (¢ + 2km)Isign(x (¢, + 2km))), (117)

or
¢];.li_r>13_ Xy = ¢I:11_1)1(}_(—C|—A1V1 sin(¢,, + 2km)|sign(A,V; cos(¢,, + 2k7r))) , (118)

or
¢Li_r)1(r)1_ X = ¢Li£161_(—C|—A1V1 sin(¢y,)|sign(A.V; C05(¢n))) ) (119)

or
poim X = 07 (120)

In such a way that fap,. less thar2kmr , but infinitesimally close t@km , the variable

x; Wwill decrease its value. Otherwise,

po SR X1 (@) = Lim, 1 (o + 2ke), (121)

or
Lim sy = Lim, (=CIf (¢, + 2km)sign(x: (9 + 2km)) ) (122)

or
Lim, iy = ¢I:115%1+(—C|—A1V1 sin(ey, + 2km)|sign(4,V; cos(¢y, + 2km))),  (123)

or
¢Ei_r)1(r)1+ X = ¢I;.li_r>r(}+(—C|—A1V1 sin(¢n) |sign(A1V; cos(¢,))) (124)

or
Lim, &; — 0~ (125)

n

One can see that fap, greater tharkm, but infinitesimally close t@2km, the
variablex; will decrease its value. Therefore, these poinésumstable, since they are the
maximum points of the interferometric curve, andnf both sides, the variation ratexgfis
negative, moving the system away from these eqiil points. This behavior is illustrated

in Figure 13.

d) For ¢; = 2k + Dm:
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Wé%fi‘nn— x1(¢e) = JLim_ % (¢pn + 2km), (126)
or
¢L1_)mﬂ X, = ¢L1m ( Clf(¢p, + 2k7r)|sign(x1(¢n + 2k7r))), (127)
or
le X, = le ( C|—A,V; sin(¢,, + 2km)|sign(A,V; cos(¢p, + 2k7t))) (128)
Pn—-1”
or
LLmn X1 = le _(=Cl—A1Vy sin(¢y)|sign(4,V; cos(¢,))) , (129)
or
+
qb,]:l—>m7t x;—0 (130)

It can be seen that the points: = (2k + 1) are the points of minimum in the
interferometric curve, and whep,. - (2k + 1)~ the value ofx; is negative whilex; is

positive, implying in the growth ok;. Otherwise,

e BTy F1(Pe) = Lim, % (P + 2k, (131)

or
Lim, &, = Lim, (=CIf (g + 2km)Isign(s(¢n + 2km))) (132)

or
¢Ei_)r%1+ X, = ¢&i_{2+(—Cl—A1V1 sin(¢,, + 2km)|sign(A,V; cos(¢p, + an))) , (133)

or
¢%i—>mn+ X, = ¢Ei_>mn+(—C|—A1V1 sin(¢,,) [sign(A,V; cos(qbn))) , (134)

or
im, i - 0°. (135)

This result shows an unstable behavior of the nummmvalue points of the
interferometric curve¢; = (2k + 1)m, considering thak; is negative and from both sides,

x; increases, moving away from these equilibrium oin
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Figure 13 - Stability of the output characteristiccurve of the interferometer.
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Source: elaborated by the author.
Considering now the hypothesis of the initial cdiodi of the system ba¢ + ¢, +
¢.=km fork €Z, i.e.f = 0, the system will remain in this position onlyfifis equal to
zero to every subsequent time. The expressighisfobtained from (71), (73) and (81), and

Is given by:

f=—A1Vicos(Ap + dpo + Pc) [A d + ¢y — € sgn(xif)]. (136)
In this initial conditioncos(A¢ + ¢ + ¢.) will be equal to+1 or —1, therefore, from
equation (136)f = FA,V1[A ¢ + ¢ — C sgn(x1f)], which will be zero only ifA ¢ + ¢o —
C sgn(x,f) = 0. Even if such condition happens in an initial stateill not hold for the
subsequent time due to the variatiomap + ¢, and the repulsion arourfd = 0, therefore

whenf # 0 the reachability criterium holds and the systemvesges to the sliding surface.

3.2.3 Graphical interpretation

Another intuitive approach that can be used toysthd behavior of the system is the
graphical analysis of the state varial/eand the control signal, which are plotted in Figure

14. Let us rewrite the control signal as (from (§9)L) and (81)):

u = —Csign[(A1V; cos(¢c)) (—=A1V; sin(¢pe))], (137)
or

(4,V)? (4,V1)?

u=—Csign|—

sin(2¢c)l = Csignl sin(2¢c)l . (138)
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Figure 14 - Output of the interferometer and contrd signal u consideringC = A,V;.
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Source: elaborated by the author.
According to (73), the phase correction sigpalis equal to the integral of the control
signalu, represented as the red traced line. Therefote>if0 , ¢. increases, and far < 0,
¢. decreases. Note that in Figure 13, when travetsiag_.-axis in the increasing direction,
the locals where the control signal changes frositpe to negative values constitute stable
equilibrium points. Once that i, is to the left of this point, the control signardes the
phase correction signal to increase, whilé_fis to the rightu will force ¢, to decrease. The

inverse behavior is observed when the control $igaasition goes from negative to positive
values.

It is noteworthy that the point%dﬁ = —>+2kn |k € Z} and { ¢ ==+ 2km |k €

Z} are interpreted as stable equilibrium points, &fitp: = 2kn |k € Z}, and{ ¢; = (2k +

1)m |k € Z} are unstable ones, in agreement with the analytiethod. Also the different

A

stable equilibrium points as, for instanc—zne,and —3 have opposite sign slopes in the

interferometer characteristic curve, and therefargghase shift oft radians is introduced
when working at the points{ ¢c = g + 2km |k € Z}. However for the operation using the

high gain approach, this behavior does not induebiguity in direction, because the system
always generate a phase correction signal to sepphe phase disturbances at the input of
the interferometer. For example, if the systemasking at the operation poinp;: = —g, the
slope of the interferometric curve is positive ahérefore, a disturbance in the positive
direction of the phas& = A¢ + ¢, will cause a reaction, decreasing the valueb.of

Considering now the interferometer working at theeration point ¢; = % if any phase
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disturbance in the positive direction ¥f= A¢ + ¢, occurs, the control action again will

decrease the value @f,, as it can be seen by the sign of the controlasigm the region

betweert-andz in Figure 13.

The next step in the development of this work wascarry out the closed-loop
simulations, using the software MATLAB and Simulinkhe methodology and obtained

results are explained in Section 3.3.
3.3 Simulation of the closed-loop system

Firstly the system comprising the interferometad ¢ghe control law was assembled in
the software Simulink. The block diagram is showifrigure 15.

Figure 15 — Closed-loop block diagram in Simulink sftware.

Quadrature Interferometer

Overall
Integrator Inverter |  Product feedback gain
) >
s 4 1| cos(u) T - b
777777777777777777777777 Sign
/\/ Po U= Ad+ ¢o function

Ny A

u = ~Csign(x1f)

Source: elaborated by the author.

The signal generator blocks are responsible to lat@uhe input signalg, andAdg.
They were firstly configured with amplitudes of 4dran peak and frequencies of 3 Hz and
500 Hz respectively. The modified Michelson intesfeeter is represented as the block with
sine and cosine outputs and the inverter, gengrdtia signalsc; = v, = A,V; cos(Ag +
Po + P.) andf = v,., = —A,V,sin(Ap + ¢y + @), with the parameters; VV; andA,V, set
to the unity value. The control signal= —Csign(x;f) is formed with the blocks Product,
Sign and gain —C. The block Sign implements theyrdunction, responsible for the
discontinuous control action and the gain —C reprissthe total overall gain of the closed-

loop. Obeying the reachability condition, the oVegain of the closed-loop can be chosen as:

C=Cp>|Ad+ ¢yl . (139)

A sufficient condition, to guarantee the stabibfythe system, is to choose:
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Cn > |Ad| + |do| = |0 + ¢, (140)
for

{ A¢p = sin(2m500t) (141)

A¢ = 21500 cos(2m500t) ’
and so

A = 3141.6 cos(3141.6t) . (142)
Also

{ ¢ = sin(2m3t) (143)

¢ = 2m3 cos(2m3t)’
and so

'0 = 18.85 cos(18,85t). (144)

Then, (140) leads tG,, > 3141.6 + 18.85 = 3160.4, and thus(, can be chosen as
C, = 3200.

The simulations were performed using the solver QD#h the step sizesif) of
100 us, 10us and 1us, to study the influence of the sampling periodta control system.
The results of the output signal = A;V;cos(d) , forgp = Ap + ¢y + ¢, are shown in
Figure 16. It is noted that with the decrease efdgampling period, the output signal becomes
increasingly closer to zero, remembering that i ligh gain approach the objective is to
fully compensate the signals of interest and spgridisturbances, thereby the phase

correction signal becomes = —A¢ — ¢ + kz—” for k odd.
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Figure 16 — Simulated interferometer output signak, = AVcos (¢) for different sampling
periods (dt).
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In Figures 17 and 18 are shown the signads+ ¢, and—¢., simulated with
sampling period of 1@s and 1us respectively, after a first order Butterworthhijggass filter
with cutoff frequency of 20 Hz. The filtering pra=seattenuates the spurious disturbaniges

so the signal of interedip can be compared to the phase correction signal.

Figure 17 - Phase correction signal angb, + A¢ for 10 us of sampling period

-¢C and q/)o +A¢ filtered
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Time - seconds

Source: elaborated by the author.
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Figure 18- Phase correction signal angby + A¢ for 1 us of sampling period
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The results show again that the smaller the sagppderiod, the closer the phase
correction signal is to the signatsp + ¢,, demonstrating its capability to operate in high

gain mode.

The amplitude values of both, and A¢p were changed to 4 radians, therefore, the
overall gain needed to be increased to satisfyréaehability criterion, resulting id¢ =
4sin(2m500t) , ¢y = 4sin(2n3) = C > 12642, were it was choserf = 12800 as a
sufficient condition. Then simulations where penfied in order to verify the convergence to
the stable equilibrium points. The behavior in opamd closed-loop ofc; and f are
respectively shown in Figures 19 and 20, regardeginput phase shift given by, + A¢
and initial condition chosen gs + ¢, + A¢p = 0.7r radians.
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Figure 19 — Open- and closed-loom, signal for initial condition 0. 7w

Simulation for 0 to 0.08 seconds
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Figure 20 — Open- and closed-looj signal for initial condition 0.7m
Simulation for 0 to 0.08 seconds
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Also the comparison between the phase stifts- A¢p and the phase correction signal

¢. are shown in Figure 21, where it can be seenthigasum of both signals results in the

approximately constant value §f Therefore, the simulation agree with the stabdimalysis

(see Figure 13), once that with the initial valdeirput phase equals t0.77 the initial

condition lies in the attraction region of the didprium pointg .
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Figure 21 - Input phases and closed-loop correctiosignal (@) for initial condition 0.7 radians
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Repeating the simulations for the initial conditipn+ ¢, + A¢p = 1.0001xw results

in the convergence of the state trajectorydo— 0 andf — 1 as can be seen in Figures 22,

23 and 24.

X, = AVcos( @)

X, = AVcos( ¢)

Figure 22 — Open- and closed-loow, signal for initial condition 1.0001mw

Simulation for 0 to 0.08 seconds

H‘”“ TR I M\’"M“”W”"“h\'\”ﬂ\\ NIHHHLL ‘\ T W'

Il
[ \ \ \
TR O T e o
“M“uh\ T AN \w‘u‘\“‘\“nu”‘
| | | 1 |
0 0. 01 0. 02 0.03 0.04 0.05 0.06 0.07 0.08
Time - s —closed loop
Simulation for 0 to 2 x 10~? seconds — open loop
| | | | | 1 | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time - s %1073

Source: elaborated by the author.



57

Figure 23 — Open- and closed-loog signal for initial condition 1.0001w

Simulation for 0 to 0.08 seconds
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Figure 24 - Input phases and closed-loop correctiosignal (¢.) for initial condition 1.0001x

radians
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From the stability analysis, if the system is retghfrom the initial conditiolig, +

¢o + Ap) = 1.0001x radian, it should stabilize in the equilibrium poi{ip. + ¢, + Ap) =

1.5m radians (see Figure 13). As it can be seen in Eigdr the behavior of the system agrees

with the expected convergence.
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3.4 Chattering Phenomenon

One drawback of sliding mode control is the soezhlthattering phenomenon, which
consists of an oscillation around the sliding stefaAccording to (YOUNG, UTKIN;
OZGUNER, 1996), there are two main causes fordhdallation. First, we consider an ideal
behavior for the actuators and therefore, the #witc mechanism can work at infinite
frequency. In this case, parasitic dynamics thaieweglected can be excited, generating a
small amplitude high frequency oscillation. In $exond case, and most common, it is due to
non-idealities on the actuator system, such asydelghe switching mechanism rising from
the components non-idealities or from sampling quj in the case of discrete-time

processors controlling continuous-time systems.

The control system proposed in this work was im@eted in discrete-time, therefore
limiting the switching frequency of the control @ct accordingly to the used sampling period
t;. As mentioned before, this behavior can causesaillation of the state space trajectory
around the sliding manifold, giving rise to a boand layer whose thicknes&(t,) is a
function of the sampling period. Using the methodgl described in (SU; DRAKUNOV;
OZGUNER, 2000), it is possible to estimate the upipait of |A(t,)| by considering a zero-
order holder for the control signaland integrating the maximum value of the deriadtehe
sliding variable(s) in the interval of one sampling periog This last can be obtained from
(73), (74) and (76):

151 = |£- (do + Ad — Csign(ef))| < If1(ol + 1801 + |Csign(x,f) . (145)

from which, with the help of (71), is shown tha ihaximum value is:
$lmax = A1Vi(Ipol + [A0] + C). (146)

Considering now the behavior of the sampled corgirghal as a zero order holder,
actuating in the system during one sampling perjpteads to:
(k+1)tg (147)
Sk+Dts = S(kts) +f A Vi (ol + 2] + O)dr .
kts

The case in which the trajectory of the systenmithe vicinity of the sliding manifolds,,

can be considered zero, therefore, resulting in:
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A(ts) = AVi(lgol + 149 + O)ts . (148)

Closed-loop simulations were then performed, with parameterd,V, = A4,V, =1,
amplitudes ofp, and¢,. set to 1 radian peak and frequencies respectsetlyo 3 Hz and 500

Hz. The maximum amplitude peak to peak of the ehiat oscillation ,(lchattpp), in the total

phase signald, + A¢ + ¢.), was calculated from equation (148) according to:

e, = A4V, 05 {[max(cpc + ¢ + A9) - min(@. + ¢o +49)] %} o)

and the results are arranged in Tables 1 and Aifimrent values of gain C and sampling
period ofty, = 10 us andt; = 1 us, respectively, while in the third column of théle it is

showed the theoretically maximum value of the theds of the boundary lay&¢t).

Table 1 - Simulated chattering compared with theorical A(t;) for t; = 10pus.

Gain C Achatt,, |A(ts)|
3160 0.0417 0.0632
3180 0.0420 0.0634
3200 0.0421 0.0636
4000 0.0449 0.0716
5000 0.0482 0.0816
6000 0.0489 0.0916
7000 0.0521 0.1016
8000 0.0581 0.1116
9000 0.0650 0.1216
10000 0.0717 0.1316
11000 0.0780 0.1416
12000 0.0844 0.1516
13000 0.0908 0.1616
14000 0.0971 0.1716

15000 0.1034 0.1816
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Table 2 - Simulated chattering compared with theortcal A(t,) for t, = 1 us.

Gain C Achatt,, A(ts)

3160 0.0042 0.0063
3180 0.0042 0.0063
3200 0.0042 0.0064
4000 0.0045 0.0072
5000 0.0048 0.0082
6000 0.0049 0.0092
7000 0.0052 0.0102
8000 0.0058 0.0112
9000 0.0065 0.0122
10000 0.0072 0.0132
11000 0.0078 0.0142
12000 0.0085 0.0152
13000 0.0091 0.0162
14000 0.0097 0.0172
15000 0.0104 0.0182

From the results summarized in Tables 1 and 2caneconclude that the chattering of
the sliding variables = x; remained within the region defined by the boundayer, for all
simulated conditions. Also it can be seen thatffixed sampling period, the minimum value
of the gainC which guarantees the reachability criterion wekult in the minimum amplitude
of chattering. And, by the last, the amplitude bé tchattering also decreases with the

reduction of the sampling period.

To mitigate this problem, the most common approacto define a boundary layer
around the sliding manifold, presentidgwidth, within which the discontinuous control
action is approximated by a piecewise linear or amofunction (YOUNG, UTKIN;
OZGUNER, 1996). Therefore, outside the boundaryedaythe reachability criterion
guarantees the convergence of the state spacettrgjeo the2A neighborhood of the sliding

manifold; by the other hand, when the state spegjectory of the system lies inside the
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boundary layer, it presents arbitrary motion. Tihavior is called quasi-sliding mode and

happens in most cases of real-world implementations
3.4.2 Sgmoidal approximation

In this implementation we used the following sigthapproximation, based on
previous works reported in literature (SLOTINE; SASY, 1983; SLOTINE; LI, 1991;
ERTUGRULet al., 1996; BURTON; ZINOBER, 1986):

. x1f (150)
sigm(x,f) = ——,

gmbal) = v e
where € is a small positive constant, responsible for skepe of the sigmoidal function
around the origin. It is important to highlight thaith smaller values of, closer will be the

behavior of the sigmoid to the sign function.

According to Burton and Zinober (1986), the widthtiee boundary layerA) of a
control law using a sigmoidal function obeys theqguationA < &, where the control action
can be rewritten as:

_ {—C sign(x, f)  for x; = ¢ (151)
—Csigm(x, f)  for x; <eg’
In order to analyze the control action, considetimg closed-loop system confined to

the boundary layer, the control signal in equatithil) can be expanded in Taylor series, with

relation to the terngxl—f' as showed in (BURTON; ZINOBER, 1986):

152
e wn el ] e
Bl lx f] + € € |x1f|+1 v
&
or
C(lxfl 7! (153)
uBL = _;{ i: + 1} xlf ,
leading to

£ 2l

_ _5{1 _lufl 2l ---}xlf | (154)
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Considering now that within the boundary layer tbscillations around the
equilibrium points are small, the higher order terocan be disregarded in a qualitative

analysis, resulting in:

C 155
Ugp = —;x1f ) ( )

therefore substituting equation (155) in (74), ktd

, . C
X = (do +Ad)f — P! 2, (156)

It is important now, to highlight two main ideas:irst, the function
f =—A,V;sin(¢. + ¢y + Agp) In (71) can be approximated teAd;V; or +A;V;, for the

system lying respectively around the equilibriurrinﬁm{ ¢: = % + 2km |k € Z} or {d);‘ =

—§+ 2km |k € Z}; and second, the equation (156) is now a lineaanyc equation with

respect to the state space variable Therefore, let us apply the Laplace transform in

equation (156) considering both cases of stabldilequm points:

a) Forg; = §+ 2k

. . C .
iy = (o + BV, — L3, (4,)7 U

c (157)
5X1 = _5A1V1(q)0 + ACD) - ;Xl(A:lVl)z )
whereX; = L{x;}, ®, = L{¢,} andAd = L{A¢}, and so:
¥ = S(Py + AD)A,V; (158)
1= = C .
s+ % (4,12
b) For¢; = —§+ 2km
) . . C 2 L{x}
X1 = (4)0 + A¢)A1V1 ——x; (A1V1)
£ =
c (159)
43X1 = 5((1)0 + Aq))AlVl - EXI(AIVI)Z )
and so
8(Dy + AD)AV; (160)

e [s + Scam?]
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One can see that the poles of the transfer functiobhoth cases are located on the left

half of the complex plan, characterizing a stalgktem.

Next, will be studied the behavior of the chattgriamplitude of the system with
sigmoidal function, as well as the influence ofgegametee on the maximum amplitude of
the chattering, depending on several values ofgdia C. Thereby another model of the
closed-loop system was assembled on Simulink, sutdsg the sign block in Figure 14 by
the sigmoidal function. The resulting maximum arnuygles of the phase errors betwegn
and A¢ + ¢, for sampling periods, = 10 us andt, = 1 us, with e = 0.01, are shown in
Table 3.

Table 3 - Maximum amplitude of the phase error beteen¢, andA¢ + ¢, in degrees for
u = —Csigm(x, f), with €=0.01.

Gain C ts =10 us tg=1us

3160 13.1254 13.1252
3180 12.7114 12.7137
3200 12.3123 12.3153
4000 4.1364 4.1370
5000 1.9634 1.9636
6000 2.0236 1.2748
7000 2.7449 0.9431
8000 3.7369 0.7483
9000 4.6006 0.6202
10000 5.0846 0.5295
11000 4.9599 0.4620
12000 5.5224 0.4097
13000 5.9513 0.3681
14000 6.2453 0.3341
15000 6.4048 0.3059

The data obtained, using the sigmoidal functioowsdd a different behavior from that
using the sign function. For the sampling periodl@fus, as the gain increases, the value of

error amplitude decreased until the minimum valug.8634 degrees at the gain of 5000 and,
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for higher gains, the error amplitude rises. Ondtieer hand, for the sampling period of4,

as the gain increased, the error amplitude dealdas¢he simulated values.
3.4.3 Smulated phase planes

The closed-loop interferometric system has only fars¢ order differential equation
that governs its dynamic, and therefore is a frster system. Its behavior was also studied
using the phase plan, simulated using the numentwthod Runge-Kutta in the function
“‘ode45” of the software Matlab. In Figure 24, theape plane was obtained for high gain,
making C = 20000, in order to test if the system goes to instahikthile in Figure 25 the
gain of the system was configured @s= 1000, and the phase plane showed in Figure 26
was obtained with the gait = 200. In all these simulations, the paramedgV/; is equal to

the unity.

Figure 25 - Simulated phase plane with gain 2000(0d initial phases- 2w and
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Source: elaborated by the author.
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Figure 26 - Simulated phase plane with gain 1000 dninitial phases —Z and =
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Figure 27 - Simulated phase plane with gain 200 ariditial phases —Z and n
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Source: elaborated by the author.

From the phase plans, it is noted the global behavi the system, once the state
variable x; has its values lying within [-1,1], for any valué iaitial phaseg,. , the system
trajectory always goes to the origin and oscillatesund it. It is important to remember that
X, Is given by equation (91), and therefore the divgan C is multiplying the sign function
and the absolute value of the functjfgncausing the high values o axis. However the
output signabk; = A,V; cos(¢) oscillates in small values around the origin, simgvthat the
interferometer is operating in one of its quadmatyoints and corroborating with the

simulation results aforementioned.
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The simulation results showed the capacity of tystesn to operate using the high
gain approach, giving important insights about thiguence of parameters, such as, the

sampling period, overall gain and modifier parametehe sigmoidal function.
3.5 Equivalent system virtually controlled

Starting from the main idea of the control systeqpl&ned in the Section 3.1, a new
concept of phase demodulation method was designexder to understand this concept the
reader should refer to Figure 11, where it is shoka closed-loop system block diagram.
One can note that the output signals of the quadranterferometer are given by equations
(37) and (38). By withdrawing the DC levelswgf(t) andv,(t) the signal,.; andv,., are
obtained (in Section 3.1), respectively. Besides,(3/) and (38) refer to the open-loop
interferometer, the phase shift is added to the argument of the cosine and sinetiins

(p = p. + Ap + ¢,) for the closed-loop interferometer.

Multiplying the output signalv,., by the parameter =%

2V2

and using the
relationship of sum of arcs, these equations carewstten as:

Ve, = A1Vi[cos(gc) cos(Ap + ¢o) —sin(P.) sin(Ap + ¢o)] ,  (161)
and

Vac, = —A1Va[sin(¢c) cos(Ap + ¢o) +sin(Ap + ¢o) cos(do)].  (162)
From this result, the block diagram of the convami closed-loop system can be

expanded into the equivalent form shown in Figi8e 2
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Figure 28 - Equivalent system virtually controlled
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Source:elaborated by the author.

It is noteworthy that the system, highlighted bg thlue dotted line, is the open-loop
real quadrature interferometer, which provides slgmalsv,., andv,.,, while the green
dotted line system comprises the quadrature caoreetigorithm and digitally implemented
dynamic system, that operates in closed-loop toutate the phase correction sigrgl.
Therefore the optical interferometer (the hardwasah operate in open-loop while the
correction signalp,. is calculated in the chosen digital platform. Threcedure obtains the
signal¢. = —A¢ — ¢, directly in radians, thereby constituting a prignatandard for linear
displacement measurement. In this way, there isagal for a feedback PZT in the reference
arm, simplifying the hardware needed for the systatso the overall gain of the feedback
system is now limited only by the word length ofked-point used in the FPGA
implementation, and not by the linear voltage afigslioutput and feedback PZT in the
reference arm. The stability analysis and behawfothe control system performed in the
previous subsections is also valid for the equivalértually controlled system. But in order
to prove such statement, the equivalent virtuadiytmlled system was assembled in software
Multisim, as showed in Figure 29, and simulatiamslosed-loop were performed, using the

same parameter configuration as in previous secliberefore, in Figure 30 it can be seen
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the same results for the state variab|dor different sampling periods, = 10~#, 10~> and

107 s.

Figure 29 - Simulation of the equivalent system viually controlled
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Source: (elaborated by the author).

Figure 30 - Simulated equivalent interferometer sigal x; for different sampling periods (t,)
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Simulations were also performed in order to analyfee convergence to different
stable equilibrium points, and again, it can beeobsd the same behavior as the control
system discussed in Section 3.1, where for thélrgbndition chosen ag. + ¢, + A¢p =
0.7m; the results of Figures 31, 32 and 33 shows tiesystem converges to the equilibrium

T

pointg, + ¢y + Ap = >
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Figure 31 — Open- and closed-loopm, signal of the equivalent system, for initial condion 0. 7w

Simulation for 0 to 0.08 seconds
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Figure 32 — Open- and closed-loog signal of the equivalent system, for initial condion 0.7

Simulation for 0 to 0.08 seconds
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Figure 33 - Input phases and closed-loop correctiosignal (g,.) of the equivalent system, for initial

condition 0.7r radians

Simulation for 0 to 0.65 seconds
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Changing the initial condition tog, + ¢, + A¢p = 1.0001mr results in the

convergence of the state trajectoryitp— 0, f —» 1 and¢, + ¢, + Ap — 37" , as it can be

seen in Figures 34, 35 and 36.

Figure 34 — Open- and closed-loopm, signal of equivalent system, for initial condition1.0001x

Simulation for 0 to 0.08 seconds
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Figure 35 — Open- and closed-loop signal of equivalent system,

Simulation for 0 to 0.08 seconds
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for initial condition1.0001x
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Figure 36 - Input phases and closed-loop correctiosignal (g,.) of the equivalent system, for initial
condition 1.000%k radians
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Source 1: elaborated by the author.

In view of the above, it can be seen that the pgedaontrol system and the expanded

system, which is virtually controlled, are equivdlend both can be used to measure the

phase shifts, induced on interferometers.
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3.6 Post processing algorithm

As it will be seen in Chapter 4 — Results, the egjeint system virtually controlled
(ES) was able to measure phase shifts in high natidaldepth in frequencies up to 500 Hz.
However for some applications there is a need w&raip at higher frequencies. Aiming to
allow such applications, a post processing routuas developed in MatLab and used to
demodulate interferometric phase from photodetedats sampled with the oscilloscope.

This processing routine was compared with the otettroposed by (LEMES, 2014)
in order to evaluate the correct operation of thetiol algorithm for phase demodulation. It is
noteworthy that both algorithms use the procedoreguadrature correction described on
Chapter 2, Section 2.4 as idealized by Heydema®@l(1
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4 Experimental setup and results

This chapter is dedicated to explain the aspecthefsystem implementation, used
simplifications and experimental procedures thatawearried out in this work. The chapter is
subdivided in the assembly of the modified Michalsaterferometer, implementation of the
control system, tests for validation and charazédion of the control system, implementation
of the equivalent system virtually controlled, irplentation of the quadrature correction
algorithm and lastly, tests are presented compahegcontrol system with the equivalent

system.
4.1 Assembly of the modified Michelson interferdare

The objective of this step was to assembly andyaaut the alignment of the modified
Michelson interferometer, which the block diagramshown in Figure 06. This allows the
obtaining of the signalg; = A;V; cos(A¢ + ¢y + ¢.) and f = —A;V;sin(Ap + ¢y + d.)
((69) and (71), respectively) necessary to implerian control system.

Firstly the interferometer was assembled as shawrrigure 37, comprising the

following components:

1- He-Ne (Helium-Neon) laser operating in 632/& with 5 mW of power (Electro
Optics model LHRP-0501) ;

2 — Negative lens;

3 — Beam splitter CMI-BS013;

4 — Feedback PZT actuator (APF CA92630);

5 — Second beam splitter;

6 — Quadratic law silicon based photodetectors mo&d 36A (Thorlabs);
7 — Quadratic law silicon based photodetector mbdel 10A (Thorlabs);

8 — Mirror.
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Figure 37- Top view of the modified Michelson inteferometer

Source: elaborated by the author.

After the assembling of the interferometer, theeyswas aligned, in such a way that
the fringe patterns become as closer as possiblngentric circles. The photodetector
indicated by the number 6 in Figure 37 was posdibat the center of the first fringe pattern
and fixed in this position. The incident intensiyphotodetector 6 was adjusted with the aid
of an iris, so that the photodetected signal waogtsaturate or become too small. The output
signals of the photodetectors 6 and 7 were thenexiad to the oscilloscope (Agilent, model
MSO06034A), in the acquisition mode XY and a sindabioltage signal was applied to the
PZT actuator 4, allowing the visualization of thedajous figure.

The photodetector indicated by 7 in Figure 37 wesembled on a translational stage
base positioner with micrometer resolution, anchthas positioned also at the center of the
other fringe pattern, in such a way the Lissajogsré becomes a straight line, indicating that
both photodetected signals were in phase. Aftedigglacing the photodetector, the relative

phase difference changes and the Lissajous figaoerbes an inclined ellipse. When the

phase difference is adjustedgtdad, the Lissajous figure becomes an ellipse withrhajor
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diagonal and minor diagonal aligned with the X afhascilloscope screen axes. Then the
amplitude of the photodetected signals can balfttbeapproximately the same value, through
the adjustment of the iris aperture in 6. In FigBBis shown the Lissajous figure for the
aligned modified Michelson interferometer with gretdre adjustment, which becomes

approximately a circle.

Figure 38 - Lissajous figure of the quadrature inteferometer
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Source: elaborated by the author.

The yellow and green signals, showed in Figure 38 40, are respectively from
photodetectors 6 and 7, while the purple signtiiesapplied voltage to the PZT actuator 4.

Figure 39 - Applied voltage to PZT and output signks of the interferometer
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Source: elaborated by the author.
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In order to verify the quadrature adjustment, thpliad voltage to PZT actuator was
decreased to low phase modulation index regime,itawds observed that when one of the
photodetected signals are operating at quadratirg, ghe another is operating at one point
of maximum or minimum of the interferometer curdénerefore presenting a signal with
attenuated amplitude and twice the frequency oPh€ actuator applied voltage. The output

signals and voltage applied to the PZT actuatoshosvn in Figure 40.

Figure 40 - Output signals with phase difference og radians and applied voltage to PZT
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Source: elaborated by the author.
After this procedure the output signals neededhkycontrol lawx; = A;V; cos(A¢ +
b0 + @) andf = —A,V; sin(A¢ + ¢ + ¢p.) were obtained with success, therefore, the next

stage was to implement the control system.
4.2 Implementation of the control system

The previous stage provided the interferometer wutgpignals, with the phase

difference of% rad, comprising thus, the block with cosine ance siutputs in the block

diagram of Figure 10. In order to implement thetoanlaw given by equation (81), it is
necessary to acquire both output signgland f, perform their multiplication and apply the
sign function. The result then, must be multipliegl the appropriate gain, integrated for
generating the voltage,,; and lastly, applied it to the voltage amplifieathdrives the

feedback control PZT. This closes the feedbackrobltiop as it can be seen in Figure 41.
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As will be discussed later, the shaded region gufe 41 was embedded within a
digital platform comprising two analog inputs, (andv,), two subtractors, a multiplier, the
sign function, an inverter amplifier and an intégra The voltagev,,; corresponds to an

analog output which will constitute the output sigrfor the high gain approached

interferometer.
Figure 41 — Closed-loop control system block diagra
Osciloscope
A+ ¢o |—
Interferometer myRIO - 1900 platform
Feedback PZT + i ]
Actuator A1 (1 + Vi cos())
PZT ¢ >
Cpzr —Ay(1 + Vasin(g))
Linear Voltage 1
Amplifier 1 sgn(z1 f)

LVA — s @ s
L =

Vout
Crva

Implemented Controller

Source: elaborated by the author.
It can be seen in the implemented system of Figdrethat the overall gaiiC" is
subdivided into three gains, the gain of the sidoattion C,, the gainC,y, of the linear

voltage amplifier (LVA) and the gain of the feedkd@®ZT actuatoCp,;, resulting in:

C= ngnCLVACPZT ) (163)
where the gainCs,, can be digitally configured. The gaif,,, of the amplifier is
approximately21 V/V and the gainCp,; of the feedback PZT, measured in rad/V, is a
function of the frequency. Therefore this actuatwst be previously characterized, as it will

be explained further in section 4.3.

Digital controllers are capable of performing coeyptomputations at high speed with
constant accuracy. Besides that, they present ftexiility, since changes can be made in
the implemented system, without rearranging thelare, which allows the implementation
of more complex functions. This type of controlieroften implemented in microcontrollers,
Digital Signal Processors (DSP) and Field Prograbien&ate Arrays (FPGA).
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To implement the proposed nonlinear control system,have chosen myRIO-1900
(National Instruments), which contains a Xilinx £yi010, comprising a Real-Time Dual
Core Arm cortex A9 processor and a FPGA. It is wotthy that LabVIEW Toolkit for
programming and deployment of the FPGA device aldine hardware design to be carried

out without prior knowledge of Hardware Descripticemguage (HDL).

This Section gives a brief explanation about thecfions comprising the nonlinear
control system and the synchronization of the teaé processor algorithm with the hardware
which were implemented in FPGA. The hardware bld@gram of the chosen platform is
shown in Figure 42 (National instruments, 2017)e@an see that the analog inputs and
outputs are connected directly to the FPGA, whidans that, compared with the real-time
processor's performance, this configuration pravidehigher sampling rate and is able to

execute different tasks concurrently.

Figure 42 - Hardware block diagram of myRIO-1900 erhedded plataform
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Processor (LabVIEW RT)

FPGA (LabVIEW FPGA) 't 2

Source: (National Instruments)

As showed by the simulation results of Section 8 8 recommended to use high

sampling frequencies in the control system, theestbe output signals; andv, of the
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photodetectors were firstly sampled at 100 kHz bg @nalog inputs, using a voltage

resolution of 4.883 mV. The DC levels andA, are experimentally determined Hy =

[vlmax + vlmin] [Uzmax + vzmin] i i i
— andA4, = — o as described in (XU et. al., 2010) where the maxn

and minimum values of; andv, are measured with the interferometer operatingpien-
loop and with an induced phase shift, large endogbperate multi-fringe mode. Following

the Figure 41, these two values are then supprdssedthe sampled signals, originating

222 Ugea, aCCOrding to (69) and (75) respectively.

Vac1 = X1 andf =

Both signals are then multiplied, and the sign fiomcsgn(x, f) is approximated by

the sigmoidal function, calculated as (150), tkat i

X1 f

i fl e’ (164)

sigm(x,f) =

The sigm function is multiplied by the gaiCs,, and applied to the input of the

digital integrator shown in Figure 41.

In case of arbitrary signals, since there is notaati-derivative in terms of known
functions, we use methods which approximate thigefimtegral. Two of the most popular
methods for approximating the evaluation of deéinibtegrals are the Trapezoidal and
Simpson's Rules (ALAOUI; MOHAMAD, 1993; DAVIS; RABIOWITZ, 2007).

We employed the Simpson's rule to the integrattickvwas implemented in FPGA
for the nonlinear control system. This method appnates a definite integral by using
guadratic polynomials instead of straight linesnsegts used in the trapezoidal rule. The

implemented integrator is explained in more deta{(MARTIN, 2018).

When the actuator, responsible to apply the cosignial, reaches the saturation level,
the feedback loop does not act properly and theutabd values of the regulator may then
drift to undesirable values. This phenomenon isrrefl to as windup.

According to (TARBOURIECH; TURNER, 2008), the firstademic work published
regarding the problem of saturation in control egst was (LOZIER, 1956), highlighting that
this type of system may present two different bérav one dictated by the original
differential equation of the system model, and heobne due to a saturated mode, which
could originate premature saturation, hysteresistha input-output relationship, jump

resonance and other anomalous effects, denigrdtengteady state performance.
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Many authors described this problem and proposggswo overcome it (BERGER,;
GUTMAN, 2015; TURNER; SOFRONY; HERRMANN, 2016; KARIR; TEEL,
DAOUTIDIS, 1998; PENG; VRANCIC; HANUS, 1996; ZHEN&OTHARE; MORARI,
1994; RAN; WANG; DONG, 2016; ASTROM; RUNDQWIST, 198 mainly based on two
approaches: the first one handle the saturatiotherdesign of the control law, ensuring the
nominal performance specifications, while the selcegparates the controller in two, one for
the original system without considering saturatiand the other is the anti-windup

compensation.

The output of myRIO-1900 embedded platformy,¢ in Figure 42) is limited in the
range of+10 V. Therefore, considering the interferometer scige to a phase shift high
enough to make the analog output to lie out of tamgye, the integrator would keep increasing
the internally calculated value. Meanwhile the otitypalue would stay fixed in the saturation
level and, after the end of disturbance; it wowlet a long time for the integrator output
reaches again values in the range of the analqggbwA simple way to avoid such problem is
to stop the integration when the calculated vadueuit of the analog output voltage range and
return to normal operation when the result lieshimit+10 V. Therefore, a structure
comprising a case condition loop was implementeccascade with Simpson integrator,
preventing windup phenomenon. It is noteworthy thet controller does not need a reset
system as those used by (FRITSCH; ADAMOWISKY, 19BASILE et al., 1991) to name a
few. After the integrator with anti-windup, the s& is converted to a voltage signal by one
analog output in the range df10 V. This signal is then applied to the analog wgpdta
amplifier, which multiplies the input signal by ¥V and drives the PZT feedback actuator,

inducing the phase correction siggal closing the control loop.

In order to log the acquired data of control siganadl photodetector output signal from
the FPGA, data must be transferred to the real-pneeessor. A recommended approach to
transfer a large amount of sequential data is tiraau Target to Host FIFO (First-In First-
Out). The details of the configuration of the Flla@d its use in the transfer of the sampled
data can be found in (MARTIN, 2018).

With the assembled control law and data log systesis were performed in order to

evaluate the implemented system.
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4.3 Tests for validation and characterizationhaf ¢ontrol system

This Section shows the procedures used and tedtsrmped to evaluate the closed-

loop control system operating in high gain approach

It is important to highlight that in order to estite the phase shift using the high gain
approach, the gain of the PZT actuator on the faekdlboop (Cp,; in Figure 40) must be
known, because the measurement is carried out tisengontrol voltage,,;, which is then
multiplied by the gairC;; 4, of the linear voltage amplifier and lastly, apgli® this PZT. On
the other hand, this approach does not requir@éhiedic estimation of thaV/ factor in (69)
or (75) to guarantee the accuracy of the system{&PILMANN, 2011), representing thus,

a tradeoff of this approach.

After the implementation of the control law, thestgm was tested in the assembly
shown in Figure 37, where, in open-loop, the irenineter was disturbed in low frequencies,
by exerting pressure on the mirror indicated byrthmber 8. The disturbance level was high
enough to shift several fringes in the interferameturve and during this procedure, the
control system was turned on, stabilizing the outpguof the interferometer at zero and,

therefore, rejecting any induced disturbance.

In Figure 43 it is presented the acquisition ddtdhe oscilloscope during the test,
where channel 1 (yellow signal) is tlve output, channel 2 (green signal) is theutput of
the interferometer and the purple signal in charshed the voltage control signaj,,,; (see
Figure 41) applied to the voltage amplifier. Thetdibance A¢ + ¢,) compensated by the
proposed control system in this test was 25.2 resiance the amplitude peak-to-peak of the
analog output voltagev(,;) was approximately 4.8 V, the linear voltage affigaligain
(Crva) i1s equals to 21 V/V and the feedback PZT gaip,f) for low frequencies is
approximately 0.25 radians per volt, as will bevghan the following. Therefore the system
was capable to compensate phase shifts greaterriftarrad, while maintaining a straight

line relationship between the phase shift and tmdrol voltage signab,,,;.

Also the phase plane of the system was acquiredhforoverall gainC = 700 and
simulated for sign function, for the system op&m@gtat the sample frequency of 108 The
experimental data is compared to the simulatedlteesu Figure 44, for two initial phase

conditions,—2m andr rad.
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Figure 43 — Open-loop and closed-loop operation
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Figure 44 - Comparison between simulated and expeniental phase planes
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Source: elaborated by the author.

It can be seen the similarity between the behasfothe simulations with the sign
function and the practical system implemented with sigm function, showing that the

mathematical modeling, and approximations usetiencontrol law where implemented with
success.

The experimental setup was then modified to incltle PZT actuator PK2FVF1
(PK2) from Thorlabs, in replacement of the mirror indicated by the nem8 in Figure 36.
This PZT stack actuator is capable to produce atgphents in the order @20 um for
applied voltages in the range 0f— 75 V. Therefore, phase shifts greater thanradians
could be induced in frequencies up to 500 Hz. IguF@ 45 it is shown the modified

experimental setup, with the numbers 1 to 7 inthgathe same optical components of Figure
37.
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It is well known that the gain of PZT actuators é&se@red in rad/V) is a function of the
input signal frequency; therefore the actuatortenfeedback loop (indicated by 4) needed to
be characterized. This was carried out througHdivemodulation index method, allied with
the control system proposed in (MARTHfal., 2017), which constitutes a primary standard

for calibrated nanodisplacement measurements.

Figure 45 - Bulky modified michelson interferometer

Source: elaborated by the author.
The magnitude frequency response, shown in Figéirewhs obtained from the
average of five tests and then, it was used tautzke the induced phase shifts in the high
gain approach. As can be seen, for the low frequeange, the linear phase-to-voltage

sensitivity (or simply, the feedback PZT actuataing is approximately 0.25 rad/V.

Figure 46 - Frequency response of the feedback P Zictuator
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Source: elaborated by the author.
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With the frequency response of the feedback aatuatown, the proposed control
system can be used to measure phase shifts in rbottulation depths, low and high.
Therefore, a sinusoidal voltage signal of 10 Hz eyaglied to PK2, producing a phase shift of
several radians, when the system is operating an-épop. The control system was then
turned on, and the phase control sigal) (becomes proportional to the voltage signg);
applied to the input of the LVA, while the outpud$ the interferometer are stabilized. In
Figure 46 are presented the open- and closed-lotqubsignalsc; andf, given by the green
and yellow waveforms, the inverted phase contrdiage signalv,,; in pink, and the input

applied voltage to the PK2 actuator on the sensoy ia purple.

Figure 47 - Interferometer output signals in high nodulation depth for applied signal at 10 Hz
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(c) — Detail of the open-loop outpuix, (green) of the interferometer and the applied PZT wvltage
(purple).

It can be seen the multi-fringe behavior of theeriferometer output signals (yellow
and green) shown in Figures 47(a) and 47(c). Byguéiinge counting, it is observed that
there are between 8 and 9 fringes between thevaitef minimum and maximal applied
voltage to the PK2 actuator, therefore the totagehshift (peak-to-peak) can be estimated as
being between the range A&t oynting € [50.27 56.55] rad. Comparing now with the

system operating in closed-loop with a géig,, = 40000 (Figure 47(b)) one can see that
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multiplying the amplitude of 10 V (peak-to-peak)tb& control signal b¥;y, = 21 [V/V]
and byCpzr = 0.25[rad/V], the phase shift induced by the PZT stack actuB? is
A¢p = 52.5[rad], corresponding to a linear displacement of (UDPILBAANN, 2011)

Al = ﬁAgb = 2.64 um. Both results are in agreement, once the pha$ensbasured with

the control system lies within the range estimdtgdhe fringe counting method, showing the
capability of the system to measure large displacgs(large enough to cause multi-fringe
operation) without requiring phase-unwrapping atyons, and with higher accuracy.

The transition from open-loop operation to closeopl operation for sinusoidal
excitation signal is shown in Figure 48(a), whiléeat using an arbitrary excitation signal is
shown in Figure 48(b). It is important to note that narrow-band signals the system is
capable to detect phase shifts with arbitrary wawefand not only sinusoidal signals. This is
an interesting feature in sensors such as gyroscageelerometers and temperature sensors,
among others.

Figure 48 — (a) Open- to closed-loop transition. {bArbitrary signal applied to PK2.
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Source: (elaborated by the author)

In order to verify the phase shift suppression bdipa of the system, for different
values of gainCgg4,, sinusoidal signals were applied to the PZT stactuator PK2, at
different frequencies. While the system was opegain closed-loop, the amplitude of the
applied voltage was increased, until the last vatuwvhich the relationship between phase
control (@.) signal and the PK2 applied voltage was propodioihe obtained values of
voltage amplitude y,,; in Figure 41) were multiplied by the gain of theelr voltage
amplifier C,,, and after, by the gain of the feedback PZT actu@ig, for each frequency
(according to Figure 46). It can be seen, in Figt@ethat for higher values 6f,,, higher
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amplitudes of phase shifa¢ + ¢,) can be suppressed and therefore, measured thtbegh

control signal ¢.) in a proportional relationship.

Figure 49 - Supressing capability for different valies of gain.

10 —Cgn =500
=) —C__=1000
< sgn
el Cygn = 1500
301 —C__=35000
sgn

Phase shift, ¢
[y}
)

p—
]
T

AN

0 100 200 300 400 500
Frequency [Hz]

Source: elaborated by the author.

This approach was applied then, to characterizengnitude frequency response of
the PZT actuator PK2 (indicated by 8), under tgstand the results were compared with the
frequency response of the same actuator obtain#d the low modulation depth method,
allied with the control system proposed by (MARTéN al, 2017). The results are shown in
Figure 49.

The magnitude frequency response of PK2 was olatdorethe range from30 Hz up
to 500 Hz, where the phase shift, measured as explaiefedd) was divided by the amplitude
of the voltage signal applied to PK2. This procedwas carried out on two tests in different
days, resulting in the red dotted and traced ghees shown in Figure 50. The blue, yellow
and traced purple lines were obtained for the sarheator (PK2) using low modulation depth

associated with the control system proposed by (WMIARet. al., 2017).

From Figure 50 one can see the similarity betw&enfiequency responses obtained
with high gain approach and with the low modulatdapth method, where a main resonance
Is observed ne&53 Hz and anti-resonance ne&f0 Hz.

Also, the signals of the phase shift were plottgdiast the input voltage applied on
PK2, showing the linearity and hysteresis of thenaor at different frequencies. The results
are shown in Figures 51 to 54, together with thasprshifip, and the mean slope. The value
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of ¢, was obtained from the DC value of the phase cbaraontrol signalp., and the
signal of interestA¢p was obtained from the subtraction ¢f from the phase correction
signal, therefore calculated as follows:
1Y
Po=7| —dcdt, (165)
to

and

Ap = —¢pc — ¢y, (166)
where in (165)T is the total time of the acquired datg,is the initial time and; the final

time of the acquired data.

It is noted that, as the frequency of the appligda approaches the resonance, of 254
Hz the phase shift curve widens (the hysteresieeases), meaning an increment in the time
delay between the applied signal and the mechadisplacement generated by the PZT

actuator PK2.

Figure 50 - Comparison of frequency response of theK2FVF1 PZT actuator.
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Figure 51 — Phase shift and mechanical displacemewntrsus applied voltage signal at 30Hz.
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Figure 52 - Phase shift and mechanical displacemewnérsus applied voltage signal at 250Hz.
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Figure 53 - Phase shift and mechanical displacemewnérsus applied voltage signal at 254Hz.
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Figure 54 - Phase shift and mechanical displacemewnérsus applied voltage signal at 258Hz.
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4.4 Implementation of the equivalent system vihyueontrolled

After the tests and experimental results obtainé@t whe control system using the
high gain approach, the equivalent system virtualontrolled (see Section 3.5) was
implemented in the myRIO-1900 platform. In ordefdoilitate and abbreviate the writing, let

us refer to this system as equivalent system or ES.

As explained before, the chosen platform is sulbeiinto a Dual Core real-time
processor and a FPGA, therefore constituting dqulat of heterogeneous computing. This
concept of combining different architectures anacpssor cores has increased the parallelism
in high-performance computing. A good review of 8tate of the art in this topic can be
found in (BRODTKORSB et. al, 2010).

In order to optimize the routines and computingtled control algorithm and data
logging, the overall application was divided in d@rtasks running concurrently, being
respectively: the time critical task running on FR@he supervisory system running on the
Desktop PC or notebook; and the task that demarfdgher degree of complexity, which

runs on the Dual-Core real-time processor.

On Section 4.2, the DC levels; andA, of the output signals where determined using
the procedure described in (XU et. al, 2010), dmnsl procedure was also used in the initial
implementation of the equivalent system. After ithidal implementation and verification of
the correct work of the application, the quadrattowection algorithm was add to the system,
performing the online correction of quadrature nagches in the output signals of the
interferometer. This feature increases the prddiyaaf operation and also the insensibility to

the position variations of the photodetectors.

In order to better understand the working of therall application, let us refer to
Figure 55, where it is shown the total implemersgstem.
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Figure 55 - Overall implementation of the equivalehsystem
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The FPGA is responsible for sampling the outputnalg of the open-loop
interferometer,v; and v, given by (37) and (38) respectively, correctingnthesing the
values given by the quadrature correction algori(Bection 2.4) and then apply these signals
on the control algorithm (Section 3.1), responsiblecalculatingg,. By the other hand, the
Real-Time Processor is responsible to receive #ta dtored in the FIFO buffer (1000
samples ofv; andv, every 100 ms) and to execute the quadrature damealgorithm,

writing to the FPGA the calculated result for tregametersl, , A,, r anda.

It is important to note that on initial conditionthe parameters are configured as
A, =A4,=0,r=1, anda = 0 [rad], then, after 100 ms the algorithm generates tis¢ fi
result and updates the FPGA. The control loop isfigaored to 100 kHz of execution
frequency, while the sampling frequency for thenalg that are transferred to the FIFO is 10
kHz.

In order to be able to measure the phase corresigpral¢,. also with the oscilloscope
(Agilent, model MSO6034A), an analog output is ugedconvert the calculated phase
correction in a voltage signal. Once the phaseection signal can assume values beyond the
output voltage limits, a scale factor was usedivadd ¢., therefore, avoiding saturation. It is
noteworthy that, as the analog output is used tasore the signap., and not to control a

physical system, the output of the integrator domsequire an anti-windup system.

The implemented system was also used to evaluatiauency response of the PZT
stack actuator PK2, where two tests were perforoedlifferent days, characterizing the
frequency response of magnitude and phase of PKRES. The results are shown in Figures
56 and 57 where they are compared with the ressitg) the high gain approach.
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Figure 56 - Comparison of frequency response of theK2FVF1 PZT actuator.

1500 -
— Equivalent system test 1
— Equivalent system test 2
High gain approach
Z 1000 -
<
=
=
N
2
Gy
S)
£
s 500
)
0 | ‘| | I LN\ e 71 I ]

50 100 150 200 250 300 350 400 450 500
Frequency [Hz]

Source: elaborated by the author.

Figure 57 - Comparison of phase frequency responsé the PK2FVF1 PZT actuator.
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The magnitude frequency responses of Figure 55 shayreat similarity between
themselves and also with the results shown in EigQr; with the presence of a resonance also
around 253 Hz. However it can be seen a discreplagivyeen the phase frequency responses

obtained with the ES virtually controlled and th#aoned with the high gain approach.
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When compared to the high gain approach, and duthdoshape of the phase
frequency responses, it is reasonable to say himaidiscrepancy is due to a transport delay
between the input and output of the system, onag dhconstant transport delay does not
bring distortion to the signal in time domain atglphase frequency response is a straight line

with constant slope.

The control loop algorithm by itself is not respithes for a delay of such magnitude,
meanwhile the quadrature correction task is exeécote the real-time processor, and each
time this task is accomplished, the real-time pssoe transfers the coefficients for the
correction to the FPGA. However, this processrigetconsuming and subjected to an effect

called jitter.

Such effect is characterized as a stochastic detying around the mean valuel,
following a probabilistic distribution). Therefone order to estimate the transport delay of the
implemented control system, a linear fitting op@ratvas carried out with the data of phase
frequency response from test 1, but without therwral from 175 until 280 Hz (in order to
remove the phase change introduced by PZT actudtonas obtained the value ofl =

6.4271 x 10~*m constituting a total transport delay of approxieck ms.

The phase frequency responses where plotted agaiRigure 58, but with the
influence of the transport delay compensated. Thesalts show now a great similarity
between the phase frequency responses. It is ndteyhat the result of only one test was

used to estimate the transport delay and corregbhlase frequency response for both tests.
Figure 58 - Phase frequency response of ES with tniaport delay correction.
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As in previous section, the signals of the phetgét were plotted against the input
voltage applied on PK2, showing the linearity angtaresis of the actuator at different
frequencies; the results are shown in Figures F2tdogether with the phase differentg

and the mean slope.

Figure 59 — Phase shift and mechanical displacemewrsus applied voltage signal at 30Hz
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Figure 60 - Phase shift and mechanical displacemewnérsus applied voltage signal at 250Hz.
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Figure 61 - Phase shift and mechanical displacemewnérsus applied voltage signal at 255Hz.
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Figure 62 - Phase shift and mechanical displacemewnérsus applied voltage signal at 258Hz
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The results obtained with the ES virtually conedllalso point to the presence of a
resonance surrounding the frequency of 254 — 255ad4t can be seen in the magnitude
frequency response, in Figure 56, and by the pkhgein function of the applied voltage
signal in Figures 59 to 62, where it is noted thatthe frequency of the applied signal
approaches the resonance, the phase shift curvensyigdneaning an increment in the time

delay between the applied signal and the mechaxisplacement produced by the PZT
actuator PK2.
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4.5 Tests of the post processing algorithm

Due to technological aspects of the chosen platftmmimplemented system was able
to compensate phase shifts on frequencies up tdHzQdowever some applications require
higher operating frequencies. In order to show that control law can be still applied,
regarding increasing the sampling frequency, a postessing algorithm was elaborated

using the software “MatLab” and tested on experitaetiata sampled with an oscilloscope.

In this Section, the experimental setup had twagka from the one used in Figure
44: the PZT actuator PK2 was substituted by the -RFXZT flextensional actuator, which
was used in previous works developed by (NADER,2QEMES, 2014; SAKAMOTO,
2006; MENEZES, 2009; TAKIY, 2010), and the oscilope was changed to the Tektronix -
TDS2024C which samples 2500 points of each chaofrtbe presented waveforms. In Figure
62 it is presented the PFX-2 PZT actuator.

Figure 63 - PXF-2 PZT actuator.

(@ W)

Source: (modified from MARTINEZ, 2018)

This solid state actuator operates by complianthaeism, having no moving parts
such as pins or joints. The design and manufactir¢his device was performed by
mechatronics group of EPUSP (Polytechnic Schotth@fUniversity of Sao Paulo) (NADER,
2002). It consists of a piezoceramic (PZT-5A, Aroan Piezoceramics, 30mm x 18mm X
1mm in the directions a,b and c) coupled to a flexialuminum structure that changes the
direction of the main displacement generated byRA& (from extensional to flexural), as
well as works as a displacement transformer, ampdf its amplitude. The single
piezoceramics is poled in the c direction. The tBesional actuator has four points of
maximum displacement, which are the measuring ppantd the displacement generated in
the center of the structure is null. Due to symmebnly one measurement point will be

tested in this Section.



98

The results shown in the Figures 64 to 68 consigteocapture of the oscilloscope and
the total phase shifA¢ + ¢, demodulated, where the Channel 1 and Channel theof
oscilloscope are connected to the photodetectetbo(y and blue waveforms in Figure 64(a),
for example), measuring the interferometric outpytsnd f respectively, while Chanel 3 is
measuring the PZT applied voltage (purple waveforirigure 64(a)). The blue waveform in
(b) presents the total phase shift obtained withalgorithm proposed by (LEMES, 2014),
while in red is the phase shift demodulated throiinghhigh-gain approach control algorithm.

In Figure 64 are shown the results for a sinusordthge signal with frequency of 3
kHz applied to the PFX-2 PZT actuator, where the@ang period in this test was configured
to t; = 0.2 us, once the oscilloscope samples 2500 points itotiaé display time o600 us.

In Figure 64(b) the overall gain was configured th= 5000 and it can be seen a poor
convergence with the phase demodulated from ATAMr&hm (LEMES, 2014), therefore a

linear interpolation was used in the same sampégd, dnserting 19 points equally distanced
by t,/20. The results are shown in Figures 64(c) and 64(d).

It is important to highlight that the demodulateldape presented initially an offset

difference, once the phase correction sign is giwerequation (78), and there is a constant
term k?” wherek is odd, adding\¢ + ¢,. This term is one of the infinity equilibrium pdsn

to which the control algorithm converges. In Figué® and 66, the demodulated phase shifts
obtained by each method are plotted but subtrdntets minimum values, in order to remove
the offset.
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Figure 64 - (a) Open-loop interferometer signalsh) A¢ + ¢, demodulated by ATAN (LEMES,
2014) in blue and high-gain approach in red, C=500(c) signalsA¢ + ¢, demodulated by ATAN
(LEMES, 2014) in blue and high-gain approach in redC=5000 and dt/20. (d) Detailed view from (c) near
the origin of time.
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Figure 65 - (a) Open-loop interferometric signals(b) Demodulated phase shift using ATAN (blue)
and High-gain approach (red). (c) Detail using intgpolations (t,/50). (d) Detail usingt,/20.
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The result shown in Figure 65(d), using linearriptgation witht, /20, presents slight
differences between the demodulated phases, whdeyg t,/50 it can be seen the

superposition between both demodulated phase ghiftigure 65(c).

In the results of Figure 66(a) to (d), the test wagied out by applying an arbitrary
voltage waveform with first harmonic in 2400 Hzcén be seen that by increasing the @ain
the demodulated phase shift obtained from the ky@h approach converges to the phase

demodulated with the ATAN method.

Figure 66 - Tests for arbitrary signal. (a) Oscilosope data. (b) Demodulated phase shifts,
C = 5000, ts/20. (c) C = 7000, ts/20. (d) C = 200€920.
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A second test (Test 2) using an arbitrary voltageeform applied to PFX-2 PZT was
recorded and the results are shown in Figures @76&n In Figure 67 it is presented the
oscilloscope data, while in Figure 68 the resuitstfie demodulated phase shift and the error
between both algorithms are shown, for differentmhar of points inserted by the
interpolation. One can see the expected behavitreoérror with the increase in the number
of points inserted by the interpolation. The largee number of points inserted by the

interpolation smaller the thickness of the boundaygr and consequently the error.
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Figure 67 - Oscilloscope data of Test 2 with arbitiry voltage signal applied to PFX-2
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Figure 68 - Arbitrary voltage signal applied to PFX2. (a) Demodulated phase shift. (b) Detail of
the demodulated phase shift. (c) Error between ATANind High-gain approach for different ts.
(d) Detail of (c).
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5 Conclusion and future work

This thesis presented, firstly a theoretical stubout two beam interferometry,
starting from Young's experiment and, as it wasashin the previous work of (LEMES,
2014), how spatial displacement on the fringe patt=an be used to obtain a quadrature

interferometer without using complex polarizingiopt

Then, a suitable state space modeling for the fertaneter was found, in order to
apply a control strategy based on sliding moderoband high-gain approach. The objective
of this method is to fully compensate the phasé siiluced on one of the interferometers
arms. The major advantages are that the induceseaft can be retrieved from the voltage
control signal, once they hold a proportional rielahip. Consequently there is no need to
use phase unwrapping algorithms. This leads tadpeability of the system to operate in real-
time. The stability of the closed system was stlidand the proposed system showed to be
stable in all quadrature points.

Simulations and a theoretical study about the baundayer were carried out to
analyze the behavior of the system when changspgatameters, such as gain and sampling
period. It is highlighted that for the smallestualof gain that still is greater thiip + |,
the sign function operating with the higher samplirequency showed a smaller boundary
layer when compared with the sigmoidal function.tBg other hand, for values of gain much
greater than|A¢ + ¢|, the sigmoidal function showed smaller boundaryeta when
compared to the sign function. As a drawback, thlgmaeidal function decreases the
robustness of the control system, representingaetff between chattering and robustness.
Also the behavior of the system trajectory, ingite boundary layer defined by the sigmoidal

function, was studied.

In the laboratory stage, the modified Michelsoreiféarometer was assembled, and
experimental tests were carried out using the implged control system. The results showed
similarity with the simulations, and comparing witither high gain approach systems
described in literature. This work showed an imgraent of dynamic range and bandwidth.
It is noteworthy that the results of the frequerbyaracterization of the PZT stack actuator

PK2 are in agreement with the results obtained thighlow modulation depth method.
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The current systems discussed in literature, opgrat high-gain approach, still use
the linearization around the equilibrium point, @sample, utilizing Pl controllers which
presents the reset limitation. It is important twenthat high-gain approach interferometry
topologies, operating with the physically closeddphas as main drawback the need of a
precise calibration of the PZT feedback actuatoth@nreference arm of the interferometer,
and therefore the interferometer no more consttateprimary standard for displacement

measurements, as happens with the low gain appreasions.

Attempting to solve this problem, the new concepthe equivalent system virtually
controlled showed to be a suitable alternative teasare interferometric phase shifts,
presenting the great advantage of not needing aigdilly feedback PZT actuator and linear
voltage amplifier to drive it, reducing cost andrdware requirements. The implemented
guadrature correction algorithm showed to be of @aplementation, while also showed to
be capable to deal with slow variations of the pHetectors error positioning. The overall
system implements the feedback loop by softwaretherkfore, the phase correction signal
¢. is obtained in radians. This feature allows theerierometer to be again a primary

standard for calibrated displacement measuremehtrensystem can operates in real-time.

The results obtained with the ES for the charazaéion of the PZT stack actuator
PK2 presented an imperfection on the phase frequessponse, due to a transport delay
between the input and output of the implementedrobisystem. The transport delay was
experimentally determined and corrected in the @Hasgquency response, which does not

introduce a distortion to phase correctifgn

The ES was able to operate in real-time with fregies up to 500 Hz, however for
applications that demands higher frequencies ofatio® it would not be suitable. In order to
attempt such demands, a post processing routirezl msthe same algorithm used in the ES
was designed, tested for higher frequency sigrmadscampared to the algorithm proposed by
(LEMES, 2014). The results shown convergence betvexdh methods and also the error
between them was presented, that can be minimireddh the adjustment of the boundary

layer.
The proposed next steps on the development oiibiik are:

a) To optimize the FPGA code of the implemented edaiMasystem, decreasing the

length of the words of the fixed point data, whid&ing care to not induce significant
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guantization errors; change the period of quadeatarrection algorithm, in order to
decrease the time delas;] and to change the sine and cosine functionsemehted
in the FPGA by look up tables. These improvemehtsikl reduce the transport delay
of the system.

b) To assemble an optical fiber quadrature interfetemen order to also apply the
proposed control system.

c) To implement the strategy described by (Su; Drakuiergiiner, 2000), where the
proposed boundary layer can be made a functidif afistead of only a function of,
therefore, reducing the thickness of the boundamer and by consequence, the
chattering of the system.

d) Develop a study using terminal sliding modes arsgdréite time sliding modes.

e) Implement the analogic version of the ES virtualbytrolled.

f) Develop an algorithm to adaptively change the geaid the sigmoid parameterin

order to minimize the boundary layer, while obeyihg reachability criterion.

It is also important to highlight that the convental operation of interferometer based
sensors working in high modulation depth mode, ireguphase unwrapping algorithms in
order to estimate the phase shifts unambiguousisually those algorithms are post
processed, bringing limitations to real-time operatof the sensors. Therefore, most of the
applications restrict the end of scale of the setsmperate at low modulation depth. With
the control system proposed in this work, the mesamant of phase shift becomes a simple
multiplication of the voltage signal applied to teedback PZT by its frequency response, or
using the ES virtually controlled, the phase sisiftlirectly obtained from the voltage control
signal. This makes the operation in high modulatiepth possible without the need of phase
unwrapping algorithms and therefore, increasing iiximum sensibility that could be

reached.
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Appendix

Ellipse Fitting Simulation and Quadrature correction algorithm

AlV1=1; % Cossine function amplitude;

A2V2 =3; % Sine function amplitude;

B=5; % Amplitude of the phase displacement signal
r=A1V1/A2V2; % ratio between the amplitudes A1V1 and A2V2
Al=2; % offsetofv_ml

A2 =2.5; % offset of v_m2

alpha = pi/6; % Quadrature phase error

w = 3*pi/4; % Angular frequency of the phase displacement signa
wt = 0:0.001:6*pi; % Total range of phase displacement signal
t = wt/w; % time vector

phi = B*sin(wt); % phase displacement signal

Ideal quadrature signals

v_id1 = A1V1*cos(phi);

v_id2 = A1V1*sin(phi);

Distorted quadrature signals (with noise)

noisel =random(  ‘'norm' ,0,0.05,[1 length(wt)]);
noise2 = random(  ‘'norm' ,0,0.05,[1 length(wt)]);

v_ml=v_idl + Al + noisel;
v_m2 = (1/r)*(v_id2*cos(alpha)+v_id1*sin(alpha)) + A2 + noise2;

% Matrix of the sampled data
X=[(v_m1)."2 (v_m2)."2v_ml'*v_m2'v_ml'v_m2' IK

% Y matrix
Y = ones(length(t),1);

% Matrix of the coefficients Q = [A,B,C,D,EJ;
Q = inv(X"*X)*(X")*Y;

% Calculated parameters
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alpha_fit = asin(Q(3)/(sart(4*Q(1)*Q(2))));

r_fit = sqrt(Q(2)/Q(1));

AL_fit = (2*Q(2)*Q(4)-Q(5)*Q()((Q(3)"2)-4*Q(1)*Q ));
A2_fit = (2*Q(1)*Q(5)-Q(4)*Q)((Q(3)"2)-4*Q(1)*Q ));

%Corrected signals
v_dl =v_ml-A1l_fit;

v_d2 = (r*(v_m2-A2_fit)-sin(alpha_fit)*(v_m1-Al_fit ))/cos(alpha_fit);

%Fitted ellipse
vdl fit=v_idl + A1_fit;

vd2_fit = (1/r_fit)*(v_id2*cos(alpha_fit)+v_id1*sin (alpha_fit)) + A2_fit;

% Ploting figures

figure(1);

plot(t,v_m1,t,v_m2)

set(gca, ‘'FontSize' ,32, 'LineWidth' , 1, 'FontName' , 'Times new roman'
xlabel( ‘time - &' );

ylabel( 'Simulated $v_1"m$ and $v_2"m$' )i

figure(2)

plot(v_m1,v_m2,vdl_fit,vd2_fit)

set(gca, ‘'FontSize' ,32, 'LineWidth' , 1, 'FontName' , 'Times new roman'
xlabel(  ‘time - &' );

ylabel( 'Simulated $v_1"m$ and $v_2"m$' )i

figure(3)

plot(v_d1,v_d2)

set(gca, ‘'FontSize' ,32, 'LineWidth' , 1, 'FontName' , 'Times new roman'

xlabel( '$vAd_1$" );
ylabel(  '$v_27d$' ),
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