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ZEROS OF CLASSICAL ORTHOGONAL POLYNOMIALS
OF A DISCRETE VARIABLE

IVAN AREA, DIMITAR K. DIMITROV, EDUARDO GODOY, AND VANESSA G. PASCHOA

ABSTRACT. In this paper we obtain sharp bounds for the zeros of classical
orthogonal polynomials of a discrete variable, considered as functions of a
parameter, by using a theorem of A. Markov and the so-called Hellmann-
Feynman theorem. Comparisons with previous results for zeros of Hahn,
Meixner, Kravchuk and Charlier polynomials are also presented.

1. INTRODUCTION

The behavior of zeros of the classical continuous orthogonal polynomials has been
studied extensively, mainly because of their beautiful electrostatic interpretation
and their important role as nodes of Gaussian quadrature formulae [2] [3] [10] 12|
T3, (141 1} 19, 25].

On the other hand, classical orthogonal polynomials of a discrete variable and
their zeros are used in many applications ranging from the least-squares method
of approximation [I5], queueing theory [21] [33], lengths of weakly increasing sub-
sequences of random words [20], totally asymmetric simple exclusion process [5] to
cross-directional control on paper machines [27]. Despite the fact that Chebyshev
[0, 28] emphasized the importance of the zeros of orthogonal polynomials of a dis-
crete variable in 1855, results on monotonicity and limits of their zeros have been
obtained only recently in [8] 18 24] 26, 30, BI]. In the present paper we establish
very sharp estimates for these zeros.

Since most of the classical orthogonal polynomials depend on parameters, one
of the natural problems which arises is to study the zeros of these polynomials,
considered as functions of the parameter. A natural tool to do so, is to employ
a beautiful result of Andrei Markov [29] which says that the monotonicity of the
zeros of these polynomials with respect to the parameter depends on the mono-
tonicity of the logarithmic derivative of the weight function, with respect to the
parameter, considered as a function of the variable in the interval of orthogonal-
ity. Another powerful tool to investigate the monotonic dependence of zeros of
orthogonal polynomials is the so-called Hellmann-Feynman theorem [I7, Section
7.3] which provides information about the behavior of the eigenvalues of the Jacobi
matrix associated with the orthogonal polynomials, and these, as it is well known,
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1070 AREA, DIMITROV, GODOY, AND PASCHOA

coincide with the zeros of the polynomials. In this paper we make extensive use of
these powerful methods to investigate the behavior of the zeros of four families of
classical orthogonal polynomials of a discrete variable, those of Charlier, Meixner,
Kravchuk and Hahn. This allows us to provide new and sharp bounds for their
ZEros.

We adopt the definitions and notations of these families of classical orthogonal
polynomials of a discrete variable given in [23]:

e CHARLIER polynomials
—n, — 1
Cn(l'?a’): 2F0( n7_ v ‘ - )a

whose orthogonality property is

>© K
%Cn(k; a)Ch(k;a) = a "en! 0, a>0.

e MEIXNER polynomials

n,—x

Mn(x;ﬂ,c)—2F1< _B ‘1_1>7

whose orthogonality property is

-

c"rl
@i =P

e KRAVCHUK polynomials, defined by

Z B M, (k; B,c) My, (k; B, c) =

X >0, 0<c<l.
k=0 ’

K, (z;p,N) = oy ( Y

whose orthogonality property is
Y /N
> (k)p'“(l — )N K (ki p, N) Ko (k; p, N)

k=0
—mn! /1—p\"
= % <Tp> Omn, 0<p<l1.

e HAHN polynomials

) - —n,—z,n+aoa+5+1 _
Qn(xaaaB,N)3F2< —N,a—l—l ‘1), TL—O,].,...,N,

whose orthogonality property is

o~ (a+ k) (B+N—k

I;J< k )( N -k )Q”(k;a7ﬁvN)Qm(k;a,3,N)
(=D"(n+a+ B+ 1)np1(B+ 1D)yn!
= (2n+a+6+1)(a+1)n(_N)nN!

The paper is organized as follows. In Section 2 we furnish the necessary back-
ground and theoretical results which will be employed in the investigation. The
remaining sections are devoted to more specific and precise results concerning
monotonicity and sharp limits for the zeros of the four aforementioned families

Onm, a>—1, [>—1.
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ZEROS OF CLASSICAL ORTHOGONAL POLYNOMIALS 1071

of orthogonal polynomials. The analysis starts with Charlier and Meixner orthogo-
nal polynomials, for which the support of orthogonality is unbounded. In these two
cases we provide bounds for all the zeros, and we compare our results with the best
known limits in Sections 3 and 4, respectively. Moreover, results on the extreme
zeros of Kravchuk and Hahn polynomials are also provided in Sections 5 and 6. We
also compare the results obtained in this paper with other limits, exemplifying in
several tables the sharpness of our results.

2. BASIC TOOLS

Let Ny := NU{0} be the set of nonnegative integers and let A/ be Ny or a finite
subset of the form {0,1,...,N}. Let {p,(x,7)}\_, be a parametric sequence of
orthonormal polynomials of a discrete variable, with respect to the positive weight
function w(x; 1), for 7 € (11, 72). That is, for every n € N and for every 7 € (71, T2),
pn(x,7) is a polynomial of degree exactly n and

(2.1) Z w(k; 7)pn(ky T)pm(k, 7) = pm whenever m,n € N.
keN

It suffices that the function w(z;7) is defined only in N but in most cases w is well
defined for all real values of x in the convex hull K of . In what follows we shall
suppose that w obeys this property. It is well known that every p, (x, ) has n real
distinct zeros which belong to C [7].

We begin with the first tool we shall apply in our studies. It is probably the first
result ever proved which deals with monotonicity of zeros of orthogonal polynomials
and was established by Andrey Markov in 1886. For a more general version of
Markov’s Theorem we refer the reader to Ismail’s book [I7, Theorem 7.1.1, p. 204].
An idea for a completely different proof, without use of Gaussian quadrature, which
also allows a slight generalization, can be found in [I0]. Here we state the result in
a form appropriate for our needs in this paper.

Theorem A. For every T € (71,72), let the polynomials {p,(z,7)}5%, obey the
orthogonality relation [ZI) with respect to the positive weight function w(x;7) and
assume that it has continuous first derivative w,(z;T) with respect to T, for every
T € (11,72) and x € K. Assume further that the series

S Kw(kir), j=0,....2n—1,
keN

converge uniformly for T in every compact subset of (11,72). Then the zeros of
pn(x,T) are increasing (decreasing) functions of T € (11, 72) if O{logw(x;7)}/0T is
an increasing (decreasing) function of x in K.

Consider the parametric sequence {si(z;7)}72, of orthogonal polynomials. It is
well known that it satisfies the three term recurrence relation

so(w;7) =1
si(z,7) = (x — Bo(7))/70(7)
28k (2;7) = Vi (T) S 1 (@ 7) + Br(T) sk (a5 7) + 0 (7)) sp—1(257), k=1,2,...

with v (7)dk41(7) > 0.
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1072 AREA, DIMITROV, GODOY, AND PASCHOA

We associate with this recurrence relation the n x n matrix

Bo(T)  ~0(T) 0 0
61(m) Bi(r) m(7) 0
0
0
0

o o oo

62(7)  Ba(T)  72(7)

H,(r) = . . ]

677,72(7—) 5n72(7—) ’Vn72(7_)
0 0 On—1(7)  Bn-1(7)

However, we can obtain a symmetric matrix when we consider the corresponding

sequence {py(x, 7)}72, of parametric orthonormal polynomials which are given by

1/2
YoV - Vk—1
wn 1)

M = 1 N =
polwin) =1, palair) = (B
and they satisfy the three term recurrence relation
(2.2) wpr (23 7) = a(T)pra (3 7) + bk (T)pr (23 7) + @k 1 (T)pr—1 (25 7),
where
ak(’T): ’yk(T)5k+1(T) and bk(’T):ﬂk(T) kZO

Observe that the zeros of the polynomial p,(z;7) coincide with those of s, (x;7T)
and they are also the eigenvalues of the Jacobi matrix

bo(T) ao(T) 0 0 . 0
) bi(r) ai(r) 0 0

0

0

ao(’T 1
(2.3)  Jp=Ju(1) = 0 a1(7) bQ.(T) a2'(7—)
0
0

an,g(T) bn,Q(T) an,Q(T)
0 0 an,Q(T) bn,1
Moreover, if A\; = \;(7) is a zero of p,(x;7) and
Pj = (po(Aj37):p1(Ag3 7)o Paca (A7)
then
JnPi = A;P;.
Let us denote by J/, = J; (1) the Jacobi matrix whose entries are the derivatives

of the corresponding entries of J,, (7). We shall formulate the so-called Hellmann-
Feynman theorem (see [I7]) in a form which will be convenient for our needs.

Theorem B. For every zero \;(1) of pn(x;T) we have

n—1 n—2
o DU (A7) +2 ) aipre(i T)pk 1 (Mg 7)
o Pj JnPj _ k=0 k=0

Xj(7) =

'PJTPJ‘ n—-1 )
> (A7)
k=0

Furthermore, if the sum in the numerator in the latter expression is positive, then
the zeros A;j(T) of pn(x;T) are increasing functions of 7. This happens if J), is a
positive definite matrix.

We need also the following corollary of the Perron-Frobenius theorem [16], The-
orems 8.4.4 and 8.4.5]:

Licensed to Universidade Estadual Paulista "JA-lio de Mesquita Filho". Prepared on Fri Nov 14 13:17:33 EST 2014 for download from IP 186.217.234.156.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Theorem C. Let H,(7) be an n x n tridiagonal matriz with positive off-diagonal
elements. If the entries of H, (T) are increasing functions of T, then the largest
eigenvalue of H, (T) is an increasing function of T.

It is a well-known property of zeros of orthogonal polynomials with respect to a
positive Borel measure that they are all real, distinct, belong to the convex hull of
the support of the measure with respect to which the polynomials are orthogonal.
Let the zeros of C,(x;a), M,(x;B,¢), Kn(z;p, N) and Q,(x;a, 8, N) be denoted
by ¢nj(a), mn i(8,¢), knj(p,N) and ¢, ;(a, 5, N), respectively, all arranged in
decreasing order, so that

0<epn(a) <cpm-ila) <---<cpila) <oo, a>0,
0 <mpn(B,¢) <Mpn-1(B,¢c) <---<mpi(B,c) <oo, >0, ce(0,1),
0< bnn,N) <bpno1(p,N) <---<kn1(p,N) <N, pe(0,1), n<N,
and for o, 5 > -1, n < N,

0< qn7n(a767N) < qn,n—l(aaﬁvN) << qn,l(a767N) < N.

Moreover, the zeros of any pair of orthogonal polynomials of consecutive degrees
interlace. The following theorem summarizes known properties of the zeros of
classical orthogonal polynomials of a discrete variable.

Theorem 2.1. Let {G,(x)} be any of the four sequences of classical orthogonal
polynomials of a discrete variable (Charlier, Meizner, Kravchuk and Hahn). Then,
for any admissible values of the parameters, the distance between every two consec-
utive zeros of Gy () is greater than one, so that the zeros of Gy (x) interlace with
those of Gy (x + 1) and Gy (xz — 1) Moreover, for everyn,j € N with 1 < j <n,
e ¢, j(a) are increasing functions of a, for a € (0,00);
e my, (B3, ¢) are increasing functions of both 5 € (0,00) and ¢ € (0,1);
o i, (p, N) are increasing functions of the parameter p € (0,1) and increas-
ing functions of N in the sense that ky j(p, N) < kn ;(p, N + 1) whenever
N > n.
e ¢, ;(a, 8, N) are increasing functions of a € (—1,00), decreasing functions
of B € (—1,00) and increasing functions of N, that is, g (e, 5, N) <
qn,j(, B, N + 1) provided N > n.

Proof. The first statements of the theorem follow immediately from a nice result
of Krasikov and Zarkh [26, Theorem 1] . Tt states that if the real polynomial p(z),
with only distinct real zeros a < (1 < (2 < --- < (, < b satisfies the difference
equation
p(z+1) = 2A(z)p(x) — B(x)p(z — 1)

and B(z) > 0 for x € (a,b), then (41 —¢; > 1 for every j = 1,...,n — 1. The
classical orthogonal polynomials of a discrete variable are solutions of difference
equations of the above form (see formulae (1.12.5), (1.9.5), (1.10.5) and (1.5.5) in
[23]). It is straightforward to verify that the corresponding coefficients B(x) are all
positive in the convex hulls of the set of orthogonality of the corresponding G, (z).

The monotonicity of the zeros of Charlier, Meixner, Kravchuk and Hahn polyno-
mials with respect to the parameters a, p, 3, ¢, « and 3, can be proved via Theorem
[Al by computing the logarithmic derivative of the weight function and establishing
its monotonicity with respect to the variable. We omit the straightforward technical
details.
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1074 AREA, DIMITROV, GODOY, AND PASCHOA

The monotonicity of the zeros &, ;j(p, N) of Kravchuk’s polynomials with re-
spect to N, that is, the inequality x, ;(p, N) < kn j(p, N + 1), was established by
L. Chihara and D. Stanton [8]. The monotonicity of the zeros of Hahn polynomials
Gn,j (v, B, N) with respect to N have been proved in [30, Theorem 6]. O

Below we illustrate the dependence of the zeros of the classical orthogonal poly-
nomials of a discrete variable on the parameters. The figures show the zeros of fifth
degree polynomials as functions of the corresponding parameters.

250 b
200 F
150 f
100 F

50 F

20 40 60 80

FIGURE 2.1. Zeros of Cs(z;a). FIGURE 2.2. Zeros of Ms(z;3,0.7).

150 +
100 +

50+

FIGURE 2.3. Zeros of Ms(x;10,c). FIGURE 2.4. Zeros of K5(z;p,30).

10 20 30 40 50 60 10 20 30 40 50 60

FIGURE 2.5. Zeros of K5(x;0.7,N). FIGURE 2.6. Zeros of Q5(x;10,2, N).
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FIGURE 2.7. Zeros of Qs(z;«, 10, 30). FIGQURE 2.8. Zeros of Qs(z;10, 3,30).

Finally, let us mention that in the present paper we obtain bounds for the zeros
of classical orthogonal polynomials of a discrete variable by using appropriate limit
relations with classical orthogonal polynomials. Thus, in what follows we use the
following standard definitions and notations of the classical orthogonal polynomials
of Jacobi, Laguerre and Hermite [23]:

1)p — 1—
Pr(za”@)(x):(a—’_ ) 2F1< n,n—l—oz—l—ﬁ—i—l ‘ xT ),

n! a+1 9
L(a)(x)_wlpl( -n 2 >,

" n! a+1
n -n/2,—(n—1)/2 1
Their zeros are denoted by z, ;(«, 8), x, ;(a) and h,, ;, j = 1,...,n, respectively,

and are supposed to be arranged in decreasing order. In other words, we have
“l<zpn(a,f) < <zpi(a,pf) <1,
0<apn(a) < - <zpi(e),
and
b <o <O < hypyg < <hpi.
3. CHARLIER POLYNOMIALS
Motivated by the limit relation [23] (2.12.1)]
ali_)n@l()(?a)%cn(a =+ x\/%; a) = (_1)an(x)7

which implies

(3.1) (cnj(a) —a) /N2a = hy,; as a — oo
and
(3.2) (cnj(@) —a—n+1)/vV2a — h,; as a— oo,

we obtain a result concerning the monotonicity, with respect to a, of the quantities
that appear on the left-hand sides of the latter two limit relations.

Theorem 3.1. Let n € N and a > 0. Then, for every j, 1 < j <n, the functions
(cn,j(a) —a)/V2a decrease and (¢, j(a) —a —n+ 1)/v/2a increase for a € (0,00).
Moreover, the inequalities

a+V2ahy,; <cp la)<a+n—1++v2ah,,;,
hold for j =1,...,n.
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1076 AREA, DIMITROV, GODOY, AND PASCHOA

Proof. Since the polynomials satisfy the three term recurrence relation
—2Cp(z;a) = aCphiq(z;a) — (n+ a)Ch(x;a) + nCh_1(z;a),

then the polynomials defined by C,(z;a) = (—1)"(2a)% Cy(a + 2v/2a;a), whose
zeros are (c,, j(a) — a)/\/2a, satisfy

2Cy(z;0) = 1C’nH(x; a) + C(x;a) +nCp_1(z;a),

n
2 V2a
so that the corresponding orthonormal polynomials satisfy a recurrence relation of
the form ([22) with ax(a) = \/(k +1)/2 and by (a) = k/v/2a. Since aj,(a) = 0 for
all k and b, (a) = —k(2a)~3/2 for k =0,...,n — 1, then J/(a) is a diagonal matrix
whose entries are all negative. The Hellmann-Feynman theorem shows that the
quantities (¢, j(a) — a) /v/2a are decreasing functions of a. Since they converge to
hn.j, then (¢, j(a) — a) /v/2a > hy, j. Therefore,
(3.3) a+V2ah, ; < cpj(a).

The polynomials C(2;a) = (—1)%(2a) 2 Ci(a+n— 1+ 2v/2a; a), whose zeros are
exactly (¢, j(a) —a —n+ 1) /v2a, satisfy the three term recurrence relation
n—k—1, A
————Ck(x;0a) + kCr_1 (230

and their corresponding orthonormal polynomials obey a three term recurrence
relation of the form Z2) with ax(a) = /(k + 1)/2 and b (a) = (—n+k+1)//2a.
Since, d).(a) = 0 and b}, (a) = (n—k —1)/(2a)*? > 0 for k=0,...,n — 1, then the
Hellmann-Feynman theorem implies that (¢, j(a) — a — n + 1) /v/2a are increasing
functions of a. This, together with (3:2]), yields the inequality

(3.4) cnjla) <a+n—14++v2ah,;. O

~ 1 -
xCr(x;a) = §Ck+1(x;a) -

Now we are in position to use various results concerning limits of zeros of Hermite
polynomials to obtain explicit bound for the zeros of the Charlier polynomials. We
begin with a result which concerns upper limits for half of the zeros of Charlier
polynomials and lower limits for the other half. In order to this we use the fact
that the zeros of Hermite polynomials are symmetric with respect to the origin and
the following observation, given in [2, Eq. (1.5)]:

) —1
hn,j§\/2n—2cosw, i=1,...,[n/2].
n—

Then we immediately obtain

Corollary 3.1. Letn € N, n > 2 and a > 0. Then the inequalities
) — 1
Cas(a) Satn 142,/ Da cos LT
n —
and |
G-

Cnont1—j(a) > a—2y/(n—1)a cos —

)

hold for j =1,...,[n/2]. In particular, the zeros of the Charlier polynomials satisfy
the inequalities

a—2y(n—1a<cyjla) <a+n—1+2y/(n—1)a, j=1,...,n
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ZEROS OF CLASSICAL ORTHOGONAL POLYNOMIALS 1077

Observe that the last inequality is obtained by an upper limit for the largest
zero hy 1 of the Hermite polynomial. Such sharp bounds are known and two of the
best ones are given in [I1, Theorem 2] and by Szegé [32, (6.32.6)]. Theorem 2 in
[T1] states that

(3.5) hilgnQ—%n—FQ—l—(n—Q)\/m
’ n+4
for every n € N and the sharper estimate
n?=3n+8 4+ (n-3)Vn2+n+10
n+3 ’
holds if n is an odd number. Then (B3] implies:

(3.6) ha <

Corollary 3.2. Letn e N, n>2, and a > 0. Then

22 —=3n+4+2(n—-2)vVn?+n+4
n+4

(3.7) cn’j(a)ga—l—n—l—i—\/a

and

20?2 —3n+4+2(n—-2)vVn?+n+4
n+4

)

(3.8) Cnj(a) > a— \/a

hold for every j with 1 < j <mn.

We do not state explicitly the obvious refinements if we use ([B.0) for odd values
of n.
Szegd’s limits are given in [32] (6.32.6)] by
P < (2n+1)Y2 =673 (20 4+ 1) Y0,

where i; is the lowest zero of the Airy function [32 1.81] and, since 6~ 1/3i; >
1.85575, then

(3.9) B < (204 1)Y2 - 1.85575 (2n 4 1)71/6.
Then, using ([34) we state
Corollary 3.3. Letn e N, n>2, and a > 0. Then

cnj(@) <a4+n—14/(4n + 2)a — 1.85575v/2a (2n + 1)~1/6
and
cnj(a) > a—/(4n + 2)a + 1.85575v2a (2n + 1)~ Y/6,
hold for every j with 1 < j <mn.

We remark that, when n < 8, the limits (B3) and (B.6]) are better than ([B.9]).
Therefore, the same happens when we compare the results in Corollary and
Corollary

A very interesting estimate which limits half of the zeros of Charlier polynomials

is obtained by the following result for the zeros of Hermite polynomials, obtained
in the same Theorem 2 in [IT]. The latter states that

(3.10) 2 >n2—%n+2—(n—2)\/n2+n+4
’ ™= n+4
Thus, we obtain:

for 1<j<[n/2].
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1078 AREA, DIMITROV, GODOY, AND PASCHOA
Corollary 3.4. Letn e N, n>2, and a > 0. Then

2 —=3n+4-2n—2)vn2+n+4
cnjla) >a+1/a I

and

2 —=3n+4-2n—2)vVn?+n+4
a
n+4

3

cn7n+1_j(a) <a+n-—1- \/
hold for j =1,...,[n/2].

We illustrate our results with the figure below. It shows the zeros of C5(z;a), in
continuous line, and in dashed lines the extreme limits from Corollary and the
limits for the zeros “in the middle” from Corollary [3.4]

FIGURE 3.1. Zeros of Cs(z;a), limits for the extreme zeros from Corol-
lary and center limits from Corollary [3.41

Having all these bounds for the zeros of Charlier polynomials, we compare them
with the best limits known in the literature, obtained recently by Krasikov and
Zarkh [26], Th.5]. There the authors prove that

(3.11) 1 < (¢a+¢ﬁ)2—3“”6(\/5+\/5>2/3 o

22/3p1/6
1/6 _ 2/3

(3.12) eom > (Va— )+ 28 (2\2//;711/\6/5)
under the restriction n < a. Therefore, our Corollaries and provide the
first results which hold for all values of n and a. Let us compare our results with
those in [26] when a — co. It turns out that, if we fix n € N, n > 3, the bounds
obtained in Corollary are asymptotically sharper than BI1) and (312). The
vast number of numerical experiments we have performed show that when n is
fixed, and a varies, the following happens: when a < n only the limits provided
in our results hold. The estimates [B.11]) and (BI2)) are sharper when «a is in an
interval (n,a;). Finally, the estimates in Corollary become sharper again for
the remaining values of a € (a1, 00). The numerical Table Bl below illustrate this
phenomena.

Moreover, obviously Corollary Bl furnishes limits not only for the extreme zeros,
but for half of the zeros of Charlier polynomials.

In the Table Bl we also provide the numerical values of the extreme zeros of

C5(x;a) and the limits, given in B12), B.8), B7) and BII). Here and in what
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follows the better lower and upper bounds are highlighted in gray; also, when all
the bounds are out of the interval of orthogonality, no selection is made.

TABLE 3.1. Table with the extreme zeros of C5(x; ) and the limits

B.12), B.8), B1) and B.IT)

[ o B | B | s | 1 | BD [ GO |
0.1 20.8067 | 0.0000 | 4.4330 | 5.0067

5 14112 | 1.0000 | 14.2858 | 15.4112

10 || 28735 | 09332 | 34568 | 21.8798 | 23.0668 | 22.6141
50 || 31.3080 | 20.7261 | 32.4089 | 72.0684 | 74.2739 | 74.3490
100 || 72.4871 | 71.3284 | 74.0665 | 131.3159 | 132.6716 | 133.1878
500 || 435.1245 | 435.8882 | 438.7849 | 566.6016 | 568.1118 | 570.5634

4. MEIXNER POLYNOMIALS

The main result obtained in this section is motivated by the limit relation be-
tween Laguerre and Meixner polynomials [23] (2.9.2)]

(@)
lim M, L;a—l—l,c :Ln (a:)
c—1 1—c L%a) (O)

Let us define new polynomials with shifted argument, as follows:

M, (z;a,c) == (-1)"M,

M, (z;a,¢) :

(—1)"M, (

(

Vver +ela+1)
1-c

?a+]"c>’

Ver+en+a)+n—1

It is clear that the asymptotic formulae

(4.1)

(4.2)

hold.

lim Mn(m; a,c¢) =
c—1

lim M, (z; o, ¢) =
c—1

1—c

("L (z 4+ a+1)

L(0)
("L (2 + a+2n— 1)

LM (0)

;a+1,c).

Theorem 4.1. Letn € N, >0 and 0 < ¢ < 1. Then ((1—c)my ;(B,¢c) —cB)/ /e
are decreasing functions of ¢ and ((1—c)my, j(8,¢) —cB—n+1)/\/c are increasing
functions of ¢, when ¢ € (0,00). Moreover, the inequalities

Y (8= 1) = B~ V) < may(Bec),

mn,j(/gac)

<

hold for j=1,...,n.
Proof. The three term recurrence relation of M, (z;,¢) is

(C - 1)an(l'7 Ba C) = C(TL + B)MnJrl(xa Ba C)
—(n+ (n+ B)c) My, (z; 8, ¢) + nM,_1(z; 3, ¢).

—1l—c

Ve

(xn,jw— 1) - B —ve) + (n— 1LY
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After substitutions, we obtain the coefficients of the recurrence relation ([2.2)) for
the orthonormal polynomials, corresponding to M, (z; o, c) and M, (x; «,c). These
coefficients are

ar(c) = ax(c) = /(k+ 1)(k+ a+1),
br(c) = k(14 ¢)/\/e and by(c) = —(n—1—k)(1+¢)/ /e
The derivatives with respect to ¢ are @} (c) = a,(c) = 0, W,(c) = —k(1 —
¢)/(2¢*?) < 0 and B;C(c) = (n—1-k)(1—c)/(2¢*?) > 0. Therefore, by the
Hellmann-Feynmann theorem, the zeros {(1 — ¢)my, ;(a +1,¢) — ¢(a + 1)}/y/c of
M, (z; o, c) are decreasing functions of ¢ while the zeros {(1 — ¢)m, ;(a +1,¢) —

el +n) —n+1}/y/c of M, (z;a,¢) are increasing functions of ¢, for ¢ € (0,1).
Formulae [@I) and (2] imply that

{(1 = mny(a+1,0) = cla+ D)}/Ve = any(a) —a—1
and
{1=c)mpj(a+1,¢) —cla+1)—n+1}/Ve =z, (@) —a—2n+1, ¢— 1.
The monotonic behavior of the functions on the left-hand sides shows that
{1 = c)mnj(a+1,c) —cla+ 1)}/Ve = an (@) —a—1
and
{Q=c)myj(a+1,¢) —cla+1)—n+1}/Ve<z,;(a) —a—2n+1.
These inequalities are equivalent to those in the statement of the theorem. (Il

Observe that the inequalities in Theorem ] coincide with those obtained by
Ismail and Muldoon [I8, Theorem 6.2] using slightly different arguments. In fact,
Ismail and Muldoon used the Hellmann-Feynmann theorem to obtain bounds for
the zeros of the polynomials M,, (v/cx/(1 —c¢);a+1,¢) and it suffices to ensure
that the corresponding orthonormal polynomials are such that the coefficients ay
in the recurrence relation do not depend on ¢. Then, they conclude, via an extension
of the Hellmann-Feynmann theorem which ensures convexity of the zeros, that the
derivatives obey certain inequalities and finally integrate these inequalities, having
in mind the asymptotic values of these zeros when ¢ converges to 1. Except for doing
the transformation of Ismail and Muldoon, we performed additional translations of
the zeros which guarantee the positive (negative) definiteness of the corresponding
matrices J/, and obtain their result in a slightly different way.

Now we use limits for the zeros of the Laguerre polynomials to obtain explicit
bounds for the zeros of the Meixner polynomials.

The best limits for the extreme zeros of Ls{l) (x), when « is large, are given in
[25], Theorem 1] and read as follows:

Tpi(@) < (Vn+a+1+vn)

2_3(m+\/ﬁ)4/3
(4y/n(n+a+1))1/3

and
(VAFaFi- Y
(4y/n(n +a+1))1/3

Tan(@) > (Vn+a+1—vn)®+3

They, together with Theorem 1] yield
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Corollary 4.1. Letn e N, n>2, 0<c<1 and >0. Then

: A3
NG ((ﬁ_\/ﬁ)z+3u_5(1—\/E)><mn,j(570)

T—¢ L3 ()17
¢ v n)4/3 —/c)?
<12 (v v = 2 o s - Ve + (- B

hold for 1 < j <mn, where v =n+ 3.

The best limit for the largest zero if the Laguerre polynomials, when n goes to
infinity, is given by Szegé [32, (6.32.6)]:

Tn1(@) < ((4n+ 20+ 2)Y2 — 673 (4n + 20 + 2)71/04))2,
Again, as in the previous section, since 6-1/3j;, > 1.85575, then

Tn1(@) < ((4n 4 2a + 2)Y/2 — 1.85575(4n + 2a + 2) /)2,
Therefore, we have:

Corollary 4.2. Letne N, n>2, 0<c<1 and 5 >0. Then

Maj (B, ¢) < 1—\{60 <((4n +28)Y/2 — 1.85575(4n + 28)~1/6)?

~5(1- v + - UYL,
hold for 1 < j <mn.

Still, we write the limits from [I1I, Theorem 1] that are good when « or n is
small. These limits are given by

2n? +n(a— 1) +2(a+1) —2(n — 1)y/n2 + (n+2)(a + 1)
n+2

T () >

and

2n? +n(a—1)+2(a+1) +2(n —1)y/n2 + (n+2)(a + 1)
Tp1(a) < —— .

Therefore we obtain

Corollary 4.3. Letne N, n>2, 0<c<1and f>0. Then

NG <2n2+n(6—2)+25—2(n—1) n2+(n+2)ﬁ_ﬁ(1_\/5)>

4.3
(4.3) 1—c n+2

Ve [2n24+n(B—2)+28+2(n—1)y/n2+ (n+2)B
n+2

_ /o2
(1.4) B~ + (n 1>%) |

hold for 1 < j <mn.

We illustrate our results with figures for n = 5. The Figure 1] shows the zeros
of Ms(x;3,0.7) in relation to 3, in continuous line, and the corresponding limits
from Corollary [£.3] in dashed line. In the same way, the Figure shows the zeros
of Ms5(z;10,¢) in relation to ¢ and the corresponding limits from Corollary F3]
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150+

100 +

50

20 40

60 0.2

0.4 0.6 0.8
FIGURE 4.2. Zeros of
M5 (x;10,¢) with lim-

its from Corollary [£.3]

FIGURE 4.1. Zeros of
M5 (z; 8,0.7) with lim-
its from Corollary

Krasikov and Zarkh [26] Theorem 7] proved that

3¢'/0 ) (1 + B)/?
(1= ¢)1/3n1/6(n + B)I/6’

(4.5) Mnn(B,¢) > 1 + 5273

provided that n < fe/(1 — ¢), and
(4.6)
30 s + 5)'F
22/3(1 — C)l/Snl/G(n + B)L/S”

po < pa A/ pa (e + B),

mn1(B,c) < pg —

201/3 2/3
- (\//(Tlljw) 2> VGt 8),

where 11 = (y/n — /e(n+3))?/(1 —¢) and po = (v/n + +y/e(n+ B))?/(1 —¢).

Let us compare asymptotlcally our results with the latter from m For ﬁ and
¢ fixed, the bounds (@A) and [6) do not hold for large values of n. If n < 6 and
B — oo, the bounds from Corollary are sharper than (£I]) and ([4), while if
n > 6 the bounds [@3) and (6] are sharper than those obtained in the above
corollaries. For ¢ — 0, our results are better. For ¢ — 1, the lower bound from
Corollary Tl and (@A) are asymptotically equal. Numerical experiments show that
if ¢ — 1, the upper estimates in the above corollaries, especially in Corollary E1]
are sharper than (6] for most values of n and 8. The numerical tables below
illustrate these phenomena.

TABLE 4.1. Table with the extreme zeros of Ms(z;3,0.7) and the

limits (3), @5), E3) and @F).

[ O] @O [ @) [ mes [ msa | @B | EBF |
0.1 0.0118 | 00218 | 31.2943 | 32.6834 | 49.5072
5| 25826 | 29145 | 3.4007 | 505001 | 52.6473 | 66.7876
20 || 21.4951 | 21.6617 | 231023 | 100.8055 | 103.9001 | 111.1347
100 || 163.3832 | 163.4497 | 167.4339 | 329.7718 | 335.4455 | 336.1549
500 || 993.2798 | 993.3690 | 1003.0964 | 1360.7678 | 1372.1928 | 1372.3100
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TABLE 4.2. Table with the extreme zeros of Ms(x;10,¢) and the

limits (3), @5), E3) and @F).
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[ @ T @ [ mss [ msa [ @ | EH |
0.1 -0.7950 | 0.0258 8.4283 9.1108 9.2950
0.3 0.0409 | 0.7556 | 17.7329 | 18.6418 | 21.4749
0.5 || 2.3068 | 2.3280 | 3.0000 | 33.1590 | 34.5207 | 40.0471
0.7 || 7.9671 | 8.2040 | 9.0673 | 68.2082 | 70.6912 | 81.4756
0.9 || 37.4251 | 38.5348 | 40.9496 | 241.7715 | 249.9915 | 286.5523

5. KRAVCHUK POLYNOMIALS

The main results in this section are motivated by the relation

\/@K”(p]vﬂﬁ 2p(1 - p)N;p, N) = (;i)n'—m

between the Kravchuk polynomials with a proper argument and Hermite polyno-
mials, (see [23] (2.10.2)]).
We provide detailed results concerning the extreme zeros of K, (x;p, N).

lim
N —o0

(5.1)

Theorem 5.1. Letn, N € N, withn < N and 0 < p < 1.

(i) Let 0 < p < 1/2. Then {kn1(p,N) —pN — (1 —2p)(n—1)} /V/'N is an
increasing function of N while {k,1(p,N) —pN}/VN —n+1 is a de-
creasing function of N. Further, {fn..(p, N) —pN} /VN is a decreasing

function of N while {kpn(p,N)—pN —(1—-2p)(n—1)} /V/N—n+1 is
an increasing function of N. Moreover, the inequalities

< pN+(1-2p)(n—1)+/2p(1 —p)Nhy 1,

> pN ++/2p(1 - )(N—n+1)hn1,
< pN + (1 —=2p)(n—1) — /2p(1 — p)

> pN —/2p(1 — p)Nh, 1,

Rn,1 p7N

Rn,1 va

Kn,n (P, N

(p, N)
(p, N)
( ) _n+1)hn,17
(p. N)

Rn,n paN

hold.

Let 1/2 <p < 1. Then {#,1(p,N) —pN} /V/'N is an increasing function
of N and {kn1(p,N) —pN+(2p—1)(n—1)} /VN —n+1 is a decreas-
ing function of N. Further, {kpn(p,N) —pN + (2p —1)(n — 1)} /V/N is a

decreasing function of N while {ky(p, N) —pN} /vVN —n—+1 is an in-
creasing function of N. Moreover,

kn1(p, N) < pN ++/2p(1 = p)Nhy, 1,

kn1 (0, N) > pN = (2p = 1)(n = 1) + /2p(1 = p)(N — 1+ 1)l 1,
Fnn (P, N) < PN = /2p(1 = p)(N —n+ 1)hy1,

Knn(p, N) > —2p-1)(n-1) \/?hnl
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Proof. Recall that Kravchuk’s polynomials K, (x;p, N) obey the three term recur-
rence relation

—2 K, (z;p,N) = p(N —n)Kp41(z;p, N)
(5.2) = (p(N = n) + k(1 = p))Kn(z;p, N) + n(l — p) K1 (z;p, N).

n
The corresponding orthonormal polynomials are (JZ) (ﬁ) K, (z;p,N). Set

n 1

o) = (1M (V) (£ ) Kalo + /BT = 51N V)

Thus, by (&) we have

e _ Ha(z)
(5.3) J\}gnoo K, (z;p,N) = NoT

The Jacobi matrix of the form (Z3), associated with K, (z;p, N) has entries

It is easy to see that the entries (5.4]) are increasing functions of N when 1/2 <
p < 1. Then, by the Perron-Frobenius theorem, the largest zero of f(n(x;p, N),
which is {sn1(p, N) —pN}//2p(1 — p)N, is an increasing function of N, provided
1/2 < p < 1. Then, by (53)), we have {r,.1(p, N) —pN}//2p(1 — p)N < hyy 1.

For n fixed we consider, for j = 0,...,n, the polynomials
S (-1 -2p) .

55) Ko+ o2 N, (1) K;(—az;p,N), for 0<p<1/2
65) K(o+Zmg=inN), (~DEj(-aip ) <1/
and

L -D(2p-1
(5.6) (—1)JKj(—m—w;p,N> for 1/2<p<1.

2p(1 —p)N

These polynomials satisfy recurrence relations of the form (Z2]) with

Jj+1 J
a;(N) = \/ 2 (1 N)
and b;(N) is, respectively,

(n-1-j)@p-1) _j@p-1) . (n—1-j)(1-2)
2p(1—p)N 2p(1—p)N 2p(1—p)N
Since these a;(N) and b;(NV) are increasing functions of N, for 0 < j <mn —1, then

by Theorem [C] the largest zeros of the polynomials (G.5) and (5.6) are increasing
functions of N. This fact, together with (B3]), yields the inequalities

Kna1(p,N) —pN — (1 =2p)(n—1)

< haas

2p(1 —p)N ’

—knn(p, N) + pN _h
2p(1—p)N .

—knn(p, N) +pN = (2p = 1)(n — 1) _h
2p(1—p)N -
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Using the fact that the zeros of Hermite polynomials satisfy —hy, », = hp1, we can
write these inequalities as in the statement of the theorem.

For j =0,...,n and n fixed, consider the polynomials
(5.7)

i (w1~ nT_l;p,N), (1) K (=1~ ”]:71 - (%>;p,l\f)7

for 0 < p<1/2 and

Rj(aj 1_n—1 (n—1)(2p—-1) N), (_1)j[~(j(_x 1_n__1;p7]\[)7

N T api-pN N

for 1/2 < p < 1. These polynomials satisfy recurrence relations of the form (Z2))
with

U+ DIV —)
(N) =
a;(N) 2N —n+1)
and b; (V) is, respectively,

J(1—2p) (n—1-7)(1—2p)
Ve2p(L=p)(N—=n+1)" /2p(01-p)(N—n+1)

(n—1—-4j)(2p-1) N k(2p—1)
V21 —p)(N —n+1) V21 =p)(N —n+1)
Since these a;(N) and b;(NV), for 0 < j < n—1, are the entries of the Jacobi matrix
n x n of the form (23)) and are decreasing functions of N, then by Theorem [C] the
largest zeros of the polynomials (B.7) are decreasing functions of N.

The limit (B3] together with the fact that the largest zeros of the polynomials
(E20) are decreasing functions of N imply the inequalities

kn1(p,N) —pN

Pn 1,
V21— p)(N —n+1) |
—Knn(p, N) +pN — (n —1)(1 — 2p) _h
V2p(1=p)(N —n+1) o
kn1(p,N) —pN+(n—-1)(2p—1) ho
V2p(1=p)(N —n+1) "”
—Knn(p, N) + pN —hy

V2r A =p)(N=n+1) — ’

By the fact that —h,, ,, = h,,,1 we can write these inequalities as the inequalities
of the Theorem B.11 O

We obtain sharp bounds for the zeros of Kravchuk polynomials using those for
the largest zero of Hermite polynomial. The limit (B3] from [11 Theorem 2] yields

Corollary 5.1. Letn, N € N, withn < N, and 0 <p < 1.
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(i) If 0<p<1/2, then
(5.8) kna(p,N) < pN+(1-2p)(n—1)
+\/2p(1—p)N(n2—%n+2+(n—2)\/n2+n+4)

n—+4

)

2p(1—=p)N(n®> — 3n+2+ (n—2)Vn®> +n+4)

. wn(p, N) > pN — .
(5.9) Knn(p,N) P \/ ——y

(i) If 1/2<p< 1, then

N+\/2p(1—p)N(n2—%n+2+(n—2)\/n2+n+4)
p
n—+4

(5.10) Kp1(p,N) < 7

(5.11) kpu(p,N) > pN—-(2p—1)(n—1)
_\/Qp(l—p)N(nQ—%n+2+(n—2)\/n2+n—|—4)

n+4
The limits ), due to Szegd’s [32, (6.32.6)], imply
Corollary 5.2. Letn, N € N, withn < N, and 0 <p < 1.
(i) If 0<p<1/2, then
nn,1(p7N) S pN+(1_2p)(n_1)
+v/2p(1 — p)N((2n + 1)/ — 1.85575 (2n + 1)~1/9),
Fnn(D, N) > pN —/2p(1 = p)N((2n + 1)%/% — 1.85575 (2n + 1)~ 1/9).
(ii) If 1/2<p< 1, then
fn1 (P N) < pN ++/2p(1 —p)N((2n + 1)1/? — 1.85575 (2n 4 1)~1/6),
fin,n(p7N) Z pN_(2p_1)(n_1)
—V/2p(1 = p)N((2n + 1)1/2 — 1.85575 (2n 4+ 1)~1/9).

In the following, we show figures for n = 5 with the limits from Corollary B.11
As throughout this paper the zeros are in continuous line and the limits in dashed
line.

0.0 02 04 0.6 08 [
FIGURE 5.1. Zeros of FIGURE 5.2. Zeros of
Ks(x;p,30) with the Ks(x;p,100) with the
limits from Corollary limits from Corollary
BT ED
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FIGURE 5.3. Zeros of FIGURE 5.4. Zeros of
K5(x;0.3, N) with the K5(x;0.7, N), with the
limits from Corollary limits from Corollary
E1 E1

Now, let us compare our results with the sharper bounds found in the literature.
Krasikov and Zarkh proved that [26], Theorem 6]

(6.12)  kpn(p, N) > (vV/p(N —n) + /qn)?
ql/G /p _n +\/q_n)2/3 / N —n —l—\/q_n 1/3

22/3p1/6(N — n)1/6

+

where ¢ = 1 — p, provided that n < pN, and

(5.13) kn1(p,N) < (v/p(N — 1) — \/gn)?
1/6\/7_71 \/q—n2/3 ( p(N—n)—\/q_n)Q)l/g

22/3p1/6(N — n)1/6 ’

where ¢ = 1 — p, provided that n < (1 — p)N.

Let us compare asymptotically, provided (B.I2) and (EI3]) hold. For a fixed
value of p when N is large enough the bounds from Corollary are sharper than
(ET2) and (BI3); we remark that for n < 15 the bounds from Corollary 5] are the
sharpest when N — co. When p — 0 or p — 1, the bounds from Corollaries (5.1
and 52 are sharper than (512) and (5I3) provided the latter hold. The numerical
tables below confirm these observations.

TABLE 5.1. Table of the extreme zeros of Ks(x;p,30) and the
limits (B12), (E13) and limits from Corollary (11
| pll GBI [Cor.BI|[ w55 | ksa | Cor.BI| GIF) |
0.0001 -0.1514 | 7.1 x 10715 | 4.0129 | 4.1592 | 4.3045
0.3 || 2.5796 1.8035 3.1147 17.0013 | 17.7965 | 17.5276
0.5 ] 6.9333 7.1479 7.4661 22.5339 | 22.8521 | 23.0667
0.7 || 12.4724 | 12.2035 12.9987 26.8853 | 28.1965 | 27.4204
0.9999 || 25.6955 | 25.8408 25.9871 30.0000 | 30.1540
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TABLE 5.2. Table of the extreme zeros of Kj(z;0.3, N) and the
limits (12), (I3, G3) and G3).

I N B | B [ ks | ko | B | GIF |
5 -1.4380 [ 0.0075 [ 4.7614 [ 6.0380
10 -1.1549 [ 0.2593 | 7.7528 | 8.7549 | 8.2300
50 [ 6.4055 | 5.7093 | 6.9848 | 25.1477 | 25.8907 | 25.7871
100 [| 17.3400 | 16.8610 | 18.1043 | 44.0398 | 44.7390 | 44.8992
500 || 120.1616 | 120.6203 | 121.8568 | 180.2960 | 180.9797 | 182.1080

TABLE 5.3. Table of the extreme zeros of Kj(z;0.7, N) and the

limits (512), (513), (1) and GI0).

(N6 [ GBI [ fss | wen | 610 | GE13) |
5 -1.0380 0.2386 4.9925 6.4380

10 1.7700 1.2451 2.2472 9.7407 11.1549

50 || 24.2129 | 24.1093 | 24.8523 | 43.0152 | 44.2907 | 43.5945
100 || 55.1008 | 55.2610 | 55.9602 | 81.8957 | 83.1390 | 82.6600
500 || 317.8920 | 319.0203 | 319.7040 | 378.1432 | 379.3797 | 379.8384

TABLE 5.4. Table of the extreme zeros of Ks5(x;0.5, N) and the

limits (512)), ((13), (EII) and (EI0).

(N[ GBI | GO | kss | rsy | B0 | GB13) |
5 -0.7056 0.0650 4.9350 5.7056

10 0.4666 1.0000 9.0000 9.5334

50 14.4814 14.8630 15.1226 34.8774 35.1370 35.5186
100 34.9994 35.6642 35.8725 64.1275 64.3358 65.0006
500 || 216.2194 | 217.9441 | 218.1282 | 281.8718 | 282.0559 | 283.7806

The results for the zeros of Hahn polynomials are motivated by the limit relation

6. HAHN POLYNOMIALS

with the Jacobi polynomials [23] (2.5.1)]

PP (1 — 22)
Theorem 6.1. Letn and N be positive integers with n < N and the real parameters
a and (8 satisfy a, 5 > —1. Then
qn71(a,6,N)+(1+a)/2 _qn,n(a,BvN)_(1+a)/2
N+(a+p+2)/2 N+(a+p+2)/2
are increasing functions of N. Moreover, the inequalities
)

oz—i—ﬁ—l—?)(l—xn,n(a,ﬁ)

2 2
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lim Qu(Na;a, B, N) =
N—o00

n(n + «)
2n+a+ S

and

14+«
2

(6.1) na(a, B, N) < (N+
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and
a+pB+2\/1—z,1(a, ) 1+«
) > : —
(62)  gunlBiN) > (N4 00 ) () - 2
hold.
Proof. The polynomials Qy(z; «, 8, N) satisfy the three term recurrence relation
—ka(.I;OL,ﬂ,N)
(63) = Aka+1(l‘;O{,ﬁ,N) - (Ak? + Ck)Qk?(x7aaﬁaN) + Cka_l(x;Oé,ﬁ,N),
where
A — (kta+p+1)(k+a+1)(N-k)
P kot B+ D)2k+a+p+2)]
O = E(k+a+p+N+1)(k+5)
T @k+ta+B)k+tatB+1)
Set

a+6+2> 1+«
- .

Qutaian 5.3 = (-1FQu (W + 25 - )

Then the above limit relation immediately yields
(~D*RP (1 - 22)
PPy

Transforming (G3) into a recurrence relation for the orthonormal polynomials
Qr(z;, B, N), we see that the latter satisfy (Z2]) with

~ . \/Aka+1 7 7Ak+Ck+(1+Oé)/2
ak(N)_N+(a+3+2)/2’ be(N) = N+(a+B8+2)/2

Observe that ax(N) and b (N) are nonnegative for k = 0, ..., n—1. Furthermore,
the derivatives of a;(N) with respect to N are nonnegative, while by(N) do not
depend on N, so that their derivatives with respect to N vanish. Then, according
to Theorem [C] the largest zero of Qn(:zr, «, B, N) is an increasing function of N.

The largest zero of Q, (z; v, 8, N) is {gn 1 (@, B, N)+(1+a)/2} /[{N+(a+5+2)/2}
and the largest zero of pid) (1-2x)is {1 -, n(,B)}/2 . Then, by the preceding
result and by the limit (6.4]) we obtain

qn,l(a7ﬁaN)+(1+a)/2 < 1—l‘n7n(a,ﬁ)
N+(a+p+2)/2 — 2 '
This inequality implies the upper bound in the theorem.

Now, for n fixed, we work with the sequence of polynomials Qk(a:;a,ﬁ,N ),
k=0,...,n—1, where

N B a+5+2 n(n + a) 1+a
Qk(x7a767N)_Qk( (N+ 2 )(JI 2n—|—a—|—[3) 2 ,Oé,B,N .

Observe that the transformation in the argument depends on n. Then the following
limit relation

(6.4) Jim Qx(w;a, B8, N) =

a, 2n(n+a
P,g 5)(1 + 2z — 2n(+oj+g)

P ()

(6.5) Jim Qi (@ N) =
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holds. Again, straightforward manipulations in the recurrence relation for Hahn
polynomials imply that the entries of the Jacobi matrix of the orthonormal poly-
nomials, corresponding Qx(x; o, B, N) are

a 4k+D)A+k+a)A+k+ BNV —Kk)2+k+ N+a+p)
TN O F2%+a+ B2+ 2k+a+B)2B+2k+a+B)2N +2+a+ p)?

and
. k(b4 ) N mn—k=1)(k2n+a+B)+(1+a)(n+a+8)+n(l+p))
T @k +a+p) (2n+a+ B)(2+4 2k +a+ B) ’
fork=0,...,n—1. A A
We have that a; = ax(N) and by are nonnegative for n > 2. Furthermore, by
do not depend of N and the derivatives of ai(N) with respect to N are nonnega-

tive. Then, by the Perron-Frobenius theorem, the largest zero of QAS{X’ﬁ )(x; N) is an
increasing function of N.
The largest zero of Q,(z;«, 8, N) is

—qnn(a, B,N)— (1+a)/2 n(n + a)

N+ (a+p+2)/2 2n+a+p
and the largest zero of P,(LO"B) (1 + 22 — ng:fg) is

Tnala,B)—1 n(n + «)
2 m+a+p

Then the preceding result and by the limit (G.5]) imply
—gnn(a,B,N) = (14+a)/2 n(n + a) - Tna(a, B)—1 n(n + a)
N+ (a+8+2)/2 m+a+p 2 2n+a+f
This inequality yields the upper bound in the statement of the theorem. O

We use two recent results on limits of zeros of Jacobi polynomials. The first one
was obtained in [TI, Theorem 1] and states that

B —4(n—1)vVA

!’En’n(a,ﬁ) Z A )
oni(f) < B+4(nA—1)\/Z’
where
B = (B—a)(a+B+6)n+2(a+p)),
A = 2n+a+B)n2n+a+p)+22+a+ b)),
A = n(nta+B+1)2+(@+ DB+ 10+ (a+ 5 +4)n+2(a + f)).

Thus, we obtain

Corollary 6.1. Let n,N € N, withn < N, a,f > —1 and let A, B and A be
defined as above. Then

(66)  gunla, 8 N) > <N+a+,8+2> <A—B—4(n—1)\/Z> lta

2 2A 2
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and

(67) Qn,l(aaﬁaN) S <N+

a+p+2\ [A-B+4n-1)VA 1+«
2 ) 24 2

We employ the following limits for the zeros of the Jacobi polynomials, obtained
by Krasikov [25, Theorem 2]:

1_02 2/3
xn,n(a>ﬁ) 2 C+3W,
tnn(anf) < D—3L=D) ia—B)a+B+2)

- (2R)Y/3 (Cn+a+B+1)2+2a+28+3)3/2’

where

R = ((@n+a+B+1)2— (a—B)2+2a+28+3)(4n2 +4n(a+ B+ 1)),
C = —(R+(a-B)(a+B+2)((2n+a+B+1)2+2a+28+3)71,

D = (R—(a—B)a+B8+2)((2n+a+B+1)%+2a+28+3)"

These yield:

Corollary 6.2. Let n,N € N, with n < N and o, > —1. Let C, D and R be
defined as above. Then,

a+B+2\ [2RY? —2CRY? —3(1 —C?)2/3 1+a
< J—
()= (N+ 2 ) ( 2(2R)1/3 > 5
a+B+2\ (2R —2DRY? 4 3(1 — D?)*/?
>
il 2802 (N+ 2 ) ( 2(2R)1/
_ 4(a = B)(a+ 5 +2) l4a
2(2n+a+ B +1)2 +2a + 28 + 3)3/2 5

The figures below illustrate our results.

16 20 30 40 50 60 20 40 60 80

FIGURE 6.1. Zeros of FIGURE 6.2. Zeros of
Q5(x;10,2, N) with the Qs(x; «r, 10, 30) with the
limits of the Corollary limits from Corollary
0. 1] 0. 1]
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Finally, we analyse these results, comparing them with the limits obtained by
Krasikov and Zarkh [26] Theorem 10] who proved that, if

Vi=vnn+a+B+1)+(1+a)(l+4),
Vo=y/n(n+a+B+1)(n+a+B+2)N—n(n+a+p+1)),
Uy=N((n+a+8+2)—N)—-2nn+a+p+1),
Uy=mn+a+p+2)((n+a++2)—N)+2n(n+a+3+1),

then
Qn,n(aaﬂ,N) < 51_5—22‘/1‘/2
08 3 <((04_5)V2 —UV1)%((a — B)Vs —U2V1)2>
252 ViVQSQ

provided that n(n +a+ 8+1) < (1+ 8)N, and

qn,l(a7ﬁ7N) > &_3—22‘/1‘/2
(09 MRS VRS TR VAT AR
252 5V1 V2S5,

provided that n > 5 and n(n+a+ 8+ 1) < (1 + «a)N.

Obviously, these limits are valid only when, roughly speaking, n <
orn < 4/(1+a)N.

The results in the above corollaries are better than (68) and ([G3) when N is
large enough. In particular, in the case a = f = 0 which corresponds with the
discrete Chebyshev polynomials in the terminology of [32] or Gram polynomials in
the terminology of [9]. When ov — oo the lower limit (68)) is not applicable because
the restriction n(n+a+pF+1) < (1+ )N is not satisfied and the upper limit (6.9)
is better than the one given in (G7) only for a very restricted part of the (n, ()
plane. Similarly, when 8 — oo, the restriction n(n+a+ 8+1) < (14 8)N fails to
hold, so that the lower limit (68]) cannot be used. In this case the upper limit (G.0])
is better than (G.8)) for almost all values of n and «. The tables below exemplify
some of these questions.

(1+B)N

TABLE 6.1. Table of the extreme zeros of Q5(x;10,2, N) and the

limits (G8), (3), @8) and [B).

(N @3 [ B8 [ as [ @1 | GO [ B3 |
) -1.2126 0.1659 4.9975 5.8174

10 0.4624 0.5738 1.5604 9.9130 10.5330

50 || 10.7916 | 14.8650 | 15.8455 | 47.8746 | 48.2575 | 48.9034
100 || 24.6288 | 32.7290 | 34.2895 | 94.9150 | 95.4133 | 96.6926
500 || 136.4521 | 175.6412 | 182.5365 | 470.6930 | 472.6592 | 478.9188
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TABLE 6.2. Table of the extreme zeros of Qs(z; «, 10,30) and the

limits (G8), B3), @8) and ([B).

| o] B3 | B8 | ¢s | 1 | GO | B3 |
-0.5 0.0142 | 0.0911 | 19.0850 | 19.8198

5 1.7727 | 2.4417 | 23.2988 | 24.1896

10 || 2.6382 | 3.8297 | 4.8068 | 25.1932 | 26.1703 | 26.4774

50 || 11.3974 | 12.6026 | 14.5032 | 29.0000 | 30.4896 | 30.0000
200 || 18.8195 | 18.4064 | 21.3024 | 29.9415 | 32.1985

TABLE 6.3. Table of the extreme zeros of Q5(x;10, 5,30) and the
limits (63, @), €3 and 62).

| Bl BY | 8 | @5 | g0 ©.7) ©3 |

-0.5 || 7.1672 | 10.1802 | 10.9150 | 29.9089 | 29.9858
51| 4.0120 | 5.8104 | 6.7012 | 27.5583 | 28.2273 | 28.5616
10 || 2.6382 | 3.8297 | 4.8068 | 25.1932 | 26.1703 | 26.4774
50 -0.4896 | 1.0000 | 15.4968 | 17.3974

200 -2.1985 | 0.0585 8.6976 | 11.5936

1093

TABLE 6.4. Table of the extreme zeros of Gram or discrete Cheby-
shev polynomials Q5(z;0,0, N) and the limits (G.8]), (G9), (G0

and (G.7).
| N[ B | GO | s | 1 | @0 | B3 |
5 -0.2325 | 0.0087 4.9913 5.2325
10 -0.0096 | 0.1440 9.8560 10.0096
50 || 0.4889 | 1.7736 1.9203 | 48.0797 | 48.2264 | 49.2099
100 || 1.4649 | 4.0026 | 4.2520 | 95.7480 | 95.9974 | 97.7767
500 || 9.2312 | 21.8346 | 23.0048 | 476.9952 | 478.1654 | 486.7627
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