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Abstract In the present work, we study qualitative and quantitative results proposed
in the paper Tisdell and Zaidi (Nonlinear Anal 68(11):3504-3524, 2008) of first-order
dynamic equations on time scales. Thus, we examine initial value problems described
by dynamic equations on time scales of the form x� = f (t, x, xσ ). We obtain a
result on the dependency of solutions to initial value problems with respect to initial
values. Using Banach’s fixed-point theorem, we prove the existence and uniqueness
of solutions to initial value problems. On the other hand, under weaker hypothesis on
f , using Schäfer’s fixed-point theorem, we obtain the existence of at least one solution
to initial value problems.
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1 Introduction

The studyof first-order dynamic equations on time scales can be observed, for example,
in [1,5,6,8,10,12,15–17]. A time scale is a nonempty closed subset of real numbers.
Here, we use a bounded time scale T, where a = minT and b = maxT are such that
a < b.
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In this study, we consider first-order dynamic equations of the type

x�(t) = f (t, x(t), x(σ (t))) � − a.e. t ∈ [a, b)T (1)

subject to the initial condition
x(a) = A (2)

where x : T → R
n is the unknown function, A ∈ R

n is given, [a, b)T := [a, b) ∩ T,
f : T × R

n × R
n → R

n is a known function, σ : T → T is a function defined in the
next section, and x�(t) is the delta derivative of x at t .

We use the Banach fixed-point theorem to prove the existence and uniqueness of
solutions to initial value problems determined by Eqs. (1) and (2). On the other hand,
under weaker hypothesis on f , we use the Schäfer fixed-point theorem to obtain the
existence of at least one solution to Eqs. (1) and (2). Furthermore, we establish a result
on the dependency of solutions to Eqs. (1) and (2) with respect to initial values.

In [9], the authors consider the dynamic equation

x�(t) = f (t, x(t), x(σ (t))) ∀t ∈ T. (3)

Assuming that f is rd-continuous, [9] proves the existence and uniqueness of solutions
to Eqs. (2) and (3). Here, we do not need to suppose that f is rd-continuous to obtain
the existence of solutions to Eqs. (1) and (2).

We organize the paper as follows. In Sect. 2, we recall basic concepts and results
on time scale theory. Section 3 presents the results of existence and continuous depen-
dency of solutions to first-order dynamic equations on time scales.

2 Preliminaries

2.1 Time scales

Define the forward jump operator σ : T → T by

σ(t) = inf{s ∈ T : s > t}

and the backward jump operator ρ : T → T by

ρ(t) = sup{s ∈ T : s < t}.

We assume that inf ∅ = supT and sup∅ = inf T.
Let μ : T → [0,+∞) be defined by

μ(t) = σ(t) − t.

If A ⊂ R, define the set AT as AT = A ∩ T. We set Tκ = T\(ρ(supT), supT]T.
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Take a function f : T → R and t ∈ T
κ . If ξ ∈ R is such that, for all ε > 0 there

exists δ > 0 satisfying

| f (σ (t)) − f (s) − ξ(σ (t) − s)| ≤ ε|σ(t) − s|

for all s ∈ (t − δ, t + δ)T, we say that ξ is the delta derivative of f at t and we denote
it by ξ := f �(t).

Consider a function f : T → R
n and t ∈ T

κ . We say that f is �-differentiable
at t if each component fi : T → R of f is �-differentiable at t . In this case,
f �(t) = ( f �

1 (t), . . . , f �
n (t)).

The result below can be easily obtained from [2, Theorem 1.16].

Theorem 1 [2] Consider a function f : T → R
n and t ∈ T

κ . Then, the following
statements hold:

(i) If f is �-differentiable at t then f is continuous at t .
(ii) If f is continuous at t and σ(t) > t , then f is�-differentiable at t . Furthermore,

f �(t) = f (σ (t)) − f (t)

μ(t)
.

(iii) If σ(t) = t , then f is �-differentiable at t if and only if the following limit exists

lim
s T−→ t

f (t) − f (s)

t − s

as an element of Rn. In this case,

f �(t) = lim
s T−→ t

f (t) − f (s)

t − s
.

(iv) If f is �-differentiable at t , then

f (σ (t)) = f (t) + μ(t) f �(t).

2.2 Lebesgue �-integrability

In [7], one can find the definition of a �-measurable set of T. We represent the family
of �-measurable sets of T by �. We also recall that � is a σ -algebra of T.

Let μ� : � → [0,+∞] the Lebesgue �-measure. If E ⊂ T, we say that a
statement P holds �-almost everywhere (�-a.e.) on E , if the set N given by

N = {t ∈ E : P does not hold at t}

is such that μ�(N ) = 0.
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A function f : T → R̄ is�-measurable if for each r ∈ R the set {t ∈ T : f (t) < r}
is �-measurable. If f : T → R

n we say that f is �-measurable if each component
fi : T → R of f is �-measurable.
Let f : T → R̄ and E ∈ �. We indicate by

∫
E
f (s)�s

the Lebesgue�-integral of f over E .We denote the set of functions f : T → Rwhich
are Lebesgue �-integrable over E by L1(E). If f : T → R

n is �-measurable and
E ∈ �, f is Lebesgue�-integrable over E if each component fi : T → R is Lebesgue
�-integrable over E . Indicate by L1(E,Rn) the set of functions f : T → R

n which
are Lebesgue�-integrable over E . Note that, the integration of functions f : T → R

n

is considered componentwise.
Let c and d inT such that c ≤ d. If f : T → R is Riemann�-integrable on [c, d]T,

we indicate by

∫ d

c
f (s)�s

the Riemann �-integral of f from c to d.
More details on integration on time scales can be found in [7].
LetBm denote the Borel σ -algebra ofRm and�×Bm denote the product σ -algebra

between� andBm . By definition,�×Bm is the leastσ -algebra ofT×R
m that contains

all products A × B, where A ∈ � and B ∈ Bm .

Proposition 1 [13] Let f : T × R
m → R

n be a � × Bm-measurable function and
u : T → R

m a �-measurable function. Then, g : T → R
n, defined by

g(t) = f (t, u(t))

is a �-measurable function.

From [7], the function σ : T → T is rd-continuous. As each rd-continuous function
is �-measurable, we obtain the following consequence of the previous proposition.

Lemma 1 Assume that f : T × R
n × R

n → R
n is a � × B2n-measurable function

and x : T → R
n is a continuous function. Then, the function

t 
→ f (t, x(t), x(σ (t)))

is �-measurable.

2.3 Absolutely continuous functions on time scales

First, we note that the Euclidean norm on Rn will be denoted by ‖ · ‖.
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A function f : T → R
n is absolutely continuous if given ε > 0 there exists δ > 0

such that

N∑
i=1

‖ f (bi ) − f (ai )‖ < ε

whenever ai ≤ bi and {[ai , bi )T}Ni=1 are disjoint intervals satisfying

N∑
i=1

(bi − ai ) < δ.

Theorem 2 given below can be easily obtained from [3, Theorem 4.1].

Theorem 2 A function f : T → R
n is absolutely continuous if and only if the

following assertions are valid:

1. f is �-differentiable �-a.e. on [a, b)T and f � ∈ L1([a, b)T,Rn);
2. for each t ∈ T we have

f (t) = f (a) +
∫

[a,t)T
f �(s)�s.

A function f : T → R
n is said to be an arc if it is absolutely continuous.

Proposition 2 [12] Let f : T → [0,+∞) be a function in L1([a, b)T). Given ε > 0
there exists δ > 0 such that, if A ∈ � and μ�(A) < δ then

∫
A
f (s)�s < ε.

If g ∈ L1([a, b)T,Rn), from the previous proposition the function z : T → R
n

given by

z(t) =
∫

[a,t)T
g(s)�s

is an arc.

Proposition 3 [12] Let g ∈ L1([a, b)T). Suppose that

∫
[c,d)T

g(s)�s ≥ 0

for each c, d ∈ T such that c < d. Then, g(t) ≥ 0 �-a.e. t ∈ [a, b)T.
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Corollary 1 Consider g ∈ L1([a, b)T) satisfying

∫
[c,d)T

g(s)�s = 0

for each c, d ∈ T such that c < d. Then, g(t) = 0 �-a.e. t ∈ [a, b)T.

Corollary 2 Let v ∈ L1([a, b)T,Rn) be such that

∫
[a,t)T

v(s)�s = 0

for all t ∈ T. Then, v(t) = 0 �-a.e. t ∈ [a, b)T.

3 Main results

Here, we obtain the existence of solutions to Eqs. (1) and (2) and the continuous
dependency of solutions to Eqs. (1) and (2) with respect to initial values.

3.1 Continuous dependency of solutions to Eqs. (1) and (2)

We say that a function f : T → R is rd-continuous when it is continuous at every
right-dense point t ∈ T and its left-sided limits exist and is finite at every left-dense
point t ∈ T. We denote the set of all rd-continuous functions with domainT and taking
values on R by Crd(T,R).

The set of regressive functions, R, is defined by

R := {p ∈ Crd(T,R) : 1 + μ(t)p(t) 
= 0,∀t ∈ T}

and the set of positively regressive functions, R+, by

R+ := {p ∈ Crd(T,R) : 1 + μ(t)p(t) > 0,∀t ∈ T}.

If p ∈ R, we define the exponential function ep(t, a) on the time scale T as

ep(t, a) = exp

(∫ t

a
ξμ(τ)(p(τ ))�τ

)

with

ξh(z) =
{
Log(1 + hz)

h if h 
= 0
z if h = 0
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and Log is the principal logarithm function. The exponential function ep(t, a) is the
unique solution to the initial value problem

x� = p(t)x, x(a) = 1.

The next lemma, known as Gronwall’s lemma on time scales, will be used in the
Theorems 3 and 7.

Lemma 2 [2] Consider the functions y ∈ Crd(T,R) and p ∈ R+, with p ≥ 0 on T.
If α is a constant and

y(t) ≤ α +
∫ t

a
p(s)y(s)�s

for all t ∈ T, then

y(t) ≤ αep(t, a)

for all t ∈ T.

A solution to Eqs. (1) and (2) is an arc x : T → R
n that satisfies the Eqs. (1)

and (2).
In the next lemma, we have a result concerning the solutions of the Eqs. (1) and (2).

Lemma 3 Let f : T × R
n × R

n → R
n be a � × B2n-measurable function.

1. If an arc x : T → R
n is a solution of the Eqs. (1) and (2) it follows that

x(t) = A +
∫

[a,t)T
f (s, x(s), x(σ (s)))�s ∀t ∈ T. (4)

2. If an arc x : T → R
n satisfies the Eq. (4), then x is a solution of Eqs. (1) and (2).

Proof The proof is an easy consequence of the Corollary 2 and Theorem 2. ��
In the next theorem, we consider the following first-order dynamic equation

y�(t) = f (t, y(t), y(σ (t)) � − a.e. t ∈ [a, b)T (5)

subject to the initial condition
y(a) = B (6)

where B ∈ R
n .

Below we state and prove the result on the dependency of solutions to Eqs. (1)
and (2) with respect to initial values.

Theorem 3 Consider a � × B2n-measurable function f : T × R
n × R

n → R
n.

Suppose that there exists L > 0 such that

‖ f (t, p1, p2) − f (t, q1, q2)‖ ≤ L(‖p1 − q1‖ + ‖p2 − q2‖)
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for any t ∈ T, and any p1, p2, q1, q2 ∈ R
n. Let x(t) be a solution of theEqs. (1) and (2)

and let y(t) be a solution of the Eqs. (5) and (6). If δ = ‖A − B‖ and L(b − a) < 1,
then for all t ∈ T we have

‖x(t) − y(t)‖ ≤ 2δMe2LM (t, a)

where M = 1
1−(b−a)L .

Proof For each t ∈ T we have

‖x(t) − y(t)‖ + ‖x(σ (t)) − y(σ (t))‖
≤ 2δ +

∫
[a,t)T

‖ f (s, x(s), x(σ (s))) − f (s, y(s), y(σ (s)))‖�s

+
∫

[a,σ (t))T
‖ f (s, x(s), x(σ (s))) − f (s, y(s), y(σ (s)))‖�s

≤ 2δ +
∫

[a,t)T
L(‖x(s) − y(s)‖ + ‖x(σ (s)) − y(σ (s))‖)�s

+
∫

[a,σ (t))T
L(‖x(s) − y(s)‖ + ‖x(σ (s)) − y(σ (s))‖)�s

= 2δ +
∫ t

a
L(‖x(s) − y(s)‖ + ‖x(σ (s)) − y(σ (s))‖)�s

+
∫ σ(t)

a
L(‖x(s) − y(s)‖ + ‖x(σ (s)) − y(σ (s))‖)�s

= 2δ + 2
∫ t

a
L(‖x(s) − y(s)‖ + ‖x(σ (s)) − y(σ (s))‖)�s

+
∫ σ(t)

t
L(‖x(s) − y(s)‖ + ‖x(σ (s)) − y(σ (s))‖)�s

= 2δ + 2
∫ t

a
L(‖x(s) − y(s)‖ + ‖x(σ (s)) − y(σ (s))‖)�s

+ L(σ (t) − t)(‖x(t) − y(t)‖ + ‖x(σ (t)) − y(σ (t))‖)
≤ 2δ + 2

∫ t

a
L(‖x(s) − y(s)‖ + ‖x(σ (s)) − y(σ (s))‖)�s

+ L(b − a)(‖x(t) − y(t)‖ + ‖x(σ (t)) − y(σ (t))‖)

and then

‖x(t) − y(t)‖ + ‖x(σ (t)) − y(σ (t))‖
≤ 2δM +

∫ t

a
2LM(‖x(s) − y(s)‖ + ‖x(σ (s)) − y(σ (s))‖)�s.
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From Lemma 2, we get

‖x(t) − y(t)‖ + ‖x(σ (t)) − y(σ (t))‖ ≤ 2δMe2LM (t, a)

for all t ∈ T. Since

‖x(t) − y(t)‖ ≤ ‖x(t) − y(t)‖ + ‖x(σ (t)) − y(σ (t))‖

the proof is complete. ��

3.2 Existence to Eqs. (1) and (2)

Let C(T,Rn) denote the set of all continuous functions with domain T and taking
values on R

n .
Take a constant β > 0. Define the metric dβ : C(T,Rn)×C(T,Rn) → [0,∞) by

dβ(x, y) = sup
t∈T

‖x(t) − y(t)‖
eβ(t, a)

and the norms ‖ · ‖β, ‖ · ‖0 : C(T,Rn) → [0,∞) by

‖x‖β = sup
t∈T

‖x(t)‖
eβ(t, a)

and

‖x‖0 = sup
t∈T

‖x(t)‖.

Lemma 4 [16] If β > 0 is a constant then:

1. dβ is a metric;
2. (C(T,Rn), dβ) is a complete metric space;
3. ‖x‖β is a norm and is equivalent to the sup-norm ‖x‖0;
4. (C(T,Rn), ‖ · ‖β) is a Banach space.

Consider a complete metric space (Y, d) and F : Y → Y . The mapping F is said
to be contractive if there exists a positive constant λ < 1 satisfying

d(F(x), F(y)) ≤ λd(x, y) ∀x, y ∈ Y.

If y ∈ Y , define the sequence {Fi (y)} recursively by F0(y) := y and Fi+1(y) :=
F(Fi (y)).

Below, we have the Banach fixed-point theorem.

Theorem 4 [4] Let (Y, d) be a complete metric space and let F : Y → Y be contrac-
tive. Then, F has a unique fixed point u and Fi (y) → u for each y ∈ Y .
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Theorem 5 Take a �×B2n-measurable function f : T×R
n ×R

n → R
n. Consider

a function c : T → [0,∞) in L1([a, b)T). Assume that there exists N > 0 such that

‖ f (t, p, q)‖ ≤ N (‖p‖ + ‖q‖) + c(t)

for any p, q ∈ R
n and �-a.e. t ∈ [a, b)T. Also assume that there exists L > 0

satisfying

‖ f (t, p1, p2) − f (t, q1, q2)‖ ≤ L(‖p1 − q1‖ + ‖p2 − q2‖)

for any t ∈ T, and any p1, p2, q1, q2 ∈ R
n. If

L sup
t∈T

μ(t) < 1

then theEqs. (1)and (2)haveaunique solution.Furthermore, if a sequence of functions
{xi } is defined inductively by choosing any x0 ∈ C(T,Rn) and setting

xi+1(t) = A +
∫

[a,t)T
f (s, xi (s), xi (σ (s)))�s,

then the sequence {xi } converges uniformly onT to the unique solution x of the Eqs. (1)
and (2).

Proof Take a constant γ > 2 such that L‖μ‖0 = 1 − 2
γ
and set β = Lγ . Let X be

the complete metric space (C(T,Rn), dβ). Define F : X → X by

(Fx)(t) = A +
∫

[a,t)T
f (s, x(s), x(σ (s)))�s, t ∈ T.

Let u, v ∈ X . It follows from the proof of [9, Theorem 4.3.], that

sup
t∈T

[
1

eβ(t, a)

∫ t

a
L(‖u(s) − v(s)‖ + ‖u(σ (s)) − v(σ (s))‖)�s

]

≤ dβ(u, v)

(
2

γ
+ L‖μ‖0

) [
1 − 1

eβ(b, a)

]

= dβ(u, v)

[
1 − 1

eβ(b, a)

]
.
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Hence,

dβ(F(u), F(v))

≤ sup
t∈T

[
1

eβ(t, a)

∫
[a,t)T

‖ f (s, u(s), u(σ (s))) − f (s, v(s), v(σ (s)))‖�s

]

≤ sup
t∈T

[
1

eβ(t, a)

∫
[a,t)T

L(‖u(s) − v(s)‖ + ‖u(σ (s)) − v(σ (s))‖)�s

]

= sup
t∈T

[
1

eβ(t, a)

∫ t

a
L(‖u(s) − v(s)‖ + ‖u(σ (s)) − v(σ (s))‖)�s

]

≤ dβ(u, v)

[
1 − 1

eβ(b, a)

]
.

Hence, F is a contraction mapping. Using Theorem 4, we obtain the results of Theo-
rem 5. ��

Below, we state Schäfer’s fixed-point theorem.

Theorem 6 [14] Let X be a Banach space, F : X → X continuous and compact.
Assume further that the set

� = {x ∈ X : x = λF(x) for some λ ∈ [0, 1]}

is bounded. Then, F has a fixed point.

Let X,Y be Banach spaces, and C ⊂ X . Mapping F : C → Y is compact if it
transforms bounded sets into relatively compact sets.

In the next theorem, we obtain at least one solution to Eqs. (1) and (2).
Let c : T → R be a function in L1([a, b)T). We represent the integral∫

[a,b)T
|c(s)|�s by ‖c‖L1 .

Theorem 7 Let f : T × R
n × R

n → R
n be a � × B2n-measurable function and

c : T → [0,∞) a function in L1([a, b)T). Suppose that for each t ∈ T, the function
(p, q) 
→ f (t, p, q) is continuous. Let N > 0 be such that

‖ f (t, p, q)‖ ≤ N (‖p‖ + ‖q‖) + c(t)

for any p, q ∈ R
n and �-a.e. t ∈ [a, b)T. Also suppose that N (b− a) < 1. Then, the

Eqs. (1) and (2) have at least one solution.

Proof Let X denote the Banach space (C(T,Rn), ‖ · ‖0).
Define the mapping F : X → X by

(Fx)(t) = A +
∫

[a,t)T
f (s, x(s), x(σ (s)))�s, t ∈ T.



216 I. L. D. dos Santos

Consider a bounded sequence {xi } in X . Suppose that ‖xi‖0 ≤ α for some α > 0.
Then, the sequence {F(xi )} is bounded, since

‖Fxi‖0 ≤ ‖A‖ + sup
t∈T

∫
[a,t)T

‖ f (s, xi (s), xi (σ (s)))‖�s

≤ ‖A‖ + sup
t∈T

∫
[a,t)T

(N‖xi (s)‖ + N‖xi (σ (s))‖ + c(s))�s

≤ ‖A‖ + 2N‖xi‖0(b − a) + ‖c‖L1

≤ ‖A‖ + 2Nα(b − a) + ‖c‖L1 .

If t1, t2 ∈ T are such that t1 ≤ t2, then

‖(Fxi )(t1) − (Fxi )(t2)‖ ≤
∫

[t1,t2)T
‖ f (s, xi (s), xi (σ (s)))‖�s

≤
∫

[t1,t2)T
(N‖xi (s)‖ + N‖xi (σ (s))‖ + c(s))�s

≤ 2N‖xi‖0(t2 − t1) +
∫

[t1,t2)T
c(s)�s

≤ 2Nα(t2 − t1) +
∫

[t1,t2)T
c(s)�s.

Hence, the sequence {F(xi )} is equicontinuous. From Arzela–Ascoli’s Theorem [11],
the sequence {F(xi )} has a convergent subsequence. Therefore, F is compact.

Let x̄ ∈ X be arbitrarily fixed. Take a sequence {x j } in X obeying

lim
j→∞ ‖x j − x̄‖0 = 0.

Fix a constant β > 0 such that ‖x̄‖0 ≤ β and ‖x j‖0 ≤ β for all j . For each t ∈ T,

lim
j→∞ ‖ f (t, x j (t), x j (σ (t))) − f (t, x̄(t), x̄(σ (t)))‖ = 0

and for �-a.e. t ∈ [a, b)T,

‖ f (t, x j (t), x j (σ (t))) − f (t, x̄(t), x̄(σ (t)))‖ ≤ 4Nβ + 2c(t)

for all j . It follows from the dominated convergence theorem [11] that

lim
j→∞

∫
[a,b)T

‖ f (s, x j (s), x j (σ (s))) − f (s, x̄(s), x̄(σ (s)))‖�s = 0

and, therefore,

lim
j→∞ ‖Fx j − Fx̄‖0 = 0.
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Hence, F is continuous in x̄ . Thus, F is a continuous mapping.
Consider the set � ⊂ X given by

� = {x ∈ X : x = λFx for some λ ∈ [0, 1]}.

If x ∈ � it follows that

‖x(t)‖ + ‖x(σ (t))‖ = ‖(λFx)(t)‖ + ‖(λFx)(σ (t))‖
≤ 2‖A‖ +

∫
[a,t)T

‖ f (s, x(s), x(σ (s)))‖�s

+
∫

[a,σ (t))T
‖ f (s, x(s), x(σ (s)))‖�s

≤ 2‖A‖ +
∫

[a,t)T
(N‖x(s)‖ + N‖x(σ (s))‖ + c(s))�s

+
∫

[a,σ (t))T
(N‖x(s)‖ + N‖x(σ (s))‖ + c(s))�s

≤ 2‖A‖ +
∫ t

a
N (‖x(s)‖ + ‖x(σ (s))‖)�s

+
∫ σ(t)

a
N (‖x(s)‖ + ‖x(σ (s))‖)�s + 2‖c‖L1

= 2‖A‖ + 2
∫ t

a
N (‖x(s)‖ + ‖x(σ (s))‖)�s

+ (σ (t) − t)N (‖x(t)‖ + ‖x(σ (t))‖) + 2‖c‖L1

≤ 2‖A‖ + 2‖c‖L1 + (b − a)N (‖x(t)‖ + ‖x(σ (t))‖)
+ 2

∫ t

a
N (‖x(s)‖ + ‖x(σ (s))‖)�s

and thus

‖x(t)‖ + ‖x(σ (t))‖ ≤ 2‖A‖M + 2M‖c‖L1

+
∫ t

a
2NM(‖x(s)‖ + ‖x(σ (s))‖)�s

for all t ∈ T, where M = 1
1−(b−a)N . It follows from Lemma 2 that

‖x(t)‖ + ‖x(σ (t))‖ ≤ (2‖A‖M + 2M‖c‖L1)e2NM (t, a)

for all t ∈ T. Hence,

‖x‖0 ≤ (2‖A‖M + 2M‖c‖L1)e2NM (b, a)

and, therefore, � is bounded.
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From Theorem 6, there exists x∗ ∈ X such that Fx∗ = x∗. Using Lemma 3, we
may conclude that x∗ is a solution to Eqs. (1) and (2). ��
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