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Abstract

Let f:M — N andg:K — N be generic differentiable maps of compact manifolds without
boundary into a manifold such that their intersection satisfies a certain transversality condition. We
show, under a certain cohomological condition, that if the imaf@g) andg(K) intersect, then the
(v+ 1)th Betti number of their union is strictly greater than the sum of their 1)th Betti numbers,
wherev =dimM + dimK — dimN. This result is applied to the study of coincidence sets and fixed
point sets0 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let f:M — N andg: K — N be differentiable maps, wher@ and K are smooth
closed manifolds of dimensiona andk, respectively an@ is ann-dimensional smooth
manifold. In this paper, we consider the following probletsst possible to separate the
images off andg by homotopieaMore precisely, is it possible to finfl andg’ homotopic
to f and g, respectively such that’(M) N g/(K) = @7 If this is the case, what type of
condition guarantees thagt(M) N g(K) = #7?

For the first problem, we define primary obstructiofis(U,) € H" KM Z) and
g*(Uy) € H'"™™(K; Z») to the existence of such homotopies (Section 2). These coho-
mology classes are Poincaré dual to the homology classes represented by the images of
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the so-called intersection manifold in cag@ndg are transverse, and it is easily seen that
they are homotopy invariants. Thusfifandg are homotopic to maps whose images do not
intersect, thery*(U,) andg*(U ) necessarily vanish. (Nevertheless, we warn the reader
that the vanishing of these primary obstructions does not necessarily imply the existence
of such maps.)

For the second problem, we assume that the primary obstructions vanish and want to find
a condition which guarantees thatandg have disjoint images. This recognition problem
is difficult to solve in general. Thus, in this paper, we assumefttatdg are generic in the
sense of Ronga [21] and that their intersection satisfies a certain transversality condition.
The main result of this paper is Theorem 2.4 which states that such generic/naaply
have disjoint images if and only if thern 4+ k — n 4+ 1)th Betti number off (M) U g(K)
is equal to the sum of the Betti numbersfM) andg(K). In other words, if the images
intersect, then thén + k — n + 1)th Betti number off (M) U g(K) is strictly greater than
the sum of them + k — n 4+ 1)th Betti numbers off (M) andg(K). The spaceg (M),

g(K) and f (M) U g(K) can be very complicated in general (see, for example, [4]) and,
for the Betti numbers, we usgech homology instead of the usual singular homology.
Furthermore, we assume that the Betti numberg@#) andg(K) are finite.

We note that a characterization of embeddings among generic maps in terms of a primary
obstruction and Betti numbers has been obtained in [1,3,4] and that our technique is similar
to those developed there.

The paper is organized as follows. In Section 2, we define the primary obstructions
and state our main theorem in a precise manner. In Section 3, we prepare a lemma on
the intersection map of two transverse maps, which will be used in the proof of our
main theorem. In Section 4, we prove our main theorem. Some applications to the study
of coincidence sets and fixed points sets are given in Section 5. More precisely, we
characterize those pairs of maps whose coincidence sets are empty, using a cohomology
class similar to the modulo 2 coincidence number and the Betti numbers of the graphs of
the maps.

Throughoutthe paper, all homology and cohomology groups Baweeefficients unless
otherwise indicated.

2. Statement of the main result

Let M and N be manifolds of dimensiona andn, respectively and lef : M — N
be a proper continuous map. Then we deflhec H"~"(N) to be the image of the
fundamental clasgM ] € H, (M) by the composite

-1

c f* c DN n—m
H,(M)— H,(N)— H (N),

where HY denotes the (singular) homology of the compatible family with respect to
the compact subsets [23, Chapter 6, Section 3], Bgddenotes the Poincaré duality
isomorphism. By the definition, it is easy to see thit is a homotopy invariant (when

M is not compact, the homotopy should be through proper maps).
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Suppose thatf:M — N and g: K — N are proper continuous maps between
manifolds. Then we see easily thatfifM) N g(K) =¥, then f*(U,) =0 in H" k(M)
andg*(Uy) =0 in H"7™(K). Thus, if there exist mapg’:M — N andg : K — N
homotopic tof andg, respectively such that' (M) Ng'(K) = @, thenf*(U,) andg*(Uy)
vanish. Thus these cohomology classes can be regarded as primary obstructions to the
existence of such maps. In the next section we will see that these cohomology classes
are Poincaré dual to the homology classes represented by the images of the so-called
intersection manifold.

Example 2.1. Consider the embeddings = id x n: 5! x §1 — §1 x §2 andg: 5% —
S x §2, wheren: S — 52 is an embedding angl is defined byg(x) = (c, x) for some
fixed c € S1. Then we see that*(U ) vanishes, whilef*(U,) € H(S! x S1) does not
vanish. Thus we cannot find magsandg’ homotopic tof andg, respectively such that
their images do not intersect.

In some cases, the obstructiofis(U,) and g*(Uy) are invariant under bordism. For
example, suppose that is a closed manifold and tha” %" (M) is generated by
the elements of the forrw;, (M) — wi,(M) — -+ — w;, (M) with i1 +i>+--- + i, =
m + k — n, wherew; denotes the'th Stiefel-Whitney class and- denotes the cup
product. We suppose that also satisfies the same property. Therfiand f/: M — N
are bordant and ig andg’: K — N are bordant, then we havg*(U,) = (f)*(U,)
andg*(Uyr) = (g")*(Uy) (for a definition of bordism, see [8,2]). We can prove this fact
using an argument similar to [2]. For example, whgrand K are even dimensional real,
complex or quarternionic projective spaces, this sufficient condition is satisfied.

Next we define the class of differentiable maps which we are going to treat in this paper.
We suppose that the manifolds andN are smooth.

Definition 2.2. Let f: M — N be a proper differentiable map of clag$ with dimM <
dimN. We say thatf is generic for the double point§ it is so in the sense of Ronga [21,
Définition, p. 228]; in other words, if the 1-jet extensighf : M — J1(M, N) of f is
transverse to the submanifold® = {« € J1(M, N): dimkera =i} for all i and if the
I-fold product mapf’: M! — N' is transverse to the diagoné, of N’ off the super
diagonal

Aéwz {(xl,...,xl) e M": x; = x; for somei 7&]}

of M! forall I = 2,3,4,.... Note that the latter condition is equivalent to that, for every
g € f(M), f~1(g) consists of finitely many points, say, ¢o, . .., g5, and the subspaces
df (T M), dfy,(Ty,M), ..., dfy (Ty, M) are in general position iff, N. Note that if
f:M — N is generic for the double points, th¢ris finite-to-one and that didf < dim N

by definition3.

3 Even when dinf = dim N, one can define maps which are generic for the double points as in this definition;
however, since we are interested only in differentiable map& — N with dimM < dim N in this paper, we
have included this condition in our definition.
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Note that the set of the proper maps of cl&8s(2 < r < oo) which are generic for the
double points is dense in the spagg(M, N) of all proper maps of class” of M into N
with the WhitneyC” -topology (or the fineC"-topology). This fact is easily proved by using
Thom'’s transversality theorem [13, Theorem 4.9, p. 54] and the multijet transversality
theorem [13, Theorem 4.13, p. 57] together with the fact that the set of proper maps of
classC” is openin the spac€” (M, N) of all C" maps ofM into N (for example, see [16,
Chapter 2, Section 1]).

Let K be a smooth manifold and suppose tifatM¥ — N andg: K — N are proper
differentiable maps which are generic for the double points.

Definition 2.3. We say thatf and g aretransverse with respect to double poinft$or
everyg € f(M)Ng(K)with f~X(q) ={q1. 2. ....qs} andg~1(q) = {q}. 45. ... 4]}, the
s 4t subspaces f, (Ty,M), dfy,(Ty, M), ..., dfg,(Tg, M), dg, (Ty; K), dggy (Ty, K),
..., dg,/(T, K) are in general position i, N. Note that if / andg are transverse with
respect to double points, then they are transverse in the usual sense.

Suppose thaf : M — N andg: K — N are differentiable maps. Thefiandg can be
approximated by differentiable mags andg1 which are generic for the double points and
which are transverse with respect to double points. This fact can be proved by using the
above mentioned transversality theorems together with the techniques used in the proof of
the multijet transversality theorem (see [13, Chapter I, Section 4]). Note also that if both
f andg are embeddings, thefiandg are transverse with respect to double points if and
only if they are transverse in the usual sense.

In the following, H, will denote theCech (or AlexandeiGech) homology (see [11,23],
[24,15,9], for example). For a topological spaces; (X) will denote the dimension of the
vector space%vli (X) overZy, andB; (X) the dimension of the singular homolog (X).

Here we note thaf, is naturally isomorphic to the singular homolog for an ANR
(absolute neighborhood retract). In particular, this is valid for manifolds.
The main result of this paper is the following.

Theorem 2.4.Let f:M — N andg: K — N be differentiable maps which are generic
for the double points, wherg/ and K are smooth closed manifolds of dimensiams
andk, respectively anaV is ann-dimensional smooth manifold with < » andk < n.
Suppose thaf andg are transverse with respect to double points and thaty(f (M))
and B, 1(g(K)) are finite, wherev = m + k — n. Thenf (M) N g(K) = ¢ if and only if
[*(Ug) =0in H"™*(M), g*(Uy) =0in H"~"™(K) and Bu+1(f (M) + Bu+1(g(K)) =
Bu1(f (M) U g(K)).

Note that whenf (M) is an ANR, B,-(f(M)) are finite. In fact, the set of alf €
Cpr(M, N) which are generic for the double points such tfiad/) is an ANR is dense
in Cp(M, N) (see Remark 4.9). Note also that there exists a differentiable map which is
generic for the double points and whose imageasan ANR (see [4]).
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3. Alemma on the intersection map

Let f:M — N andg:K — N be proper differentiable maps of cla€ which are
mutually transverse; i.e., for every pait,y) € M x K with f(x) = g(y), we have
dfx(TyM) + dgy(T,K) = T,N, wherea = f(x) = g(y). (Recall that if f and g are
generic for the double points and are transverse with respect to double points, then they are
mutually transverse.) We set dith=m, dimK = k and dimN = n. Itis easy to see that
andg are mutually transverse if and only if the differentiable nfapg: M x K — N x N
is transverse to the diagon} = {(z,z) € N x N}. We setV = (f x g)~1(§%) and define
theintersection maf : V — N by the composite

Vo Mxk Z8NxN TSN,
wherei is the inclusion map and is the projection to the first factor. Heré is a
differentiable manifold of dimension= m + k —n and we call it théntersection manifold
Furthermore, we defingy;: V — M andrg:V — K by my =m10i andng =m0,
wherer1: M x K — M andnz: M x K — K are the projections to the first factor and to
the second factor, respectively. We call the following commutative diagramuitdack
diagram of f andg:

V%M

K——=N
Lemma 3.1. We havef*(U,) = Uy,, in H**(M) andg*(Uy) = Uy, in H" " (K).
For the proof of Lemma 3.1, we need the following.

Proposition 3.2. We havef* o g, = (y)i o (mx)*: H/ (K) — H"*+i(M) for all j,
whereg, and (7)), are the Gysin homomorphisms.

For a definition of Gysin homomorphisms, see [10, p. 53].

Proof. First consider the case whegeis an embedding. We identifi¢ with the image
g(K) of g. Then we can identify the pull-back diagram pfandg with the diagram

V=LK —t-M
m<=f|‘,-_1(,0l f
K—2 =N
wherei; andiz are the inclusion maps. Thefi: M — N induces a natural magp of the
normal bundlen of f~1(K) in M into the normal bundle, of K in N. We may assume

that a metric is given on each fiber of andv, so thatx is isometric on each fiber. Then
« induces a natural map: V't — K2 between the Thom spaces of and vy, where
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VY1 = E1/0E1, KV2 = E3/0E>, E; is the unit disk bundle of;, anddE; is the unit
sphere bundle of; (j =1,2). We may assume thd; and E» are embedded i/ and
N, respectively as tubular neighborhooddbéind K, respectively. Then the diagram

i 1
M—2syrn<?t

1 bk

NZHZKW(#K

is commutative, Wheré/ are the zero sectiorfg = 1, 2) andfj is the map which coincides
with the identity map on InE; (j =1, 2) andfl(M —IntE]) =0E1/0E1=x1for j=1
andi2(N — Int E2) = 0E2/d Eo = %2 for j = 2. Then we have the commutative diagram

(i2) HI(K) —== HITnk (K2, s9) — 2= HItn K (N)
(ﬂK)*l F*l f*l
(i) HI (V) === HInk (V1 5q) —2> HItn k(1)
which implies thatf* o (i2); = (i1): o (7x)™*, where the two horizontal maps on the left are
the Thom isomorphisms. This shows that, in this case, we [i&veg) = () o (g )*.
We note that this has already been known for the gasé (see [5, Proposition 2.15]).
Now we consider the general case. etk — D? be an embedding into the interior

Int D of thed-dimensional disk, wheré is sufficiently large. Then consider the following
commutative diagram:

V"o M x DA

o

K—25>NxD?

whereV ¢ M x K, ay(x,y) = (x,9()), and g(y) = (g(), ¢(y)). Then f x id is
transverse t@ and the above diagram can be identified with the pull-back diagram of
f xid andg. Then, sinceg is an embedding, we can use the argument in the preceding
paragraph (see also [10, p. 53]). This completes the praof.

Note that the above proof works for an arbitrary coefficient modld everything is
R-oriented.

Proof of Lemma 3.1. By Proposition 3.2, we have
f*og() = (mm)ro (x)* (1) HUK) — H" (M),

where 1e HO(K) is the Poincaré dual of the fundamental clp&§ € H(K)of K. Itis
easy to verify thatf* o g1(1) = f*(U,) and(zwy) o (rx)*(1) = Ux,,, and hence we have
f*(U,) = Uy, . The other equality can be proved similarly. This completes the praof.

The above proof of Lemma 3.1 uses Gysin homomorphisms. Here we give an alternative
proof for the case wher#, K andN are compact. LeB = BoUB1U---U B, be a basis of
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H*(N) overZy, whereB; = {bjl., bjz., s bf-f} is a basis of//(N). Here we may assume
that U, = ab,}_k for somea € Z,. Let B’ = By U B; U --- U B, be the dual basis o8,
whereB = {b;.l, b;?, . b;.ﬂ-" } is a basis ofH"~/ (N) and (b, — b7}, [N]) = 5,,;, where
8,s =1if r =s ands, ; =0, otherwise. Let/: N — N x N be the diagonal map. Then it
is known that

13..
Us= Zib; x b

j r=1

(for example, see [9, 8.21, Exercise 2]). Consider the pull-back diagram
V—s>MxK

h fxg

N—L ~NxN

whereh is the intersection map defined at the beginning of this section. Then, since
d:N — N x N is an embedding, we havwg; = (f x g)*(Ug) (see [5]). Thus, for all
y € H™tk=" (M), we have
(v, @m)+(VD) = (7 (»), Ui N [M x K1)
= (77 (), (f x ©*WUa) N M x K1)

/Snfk
="y fr 0 N IM)g* b)) [K])
r=1

/Snfk
= v £, NIMIb) . Us NIN])

r=1
=(y. [ by NIMIbry — (aby_y). [N)
=(y. f*(aby_) N[M])
=(y. f*(Ug) N[M]).

Therefore we havémy)«([V]) = f*(Ug) N [M] in Hyqr—n(M), which implies that
f*(U,) = Uy, . This completes the alternative proof

4. Proof of Theorem 2.4

Proof of Theorem 2.4. First suppose thaf*(U,) = 0, g*(Uys) = 0, Bur1(f(M)) +
Bu+1(g(K)) = Bu1(f (M) U g(K)) and f(M) N g(K) # ¥, wherev =m + k — n. Set
A= f(M)Ng(K).Let Ay andAk be copies ofA, andiy : Ay — A andig :Ax — A
the respective identifications. In the following, we considgf and Ax to be subsets of



38 C. Biasi et al. / Topology and its Applications 95 (1999) 31-46

f(M) andg(K), respectively, and we use the symbal™for a disjoint union. Consider
the following commutative diagram @ech homology with exact rows (see [18,11]):

= Hj(Ay U Ag)

|

o> Hj(A) = H;(f(M)Ug(K)) ——

Hi(f(M) 1 g(K)) ———

Hi(f(M)Ug(K), Ay UAg)—>H;_1(Ay U Ag) —> - --

! |

Hj(f(M)Ug(K), A)———————H;_1(A) —> -

where the vertical homomorphisms are induced by the natural identifications. Since the
map (f(M) U g(K), Ay U Ag) — (f(M) U g(K), A) is a relative homeomorphism
between compact pairs, the homomorphigpi f (M) LU g(K), Ay U Ag) — Hj(f (M) U
g(K), A) is anisomorphism (see [11, Chapter X, Section 5]). Then we obtain the following
exact sequence @ech homology (see [10, Lemma, p. 2]):
Hyy1(Am) @ Hy11(Ak) = Hy11(A) © Hyya(f(M)) @ Hyp1(8(K))

— Hy41(f(M)Ug(K)) > Hy(Am) © Hy(Ag)

= Hy(A) @ H,(f (M)) & Hy(2(K)), (4.1)
wherev = m +k —n anda is defined by usingy, Uik : Ay LI Ay — A and the inclusions
Ay — f(M)andAx — g(K).
Lemma 4.2. We haveH, ;1(A) =0, wherev =m + k — n.

Proof. Let h: V — N be the intersection map defined in the preceding section. We see
easily thatA = 4(V). Since dimV =m + k —n = v, we see that the topological dimension
of A is at mostv (see [22,7]). Hence we have the conclusion (see [17, p. 158)).

By the above lemma together with our assumption abouCteh—Betti numbergy;1,
we see thai in (4.1) must be injective.
Set[A] = (f omm)«[V]= (g omk)«[V] € Hy(A).

Lemma 4.3. The homology classA] € ﬁv(A) is nonzero ifA # ¢.

For the proof of the above lemma, set

Vo={(x,y) e V: df; and ¢, are injectivg, and
Vi={(.y) e Vo frHF@) ={x}, g M) =}

Lemma 4.4. The setl is open and dense ivi.
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Proof. Set ¥ (f) = {x € M: df, is not injectivg and ¥(g) = {y € K: dg, is not
injective}. Note that X'(f) and X(g) are closed subsets adff and K, respectively.
SinceVo=V — (Z(f) x K) UM x X(g))), it follows that V is open. SetV; =
VN(Z(f)x K)andV, =V N (M x X(g)).

Suppose thavg is not dense itV. ThenV U V, contains a nonempty open détof V.
SinceVy andV;, are closed subsets &f, we may assume that is contained inV/ ;.

For the proof of Lemma 4.4, we need the following.

Lemma 4.5. Suppose thatf and g are transverse in the usual sense. Then a point
(x,y) € Visasingular pointofrg : V — K ifand only if (x, y) € V.

Proof. Suppose thatx, y) € V is a singular point ofrx. Then there exists a nonzero
vector(uy, up) € T M x TyK such thatuy, uz) € T )V and dmg) (x,y) (U1, u2) =uz =

0. Sincef andg are transverse, it is easy to see that, u) € T,M x TyK belongs to
T(x,y»V ifand only if dfy(u1) = dgy(u2). Thus we see that there exists a nonzero vector
u1 € TeM such that ¢, (u1) = 0. Hence(x, y) € V¢. We can prove the converse in a
similar manner. This completes the proof of Lemma 4.6.

By Lemma 4.5, the open sét of V consists of singular points of the differentiable
maprg .V — K. By takingU smaller if necessary, we may assume that the rankxof
is constant or/. Then, at each point di/, =k is locally equivalent to the composition
of a submersion and an embedding by the rank theorem (for example, see [6, Section 5]).
Thus there exists a poing € K such that(rx) 1(yo) N U contains an infinite number
of points. This implies that the sé¢t € M: f(x) = g(yo)} contains an infinite number
of points. However, sincg is generic for the double pointg; is finite-to-one. This is a
contradiction. Thus/y is dense inV. This completes the proof of Lemma 4.4

Lemma 4.6. The setV; is open and dense iwi.

Proof. Consider the following map:
(MxM—22)x K TZBE N« N x N,

Since f andg are transverse with respect to double points, the above map is transverse to
83 (see Definitions 2.2 and 2.3). SBty = (f x f x g)~1(83), which is a submanifold
of (M x M — A3)) x K of dimension 2t + k — 2n = (m + k — n) + (m — n). Similarly
we defineW, = (f x g x g)~1(83), which is a submanifold oM x (K x K — A%) of
dimensiomn + 2k — 2n = (m + k —n) + (k —n). Note that dinW ¢, dmW, <m +k —n.
Letpr:(M x M — A§4) x K — M x K denote the projection to the first and the third
factors andp, : M x (K x K — Ai) — M x K the projection to the first and the second
factors. Note thap s (Wy), p, (W) C V and thatVy = Vo — (pr (W) U pe(Wy)). Since
dimW, and dimW, are strictly smaller than diti =m + k —n, we see thaV — p (Wy)
andV — p,(W,) are dense iV by the Sard theorem.

On the other hand, sind& is closed in(M x M — Aﬁl) x K, we see that

Wi=WsU(WpN (43 x K)),
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whereW ; denotes the closure 6 in M x M x K. Sincef is generic for the double
points, the closure of the selfintersection 88tf) = {x € M: f~1(f(x)) # {x}} of fin
M coincides withM () U X (f) (see [21]). Thus we see that

WrcWru{(x,x,y)eM x M x K: xeZ(f), f(x)=gW}

Thus we have

prWp) Cpr(Wp)U{(x,y) €M x K: x € Z(f), f(x) =g}
=pr(Wp)UVy.
By a similar argument, we also hayeg(W,) C p(W,) U V,, whereW, is the closure of
W, in M x K x K. Note thatp (W) and pg(W,) are closed subsets 8f x K, since

W andW, are compact.
Then we have

V—prWp) o (V—=pr(Wp))N(V —Vy).

As we have seen abov¥, — ps(Wy) is dense inV, and by the proof of Lemma 4.4,
V — V¢ is open and dense iWi. Thus(V — ps(Wy)) N (V — Vy) is dense inV. Thus
V — ps(Wy) is an open set containing a dense set, and hence it is open and déhse in
Similarly V — p,(W,) is also open and dense ¥

Since

Vi=V —(pr(Wp)UVyU pg(We) U Vy)

=V —(pr(Wp)UVyUpg(Wg) U Vy)
(V=prWn) N (V= pg(We)) N (V = (VU V)
=(V=prWp) N (V= pe(We)) N Vo

and Vp is open and dense i by Lemma 4.4,V is also open and dense . This
completes the proof of Lemma 4.60

Proof of Lemma 4.3. Recall thatA = h(V). By the definition of V1 together with
Lemma 4.5, we see thaty, is an embedding onto an open se#ofTaking a pointx € V1,
we have the commutative diagram:

Hy(V)—— " s H,(A)—— = 1 (A)

11 2 ll’a’

Hy(V.V —x) "> H,(A, A — h(x)) —2> FI(A. A — h(x))

wherev =dimV =m + k — n, 11, 1 and 3 are induced by the inclusions, and

andap are the natural homomorphisms; in other words,and o2 are induced by the
inclusionsA — Z, whereZ runs over all open sets of containingA (recall thatH, (A)

is nothing but the inverse limit of the singular homology groupg Z). For example,

see [9, Chapter VIII, Section 13]. See also [11, Chapter X, Section 2]). Then we see that
a2 is an isomorphism by excision. Sinég : H,(V,V — x) - Hy(A, A — h(x)) is an
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isomorphism and the image p¥] € H,(V) in H,(V,V — x) by is nonzero, the image
of [A] = h.[V] € Hy(A) by 2 is nonzero. HencpA] is nonzero inﬁv(A). This completes
the proof of Lemma 4.3. O

Let [Ay] € Hy(Ay) and[Ak] € Hy(Ak) be the homology classes corresponding to
[A] € H,(A) by the identificationgy; andik, respectively.

Lemma 4.7. We have thatiy Uig)«(Ayu]® [Ax]) = 0in Hy(A).
Proof. This is easily seen, sindéy Uig)«([Ay] D[Ak]) =h([V]) +h([V])=0. O

Now consider the nonzero elemem ] @ [Ax] of ﬁv(AM) ® ﬁv(AK). Then by
Lemma 4.7, we hav€y Uig)«([Apy] ® [Ak]) =0in ﬁv(A). Furthermore, we see that
the image oflAy] (or [Ak]) by the homomorphism induced by the inclusion irft@\/)
(respectivelyg (K)) is equal tof ((rar)«[V]) € I:IU(f(M)) (respectivelyg. ((mg)«[V]) €
H,(g(K))). Since, (y)«[V] € Hy(M) = Hy(M) and (7x)[V] € Hy(K) = Hy(K)
coincide with the Poincaré duals ¢f(U,) andg*(Uy), respectively by Lemma 3.1 and
these are zero by our hypothesis, we seedkigt /] ® [Ax]) = 0in (4.1). In other words,
«a is not injective. This is a contradiction. Hence we hg(@/) N g(K) = 0.

Conversely suppose thgt(M) N g(K) = . Then we see easily that*(U,) = 0,
g*(Uy) =0 andfy11(f (M) + Pus1(g(K)) = Pusa(f (M) U g(K)). This completes the
proof of Theorem 2.4. O

Remark 4.8. The condition thatf and g should be transverse with respect to double
points is essential. For example, consider the immersions with normal crogsihis—
s3 andg: K2 — $%asin Fig. 1, where& 2 is the Klein bottle. Then we see easily that they
are transverse in the usual sense and fifal/,) andg*(Uy) vanish. However, we have
Bo(f(K?) + Ba(g(K?)) = Bo( f(K?) U g(K?)). Infact, in this case, Lemma 4.3 does not
hold.

Consider another example of differentiable maps¥ — $° andg: K — $2 as in
Fig. 2, whereM and K are the 2-spheré?, f is generic for the double points, anrd

FK?)

c 83

K2
9(K7) . __A
Attach here with the rotation of «.

Fig. 1.
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f(M) = f(S%)

9(K) =g(5%)

Fig. 2.

is an embedding whose image contains the image of the selfintersection geTbéy

are transverse in the usual sense affdU,) and g*(Uy) vanish. However, we have
B2(f(52) + Po(g(52) = B2(f(52) U g(52)). In this caseA is contractible and does

not carry any fundamental class. Consequently Lemma 4.3 does not hold in this case,
either.

Remark 4.9. Supposethaf : M — N andg: K — N are smooth maps which are generic
in the sense of [12]; in other words, they @®-stable. Thery andg are Thom stratifiable.
We say thatf andg arestrongly transversé all the strata off andg intersect in general
position. Note that, in this casg,andg are generic for the double points and are transverse
with respect to double points (see [3]). ThgrM), ¢g(K) and f(M) U g(K) are all
triangulable [14] and the Betti numbers with respecCech homology in Theorem 2.4
can be replaced by those with respect to singular homology. In partigylar( f (M)) =
Bu1(f (M) andp,11(g(K)) = Bu11(g(K)) are always finite.

5. Application to coincidence sets and fixed point sets

Let f andg: M — N be continuous maps between manifolds. We set
C={xeM: f(x)=g)}

and call it thecoincidence sedf f andg (see [19,20]). Foyf, define the graplr r : M —
M x N by G¢(x) = (x, f(x)). Then it is easy to see that the pointLrare in one to one
correspondence with the intersection points of the imagés0andG.

Lemma 5.1. Suppose thatf and g: M — N are differentiable of clas! and that
f(x) =g(x) (=a) for somex € M. ThenG; and G, are transverse ak if and only
if dfy — dg,:TxM — T, N is surjective.



C. Biasi et al. / Topology and its Applications 95 (1999) 31-46 43

Proof. First note thalG ; and G, are transverse at if and only if codimImd(G s), N
IMd(Gg)x) = codim(Imd(Gr)x) + codim(Imd(Gg)x) In T(xo)(M x N), which is
equivalent to dinflmd(G s), NIMd(Gg)x) = m — n, where dimM = m and dimV = n.
Note that ImdG s)x N IMd(Gg)x = {(u,v) € M x T,N: v = dfi(u) = dgc(u)}.
Hence we have dimd(G r)x N IMd(Gg)x) = dim{u € T M: dfc(u) = dg.(w)} =
dimken(d f, — dgy). Finally, this is equal tan — n if and only if df, — dgy is surjective.
This completes the proof.O0

Definition 5.2. Let f andg: M — N be continuous maps of am-dimensional manifold
into ann-dimensional manifoldm > n). We define

A(f, ) =(Gf)*(Ug,) € H"(M).

Note thatA( f, g) = A(g, f) and that it is invariant under homotopiespfindg.

Note that if the coincidence s&t is empty, thenA(f, g) = 0. Note also that when
m =n andM is a closed manifold, the numbar; , = (A(f, g), [M]) € Z3 is nothing but
the modulo Zoincidence numbesf f andg [19, p. 247].

Proposition 5.3. Let f and g: M — N be differentiable maps of clags? of a closed
m-dimensional manifold into an-dimensional manifoldm > n). We suppose that, for
every x in the coincidence se€, df, — dg, is surjective. TherC = ¢ if and only
if A(f’ 8= 0 and ,Bmfn+l(Gf(M) ) Gg (M)) = ,3m7n+l(Gf(M)) + ,Bmfn+l(Gg (M))
(= ZﬂmfnJrl(M))-

The above proposition is easily obtained by applying Theorem 2AtandG,. Note
that, in our casei s (M) U G, (M), G r(M) andG4 (M) are compact polyhedrons and the
Betti numbers with respect toech homology coincide with those with respect to the usual
singular homology.

Whenm = n, we also have the following.

Proposition 5.4. Let f andg: M — N be differentiable maps of clag¥’ of a closedn-
dimensional manifold into am-dimensional manifold, whe® and N are connected. We
suppose that, for everyin the coincidence set, df, — dg, is surjective. Thelt =@ if
andonly ifAr, =0e Zz andB1(G s (M) U G¢(M)) =0mod 2

Proof. First suppose thatl, = 0, B1(G (M) U G,(M)) = 0mod2 and thatC # @.
SinceA s, =0, G (M) N Gg(M) consists of an even number of points; i (G (M) N
G,(M)) is even. Furthermore, sindd1(G s (M) N G,(M)) = 0, we have the following
Mayer-Vietoris exact sequence:

0 — Hi(Gy(M))® H1(Gy(M)) — Hi(G (M) U G4(M))
— Ho(G s (M) N Gg(M)) =% Ho(G (M) ® Ho(G¢(M))
2 Ho(G r(M)U Gg(M)).
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Hence we have

B1(G r (M) U Gy (M)) — 2B1(M)
=B1(G f(M)U Gg(M)) — (B1(G (M) + B1(Gg(M))) = dimkeray
= Bo(G (M) N G¢(M)) — dimkeraz
= Bo(G (M) N Gg(M)) — 1.

This implies thatB1(G (M) U G,(M)) = Po(G r (M) N Gg(M)) — 1mod2, which is a
contradiction. Thus the coincidence gemust be empty.

Conversely, ifC = ¢, then we haved ;o = 0 andB1(G s (M) U G¢g(M)) = 261(M) =
0mod2. This completes the prooft

As an application of Proposition 5.4, we have the following.

Corollary 5.5. Let M be anm-dimensionalZ,-homology spheré.e., H.(M) is isomor-
phic to H,(S™) over the coefficienZy) and h: M — M a smooth map of degree one
overZy. Furthermore, letf : M — N be a smooth map d# into anm-dimensional con-
nected manifoldV and setg = f o &. Assume that for every in the coincidence sef

of fandg, df, — dg, = df, — (dfuw) o dhy) is surjective. Ther€ = ¢ if and only if
BL(Gf(M)UGg(M))=0mod?2

Proof. First, note thatA(f, g) = (f.g)*(Ug), where(f,g):M — N x N is defined
by (f,2)(x) = (f(x),gx)) for x e M andd:N — N x N is the diagonal map (for
example, see [15, Section 30]). Then, siddes aZy-homology sphere, we hawts . =
deq f) + degg), where deg denotes the degree d¥gr(to see this, use the argument as
in [15, pp. 222—-223] together with [9, Exercise 8.21]). Thus we have

Apg =degf) +deg f)-degh) =deg f) - (1+degh)) =0

by our hypothesis. Then the result follows from Proposition 54.
As an immediate corollary, we have the following.

Corollary 5.6. Let f:58" — N be a smooth map of tha-dimensional spheré™ into
an m-dimensional connected manifo such thatdf, + df_, is surjective for every
x € S™ with f(x) = f(—x), where we identifys” with the unit sphere iR”*+1 and we
identify the tangent spacds S” and7_, S with the hyperplane ifR”+1 perpendicular
to x (or to —x). Then there exists a poin € §” with f(xg) = f(—xp) if and only

if B1(Gr(S™) U G4(S™)) =1mod2 whereg:S™ — N is the smooth map defined by
g(x) = f(—x) for x € S™.

Remark 5.7. In Corollary 5.6, if f has degree zero ovél,, then there always exists
a point xg € §™ with f(xo) = f(—xp), which is known as a generalization of the
classical Borsuk—Ulam theorem (see [8, Section 33]). Thus, in this case, we always have
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B1(G r(S™)UG¢(S™)) =1mod2, provided that £ + df_; is surjective for every € S™
with f(x) = f(—x).

In Propositions 5.3 and 5.4, wheéd = N and g is the identity map, the coincidence
set is called thdixed point sebf f. In this caseA riq = Ay is the modulo 2 efschetz
number[19, p. 247]. SettingAy = {(x,x) € M x M}, we obtain direct corollaries to
Propositions 5.3 and 5.4 as follows.

Corollary 5.8. Let f:M — M be a differentiable map of clas§? of a closedm-
dimensional manifold. We suppose that, for everyn the fixed point setF' of f,
dfy:TeM — T:M has no eigenvalud. ThenF = ¢ if and only if Ay =0 e Z; and
B1(G (M) U Ay) = B1(G (M) + B1(M) (= 2B1(M)).

Corollary 5.9. Let f: M — M be a differentiable map of clags? of a closed connected
m-dimensional manifold. We suppose that, for everin the fixed point se# of f,
dfc:TxM — T M has no eigenvalué. ThenF = ¢ if and only if Ay =0 € Z, and
BL(G r(M)U Apy) =0mod2
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