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Abstract In the present work, we study qualitative and quantitative results proposed
in the paper Tisdell and Zaidi (Nonlinear Anal 68(11):3504-3524, 2008) of first-order
dynamic equations on time scales. Thus, we examine initial value problems described
by dynamic equations on time scales of the form x® = f(z, x, x°). We obtain a
result on the dependency of solutions to initial value problems with respect to initial
values. Using Banach’s fixed-point theorem, we prove the existence and uniqueness
of solutions to initial value problems. On the other hand, under weaker hypothesis on
f,using Schifer’s fixed-point theorem, we obtain the existence of at least one solution
to initial value problems.

Keywords Dynamic equations - Existence of solutions - Continuous dependence -
Time scales
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1 Introduction

The study of first-order dynamic equations on time scales can be observed, for example,
in [1,5,6,8,10,12,15-17]. A time scale is a nonempty closed subset of real numbers.
Here, we use a bounded time scale T, where a = min T and b = max T are such that
a < b.
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In this study, we consider first-order dynamic equations of the type
X2 = ft,x(),x(0(1) A—ae tela by ()

subject to the initial condition
x(a) = A 2)

where x : T — R” is the unknown function, A € R" is given, [a, b)T := [a,b) N T,
f:TxR"xR" — R"is a known function, o : T — T is a function defined in the
next section, and x2(¢) is the delta derivative of x at ¢.

We use the Banach fixed-point theorem to prove the existence and uniqueness of
solutions to initial value problems determined by Eqgs. (1) and (2). On the other hand,
under weaker hypothesis on f, we use the Schéfer fixed-point theorem to obtain the
existence of at least one solution to Egs. (1) and (2). Furthermore, we establish a result
on the dependency of solutions to Eqgs. (1) and (2) with respect to initial values.

In [9], the authors consider the dynamic equation

x2() = f(t.x(0),x(0(1)) VreT. 3)

Assuming that f is rd-continuous, [9] proves the existence and uniqueness of solutions

to Egs. (2) and (3). Here, we do not need to suppose that f is rd-continuous to obtain
the existence of solutions to Egs. (1) and (2).

We organize the paper as follows. In Sect. 2, we recall basic concepts and results

on time scale theory. Section 3 presents the results of existence and continuous depen-
dency of solutions to first-order dynamic equations on time scales.

2 Preliminaries
2.1 Time scales

Define the forward jump operator o : T — T by
o) =inf{s eT:s >t}
and the backward jump operator p : T — T by
p(t)=sup{s e T:s <1t}

We assume that inf § = sup T and sup ¥ = inf T.
Let u : T — [0, +00) be defined by

ui)=o(t)—t.

If A C R, define the set AT as AT = AN T. We set T = T\ (p(sup T), sup T].
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Take a function f : T — R and s € T. If £ € R is such that, for all ¢ > 0 there
exists § > 0 satisfying

|f(@(®) = f(s) =& (1) —9)| = glot) —s|

forall s € (t — 6, t + &)1, we say that £ is the delta derivative of f at ¢ and we denote
itby £ := f2(1).

Consider a function f : T — R" and t € T“. We say that f is A-differentiable
at t if each component f; : T — R of f is A-differentiable at 7. In this case,

A0 = (PO, L)

The result below can be easily obtained from [2, Theorem 1.16].

Theorem 1 [2] Consider a function f : T — R" and t € T¥. Then, the following
statements hold:

(1) If f is A-differentiable at t then f is continuous at t.
(i1) If f is continuous att and o (t) > t, then f is A-differentiable at t. Furthermore,

flo(®) — f@)

OE
w(t)
(iii) Ifo(t) =t, then f is A-differentiable at t if and only if the following limit exists

A Rl AC)
m —-

s T ¢t t—s
=

as an element of R". In this case,

J@) = f(s)
m ———.

A .
=1
fo0=Jn =

(iv) If f is A-differentiable at t, then

flo@®) = f@) +u@)f2@).

2.2 Lebesgue A-integrability
In [7], one can find the definition of a A-measurable set of T. We represent the family
of A-measurable sets of T by A. We also recall that A is a o-algebra of T.
Let ua : A — [0, +oc] the Lebesgue A-measure. If £ C T, we say that a
statement P holds A-almost everywhere (A-a.e.) on E, if the set N given by
N = {t € E : P does not hold at ¢}

is such that ua (N) = 0.
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A function f : T — Ris A-measurable if foreachr € Rtheset{r € T : f(¢) < r}
is A-measurable. If f : T — R” we say that f is A-measurable if each component
fi : T — R of fis A-measurable.

Let f: T — Rand E € A. We indicate by

/ f(s)As
E

the Lebesgue A-integral of f over E. We denote the set of functions f : T — R which
are Lebesgue A-integrable over E by Li(E). If f : T — R" is A-measurable and
E € A, fisLebesgue A-integrable over E if each component f; : T — RisLebesgue
A-integrable over E. Indicate by L{(E, R") the set of functions f : T — R” which
are Lebesgue A-integrable over E. Note that, the integration of functions f : T — R”
is considered componentwise.

Letcandd in T suchthatc < d.If f : T — Ris Riemann A-integrable on [c, d]T,

we indicate by
d
/ f(s)As
C

the Riemann A-integral of f from c to d.

More details on integration on time scales can be found in [7].

Let B™ denote the Borel o-algebra of R” and A x B denote the product o -algebra
between A and B™. By definition, A x B™ is the least o -algebra of T x R" that contains
all products A x B, where A € A and B € B™.

Proposition 1 [13] Let f : T x R™ — R" be a A x B™-measurable function and
u: T — R™ a A-measurable function. Then, g : T — R", defined by

g(t) = f(t,u())
is a A-measurable function.

From [7], the functiono : T — T is rd-continuous. As each rd-continuous function
is A-measurable, we obtain the following consequence of the previous proposition.

Lemma 1 Assume that f : T x R" x R" — R" is a A x B*'-measurable function
and x : T — R" is a continuous function. Then, the function

1= ft,x(@), x(0())

is A-measurable.

2.3 Absolutely continuous functions on time scales

First, we note that the Euclidean norm on R” will be denoted by || - ||
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A function f : T — R”" is absolutely continuous if given &¢ > 0 there exists § > 0
such that

N
D Nfbi) = flal <e
i=1

whenever a; < b; and {[q;, b,‘)T}lN: | are disjoint intervals satisfying

N
Z(bi —a;) <.
i=l1

Theorem 2 given below can be easily obtained from [3, Theorem 4.1].

Theorem 2 A function f : T — R" is absolutely continuous if and only if the
following assertions are valid:

1. f is A-differentiable A-a.e. on [a, b)T and fA € Li([a, b)T, R"),
2. foreacht € T we have

ﬂo=ﬂm+/ FA(s)As.

la.n)T
A function f : T — R” is said to be an arc if it is absolutely continuous.

Proposition 2 [12] Let f : T — [0, +00) be a function in L1([a, b)T). Given ¢ > 0
there exists § > 0 such that, if A € A and pua(A) < § then

/ f(s)As < e.
A

If g € Li([a, b)T, R"), from the previous proposition the function z : T — R”
given by

z() = / g(s)As
la,0)T

is an arc.

Proposition 3 [12] Let g € Li([a, b)T). Suppose that

/ g(s)As =0
[e.d)r

foreach c,d € T such that c < d. Then, g(t) > 0 A-a.e. t € [a, b)T.
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Corollary 1 Consider g € Li([a, b)T) satisfying

/ g(s)As =0
[e,d)T

foreach c,d € T such that c < d. Then, g(t) = 0 A-a.e. t € [a, b)T.

Corollary 2 Let v € Li([a, b)T, R") be such that

/ v(s)As =0
la,t)T

forallt € T. Then, v(t) =0 A-a.e. t € [a, b)T.

3 Main results

Here, we obtain the existence of solutions to Eqs. (1) and (2) and the continuous
dependency of solutions to Eqgs. (1) and (2) with respect to initial values.

3.1 Continuous dependency of solutions to Eqgs. (1) and (2)

We say that a function f : T — R is rd-continuous when it is continuous at every
right-dense point ¢+ € T and its left-sided limits exist and is finite at every left-dense
pointz € T. We denote the set of all rd-continuous functions with domain T and taking

values on R by C,4(T, R).
The set of regressive functions, R, is defined by

R:={peCu(T,R): 1+ pu@)p() #0,Vt € T}
and the set of positively regressive functions, RT, by
Rt :={p e Cuy(T,R): 1 + u(®)p(t) > 0,Vt € T}.

If p € R, we define the exponential function e, (¢, a) on the time scale T as

t
ep(t,a) =exp (/ Eu(r)(P(f))Af)

with

Log(1 + hz)
h

Z

if h=0
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and Log is the principal logarithm function. The exponential function e, (t, a) is the
unique solution to the initial value problem

XA = p®)x, x(a) =1.

The next lemma, known as Gronwall’s lemma on time scales, will be used in the
Theorems 3 and 7.

Lemma 2 [2] Consider the functions y € Crq(T,R) and p € R™, with p > 0 on T.
If a is a constant and

t
y@) <« +/ p(s)y(s)As
a
forallt € T, then

y(t) = aep(t,a)

forallt € T.

A solution to Egs. (1) and (2) is an arc x : T — R” that satisfies the Eqgs. (1)
and (2).
In the next lemma, we have a result concerning the solutions of the Egs. (1) and (2).

Lemma3 Let f : T x R" x R* — R" be a A x B**-measurable function.

1. Ifanarc x : T — R" is a solution of the Egs. (1) and (2) it follows that
x(t)=A +/ f(s,x(s),x(0(s))As VteT. 4)
la,t)T

2. Ifan arc x : T — R” satisfies the Eq. (4), then x is a solution of Egs. (1) and (2).
Proof The proof is an easy consequence of the Corollary 2 and Theorem 2. O

In the next theorem, we consider the following first-order dynamic equation

Y20 = [, y(0), y(o @) A—ae. tela b (5)
subject to the initial condition
y@) =B (6)

where B € R".
Below we state and prove the result on the dependency of solutions to Eqgs. (1)
and (2) with respect to initial values.

Theorem 3 Consider a A x B*'-measurable function f : T x R" x R* — R”".
Suppose that there exists L > 0 such that

£, pr. p2) = f(t.q1.q2)|| = L(Ip1 — q1ll + | p2 — q21D)
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foranyt € T, and any p1, p2, q1, g2 € R". Let x(t) be a solution of the Egs. (1) and (2)
and let y(t) be a solution of the Egs. (5) and (6). If§ = ||A — B|land L(b —a) < 1,
then for all t € T we have

lx(@) =yl <25Mexrm(t, a)
1
where M = m.

Proof For each t € T we have

x(®) = yOll + llx(a (1)) — y(@ ()]
=< 28+/[ : £ (s, x(s), x(0(s))) = f(s,y(s), y(o ()| As
a,t)r

+/ 1/ (s, x(s), x(o () — f(s,y(s), y(o ()] As
[a,o0 ()T
<25 +/[ : Lllx(s) =y + llx(o(s)) — y(o(s)I)As
a,t)
+/ Lllx(s) =y + [lx(o(s)) — y((s)I)As
[a,o0 ()T
t
=26 +/ L([x(s) =y + [|x(a(s)) — y(@(s)I)As
o(t)
+/ L([[x(s) =yl + lx(o(s)) — y(o(s)I)As
t
=28+ 2/ Lllx(s) =yl + [lx(o(s)) — y(o(s))As
o(t)
+/ Lllx(s) =y + [lx(o(s)) — y(o () As
t

t
=25+ 2/ L(llx(s) =yl + llx(o(s)) = y(o(s)IDAs
+ Lo () =) (|lx(@) = yOIl + llx(o (@) = y(@ @)
t
<25+ 2/ L(llx(s) = y®Il + llx (o (s)) — y(o () As

+ L —a)(lx@) — yO| + lx(a (@) — yla))
and then

[x(®) = yOIl + lx(a (1)) = y(@ @)

t
<25M +/ 2LM([lx(s) =yl + llx(o(s)) — y(a () As.
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From Lemma 2, we get
lx(@) =yl + llx(o @) — yle @)l < 28Mexrm(t, a)
for all # € T. Since
lx(@) = y®OI < llx@®) —y®Ol + lIx(@) — y(@ @)l

the proof is complete. O

3.2 Existence to Eqs. (1) and (2)

Let C(T, R") denote the set of all continuous functions with domain T and taking
values on R”.
Take a constant 8 > 0. Define the metric dg : C(T, R") x C(T, R") — [0, c0) by

_ o x@) =yl
i T

and the norms || - ||, || - lo : C(T,R") — [0, c0) by

t
el — sup 1O
reT ep(t, a)

and

llxllo = sup [x ().
teT

Lemma 4 [16] If 8 > 0 is a constant then:

1. dg is a metric;

2. (C(T,R"), dg) is a complete metric space;

3. |Ixllg is a norm and is equivalent to the sup-norm ||x o,
4. (C(T,R™), || - llp) is a Banach space.

Consider a complete metric space (Y, d) and F : Y — Y. The mapping F is said
to be contractive if there exists a positive constant & < 1 satisfying

d(F(x), F(y)) < Ad(x,y) Vx,y €Y.

If y € Y, define the sequence { F'(y)} recursively by FO(y) :=y and F'*!(y) :=
F(F'(y)).
Below, we have the Banach fixed-point theorem.

Theorem 4 [4] Let (Y, d) be a complete metriq space andlet F : Y — Y be contrac-
tive. Then, F has a unique fixed point u and F'(y) — u foreachy € Y.
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Theorem 5 Tuke a A x B*'-measurable function f : T x R" x R" — R". Consider
a function ¢ : T — [0, 00) in L1([a, b)T). Assume that there exists N > 0 such that

If @ p.)ll = NUpl+llgl) +c@)

for any p,q € R" and A-a.e. t € [a, b)T. Also assume that there exists L > 0
satisfying

£ prs p2) = f(t,q1, 9| < LAIp1 — qill + | p2 — q21)
foranyt € T, and any p1, p2, q1, g2 € R". If

Lsupu(r) <1
teT

thenthe Egs. (1) and (2) have a unique solution. Furthermore, if a sequence of functions
{xi} is defined inductively by choosing any xo € C(T, R") and setting

xie1(t) = A+ / (5. x:(5), x1 (@ () As,

[a,0)T

then the sequence {x;} converges uniformly onT to the unique solution x of the Egs. (1)

and (2).

Proof Take a constant y > 2 such that L||ullo = 1 — % andset § = Ly. Let X be
the complete metric space (C(T, R"), dg). Define F : X — X by

(Fx)t)y =A +/ f(s,x(s), x(0(s))As, t € T.

[a,t)T

Letu, v € X. It follows from the proof of [9, Theorem 4.3.], that

1 t
sup |: / L(llu(s) — v + llu(o(s)) — U(G(S))||)AS:|
teT e,B(t, a) Jq

2 1
<dg(u,v) (; +L||M||0) [1 T a)}

1
= dﬂ(lxl, U) |:1 — eﬂ(b7 a)] .
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Hence,

dg(F(u), F(v))

1
< sup
teT Leg(t, @) Jia,np

ILf (s, uls), u(a(s)) — f(s,v(s), v(G(S)))IIAS]

< sup
teT Leg(t, @) Jian)r

- .
/ L(lJu(s) = v()[| + llu(o(s)) — v(G(S))II)AS}

L(llu(s) —v(s)ll + llu(o(s)) — U(G(S))II)AS]

= Su
o Lep(t.a)

1
<dg(u, 1-— .
<dg(u v)[ eﬁ(b’a)]

Hence, F is a contraction mapping. Using Theorem 4, we obtain the results of Theo-
rem 5. O

Below, we state Schifer’s fixed-point theorem.

Theorem 6 [14] Let X be a Banach space, F : X — X continuous and compact.
Assume further that the set

I'={x € X:x=AF(x)forsome X € [0, 1]}

is bounded. Then, F has a fixed point.

Let X, Y be Banach spaces, and C C X. Mapping F : C — Y is compact if it
transforms bounded sets into relatively compact sets.

In the next theorem, we obtain at least one solution to Eqs. (1) and (2).

Let ¢ : T — R be a function in Li([a, b)T). We represent the integral

f[a,b)T lc(s)|As by llcllr,-

Theorem 7 Let f : T x R" x R" — R" be a A x B**-measurable function and
c: T — [0, 00) a function in L([a, b)T). Suppose that for each t € T, the function
(p,q) — f(t, p,q) is continuous. Let N > 0 be such that

If @ p. @l = NAlpll +ligl) + c(@)

forany p,q € R" and A-a.e. t € [a, b)T. Also suppose that N (b — a) < 1. Then, the
Egs. (1) and (2) have at least one solution.

Proof Let X denote the Banach space (C(T, R"), || - |lo).
Define the mapping F : X — X by

(Fx)(t)y =A +/ f(s,x(s), x(0(s))As, t € T.

[a,0)T
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Consider a bounded sequence {x;} in X. Suppose that ||x;|lo < « for some o > O.
Then, the sequence {F(x;)} is bounded, since

| Fxillo < Al + Sup/ Il f (s, xi(s), xi (o ()| As
teT Ja,t)T

< [All + sup/ (Nlxi () + Nlixi(o (NI + c(s)As
teT Jla,t)T

< Al + 2N|lxillo(6 —a) + llclL,

<Al +2Na( — a) + llcliz,-

If t1, 1o € T are such that t; < t», then

IFx() — (Fx) ()] < / 1 (5. xi(5), 210 ()| As

[t1,02)T

< / (N3 )+ Nlxi (o ()] + c(s))As
[t1,02)T

< ON|xillo(tr — 1) + / () As

[11,22)T

<2Na(ty — 1) +/ c(s)As.

[t1,02)T

Hence, the sequence { F'(x;)} is equicontinuous. From Arzela—Ascoli’s Theorem [11],
the sequence {F'(x;)} has a convergent subsequence. Therefore, F' is compact.
Let x € X be arbitrarily fixed. Take a sequence {x} in X obeying

lim |lx; —x]lo = 0.
j—o0
Fix a constant 8 > O such that ||x[|o < B and ||x;|lo < B forall j. Foreacht € T,
lim || f(z,x; (1), xj (0 () — f(1,%(1), X(c ()| =0
J—>00
and for A-a.e.t € [a, b)T,

£, xj(@0), x;(0 () — ft,X@1), X(e O] < 4N + 2c(1)

for all j. It follows from the dominated convergence theorem [11] that

lim £ (s, x;(s), xj(0(5)) = f(s,X(s), x(a(s))[[As =0

J=70Ja,b)r

and, therefore,

lim [|[Fx; — FXlo = 0.
J—0o0
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Hence, F is continuous in x. Thus, F is a continuous mapping.
Consider the set I' C X given by

I'={x e X:x =XAFx forsome A € [0, 1]}.
If x € T it follows that

[x@N 4 lx(@E) | = IAFxX) O + [[(AFx) (o ()]

<24 +/ 1/ s, x(s), x(0 ()| As
[a,0)T
+/ | f (s, x(s), x(a(s)))|As
[a,o ()T
<2|A|l +/[ : (Nllx()I + Nlx( )+ c(s))As
a,t)r
+/ (Nllx(s)I + Nlx(o ) +c(s))As
[a,o ()T

t
= 2| Al +/ N(llx()II + [lx(a(s))DAs

o(t)
+ N(lx) I+ llx(@)IDAs +2[cliz,

a

t
= 2[|A]l ~I—2/ N(llx()II + [lx(a(s))DAs

+ (@@ = ONUxOI + llx(@ @)D + 2l
=2l Al +2llcllz, + @ —a)N(lx@] + llx (@ @))

t
+2/ N([x()] + [lx(a(s)I)As
and thus
lx@I + llx (e @)l < 2AIM +2M]|c||,

t
+ / INM(Ix ()] + X (0 () ) As

forall t € T, where M = It follows from Lemma 2 that

1
I—b—a)N*

lx@I + llx(e@NIl < CIAIM +2M||c|L)eanm (t, a)
forall t € T. Hence,

Ixllo < CIAIM +2MicllL)e2nm (b, a)

and, therefore, I" is bounded.



218 I. L. D. dos Santos

From Theorem 6, there exists x, € X such that Fx, = x,. Using Lemma 3, we

may conclude that x, is a solution to Egs. (1) and (2). O
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