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Resumo 

Nessa tese se constrói o funcional de ação dos modelos de Toda supersimétricos 

afins e se deduzem as transformações de supersimétria dos modelos desde o ponto de 

vista de fluxos de simetria Fermionicos. A integrabilidade é definida em termos de 

um problema de fatorização de Riemann-Hilbert estendido que unifica parâmetros de 

evolução Abelianos e não Abelianos. Se introduzem modelos integráveis puramente 

Fermionicos definidos em supercosets onde toda a parte Bosonica é completamente 

eliminada. Vários exemplos são considerados. 

Palavras Chaves: Integrabilidade em Teória de Campos, Modelos de Toda Super- 

simétricos, Superalgebras Torcidas Afins, Modelos Integráveis Fermionicos, Fluxos 

de Supersimétria, Hierarquias Integráveis. 

Áreas de conhecimento: Sistemas Integráveis, Fisica Matemática. 
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Abstract 

In this thesis we construct the action functional for the supersymmetric affine 

Toda models and deduce the supersymmetry transformations of the models from 

the point of view of Fermionic symmetry flows. The underlying Integrability is de- 

fined in terms of an extended Riemann-Hilbert factorization problem which unifies 

Abelian and non-Abelian evolution parameters. We also introduce purely Fermionic 

Integrable models defined on supercosets where the Bosonic part is completely elim- 

inated. Several examples are consider. 

Keywords: Integrable Field Theory, Supersymmetric Toda Models, Twisted Affine 

Superalgebras, Fermionic Integrable Models, Supersymmetry Flows, Integrable Hi- 

erarchies. 

Fields of knowledge: Integrable Systems, Mathematical Physics. 
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Chapter 1 

Introduction. 

It is well known that Bosonic Toda models are underlined by Lie algebras and that 

they provide some sort of field theoretic realization of them. They are relevant to par- 

ticle physics because describe massive integrable perturbations of two-dimensional 

conformai field theories, allow soliton configurations in their spectrum and are use- 

ful laboratories to develop new methods relevant to the study of non-perturbative 

aspects of quantum field theory. 

A natural step when having a Bosonic field theory is to try to incorporate 

Fermions and to construct its supersymmetry extension. In the case of Bosonic 

Toda models this is a not an easy task because we want to preserve the integrability, 

which is the main property of these kind of theories. Integrability is a consequence 

of the existence of an infinite number of conserved Bosonic Hamiltonians which 

depend strongly on the Lie algebraic input data defining the model itself. Each 

Hamiltonian generate a Bosonic (even) symmetry flow and due that Supersymme- 

try is a symmetry, it is natural to expect the presence of conserved supercharges 

generating Fermionic (odd) symmetry flows and that the supersymmetric extension 

is related not to a Lie algebra but to a superalgebra. See [6] for an example of how 

Bosonic W-symmetries are not preserved by supersymmetrization. By definition, a 

supersymmetry is a symmetry where the application of two successive odd transfor- 

mations dose into a even one. If there is an infinite number of even fiows then we 

have to incorporate the same number of odd flows in order to dose the flow super- 

VI 



algebra. Hence, the set of fields J will depend on an infinite number of even and 

odd variables 3^ = 3{t±i/2,t±i,t±3/2,t±3,...). See [16] for a first example of this ’flow 

approach’ applied to the KP Hierarchy. The main motivation for this thesis was 

to construct the action functional for the supersymmetric aífine Toda models and 

to study the supersymmetry of these models within this ’flow approach’. The main 

goal is still to construct a ’supertau’ function formulation, to solve the relativistic 

hierarchy by using super-Vertex operators and to set the ground for a quantization of 

the full supersymmetric theory. Althought there is nothing quantum in this thesis, 

all the structures used have a well defined quantum counterpart or are susceptible 

of generalizations. 

Several authors have studied the problem of constructing supersymmetric ex- 

tensions of integrable hierarchies. On one side, for the Toda lattice most of them 

use superfields as a natural way to supersymmetrize Lax operators while preserv- 

ing integrability or to obtain a manifestly supersymmetric Hamiltonian reduction 

of Super WZNW models. See for example [1], [2],[5],[13]. The common conclusion 

is that only Lie superalgebras (classical or afhne) with a purely Fermionic simple 

root System allow supersymmetric integrable extensions, otherwise supersymmetry 

is broken. On the other side, there are several supersymmetric formulations of 

the Drinfeld-Sokolov method for constructing integrable hierarchies in which the 

algebraic Dressing method and the ’flow approach’ were gradually developed and 

worked out in several examples. See for example [3],[4],[7], [15]. The main goal 

of these works is the construction of an infinite set of Fermionic symmetry flows 

but a clear relation between the conserved supercharges and the corresponding field 

transformation is still obscure. In [10], Fermionic fields were coupled to the Toda 

fields in a supersymmetric way in the spirit of generalized Toda models coupled to 

matter fields introduced in [19] and further analyzed in [20]. This coupling was 

performed on-shell but only half of the supersymmetric sector was analyzed. An 

important result of this paper was the introduction of a ’reductive’ automorphism 

Tred devised to remove the non-locality of the lowest supersymmetry flows, as a 

consequence, it was shown that it is not strictly necessary to start with an affine su- 

peralgebra with a purely Fermionic simple root system in order to get an integrable 



supersymmetric extension of a Bosonic model. The complementary off-shell Hamil- 

tonian reduction was developed in [11] by using a two-Loop super-WZNW model 

were the action functional for the supersymmetric Leznov-Saveliev equations of mo- 

tion was constructed in principie, for any superalgebra endowed with a half-integer 

gradation and invariant under certain Tred- It was also shown that several known 

purely Fermionic integrable models belong to the family of perturbed WZNW on 

supercosets where the Bosonic part is fully gauged away. The full set of 2D super- 

symmetry transformations were derived in [12] in a purely algebraic way by using 

the algebraic dressing technique and the supercharges were derived in two different 

ways, as an identity consequence of the Riemann-Hilbert problem and by applying 

the Nother procedure to the action functional of these models. It was also shown 

that the number of supercharges is equal to the dimension of the Fermionic kernel 

of a given semisimple element E which defines both, the physical degrees of 

freedom and the symmetries of the model. 



Chapter 2 

Lctx Operators and 

Supersymmetry Fio ws. 

The core of the flow approach we follow relies in the algebraic Dressing technique 

used to unify symmetry flows (Isospectral and Non-abelian) of integrable hierarchies 

related to AfRne Lie algebras. The Riemann-Hilbert factorization problem allows 

us to define an Integrable structure and a related hierarchy of non-linear partial 

differential equations. This also provides the explicit form of the Lax operators from 

which the equations of motion can be written as a zero curvature representation. 

This chapter follows references [11] and [12]. 

2.1 Relativistic sector of the Extended mKdV Hi- 

erarchy. 

+ 00 
Consider an Affine Lie superalgebra g — © gj with a half-integer gradation 

ieZ/2=-cx 
induced by an operator Q, i.e [Q)0i] = Wi- We have the following 

Definition 1 The relativistic sector of the extended mKdV hierarchy is defined by 
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the following evolution equations 

d+Q = © , d+u = - (2.1.1) 

ô_0 = 0 , d-U = - (uE^s^^u-^^^u, 

for the two Isospectral times t±i = ±a;^ associated to the degree ±1 constant ele- 

ments E^^^ € 9. The (*)^ denote projections onto grades > 0 and < —1/2. 

The 0 and II are the Dressing matrices entering an extended Riemann Hilbert 

factorization problem given by 

+cx> / +00 
exp 1^-c/exp "^í-nj =© \t)U{t), 

defining the extended mKdV integrable structure we are dealing with. 

expanded as 

(2.1.2) 

They are 

0 = + (2.1.3) 

n = BM, M = exp — ...j , 

where B — expgo G Gq and 5 is a constant matrix. The evolution equations (2.1.1) 

are consequence of (2.1.2) after applying d± derivations. The constant semisimple 

operators split the superalgebra g = 3C + M into kernel and image subspaces 

obeying [3C, %] C 3C, [3C, M] C M and we also assume that [M, M] C 3C holds, which 

means that GjK is a symmetric space. 

The Lax covariant derivative (^L = d + Á^) extracted from (2.1.1) has a Lax 

connection = A^dx~ + A^dx~^) given by 

L_ - d-+A^ , A^ =-B B~^ (2.1.4) 

L+ - d+ + Al , Al==-d+BB~^+ EÍ^^\ 

where 

Similarly we have: 

■^(T1/2)^£;£±1) (2.1.5) 
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Definition 2 The gauge-equivalent relativistic sector is defined by the evolution 

equations 

d+& - 0' , ô+n' = - (0'£;í+^^0'-^)^n' (2.1.6) 

a_0' - 0' , d-W = - n', 

where 0' = B~^Q and II' = M. The (*)^ denote projections onto grades > +1/2 

and < 0. 

The Lax covariant derivative extracted from (2.1.6) has a Lax connection 

L'_ = + , A't = (2.1.7) 

L'+ = d+ + A'f , A'^ = B~^ + V’+B 

and it is related to (2.1.4) by a gauge transformation L ^ V with g = where 

(yA'^ — gA^g~^ — dgg~^). Clearly, the two definitions are equivalent. 

The constant part of the Lax connection is given by 

£;(±i) = E^J^^^dx^ e ÜB (S) ® g(±i) 

and they change under coordinate transformations because of their dx"^ basis. We 

also have that 

Í>^±^^'^^dx^ = Üf (S) 0 0(±i/2) 

are Fermionic 1-forms. Thus, A^ is a superalgebra-valued 1-form. 

The equations of motion are defined by the zero curvature of A^, namely [L+, L_] = 

0 and leads to a System of non-linear differential equations in which the derivatives 

5± appears with the same power. Hence the name relativistic. 

In the definitions of the Lax operators above we actually have 

where 

-d+BB-^ = + gf 

-B-^d^B 

± 

1 

2 

e 

Tp (Tl/2) •^(T1/2)^^£±1) G 

(2.1.8) 

(2.1.9) 
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The existence of the Fermion bilinear in the definition of B imply the exis- 

tence of non-Iocal Fermionic symmetry flows as shown in [10] and that the integrable 

models will have gauge symmetries as can be deduced from the off-shell formulation 

of the System (2.1.4) done in [11]. The presence of a 0 translates into the 

existence of flat directions of the Toda potential which takes the models out of the 

mKdV hierarchy. Thus, we demand full cancelation of Q+\ Another reason why we 

demand = 0, is to get a well defined relation between the Dressing matrix © 

and the potential A in the spirit of [15], which means that the dynamical fields are 

describe entirely in terms of the image part of the algebra M. The kernel part OC is 

responsible only for the symmetries of the model. 

Remark 3 Fiat directions in the Toda potential Vb = Bimply 

the existence of soliton Solutions with internai symmetries and Noether charges, e.g 

the electrically charged solitons of the complex Sine-Gordon model. This model is 

known to be a Singular Toda model and belongs to the relativistic sector of the AKNS 

Hierarchy [14] instead of the mKdV. Then, by restricting to superalgebras in which 

= 0 we have local flows and models inside the mKdV hierarchy because B is 

parametrized only by elements in the image . Furthermore, in the Hamiltonian 

reduction of a 2-Loop WZNW model this condition truncates the potential expansion 

up to second term, rendering the model integrable and supersymmetric [11]. 

In what follows parametrize 

B = geyip[riQ] exp[uC\ 

as the exponential of Mg\ provided we have a subalgebra solution to the algebraic 

conditions = 0. The model is then defined on a reduced group manifold and 

(2.1.8) is correctly parametrized by i.e —d+BB~^ = and —B~^d-B — 
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The zero curvature {Fl = 0) of (2.1.4) gives the Supersymmetric version of the 

Leznov-Saveliev equations [10] (see also eq (3.1.4) below) 

0 = = ô_ [d+BB-^) - 

Written more explicitly in the form 

£;(-!) ^^-l^(+l/2) B ' ) B~\ (2.1.10) 

— e -7)12 

d- {d+gg + d-d+uC = e '' 

d+'ip'L^^^'> = 

d-d+rjQ = 0, 

E^^^\gE (-1)^-1 + e -v/2 

may be written in the the linearized equations of motion with V = Vq , Vo ^ 

Klein-Gordon form 

{d+d- + m^) o (H) = 0 

d+d-u — A = 0 

for S = and log g, where is the mass operator 

w?{B) ■= e~^° (^adE^T^^ o o (E) = m^I E. 

We have used e~'^° = AC. Then, the Higgs-like field Vo the mass 

scale of the theory. The massless limit corresponds to Vo °o- Note that all fields 

have the same mass which is what we expect in a supersymmetric theory. Taking 

V — Voi fhe free Fermion equations of motion reads 

where rfC{*) — e~’^°^‘^adE^^^'’ o (*). This equations shows that Fermions of opposite 

’chirality’ are mixed by mass terms and that in the massless limit they decouple. 

5 



2.2 Non-Abelian Flows: The Odd Lax pairs T-ti/2* 

for some posüive-negative degree generators and K in the kemel of E. Equiv- 

alently, we have* 

ÔK+e' = (0'/í+0'-')_0' , 5K+n' = -(0'/^+0'-i)^n' (2.2.2) 

Sk-Q' = - (n'/^-n'-^)_0' , 

Proposition 5 The flows (2.2.1) and (2.2.2) satisfy 

where (*) = 0, II, 0', H'. Thus, the map ô : % —> óx is an Isomorphism when 

restricted to the possitive/negative paris of the kemel algebra %±. 

Proof. The proof is straighforward. ■ 

The last relation above means that the symmetries generated by elements in 0C± 

commute themselves. This can be traced back to be a consequence of the second 

Lie structure induced on g by the action of the Dressing group which introduces 

a classical super r-matrix R = \ (T+ — T_) defined in terms of the projections T+ 

and of g == g+ + g_ along the positive/negative subalgebras g± [4]. In particular, 

this imply the commutativity of 2D supersymmetry transformations c.f (2.3.5), as 

expected. 

*Recall that in (2.2.1) and (2.2.2) the projections are different. 

Here we deduce the two lowest odd degree Fermionic Lax operators giving the ±1/2 

flows, which are the ones we are mainly concerned in this thesis 

Definition 4 The Non-Abelian evolution equations are defined by 

ÕK^e = {eK+e~^)_e , -{eK+e-^)^n (2.2.1) 

<5^-0 = - (nK-n-i)_0 , = (ni^-n-i)^n. 

(*) 

(*) = 
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The ±1/2 flows are derived from the evolution equations 

Ô+1/20 = ^ Ô+i/aH--(0Z)0i/2)@-i)^n 

a_i/20 = - (nzi0i/2)n-i^^@ _ a_i/2n = (nT)0^/2)n-i)^n, 

giving rise to the Dressing expressions 

0 (a+i/2 ± 0-1 _ ^ ^(0) ^ ^( + 1/2) _ 

n (ô_i/2 ± n-1 = d.y2 + BD^-^^^^B-^^L_x/2, 

where . The derivation of L_i/2 follows exactly the same 

Unes for the derivation of L+1/2 done in [10]. At this point we have four Lax operators 

L±i/2 and L±i. The graded subspace decomposition of the relations [L±i/2, L+i] — 

[-^'±1/2, .í^-i] = 0 imply jD^°^ = —d+i/2BB~^. The compatibility of these system 

of four Lax operators provides the 2d supersymmetry transformations among the 

field component. Indeed, using the equations of motion we get the transformations 

(2.3.1) and (2.3.2) below. 

Finally, the odd Lax operators reads 

L+1/2 = a+i/2-a+i/2BB-i±D0i/2) (2.2.3) 

L_i/2 = a_i/2 ± (2.2.4) 

The operator L+1/2 was already constructed in [10] and the L_i/2 is the novelty 

here. 

Note that in (2.2.3) and (2.2.4) are in different gauges. This is the key idea for 

introducing the Toda potential in the supersymmetry transformations. 

2.3 Local Supersymmetry Flows d±i/2- 

The equations (2.1.10) are invariant under a pair of Non-Abelian Fermionic flows 

d = d-i/2 + 5+1/2 as a consequence of the compatibility relations [L±i/2,L+] = 

[L±i/2í L-] — 0 supplemented by the equations of motion [L+,L_] = 0 and the 
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Jacobi identity. They are generated by the elements in the Fermionic kernel 

and are explicitly given by 

and 

d+\/2'4’- = 

j£)(+l/2)^^(-l/2)j 

- [a+s5-\ _ 

(2.3.1) 

B-^d.xi^B = [l>(-i/2),^(+i/2)‘ 

(2.3.2) 

The physical degrees of freedom are parametrized by the image part M. To guarantee 

that the variations of the fields remain inside M we have to check that the kernel 

components of the above transformations vanishes, i.e 

d+y2BB-\^[ f,(+l/2) €3C = 0, 
1/2) 

G3C-0. (2.3.3) 

We do not have a general proof of this condition but we will see below in the examples 

that = 0 imply (2.3.3). 

The Lax operators (2.2.3) (2.2.4) generating the odd flows (2.3.1) (2.3.2) are 

related to 2D supersymmetry transformations of the type 

iV = (N+,iV_), (2.3.4) 

wherel N± — dimílC^^^^\ As the map » d±\/2 obeys 

[^±1/2) ^±1/2] © — 5[o±V2,z>±i/2]0 ~ ^±0 (2.3.5) 

[5+1/2) <9-1/2] 0 = 0, 

^We consider only constant elements which gives rise to isomorphic subspaces ~ 
and to N+= N-. 
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we see that two Fermionic transformations dose into derivatives, which is by defi- 

nition a Supersymmetry. This is the case provided(F(^^/^))^ for g 
^^1/2)^ which is significant for the supersymmetry structure of the models, see for 

example [3]. Furthermore, all the Non-Abelian odd flows dose into the Isospectral 

even flows. The central and gradation flelds do not transform and are not truly 

degrees of freedom of the model. 

2.4 Recursion operators and Higher Odd Flows. 

Trying to compute explicit expressions for odd Lax operators generating higher 

degree supersymmetry flows is considerably more involved than the ±1/2 cases. 

Hence we try another approach by using the Dressing map % —> ôx from the Kernel 

algebra to the flow algebra 

From the relations 

[^3C> S%'] © = <^[ac,3C']0- 

[á;^(±l),(5;r(±l/2)] 0 == á[/f(±l)_^(±l/2)j0 = Ôp[±3/2)Q 

we infer the following behavior 

ôp(±n±l/2) = (<^F(±l/2)) = (5f(±1/2)) (2-4.1) 

in terms of the recursion operators The power of this formalism is not to 

reproduce the well known supersymmetry transformations but to offer a method to 

construct systematically all the Higher odd symmetry flows present in the integrable 

model in terms of its underlying flow symmetry structure. We have to mention that 

the use or super pseudo-differential operators, i.e scalar Lax operators, seems to be 

more appropriated for this purpose. 

From this analysis, we have the following chains of increasing supersymmetry 

transformations 

9+1/2 9+3/2 9+5/2 9+7/2... (2.4.2) 

•••9-7/2 ^ 9-5/2 ^ 9-3/2 ^ 9-1/2, 
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+ 

-1/2 W 

+ 

where the ones corresponding to ô±i/2 are the starting points. The variations Ôk± 

are also given by (2.2.1). For example, for a degree -fl element we have 

The Dressing matrix <1> factorizes as í> = í/á”, where t/ G M is local and S eX 

is non-local in the fields [10], splitting the Dressing of the vacuum Lax operators 

(L± = 0L^0-i) as a two step process. A U and a S rotation given respectively by 

(2.4.3) 

U~^L±U = ô± + + AT(TI) 

5-'(ô± + £:f5 = + 

(2.4.4) 

(2.4.5) 

where G X involves expansions on negative-positive degrees. The components 

■0^*^ i — —1/2, —3/2,... of U are extracted from projecting (2.4.4) along M and the 

components i — —1/2, —3/2, ...by projecting (2.4.5) along X. This allows to 

compute (2.4.3). The Higher supersymmetry transformations are inevitably non- 

local because of the presence of the kernel part S appearing in the transformations 

ôxí±i) used to construct them. Thus, the best we can do is to restrict ourselves to 

the reduced manifold (defined by = 0) in which d±i/2 are local. Using (2.2.1) 

we can see that 

[^s:(+i)! ^-1/2] 0 = 0. 

This means we cannot link 5_i/2 and d+1/2 through a ílow, reflecting the chiral 

independence of the d±i/2 transformations. This is why in (2.4.2) the sectors are 

treated separately. 

2.5 Generalized Relativistic Current Identities. 

In this section we derive an infinite set of identities associated to the flows generated 

by The word relativistic is used in the sense that each í±„ is coupled to its 

opposite counterpart t^^n- 

10 



Proposition 6 The infinite set of Fermionic local currents defined by 

(2.5.1) 
^ (£)(-l/2)0/^(+n)0/-l^ ^ j(-l/2) ^ ^^(+i/2)pj/^(-n)j^,-l^ ^ 

satisfy the following identities 

a+„ + a_„ - 0. (2.5.2) 

The D(±i/2) e are the generators of the Fermionic kemel. 

Proof. The proof is extremely simple and is based only on the relations (2.2.1) and 

(2.2.2). Start with 

p) 7(+1/2) 

a t(+1/2) 

^£)(+i/2) 

- J(n£^(-")n-i)_, (0£;(+"*)0-i)’ 

to get 

a t(+1/2) , o 7(+1/2) 
I O—fiJi -n^+m 

^£>(+1/2) J(n£;0'")n-^)_,(0E0”)0-^) 

- [(n£;0")n-i)_, 'j. 

This sum vanishes for m = n. For the proof is analogous. Note that the use 

of different gauges is crucial for the proof. ■ 

These identities mixes the two sectors corresponding to positive and negative 

Isospectral times in a relativistic manner. They can be written in a covariant form 

' — 0 if we define a constant metric 77 = rj^jdtidtj for each pair of positive 

and negative times. 

Consider now the lowest Isospectral fiows í±i — ±a:*. The current components 

(2.5.1) are given by 

t(+1/2) 

7Í-1/2) ^£)(-1/2)£-1^(+1/2)^^ ^ J01/2) ^ ^^(-1/2) ^(+1/2)^ 
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Then, there are associated relativistic conservation laws given by 9+ 

— 0. More explicitly, we have 

d_ lac) +a+ 

-d- +9+ 

0 (2.5.4) 

0. 

This time, the identities provide supercharge conservation laws due to the fact that 

the flows í±i are identified with the light-cone coordinates = \ {xP ± x^). It is 

not clear if the identities associated to the higher flows í±„ , n > +1 provide new 

conserved quantities because one is not suppose to impose boundary conditions along 

these directions. For higher times they are taken as simple identities consequence 

of the flow algebra. 

Now that we have dim3C^^^^^ supercurrents associated to let’s compute 

their corresponding supercharges by the Noether procedure in order to check that 

they really generate the supersymmetry transformations (2.3.1) and (2.3.2). 

2.6 Supercharges for the SUSY Flows ^±1/2. 

The action for the Affine supersymmetric Toda models^ was deduced in [11] and it 

is given by 

SToda[B, = SwZNw[B] 

J B~^^ . (2.6.1) 

This corresponds to the situation when we restrict to the sub-superalgebras solving 

the condition = 0. In this case the potential ends at the second term providing 

a Yukawa-type term turning the model integrable and supersymmetric. 

*The light-cone notation used for the flat Minkowski space E is a:^ = ^ (x° ± x^), d± = do±di, 
T]^_ = T]_^ = 2,7/+“ = 7/“+ = |,e+_ = -£-+ = 2,e“+ = -e+“ = | corresponding to the metric 
7/qq = l,7/ii = — 1 and antisymmetric symbol eio = —eoi = -fl. A coupling constant is introduced 

by setting and 
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An arbitrary variation of the action is given by 

2tt 

k 
5SToda[B,Í)\ 

^(+l/2)^^^(-l/2)^-l 
]}) 

B~'^^ (2.6 

and the equations of motions are exactly the super Leznov-Saveliev equations (2.1.10), 

i.e [L+, L_] = 0. 

Taking 6 ^ d = d-1/2 + d+1/2 , using (2.3.1), (2.3.2) and considering as 

functions of the coordinates , we have the supersymmetric variation of the action 

Y^Sroda = y J'5-1.^^+1/2)^^ _^^^(-l/2) |'^(+l/2)^^-l^_^j^ _ 

-J ^(-1/2)^ 5^55-1 j +5^£)(+1/2) 

This allows to obtain two conservation laws 

0 = f (oIT'/2) (gj±m £±./2)^ _ 

which are exactly the ones derived by using the extended Riemann-Hilbert approach 

(2.5.2) for the lowest flows (2.5.4). Then, there are dim3CF supercurrents and su- 

percharges given by 

Flow 5+1/2 : j+ (-1/2) 
loc, X 

Q+ = ^^^(_-i/2)^-ij (2.6.3) 

Flow 5. 1/2 
^,^+1/2) ^ _^^i^(+i/2)^|^ ^ . (+1/2) ^(+1/2)^ 

Q _ = jdx^ {^’^^^/^\B~^d-B \x- 

l3C 

(2.6.4) 

The variation above is the same when (2.3.3) are zero or not, this is because all 

the fields are defined in M and the kernel part does not affect the variation at all. 
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These two ways of extracting the supercharges show a deep relation between the 

Dressing formalism and the Hamiltonian reduction. 

Now specialize the construction done above to the simplest toy examples. The 

Supercharges are computed from the general formulas (2.6.3) and (2.6.4). We want 

to emphasize that the sub-superalgebras solving the condition = 0 have no 

Bosonic kernel Xb oi degree zero in consistency with the absence of positive even 

Isospectral fiows iri the mKdV Hierarchy. 

2.7 Examples. 

These examples show how the superspace notion of supersymmetry can be embedded 

consistently into the infinite-dimensional flow approach. The usual SUSY transfor- 

mations corresponds to the flow algebra spanned by the times (í_i, í_i/2, t+i/2) t+i). 

We can have several pairs of odd times t±i/2 depending on the dimension of 

2.7.1 The N=(l,l) sinh-Gordon model Reloaded. 

Take the sl{2, l)|jj^ superalgebra invariant under TreA (see Appendix A). The La- 

grangian is 

L = + (2.7.1) 
27T 

V = cosh[2(^] + cosh[0] 

and the equations of motion are 

d+d-(f) = 

d-'ip+ = 

d+^_ = 

With T)(+i/2) = 

—2/r^ sinh[20] — 2/lí'0+'0_ sinh[(?!)] 

2fi'ip- cosh[(/>] 

—2/z'i/’+ cosh[0]. 

£)(-i/2) = and 

(2.7.2) 

the supersym- 
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metry flows are 

d±i/2(l> = 

5±i/2^± = T^^id±4> 

d±i/2Í>^ = 2/ieq:SÍnh[çí)], 

where we used the parametrizations 

(2.7.3) 

B = exp[0//i], ^ ^_^{+l/2)^ ^(-1/2) _ .^^jo(-l/2) 

We can check (2.3.5) by applying (2.7.3) twice giving 

[^±1/2, ^±1/2] = 2eq:e(pô± 

[^+1/2) ^-1/2] = 0- 

Then, we have two real supercharges N = (1,1) because = 1 given 

by 

9±i/2 : ^ QÍF[f/^^ 

Q± ^ Jdx^ {'ilJ±d±(j) ^ tp^h\(f))), 

where h{(f)) — 2/icosh[(/)] and h'{<f)) is its functional derivative. 

Now rotate the Fermions by the phase exp(z7r/4) in order to write (2.7.1) in a 

more familiar form 

L = 

V = 

k 

7T 
^d+(j)d-(j) + + ^ip+d-ijj+ - V 

which is known to be invariant under the = (1,1) superspace transformations for 

a real Bosonic superfield. The area term comes from squaring h'{4>) — 2/xsinh[ç!)]. 
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With the Dirac brackets^ {4>,dt(t>} = 1, [tp±,'4’±] = ~i and Q\.f = {Q±, f} 

we have, after replacing ^ iQ±, the action of the supercharges on the field 

components 

= -iip± 

Q±V'± = +9±<P 

= Th'{4>). 

Finally, the total flow can be written as 5 == d+\/2 + ^-1/2 = —ie^Q\ + ie+Qi 

d(j) = +ie_'0+ — 

9'4^± = + ^±h'{4>) 1 

which are the ordinary N — (1,1) supersymmetry transformations. 

Now, construct the ^+3/2 transformations starting from d+\/2 by applying 5;^(+i) 

as shown in (2.4.2). Following [10] we find 

<5k(+i)<?!> = -■jOLtp+Q{x'^) (2.7.4) 

í/f(+i)'0+ = +^a (ô+^+- ô+(^Q(x+)) 

ÔK(+i)'ip- = - h'{4>)Q{x'^)) , 

= F, (+3/2) ('0+9+0) . From the relation 

§The Poisson brackets are defined by 

where e = 1,0 for Bosonic-Fermionic quantities and tt/ = The Dirac bracket is defined by 

{■dl B} pg = {A, B}pg — {A, 4>i} pg {C ^)y {0j, B} pg 

where Cij ={4>íi4>í)pb 4>i ^.re the second class constraints. 
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have 5+3/2 == [<^A-(+i)) 5+1/2] and the transformations are given by 

5+3/20 = e- Q^+^+ - 5+0Q(a;+) + (2.7.5) 

5+3/20+ = e_ Q5^0 + 5+0+Q(x+) - ^5+0i7(a;+)^ 

5+3/20- = e- ^-^5+0/i(0) - 0+(5(a;+)/i(0) + ^/i'(0)77(a;+)^ 

((5+0)^ + 0^_5+0+). We also find the variations 

5+i/2(5(x+) = -e_i/(x+) 

5+3/2<5(a;‘^) = e- Q (5+0)^ - ^0+5+0+ + 5+00+Q(a:+) - 

5+3/27/'(a;+) = e_ ^5+05+0+ - ^5+00+ + ^5+00+77(a;+) - Q(a;+)5+i7(x+)^ 

Applying 5+3/2 twice we get a local flow description of the Hierarchy for í+i and 

í+3 in terms of the sinh-Gordon variables used to described it in terms of í_i and 

4i (2.7.2) 

45+30 == 5+0 - 2 (5+0)^ - 35+00+5+0+ 

45+30+ = 5^0+ - 35+05+ (5+00+) 

45+30- = (2(5+0)^0+- 5^0+) h(0), (2.7.6) 

where 5+3/2,5+3^2 (*) ~ —2eie25+3(*) in agreement with _ 

Introducing^ u = u' = 5+0 we recover the super mKdV equations 

45+3U = u'” — Ç)i?u' — 30+ (u0+)^ 

45+30+ == 0+ - 3u (n0+)' 

45+30_ = (2a^0+— 0+)/i(5“^a). 

The xIj_ equation is non-local and is a remnant of the negative part of the Hierarchy. 

The supersymmetry has to be reduced to the usual N = (1,0) in order to have 

^In this case the space variable x is described by í+j. 

17 



a local description in terms of the mKdV variables u and -0+. Note that Q{x'^) 

and resembles to some components of supercharge and the stress tensor. 

The positive and negative parts of the extended mKdV hierarchy carries exactly the 

same Information when considered separately and to obtain relativistic equations we 

combine their Lax pairs in different gauges. The potential couples the two sectors. 

We check this explicitly by considering (í+i,t+3), (t_i,t_3) and compute L±z in 

order to construct a 1-soliton solution which solves any equation of the hierarchy 

mixing the four times (í+i, í+3, í_i, t_3). 

The Dressing technique suggest the following forms for the Lax operators 

L+3 = Ô+3 + ^ ^( + 1) ^ ^(+3/2) ^(+2) ^(+5/2) ^ £.(+3) 

L_3 = d-3-B ^ £)(-l) ^ ^(-3/2) ^ ^(-2) ^(-5/2) ^ ^(-3)^ Bi^\7.7) 

From [L+,L+3] = 0 we get, following [10], the solution 

£>(+5/2) _ (-2i/;+) 

D(+2) = {-d+(j))M[^^^ 

£)(+3/2) ^ + (Ô+^+) 

^ + Q {d+cf>f + 

^(+1/2) ^ + 

^(0) ^ + 

The equation of motion are given by the degree zero component and are, as expected, 

given the first two equations of (2.7.6), after taking -0+ —> |0+- Now, performing a 

gauge transformation with in order to eliminate the B conjugation on L_3 and 

L_ we change to 

L_3 = a_3 + B-^d-sB - + £){-5/2) ^ ^(-3)^ 
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and from [L_, L.a] = 0 we get the Solutions 

Z)(-3/2) ^ 

DG^) = (-2t/;_ô_^_) + Q (a_<^)^ + 

= -i - ô_0ô_^_) - (^-0)" 0- 
(^^-1/2) 

The equations of motion are now 

40-30 = 5Í0 — 2 (Ô_0)^ — 35_00_Ô_0_ 

49-30- == 9Í0- — 39-09- (9-00-) 

after taking 0_ —» |0-. Withll n = 9-0 we get 

49-3U = n'" — — 30_ (u0'_)^ 

49-30- = 0^-1^ — 3n [vtpj)'. 

From the solution of the equation (B.0.1) = —d+^BB~^ we confirm that 

49+30 = 5+0 — 2(9+0)^ — 39+00+9+0+ , after taking 0+ —> |0^. This is the 

N == (0,1) mKdV equation with opposite chirality. 

The simplest example of a relativistic equation is provided by the sinh-Gordon 

model which corresponds to the lowest í±i times. Now compute [T+3, L-3] = 0 with 

L-3 in the form (2.7.7), i.e in its original gauge. The relativistic system of equations 

is given in the Appendix B, eq (B.0.2), and is a generalization to the í±3 times. The 

two sectors of the extended hierarchy are identical, thus we complete the system 

(2.7.8) to get 

49-30 = 5Í0 — 2 (9-0)^ — 39-00-9-0- (2.7.8) 

49-30- == 9Í0- — 39-09- (9-00-) 

49-30+ = (2 (9-0)^ 0- - 9Í0-) /i(0) 

Idn this case the space variable x is described by t_i. 



and due to this symmetric behavior we can easily read off the ô_3/2 transformations 

from (2.7.5) simply by replacing all + subindexes by - subindexes. 

Now consider for simplicity the Bosonic limit of the extended equations (B.0.2). 

It is given by 

d+zd-^cj) — —2sinh[20] -b - ((5+0)^ + d\(j)dt(t>) sinh[2(;ii] — (2.7.9) 

[d\(t){d-(j)f + {d+4>f dt(f} ) cosh[2ç!)] 

— (5±(/>)^sinh[2(jí>] — ô|.</!)cosh[2(/)] 

d±z{d:^(l>f = 28^:4) {d±(t)f smh.[24>]-2dj^(j)d\<i)cosh.[2(l)] 

^±3 {8%4>) — 4^d±(t> + 2d^4> {d±cj)f cosh[2(;/í)] — 2d^<t)dl.4> sinh[20] 

and describe the behavior of the çb’descendants’ d±4>, {d±(j)f and ô|çí> in terms of 

opposite íq:3 times. The equation (2.7.9) can be obtained alternatively by using 

the basic non-linear relations d±z(j) = \d\4) - ^ {d±4>f, and the lowest relativis- 

tic equation d+d-4> — —2sinh[2^]. The whole set of equations associated to the 

times (í_3,í_i,í+i,í+3) is completed by the equations extracted from the relations 

[L+, L_3] = 0 and [L_, L+3] = 0. They are given by the sinh-Gordon equation itself, 

the equations on the third line of (2.7.9) and 

Adj;:(f) = ô± (9:^ç!>)^sinh[2</>] — ô±ô^0cosh[2çí>] (2.7.10) 

0 = 9±9^ç!)sinh[2(/»] — (ôzp^)^ cosh[2(?!)]. 

Now take = £;(±") in (2.2.1) and conjugate them with the grading operator 

Q as follows 

= exp(aQ)£;(±") exp(-aQ) = exp(±n)£;(*") = 

where A = exp(a). The equations are invariant under these rescalings and the 

Lorentz transformations, i.e = A^^a;^ can be generalized to the whole set of 

flows by taking = A'*^"í±„. 

To find the 1-Soliton solution of the equation (2.7.9) we use the Dressing method, 

see [17] for details. The four vacuum Lax operators involved are 

L± = a± ± 4^'), l±3 = a±3 ± 
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and the zero curvature conditions imply they are pure gauge = Tq ^ÔíTq. Hence 

we have as usual 

- x~c , 

A^^3 = ^(+3)-3í_3C , A^_^ = -E^-^^ 

To = exp [t+3E^+^^ + exp , 

where we have used [£;('"),£:(")] ^ |(m - n)Sm+nfiC for (m,n) odd integers. The 

Dressing of a vacuum Lax connections Af is the gauge transformation Ai = (0±)~^ A^0±+ 

(0±)“^9í0±, satisfying 0_0:j:^ = Tõ^gTo, where g is an arbitrary constant group 

element. Assuming that 01^ = 0+^ = where p{—i) 

and q{i) are linear combinations of grade (—i) and (+z) respectively, the zero grade 

component of Ai leads to the solution 

e9(o) ^ ^ 5 ^ g^p {(pH). 

From this we have 

{X'\B-^\X)e-''^{X'\T,-^gTo\X), 

where |A > and <A'| are annihilated by the grade (—z) and (z) generators. Taking 

the highest weight States jAj >, z = 0,1 of we get the following tau functions 

n ^ e-^-" = (Al |To-'5ro| Al) 

ro = e-‘' = {Xo\To^gTo\Xo). 

The solitonic specialization corresponds to the situation when g is given by the 

exponential of an eigenvalue F{z) , z E C oí the operator adE^*^\ In this case we 

have 

[E^^\F{z)] = -2z"F(7) 

where F{z) is the vertex operator 

+00 I- / 
F{z)= 

n= — rv-i ^ ^ 
2 —2n 
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With the following result 

To^gTo ^ exp{p{z)F{z)} 

p(7) = exp2{-t-3Z~^-x~z~^+ x~^z + t+3z^} , (2.7.11) 

we get the 1-soliton solution depending on the first four times of the hierarchy 

where ti = 1 + |p(z), tq = 1 — The field (2.7.12) is a simultaneous solution 

of the Bosonic limits (with p = 1) of the equations (2.7.2), (2.7.6), (2.7.8) and the 

whole set (2.7.9) and (2.7.10). The interesting point is that the second an third 

terms of the RHS of (2.7.9) cancel each other and the field (f) has to obey 

which is the case. For higher grade times the extension in (2.7.11) is direct. At 

this point we can notice that each chirality of the extended hierarchy is attached 

separately to the poles z = +oo (positive flows) and z — 0 (negative flows) of 

the spectral parameter 2, see [24]. This is exactly the pole structure entering the 

definition of the sinh-Gordon Lax pair. 

We end by giving the Fermionic currents for the times t±3 and After a 

lengthly computation, the equation (2.5.2) become = 0 with 

current components 

log ^ (2.7.12) 

d+3d-3(f) = -2sinh[2(?!)], 

1 A+l/2) 
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2.7.2 The N=(2,2) Landau-Ginzburg Toda model. 

Take the psl{2,2)^^^ superalgebra (see Appendix A). The Lagrangian is given by 

L 

V 

k d+4>-^d-(f)-^ + d+4>^d-4>^+ 

27T + ^35+-03 + V'2^-^2 + ^4^-^4 ~ ^ 

2 cosh[2ç!)i] — 2 cos[2<?í)3] — 4 ('0i'02 + V'3'04) cosh[ç!)i] cos[ç!>3]+ 

+4 (^1^4 - ^^2) sinh[(^i] sin[(/)3] 

Taking L»(+i/2) = + with = 62^]+'/^^ 

and £)(-i/2) = with the 

supersymmetry transformations (2.3.1) and (2.3.2) with •0^, 'ip^ —> \ip^ are 

d+i/2(p\ — 

d+\/2'tp2 = 

d+i/2'<Pi = 

d+i/2^3 = 

d-i/2(p\ — 

d-i/2-ipi = 

d-l/2tp2 = 

1/2^4 == 

+2 (ei^4 — e2"02) ! ^+i/2</*3 — ~2 (e2'04 + £1^2) (2.7.13) 

+ {^2d+(pi + eid+(ps) , d+i/2'ipi = - {eid+(px ~ ^2d+4>^) 

—2ei cosh[ç!)i] sin[<?!)3] — 2c2 sinh[0i] cos[(^3] 

+2ei sinh[(^i] cos[03] — 2e2 cosh[ç!)i] sin[03] 

+2 (?lt^3 — ê2'0l) ) d-i/2(p3 = +2 {Citpx + Ê2'03) 

+ {ê2d^(px - êid-íps) , d-i/2Í>3 = ~ (êi^-^i + ^2d-(p3) 

—2êi cosh[(/)4] sin[<;z!)3] + 2ê2 sinhfçii] cos[(;!!)3] 

—2êi sinh[(/)i] cos[03] — 2ê2 cosh[0i] sin[çí)3]. 

We can check (2.3.5) by applying (2.7.13) twice giving 

[^+1/2) ^+1/2] = +4 (eie'4 + €262) 9+ 

[5-1/2) 5I1/2] = +4 (êiêi + 6262) 5- 

[5+1/2) 5_i/2] = 0. 

We have four real supercharges N = (2,2) because dim% 
(±1/2) 
F = 2. They are 
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extracted from (2.6.3) and (2.6.4) 

Flow a+i/2 : + QIF~ 

Q\. = Jdx^ {^2^+4>3 ~ '^id+4'i — 2^1 cosh[çí)i] sin[03] + 2-03 sinh[0j] cos[ç^3]) 

Ql = jdx^ + ^2^+01 - 2V'i smh[(f)^] cos[(/>3] - 2^g cosh[(l)^] sin[(;Ó3]) 

Flow a_i/2 : 

Q'_ ^ Id.' cosh|0,| 3i„[^,l + 2VÍ. si„h[«.l cosfei) 

Qi = /dx>(-^3Í»-^3-^.a-í.-2Í^3-hWcosW + 2Í3Cosh[.;i.|sinW). 

Now introduce the complex fields 

^_ = ^1 + #3 , V'+ == -^2 + #4 > 

and the superpotential VF {4>) = 2/icos(/) in order to write the lagrangian in a more 

familiar form. Then, 

L - +r-d+Í^- + r+d-'ip+-V] (2.7.14) 
27T 

where \W {4>)f — 2;w^ cosh[2(j!)3] — 2^^ cos[203]. This Lagrangian is invariant under 

the common N — (2,2) superspace transformations for a complex chiral Bosonic 

superfield. In terms of the new complex fields we have for (2.7.13) with e_ = 

— (ei + 262) and e+ = êi — 1^2 that 

d+i/2(p — ~2e_'0+ ^-1/20 = +2e+'0_ (2.7.15) 

d+i/2'fp+ = +Cd+d) 5-i/2t^+ = -2e+VF'* (0*) 

5+1/2V'- = -ie-W* {(!>*) d^y2Í’- = -e*+d.cí> 

plus their conjugates. Define now the following complex combinations of the su- 

percharges ^Q± = tQ± + iQ± 

Q± = 2jdx^{7P^d±cj>*^i^P*^W'*{cl)*)) 

= 2 Jdx^ ('0±^±0 ± ii)^W {4>)) . 
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Now, with thebrackets b = 5(0}^ = +1 and = {'0-,'0l}a 

+ 1/2 we have with Q±f — {Q±,/}b 

Q+<p = -2V>+ , Q+(j)^0 

Q+Í>+ = 0 , Q+V’+ == d+4> 

= -iW'* , Q^xp_ = 0 

Q-4> — —2i/>_ , Q_4> — 0 

- iW* {(!>•) , 

Q-ip- = 0 ) Q-'^- - d-4> 

plus their conjugates. 

Finally, the total variation becomes d — d+i/2+d -1/2 — Q+—c+Q—+CÜQ+ — 

Q_ with 

díp — +2e+'tp_ — 2e_'0+ 

d'ip+ - +€*_d+(f) - ie+W'* {((>*) 

di)_ = -e% d-(t> - ie-W* {<))*) 

d(j)* = +2e\ V’*- - 261-0+ 

Ô0; = +e_5+0* + ie\ W' (0) 

501 = -e+d-4>* + ie*_W {(/)) 

which are the usual N = (2,2) supersymmetry transformations. As in the case of 

the = (1,1) model, we expect the existence of higher Fermionic supercharges for 

this model. 

Remark 7 The action (2.7.14) is a Landau-Ginzburg model on a flat non-compact 

trivial Calabi-Yau manifold X, i.e X = <C. As is well known this model is B-twistable. 

It would be interesting to see the relation of its chiral ring and the chiral ring of a 

twisted (possibly the A twist) topological version of a superstring on AdS^ x 5^ 

where the action (2.7.14) is extracted as a Polhmeyer reduction [18]. This would 

be in principie, a simple way to test up to what point the Polhmeyer reduction can 

be understood as a full equivalence of quantum field theories, at least at the levei of 

ground States, EPS solitons etc. It would be also interesting to trace back the role 

played by the extended conformai symmetries of W-type in terms of sigma model 

variables. 
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Retnark 8 In the relativistic sector of the AKNS hierarchy which is associated to 

the Homogeneous gradation, the Toda potential has a symmetry ,z.e ^ 0. In 

this case further reduction of the model can be performed, eliminating the flat di- 

rections. This is done by coupling to a quadratic gauge field A and is equivalent to 

the introduction of singular metrics defining Singular Toda models. The minimal 

coupling of the fermions with the gauge field results in terms proportional to Q±^. 

After integration of A, the action will have a potential four-Fermion term of the 

form 

which is possibly related to the curvature of the background metric. This Hierarchy is 

relevant from the point of view of Polhmeyer reductions where reductions to models 

inside this Hierarchy are quite common [18]. 



Chapter 3 

Supersymmetric AfRne Toda Field 

Theory Action. 

We now Show how the action functional governing the equations of motioii of the 

Supersymmetric Affine Toda models can be derived from a gauged 2- loop WZNW 

action where the fundamental matrix fields takes values on a Twisted Affine Lie 

superalgebra A systematic construction of the action for a class of super- 

symmetric integrable models is discussed and explicit examples of the N = (1,1) 

and N — (2,2) super sinh(sine)-Gordon models are discussed. This chapter follows 

reference [11]. 

3.1 Hamiltonian reduction of the 2- loop WZNW 

model. 

In order to introduce the field content we identify the Z2 statistics of the fields 

with the Z2 structure of the superalgebra g^^^ — 0o ©0i- This means that Bosonic- 

Fermionic fields will parametrize respectively the even-odd part of the superalgebra 

with € r <8>0o and p Ç. F <8>0i given by 

(3.1.1) 

where F is the field space depending on the whole set of fiow paramenters (t±n, í±n/2) ■ 
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We assume that an arbitrary group element is written in terms of a generalized 

Gauss-type decomposition form of subspaces with a well defined degree. An element 

g of the supergroup G is then written as follows 

g^K^TK^ , r = í>5^, (3.1.2) 

— 1 +00 
where A'< = exp[gi] , if> = exp[0j] and $ = exp[í/>^“^/^^] , B e Go 

i€Z/2=-oo í6Z/2=+1 
and í' = . Now consider the following 

Proposition 9 The Affine Super Toda Field theory action for sub-superalgebras 

satisfying the condition Qo± = 0 is given by 

STodalB.-tp] = Swznw{B] -J 

(3.1.3) 

Proof. See Appendix C. ■ 

The arbitrary variation of this action is given by (2.6.2) and the equations of 

motion corresponds to the supersymmetric version of the Leznov-Saveliev found 

before in (2.1.10) in terms of Lax operators. 

Note from the action (3.1.3) that the Fermionic kernel fields decouple com- 

pletely and have no dynamics at all. This allows to us promote them to be the 

constant Grassmann parameters appearing in the global supersymmetry transfor- 

mations written in (2.3.1) and (2.3.2). This is consistent with the role played by the 

Fermionic kernel in defining odd symmetries within the flow approach. 

We have obtained in an alternative way the supersymmetric version of the 

Leznov-Saveliev equations 

{d+BB-^) = [E+, BE-B~^] , (3.1.4) 

supplemented by the conditions Qq± = 0. This shows the field-independence of the 

conditions = 0. They does not appear in the Hamiltonian reduction and this 

reflects its pure-algebraic nature. Equations (3.1.4) can also be derived from a 2 
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Loop WZNW action by considering Z-gradations and AfRne lie algebras , as 

done in [21]. The corresponding action is 

STod.[B] = Swznw[B] + (3.1.5) 

and from it we can obtain any Bosonic Toda model, i.e, Conformai or Affine. Hence, 

the action (3.1.3) is the supersymmetric extension of the Bosonic action (3.1.5) 

deduced in [21]. 

The equations of motion (2.1.10) are of the same form as the ones introduced in 

[19] where all the matter íields were Bosonic and Z- gradations considered with the 

difference that no analogue for the equations (2.1.9) appears. Here the matter fields 

are Fermionic and given by We also emphasize on the locality of the action 

(3.1.3) in contrast to what has been argued in the literature [19], [20], in the sense 

that the connection between the action and the equations of motion involves a non- 

local field transformation. Here we can see that the transformation is not only local 

but involves just a degree change c.f (2.1.5) , this means that the transformation is 

not at the field levei but rather at an algebraic one . 

Remark 10 The explicit local expression of the action (3.1.3) allows now to a di~ 

rect computation of the energy momentum tensor, instead of using a constrained 

Sugawara form for the ”free” currents of the 2-Loop WZNW model. We expect to 

have not only conformai symmetry but an enhance conformai symmetry, leading to 

the existence of super W-algebras as usual when dealing with Toda models, see for 

example [22] and [23]. 

3.2 Examples. 

Here we show how to construct the Lagrangians for integrable models with N = (1,1) 

and N = (2,2) supersymmetry. 
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3.2.1 The 5/(2,1) models with N = (1,1). 

The super sinh-Gordon model was already constructed in section (3.7.1). To get the 

super sine-Gordon model we use the following parametrization for the superalgebra 

sl{2, l)j2]^ (see Appendix B) which is given by 

B = exp[(/)M2°^], 

The Lagrangian density is 

L = ■^\d+(t)d-(t) + '4>-.d+i}_+'4}j^d-%l)j^ + V'\ (3.2.1) 
ZTT 

V = 2//^ cos[2(;z!)] + Ajiip^xj}_ cos[(;ii'] 

and the equations of motion given by the N — 1 sine-Gordon equations. A similar 

analysis of the supersymmetry properties of this model follows the same lines of 

section (3.7.1). 

The two Lax pairs for the sl{2, l)[jj^ and sl{2,1)[2]' models are explicitly given by 
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4[i] 

-W 

A. 

= A° 

•[2] 

/ -d+(^ 1 •0 ^ 

0 5+0 0 

0 —0 0 y 

/ 0 0 \ 

V 

+ A+^/2 

+ A-i/^ 

\ 0 0e^ -2 

^+[2] = A 

+A'/2 

\ -0e~^ 0 0 

/ 0 -5+0 0 \ 

0 

0 

0 

Vo 

/ 1 

5+0 1 

V 0 0 

O 

O 

0/ 

0 \ 

-0 

2 / 

+ A° 

+ A 

^ 0 — cos[20] 0 

= A“^ 0 0 0 

\ 0 0 0 / 

^ —(1 + sin[20]) 
+A-1/2 0 

V 0 

/ 0 

+A° — cos[20] 

/o 1 0 \ 

0 0 0 

\ 0 -0 0 / 

/ 0 0 0 \ 

1 0 0 

\ 0 0 0 / 

+ 

+ 

0 

— 1 + sin[20] 

0(cos[20] + sin[20]) 

0 

0 

0(cos[20] — sin[20]) ^ 

0 

0 

+ 

/ 

0 0(cos[20] + sin[20]) 

0 \ 

—0(cos[20] + sin[20]) 

The twisted superalgebra 5/(2,1)^^^ supports the two models as the two Solutions 

found to the conditions = 0. One model is the field analytic continuation of the 

other but only at the action levei and not in their Lax connections which is where 

the models are truly specified in terms of their analytical properties [24]. We are 
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using a two-valued spectral parameter due to the gradation used in contrast 

to the single-valued Lax pairs usually considered so this plays a role. The 

Lax connections are analytically different and have cuts, this opens the question of 

having a formal Zakharov- Shabat like construction involving a two-valued spectral 

parameter. 

The Affine superalgebra sl{2,1)^^^ does not admit a purely Fermionic simple root 

System (the longest root being Bosonic). This means that the usual criteria [1], [2] 

that only Contragredient Lie superalgebras with a purely Fermionic simple root Sys- 

tem admit supersymmetric integrable extensions does not apply in our approach. 

The sl{2,1)^^^ provides a counter-example for this statement, from it we could con- 

struct the N = 1 models . We expect this construction help us to have a better 

understanding of the intricate relation between supersymmetric Toda models and 

Lie superalgebras. 

3.2.2 The psl{2,2) models with N = (2,2). 

There are four superalgebras satisfying the condition = 0 (see Appendix A). 

The model associated to ps/(2,2)|gj^ was already studied in section (3.7.2). Here we 

write down the Lagrangians corresponding to the other Solutions. 

For psZ(2,2)|jj^ we have the parametrization 

B - exp[<^iMr-í-<^3Mf] 

and the Lagrangian density of the N — (2,2) sinh-Gordon model (see for instance 

[28] and [29]) 

L 

V 

d+(j)^d-(pi - d+(p3d-(f>3+ 

2n _ 4-^iô+V’i + V’2^-'02 - "03^+'03 - 04^-04 - ^ 

2cosh[2<?!)i] — 2cosh[203] — 4 (0j02 — 0304) cosh[(/)i] cosh[03] 

-4 (V’i04 - 0302) sinh[ç!.i] smhlíl)^] 

(3.2.2) 
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(0\ 
For psl{2,2y,J we have the parametrization 

r(0)l 

and the Lagrangian density for the N — (2,2) sine-Gordon model 

L = 
k 

V = 

-d+(f>id-(/>i + d+(^3d^(^3+ 

+^l^+^l + - ^3^+'03 - ^ 

2cos[20i] — 2cOs[2(^3] — 4 [lpi'tp2 ~ '0s'04) COs[(^i] cos[03] + 

+4 (V’l'04 — Í>3'4>2) sin[(;èi] sin[<;/i3] 

(3.2.3) 

For psí(2,2)j4j^ we have essentially the same model as the one obtained with 
/QV 

psl{2, 2)j3j with the replacements sinh ^ sin, cosh —+ cos and some sign changes. 

3.2.3 Interpolating sine-sinh-Gordon model. 

When solving the conditions (5±^ = 0 we have found four different AfRne subalgebras 

where models with a local supersymmetry flow can be defined. We have that the 

degree zero fields in B are respectively associated to the generators (Mj°\M3°^) 

, (M2°\M4°^), (Mj°\M4°^) and If we consider the combinations 

(M{°\ and M(^^) we cannot closed in any subalgebra because the affine 

indexes are inconsistent for the G and F generators and no new supersymmetric 

model appear here. However, we can still have a Bosonic integrable model associated 

to the subalgebras | i -^2°^ | | -^3°^ > -^4°^ > } which are isomorphic. 

Then, considering the first subalgebra with the following parametrization 

B = exp[(f)iM[°^ + 02M2°^ +pQ + uC], 

we get the following Lagrangian density 

L 

V 

Jc_ 

2n 
— d+<t>2d-(f)2 + d+pd^u + d+ud-p — V] 

4 exp [—p] sinh^ ? 

(3.2.4) 
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where (f) = (01 — with $± = 01 ± 02- The Lax pair for this vl/2 

model is 

= 4+') - i - i (ô+í>+ - ô+<í>_) Mf - d+vQ - d+uC 

■exp{-rj]E[. ’ + - 
(_i) 1 / exP [-V] sinh 2 (<í>+$_)+^/^ 

($+$_) +1/2 (<í>+ - í>_) + ($+ + $_) (0) 

+ exp [—77] ^cosh 2 K. 

and leads to the equations of motion 

(0) 
2 

d+d-^+ = 2exp[—77] 

0+0_$_ = 2exp[-77](^ 

1/2 
sinh 2 ($+$_) 1/2 

(3.2.5) 

1/2 
sinh 2 ($+$_) 1/2 

d+d-u = —2 exp [—77] sinh^ 

d+d^rj - 0. 

The interesting feature is that if we take 02 —> 0 we get the Affine sinh-Gordon 

model 

d+d-<f>i = 2exp [—77] sinh[20i] 

d+d-u = — exp[—77] (cosh[20i] — 1) 

d+d-Tj - 0 

and if we take 0i —> 0 we get the Affine sine-Gordon model 

5+5-02 = 2exp [—77] sin[202] 

d+d-u — — exp [—77] (cos[202] — 1) 

d+d-Tj — 0. 

Then, the (3.2.4) is a truly interpolating integrable extension of these two well known 
2 

models. This model is singular in the field space of Solutions at 0 0 but not 
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in the potential term V and it would be interesting to see the behavior of a solution 

for this equation because in principie, we would have a soliton solution which is, in 

some sense, Hydrodynamical and Topological at the same time. 
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Chapter 4 

Fermionic Integrable 

Perturbations. 

In this chapter we are not interested in study susy flows but to perturb the con- 

structed model by Fermionic terms in the potentials. We consider a more refine In- 

tegrability condition than the one introduce in [11] which apply to Axial and Vector 

gauged models, opening the possibility to study T-duality. Pure Fermionic theories 

arises for cosets sl{p, l)/sl{p) (g) n(l) when a maximal kernel condition is fulfilled. 

The integrability condition of such models is discussed and it is shown that the sim- 

plest example when p = 2 leads to the constrained Bukhvostov-Lipatov, Thirring, 

scalar massive and pseudo-scalar massless Gross-Neveu models. This chapter follows 

reference [11]. 

4.1 Integrability Conditions for ^ 0. 

We now discuss the construction of pure fermionic theories by considering the max- 

imal Kernel condition i.e., Ms == 0. The Bosonic fields in this cases lie in OCb 

and may be gauged away by considering the coset G/Hq, where Hq is the degree 

zero subgroup associated to 3Cs. As a general prototype, consider the super algebra 

sl{p, 1) with homogeneous gradation Q = d and E'^ = Xp • (where Ap is the 
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p — th fundamental weight) such that 

Xb — sl{p) 0u{l), Mb = 0 

and Fermionic subspace generated by {Ea^+.-.+ai, E-(^ap+-+Qi)yi — Now 

perturb the action (2.6.1) with the following four Fermion potential term V = 

X . To study the Lagrangian formulation, introduce the Axial/Vector 

gauged model 

5 = Swznw[B,A]go/Ho (4 1^) 

+ 
2n 

+ A {q^+^bq (0)^-1 

with 

SwZNW 
27t 7e \ +A° A° + pA-BA+B-^ 

k í 
S\vznw[B]go = SwzNw[g] — x— j {d+pd-u + d+ud-p) 

SwzNw[g] = —^ {g ^d+gg ^^-5) — J (^{g ^dg) 

The action is invariant under the transformations 

B' - r_5r+ 

^(-1/2)/ ^ p_^(-l/2)p-l 

^(+1/2)/ ^ 

- A°_-r/7õ'5-7o 

A'° = A%-p'o^dWo 

A'_ = r_A_ni - r7a_r_ni 

a; = r;M+r+- r;^a+r+ 

T>_ = d-+p[A-,] 

B+ — d+ — [A+, ], 

(4.1.2) 

LB + 
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where F_ = 7q7_ and r+ — 7^7^ are both in Ker% and G 

Ker% are the gauge fields. The D± are the covariant derivatives — 

r_ n' , ^ ^-i ^£>^^(+1/2)^ ^+. Take r; - 1 in the Axial 

gauge 7Ó = 7o and 77 = — 1 in the Vector gauge 7Ó = 7o ^ 

The classical integrability of the perturbed action (4.1.1) is guaranteed by the 

following 

Proposition 11 The action (4-1-1) with B G is Integrahle when A = +1/2 

and 

0 

0 

0 

F^_-D_ ivAl + A^) 

F^_ - D+ (A° + vA_) 

(4.1.3) 

Proof. See Appendix C. ■ 

Note that in this extreme case the equation (2.1.8) is given by —d+BB~^ = 

Q+\ —B~^d-B = which is some sort of 'classical Bosonization’ formula. It 

corresponds to the A+ equation of motion in the gauge A = 0. We gauge away the 

Toda field B G Hq in order to preserve integrability, i.e to get = 0. This can 

be done in the Axial case 77 = 1 by choosing a gauge in which B' — I. In this gauge 

the integrability conditions reduces essentially to the commutativity of the currents 

Q±\ i.e to [^<5+\ Q-^ — 0. The Vector gauge 77 = —1 is not considered at all but it 

is included just to open the possibility of study T-duality in the usual Axial-Vector 

sense. 

Note that by taking all Fermions to zero we have a Topological WZNW model 

on the coset Hq/Hq. 
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4.2 Examples. 

As an illustration consider the simplest case where = sl{2,1)^^^ in the Homoge- 

neous gradation Q = d. Let us parametrize 

+ + (4.2.1) 

from where we evaluate 

Q-^ = (^2V'4) + (V'1^3 + ^2^4) + i'^2^3) E+ii + (V’l'04) E'. 
r(0) (0) ;^(0) .(0) 

-Ql 

Q 
( + 1/2) 1 

3 L 
2 

(+1/2) 

Q (+1) _ 

^ 4ty+i, + ^ 

1 r ̂ (+l/2)^g(_+l/2)j _ 1 + 3/^(+D) (4.2.2) 

and similar for Q\.\Q\. '''^’ and (5+ in terms tp^ fields. The potential term in the 1(0) ^(-1/2) 

Lagrangian decomposes according to the number of fermions involving the following 

individual contributions, 

= - (V'2V’4) (V’lV’3) - (V^l^s) i'^2'^4) 

+ (^2^3) (V'1^4) + (V’2^3) 
4    

= -g (V’2^3V’4) - (^iV’2V’4)) 

= (^lV'2^3V’4) {'^\'^2'^3Í>a) ■ (4-2.3) 
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The Lagrangian density with normalized coupling constants * then becomes 

k 
Lp= 2 — 

+ 

- ^ld-^3 + - ^2^-^4 

+ ^3^1 - "02^4 + ^í'4’2 + ^2^4V'l^3 

^lí’3^2^4 - ^2^3V’l^4 - '01^4^2^3 
4_ _ _ 4- - - 
gV’lV'2V’4^2^3^4 + g^2^3^4^lV'2'04 

Í^1^2^3^4^1^2^3^4 

which can be put in the Dirac form 

(4.2.4) 

L = 4'd - 1) 4'í) + - 1) 4>d 
5 - - 5 - 

+ ^ ('I'd7^^d) (^D7íí*Í’£>) + (^d^d) (í*d^£i) 

5 - - 1 - 
_ _ (í'o7^í'£|) ($d7^Í*í>) — g {^dIp^d) (^d'1'd) 

+ (^d7^^d) (^d7íx^d) (’^£»7'^^o) dIv^d) 

where the complex Dirac spinor components are defined by = *"03 > ^d2 == —03 

. ^D1 = -01. ^D2 = -#1 and $£.1 = #4 , $D2 = -04 . ^D1 "= “02 . ^D2 = -#2- 
The constraints use below in the examples are such that cancel the higher grade 

0 allow- Q+ currents nnd satisfy the integrability condition 

ing to use the proposition (4.1.3). This construction unveil the algebraic structure 

behind the classical integrability of the well known models treated below. 

(O)^q(O) 

4.2.1 Constrained Bukhvostov-Lipatov model. 

Take the constraints 0203 = 0i04 = 0 and 0203 = 0i04 = 0. Under such conditions 

we find from eqns. (4.2.2) and (4.2.3), 

gL°^ - 0204Íír + (0103+0204)^f 

Qf = 0204Ííf^ + (0403 + 0204)iíf (4.2.5) 

*Coupling constants g and g. may be introduced by and —* gE^^\ 
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and 

= -^2^4'0i'03 - ^1^3^2^4- 

The Lagrangian density becomes [27], 

+^('í'ü7''^D)(^D7^«^n)- (4.2.6) 

4.2.2 Thirring model. 

Take now the constraints = —'04, 02 = '“03) 0i = '04 and 02 = 03. We find 

= 0204/7Í°\ Qf = 0204 

yielding the Lagrangian density 

L = 0£) - 1) 0o + (0d7''Í'd)(0d7^0z)). 

which correspond to the Thirring model. From the constraints above we parametrize 

the Fermion íields as 

where 

0( + l/2) ^ 

0(-V2) = 0i5i 02Í?2 
(-1/2) 

^(.1/2) ^ 

= 
y(+l/2) _ 

y(-l/2) ^ 

p(+l/2) _ i^(+l/2) 
^Q2 Ql—02 > 
C;(-l/2) I r(-1/2) 
-^02 ' ■^—01—02 > 
r(+l/2) I r(+l/2) 

■^02 ' -^-01—02 > 
P(-l/2) _ í7(-1/2) 

■^Q2 ai—a2 ’ 

_C’(+l/2) I r-i(+l/2) 
■^—02 ' ^Oi+02 

(-1/2) _ £.(-1/2) £.(-1/2) 
92 
f(+l/2) 
/; 

■(-1/2) _ p(-l/2) 

— 02 ' ■^01+02 
   ^(+1/2)   pi(+l/2) 

2 ■^—02 -^01+02 
^(-1/2) 

J2 ■^—02 ■^01+02’ 

We have introduced the orthogonal coinplements /'s for the g's under (*). These 

elements together the Bosonic ones M^\ (as defined in (A.0.2)) 

dose into the subalgebra where the Thirring model is defined. A similar situation 

occurs for the models below. 
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4.2.3 Pseudo-scalar, massless Gross-Neveu model. 

Consider the constraints -02 = '04, '0i = '03, 02 = 04 and 0^ = 03- We get 

= -0102Í/{°\ Qf = -0102/^f^ 

yielding the Gross-Neveu model 

L = 0o 0£) -h 0£) í>o — (0o7^0d) • 

4.2.4 Scalar, massive Gross-Neveu model. 

Consider 02 = 04; 0i — 03) 02 = ~04 0j = —03. We find 

«!?> = íí,,/>2(í;S, - .b7.). Qf = ííi^í^a, - £-i) 

yielding the Gross-Neveu model 

L — 0o — 1) 0o + $o — 1) 0o ~ (0d0o) • 
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Chapter 5 

Conclusions and Future 

Directions. 

Based on the gauged WZNW model, we have established a general framework for 

constructing systematically the action for a class of = 1,2 supersymmetric rela- 

tivistic integrable models of sinh(sine)-Gordon type. It is important to stress that 

the field content of the theory is established by the group theoretic structure of 

a coset G/3C and the latter by the decomposition of a twisted affine Kac-Moody 

superalgebra. 

Another important achievement is the construction of pure Fermionic theories by 

considering the coset sl{p, l)/sl{p)iS)U{l) where all Bosonic fields lie in the maximal 

kernel subalgebra % = sl{p) (E) U(1) G sl{p,l). General integrability conditions were 

discussed and explicit examples for p = 2 were constructed. 

We have shown how to embed the common notion of superspace into the flow 

algebra spanned by set of times (í_i,í_i/2,í+i/2)t+i) C (t±i/2> t±i, í±3/2> ••) and also 

shown that the higher supersymmetry flows are essentially non-local. In particular, 

when the (í_i, í+1/2,í+i) flows are supplemented by the conditions = 0, 

we remove the non-local part of the SUSY transformations d±i/2 and the integrable 

model is then restricted to a reduced manifold spanned by the invariant subalgebra 

of a reductive automorphism Tred- The reduction imply a well defined connection 

between the Dressing elements and physical degrees of freedom c.f (2.1.8), as well as 
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the right terms in the potential appearing in the action functional by truncating it 

at the second term. We do not supersymmetrized the field ’angles’ that parametrize 

the group elements G as is usually done in the literature. 

What remain to be done is a general proof of the statement that the introduction 

of Tred is indeed responsible for the locality ((5±^ — 0) of the lowest supersymmetry 

flows (^±1/2) and the explicit construction of it for bigger superalgebras in the A- 

series (or other series). The main idea is to set the ground for a super tau-function 

formulation which we expect to be a natural generalization of the one introduced in 

[9] for Bosonic Affine Toda models, where an infinite number of conserved charges 

where written in terms of the boundary values 5 of a single tau function r, in 

the form ~ 5±nlogr|B- As we are using a Fermionic version of the Toda models 

coupled to matter fields constructed in [20], it is possible that one has to consider 

a matrix of tau functions r^n when solving the whole system (2.1.10). In this 

case, the interpretation of the single r function as a classical limit of the partition 

function of some quantum integrable system will change or will have to be modiíied 

in an appropriate way. The point is that quantization can be done, in principie, by 

quantizing Tmn-, i-e by using a quantum group of Dressing transformations. 
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Appendix A 

Superalgebras Solving the 

Condition = 0. 

The dynkin diagrams corresponds to a distinguished simple root system constructed 

from the following basis {fiiXk) of a real pseudo-euclidean (m + n)—dimensional 

space: 

Gi-Gj = Ôij, Cfc-Ci — ~^kh ^i-Ck ~ 0 , 

where (2) is a white simple root (a • a 7^ 0) and is a grey simple root (a • a = 0). 

The non-degenerate Cartan matrix is given by Kij = {ai,aj). Define also 

Xi^[K-\aj , (A.0.1) 

The commutation relations obey: 

[Hí, E±aj] = àlKijE±aj 

— SijHi 

- 0. 

Remark 12 THgsg Dynkin diagrams are not the onGS corresponding to the Twisted 

Affinc Líg superalgebras considered above, they correspond to classical Lie su- 

peralgebras and we consider them because the Information they carry is enough for 

clarifying our purposes. 
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A.0.5 The Superalgebra sZ(2,1). 

The dynking diagram is with simple roots: 

a-i — 6\ — 62, «2 — 62 — Cl 

and cartan matrix : 

- (-1 'o')' ['^■‘1K -1:0 ■ 

For this superalgebra we define the gradation Q — 2d + and the constant 

semisimple elements . 

For simplicity we consider the reductive automorphism Tred for this case only. 

Following [10], take the following extension of the cartan involution on the finite 

dimensional lie superalgebra g given by 

a {Ea) = —E-a , cr (H) = —H for a € Bosonic 

cr (Ea) — iE-a for a € Fermionic. 

This automorphism is compatible with the Bosonic/Fermionic anti/commutation 

relations. Now, consider the extension of cr to the infinite-dimensional Loop super- 

algebra 0 defined by 

a {E^^) = — (—for a E Bosonic 

a [E^^) = for a G Fermionic, 

where q{E^^) is the grade of E^\ i.e j^Q, = q{E^^)E^^ and 7]^^ is defined 

by [a.H,Ea] = rj^^Ea- The term (—1)^^ " ' corresponds to the mapping A —> —A 

used in the case of the Homogeneous gradation. The elements in the decomposition 

of g = Ker (adE+) © Im {adE+) which are invariant under a define the subalgebra 
/n\ 

sl{2, l)|jj given below. Now by taking the special value A == 1 and exchanging 

El F2 we can put back the affine indexes consistently and dose the relations into 

another sub-superalgebra, defined by sl{2, l)j2]^ below. Then, we have the invariant 

superalgebras 
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»l(2.1)g>: 

3Cfl„„ = = A2.í/<”+‘«> , = £W+ b!."+‘>| (a.0.2) 

Mb„„ = |mP”> = /íj”> , = £(,■;) - £Í"V’} 

f«™* I Fr*''"’ = (£ir‘™+£SU)-(í5it+-E2;-S) 

í G?"«« = (eÊ«« - £SU ) + Kt - '-'S 1 

I g(2„+3/2) ^ _ £(«+V2)^ _ (£Í»+V2) _ ^ I ^ 

si(2.1)g’: 

^Bose — 

•^Bose — 

^Fermi — 

‘^Fermi — 

|^(2n+l) ^ j^(n+l/2) ^ ^(2n+l) ^ Q.S) 

= w("+l/2) jVfi^n) _ ^(n-1/2) _ ^(n+1/2) "I I A i ^ <6 ^1 ^1 I 

^(2n+l/2) ^ j'£;(n+l/2) _ ^ ^ _ ^(_n+l_/2) ^ 

^(2n+3/2)   / p(”+l/2)'\ / p(n+l/2) T-i(n+l) \ 
^2 — “ ^Qi+Q2 J ~ [-^-02 ~ -^-01-02 J 

The above subalgebras satisfy the condition = 0, because the degree zero 

part of the Bosonic Kernel is empty = 0. 

A.0.6 The Superalgebra s/(2,2). 

The dynking diagram is (2) <-> <-> (2) with simple roots 

CVi = Cl — 62, 0:2 = Ê2 — Cl , «3 := Ci — C2- 

The cartan matrix is singular. For this superalgebra we define the gradation 

<5 = d + I (Hi + H3) and the constant semisimple element E± — (Ea^ + E-cn) + 

{Eas + E-a^) + I- We have the sub-superalgebras 
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5/(2, 2){5) : 

Xb = 

Mb = 

Xf = 

Mb = 

r ^pn+l) _ j(2n+l)^ +2) + ^(2«^)| 

M. ■(2ra) = h: (2n) j^(2n+l) _ ^(2n)   ^{2n+2) 

= í/if - Eg^l 
(A.0.4) 

^^(2n+3/2) ^ ^ ̂ ^2n+3/2) _|_ pi(2n+l/2) 
^ai+aa ' 

,(2n+3/2) 
02 ' 

c.(2n+5/2)\ 
■^02+03 y + 

p(2n+l/2) 

^^2n+3/2) 
- (^E^2 

p{2n+Z/2) N I / 
■‘^01+02+03) ' \ 

p(2n+3/2) \ /p(2n+5/2) p(2n+l/2) 
•^-01—0:2—03 y ' 01—02 -^-02—03 

c^(2n+l/2) \ /p(2n-l/2) ^(2n+3/2)\ _ 
' -^01+02+03 J ' l ■'^01+02 ■‘^02+03 / 

i(2n+l/2) I pi(2n+l/2) \   / ri(2n+3/2) , p(2n—1/2)\ 
—02 ■^—01—02—03 J 01—02 ■ ■^—02—03 ) 
  / Ei(2n+3/2) , jp(2n+3/2) '\   / ri(2n+l/2) . p,(2n+5/2)'\ I -^0:2 I -j-Q2“|-Ck3 j l ~^rvn • _L/vr, I 

c.(2n+l/2) 
■C'02 

+ 
7p(2n+l/2) 
-^4 

'Q2 
,(2n-f3/2) 

02 

-( 

+ 

^Ql+02 
p(2n+5/2) 

-ax*~o:2 ' 

‘^02+03 
p.(2n+l/2)\ 
-'^-02-03 

+ 

E, ,(2n+l/2) 
'Q2 

Gi' 

+ 

(2n+l/2) 

^ ^(2n+l/2) 

= ( 

p{2n+3/2) \   / jp(2 
■^-01-02-03 y 

c^(2n+l/2) \ / p(2n-l/2) p(2n+3/2)\ 
' •^01+02+03 y l ■^01+02 ■^02+03 J + 

p,(2n+l/2) \ _ f r^{2n+3/2) p(2n-l/2)\ 
■^—01—02—03 J l ■‘^—01—02 •‘^—02—03 / 

r(2n+3/2)\ /p(2n+l/2) -(2n+l/2) \ 
— -^02+03 J "l \^-^C»2 £/qi+02+03 ^ "T 

/ pi2n+3/2) _ p,(2n-l/2)\ / p(2n+l/2) _ p(2n+l/2) \ 
l ■^—01—02 ■^—02—03 y l 0:2 ■*^—01—02—03 y 

^(2n+3/2)   / 7p(2n+l/2) p,(2n+5/2)\ . / p(2n4-3/2)   ^(2n+3/2) \   
'-'2 1-^01+02 ■*^02+03 y l -^Oí2 •‘^01+02+03y 

+ 

02 

p{2n-\/2) 
•^01+02 

,(2n+3/2) 

■'01+02 
/^(2n+5/2) _ p(2n+l/2)'\ _ '(j^(2n+3/2) _ ^(2n+3/2) \ 
l •^—01—02 ■^—02—03 y l ■^—02 ■^—01—02 —03 ) 

2) _ / r(2n-l/2) _ j^{2n+3/2)\ _ ( rp(2n+l/2) _ -(271+1/2) ^ 
1-^01+02 -^02+03 J 1-^02 -^01+02+03 y 

/-(2n+3/2) _ j^{2n-\/2)\ _ /-(2n+l/2) _ -(2n+l/2) \ 
l ■^—01—02 ■^—02—03 ) l ■^—02 •^—01—02—03 y 

~,(2n+l/2) 

+ 
^(2n+3/2) 

+ 

+ 

-( 
—(2n+l/2) 

■^01+02 
-(2n+5/2)\ (-(2n+3/2) -(2n+3/2) ^ 

■^02+03 ) ~ -C'oi+02+03) 
/-(2n+5/2) _ -(2n+l/2)\ _ ( -(2n+3/2) _ -(2+3/2) N 
l ■^—01—02 ■^—02—03 y l 02 ■^—oi—02—03y 
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sl{2,2)<§> : 

Xb = 

Mb = 

Xf = 

Mb = 

^ = ^(2n+l) ^(2n+l) _ ^(2n) _j_ ^(2n+2) j^{2n+l)   j^{2n+2) _j_ ^(2n) 

^(2n+l) ^ ^i2n+l)^ ^(2n) ^ ^(2n-l) _ ^(2n+l)^ 

^^2n+l) ^ ^^2n+l)^ j^{2n) ^ jç;^2n+l) _ ^;(2n-l) 

jp{2n+l/2) _ ^ 

(A.O. 

, p,(2n+l/2) \ , Z' p^(2n-l/2) p(2n+3/2)\ 
' ■‘^01+02+03 J ' l ■'^ai+a2 ^02+03 J 

(p(2n+l/2) p{2n+\/2) \ (p(2n+3/2) p(2n-l/2)\ 
' l ■^—02 ' ^—ai—a2—ot3 J ' l 2^—ai—Q2 ' ■^—02—03 j 

r(2n+3/2) _ (rp{2n+3/2) p(2n+3/2) \ , f p(2n+l/2) p(2n+5/2)\ 
■^2 ^■'1/02 1“ -^01+02+03y l ■^01+02 ' -^02+03 j 

_ / p{2n+3/2) ^(2n+3/2) \ / r^(2n+5/2) p'(2n+l/2)\ 
l ■^—02 ^—01—02—03 J l -^—01—02 ' ^ —012—03 I 

jp{2n+l/2) _ (p(2n+l/2) ^(2n+l/2) \ /p(2n-l/2) , r^(2n+3/2)'\ 
^3 y2-<Q2 ' ^ai+a2+cc3j ^-^01+02 ' ^012+013 j 

+ ^ 
^^2n+3/2) 

+ 
(^(2n+l/2) r(2n+l/2) \ (p(2n+3/2) p(2n-l/2)^ 
^■^-02 ' -^-01-02-03y ^-^-ai-Q2 ' -^-02-03 j 

^(2n+3/2) r(2n+3/2) \ , Z' n^(2n+l/2) p,(2n+5/2)\ 
' -^01+02+03 y l ■*^01+02 -^02+03 j + 

(p(2n+3/2) p,(2n+3/2) \ / p(2n+5/2) c’(2n+l/2)\ 
l ■^—02 ' -'^—01—02—03 y l ■‘I'_Q,J_Q,2 ~r ■Cj—Qi2—a3 j 

^(2n+l/2) _ (p(2n-l/2) p(2n+3/2)\ (p(2n+l/2) p(2n+l/2) \ , 
'^l — ^-^01+02 ~ ^02+03 ) + ^-^02 — -C'ai+a2+03 j + 

(p(2n+i/2)   p(2n—1/2)'\ . / jp{2n+\/2)   ^(2n+l/2) \ 
i 01—Q2 ^-02-03 y ' i-^-02 -^—01-02-03 y 

^(2n+3/2) _ / p(2n+l/2) _ c’(2n+5/2)^ / ^(2n+3/2) c,(2ti+3/2) 
*^2 l ■^Ol+Q2 "^02+03 ] l 2-'02 -^01+02+03 J 

_ / p(2n+5/2) _ ^(2n+l/2)\ _ / p(2n+3/2) _ p(2n+3/2) ^ 
l -^-01-02 -^-02-03 y l -^-02 -^-01-02-03 j 

F.(2n+l/2) _ /p(2n-l/2) _ p(2n+3/2)\ _ / p(2n+l/2) _ p(2n+l/2) \ 
'^3 l -^0:1+02 -^02+03 y 1-^02 -^01+02+03 y ' 

+ 
^(2n+3/2) 

/^(2n+3/2) _ p(2n-l/2)\ _ /p(2n+l/2) _ c^(2n+l/2) \ 
01—02 ■^—02—03 y l 02 ai—Q2—03 y 

    ( rp{2n+l/2) p(2n+5/2)'\ , / p(2n+3/2) 
— l -^01+02 -^02+03 y ■T' 1-^02 

p(2n+3/2) 
-‘^01+02+03 

I í p^(2n+5/2)   pi(2n+l/2)\   / pi(2n+3/2)   ^(2+3/2) \ 
01—02 ■^—02—03 y l ■^—02 ■^—Oi—Q2—03 J 

+ 
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5/(2, 2)jJ/ : 

Xb = 

Ms = 

Xjr = 

Mr = 

[ ^(2n+l) ^ j(2n+l)^ +^) ^ ^(_2n) 

f - //p"\ \ 

ÍTp"+^\ Mp"^ = J 
j^^2n+l) (A.O. 

j7'(2n+l/2) 

+ 
p(2n+3/2) 

(jj/ 

(tí 

^^2n+l/2) 
-03 

p(2n-l/2) 
^ai+Q2 

p(2n+3/2)\ 
■'^02+03 ) 

,(2n+l/2) 
tt2 ' 

T-i(2fi+3/2) 
^a2 

,(2n+3/2) 
Q2 

r(2n+l/2) \ K' 
' -^Ql+Q2+03 J ' , 

p(2n+l/2) ^ /p,(2n+3/2) p(2n-l/2)\ 
^—a\—a2—ot^ I ' \-^—Qi—a2 ' ■^—02—0:3 j 

I ip(2n+3/2) '\ I e’(2'í+1/2) , Tp{2n+5/2)\   
"r ^ai+a2+Ol3 I ' 1-^01+02 ' 21^02+03 J 

p,(2n+3/2) \ _' /p^(^5/2) p(2n+l/2)\ 
■^—01—02—03 J l ■^—01—02 ' ^—a2 — CC3 j 

r^(2n+3/2) _ fj^(2n+3/2) ^(2n+3/2) \ _ f p(2n+l/2) p(2n+5/2)\ 
■‘3 1-^02 “T 2I^Qi+Q2+03 i 1 2-/q.j4.q;2 -T X:/q,2^q,3 ^ + 

+ 
jp{2n+l/2) 

( 
^(2fi+3/2) 
^-02 

I o(2n+3/2) 
"i «2 

+ + 

'í-«) - (sí 

H 

,(2n+5/2) c'(2rí+l/2)\ 
01—02 ' •^ — 02—03 ) 

+ 

G\ 
(2n+l/2) 

y^(27i 4-3/2) 
^2 

-,(2n+3/2) 

- _ Z' p(2n4-l/2) p(2n+l/2) \ ^(2n-l/2) c^(2n4-3/2)\ t 4-^02 I í^q,j+q,24-03 J ' l ■^0i4-02 ' -^024-03 J 
7p(2n4-l/2) \   /^(2n4-3/2) . pi{2n—l/2)\ 

■^—01—02—03 j l -^—01—02 ' -^—02—03 j 

_ ( p(2n-l/2) _ ^(2n4-3/2)\ ( r(2n4-l/2) _ p,(2n4-l/2) \ 
l -^014-02 ■^024-03 J 1-^02 -^014-024-03 i ' 

/p.(2n4-3/2) _ p(2n-l/2)\ / r.(2n4-l/2) _ -(2n4-l/2) \ 
l -^—01—02 -^—02—03 ) ' l ■^—02 -^—01—02—03 ) 

2) _ /p(2n-hl/2) _ ci(2n4-5/2)^ / ^(2n+3/2) _ c^(2n4-3/2) ^ _ 
l -^Oi4-02 -^024-03 ) 1-^02 -^014-024-03 J 

_ /p(2n-t-5/2) _ p(2n4-l/2)\ _ /p,(2n4-3/2) _ p(2n4-3/2) \ 
l-C'—01—02 -^—02—03 ) 02 01—02—03/ 

-h 

E. ,(2n4-l/2) 
Oi4-02 

^(2ti 4-5/2) 
-^02-1-03 

\ f p(2n4-3/2) c^(2n-h3/2) ^ 
I — l £/02 r^ai+a2+a3 J ”r 

-I- 
^^2n4-l/2) 

-h 

/ p(2n4-5/2) _ p,(2n4-l/2)\ _ / p{2n+3/2) _ p{2n+3/2) \ 
l ■‘^-01-02 -22'-02-03 j l -^-02 -'^-01-02-03 ) 
_ (j^(2n-\/2) p(2n4-l/2)\ /p(27i4-l/2) p(2n-Hl/2)\ 
— ~ (^-^014-02 “ -^02-1-03 j "r (^-^02 — .£^014-024-03 j "r 
( j^{2n+3/2) _ p,(2n-l/2)\ _ / c.(2n4-l/2) _ p(2n4-l/2) ^ 
l -^—01—02 -£-'—02—03 j l -^-02 -£^—01—02—03 j 
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sí(2,2)jj : 

%B = 

Mg = 

Xf = 

Mf - 

j^(2n+l) _ jr(2n+l) ^(2fi+l) _ ^(2n) _|_ ^(2n+2) ^(2n+l) _ ^(2n+2) ^(2 

f - K^2n+l) 

(2n) 
Q3 

£:a3 (2n+2) 
- E. 

-ai 
(2n) 

Q3 
(A.O. 

(2n+3/2) 
= ( 

r^(2n-h3/2) , p(2n+3/2) 
■^<^2 ' '^ai4-a2+a3 i 0 

+ K 
-,(2n+l/2) 
^ai+»2 

+ 
/ ri(2n+3/2) . pi(2n+3/2) '\ i i7(2n+5/2) . pi 
^■^-02 ' ^-ai—Q2-a3 J ' -^-01-02 •^■ 

^(2n+5/2)^ 
-^02+03 J 

(2n+l/2)'\ 
-02-03 ] 

+ 

U2n+l/2) _ (p,(2n+l/2) p(2n+l/2) \ / p(2n-l/2) p(2n+3/2)\ 
•^2 1-^02 I •‘^01+02+03 ) ' l ■'^ai+a2 -^02+03 ] 

(2n+l/2) 
02 

n(2n+l/2) 
02 

(2n+l/2) 
-02 

n(2TH-3/2) 

Gi' 

-(eI 

% 
i(2n- 
-OL2 

= ( 

+ 
p(2n+l/2) p(2n+l/2) 
£íq, + Ih, 

p(2n+l/2) \   / ^{2 
■^ — 01—02—03 y 

(2n+3/2) p(2n- 

ai+a2+a3 / 
(2n+l/2) 
—oi —02—03 

+ E ai“0:2 —02 
^(2n-l/2) p(2n+3/2)\ 

I -EJ rur-^ A-rvr, I 

-1/2) 
-03 J 

Z7'(2n+3/2) . p(2n+3/2) 
£/q, -h £/, 

■p(2n+Z!2) . jp{2n- 
■^—01—02 ' •^—02—03 j 

^02+03 I 
-l/2)\ 

+ 

-h ^^(2n+3/2) 
cn+Q2-Ha3 / -4- 

(2n+l/2) ,(2n-l/2) 

p{2n+3/2) \   í p{2 
^-01-02-03 J 

  ci(2n+3/2)\ , f F" 
^01+02 ■^02+03 J ”1” 

+ + [e^^ 
F^(2n+3/2)   / ^(2n+l/2) p{2n+5/2)'\ 1 / 771' 
1^2 ~ -^01+02 -^02+03 j 

/ jp(2n+l/2) 
1-1^01+02 -t- 

p(2n+5/2)\ 
■‘^02+03 j + 

(2n+5/2) 
01 —02 

p(2n+l/2)\ 
' ^—02-03 j 

•02 
(2n+l/2) 

02 

(2n+l/2) _ E’(2n+l/2) \ 

- E 

■^01+02+03 J 
(2n+l/2) \ 
—oi—02—03 j 

+ 

/p(2n+5/2) p(2n+l/2)\ / w 
^■^-01-02 -^-02-03 J 

02 
(2n+3/2) 
•02 

(2n+3/2) 
-E. 

(2n+3/2) _ 
í»l+Q!2+a3 j 

p(2n+3/2) 
•^—01—02 

^^2n+3/2) ^ ^^(2n+l/2) _ ^(2n+5/2)^ _ (2n+3/2) 
02 

-03 J 
p{2n+3/2) \ 

■^01+02+03 / -f- 

^(2n+l/2) 

+ 

/ ^(2n+5/2) _ p(2n+l/2)\ _ / ^(2n+3/2) _ ^(2n+3/2) \ 
' l ^—01—02 ^—02—03 J \^—0í2 -^—01—02—03 J 02—03 

- _ /p(2n-l/2) _ p(2n+l/2)'\ /^(2n+l/2) __ r(2n+í/2) \ l ■^01+02 •^02+03 J ^ \^Oí2 -^01+02+0:3 J ‘ 
/^(2n+3/2) _ p(2n-l/2)\ _ /p(2n+l/2) _ p(2n+l/2) ^ 
l -^—01—02 02—C^3 J l 0!2 ^—01—02—0:3 J 
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Appendix B 

Relativistic Equations for the 

Times. 

The decomposition of the zero curvature equation [L+3,L_3] = 0 on the different 

graded subspaces reads 

^^3^(T5/2) ^ ^[^(T3)^^íl^(±l/2)5±lj 

a±3D(^"/2) _ ±[d(=F2)^5T1j9(±1/2)5±1] ± [£,(T5/2)^^Tl25(±l)5±l] 

± [jr,(T5/2)^5Tl£,(±3/2)5±lj ^ [£;(T3)^^:fl^(±2)5±l] 

= ± ± [T)(T3/2)^^Tl£)(±l)5±lj 

± [D(^2)^^Tl^(±3/2)^±lj ^ [^(T5/2)^^Tl£,(±2)^±lj 

a_3(Ô+3SB-l) = [T)(+l/2)^^^(-l/2)^-lj ^ [^(+l)^^jp(-l)^-lj + 

+ [D(+3/2),5£)(-3/2)5-lj ^ [í:)(+2),5£)(-2)5-1] + 

+ [D(+®/2)^5£,(-5/2)^-lj ^ [£;(+3)^5^(-3)^-1] ^ 

± 

± 

± 

± 
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where we have replaced the solution = —d+^BB ^ for the degree -3 equation 

0 = + d+zBB~^, b£;(+3)b-^] . 

For the s/(2, algebra set 

, Í?(-V2) = 

Z)(+2) = 

^(+3/2) ^ _ ^2 ^2^-3/2) ^ 

= (^2 ^í+1) ^ ^3 ^(+1) ^ ^4 ^(+1) , 

£)(+1/2) _ ^4^p,{ + l/2) ^ ^5 (^(+1/2) ^ ^(-1/2) ^ ^4 ^j(-l/2) ^ ^5 ( 

(B.0.1) 

^(-3/2) 

".(-1/2) 
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then, the above equations of motion are 

d±z’4’%. = 2'i/'± sinh[(?í)] ± cosh[(?í)] (B.0.2) 

d±z4>\ — 2V’^'i/’± cosh[ç!i] ± 2^^V’± sinh[</)] — 2(j>\ sinh[2ç!)] ± 2(}A^ cosh[20] 

^±3^1 = sinh[(;í)] q: cosh[<?!)] + sinh[2(;/!)] T cosh[2(/>] 

d±zi>% = =F - 2'0|) cosh[ç!)] - - 2'0|) sinh[(/)] ± cosh[2(?!>] - 

sinh[2çi»] ± 

5±3</>| = 2 cosh[0] ± 2 + Í>%^± - sinh[0] 

d±z(f>% = 2 cosh[(/.] T 2 sinh[<è] - 

—20^0| sinh[2çí>] ± 2çi>^0^ cosh[2</)] 

ô±3</>^ = ±2 (V’^V’± + smh[4>] + 2 + 'íp%tpi - '0^V’±) cosh[<?!)] ± 

±2(/)^(/>| cosh[2<?!)] — 20^<;;!)± sinh[2(?!)] ± 24>l. 

d±z'ip% T {(t>%Í^± - cosh[0] + 

+ - 4>\^'*PV) sinh[(/)] T 

q: + (i>±i'%) cosh[2çi] + 

+ (^^0l +'tp%<í>%) sinh[2<A] ± í/’^0± ± 

d±zilJ% == =F - 2^±) cosh[<;à] - 

- {(f)%'ip± + + (j)%'tp± + <?Í>^V’±) sinh[(?í)] - 

- sinh[2ç!)] ± + ^P%4>±) cosh[2çi] ± 

d+3d-’i<t) ^ 2 (í/;+'0Í - ■0+^Í - ■0+V'- + '0+'0- - V’+'0-) sinh[(?!)] + 

+2 + V'ÍV’+ ~ V’+^Í ~ ■0-V'+) cosh[(/i] — 

—2 (l — sinh[2(^] — 2 — 0Íç!>+) cosh[2ç!)]. 
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The generalize equations of motion are found by replacing above the Solutions 

xpl, = t2V'± , = 9±-0± , = - ^ {i>±di(p - d±4>d±ip^) 

± V’± {d±(f>f , (p± = -d±(j) , (t)% = -2V>±ô±'0± 

(t>±^\ {d±(t^? + ‘2'ip±d±'tp^ , (j)i = ±^5|<íí> 

4 = + 
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Appendix C 

Proof of the Main Propositions. 

Here we show the deduction of the action given announce in proposition (3.1.3) and 

give the proof of the integrability conditions (4.1.3). The are given respectively by 

Proof. Write the WZNW action invariant under the following local gauge transfor- 

mations 

9 

A!_ 

which is given by 

^±] - SwZNw[g] — 

(^+55“^ - E+) + A+ {g~^d-g - E-) + A_gA+g~^) , 

where A+ € g>+i , A^ G 0<_i. Now take a — and /? = which is equivalent 

to the elimination of an iníinite number of fields (First class constraints). We get 

5[r, A_j.] -- 5w2Nw[r]— 

í {A!_ (a+rr-i - e+) + a'^ (r-'9_r - e_) + A'_rA'^r~^). 
Z7T J 

—> g' = ag(3 , a G and j3 G A> 

= aA-a~^ + Oid-a~^, 

56 



To handle the action Swznw\^\, we use the Polyakov-Wiegmann identity*to 

obtain 

Swznw[T\ = Swznw\B\ (($-'a_í>) B B~^) (C.0.1) 

and for the second term we look for the non-zero contributions to the following inner 

product 

I = {A_ (a+rr-i - E+) + (r-^ô_r - eJ) + a.ta+t-^) . 

Analizing term by term we have 

(A_ ((ô+rr-^) |>+i - £;+)> = (a_ - e+)) 

(A+((r-^ô_r) !<_!-£;_)> = (a+ 

Now, solve the gauge field equations of motion to obtain 

A+ = r-^E+r 

= TE_r-^ 

and put them back in (C.0.2) to get 

I = -(A_rA+r-^> (C.0.2) 

= - ((<í>-i£;+4>) B B~^) - b (a+^í'“^) b-^) + 

*This is given by: 

Swznw[ABC] = Swznw[A\ + Swznw[B] + Swznw[C] — 

-Jl í / {d+BB-'^) + (fí-i9_s) (a+cc-i) + \ 
2n J \ + {A-^d-A)B{d+CC-'^)B-^ /’ 

where 

SwzNwls] =J {{9 ^9+g) {g + 2^ J iis (s ^9jg) {g ^dxg)) 
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Notice that the term involving the two derivatives in (C.0.1) and (C.0.2) cancel each 

other leaving only linear terms in the derivatives which are the correct kinetic terms 

expected for Fermionic fields. Finally, we have 

= Swznw[B] + ^ J B-^) - (C.0.3) 

Guided by the meaning found above for the conditions (2.1.9), i.e Qo± = 0 we 

impose them here |o = |o = 0. If (2.1.9) does not hold the 

action would have, in principie, an infinite number of contributions^ coming from 

the Baker-Haussdorf expansions of the terms (^"^E+í) and (í'£'_í'“^) appearing 

in the potential term of the reduced action. Thus, we restrict to the subalgebras 

that fulfill the conditions (2.1.9). These constraints do not invalidate the reduction 

due to the fact that we only need to know a priori the grades of the matrix fields 

involved and not their number of component degrees of freedom. Performing one 

further manipulation we finally get the action (3.1.3). ■ 

^The expansion will truncate due to the Grasmannian character of the fields appearing in 
but a more subtle point is that even when degree ±1/2, the conjugations will spread 
over the whole algebra again, i.e, an expansion in all g,. These terms, breaks the integrability of 
the model. 
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Proof. The variation of the action (4.1.1) respect all fields is given by 

27T 
ÔS ÔBB- 

{D+BB-'^) + B-^ 
+ 

+ 

+ 

-A 

^(-l)^^-l^(+l/2)^ 

■0- 
(-1/2) rj_l^(0)j + 

í 

+A [0(+i/2)^ 
i 

" + 

+A 

-l/2)^_l^^^+l) 
+ 

0^ 

+ 

-1/2) 

+ 

-L 

V6A_ {iA+BB-1 + qP + r]Al + A+^ + 

+ÔA, 
(C.0.4) 

where F_^_ Consider now 

^B~^D_B + qL°^ + >1° + r?yl_} 

[9+ — A+, d- + rjA-] = r]d+A- + d-A+ — rj [A+,A, 

the components of the curvature of the following Lax-Gauge connection 

^Lax(^) ^ ^ ^ ^(-1/2) ^ B-^ (C.0.5) 

^tax(^) ^ _ D^BQ--í + ^£;^+i) + ^(+1/2) ^ YQf'^ , 

given by 

.(+1) 

T'(+1/2) 

77(0) 

= -X E^^^\ B~^ 

+x[bçL° 

D_ (D+B5-1) +F^_ - - 

-xr [qÍ’\ - (vD^Qf + XBD+Q^^'^B~^^ 

^|-l/2) ^ J'£)_^^(_-1/2) _ £;(_-!)^5-1^(+1/2) 
5 -F ^(_-l/2) 

.(-1) -F5 5Í"^\5-igf 5 B -1 
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We want to relate the variation (C.0.4) with the zero curvature representation of 

(C.0.5). Let's study the curvature first. 

We have = 0 because B e OC , the zero curvature = 0 imply 

D_ {D+BB-'^) + F^_ = 

+XY [çf 

(-1/2)^-!^ ^1+1) + x 

+ [V' + 

,(-1/2) _ + y ^(-1/2)^ ^-IgW^ 

On the other side, the equations of motion provide the identity 

{vD^Qf + XBB+gL°^B“^) = - (X + y) B^L' /.(-i/2)^-i -2XY Qf, BQ^^B 
l(0) D-l 

but b|°2 = 0 gives 

(yB_gV°’ + XBD+Q^°^B~^^ = B_ (B+BB-^) + F^_ - Be[T^^B~^ 

- -xy [ç!°\BgL°^B-i 

Then, the self-consistency of this system of equations imply that 

0 = B_ {D+BB-^) + F^_ + (X + y - 1) +(C.0.6) 

+xy + [b^^^\bbít^^b-i 

Now let 's study the variation (C.0.4) from down to up. In this situation the A 

equations of motion imply 

(C.0.7) 

(C.0.8) 

QÍO) ^ -B-^D-B - {A°_+t]A^) 

= -D+BB~^ - (ríAl + A+) 

from which we get the identity ([B:j5_, B] B~^ = [D+, B_] B.B“^) 

D_Qf - BD+Q^°'>B~^ (C.0.9) 

= [F^_, B] B"^ + BD+ (A° + t]A_) B-i - B_ [r]A% + A+) . 
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The equations of motion can be written as = o if A = X = 

Y. Finally, to write the B equations of motion as f|°2 = 0 we need to impose the 

following integrability condition 

0 = + BD+Q^°y-^ 

= ry - {vAi + A+) + B yy - d+ (ai° + t]A_)) b-^ + 

+2(2A - 1) 

+2A^ 

'ip^y^^\Bipy^y- + 

+ 2 Ey\BEyB~'^ 

where we have used (C.0.7),(C.0.8),(C.0.9) and (C.0.6). We will demand cancelation 

of each term independently, this gives the conditions (4.1.3) and the result follows. 
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